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Supplementary Appendix to Dynamic Random Utility

Mira Frick, Ryota Iijima, and Tomasz Strzalecki

F Proof of Theorem 0

F.1 Preliminaries

In this section we prove Theorem 0, which extends the characterizations of REU representations in
Gul and Pesendorfer (2006) and Ahn and Sarver (2013) to allow for an arbitrary separable metric
space X of outcomes. Refer to section 2.1 of the main text for all relevant notation and terminology.
Throughout, we fix some y* € X and let RX = {0} x R¥>¥"} denote the set of utility functions u in
R¥X that are normalized by u(y*) = 0.

We first define the static analog of S-based representations introduced in Appendix A:

Definition 12. An S-based REU representation of p is a tuple (S, u, {Us, 75} scs) such that

(i). S is a finite state space and p is a probability measure on S such that supp(u) = S
(ii). for each s € S, the utility Us € R is nonconstant and Uy # Uy for s # s

(iii). for each s € S, the tie-breaking rule 74 is a proper finitely-additive probability measure on RX
endowed with the Borel o-algebra

(iv). for all p € A(X) and A € A,
p(p; A) =D (s)7s(p, A),
ses

where 74(p, A) == 7,({u € RX : p € M(M(A,Us),u)}).

Analogous arguments as for the DREU part of Proposition A.1 yield the equivalence of S-based
REU representations and static REU representations.

Proposition F.1. Let p be a stochastic choice rule on A. Then p admits an REU representation if
and only if it admits an S-based REU representation.

Proof. Analogous to Proposition A.1 (i). |

Thus, Theorem 0 is equivalent to the following result, which we prove throughout the rest of this
section.

Theorem F.1. The stochastic choice rule p on A satisfies Axiom 0 if and only if p admits an S-based
REU representation (S, i, {Us, Ts }ses)-

Note that because X may be infinite, continuity of each U in the representation is not directly
implied by linearity. However, the following additional axiom ensures this. As in Section 3.3, let A*
denote the collection of menus without ties, i.e., the set of all A € A such that for any p € A and any
sequences p" —™ p and B" —™ A~ {p}, we have lim,,_, p(p™; B" U{p"}) = p(p; A).



Axiom F.1 (Continuity). p: A* — A(A(X)) is continuous.

Here A is endowed with the Hausdorff topology induced by the Prokhorov metric m on A(X), and
A* with the relative topology. We have the following proposition.

Proposition F.2. Suppose p admits an S-based REU representation (S, u,{Us,7s}ses). Then p
satisfies Axiom F.1 if and only if each utility U, is continuous.

Proof. See Section F.5. |

Additional notation: For any Y C X, let A(Y):={A € A:Vp e A,supp(p) C Y} C A denote
the space of all menus consisting only of lotteries with support in Y. Note that for each A € A, there
is a finite Y such that A € A(Y). We denote by p¥ the restriction of p to A(Y), which can be seen as
a map from A(Y) to A(A(Y)). If y* € Y, we write RY := {0} x RY v},

For any A € A(Y) and p € A(X), let Ny(4,p) = {u € RY : p € M(A,u)} and let
Ny (A,p) :== {u € RY : {p} = M(A,u)}. Note that Ny ({p},p) = Ny ({p},p) = RY and that
Ny(A,p) = Ny (A,p) = @ if p ¢ A Let NY) = {Ny(4,p) : A € AY)andp € A(X)},
NHY) = {NJ(A,p) : A€ AY) and p € A(X)}.

We will consider both the Borel g-algebra on RY and its subalgebra F(Y') that is generated by
N )UNT(Y). A finitely-additive probability measure v¥ on either of these algebras is called proper
if VY (Ny(4,p)) = vY (N (A, p)) for any A € A(Y) and p € A(X). Whenever Y = X, we omit YV’
from the description of Ny (A,p), Ny (4,p), N(Y), NT(Y), and F(Y).

F.2 Proof of Theorem F.1: Sufficiency
F.2.1 Outline

The proof proceeds as follows:

(i). In section F.2.2, we use conditions (i)—(iv) of Axiom 0 and Theorem 2 in Gul and Pesendorfer
(2006) to construct, for each finite Y C X, a proper finitely-additive probability measure vy
on F(Y) representing pY, in the sense that p¥ (p; A) = v¥(Ny(A,p)) for all A,p. Given the
fact that each pY is derived from the same p, it is easy to check that the family {F(Y), ¥} is
Kolmogorov consistent. We can then find a proper finitely-additive probability measure v on F
extending all the v¥ (and hence representing p).

(ii). The support of v is defined by
C

supp(v) := (U{V € F:Visopen and v(V) = 0}) .
In section F.2.3, we use part (v) of Axiom 0 to show that suppv is finite (up to positive
affine transformation of utilities) and contains at least one non-constant utility function. While
Axiom 0 (v) is similar to the finiteness axiom in Ahn and Sarver (2013), this step requires more
work in our setting. A key technical challenge is that unlike in Ahn and Sarver, it is not clear
in our infinite outcome space setting how to normalize utilities to ensure that N (A, p)-sets are
compact. Compact sets C' have the useful property (used repeatedly by Ahn and Sarver) that
if C Nsuppr = &, then v(C) = 0. Lemma F.5 exploits the geometry of N(A,p)-sets to show
that this property continues to hold for N(A,p)-sets in our setting, even though they are not
compact.



(iii). In section F.2.4, we proceed in a similar way to the proof of Theorem S3 in Ahn and Sarver
(2013)(again using Lemma F.5 to circumvent technical difficulties). Letting S := {s1,...,s5}
denote the equivalence classes of nonconstant utilities in supp v, we find separating neighbor-
hoods By € F of each s such that v(Bs) > 0. We then define pu(s) = v(Bs) and 74(V) = V:?gis)
and show that this yields an S-based REU representation of p.

F.2.2 Construction of v

In this section, we construct a proper finitely-additive probability measure v on F that represents p,
i.e., such that for all A € A and p € A, we have

p(p; A) = v(N(4,p)) = v(NT(A,p))).

First consider any finite Y C X with y* € Y. By Axiom 0 (i)—(iv) (Regularity, Linearity, Ex-
tremeness, and Mixture Continuity), Theorem 2 in Gul and Pesendorfer (2006) ensures that there is
a proper finitely-additive probability measure v¥ on FY such that

p¥ (s A) = v¥ (Ny (A, p)) = V" (N} (A, p))
for all A € A(Y) and p € A.

Claim 4. For any finite Y’ D Y 3 y*, (v, F(Y")) and (v¥, F(Y)) are Kolmogorov consistent, i.e.,
for any E € F(Y), we have
VW(E xRYNY) =Y (B). (24)

Proof. To see this, note first that the LHS of (24) is well-defined, since E x RY™Y ¢ FY' by Lemma F.4
(iv). Note next that by Lemma F.4 (iii), F is of the form J'_; Ny (4;,p;) N Ny- (B, ¢;) for some finite
n and A;, B; € A(Y). Let E' be obtained from E by replacing each Ny (A;,p;) with Ny (4;,p;). By
Lemma F.4 (i), B’ = U, N;*(Cy, ;) for some family {C;} C A(Y'). Moreover, since both ¥ and v
are proper, we have that v¥ (E) = vY (E') and ¥ (E x RY'™Y) = Y (E' x RY'~Y). Hence, it suffices
to prove that 1Y (B x RY'>Y) = vY(E’). For this, it is enough to show that for any collection of sets
N . N e NH(Y) := {NT(A,p) : A € AY)}, we have v¥ (U, N;7) = vV (UL, N;m x RY™Y).
We prove this by induction. For the base case, note that for any N*(A,p) € N1 (Y), we have

V(N (A, p) x RYY) = p¥ (p, A) = plp; A) =: p¥ (p; A) = v (N7 (A, p)).

Suppose next that the claim is true whenever m < n. Then

m—+1 m m
VY( U NZJF) = VY(U Ner) + VY(NT—:;Jrl) - VY(U(N;_ n NTZ+1)) =
=1 =1 =1
m m
V(N R 4 (N xR = (VAN ) xRV =
i=1 =1
m—+1
i=1

where the second equality follows from the inductive hypothesis and the fact that N;"N N L ENT(Y)
by Lemma F.4 (ii). [



Now define v on F by setting v(E) := I/Y(pI‘Oij E) for any finite Y > y* such that E' = projgy £ X
RXY and projgy B € FY. By Lemma F.4 (iv) such a Y exists. Moreover, given Kolmogorov
consistency of the family {v¥ }ycy, this is well-defined. Finally, it is immediate that v is a proper
finitely-additive probability measure and that v represents p.

F.2.3 Finiteness of suppv
The support of a finitely-additive probability measure v is defined by

c
supp(v) = (U{V € F:Visopenand v(V) = 0}) .
The next lemma invokes Axiom 0 (v) (Finiteness) to show that the support of v constructed in the

previous section contains finitely many equivalence classes of utility functions and contains at least
one nonconstant function. We use 0 to denote the unique constant utility function in RX.

Lemma F.1. Let K be as in the statement of the Finiteness Axiom and let Pref(A(X)) denote the
set of all preferences over A(X). Then
#{-€ Pref(A(X)) :zZ is represented by some u € supp(v) \ {0}} = L,

~

where 1 < L < K.

Proof. We first show that L < K. If not, then we can find utilities {u1,...,ux+1} C supp(r) such
that each u; is non-constant over X and u; % u; for all i # j. By Lemma E.2, we can find a menu
A={p':i=1,...,K +1} € Asuch that u; € NT(A,p) for each i. Take any B C A with |B| < K.
Then p* ¢ B for some i.

Fix any sequences pi, =™ p’ and B,, =™ B. By definition, this means that there exists r € A(X)
and o, — 0 such that pi, = a,r + (1 — a)p’ for all n, and that for each ¢ € B there exists B, € A
and B,(q) — 0 such that B, = U,cp(Bn(q)Bg + (1 — Bn(q)){q}) for all n. Now, B and each B,
are finite, and wu; is linear with w; - p° > w; - ¢ for all ¢ € B. Hence, there is N such that for all
n > N, u;-pl, > u-qy for all g, € B,. Thus, u; € NT({p,} U By, p,) for all n > N. But since
u; € supp(v) and N*({p%} U B,,pl,) is an open set in F, the definition of supp(r) then implies that
v(NT({pL} U Bp,p,)) > 0 for all n > N. But then p(p%; {p},} U B,) = v(N*({p},} U By, p.)) > 0 for
all n > N, contradicting Finiteness.

Next we show that L > 1. Indeed, if L = 0, then for any A € A with |A| > 2 and for any p € A, we
have (N (p, A) \ {0}) Nsuppr = @. By Lemma F.5 below, this implies that v(NT(p, A)) = 0 for any
p € A. But since v represents p, p(p; A) = v(NT(p, A)) for any p € A, so we have ZpEA p(p; A) =0,
which is a contradiction. |

F.2.4 Constructing the REU Representation

Let 71,..., 7 denote all the preferences represented by some non-constant utility in supp(v), where
by Lemma F.1 we know that L is finite and L > 1. For each ¢ = 1,..., L, pick some u; € suppv
representing ;. For any v € R¥, let [u] :== {«/ € RY : «/ ~ u}. By Lemma E.2, we can find
A :={p1,...,pr} € A such that u; € NT(A,p;) for all i = 1,..., L. Let By, := NT(A,p;) for all i.
By construction, [u;] € By, and By, N B,; = @ for j # i. Moreover, by the definition of supp(v), we
have v(B,,) > 0 for each i, since B, € F is open and u; € B, Nsupp(v) # &.

Let S := {ui,...,ur} and define the function p: S — [0, 1] by

wu(s) = v(Bs) for each s € S.
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We claim that p defines a full-support probability measure on S. For this it remains to show that
Yo m(s) = 1. Since Y pu(s) = >, v(Bs) = v(U,eq Bs), it suffices to prove the following claim:

Lemma F.2. v({J,.q Bs) = 1.

Proof. Tt suffices to prove that v(R¥ ~ Uses Bs) = 0. Note that RY = Ule N(A,p;), since A =
{pi,...,pr}. Thus,

L
RX N U Bs C (N(Avpl) N N+(A’pl))
seS i=1

By finite additivity of v, this implies that

where the last inequality follows from properness of v. |
Next, we define a set function 74 : F — R for each s € S by setting

_ v(VNBy)
(V) := 71/(35)

for each V' € F. Since v(Bs) > 0 for all s € S, this is well-defined. Moreover, since v is a proper
finitely-additive probability measure on F, so is 7s.

Note that for all A € A and p € A(X), {u € RYX : p e M(M(A,s),u)} = N(M(A,s),p) € F,
so 7s({u € RX : p e M(M(A,s),u)}) is well-defined. The next lemma will allow us to complete the
representation:

Lemma F.3. Foreachse€ S, A€ A, and p € A,

v(N(A,p)) = > u(s)s({u € RY :p € M(M(A,s),u)}).
s€S

Proof. We first show that for each s € S, supp 75 \ {0} = [s]. To see that [s] C supp 75 \ {0}, consider
any u € [s] and any open V € F such that u € V. By Lemma F.4 (iii), V is a finite union of finite
intersections of sets in A'UNT. Hence, since each element of N'UN T is closed under positive affine
transformations so is V. Thus, v € V implies s € V. But then V N B; € F is open and contains s,
and hence v(V N Bs) > 0 since s € suppv. This proves u € supp 75 \ {0}.

To see that supp 75 . {0} C [s], consider any u # 0 such that u ¢ [s]. It suffices to show that there
exists an open V € F such that uw € V and 75(V) = 0. If u = ¢’ for some s’ € S\ {s}, then V = By
is as required since By N Bs = @ and u € By. If there is no s € S\ {s} such that u ~ &', then
u ¢ supp v. But then there exists an open V' € F such that w € V and v(V) = 0, so also 75(V) = 0.

By Lemma F.6 below, this implies that 75(N(A,p)) = 75(N(M (A, s),p)) forany A € Aand p € A.



