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These supplemental materials provide appendices not included in the main text. Sup-
plemental Appendix E considers feasible versions of the procedures in Section 3 in the case
with unknown error distribution and derives their asymptotic efficiency. Supplemental Ap-
pendix F gives some auxiliary results used for relative asymptotic asymptotic efficiency

comparisons. Supplemental Appendix G gives the proof of Theorem D.1.

Appendix E Unknown Error Distribution

The Gaussian regression model (1) makes the assumption of normal iid errors with a known
variance conditional on the z;’s, which is often unrealistic. This section considers a model

that relaxes these assumptions on the error distribution:

yi = f(zi) +ug, {uidio, ~Q, fE€F, Q€ Q, (S1)

where Q,, denotes the set of possible joint distributions of {u;}"; and, as before, {x;}!, is
deterministic and F is a convex set. We derive feasible versions of the optimal ClIs in Section 3
and show their asymptotic validity (uniformly over F, Q,) and asymptotic efficiency. As we
discuss below, our results hold even in cases where the limiting form of the optimal estimator
is unknown or may not exist, and where currently available methods for showing asymptotic

efficiency, such as equivalence with Gaussian white noise, break down.

*email: timothy.armstrong@yale.edu
femail: mkolesar@princeton.edu
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Since the distribution of the data {y;}!_; now depends on both f and @, we now index
probability statements by both of these quantities: Py denotes the distribution under (f, Q)
and similarly for £ . The coverage requirements and definitions of minimax performance
criteria in Section 3 are the same, but with infima and suprema over functions f now taken
over both functions f and error distributions @@ € Q,,. We will also consider asymptotic

results. We use the notation Z,, £ to mean that Z, converges in distribution to £

bl n

uniformly over f € F and Q € Q,,, and similarly for % .

y=n

If the variance function is unknown, the estimator Ls is infeasible. However, we can
form an estimate based on an estimate of the variance function, or based on some candidate
variance function. For a candidate variance function 6%(-), let Kz(yf = (f(21)/6(z1), ...,
f(xn)/0(xy,)), and let ws(.)n(0) denote the modulus of continuity defined with this choice
of K. Let [:5,&(.) = [A/(;’;,g’&(.) denote the estimator defined in (23) with this choice of K and
Y = (y1/5(z1), ..., yn/0(xn))’, and let f3 ) 5 and g s denote the least favorable functions
used in forming this estimate. We assume throughout this section that G C F. More

generally, we will consider affine estimators, which, in this setting, take the form
L=a,+ Z Wi nYi (S2)
i=1

where a,, and w;, are a sequence and triangular array respectively. For now, we assume
that a,, and w;, are nonrandom, (which, in the case of the estimator ZAL(;,;,(_), requires that
() and ¢ be nonrandom). We provide conditions that allow for random a,, and w;,, after
stating our result for nonrandom weights. For a class G, the maximum and minimum bias

are

= inf
feg

biasg(L) = sup [an + 3 winf(z:) = Lf|,  biase(L)
feg i=1

a0+ > winf (@) - Lf].
i=1
By the arguments used to derive the formula (24), we have

= /3 : T 1 /
biasr(Lsrga()) = ~biasg(Lsrg60) = 5(Wns() (0 F,G) = 0w 50)(03 F, G)).

This holds regardless of whether &(-) is equal to the actual variance function of the w,’s.
In our results below, we allow for infeasible estimators in which a,, and w;,, depend on
(for example, when the unknown variance og(x;) = varg(y;) is used to compute the optimal

weights), so that biasg(L) and mg(f/) may depend on (). We leave this implicit in our
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notation.
Let s, ¢ denote the (constant over f) standard deviation of L under Q and suppose that

the uniform central limit theorem

iy Winlhi 4, N(0,1) (S3)
Sn’Q ]:7Qn

holds. To form a feasible CI, we will require an estimate s¢,, of s, o satisfying

— 1. (S4)
Sn?Q F,Qn
The following theorem shows that using Se,, to form analogues of the Cls treated in Section 3

gives asymptotically valid CIs.

Theorem E.1. Let L be an estimator of the form (S2), and suppose that (S3) and (S4)
hold. Let ¢ = L — biasy(L) — Senz1—qa, and let b = max{|biasr(L)|, |biasz(L)|}. Then

. . X o
h,?l,g.}f fefl,lclgfegn Pio(Lfelé,0)>1—a (S5)

and

. . . = A~ ~ > .
hﬂgf fefl,rql)fegn Pso (Lf € {L + e, cv, (b/sen)}) >1—a. (S6)

The worst-case fth quantile excess length of the one-sided CI over G will satisfy

su Lg—c¢
limsup sup —— Poeg qg’?’ﬁ( 9=9 <1 (S7)

n—oo QeQn biasy(L) — biasg(L) + spq(21-a + 28)

and the length of the two-sided CI will satisfy

cvg (b/Se,) Sey, o
Vo (b/5n.0) Sng F-Cn

Suppose, in addition, that L = IA/(;,;g,(;.(.) with 5(-) = oq(-) where o3 (x;) = varg(u;) and,
for each n, there exists a Q, € Q,, such that {u;}, are independent and normal under @Q,,.
Then then no one-sided CI satisfying (S5) can satisfy (S7) with the constant 1 replaced by a

strictly smaller constant on the right hand side.