This implies that for any A € Aand p € A

Yous)ms(fue RY :pe M(M(As)w)}) = Y p(s)ms(N(M(A,s),p))

ses seS
= > u(s)7s(N(A,p))
ses
= > v(N(4,p)NBy)
ses
— w(N(A,p) N | By
seS
= v(N(A4,p),
where the last equality follows from Lemma F.2. |

For any s € S = {u,...,ur}, we write Uy := s. We claim that (S, u, {Us, 7s}scs) is an S-based
REU representation of p. Indeed, by construction, U, is non-constant for all s, Us % Uy for any
distinct s,s’ € S, and p is a full-support probability measure on S. Moreover, each 74 is a proper
finitely-additive probability measure on RX endowed with the algebra F. By standard arguments (cf.
Rao and Rao (2012)), we can extend 75 to a proper finitely-additive probability measure on the Borel
o-algebra on R¥. Finally, Lemma F.3 and the fact that v represents p implies that for all A € A and
p € A, we have p(p; A) = Y g 1(5)7s(p, A), as required.

F.3 Proof of Theorem F.1: Necessity

Suppose that p admits an S-based REU representation (S, u, {Us, 7s}scs). We show that p satisfies
Axiom 0. Observe first that for any finite Y C X with y* € Y, (S, 1, {Us |y, 7s |y }ses) constitutes an
S-based REU representation of p¥, where Uy |y denotes the restriction of U to Y and 7, [y is given
by 75 Iy (B) = 75(B x RX>Y) for any Borel set B on RY. Thus, by Theorem S3 in Ahn and Sarver
(2013), p" satisfies Regularity, Linearity, Extremeness, and Mixture Continuity.

To show that p satisfies Regularity, consider any p € A C A’. Pick a finite Y C X with y* € Y such
that A, A’ € A(Y). By definition, p(p; A) = p¥ (p; A) and p(p; A’) = p¥ (p; A"). Hence, by Regularity
for p¥', we have p(p; A) > p(p; A’), as required. Similarly, we can show that p satisfies Linearity,
Extremeness, and Mixture Continuity by using the fact that for each finite Y, each p¥ satisfies these
axioms.

Finally, to show that p satisfies Finiteness, let K := |S| and consider any A € A. For each s € S,
pick any ¢s € M(A,Us), and define B := {¢gs : s € S}. Note that |B| < K. If B = A, then Finiteness
is trivially satisfied. If B C A, then pick any p € A ~ B. We can pick a large enough finite Y C X
such that each Uy is non-constant on Y and Us |y# Uy |y for any distinct s,s" € S. Let r € A(Y)
be given by r(y) := ﬁ for each y € Y. For each s € Y, pick any ys € argmax, ¢y Us(y). Note that
Us(ys) > Ug(r). Define B" := 1B 4+ L{y : s € S} and p" := 22p+ 1y Then B" »™ B and
pn —™ p. Moreover, for all large enough n, we have Us(”T_lqs + %ys) > U (p™) for each s € S. Thus,
p(p™; {p"} U B™) = 0, proving Finiteness.



F.4 Additional Lemmas for Section F
F.4.1 Properties of N(A,p) Sets

Lemma F.4. Fix any X’ C X with y* € X. For any collection S, we let U(S) denote the set of all
finite unions of elements of S.

(i). If E € N(X') (resp. E € NT(X’)), then E¢ € UINT(X")) (resp. E¢ € UN(X)).
(ii). If By, B2 € N(X') (resp. Ey, B2 € NT(X')), then By N Ey € N (X') (resp. E1 N Ey € NT(X')).

(iii). F(X')is the set of all E such that E = |J,c;, M¢NN; for some finite index set L and M; € N'(X'),
Ny € NT(X') for each £ € L.

(iv). F(X') is the set of all E for which there exists a finite Y C X’ with y* € Y and EY € F(Y)
such that £ = EY x R,

Proof.

(1): If E = N(A,p) € N(X'), then E° = ey N ({,a},0) eUNT (X)) if p € A and E° =
RY e UNT(X'))ifp ¢ A. Si~milarly, if E=NT(A,p) € N*(X'), then B¢ = Ucq g N{p,q}.q) €
UN(X")) ifpe Aand EC=RY e UN(X")) if p ¢ A.

(ii): If N(A1,p1), N(Ag,p2) € N(X'), then N(Ay,p1) NN (A2, p2) = N(5A41+ 342, 3p1 + ipy) €
N (X"). The same argument goes through replacing all instances of N with NT.

(iii): By standard results, F(X’) can be described as follows: Let Fy(X’) denote the set of all
elements of N (X’)UN T (X’) and their complements. Let F;(X’) denote the set of all finite intersections
of elements of Fy(X'). Then F(X') is the set of all finite unions of elements of F1(X’). By part (i),
Fo(X) =U(N(X)) UU(N(X")) is the collection of all finite unions of elements of N (X’) and of all
finite unions of elements of N7 (X’). By part (ii), F1(X') = Fo(X) UZ(X'), where Z(X') consists
of all finite unions of the form |J,c; M, N Ny, where My, € N(X') and N; € N*(X') for each £ € L.
Note that RY" € NV (X') N NF(X’), since RX = Nx:({p},p) = N, ({p},p) for any p € A(X’). Thus,
Fo(X) =U(N(X)) UU(N(X')) CZ(X). Hence, Fi(X) =Z(X) = F(X).

(iv): Note first that for any Nx/(A,p) € N(X') (resp. Ny, (A, p) € NT(X')) and any finite Y C X’
with y* € Y and A € A(Y), we have Nx/(A,p) = Ny (A4,p) x RX™Y (resp. N (A, p) = Ny (A, p) x
RYX>Y). Now fix any E € F(X'). By part (iv), we have a finite index set L and M; € N(X'),
Ny € Nt (X') for each ¢ € L such that E = J,.;, My N N;. By the first sentence, we can then pick a
finite Y C X’ with y* € Y such that for each ¢, we have M, = MZY x RXY and N, = NKY x RX~NY
where M}” € N(Y) and N} € N*(Y). Then E = EY x R*™Y where BY :=J,c;, M} NN} € F(Y).
Conversely, if EY € F(Y), then by part (iv), EY is of the form Urer MKY N NZY € F(Y) for some finite
collection of M) € N(Y) and N} € N*(Y). Then by the first sentence, My := M) xRX™Y € N(X)
and Ny = N x RX™Y € NH(X'), s0 EY x RX™Y = I, My, N N,) € F(X') by part (iv). n

F.4.2 Properties of Proper Finitely-additive Probability Measures on F
Lemma F.5. Let v be a proper finitely-additive probability measure on F and suppose that (N (p, A)~

{0}) Nsuppv = @ for some A € A and p € A, where 0 denotes the unique constant utility in R¥.
Then v(N+(4,p)) = v(N(4,p)) = 0.

Proof. Since (N(A,p) ~ {0}) Nsuppv = &, we have
N(A,p)~ {0} C (suppv)® := U{V € F:V open and v(V) = 0}.
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Thus, for some possibly infinite index set I, there exists a family {V;}ics, with V; € F open and
v(V;) = 0 for each i such that
N(4,p)~ {0} € (Vi
icl
We now show that there is a finite subset {i1,...,i,} C I such that

N(A,p)~ {0} C |V,
j=1

To see this, define L(A,p) := (N(A,p) N [-1,1]%) ~ {0}. Note that since [~1,1]¥ is compact in R¥
(by Tychonoff’s theorem) and N (A, p) is closed in RX, C (A, p) is compact in the relative topology on
RY ~ {0}. Hence, since L(A,p) C N(A,p) ~ {0} is covered by |J,.; Vi and each V; is open, it has a
finite subcover |Ji_, V;;.

We claim that N (A, p) \ {0} is also covered by J_, Vi;. To see this, consider any u* € N(4,p) \
{0}. We can find a finite Y C X such that y* € Y, u* [y is not constant, N(A, p) = Ny (A4, p) x RX>Y
and for each j =1,...,n, V;, = VJ x R¥>Y for some Vg € F¥ (see Lemma F.4 (iv)).

Since Y is finite, there exists > 0 small enough such that au*(y) € [-1,1] for all y € Y.
Define u € RY by u |y= au* |y and u(z) = 0 for all z € X \ Y. Note that u € N(A,p):
Indeed, u* € N(A,p) = Ny(A4,p) x RX w |y= au* |y, and Ny (A,p) is closed under positive
scaling. Moreover, u is not constant, since u* [y is not constant. Finally, v € [—~1,1]%. This shows
u € L(A,p). Since L(A,p) is covered by U?Zl Vi,, there exists j such that u € V;, = Vg/ x RXNY
But note that Vg/ is closed under positive scaling, since by Lemma F.4 (iii) it is a finite union of sets
which are closed under positive scaling. Since u [y= au™ [y, this implies u* € V;,.

The above shows that N(A,p) \ {0} is covered by U?:1 Vi;, and hence so is N*(A,p). But since
v(Vi;) =0forall j =1,...,n and v is finitely additive, it follows that v(N*(A,p)) = 0. Moreover, by
properness of v, this implies v(N(A,p)) = 0. |

el

Lemma F.6. Suppose v is a proper finitely-additive probability measure on F and supp v ~\ {0} = [u]
for some u € R¥. Then for any A € A and p € A, we have v(N(A,p)) = v(N(M(A,u),p)).

Proof. Fix any A € A and p € A. Note first that for any q € A,
q ¢ M(A,u) = v(N(4,q)) =0. (25)

Indeed, if ¢ ¢ M(A,u), then @ = [u] N N(A,q) = (N(A,q) ~ {0}) Nsuppr. But then Lemma F.5
implies that v(N(A4,¢q)) = 0, as claimed.

Suppose now that p ¢ M(A,u). Then (25) implies that v(N(A,p)) = 0. Moreover, N(B,p) := @&
if p ¢ B, so also v(N(M(A,u),p)) =0, as required.

Suppose next that p € M (A, u). Then

N(A,p) S N(M(Au),p) SNApU  |J N9,
qEANM (Au)

so that

v(N(4,p)) S v(N(M(A,u),p)) <v(N(A,p)+ > v(N(A4q)=v(N(4,Dp),
qEANM (Au)

where the last equality follows from (25). This again shows that v(N(A4,p)) = v(N(M(A,u),p)), as
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required. |

F.5 Proof of Proposition F.2

“Only if” direction: We prove the contrapositive. Suppose that there exists some s’ € S and v € X
such that lim, Uy (z,,) # Uy (x) for some sequence x,, — x. Since S is finite, by taking an appropriate
subsequence of {z,}, we can assume that lim,, Us(z,) exists (allowing for £o0) for every s € S.

Let St := {s € S : lim, Us(z,) < Ug(x)}, S— := {s € S : lim, Us(z,,) > Us(x)}, and Sy :=
S~ (S+US_). Then there exist v > 0 and N such that for all n > N, Us(zy,) + 2y < Us(z) for all
s € Sy and Us(zy) > Us(z) + 2y for all s € S_. Let p = ady + (1 — a)d, . By setting « sufficiently
large, we can guarantee that for all n > N, Us(zy,) +v < Us(p) for all s € Sy and Ug(xy,) > Us(p) +7
for all s € S_. Note also that Ug(x) > Ug(p) +27(1 — ) for all s € Sy and Us(z) +2v(1 — a) < Us(p)
forall se S_.

Since S is finite and each Us is non-constant, we can assume that Us(p) # Us(z) for all s € S.
(Otherwise, we can replace p with a lottery that is obtained by mixing an appropriate lottery to p,
without violating the above construction). This implies that there exist 4/ > 0 and N’ such that for
all s € Sy, either min{Us(x,,),Us(x)} > Us(p) ++ for all n > N’ or max{Us(x,,),Us(z)} ++" < Us(p)
for all n > N’. Let Sy_ be the set of states in Sy that satisfy the former inequality, and Sy. be the
set of states in Sy that satisfy the latter inequality.

Let m := |S|. By Lemma E.2 we can find distinct lotteries {qi,...,¢mn} such that Us, €
N*{q1, -, qm},q) for each s; € S. Define p; = (1 —¢)p+egq; for each s; € S, and A := {p1, ..., Pm, Oz }
and A, := {p1,..,Pm,0z,}. By construction, if we take e sufficiently small, then for all n >
max{N, N'},

[Us, € NT(An,pi) N NT(A,5,),Vs; € Sy, [Us, € NT(A,, 8., )N NT(A,p;),Vs; € S_],

[Us, € NT(Ap,62,) "N NT(A,6:),Vs; € So—], [Us, € NT(An,pi) "N NT(A, p;),Vs; € Sot].

By Lemma E.3, A, A, € A* for all n > max{N, N'}. Note that S; US_ # & by assumption. Take
any s; € Sy US_. If s; € S4, then p(p;; An) = p(s;) for every n > max{N, N’} and p(p;; A) = 0. If
si € S_, then p(p;; Ap) = 0 for every n > max{N, N'} and p(p;; A) = p(s;). In either case, Axiom F.1
is violated.
“If” direction: Suppose each Uy is continuous. Take any sequence A, — A of menus that converge
under the Hausdorff metric such that A 5 A, € A* for each n. Enumerate the elements in A by
A ={p1,...,pm}, where we can assume up to relabeling that for some k < m we have p(p;; A) > 0 for
each i = 1,...,k and p(p;; A) = 0 for each i = k+1,...,m. For each i = 1,..., k, define S; := {s € S :
M(A,Us) = {pi}}. Note that by Lemma E.3, S = U;S; since A € A*.

Take any B that is a continuity set under p(-; A). For each i = 1, ..., k, we have either p; € intB or
pi € int(A(X) \ B). We can pick € > 0 sufficiently small such that:

(i). B:(p;) CintB if p; € intB, and B.(p;) C int(A(X) \ B) if p; € int(A(X) \ B)
(ii). for any 4,7 = 1,...,m with ¢ # j, we have B.(p;) N B:(p;)

(111) for any/i =1,.., k?] =1, amWIch 7é ja g; € BE(pz)a and q; € BE(p])7 we have USz(q’L) > Usz(q])
for all s; € S;.

Here B.(-) denotes e-neighborhoods with respect to the Prokhorov metric m, and (iii) holds by the
assumption that each U is continuous. Since A, — A, there exists N such that for all n > N,
we have the following: (a) for each ¢ € A,,, there exists ¢ = 1,...,m such that ¢ € B.(p;); and (b)



for each ¢ = 1,...,m, there exists ¢ € A, such that ¢ € B.(p;). For such n > N, we then have
M(A,,Us,) € B-(pi) for each i = 1,...,k and s; € S;. Thus p(B; A,) = S°F_ u(Si) = p(B; A). By the
Portmanteau theorem, this guarantees that p(-; A,) — p(-; A) under weak convergence, as claimed. W

G Proofs for Section 5

G.1 Proof of Proposition 1

The first part is immediate from the i.i.d. full-support assumption on €. To show the second part,
suppose that v1(2z1) < vi(2]). We consider the equivalent problem of scaling v terms by « := 1 > 0
while fixing e terms. That is, we write

i 20,AP8 z
Uo(z0, A]flg) = awvp(z0) + 5(() oA SE[max{avi(z1) + &5, avi(2]) + 7' }]

small
Uo(zo, Aﬁmau) = awp(z0) + séZO’Al ) + dawy (z1),
where the second line used the fact that ¢]* has mean zero.
By the i.i.d. full-support assumption on &g, the desired claim follows if we show that the difference
Uo (20, A}flg) — Uo(20, A5™2!) is decreasing in .. To show this, suppose without loss of generality that
vo(20) = 0. Then for all «, the derivatives of the utilities satisfy

dU (2o, A®)
da

dU(Z(), Aimall)

dOé :61}1(2:/[)?

=6 (P11, AVE)0r (1) + 1 (34, AT (1) )

where we can suppress the dependence on histories in p; since € shocks are i.i.d. Moreover, letting
f denote the density of the ¢ shocks and setting m(sii) = a(vi(z]) —vi(=1)) + Eii, we have that
pl(zl,All)ig) = [ f::sig)f(s’fl)deiflf(eill)dsii and pl(zi,A?ig) =1- pl(zl,Alfig). Note that both
choice probabilities are strictly positive since the ¢; shocks are i.i.d. with full support. Thus, v1(z1) <

. . dU(zo,A® dU (g, Asmall .
v1(2]) implies (Zga 1) o 40 T ) for all a, as required. [

G.2 Proof of Proposition 2
BEU: For BEU, we have

Uo(z, AT™) = E[max{E[us(y)|F1], Elua(2)|F1]}| Fo]
Un(x, A7) = E[E[max{ua(y), u(2) }F1]| Fo]-

By the conditional Jensen inequality and convexity of the max operator, Uy(z, A‘iarly) < Up(x, Alpte).
Moreover, this inequality is strict at w as long as there exist w’,w” € Fy(w) with Fi(w') = Fi(w")
such that ug(y) — ua(z) changes sign on {w’,w"}.

i.i.d. DDC: For i.i.d. DDC, to simplify the notation we assume vy(x) = v1(z) = 0 without loss of
generality. Take a measurable function o : R? — [0, 1] such that

o(e¥,€%) € argmax,cp 1) a(va(y) +€¥) + (1 — a)(va(2) +€7)

10



late
for all (¢¥,e%) € R2.80 Then Up(x, Alte) — 5(()I’A1 ) s equal to

§*E[max{va(y) + €4, v2(2) + €5 }]
= 6°Elo(eY,€5) (va(y) + €8) + (1 — o(e, 65)) (va(2) + €3)]
= 6 (a*va(y) + (1 — a*)va(2)) + 6°Elo (e}, €5)ed + (1 — o(e, €5))e3]

where o* := E[o(},€5)]. Since €§ and €5 have mean zero, 62(a*va(y) + (1 — a*)va(2)) in the last line
is equal to the expected value the agent would obtain from AllaLte if in period 2 she chooses y with
probability o* regardless of the realization of 2. Since such a decision rule is strictly suboptimal at
Aldte under the full support assumption on €9, the term §°E[o (521, e3)ey + (1 — o(£8,5))e3] in the last
ear y)

A
line is strictly positive. At the same time, Up(z, A?aﬂy) — 6(()33’ ! is equal to

dE[max{dva(y )+5§$’{y}) dvg(z ) {Z} }]
(5E[U(€§x’{y}) z,{z}) ) (Sva(y) + {y} )+ (1— U( {y}) (I’{Z})))(évg(z) -i-ng’{Z}))}
= *(avaly) + (1 — a")vz(2)) +5E[ (e3,€3)es + (1 — 0(52752))65]

v

where the inequality follows since the value in the second line is the expected payoft if the agent follows
the decision rule o at Aiaﬂy. The equality holds by the i.i.d. assumption on &1 and 5. Since ¢ € (0, 1),

earl late
it follows that Uy(z, A‘iaﬂy) - z—:((]x’Al RES Uo(, Alte) — séx’Al ) Thus, the desired claim follows from

the i.i.d. assumption on &g.
“Moreover” part: We consider the equivalent problem in which we scale v terms by a scaling
factor a := % > 0 while fixing e terms. Assume vy(y) > va(z) without loss of generality. Then:

earl
Up(z, Aiarly) = séx’Al " + dE[max{davy(y) + Ef’{y}, dawvy(z) + Ef’{z}}]

I7A11ate

Up(z, Alte) = 5(() ) 4+ §*E[max{avs(y) + &3, ava(2) + €5}]

By the i.i.d full-support assumption on &, the desired claim follows if we show that Uy(x, A'iarly )—
Uo(x,Allate) is strictly decreasing in «. As in the proof of Proposition 1, the derivatives of utilities
with respect to « satisfy

dUy(z, A™Y)
da

T late
dUO(d’ozAl) = 6% (p2(y; {y. 2Hv2(y) + pa(z: {y. 2Hva(2))

where we can again suppress the dependence of choice probabilities on histories due to the i.i.d.
assumption. But note that

= 02 (p((@, {y})s AT™)a(y) + pa((a, {21); AT Joa(2) )

pr((z, {y}) AF™) = Prld(va(y) —va(2)) > €11 — 71 < Prlua(y) —va(2) > €5 — €8] = pa(y; {w, 2}),

where the inequality holds since 0 < 1, va(y) > va(2) and by the i.i.d. full support assumption on e.

dUo (z,A7Y) < (A7)

Thus, o o , as required. [

80The existence of such a function follows by the measurable selection theorem.
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G.3 Proof of Proposition 3

Let G denote the cdf of the difference € — &’ of two shocks ¢, &’ that are independently drawn from F'.

Proof of Proposition 3. Because the density of € is symmetric and unimodal around 0, G dominates
F in terms of the peakedness order by Theorem 3.D.4 in Shaked and Shanthikumar (2007). Thus,
F(y) > G(v) for any v > 0 and F(y) < G(v) for any 7 < 0 by Theorem 3.D.1 in Shaked and
Shanthikumar (2007); moreover, the inequalities are strict because the distribution F' has full support.

We express choice probabilities of a in each period as functions of parameters (w,d), where we
can suppress the dependence on histories by the i.i.d. assumption on shocks. That is, for each model
M = DDC, BEU, let pd!(w,d) := pdl(a; Ag) and p}(w,§) := p}(a; A1) for each (w,d). Let V(w) :=
E[max{w + £¢,%}]. Note that V(w) > 0 since shocks have mean zero, and the inequality is strict
because of the full support assumption. We have pPPC(w, §) = pPEV(w, §) = Pr(w+¢$ > £}) = G(w).
Moreover, pyPC(w,d) = Pr(w + €& > 6V (w) + 6641) = 1- G(6V(w) — w). Finally, p5¥Y(w, ) =
Pr(w+ef > o0V(w)) =1—F(6V(w) —w).

For each model M, we consider the maximization problem

(T%?Xe po(a; Ao)log[p' (i, 0)] + (1 — pola; Ao)) log[1 — py' (i, 6)]
w,0)€

(1= po(as A0)) (pr(a A Toglp}! (i, 6)) + (1 = pa(as Ar)) log[1 = p} (@, ))) .

By the assumption that p is compatible, for each model M = DDC, BEU, there exists (1™, 3M) €0
such that R X
po(a; Ao) = pp' (@™, 0™) and pi(a; A1) = py' (@M, 6M) (26)

hold. By Gibbs’ inequality, (ﬁ)M, SM) achieves the maximum of the above maximization problem. The
latter condition in (26) implies WPPC = WPV = G~1(p;(a, A1)) =: ©* (the value is unique as G is
strictly increasing). Then the first condition in (26) implies 1 — pg(a; Ag) = G(6PPCV (*) — w*) =
F(6BEVV (i*) —*) and the corresponding values of 6PPC, §BEV are uniquely determined (as F, G are
strictly increasing and V(-) > 0). If po(a; Ag) > 0.5, then 6PPCV (i*) — w*, §BEVV (v*) — o* < 0.
By the observation in the first paragraph, this implies SDDCV(ﬁ)*) < SBEUV(UG*). Thus §PPC < §BEU
since V(%*) > 0. If po(a; Ag) < 0.5, a symmetric argument yields §PPC > §BEU,

By standard results (e.g., Theorem 2 in White (1982)) the maximum likelihood estimates (w
for each model M converge almost surely to (1™, 5M) This completes the proof. |

nson)

In Proposition 3, we assumed that distribution F' has a symmetric and unimodal density around 0.
While this assumption is satisfied by several commonly used distributions including the probit model,
it rules out other instances such as the logit model. The following proposition accommodates such
distributions under the assumption that /' and G have finite crossings, i.e., [{v: F(v) = G(7)}| < 0.

Proposition G.1. Suppose that the data generating process p is compatible with both models. If F
and G have finite crossings, then there exist @, a € (0, 1) such that almost surely

~DDC
wTL

~BEU

(i). lim, = lim,, w,;

(ii). lim, 6PPC < lim,, 65FY if pg(a; Ag) > @ and lim,, 6PPC > lim,, 6BFV if po(a; Ag) <

The proposition shows that the same conclusion as in Proposition 3 holds as long as period 0 choice
probabilities are relatively extreme. The proof is identical to Proposition 3 except for modifying the
first paragraph in the following manner. Note that F' and G cross at least once since they have the
same mean. By the finite crossing assumption, we can take 7 and 7 to be the largest and smallest
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crossing points of F' and G. Since € has mean zero, G is a mean-preserving spread of F' by construction.
Thus, since their means are finite, [} F~'(q)dg > [§ G~'(¢q)dq and fpl F~Yq)dq < fpl G~ Y(q)dq hold
for any p € (0,1) (Theorem 3.A.5 in Shaked and Shanthikumar (2007)). This implies F(y) < G(v)
for all v < v and F(y) > G(v) for all v > 7. Based on this modification, the remaining proof goes
through by defining @ := F(¥) and o := F(y).

Finally, while we have assumed that shocks to each option are identically distributed according to
F', this assumption is also not crucial. In particular, suppose that the shock distribution can depend
on both the option and the time period; i.e., for each x € {a,b, A1} and t € {0, 1}, &f follows some
mean-zero distribution F{* with full-support density and all shocks are independent. In this more
general case, the same argument as above yields the same predictions as Proposition G.1 as long as
F§ and FOA1 have finite crossings.

H Proofs for Section 6

We use the following preliminary lemma in the proofs.

Lemma H.1. Take any finite set of non-constant utilities {u!,..,u™} C RZ and a convex set D C R?
such that {u!,..,u™} N [D] # @. Suppose there exist £,£ € A(Z) such that u’(f) > u'({) for each
i =1,...,m. Then there exists a finite set L C A(Z) and ¢* € intA(Z) such that (i) |[M(L,u")| = 1
for all u?, (i) M(L,u’) = {¢*} if and only if u* € [D].

Proof. We suppose {ul,..,u™} ¢ [D], because otherwise we can take any lottery ¢* € intA(Z) and
set L = {¢*}. For convenience, we relabel the utilities such that u’ € [D] for i = 1,....,k and v’ & [D)]
for i = k+1,..,m. By the affine aggregation theorem (e.g., Theorem 2 in Fishburn (1984)), for any
u € R?, the following statements are equivalent:

(i). for any w € RZ such that ), , w(z) =0,

Vi=1,...ku - w<0=u-w<0

(ii). u € [co{ul,...,u*}].

Note that by definition for any i = k+1, ..., m, u’ does not belong to [co{u!, ...,u*}] C [D]. Thus, by
the above equivalence result, for each i = k+1, ..., m, we can find a vector w* € RZ with Y ez w'(z) =0
such that u'-w" > 0 > u? - w' for any j = 1,...,k. Fix any ¢ € intA(Z). For each i = k+1,...,m,
we construct £(i) € A(Z) such that the vector £(i) — ¢ (in R?) is proportional to w’. Note that such
a construction is possible because ¢ is in the interior of A(Z). Thus u/(£) > max;—i1,..m v’ (£(i)) for
each j =1,...,k and u'(¢) < u’(£()) for each i =k +1,...,m.