Proof. Let Z, = > | w; ,u;/$¢,, and let Z denote a standard normal random variable. To
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show asymptotic coverage of the one-sided CI, note that
Pro(Lf € [¢,00)) = Pro (@nzlfa > Lf— %f(ﬁ)) > Pro (210 > Z)

using the fact that %;([:) + Yo Wi > L—Lf for all f € F by the definition of biasz.
The right hand side converges to 1 — « uniformly over f € F and Q € Q,, by (S3) and (S4).
For the two-sided CI, first note that

eV (b)) — v (b/Sn.q) + cva (b/sn.0) (1 — sn.o/Sen)
Vo (b/5n.Q) (Sn.q/5en)

Ve (b/50,) S0 1‘

Vo (b/$1.0) Sn.0

which converges to zero uniformly over f € F,Q € Q, since cv,(t) is bounded from below

_Va(b/sen)sen Py 1 a9 claimed. To show

and uniformly continuous with respect to t. Thus, o (TP Py
Va n,Q )5n,Q y=Zn

coverage of the two-sided CI, note that

Pro (Lf c {z + v (b)) S/én}> = Prg ( 7+ r‘ < eva (b/sn.q) - cn>

Vo (b/5en )5on

CVoc(b/Sn Q)Sn Q’ Zn - Z?:l wivnui/san and r= (an _I_ Z?:l wzvnf(xl) - Lf) /SnaQ'
By (S3) and the fact that ¢, f% 1, this is equal to Prg (|Z + 17| < vy (b/sng)) (where

where ¢,, =

Z ~ N(0,1)) plus a term that converges to zero uniformly over f,Q (this can be seen by
using the fact that convergence in distribution to a continuous distribution implies uniform
convergence of the cdfs; see Lemma 2.11 in van der Vaart 1998). Since |r| < b/s,. g, (S6)
follows.

To show (S7), note that,

Lg—¢=Lg—a,— Z Wi ng(x;) — S€, 2, + bias;(I:) + S€n21—a
i=1

S %}'(f/) - mg(f/> + S/én<zl—a - Zn)

for any g € G. Thus,

S _ LgA_ ¢ 1< _S/én(;zl—a - Zn) A_ Sn,Q(zl—cx + Zﬁ)
biasz(L) — biasg(L) + s5,0(21-a + 25) ~ biasg(L) — biasg(L) + sn,0(21-a + 23)
(Sen/sn,q) - (21-a = Zn) — (21-a + 2p)

[biasj:(f/) - %g(ﬁﬂ/sn,Q + (21-a + 2)
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The S quantile of the above display converges to 0 uniformly over f € F and ) € Q,,, which
gives the result.

For the last statement, let [¢, 00) be a sequence of Cls with asymptotic coverage 1—a. Let
(., be the distribution from the conditions in the theorem, in which the u;’s are independent

and normal. Then, by Theorem 3.1,

sup Qf,Qm,B(é - Lg) 2 wchn(-),n< n)a
geF

where §,, = Z1—a, +2p and 1 —ay, is the coverage of [¢, 00) over F, Q,,. When L= lAL57;,g7gQ(.),

the denominator in (S7) for @ = @, is equal to Wy, ()n(21-a + 25), Which gives

Supgég Qg,QmB(é - Lg) > wJQn(-),n(Zl—an + Zﬁ)
biasz(L) — biasg(L) + Snq, (21-a + 25)  Wog, ()n(Z1-a + 28)

If v, < v, then 2y, +23 > 21_4 — 23 so that the above display is greater than one by mono-
tonicity of the modulus. If not, then by concavity, We, ()n(21-a, + 28) > [Woq, ()m(21-a +
28)/(z1—a + 23)] - (#1—a, + 23), so the above display is bounded from below by (21_4, +

28)/(z1—a + 28), and the liminf of this is at least one by the coverage requirement. O

The efficiency bounds in Theorem E.1 use the assumption that the class of possible
distributions contains a normal law, as is often done in the literature on efficiency in non-
parametric settings (see, e.g., Fan, 1993, pp. 205-206). We leave the topic of relaxing this
assumption for future research.

Theorem E.1 requires that a known candidate variance function &(-) and a known ¢ be
used when forming CIs based on the estimate Ls. However, the theorem does not require
that the the candidate variance function be correct in order to get asymptotic coverage, so
long as the standard error se, is consistent. If it turns out that &(-) is indeed the correct
variance function, then it follows from the last part of the theorem that the resulting CI is
efficient. In the special case where F imposes a (otherwise unconstrained) linear model, this
corresponds to the common practice of using ordinary least squares with heteroskedasticity
robust standard errors.

In some cases, one will want to use a data dependent (-) and § in order to get efficient
estimates with unknown variance. The asymptotic coverage and efficiency of the resulting
CI can then be derived by showing equivalence with an the infeasible estimator f/éﬂ F\Goo()
where 0* is chosen according to the desired performance criterion. The following theorem

gives conditions for this asymptotic equivalence. We verify them for our regression disconti-
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nuity example in Section G.