Let £* := {+&(f—{), where £ > 0 is small enough so that the lottery is well-defined (this is possible
because / is in the interior). By choosing ¢ small, we can guarantee that u/ (£*) > max;—g11, _m u’ (£(4))
for each j = 1,..., k and u!(£*) < u*(€(7)) for each i = k+1,...,m. Let L := ¢*U{l(i) : i = k+1,...,m}.
Since each utility is non-constant, up to perturbing lotteries in L, we can assume without loss that
|M(L,u?)| = 1 for each i = 1, ..., m while preserving the above strict inequalities. This completes the
proof as M (L,u’) = {¢*} for each j = 1,...,k and M(L,u’) # {¢*} for each i =k + 1, ...,m. [

H.1 Proof of Proposition 4
“If” direction: Consider any Lo € £, L1 € A} with L1 C Lo such that pf (¢; Lo), p (¢'; L) > 0.
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Let Up(l) := {up(w) : w € C(Lo,¢)} and Up(¢') := {up(w) : w € C(Lp,¢")}. Note that since Ly
features no ties, Lemma E.3 implies C(L1,¢) = {w : £ € M (L1, u1(w))} by the representation in the
atemporal domain. Hence

Pt (6 L Lo, €) = p({f € M(L1,u1)}|C(Lo, €)) > ugbl{ior(l@u({p € M(Ly,u1)}{uo = uj). (27

Likewise,

o (5 Ll o, ) = ({1 € M(Li,unHC(Loy ) < maxe (e € M(LunH{u ~ ). (o9
Pick u € Uy(¢) (respectively, v’ € Uy(¢')) which achieve the min (respectively max) in (27) (respectively,
in (28)). Let {ui,....,uT'} = {u1(w) : w € C(Lo,¥) UC(Lo,¢") and £ € M(L1,u1(w))} and let D :=
co{u,ul,...,ul}. Note that since Ly D L;, we have ¢ € M(Ly,u). Hence, {w : up(w) ~ u,l €
M(Ly,u1(w))} = {w : uwo(w) = u,u1(w) € [D]}, and likewise {w : up(w) = v/, £ € M(L1,u1(w))} =
{w:up(w) = v/, u1(w) € [D]}. Thus,

p({l € M(Ly,un) | N {uo = u}) = p([D]{uo ~ u}) >
p([D]{uo ~ u'}) = p({€ € M(Ly,u1)}{uo ~ u'}),

where the inequality holds by assumption. Combining (27), (28), and (29) yields p? (¢; L1|Lo,¢) >
p?(¢; L1| Lo, ¢'), as required.

(29)

“Only if” direction: We prove the contrapositive. Suppose that for some u,u € R? and convex
D C R? with u € D such that u({ug ~ u}), u({ug ~ u'}) > 0, we have

p({ur € [DI}{uo = u}) < p({ur € [D]}{uo = u'}). (30)

Let U; be the set of possible realizations of u; conditional on the event {w : ug ~ u or up ~ u'}. Let
Up be the set of possible realizations of ug. Enumerate {ul, ..., u*} := Uy N[D], which is nonempty by
(30).

By Condition 1, us(¢) > u(£) for each t = 1,2 and any possible realization u;. Thus we can apply
Lemma H.1 so that there exist some menu L; and £* such that (i) M(Ly,u) = M(Ly,u}) = {¢*} for all
i=1,...,m, (ii) IM(L1,u1)| =1 and M (L1, uy) # ¢* for each u; € Uy \ [D]. Subject to perturbations
of the lotteries in L;, we can assume without loss that |M (L, us)| = 1 for each ¢t = 1,2 and any
possible realization of u; (since every such realization is non-constant). Thus L; € A} by Lemma E.3.

By construction of L;, we have

{g* S M(Ul,Ll)} N {UO ~ ’U,} = {u1 S [D]} N {U() =~ u}

Let {[u(], ..., [uf]} denote the collection of equivalence classes of utilities in U, and assume without
loss that u € [u}]. By Lemma E.2, we construct a collection of consumption lotteries {/(h) : h =
1,...,k} such that ug(¢(h)) > uo(¢(R')) for any distinct h, h' = 1,..., k with ugy € [ul].

Pick ¢/ > 0 sufficiently small such that ¢* 4+ &' (¢(h) — £(1)) € A(Z) for all h = 2,...,k; the
construction is possible since £* is in the interior of A(Z). Define a menu Lo by

Lo:=LiU{l*+&(l(h)—0(1)): h=2,.. .k}
For each h = 2,....,k and ug € [ul], uo(¢* + ' (¢(h) — £(1))) is non-constant in &’; therefore, for small
)

enough &' > 0, M (Lo, up) is either {¢* + &'(¢(h) — £(1))} or a singleton included in L;. Furthermore,
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M (Lo, up) = {¢*} for each ug € [u}]. This ensures that Ly € £ by Lemma E.3. Furthermore,
{f* € M(Uo,Lo)} = {’LLO ~ u}

Since u # u/, there is a lottery ¢y € Lg different from ¢* such that M (Lo, u') = {{o}.

By the previous observations, we have Lo 2 L; and pf(¢*; Li|Lo,*) = pu(u1 € [D]jug =~ u)
and p?(¢*;L1|Lo,lo) = p(ur € [D]jup ~ «'). But then (30) implies that p?Z (¢*; L1|Lo, %) <
p?(¢%; L1| Lo, £p), which is a violation of consumption persistence. |

H.2 Proof of Proposition 5

For each menu L of consumption lotteries and ¢ € L, recall the notation N(L,f) = {u € R? : y - £ >
u- ¢ V¢ € L}. Note that N(L,¢) is convex with N(L,¢) = [N(L,{)].
“If” direction: pZ = p§ follows directly from the condition that u({ug ~ u}) = a({tg ~ u}) for
each u € R?.

Take any Lo € L§, L1 € A} and £ € Lo such that Ly 2 Ly. Let {[u}],...,[uf]} denote the set of
possible consumption preferences in period 0 that can realize with positive probabilities under p or fi
and belong to [N (Lo, ¢)]. Since there is no tie in Ly and L, we can write

k i 7
z 0. Lo 0) = Yoy p({uo = ug ) p({ur € N(Lla@}HUO ~ uy})
P Lalko. O S n({uo ~ i)
SE i ~ uu({in € N(Ly, O} {ao ~ ud}) .,
> : = pZ (0, L1 |Lo, £
- S {0 ~ i }) ot falfa: 6

where the inequality follows from the condition that u({ug ~ ui}) = a({to ~ u}}) and u({u; €
N(L1, O)H{uo = ui}) > p({a1 € N(L1,0)}{ao ~ ub}) for each i = 1, ..., k.

“Only if” direction: For each u € R?, u({ug =~ u}) = j({ug ~ a}) follows directly from pf = pg.
To complete the remaining part, we suppose to the contrary that there exist u € R? and a convex set
D > w such that p({u1 € [D]}{uo = u}) < a({t1 € [D]}|{to =~ u}).

Let {[u], ..., [uk]} and {[ul], ..., [uf*]} denote the set of possible consumption preferences that can
realize with positive probabilities under g or ji in periods 0 and 1, respectively. Note that by the
joint uniformly ranked pair condition, ui(¢) > u¢(£) for each i = 1,...,m. Thus, by Lemma H.1, there
exist a lottery ¢* and a menu Lj such that (i) M(Li,u) = M(Ly,u}) = {¢*} for each i = 1,....,m
with u¢ € [D], and (ii) M(Lq,u}) # ¢* and |[M(Ly,u})| = 1 for each i = 1,...,m with u{ & [D]. Thus
L e AT

Moreover, following the same construction as in the proof of Proposition 4, we construct a menu
Lo 2 Ly such that (i) M (Lo, u) = {€*} and (ii) M (Lo, u}) # ¢* and |M (Lo, u})| = 1 for each i = 1,.... k
with u} & [u]. Thus, Lo € L.

Based on this, we can write the choice probabilities as

pL (0 Li|Lo, %) = p({ur € {[ua], -, [uf]} N [D]}{uo ~ u})
< A € {lut], .., [wi]} 0 [DI}{do = u}) = p7 (€, L1|Lo, £*),

which contradicts the fact that p? features more consumption persistence than pZ. |
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H.3 Proof of Corollary 1
(i) = (ii):

We consider the case m > 2 as otherwise the desired statement trivially holds with any «. Observe
first that for any distinct indices 4,5 € {1,...,m}, consumption persistence and its characterization
(Proposition 4) imply

Mii = p({us € [u']}uo = u') > u({ur € [u]}uo = v’) = Mj; (31)

by taking D = {u’}. (Note that by definition both u’ and u/ arise with positive probability in period
0). Moreover, if D = co{u’,u’}, then by the non-collinearity assumption there is no k ¢ {i, j} such
that u* € [D]. Thus, by consumption persistence and its characterization (Proposition 4),

Mi; + My = p({ur € [D}ug = v') = p({ur € [D]}|ug = v’) = Mj; + M. (32)

Suppose first that m = 2. Since 1 = M1+ Mo = Moo+ Moy, we have M11— Moy = Mos— Mo :=
which is nonnegative by (31). Since the Markov chain is irreducible, Ma;, M9 > 0, which also ensures
a < 1. One can verify the desired form by setting v(u') = M21 and v(u?) = {‘{—102[

Suppose next that m > 3. Take any distinct 7,7,k € {1, ..., m} and let D’ = co{u’,u’,u*}. By non-
collinearity assumption there is no I ¢ {i, j, k} such that «' € [D’]. Thus, by consumption persistence
and its characterization (Proposition 4),

M;i + Mij + My, = p({ur € [D'THuo = u’) = p({ur € [D'}Huo = w’) = Mj; + Mj; + M.

Combined with (32), this implies that M;, = M, for any distinct ¢,j, k. Thus, for any k, we can

define B := M;;, for some arbitrary ¢ # k. Here (8, > 0, because otherwise >, . itk M = 0,
contradicting irreducibility of the Markov chain. By (32), M;; — Mj; = Mj; — M;; for any i, j, and
thus M;; — Bz = ﬁj =: « for any ¢ j By (31) @ > 0, and o < 1 as B > 0 for all k. Thus, setting
v(ul) =

1701
(i) = ():
Take any pair u,u € R? of possible realizations of period 0 felicities. Then for any convex set
D C R? with u € D, by (ii) we have

pl{un € [Dl}uo ~ ) = a+(1-a) 3 v(w) = alyep(i—a) Y v(wd) = al{ur € [Dl}fuo ~ ).

ui€[D] ui€[D]

Thus, p features consumption persistence by Proposition 4.
(i) = (iii):

Note that for any L = {¢!,...,¢™} € £} and distinct indices 4, j, we have pf (¢%; L|, L, ') = o +
(1-a) ZukeN(L,ei) v(u") = a+ (1 —a)pf(t; L) and p{ (¢; LIL,0") = (1 - a) ZukeN(L,w) v(u*) =
(1 - a)f(; 1),

(i) = (ii):

Since {u!,...,u™} are ordinally distinct, Lemma E.2 yields L = {¢*,...,¢™} such that M(L,u’) =
{¢%} for each i. Then by the Markov representation we have pZ (¢/; L|L, ¢') = M;; and p§ (¢%; L) = v(u)
for all indices 7,5. Thus, by (iii), there exists 8 € [0,1) such that M;; = 8+ (1 — B)v(u?) and
M;; = (1 — B)v(uw!) for all i # j, which verifies (ii). [
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H.4 Proof of Corollary 2

Since p and p admit stationary renewal process representations, for each ¢ € L1 C Ly with Ly € £
and L; € Aj, choice probabilities satisfy:

pLo)= Y v, pf(GLo)= Y b)),

uteN (Lo,0) ut€N (Lo,0)

pL(Li|Lo ) =a+(1—a) > vul), pEGLLo, ) =a+(1—a) Y o)
uteN(L1,0) ut€N(L1,0)

The “if” direction is immediate from these expressions. For the “only if” direction, the existence of
the bijection ¢ follows from the fact that pZ and pZ coincide on period 0 consumption choices and the
assumption that in each representation all felicities are ordinally distinct. To show that o > &, consider
any £ € Ly C Lo (with Lo € £j and Ly € A7) such that 3 icnr, 0 v(u') = D weN(L10) p(u) < 1.
Then p? (¢; L1|Lo, ¢) > pZ (¢; L1|Lo, ¢) implies a > a. n

H.5 Proof of Proposition 6

Necessity:

Take any L € £} and ¢,¢ € L with {¢,¢'} € A;. If pf(¢; L) > 0, then there exists u € N(L,¢)
such that p({ug = u}) > 0. This implies u(¢) > u(¢'). Then by (2), there exists some u/ € R?
with p({u1 = u'}|{uo = u}) > 0 such that u/(¢) > «'(¢'). This ensures p{ (¢;{¢,¢'}|L,¢) > 0 because
p({ur = u'}H{ug € N(L, £)}) > 0.

Sufficiency:

Take a BEU representation (Q, F*, u, (Ft, Us, ug, 0¢, Wy)) of p?. Let Fo be the sigma algebra gen-
erated by the random equivalence class [ug], i.e., Fo is induced by the finest partition over €2 such
that ug(-) corresponds to the same preference within each cell. Likewise, let F1 be the sigma algebra
generated by the random sequence of equivalence classes ([ug], [u1]). Note that Fo C Fo and Fy C Fy.
For each t = 0,1, construct an F;-measurable function @; such that i (w) ~ u;(w) and 3 LU (w)(2) =0
for each w.

We consider a tuple (2, F*, u, (]%,Ut,ﬁt,ét,Wt)), where (Ut) is induced from (u, (ﬁt,ﬂt,ét)) by
equation (1), and (W;) is any F*-measurable ticbreaker that satisfies the properness condition with
respect to (u, (F;)). This tuple is clearly a BEU representation of pZ, since (u;) and (i) are ordinally
equivalent at every state.8!

Next we fix any @ € R? such that p({ip = @}) > 0, and let Uy := {0/ € R? : u({a; = @'}|{to =
4}) > 0}. We now use Axiom 10 (consumption inertia) to show that 4 € coldy. By the affine
aggregation theorem (e.g., Theorem 2 in Fishburn (1984)), it suffices to establish that for all ¢, ¢ €
A(Z), we have

[a' () >4’ (0),Vi' € U] = (L") > a(l).
(

Suppose to the contrary that [¢/(¢') > @'(¢),Vi' € Uy] and @ (¢") < a(¢) for some ¢, ¢'. By the Uniformly
Ranked Pair condition, we have @/(¢) > @/(£) for all &/ € Uy. Thus, by mixing ¢ with ¢ (resp. £ with
¢) with a small weight on ¢ (resp. £), we can assume without loss that [4/(¢') > @' (¢),Vid' € Uy)
and 4(¢) > a(¢). In addition, since the relevant inequalities are all strict, we can assume that
0,0 € intA(Z) and {¢,¢'} € Aj. Take a menu of consumption lotteries L € Lj such that ¢,¢' € L,
M(L,u) = {¢}, and M(L,d") Z ¢ for all other period 0 felicities 4” # @ that can realize with

81Note that the exact specification of (Wt) is irrelevant in this argument because we restrict attention to
menus without ties.
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positive probability under 1.32 For this menu L, it follows that pZ (¢; L) = p({ip = 4}) > 0 and
pZ (6 {6, 0'}| L, 0) = p({a1(£) > a1 (¢")}{@ = u}) = 0, contradicting consumption inertia.

The observation in the previous paragraph implies that for each @ € RZ such that u({@g = @}) > 0,
there exist constants (o a)arer, > 0 and B € R such that

>

= Z Oéﬂﬂ]/’ll/ + ﬁﬁ (33)

w' €Uy

Since by construction ), 4;(w)(z) = 0 at every state w and period t, we must have §; = 0.

Define 4g(w) := tp(w) and ﬂjl (w) = %ﬂl (w) for each w, where Fy(-) denotes each cell
of the partition that generates F; for ¢t = 1,2. Note that each @} is F;-measurable. We consider the
tuple (Q, F*, u, (Fy, U}, @}, 6, Wy)), where (U7) is induced from (u, (F;, 1, 0;)) by equation (1). This
tuple is still a BEU representation of p?, since (i) and (i) are ordinally equivalent at every state.

To conclude that the representation is BEB, we verify that (2) holds with @ := @). That is, for

each w

Elih|Fo) = > wBE|Bo)ii(B) = Y Qagw)a e ia(Br) = do(w) = ip(w)
E1CEp(w) E1CEo(w)

where the second and fourth equalities hold by definition of 4, and the third equality uses (33) with
Big(w) = 0 for each w. |

I Additional Results

I.1 Identification

The following proposition provides identification results for our representations (see Remark 1 for the
discussion).

Proposition I.1. Suppose p and p admit DREU representations D = (Q, F*, u, (F¢, Uy, W)) and
D= (Q, F*, 0, (.7:}, U, Wt)), with partitions II; and II; generating F; and F, respectively. Then p = p
if and only if for each t there exists a bijection ¢, : II; — ﬂt and Fi-measurable functions ay : 2 — R ¢
and B : Q — R such that for all w € Q:

(1). w(Fo(w)) = fi(¢o(Fo(w))) and pu(Fi(w)|Fi-1(w)) = i(Pe(Fr(w))[pr—1(Fi-1(w))) if t > 1;
(ii). Up(w) = ay(w)Uy(@) + Bi(w) whenever & € ¢y(Fy(w));

(ii). p[{W; € By(w)}|Fi(w)] = a[{W; € Bi(w)} ¢:(Fi(w))] for any Bi(w) such that Bi(w) = {w €
RX :p; € M(M(As, Uy(w)),w)} for some p; € A; € A

82To see why such a construction is possible, first note that all the possible realizations of period 0 felicities
tip(+) are ordinally distinct by construction. Take a set of consumption lotteries L that separates all the period 0
felicities @g(-) by Lemma E.2. Here we can assume that the sup-norm distance among these lotteries is bounded
by € by mixing them to a common lottery if necessary, where ¢ := min,cz{/(z),1—¢(z)} > 0. Let £ € L be the
lottery that strictly maximizes 4 in L. Then we define L* := {{ + ¢ — ¢ : {" € L}. This is a well-defined set
of lotteries by the construction of . Note that this set also separates all period 0 felicities. Then the desired
set L can be constructed by adding ¢’ to L* such that there is no tie (that is guaranteed by slightly perturbing
lotteries if necessary).
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If (D, (us,8;)) is a BEU representation of p, then (D, (i, ;) is a BEU representation of p if and only
if (i)-(iii) hold and additionally, for all t = 0,...,T"

(iv). ar(w) = ap(w) [T'Zh &) whenever & € ¢y(Fy(w))

(v). ut(w) = (W) (@) + ye(w) whenever w € ¢(Fi(w)), where yr(w) := fr(w) and y(w) =
Bi(w) = 0u(W)Ep By | Fe(w)] if £ <T — 1.

If (D, (us,d;)) is a BEB representation of p that satisfies Condition D.1, then (D, (di,d;)) is a BEB
representation of p if and only if (i)-(v) hold and additionally, for all ¢t =0,...,7 — 1:

(vi). 6y(w) = 6y(@) for all & € ¢y (Fp(w))
(vil). v (w) = E,[Br|Fi(w)] for all w.
Proof. See Appendix J.3. |

I.2 Markov Evolving Utility

Definition 13. A (stationary) Markov evolving utility representation is a BEU representation
(0, F*, i, (Fy, Uy, Wy, ug, 64)) for which there exists a finite set of felicities U = {u',u?,...,u™} C R?,
with u’ % u/ for all i # j, along with a stationary distribution & € A°(U) and a right stochastic
transition matrix IT = (II; ;); j=1,...m such that

(). plu(w) =u') =& forallt =0,...,T andi=1,...,m;

(i1). p(uppr (W) = wppr|uo(w) = ug, -y up—1 (W) &= w1, up(w) =~ up) = p(uerr (W) = uppr|u(w) =~ uy)
forallt=0,...,7 —1 and ug,...,u+1 € U,

(iil). p(uprr(w) = v jug(w) = u?) =10, forallt =0,1,...,T — 1 and i,j = 1,...,m.

We assume that p admits a BEU representation. As in Section 6, we consider the restriction p?
of p to atemporal consumption problems without ties; this is well-defined given the assumption that
p admits a BEU representation. For each ¢r_; € A(Z) and Ly_1,Lr € K(A(Z)), we define the
lottery (¢p—1,Lr) = (d¢y_,,01,) and menu (Ly_y, L) := {(¢_y, L7) : €)r_; € Lr_1}. Recursively,
foreacht <T —2, 4y € A(Z), and Ly, ..., Ly_; € K(A(Z)), we define the lottery (¢s, LT_1, ..., L1) :=
(061,0(Lssr,.... L)) and menu (L, ..., Lr) := {(€}, Lty 1, ..., L1) : £} € Ly}

Let £ C K(A(Z)) denote the set of period 0 consumption menus without ties, which consists of all
Lo such that (Lo, L1) € A for all Ly € K(A(Z)). For any Lo € L and ¢y € Lo, define p§ (¢o; Lo) :=
po((Lo, L1); (Lo, L1)) for an arbitrary choice of L;. This induces the set of all period 0 consumption
histories without ties, i.e., sequences hY = (Lo, o) such that pZ (o, Lo) > 0 and Lo € L. Recursively,
for each period t — 1 consumption history without ties htZ_1 = (Lo, Lo, ..., Li—1,¢:—1), we denote by
Ly (htZ_l) the set of period ¢t consumption menus without ties conditional on htZ_l, which consists of
all Ly such that (Ly, Lyy1, .., LT) € Af(ht7Y) for all Lyyq, .., Ly, where ht™1 = (Ag, po, ..., At—1,pr—1) is
given by A; = (L, Lr41,...,L7) and p; = (¢+, L;41, ..., L7) for each 7 = 0,...,t — 1. Given any such
h 1 and ht1, we define pf (¢4, Li|h's ) := pe((4, Lis1, o, L), (Lty .y L) |R¥1) for each L} € L4(R51)
and ¢; € Ly; if ptZ(ﬁt,Lt\htZ_l) > 0 then we say that the sequence (Lo, £, ..., Lt, {¢) is a consumption
history without ties in period t. Finally, we say that a consumption history without ties is degenerate
if the corresponding L,’s are all singleton.

Axiom I.1 (Unconditional Stationarity). For all degenerate consumption histories di, !, L €
Li(dM N Ly, and £ € L, we have pf (¢, L) = pZ (¢, L|d ).
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A consumption atom is a pair (L, ) with L € L§ and ¢ € A°(Z) such that
(). pA(61) > 0
(ii). pZ(¢, L) € {pf (¢, L),0} for all L' € L with L' D L.

Axiom 1.2 (Markov). For any consumption atom (L, ¢) and consumption history h?1 without ties,
we have plz(‘lﬁe) = p}fz—i-l("htz_lvlhg)'

Proposition I.2. Suppose that p admits a BEU representation that satisfies Condition D.1 (Uniformly
Ranked Pair). Then p? satisfies Axioms I.1 and 1.2 if and only if it admits a Markov evolving utility
representation.

Proof. See Appendix J.4. |

J Proofs for Sections A, E, and I

J.1 Proof of Proposition A.1

The following three subsections prove Proposition A.1, that is, the equivalence between DREU, BEU,
BEB and their respective S-based analogs.

J.1.1 DREU
“If” direction: Suppose p admits an S-based DREU representation
(St {15 sy 1€8s 10 {Usys Ty FsreSy )i=o0,...T- We will construct a DREU representation

(Q7 ﬁ*7 /la (ﬁh Ut7 Wt))

Consider the space G := H?:o (St X ]RXt) of all sequences of states and tie-breaking utilities.
Let Q := {(so, Wo,...,s7,Wrp) € G : Th—o " (sg) > 0}. Let F* be the restriction to { of the
product sigma-algebra of the discrete sigma-algebra on H;f:o S; and the product Borel sigma-algebra
on [[L,R¥. For each K = ({so}, Ko, ..., {57}, K1) € F*, let a(K) = [Tq "  (s0)7s,(K2); by
finiteness of HtT:o St, 1 extends to a finitely-additive probability measure on ) in the natural way.

Let II; be the finite partition of € whose cells are all the cylinders C(soy...,8t) = {w € Q:
Projg,«..xs, (@) = (s0,...,5¢)}. Let F; be the sigma-algebra generated by II;; by definition of €2,
w(Fi(@)) > 0 for all & € Q. Also, Fy(w) = Ua,e];.t@) Fir1(@), so (Fio<i<r C F* is a filtration.
Define U; : Q — RXt by Uy(&) = U,, where projg, (W) = s¢. Note that (U) is adapted to (F;) and
that U;(&) is nonconstant for each & since each Uy, is nonconstant. Finally, if F;_1 (&) = F;_1 (&) and
Fi(@) # Fi(@'), then projg, (@) = projg, , (@) = s¢—1 and projg, (@) = s; # s, = projg, (&) for some
si_1 € S;_1 and s;, 8 € supp p;*~'. By DREU1 (a), this implies U () := Us, % Uy =: U;(&'). Thus,
(Ft, Up) are simple.

Define W; : @ — RX* by Wi(&) = W; where projgx, (&) = W;. Note that for all Ay, a({& € Q :
MW = 13) = Sy (T (5)) 7 ((Wh € B < M(A, W] = 13) = 1, since each
Ts, is proper. Thus, (Wt) satisfies part (i) of the properness requirement for DREU. Moreover, for any
Fr(@) = C(so, . ..,s) and any sequence (B;) of Borel sets B; C R¥*, the definition of /i implies

T T T
i (ﬂ{m € B}Y|C(so,. .., ST)> =[[7(B) =]~ ({Wt € By} | Cso, . . .,st)) . (34)
t=0 t=0

t=0
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Since Fr(w) = C(so,...,s7) implies Fi(&) = C(so,...,s:) for all t < T, this shows that (W;) also
satisfies parts (ii) and (iii) of the properness requirement.
Finally, to see that (Q, F*, fi, (F;, Uy, Wy)) represents p, fix any h! = (Ao, po, ..., A¢, pt) € Hy. Then

AC) = i (Mol € O pr € M(M(Ay, Ur(@)), Wi(@))}) =
2 C(sose)etty IC (S0, -y 52) )1 (ﬂizo{@ € Qi pp € M(M(Ay, Uy), W) }C(s0, -~7St)) =
5 oy o A1 (1)t (Mico{@ € 22 pi € MM (A, Uy ), Wi O (50, 50) ) =
D (S00s50) €S0 X% St o 1" ()7, (PR Ak

where the third equality follows from the definition of fi and U, and the final equality follows from
(34). Thus, as required, we have

i(C(h") > (o) Lo 2 (51) Ty, (PR, A) apt!
W(C(h=1) ~ =1 st R pe(pe; Aelh™7),
K Z(so,...,st_l) Hk;:[) lu‘k; (Sk)Tsk (pk:a k‘)

where the final equality holds by DREU2.
“Only if” direction: Take any DREU representation (2, F*, i, (F¢, Uy, Wy)) of p. We will construct
an S-based DREU representation (St, {fi;" " }s,_,e8,_1> {Us» Tss bsvess )i=o...T-

For each t, let S; := {Fi(w) : w € Q} denote the partition generating F;, which is finite since
(Ft) is simple. Each fij' is defined to be the one-step-ahead conditional of y, i.e., fig(so) := p(so)
for all sg € So and f1;%(s¢41) = p(ser1|sy) for all sy € Sy, sp11 € Sgy1. This is well-defined since
((Fe(w)) > 0 for all w. For each s, € S, define U, := Uy(w) if w € s¢; this is well-defined as (Uy)
is Fi-adapted and each Us, is nonconstant since each Uy(w) is nonconstant. Finally, for any Borel
set B, C R¥t, define 7,,(B;) := u({W; € B;}|s;). This is well-defined since W; is F*-measurable.
Moreover, because u({w € Q : |[M(A;, Wi(w)| = 1} = 1 for all A; and |S;| is finite, it follows that
Tst(N(Atapt)) = TSt(N+(At7pt)) for all py, i.e., 7y, is proper. Thus, each (Stvlu“ft717{USt’TSt}StESt) is
an REU form on X;.

Moreover, (a) for any distinct s;, s, € supp(u;'™"'), we have w,w’ such that F_1(w) = si-1 =
Fir1(w') and Fi(w) = s, # Fi(w') = s}. Thus, Uy, = Uy(w) % Uy(W') = Us;, since (Uy, Ft) is simple.
Also, since (F;) is adapted, the partition S; refines the partition S;_;, so that (b) for any distinct

!
~ASt—1

St—1,8}_1, we have supp(;'~") Nsupp(fi;' ") = @. Since additionally u(s;) > 0 for all s; € Sy, we have
(¢) Us,_,es,_, supp fi;' " = S;. Thus, DREU1 is satisfied.
To see that DREU2 holds, observe that for each h! = (Ao, po, ..., A¢, pt) € Hy, we have

u(C(h) =32, csp i(sT)p (C(R)|s7)
=Y aresy 1) (Mimo{w € Q: pr € M(M(Ay, Uy), Wi)}s7)

=3 (sonsr) M7 (Mio{pe € M(M(Ax, Us,), Wi) }st)
FweQVi: sg=F¢(w)

=3 (sorsr)  H(7) [Thmo it ({pr € M (M (Ag, Uy,), W)} si)
FweQVt: sg=Fi(w)

t — t
= Z (505---,5¢) Hk:o MZk ! (Sk) Hk:o Tsy, (pk7 Ak)
FweQVE<t: sp=F (w)

t Sk— t
= Z(So,...,st)ESOX...XSt Hk;:[) /JJkk ! (Sk) Hk:O Tsy, (pk» Ak)7

A(Clpe, AD|C(RH)) =

where the third equality follows from the fact that (U;) is Fr-adapted, the fourth equality follows from
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parts (ii) and (iii) of the properness assumption on (W;), the final equality follows from the fact that
[Tio 142" (sk) = 0 whenever (so,...,st) # (Fo(w), ..., Fi(w)) for all w, and the remaining equalities
hold by definition. Since p;(pi; A¢[h!™1) = %}ﬁt)z) by (3), this shows that DREU2 holds.