Theorem E.2. Suppose that L and se, satisfy (S3) and (S4). Let L and Se, be another

estimator and standard error, and let bias, and bias, be (possibly data dependent) worst-case

bias formulas for L under F. Suppose that

L—1L bias=(L) — bias bias-(L) — bias se
N 0, ( ) no P 0, ]-'( ) N 0, 56 P
anqQ -7'-7Qn STL,Q faQn Sn’Q -F7QTL Sen ]'-,Qn

— —_—

Let & = L — bias, — §e,21_q, and let b = max{|bias,|, |@5‘n|} Then (S5) and (S6) hold with
¢ replaced by ¢, L replaced by L, b replaced by b and Se, replaced by se,. Furthermore, the

performance of the Cls is asymptotically equivalent in the sense that

SUPQeg, SUPyeg 49,0.6(C — Lyg) o1 and cva(b/sey)se, p

SUPQeg, SUPyeg 49.Q.8(¢ — Lg) Vo (b/5e,)5e, Fin

Proof. By the conditions of the theorem, we have, for some ¢, that converges in probability

to zero uniformly over F, Q,,

~

¢—Lf=L—Lf—Dbias, — $,21_q = [:—Lf—%]:(L) — S$n.0%1—a + CnSnQ

n
< E Wi nWi — Sp.QZ1—a T CnSn,Q-
=1

Thus,
~ ~ Zﬁzl Wi nUW;
Prq(Lf €lé00)) = Pro(02¢~Lf) 2 Pro (02 = —— ~zatca ),
n7Q
which converges to 1 — a uniformly over F, Q,. By Theorem E.1, sup,cg ¢4.0,5(¢ — Lg) is

sup sup 4q4,0,8(c—Lg .
QeQy SUPyeg 99.0.5(C = ) 1! is bounded
SUPQe 9, SUPgeg 99,Q.8(¢—Lg)

bounded from below by a constant times s, . Thus,

from above by a constant times

F— Lg) — )
sup sup 49,0,8(C — Lg) — qq.0,8(¢ 9)‘

= sup sup |qy,0.5(¢/5n.Q) — 44,0,8(¢/5nQ)|;
QEQn g<G Sn,Q g

QEeQn g€

which converges to zero since (¢ — ¢)/sn.0 f% 0.

y=Zn

The claim that % f% 1 follows using similar arguments to the proof of Theo-
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rem E.1. To show coverage of the two-sided CI, note that

Pra (Lf (L% eva (52,) .1) = Pre (M < cvu (bne) ) ,

Sn,@Q

 eva(b/sen)sen P . |IL-Lf| _ — n
where Cp = m }_’—én 1. Since W = |Vn + T’ where r = (Cln + Zi:l U)%nf(xz) —
Lf)/sng and V,, = S0 wintti/sno + (L — L)/$n0 F% N(0,1), the result follows from
arguments in the proof of Theorem E.1. 7 O]

The results above give high level conditions that can be applied to a wide range of
estimators and CIs. We now introduce an estimator and standard error formula that give
asymptotic coverage for essentially arbitrary functionals L under generic low level conditions
on F and the z;’s. The estimator is based on a nonrandom guess for the variance function
and, if this guess is correct up to scale (e.g. if the researcher correctly guesses that the errors
are homoskedastic), the one-sided CI based on this estimator will be asymptotically optimal
for some quantile of excess length.

Let 7 (+) be some nonrandom guess for the variance function bounded away from 0 and oo,
and let 0 > 0 be a deterministic constant specified by the researcher. Let f be an estimator

of f. The variance of 13575.(.) under some () € Q,, is equal to

: 2 ., N il
VarQ(f/é,&(-),n) = <w"%"(6)> Z (95(-),6@2) fo(-),&(xz)) UQ(iL'Z).

We consider the estimate

» oy @)\ & (905w — Fro5(20)2 (5 — Fl))?
seg,&(.),n:< ()(5 ) Z = (5)46(%) .

=1

Suppose that f : X — R where X is a metric space with metric dx such that the functions

fg(_) s and g;f_(.) s satisfy the uniform continuity condition

sup sup max { |f§(.),5(~”3) - f;(.),a(ﬂf/” ) }92(-),5(33) - g};(.)’&(w’)‘} <gn), (S8)

n oz’ dy(z,2)<n
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where lim,_,,g(n) = 0 and, for all n > 0,

min » I (dx(x;,2:) <n) = o0, (S9)
1<i<n =
We also assume that the estimator f used to form the variance estimate satisfies the uniform
convergence condition
; P
) — ; . 1
max [ f(z;) — fla)] 2 0 (510)
Finally, we impose conditions on the moments of the error distribution. Suppose that there
exist K and n > 0 such that, for all n, Q € Q,, the errors {u;}_, are independent with, for

each i,
1/K < o(z;) < K and Eglu; """ < K. (S11)

In cases where function class F imposes smoothness on f, (S8) will often follow directly
from the definition of F. For example, it holds for the Lipschitz class {f: |f(z) — f(2')] <
Cdx(z,2")}. The condition (S9) will hold with probability one if the z;’s are sampled
from a distribution with density bounded away from zero on a sufficiently regular bounded
support. The condition (S10) will hold under regularity conditions for a variety of choices
of f . It is worth noting that smoothness assumptions on F needed for this assumption are
typically weaker than those needed for asymptotic equivalence with Gaussian white noise.
For example, if X = R* with the Euclidean norm, (S8) will hold automatically for Holder
classes with exponent less than or equal to 1, while equivalence with Gaussian white noise
requires that the exponent be greater than k/2 (see Brown and Zhang, 1998). Furthermore,
we do not require any explicit characterization of the limiting form of the optimal CI. In
particular, we do not require that the weights for the optimal estimator converge to a limiting
optimal kernel or efficient influence function.

The condition (S11) is used to verify a Lindeberg condition for the central limit theorem

used to obtain (S3), which we do in the next lemma.

Lemma E.1. Let Z,; be a triangular array of independent random variables and let a,, ;,

1 < j <n be atriangular array of constants. Suppose that there exist constants K andn > 0
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such that, for all 7,
1/K <02, <K and E|Z,;*"" < K

where a =FEZ?

'IZZ’

and that

2
X maxj<;j<n CLnJ

Then

2zt 4 N0, 1).

2 2
Zz 1 anzanz

Proof. We verify the conditions of the Lindeberg-Feller theorem as stated on p. 116 in
Durrett (1996), with X,,; = a,; 2,/ ZJ 1 an]% To verify the Lindeberg condition, note
that

" 2 Sy B lniZaglT (|aniZnil > /S0 2 107
ZE (|Xn,m| L([ Xm| > 5)) = ST @2 o2
=1

7 1an10n1

Zz 1 B (lniZnal ™) < K22 570 Jan [ < K (max1<i<n aif)Hm

- 14+n/2 — n n 14n/2 — U " a2
no2 2 € 2 € L ac .
577 (Zi:l an,zgn z) (Zi:l an,i) Zz_l ;e
This converges to zero under the conditions of the lemma. O]

Theorem E.3. Let IA/(;,&(.) and sAeg’&(,)’n be defined above. Suppose that, for each n, fg(.),w
930y achieve the modulus under &(-) with |[Ks()n(950y5 — [5)5)ll = 6, and that (S8) and
(S9) hold. Suppose the errors satisfy (S11) and are independent over i for alln and Q € Q,,.
Then (S3) holds. If, in addition, the estimator f satisfies (S10), then (S4) holds with Se,

given by 5€s5(.)n-

Proof. Condition (S3) will follow by applying Lemma E.1 to show convergence under arbi-

trary sequences ), € Q,, so long as

maXlSign(Q;(.)75($i>_ )5($z))/ ( )

Z?:l(f;(,)’é(xo — 5('),5< z)) /O’( z) — 0.

Since the denominator is bounded from below by 6%/ max;<;<, 5%(x;), and 6%(x;) is bounded
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away from 0 and oo over ¢, it suffices to show that maxi<i<n (95 5(%:) — 3, s(@i))? = 0. To
this end, suppose, to the contrary, that there exists some ¢ > 0 such that maxlgign(g;(,) s(xi)
— [3(ys(xi))? > ¢ infinitely often. Let n be small enough so that g(n) < c/4. Then, for n

such that this holds and k,, achieving this maximum,

n

> (Ghs@) — f 2> Z ¢ —¢/2)"1(dx (i, 73,) < 1) = oo,

i=1

But this is a contradiction since > 1", (g7 5(i) — f;(,)’é(aji))Q is bounded by a constant times
2im1 (950 6(x) — S50 5@ ‘))2/02(%) = 0%,

To show convergence of sé 865 50/ varg(Ls 5(), note that

E Sy ang [ — Fl@)? = o)

varg(Lss(.)) dic1 an,iaé@z’)

(9;(.),5(12') g( 5( )
54 (zs)
times Y "' | a,,;6%(x;) = 02, it suffices to show that the numerator, which can be written as

Zam U —O'Q +Zanl - +22anzuz f( ))

converges in probability to zero uniformly over f and (). The second term is bounded by a
constant times maxy <j<p (f(2;) = f(2:))2 Y20 @62 (2;) = maxy<ien (f (1) — f(2;))202, which

converges in probability to zero uniformly over f and ) by assumption. Similarly, the last

where a,,; = . Since the denominator is bounded from below by a constant

term is bounded by max;<i<, | f(z;) — f(z;)| times 2 37| a,,;|u;], and the expectation of the
latter term is bounded uniformly over F and Q. Thus, the last term converges in probability
to zero uniformly over f and @) as well. For the first term in this display, an inequality of
von Bahr and Esseen (1965) shows that the expectation of the absolute 1 4 1/2 moment of

this term is bounded by a constant times

n

1<i<n 1<i<n -
=1

which converges to zero since maxj<j<y @,,; — 0 as shown earlier in the proof and Z?Zl i

is bounded by a constant times > | a,;0%(x;) = 6% O

If the variance function used by the researcher is correct up to scale (for example, if the
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variance function is known to be constant), the one-sided confidence intervals in (E.3) will
be asymptotically optimal for some level 3, which depends on 0 and the magnitude of the

true error variance relative to the one used by the researcher. We record this as a corollary.

Corollary E.1. If, in addition to the conditions in Theorem E.3, og(x) = 0* - 5*(x) for all
n and Q € Q,, then, letting B = ®(6/0 — z1-4), no CI satisfying (S5) can satisfy (S7) with

the constant 1 replaced by a strictly smaller constant on the right hand side.