J.1.2 BEU

“If” direction: Suppose p admits an S—bgsefi ~ BEU representation
(St L Yo 1€80 15 {Usy s Usy s Ts, Fs1€8, ) t=0,...T- Let (2, F* [, (F, U, W;)) denote the corre-
sponding DREU representation of p obtained in the “if” direction for DREU. In addition, define
Gy : Q — RZ for each t by (&) = u,, whenever projg, (W) = s;. Note that the process (i) is
]:}—adapted. Moreover, for each w = (sg, Wo, ..., s7, Wr), we have UT(Q) = Uy, = us, = ur(w) and
for each t <T — 1 and (2, Ai+1)

Ut(@0)(2t, Aey1) = Us, (21, Arg1)

= Ug (zt) + Z luf—ti-l (5t+1) max U3t+1 (pt+1)

Pt+1€AL+1
St+1€5t4+1

= dy(w)(z) + E fi(sev1lse) max  Us,,, (per1)
Pe+1E€A11
St41€St41

= Uy (@)(z) +E[ max  Upp1(pe1)|F(@)];
Pt+1€AL41

where we let fi(s¢r1|st) := 1 (C(s0,-..,8t+1) | C(s0,...,5t)). Thus we constructed a BEU representa-
tion with §;(-) = 1 for every t.

“Only if” direction: Suppose p admits a BEU representation (Q, F*, u, (Ft, Up, u, d¢, Wy)). We
construct another tuple (€, F*, u, (Fi, Uf, ub, 8, Wy)) by setting Uj(w) = [[4_t 6 (W)U (w), uh(w) =
Ht;:lo dr(w)ug(w), and §;(w) = 1 for each ¢ and w, which are all Fi-measurable. By Proposition 1.1,
(Q, i, (Fi, UL, Wy)) is still a DREU representation of p. Furthermore, for each w (omitting its notational
dependence),

t—1

t—1
Uj (21, A1) = [ 6-Us(z, Ayr) = [ ] 6 <ut(z) + S1E[max Ut+1]}}]> = u(2) + SEmax Uf | 7]
=0 =0 et et

for every (24, Ai11). Thus (Q, F*, u, (Fi, U/, u}, 07, Wy)) is still a BEU representation of p. Based on this
tuple, let (Sp, {5 Yo, 1eS_1» {Uss» Ty bsresy )i=o.... 7 denote the corresponding S-based DREU repre-
sentation obtained in the “only if” direction for DREU. In addition, for each s;, define 45, € R?
by s, = uj(w) for any w € s; this is well-defined as (u}) is Fi-adapted. Reversing the ar-
gument in the previous part, we can Averify that 4y, = UST for each sp and ﬁst(zt,At+1) =
s (26) + 5, A1 (Se41) maxp, ea, Usyyy (prya) for each s with ¢ <T — 1.

J.1.3 BEB

“1£” direction: Suppose P admits an S-based BEB representation
(St7{Mftil}stflest,p{UstaUst,Tsta6st}st€St)t=0,.A.,T~ Let (Q,ﬁ*,ﬂ, (ﬁt,Ut,ﬂt,l,Wt)) denoteAtheAcorre—
sponding BEU representation obtained in the “if” direction for BEU. In addition, define §; : Q@ — R
for each t by 6;(&) := &, whenever projg, (W) = s;. Note that for each @ = (so, Wo, .., s7, Wr)
%E[ﬂwﬂﬁt(@)]. Iterating

expectations, this yields () = E[[[22) 67 Yar|Fi(@)] = E[[1LZ) 07 Up| Fi(@)]. Replace Uy(w) with

N 1
and t < T — 1, we have () = us, = Tor 2 py (St41)Usyyy =

22



Ul (&) = E[[1XZ} 6,1 F(@)]U(@) for each t and &. By Proposition 1.1, (Q, F*, i, (F;, Uf, Wy)) is still
a DREU representatlon of p. Moreover, for each t < T — 1, we have

T-1 T—1
U(@) (21, A1) = B[] ] 0-1F0(@)] (@) (z0) + B[] ] 0~ J, max Us1 (pe1) | Fo ()]
=E[07(2) | Fo(@)] + 0 (W)E[ptffl&}iﬂ Ul 1 (D) | Fo ()]

Thus, (Q,]}*,ﬂ, (]:'t, Ut’, b1, Wt)) is a BEB representation of p.

“Onmly if” direction: Suppose that p admits a BEB representation (Q, w, (Ft, Up, 04, Wy)).  Let
(Q, F*, p, (Fy, ULy, 6, Wy)) and (Sy, {3 Ye,_1es,1» {0 4y Ws, s Tsy Yspe S, )t=0,..., 7 respectively denote
the corresponding BEU representation and S-based BEU representation of p obtained in the “only if”
direction for BEU. In addition, define &, := 6;(w) for F;(w) = s;. Then for each t < T — 1 and w with
Fi(w) = s¢, we have

t—1 t—1
i, = up(w) = [ or@)ue(w) = [] (@) Elurs1 (@) Fiw)] = le)E[umlft Zum St+1)U
=0 =0 St St+1

where the first and last equality used the construction of S-based BEU, and the second and fourth
equality used the construction of BEU. Thus (Si, {fi{* ' }s,_,es,_1, {U" o St,ést, Toy }sp€S; )t=0,... T 1S an
S-based BEB representation of p. |

J.2 Proofs for Appendix E

This appendix presents proofs of all lemmas from Appendix E.

J.2.1 Proof of Lemma E.1

By standard arguments, for any separable metric space (Y, d): (a) the set P(Y") of Borel probability
measures on Y endowed with the topology of weak convergence is a separable metric space metrized
by the Prokhorov metric 74 induced by d (e.g., Theorem 15.12 in Aliprantis and Border (2006)); (b)
the set Ko (Y') of nonempty compact subsets of Y endowed with the Hausdorff distance induced by
d is a separable metric space (e.g., Khamsi and Kirk (2011) p. 40); (c) every dense subspace of Y is
separable.

We now prove the claim inductively, working backwards from period T'. Since X7 := Z is finite, the
claim is immediate. Consider ¢t < T and suppose that X is a separable metric space for all 7 > ¢ + 1.
By (a) above, P(X;+1) endowed with the induced Prokhorov metric is separable, so since A(Xy41) is
dense in P(X;41) (e.g., Theorem 15.10 in Aliprantis and Border (2006)) A(X.y1) is also separable (by
(c)). Then by (b) above, Kc(A(X¢+1)) endowed with the induced Hausdorff metric is separable, so
since Ay11 := K(A(X¢41)) is dense in Ko (A(X¢41)) (e.g., Lemma 0 in Gul and Pesendorfer (2001)),
Ay41 is also separable. Finally, X; := Z x A;+1 endowed with the product of the discrete metric and
the Hausdorff metric is separable, as required. |

J.2.2 Proof of Lemma E.2

By the finiteness of S, there is a finite set Y’ C Y such that for each s the restriction Uy [y/ to Y’
is nonconstant and for any distinct s, s, Us |y/% Uy |y (that is, there exists p,q € A(Y”’) such that
Us(p) > Us(q) and Uy (p) < Ug(q)). By Lemma 1 in Ahn and Sarver (2013), there is a collection of
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lotteries {p® : s € S} € A(Y") such that Us(p®) = Us Iy (p°) > Us |y (p*) = Us(p®') for any distinct
s, 8. [

J.2.3 Proof of Lemma E.3

(i) = (ii): We prove the contrapositive. Suppose that there is s;_; € S(h'™1) and s; € supp p;" "
such that |M (A, Us,)| > 1. Pick any pr € M(A¢, Us,) such that 75, (ps, Ar) > 0. Since Us, is non-
constant, we can find lotteries r,7 € A(X}) such that Us,(r) < Us, (7). Fix any sequence «;, € (0,1)
with a,, — 0. Let p}' := ar + (1 — a)pe. For every g, € Ay ~ {pi}, let q; = opr + (1 — a)qe and
77 = anT + (1 —an)qe. Let B :== {q} : ¢t € A¢ ~ {pt}}, let B} = {q: ¢ € Ay~ {p:}}, and let
B := B? U B;. Then B} =™ A;~ {p:} and p} =™ p;.

Moreover, since |M (A, Us,)| > 1, there exists ¢ € Ay ~ {p:} such that Us, (an7 + (1 — an)qr) >
Us, (p}) for all n, so that 7s,(p}, B* U {p}}) = 0. Furthermore, note that for all s; € Sy \ {s;}, we
have N(M (A, Ug), p) = N(M(BY U{p}'}, Uy ), pi") 2 N(M (B U{p}'}, Uy;), p}), so that 7y (pr, Ar) >
7o (', B U{p} }) for all n. Letting pred(s;— 1) (s0,---,5t—2), Lemma E.5 then implies that for all
n?

pi(pe; Ad| 1) — pe(pf's B U {pp A1) =
o T 3 (507 (s Ay () (g (s Ae) = 7 (0, B U ()
Z AR II;:IO /ka71 (sz)Ts;(p/ﬁAk)

Sr+rSt—1

Sy

L/

Hk Olu’k (Sk)TSk(pkaAk)uft_l(st)TSt(pbAt)
>y S s Tl i ()7, (s Ag)

/
S0r-5t—1

> 0.

507 S

Since the last line does not depend on n, this implies limy, oo pg(p; B U {pP} A=) < py(ps; Ag|RE7Y).
By definition of A}, this means A; ¢ Ajf(h'~1).

(ii) = (i): Suppose A; satisfies (ii). Consider any p; € Ay, pi =™ pt, B =™ A~{p:}. Consider any
si—1 € S(h'71) and s; € supp p;*~'. By (ii), we either have M (A, Us,) = {pi} or py ¢ M(A;,Us,). In
the former case, Us, (p1) > Us,(q:) for all ¢; € A~ {p:}. But then, for all n large enough, linearity of Us,
implies Us, (p') > Us, (qf) for all qf* € B, i.e., 7s,(pt, A¢) = lim,, 75, (p}, Bf U {py'}) = 1. In the latter
case, Us, (pt) < Us,(q) for some ¢ € Ay~ {p;}. But then, for all n large enough, linearity of Us, implies
Us, (') < Us,(q) for all gi' € By such that g =™ qu, i.e., 75, (p, Ar) = limy, 7, (P}, B U {pi'}) = 0.

Thus, for all s;_1 € S(h!~ 1) and s; € supp ;' ", we have 75, (pt, Ar) = limy, 75, (pl, BP U {p}'}).
Hence, the representation in Lemma E.5 implies that for all n sufficiently large,

pe(p}; Bl U{pP R = pi(pe; A1),

as required. |

J.2.4 Proof of Lemma E.4

Let k:=max{n =0...,t —1:¢q, # Gn} be the last entry at which d*~! and di=1 differ, where we set
k=-1if g, = ¢ for all n =0,...,t — 1. We prove the claim by induction on k.

Suppose first that k = —1, i.e., that d"~' = d=1 If Ao > ;\0, then the 0O-th entry of Ah!~! +
(1 — X\)d'~! can be written as an appropriate mixture of the 0-th entry of i1 4 (1-— X)cit_l with
(Ao, po); if Ao < Mo, then the 0-th entry of Ah!=! + (1 — M\)d'~! can be written as an appropriate
mixture of the 0-th entry of A1 4 (1— S\)Jt_l with ({go}, qo). In either case, Axiom B.2 implies that
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pu( A AR (1 — A)d!™1) is unaffected after replacing the O-th entry of Ah!™! 4 (1 — A)d!~! with
the 0-th entry of Ah!=! + (1 — \)d*~!. Continuing this way, we can successively apply Axiom B.2 to
replace each entry of Ah!=1 + (1 — X)d'~! with the corresponding entry of Ah!=! 4 (1 — A)d!~! without
affecting p;. This yields the desired conclusion.

Suppose the claim holds whenever £ < m — 1 for some 0 < m <t — 1. We show that the claim
continues to hold for K = m. Note first that we can assume that

1 1 1 1.

§ht_1 + 7dt—1 *ht_l + *dt_l c Htfl(At)'
2 1

3Bm+3 {qm} { gm + 2qm} € SUpp i _1; (35)
2. 1

"B+ - {qm} { Gm + =Gm} € SUpp i1,

3 2

where B, := %Am + %{qm},Bm = %Am + %{(jm}, Ty = %pm + %qm, and 7, 1= %pm + %Qm
Indeed, we can find a sequence of lotteries (En)fl_:lo such that foralln=1,...,t—1

1 1 A 2 1 1
>\nAn + (1 - An){on}a §An + *{On} /\nAn + (1 - )\n){én}a §An + 5{6?1}, {On} € supp Eé—l;

2 1 1 1.
gBm + {Om} g By, + g{om}v {iom + iom} € Suppgi—lu

where o,, 1= %qn + %En and 0,, := %(jn + %Bn. Lettinig 1= ({OP},on)fL_:lo and ¢! := ({o,}, on)n 0
we have that /=1, ¢'=1 € Dy_1, AL+ (1= N AR 4+ (1= N)ét L e ”Ht_l(At), and the last entry
at which ¢!=! and ¢! differ is m. Moreover, repeated application of Axiom B.2 implies

pr(5 AdARTE + (1= N)d" ™) = (5 AdART + (1 = M),
P AdARTE 4+ (1= N)d ) = p(5 A AR 4 (1= X)e ).