Appendix F Asymptotics for the Modulus and Effi-

ciency Bounds

As discussed in Section 3, asymptotic relative efficiency comparisons can often be performed
by calculating the limit of the scaled modulus. Here, we state some lemmas that can be used
to obtain asymptotic efficiency bounds and limiting behavior of the value of § that optimizes
a particular performance criterion. We use these results in the proof of Theorem D.1 in
Supplemental Appendix G.

Before stating these results, we recall the characterization of minimax affine performance
given in Donoho (1994). To describe the results, first consider the normal model Z ~ N (u, 1)

where p € [—7,7]. The minimax affine mean squared error for this problem is

= mi E,(0(Y) — p)*.
pa(T) soiin | max, W(0(Y) — 1)

The solution is achieved by shrinking Y toward 0, namely §(Y) = ¢, (7)Y, with ¢,(7) =
72/(1 + 7%), which gives pa(7) = 72/(1 + 72). The length of the smallest fixed-length affine

100 - (1 — @)% confidence interval is

XA.o(T) = min {X: there exists §(Y') affine s.t.  inf P,(|0(Y)—p| <x)>1-— a} :

pe[=7,7]

The solution is achieved at some 6(Y") = ¢, (7)Y, and it is characterized in Drees (1999).

Using these definitions, the minimax affine root MSE is given by

5>1(:)) 5 PA 2% )

and the MSE optimal estimate is given by [A,(;,X where y maximizes the above display. Simi-
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larly, the optimal fixed-length affine CI has half length

w(9) < ) )
SUp —> XA | =— | o,

550 O 20

and is centered at ﬁgx where J, maximizes the above display (it follows from our results
and those of Donoho 1994 that this leads to the same value of §, as the one obtained by
minimizing CI length as described in Section 3.4).

The results below give the limiting behavior of these quantities as well as the bound
on expected length in Corollary 3.3 under pointwise convergence of a sequence of functions

wn(0) that satisfy the conditions of a modulus scaled by a sequence of constants.

Lemma F.1. Let w,(0) be a sequence of concave nondecreasing nonnegative functions on
[0,00) and let woo () be a concave nondecreasing function on [0,00) with range [0,00). Then

the following are equivalent.
(i) For all 6 > 0, lim, 00 w,(9) = weo(0).

(ii) For all b € (0,00), b is in the range of w, for large enough n, and lim,_,., w, '(b) =
w2l (D).

(i4i) For any § > 0, lim,_,o0 SUP;c(05) [wn(0) — wao(d)] = 0.

Proof. Clearly (iii) = (i). To show (i) == (7i4), givene > 0,let 0 < §; < Jp < -+ < Jp =6
be such that w(d;) —w(d;—1) < ¢ for each j. Then, using monotonicity of w, and ws, we
have supse(o 5, [wn () = woo(9)] < max {[wn (01)], |wn(0) = woo(01)[} = Weo(d1) and

. [§UP6 | |wn(0) — Woo (9)] < max {|wn(05) — Woo(dj-1)], [wn(Fj-1) — wee(65)[}
€[0j—1,05

= Woo(0-1) — Weo(65)] < €.

The result follows since € can be chosen arbitrarily small. To show (i) = (i7), let §; and §,
be such that ws(dr) < b < we(dy). For large enough n, we will have w,,(d;) < b < wy,(d,) so
that b will be in the range of w, and d; < w, ' (b) < d,. Since wy, is strictly increasing, d; and
8, can be chosen arbitrarily close to w.'(b), which gives the result. To show (ii) = (i), let by
and b, be such that w }(b;) < & < w!(b,). Then, for large enough n, w, (b)) < § < w; (by),
so that by, < w,(0) < b, and the result follows since by, and b, can be chosen arbitrarily close

t0 weo(9) since w ! is strictly increasing. O
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Lemma F.2. Suppose that the conditions of Lemma F.1 hold with lims_,ows(d) = 0 and
lims 00 Weo(0)/0 = 0. Let 7 be a nonnegative function with 0 < r(§/2) < Tmin{d, 1} for

someT < 0o. Then
, wn(0) (6 Woo (0) <5>
| ) = 2.
e S T(2> ey 6 \2

If, in addition r is continuous, w%w)
wn (0)

mazimizes 2521 (3), then 6, — 0* and w,(8,) — we(0*). In addition, for any o > 0 and

0<a<1and Z a standard normal variable,

r (g) has a unique mazimizer 6*, and, for each n, 6,

lim (1 — @) Elw,(20(21-a — Z2))|Z < 21-04) = (1 — @) Elwae (20 (21-0 — £))|Z < z1-4).

n—oo

Proof. We will show that the objective can be made arbitrarily small for § outside of |9, ¢]
for § small enough and 0 large enough, and then use uniform convergence over [4,d]. First,
note that, if we choose d < 1, then, for § <9,

wn§5)r (g) < wp(0)7 < w(8)T — wao(9),

which can be made arbitrarily small by making § small. Since w,(d) is concave and nonneg-

ative, w,(d)/8 is nonincreasing, so, for § > 6,

which can be made arbitrarily small by making § large. Applying Lemma F.1 to show
convergence over [J, 6] gives the first claim. The second claim follows since § and 0 can be
chosen so that d,, € [J,6] for large enough n (the assumption that ‘%@r (%) has a unique
maximizer means that it is not identically zero), and uniform convergence to a continuous
function with a unique maximizer on a compact set implies convergence of the sequence of
maximizers to the maximizer of the limiting function.