Thus, we can replace d'~! and d'~! with gt_l and ¢! if need be and guarantee that (35) is satisfied.
Given (35), %htfl + %dtfl, %htfl + %dtfl € Hi—1(A;), so the base case of the proof implies

1 1
pr( AARTE 4+ (1= N)d'™h) = pu(5 A '™+ Sd' s
36)
. ol s 1 1 (
pr(5 A AR T+ (1= N)d' ) = pt(-;AtyihH - 2dt .
Also, (35) guarantees  that (R + 3d7Y 0, 3By 4+ Hdm}, 2rm + 3Gm)) and (3R +
$d"1) i, (3Bm + 3{am}, 37m + $qm)) are well-defined histories in H;—1(A4;). Thus, by Axiom B.2

1., 1. 1., 1, 2 1
s Ad Gh 4 S = puls A (G S 1>_m,<3 {‘Jm} Tm*:aqm” -
1 1. 1 1. 2 1
AR 2ty = pa( o e T | . .
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But note that

2 1 1 21 1 1 21 1
m m m | = *Am S 1ladm *Am 7* m 'm m
<3 {q h 7‘ +34 ) <3 +3{2q + Sdm}, 5P +3(2q + 54 )>

= <§Bm + = {qm} rm + Ziqm> :
Thus, ((3h"7' 4+ 3d"™ ), (3Bm + 3{dm} 3 3rm + $Gm)) is an entry-wise mixture of A'~! with
the degenerate history e=' := ((d"1)_p, {3¢m + 3Gm}, 3¢m + 3Gm) and similarly ((A'71 +
laftfl)_m,( B, + {am}, 3Fm + 3¢m)) is an entry-wise mixture of h'~! with the degenerate his-
tory € = ((d"")—m, ({2Gm + 2dm}s Sqm + Gm). But the last entry at which e!~! and &1 differ is
strictly smaller than m. Hence, applying the inductive hypothesis, we obtain

1 . 1, 2 1
pt(';At|(§ht 1 + idt 1)*m (3Bm + 5 {Qm} Tm + 3(]m)) = (38)
1 1. 2 1
A *htil *dtil —-m *Bm mb 5Tm + 5aqm))-
(5 A (SR 4 5d ) —m, (3 +3{q }737“ +34m))

Combining (36), (37), and (38) yields the required equality
P AdARTE (1= N)d ) = pr(5 Ad AR+ (1= X)d ).

Finally, let Jt_lAaI}d A € (0,1] be the choices from Definition 9 such that p}* e At) =
pe(+; Ag| ARt~ 4+ (1 — A)dt™1). Then the above implies that pl ' (:; A;) = py(+; A AR + (1 = A)diY),
as claimed. |

J.2.5 Proof of Lemma E.5
If Bt'-1 € Ht/_l(At/) the clalm 1s immediate from DREU2. So suppose h? ! ¢ Hy_ 1(At/) Let

A e (0,1) and '~ = ({q}, Qg) "o € Dy_1 be the choices from Definition 10 such that ARY 14 (1 -
A"t € Hy 1 (Ap) and py(py, Au|h' 1) i= py(py, Ap| AR =1+ (1= N)d" ).
Note that for all k& < ¢/, s, € Sk, and w € RX¥, we have pp € M(M (A, Us,),w) if and only if

Apk + (1= Na € M(M(AA, + (1 = M{aqx}, Us, ), w). Hence, 75, (pk, Ak) = Tsk()‘p/k + (1= A)gr, Ay +
(1 — M) {qx}). Thus, the claim follows from DREU2 applied to the history Ah'~! 4+ (1 — \)d' ~1 €
He—1(Ap). u

J.2.6 Proof of Lemma E.6

Let Si(si—1) := suppy;~'. By DREUI, we can find a finite ¥; C X; such that (i) for any s; €
St(st-1), Us, is non-constant over Yy; (i) for any distinct sy, s; € Si(si—1), Us, % Uy, over Vy; and (i)
UpteAt suppp: C Y;. By (i) and (ii) and Lemma E.2, we can find a menu Dy := {¢;* : s¢ € Se(st—1)} C
A(Y;) such that M(Dy,Us,) = {q;"} for all s; € Sy(si—1). Define by := 3 -y, |;|5 € A(Y). For each
s¢ € Si(si—1), pick 2°t € argmax ¢y Us, and let g;* := d0.s. By (i), we have Uy, (g;") > Us, (by) for all
st € Si(s¢—1). Hence, there exists o € (0,1) small enough such that for all s; € S;(s;—1), we have
U, (¢°) > Us, (by), where ¢° := agi* + (1 — a)g:*. Note that setting D := {g* : s € Sy(s;_1)}, we still
have M (Dy,Us,) = {g'}.

For each s; € Si(s¢—1), pick some p;(s;) € M (A, Ug,). For the “moreover” part, we can ensure
that p:(sy) = p;. Fix any sequence (g,,) from (0, 1) such that €, — 0. For each n and s; € S(s¢—1),
let pi(se) == (1 — e)pe(se) + €¢;*. And for each ry € Ay, let rf := (1 — e)ry + eby.  Finally, let
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AP = {pP(se) = st € S(se—1)yU{rf : rp € A}, Note that A} —™ A;. Moreover, by construction, for
all s; € Si(s¢—1) and n, we have M(A},Us,) = {p}(s¢)}: Indeed, Us, (p}(st)) > Us,(r) for all r, € Ay
since Us, (pe(st)) > Us, (1) and Us, (¢;*) > Us, gbt); and Us, (p}(st)) > Us, (pf(sy)) for all sj # sq, since
Us,(pe(st)) = Us, (pe(s7)) and Uy, (6*) > Us, (;").

Since s;_1 is the only state consistent with h'~! Lemma E.3 implies that A? € Af(h'™1), as
required. Finally, for the “moreover” part, note that we ensured that p.(sf) = p;. Hence p}(s})
constructed above has the desired property that pj'(s;) —"™ p; and Us, (A}, py(sf)) = {Us;} for all
n. n

J.3 Proof of Proposition 1.1
J.3.1 “If” directions:
DREU: Consider any h* = (pg, Ao, ..., pt, A¢) € Hy. Then

e = Y p(Fr(w)p (ﬂ{pk € M(M(Ag, Uk)»Wk)}\]'—T(w)>
k=0

Fr (w)GHT

= > ] Fw) | Feor@)p (Wi € N(M(Ay, Ur(w)), pi) HFk(w))
Fi(w)€ll; k=0

= Y TTAGF@) | drr(Fior @i (W € NIk, Un(w), pi)Hox(Fr(w))

Fi(w)€ll, k=0

= Y TIaF@) | Fe@)i (00 € NOI( A Di(@). p0)} (@)
Fi(w)ell, k=0

= > wFr@) (ﬂ{pk € M(M (A, Uy), W)} | ﬁT@)) = a(C(h"),
k=0

Fr(@)ellp

where the second equality follows from properness of (W;) and Fi-adaptedness of (U;), the third
equality follows from assumptions (i) and (iii), the fourth equality from the fact that ¢; is a bijection
and assumption (ii), the fifth equality from the properness of (W;) and Fj-adaptedness of (), and
the first and last equalities hold by definiton. Since D represents p and D represents p, this implies

_ C(ht 1(C(ht
pt(ptaAt“lt 1) = Ml;é(]gt—)l))) = ﬂl(l‘é(}s/tf)l)))

BEU: By the “if” direction for DREU, D is a DREU representation of p. It remains to show that
(D, (ty, 0)) satisfies (1). From assumptions (ii), (iv), and (v) it is immediate that Uy = 4p. Moreover,
forallt <T —1, and w € Q, @ € ¢(Fe(w)), we have

= pi(ps, Ag|h'=1). Thus, p = p, as required.

A~

ar(w)U(@)(z, At41) = Up(w) (2, At1) — Br(w) = w(w)(2) — Br(w) + dt(w)Eu[ max  Upp1(pes1) | Fr(w)]

Pt+1€AL+1

= (W) (@)(2) — 61 (W)Ep Bt | Fr(w)] + 0¢(w)Ealawpr  max  Uprr(pegr) | Fo(@)] + 66(w)Ep[Bega | Fr(w)]

Pr+1E€AL+1

= W) (at<w><z>+&<w>ﬂaﬂ[ max Um(pm)rﬁt(w)])

Pt+1€AL+1

where the first equality follows from (ii), the second from (1) for (D, (us, d¢)), the third from (i), (ii),
and (v) (and the fact ¢; is a bijection), and the fourth by (iv). Thus, (D, (i, d;)) satisfies (1).
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BEB: By the “if” direction for BEU, (D, (i, 0;)) is an BEU representation of p. It remains to
show that (D, (u¢,0;)) satisfies (2). Forallt <T — 1 and w € Q, & € ¢¢(F(w)), we have

ag(w) i (@) + 1 (w) = w(w) = Eu[Ur| Fr(w)] = oo(w)Ea[Ur| F(@)] + By [Br| Fe(w)],

where the first equality follows from (iv), (v), and (vi), the second from (2) for (D, (u, d)), and the
third from (i), (ii), (iv), (vi) (and the fact that ¢ is a bijection). But since vy (w) = M[ﬁﬂ]:t( w)] by
(vii), the above implies that u:(w) = IE,;[UTU:}(@)], whence (D, (i, 0;)) satisfies (2) with @ := Ug.

J.3.2 “Only if” directions:

DREU: Throughout the proof, for any ¢ and E; = Fi(w) € I;, we let U;(E;) denote Up(w) and
likewise for U; this is well-defined by adaptedness. We construct the sequence (¢, oy, B¢) inductively,
dealing with the base case t = 0 and the inductive step simultaneously.

Suppose ¢t > 0 and that we have constructed (¢, oy, By) satisfying (i)—(iii) for all ¢’ < ¢ (disregard
the latter assumption if ¢ = 0). If ¢ > 0, fix any E;—1 = Fi_1(w ) € L1, let Et 1:= ¢s_ 1(Et 1),
and let Ht(Et 1) = {Et = ]-"t(w) e Il; : ftfl(w) = Fi_ 1} and Ht(Et 1) = {Et ./—"t( ) € Ht :
Fi 1(@) = E,_ 1}. As in the proof of Lemma B.2, we can repeatedly apply Lemma E.2 to find a
separating history for E;_; = F_1(w*), i.e., a history h'=! = (Bg,qo,.-., Bi—1,q-1) € Hj_; such
that {w € Q: qp € M(By,Up(w))} = Fr(w*) for all k = 0,...,t — 1. By inductive hypothesis h'~!
is then also a separating history for E,_1. Thus, by Lemma E.3 (and the translation to S-based
DREU in Proposition A.1), C(ht71) = B, and C’(ht 1Y = E;_;. If t = 0, then in the following we
let By_q :=Q, Eyq = Q, IL(Ei—q) := I, Ht(Et 1) = I1y, and we disregard all references to the
separating history.

Enumerate IIi(E;—1) = {E; : i = 1,...,m} with corresponding utilities U} := U(E}) and
Ht(Et 1) = {EJ : j = 1,...,1m} with corresponding utilities Uj = Ut(EJ) Since (F3,U;) and
(F:, Uy) are both snnple we have w(E}) > 0 for all i and U & U}’ for i # i, and likewise u(Ej) > 0 for
all j and U J g Uj for j # j'. Note that for every j there exists a unique 2( ) such U, i) U J Indeed,
if such an z(j) exists it is unique because all the U} represent different preferences. And the desired
i(j) exists, since otherwise by Lemma E.2, we can find a menu B; = {¢:i=1,...,m}U{g} such
that M(By,U}) = {qi} for each i and M (B;,U}) = {G]}. We can additionally assume (by replacing
h'~! with an appropriate mixture if need be) that h'*~! € H; | (B;). Since D and D both represent p,
we obtain

0= p[C(@], B)IE—1] = peld]; B ') = plC(d], Bi)| Err) > (B | EBioy) > 0,

a contradiction. Similarly, for every i, there exists a unique j(i) such that U} @ ~ U}. Thus, defining
b1 T(Ey_y) — T(Eyq) by é4(El) = EAf(Z) yields a bijection. By construction, U(E}) ~ Uy (¢(EL))
for all i, so we can find ay(E}) € Ry and B(E!) € R such that U;(E}) = a;(E})U(¢¢(E?)) + B(EL).
Defining a(w) = a(F(w)) and f(w) = B(Fi(w)) this yields Fi-measurable maps ay, B¢ : Ei—1 — R
such that (ii) holds for all w € Fy;_;. Moreover, applying Lemma E.2 again, we can find a menu

= {rl : i = 1,...,n} such that M(D;,U}) = {ri} for each i. Again, slightly perturbing the
separating history h'~! for E;_; if need be, we can assume that h'*=' € H; ;(D;). Then by the
representation, p(E!|E,_1) = py(ri; DI = jui(¢y(E)|Ey_1) for all i, yielding (i).

To show (iii), consider any p, € A;, where we can again assume h'™' € H; (34, + $Dy).
Let Bj := {w € R : p; € M(M(A;,Uy(E})),w)}. Note that by (i), B = {w € R : p; €
M(M(A, U dn(ED)),w)}. Thus, u({Ws € BYIE]) = u(Clp A)|E}) and i({Wi € Bi}lon(E)) =
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(i(C(py, A de(ED). But since D and D both represent p and by choice of Dy,

, . 11
W(EL | E1)p[C (pr, Ao Et] = plC(Spe +

-1 1
5 57“357 §At + §Dt)|Et71] =

11,1, 1,
t(gptﬁL 57};§At+§Dt\ht h =

. 1 R i

AIC( Pt STy LA+ Dt)|Et 1] = (e (Ep) | B 1) i[C (pe, Ar) |01 (Et )],

which implies 1[C(pr, A7) | Ef] = 41C(pr, A0)|én(E})], since by (i) we have (Bl Ey-1) = n(E§) v 1),
Thus, p({W; € B} EH) = p({W, € B¢ (EY)), as required.