For the last statement, note that, by positivity and concavity of w,, we have, for large
enough n, 0 < w,(0) < w,(1)max{d,1} < (wy(1) + 1) max{d, 1} for all § > 0. The result

then follows from the dominated convergence theorem. O]

Lemma F.3. Let w,(0) be a sequence of nonnegative concave functions on [0,00) and let

Weo(0) be a monnegative concave differentiable function on [0,00). Let 69 > 0 and suppose
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that w,(§) — wee(0) for all § in a neighborhood of &y. Then, for any sequence d,, € 0w, (dy),

we have d,, = w._(do). In particular, if w,(0) — we(d) in a neighborhood of dy and 24y, then

wn (200) N woo (260)
wn (60)+dow’, (d0) Woo (60)+dowh, (d0)

Proof. By concavity, for n > 0 we have [w,,(09) —wn (0o —n)]/n > dy, > [wn(do+1) —wn(do)] /7.
For small enough 7, the left and right hand sides converge, so that [we(do) — wWeo (00 —1)] /1 >

limsup,, d, > liminf, d, > [we(do + 1) — weo(do)]/n. Taking the limit as n — 0 gives the
result. O

Appendix G Asymptotics for Regression Discontinu-
ity

This section proves Theorem D.1. We first give a general result for linear estimators un-
der high-level conditions in Section G.1. We then consider local polynomial estimators in
Section G.2 and optimal estimators with a plug-in variance estimate in Section G.3. Theo-
rem D.1 follows immediately from the results in these sections.

Throughout this section, we consider the RD setup where the error distribution may
be non-normal as in Section D.4, using the conditions in that section. We repeat these

conditions here for convenience.

Assumption G.1. For some px .(0) > 0 and px_(0) > 0, the sequence {x;}, satisfies
izgl m(z;/hn)1(x; > 0) = px,4(0) [77m(u)du and ﬁZ?ﬂ m(x;/hy)1(z; < 0) —
px,—(0) fi)oo m(u) du for any bounded function m with bounded support and any h, with

0 < liminf, h,n/ @1 < limsup,, h,n'/ @) < co.

Assumption G.2. For some o(x) with lim,go(z) = 04+(0) > 0 and lim,go(z) = 0_(0) >

0, we have
(i) the u;s are independent under any Q € Q,, with Equ; = 0, varg(u;) = o*(z;)
(ii) for some n >0, Eglu;|*™ is bounded uniformly over n and Q € Q,.

Theorem D.1 considers affine estimators that are optimal under the assumption that the
variance function is given by ¢.1(z > 0) + 6_1(z < 0), which covers the plug-in optimal
affine estimators used in our application. Here, it will be convenient to generalize this slightly
by considering the class of affine estimators that are optimal under a variance function &(x),
which may be misspecified or data-dependent, but which may take some other form. We

consider two possibilities for how &(-) is calibrated.
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Assumption G.3. (z) =6,.1(x > 0) +6_1(x < 0) where 64 —> +(0) >0 and 6_ f£>
5_(0) > 0. " ’

Assumption G.4. 7(z) is a deterministic function with lim,o6(x) = 6_(0) > 0 and
lim,o 6(x) = 6.(0) > 0.

Assumption G.3 corresponds to the estimate of the variance function used in the applica-
tion. It generalizes Assumption D.3 slightly by allowing 6, and &_ to converge to something
other than the left- and right-hand limits of the true variance function. Assumption G.4 is
used in deriving bounds based on infeasible estimates that use the true variance function.

Note that, under Assumption G.3, 6, (0) is defined as the probability limit of 7, as
n — oo, and does not give the limit of &(z) as « | 0 (and similarly for 6_(0)). We use this
notation so that certain limiting quantities can be defined in the same way under each of
the Assumptions G.4 and G.3.

G.1 General Results for Kernel Estimators

We first state results for affine estimators where the weights asymptotically take a kernel

form. We consider a sequence of estimators of the form

7 i R (@i/ha)1(zi > 0)ys 3o Ky (2i/hn) L(zi < 0)ys

Yima ki (wifho) Ly > 0) 3o kg (w3 /b ) 1(: < 0)

where k" and k;, are sequences of kernels. The assumption that the same bandwidth is used

on each side of the discontinuity is a normalization: it can always be satisfied by redefining

one of the kernels k" or k. We make the following assumption on the sequence of kernels.
Assumption G.5. The sequences of kernels and bandwidths k7 and h,, satisfy

(i) k' has support bounded umformly over n. For a bounded kernel k't with [ k*(u)du >
0, we have sup, |k (x) — kT (x)] = 0

(i) i Soimy b (i) ho) 1(i > 0) (i, .., 2l ™) =0 for each n
(ii3) h,n'/PH) — h_ for some constant 0 < hay < 00,

and similarly for k. for some k™.