Fmally, note that the collection {II;(E;_1) : Ey—1 € II;_1} partitions II;, and similarly {ﬂt(Et_l) :
Et 1 € Ht 1} part1t1ons Ht Thus, applying the above construction for every F; 1 € II;_; yields a
bijection ¢y : II; — II; and F;-measurable maps oy : Q — Ryt and B : © — R such that (i)—(iii) are
satisfied.

BEU: The “only if” part for DREU yields sequences (¢, at, 5¢) such that (i)—(iii) are satisfied. It
remains to show that (iv) and (v) hold. Throughout the proof, for any E; = F;(w) € II;, we sometimes
use U (Ey), 0:(Ey), cu(Ey), Bi(Ey) to denote Up(w), 0p(w) au(w), Br(w); this is well-defined since they
are Fi-measurable. We also let Fy_1(E;) := Fi—1(w); this is well-defined since F;(w) = Fi(w') implies
Fi—1(w) = Fi1(w'), as (F) is a filtration.

For (iv), fix any w and ¢t <T — 1. Let E; := F;(w) and pick any Ay41, By+1 and z;. Then

Us(Er) (26, Avi1) — Ue(Ey) (21, Besr) = () (Us(6e(E)) (20, A1) — Ur(de(Er)) (2, Bes1))
= ar(E)ou((Er) Y (Et+1!¢t(Et))[maX Ui1(Ee) — max U1 (Eig)]

Et+16ﬁt+1
= a(B)ou(du(Er)) Y D1 (1) |o4(Ey))[pax Usr1(¢r41(Er1)) — max Ur1(¢e41(Er1))]
Eip1€lliqn s
= a(B)o(du(E) Y (BB [max U1 (¢e41(Erg)) — max U1 (¢er1(Ergr))]
Fuiielly t+1 t+1
= ai(B)di(1(Fr)) > M(Et+1\Et)[I£T1< U1 (br41(Eira)) — max U1 (¢e41(Eig))],

Et+1 s.t. Fi (Et+1):Et
(39)

where the first equality holds by (ii), the second equality follows from (D, (i, )) being a BEU repre-
sentation, the third equality from the fact that ¢, is a bijection, the fourth equality from (i), and the
fifth equality from the fact that p(Fipq(w')|Ey) > 0 iff Fi(W') = Ey.

At the same time, we have

Ut(Et)(Zta At+1) - Ut(Et)(Zta Bt+1)
=0(E) > M(Et+1’Et)[T£T1< Urr1(Eir1) = max Ups1 (Er+1)

t+1
Eip1€lliyy

=0(E) ) M(Et+1\Et)at+1(Et+1)[I£€i}fUt+1(¢t+1(Et+1))—glaxUt+1(¢t+1(Et+1))]

Eyyi1€llipq i
= 0¢(Ey) > M(Et+1|Et)04t+1(Et+1)[I£i>l< U1 (¢r11(Bri1)) — max U1 (der1(Erir))],

Ei4q s.t. ]‘—t(EH_l):Et
(40)
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where the first equality follows from (D, (u¢, d;)) being a BEU representation, the second equality from
(ii), and the third equality from the fact that u(F11(w')|E:) > 0 iff F (o) = Ey.
Combining (39) and (40), we have that for all A, and By41,

S1(de(Ey)) > (Bt |Er) e (Ey) [max U1 (¢r1(Brir)) — Hax Urs1(dr41(Eri1))]
Eiy1 st Fi(Eiy1)=E t+1 1

= (St(Et) Z M(Et—i-l’Et)at-i-l(Et—i-l)[maX Ut+1(¢t+1(Et+1)) — max ﬁt+1(¢t+1(Et+1))].
At+1 Bt+1

Eip1 st Fy (Et+1 )ZEt
(41)

Since (]:"t,f]t) is simple and ¢; is a bijection, Ut+1(¢t+1(Et+1)) % Ut+1(¢t+1(Eé+1)) for all dis-
tinct By, By, with F(FEy1) = Ey = Fi(E;,,). So by Lemma E.2, we can find a menu

At+1 = {qfitirl : Ft(Et+1) = Et} such that for all Et+1 with Ft(Et—l—l) = Et we have
A E*
M(At+1,Ut+1(¢t+1(Et+1)) = {nt_;fil} Let E:—l—l = ft+1(w) and let Bt+1 = At+1 N {th:Yl}- Then
in (41), [maxa,,, Urr1(de1(E1)) — maxp, , Upp1(Ge41(Er1))] # 0 iff Eppq = Ef . Hence, (41)

implies %at(w) = %at(Et) = apy1(Ef ) = agy1(w). Since this is true for all ¢ < T —1,
(iv) follows.
For (v), note that the claim for T' is immediate from (ii) and the fact that Up = up, Up = ap.

Next, fix any w € Q, @ € ¢(Fi(w)), t <T — 1, and (2, {pt+1})- Then

Ut(w)(z, {pt+1}) = ut(w)(2) + 6t(w)Ep [Up1 (pes1) | Fe (w))]

. A . 42
= us(w)(2) + s (W)t (O)Ep[Upr1 (Pes1) | Fe(@)] + 0¢(w)Ep[Brs1|Fe(w)], )

where the first equality follows from (D, (u¢, d;)) being an evolving utility representation and the second
equality from (i), (ii), (iv) (and the fact that ¢; is a bijection). At the same time, we have

Ur(w) (2, {pe+1}) = e (@)Ue(@) (2, {pes1}) + Be(w)

. . . 43
= a(w) iy (w)(2) + ()0 (O)Ep U1 (pea1) | Fe(@)] + Br(w), )

where the first equality follows from (ii) and the second equality from (D, (i, d;)) being an evolving
utility representation. Combining (42) and (43) yields the desired claim.

BEB: The “only if” part for BEU yields sequences (¢, ay, 3¢) such that (i)—(v) are satisfied. It
remains to show that (vi) and (vii) hold.

For (vi), Fix any w € Q and t. Take £, ¢ from Condition D.1 (Uniform Ranked Pair). Then based
on the representation one can verify that us(w)(¢) > us(w)(£) holds by following the similar line as in
Lemma D.1.

Note that by (2) and iterated expectations, we have

Up(w)(le, b1, Arg2) = ue(w)(le) + 0 (w) <Ut(w)(ft+1) + E[dr41 max Ut+2\]:t(w)]>

t+2

for any (¢4, 111, Agy2). Hence Up(w) (4, £, Apva) — Up(w)(nl + (1 — n)l,nl + (1 — n)L, Ayyo) = 0 if and
only if n = m

Now pick any @ € ¢¢(F(w)). Then since (D, (af’gt)) is also a BEU representation, by the same
reasoning as above we have that Us()(¢, £, Ap12) — Up(@)(nl + (L —n)€,nl + (1 — 1)L, At2) = 0 if and

only if n = 1+51t(w). By (ii), this implies that ;(w) = §;(w), proving (vi).
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Finally (vii) is verified by observing that for any ¢, w, and @ € ¢y (Fy(w)),
(W) = w(w) = (W) (@) = Eyfur| Fy(w)] — ar(w)Ezlar|Fi(@)] = Ey[Br|Fi(w)],

where the first equality uses (v), the second uses (2), and the third uses (i), (v) and ay(w) = ar(w)
(which follows from (iv) and (vi)). [ ]

J.4 Proof of Proposition 1.2

(i) = (ii): Suppose that p? admits a BEU representation (€, F*, u, (Ft, Us, Wy, ug, 6;)) and satisfies

Axioms 1.1 and 1.2. For each ¢, we can pick a finite collection U; = {u},...,u;"} of ordinally distinct
felicities such that (U] = [{ut(w) : w € Q}]. Condition D.1 (Uniformly ranked pairs) ensures that these
felicities are non-constant. Let U := {u!,...,u™}, where m = mg and u’ = uf) foralli=1,...,m.

Define ¢ € A°(U) by &(u?) := pu(ug(w) ~ u?) for all 4.

By Axiom 1.1, for each degenerate consumption history dtzfl, pg and pf (-|dtzfl) represent the same
static stochastic choice rule over finite menus of consumption lotteries without ties. Hence, the same
argument in the proof of Proposition I.1 implies that after suitable relabeling we can assume that
my = m and ul ~ u’ for all i and pu(u(w) = u?) = £(u?). Thus, property (i) of the Markov evolving
utility representation is satisfied.

Next, we construct a menu L = {¢} ... (™} € L such that u!(¢*) > u’(¢#) for all i # j and such
that each (L,¢) is a consumption atom. Indeed, since the u’ are nonconstant and ordinally distinct,
Lemma E.2 yields a menu L = {¢*,... (™} € L} such that u’(¢!) > u'(¢?) for all i # j; moreover, up
to mixing all ¢ with some full-support lottery ¢ € A°(Z), we can assume that L C A°(Z). By the
representation, po(¢',L) = u(ug(w) ~ u') > 0 for all i. Finally, suppose that L' € £* and L' D L.
Then either ¢* € M (L', u?), in which case po(¢%, L') = p(uo(w) =~ u®) = po(¢*, L); or £ ¢ M(L',u%), in
which case po(¢%, L') = 0 since v/ (¢!) < u/ (&) for all j # i. Thus, each (L, ¢?) is a consumption atom.

Now, consider any t <T — 1 and any ug, . ..,u+1 € U. For each s =0,...,t+ 1, let {5 denote the
maximizer of us in menu L that we constructed in the previous paragraph. Then for any degenerate
consumption history dtZ_l, we have

p(uppr (W) & wpprlup(w) = w, . up—1 (W) = up—1, u(w) = uy
ptZ+1(€t+17 L | L7€07 ceey Lagt—la Lvet)
P (lrs L Lol = pfy (ber, L dy Y Loy ) =

p(ue1 () & uppr [ue(w) = uy),

where the first and fourth equality hold by the BEU representation of p together with the fact that
M(L,u?) = {#'} for all 4, and the second and third equality follow from Axiom 1.2 and the fact
that (L,¢;) is a consumption atom. This establishes property (ii) of the Markov evolving utility
representation.

Finally, set II;; := u(ui(w) ~ wlug(w) =~ u') for all i,j = 1,...,m. Note that this yields a
right stochastic matrix II, because ;II; j = 1 by part (i) of Definition 13 that we established above.
Consider any i,5 = 1,...,m. Then letting L, ¢/ and # be as constructed in the third paragraph, we
have for any degenerate consumption history dtZ_l that

plusr (@) ~ ol fug(w) = ') = PtZ+1(€j»L |dy ' L) =

P (0, L | L) = plur (w) = o [ug(w) ~ u') = I
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where the first and third equalities again follow from the representation and the construction of L and
the second equality holds by Axiom 1.2 and the fact that (L, ¢?) is a consumption atom. This proves
property (iii) of the Markov evolving utility representation.

(i) = (i): Suppose that p admits a Markov evolving utility representation. To show that Ax-
iom I.1 holds, consider any degenerate consumption history dtZ_l, LeLiNLy (dtZ_l), { € L. Then

pE (0, L) = pf{w : £ € M(L,up(w))} =
flul et te ML)} = p{w: € € M(L,u(w))} = pZ (¢, LId5Y),

where the first and final equalities hold by the BEU representation and the fact that L is without
ties and d?l is degenerate, and the second and third equalities hold by property (i) of the Markov
evolving utility representation.

To establish Axiom 1.2, consider any consumption atom (L, f). We first show that there exists
u® € U such that pu(l € M(L,us(w)) = p(ug(w) ~ u?) for all t. Since L is without ties, it suffices
to show that there is a unique i € {1,...,m} such that £ € M(L,u’). To see this, note that since
pu(l € M(L,up(w)) = po(¢, L) > 0, there exists u’ such that £ € M (L, u"). Suppose for a contradiction
that ¢ € M(L,w’) for some j # i. Since u’ % v/, we can find m € A(Z) such that u'(¢) > u’(m) and
u? () < u/(m).83 Then, letting M = LU{m}, we have that &(u’) < po(¢, M) < po(¢,L) —&(u?). Thus,
po(4, M) & {po(¢,L),0}, contradicting the fact that (L, ) is a consumption atom.

Now, consider any consumption history htZ*1 without ties. For any L' € L (htzfl) and ¢ € L', we
have

pr (0 UL 0) = p(t' € M(L' w1 (w)) | up(w) =~ u') =
Y w2 Jugw) ~dl) =Y T
{jleM (L' ui)} {j:t'eM (L’ ui)}

=Y plun @) 2w | ww) m ) = (€ M un (@) | un(w) ~ o),
{j:0/eM (L' ui)}

where the second and final equality follow from property (i) of the Markov evolving utility represen-
tation and the fact that L’ is without ties, and the third and fourth equality follow from property (iii)
of the Markov evolving utility representation.

Moreover, letting U (htZ_l) denote the set of all sequences of felicity realizations from U/ that are

consistent with history htZ_l,84 we have

PE (O LN L) = (¢ € M(L g (@) | w(w) = uf,w € C(h) =
S e nyetnity H(E € ML g1 () | un(w) =, (Vb {ua(w) s}l () o, (Vb {us(w) ~ us})

Z(U07~--,Ut—l)eu(ht271) plur(w) ~ né;é{us(w) R U}
= (€ M(E e () | () ),

where the third equality follows from property (ii) of the Markov evolving utility representation. Com-

83Indeed, since u’ % u’, we can find ¢%, ¢/ such that u*(¢*) > u’(#’) and w? (¢/) > u?(¢*). Then for small enough
e >0, m:={+e(l? — ) is a well-defined consumption lottery in A(Z), as £ € A°(Z). Moreover, u’(£) > u'(m)
and u/ (¢) < u’/(m), as required.

84More formally, since htZ_1 is a consumption history without ties and by property (i) of the Markov rep-
resentation, we can find U(h’; ') C U* such that C(h; 1) = {w : I(ug,...,u—1) € UKTY) with us(w) =~
us forall s =0,...,t —1}.
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bining the previous two paragraphs, we have p?(¢', L'|L,¢) = pZ.,(¢', L'|h%; ', L,¢). This establishes
Axiom [.2. |
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