S15



Let

Bias, = 2 o/ Lo > 00l 3y [ (/B < O)C

) (x,
STkt (e h) 1 (: > 0) Sk (o) 1z, < 0)
S k) > O)e bl S e (/B < )]/ hf?
‘Ch"( S kL@ > 0) S ke (/) 1z < 0) )

and

_ i R (/)" V(@i > 0)0*(wi) | 30 Ky (i) ha)*1 (i < 0)0™(wi)
(>0 ki (i ha) 1 (s > O)]° >0y K (i ha) L (s < O)]°

U (e S b /101 > 0002w o S /)1 < 0
e\ [ S ki 0] [ S R a1 < 0

n

Note that v, is the (constant over @) € Q,) variance of L, and that, by arguments in
Section D.1, bias, = supfef(EfﬁQ[A/ — Lf) = —infser(EpoL — Lf) for any Q € Q, under
Assumption G.5 (ii).

To form a feasible CI, we need an estimate of v,,. While the results below go through with
any consistent uniformly consistent variance estimate, we propose one here for concreteness.
For a possibly data dependent guess (-) of the variance function, let v,, denote v,, with o(-)
replaced by (). We record the limiting behavior of bias,,, v, and @, in the following lemma.
Let

0 _
o (BRI du [0 ol d
T STk (u) du [° k~(u)du

and

1 62(0) 7k (u)? du . a2 (0) [°_k(u)?du
hoo \ px.4(0) Lokt (u) duf px,—(0) [ff)oo k= (u) du]2

Voo =

Lemma G.1. Suppose that Assumption G.1 holds. If Assumption G.5 also holds, then
lim,, oo 7/ PPtV bias, = biass, and lim, . n??/ Py, = vy, If, in addition, 5(-) satis-
fies Assumption G.3 or Assumption G.4 with 6,(0) = 04(0) and 6_(0) = o0_(0), then
n2p/ g fﬁ> Voo under Assumption G.3 and lim,_., n??/Pt05, = vy under Assump-

tion G.4. -
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Proof. The results follow from applying the convergence in Assumption G.1 along with

Assumption G.5(i) to the relevant terms in bias,, and oy,. O

Theorem G.1. Suppose that Assumptions G.1, G.2 and G.5 hold, and that v, is formed
using a variance function &(-) that satisfies Assumption G.3 or G.4 with 6,(0) = 0,(0) and
d_(0) =0_(0). Then

lim inf inf P (L € {f}icva bias, /vy,) 1 /@n}) >1—a
n00 feFRDry(C)QEQn T / (bias,/n) >

and, letting ¢ = L— bias, — z21_a\/Un,

lim inf inf Pro(Lf €lc,o0)) >1—a.
n—oo  feFrprp(C),QELN f7Q( f [ ))

In addition, n?/ PV ey, (biasy, [Ty)0n ]:% Vo (biSs [Vos ) Uno if 5(+) satisfies Assumption G.3

and P/ ey, (bias, /U,)0n — cVa(biaSs [V )Uso if G(+) satisfies Assumption G.4. The

minimaz 3 quantile of the one-sided CI satisfies

lim sup n?/ P+ sup qr.05(Lf —¢) < 2biass + (25 + 21-0) Voo
n—o00 fe€FrDTp(C),QECH

The worst-case [ quantile over Frpr,(0) satisfies

lim sup n?/ P+ sup qr08(Lf —¢) < biase + (25 + 21-a) v/ Voo
n—o00 fE]:RDTyp(OLQEQn

Furthermore, the same holds with IA/, bias, and v, replaced by by any L, WSZ and v}, such
that
w/Cr (L i7) B0, O (Bias, —Biasy) B0, 2 By
n Y i}

F,Qn F,Qn F,Qn

Proof. We verify the conditions of Theorem E.1. Condition (S4) follows from Lemma G.1.
To verify (S3), note that L takes the general form in Theorem E.1 with w,; given by w,; =
b (/) Sy K Gy )Lz > 0) for ;> 0 and wns = Ky (xi/ha)/ S0 Ky a5 /h) -
1(xz; < 0) for x; < 0. The uniform central limit theorem in (S3) with w,; taking this form
follows from Lemma E.1. This gives the asymptotic coverage statements.

For the asymptotic formulas for excess length of the one-sided CI and length of the
two-sided CI, we apply Theorem E.2 with n=?/®P+*Dhias, playing the role of bias, and
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n~P/Crtly  playing the role of Se,,. Finally, the last statement of the theorem is immediate
from Theorem E.2. O

G.2 Local Polynomial Estimators
The (p — 1)th order local polynomial estimator of f;(0) based on kernel k% and bandwidth

hy p is given by

~

f+(0) =€} (Zp(flfi/h+,n)p(90z‘/h+,n)/ki(%‘/h+,n)1($z‘ > 0))

=1

where e; = (1,0,...,0) and p(z) = (1,x,2%,...,2P"1). Letting the local polynomial es-
timator of f_(0) be defined analogously for some kernel £* and bandwidth h_,,, the local
polynomial estimator of Lf = f,(0) — f_(0) is given by

L= f.(0) — f-(0).

This takes the form given in Section G.1, with h,, = h,, 1,

5

+
N

=
I

e} (nihn Zp(xi/h+,n>p(xi/h+,n)/ki(Ii/h”r,n)l(xi > 0)) Ky (w)p(u)1(u > 0)

ko (w) =¢, (% > plas/ ool e R (o)1 < o>)
K (s /)Pt /B )1 < 0).

Let M* be the (p—1) x (p—1) matrix with [~ «/™~2k% (u) as the 7, jth entry, and let M~ be
the (p—1) x (p—1) matrix with ffoo w2k (u) as the i, jth entry. Under Assumption G.1,
for k% and k* bounded with bounded support, =37 p(i/hy n)p(2i/hyn) K (wi/hyn) -
1(z; > 0) - M*px (0) and similarly #ﬂz;;l p(xi/h_pn)p(xi/h_ )k (z;/h_ ) - Lz <

0) = M~ px.—(0). Furthermore, Assumption G.5 (ii) follows immediately from the normal

equations for the local polynomial estimator. This gives the following result.
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Theorem G.2. Let k% and k* be bounded and uniformly continuous with bounded support.
Let hy,  n'/Crt) — b >0 and suppose h,, _/h, converges to a strictly positive constant.
Then Assumption G.5 holds for the local polynomial estimator so long as Assumption G.1
holds.

G.3 Optimal Affine Estimators

We now consider the class of affine estimators that are optimal under the assumption that the
variance function is given by &(+), which satisfies either Assumption G.3 or Assumption G.4.
We use the same notation as in Section D, except that n and/or 6(-) are added as subscripts
for many of the objects under consideration to make the dependence on {x;}" , and &(-)
explicit.

The modulus problem is given by Equation (38) in Section D.2 with &(-) in place of
o(-). We use ws(.y»(0) to denote the modulus, or w,(d) when the context is clear. The
corresponding estimator 2575-(.) is then given by Equation (45) in Section D.2 with &() in
place of o(-).

We will deal with the inverse modulus, and use Lemma F.1 to obtain results for the
modulus itself. The inverse modulus w: (1 .(2b) is given by Equation (44) in Section D.2,
with 6%(z;) in place of o?(x;), and the solution takes the form given in that section. Let
h, = n~ Y@+ We will consider a sequence b = b,, and will define b, = n?/@tp, =
h,Pb,. Under Assumption G.4, we will assume that b, — bs for some by > 0. Under
Assumption G.3, we will assume that l;n f%gn BOO for some Boo > (0. We will then show that
this indeed holds for 2b,, = ws(.),n(d,) With d, chosen as in Theorem G.3 below.

Let b, = n?/@P+0p, = hPb, b, = 0P/t = hPb_ . dy ., =P/, =
hiPd, ;, and d_;, = n®~ J>/<2p+1>d im = hiPd_;, for j =1,...,p— 1, where b,, b_,,
dy,,and d_, Correspond to the functlon gv,c that solves the inverse modulus problem, given

in Section D.2. These values of b+ s b s d+ 2 and d_ » minimize G, (by,b_,d,d_) subject
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to by + b_ = by, where, letting A(x;, b, d) = hob+ >0~} hb=Id;a,

Chxb+,b_,d+,d_)::

3267200 (AL bend) = Cla?)s + (Al b i)+ Cla?) ) 1a > 0)

+ Z&-%i) ((A(zi,b_,d_) — Clail?) + (A(i,b_,d_) + Cla[?) ) 1(z; < 0)

&Cﬂﬁ%/hn;b+ad+)2 z

a%/hna —) ( i)

with

p—1 p—1
kb (usb.d) = 62 (uh,) (b 3 d 0\u|p> - (b L3 dd + cwurp) 1(u > 0)
+ —

j=1 j=1

Jj=1 J=1

p—1 p—1
k(s b, d) = 57> (uhy) (b 3 dd — 0\ul”> - (b 3 dj + cwp) 1(u < 0).
+ —

We use the notation &} for a scalar ¢ to denote k:;r(.) where &(-) is given by the constant
function & (z) = c.

With these definitions, the estimator [:575(,) with wz(),(6) = 2b, takes the general kernel
form in Section G.1 with & (u) = k;r(.)(u; bin,di,) and similarly for k. In the notation
of Section G.1, bias, is given by 1(ws(.).(8) — 0w ,(9)) and U, is given by w;(‘)7n(5)2 (see
Equation (24) in the main text). If ¢ is chosen to minimize the length of the fixed-length
CI, the half-length will be given by

Ws (- ,n(é) 0 /
cvo(bias, /\/Tn )/ Tn lnf CVq <L - —> W5y (9),

20 (0) 2

and ¢ will achieve the minimum in the above display. Similarly, if the MSE criterion is used,
0 will minimize %i + Up.

We proceed by verifying the conditions of Theorem G.1 for the case where (-) is non-
random and satisfies Assumption G.4, and then using Theorem E.2 for the case where (-)

satisfies Assumption G.3. The limiting kernel k™ and £~ in Assumption G.5 will correspond
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to an asymptotic version of the modulus problem, which we now describe. Let
Guclbsbosdid) = pcs(0) [ 300K, g (0o )P
0
o (0) [ 5O (i dy ) du
Consider the limiting inverse modulus problem

" ; i p x.-(0)
“’&iw»&<o>voo<2b°°>=f+,fE%L%MM iy | s B [ e
st f1(0) + f-(0) > boo

We use woo(d) = Ws, (0),6_(0),00(0) to denote the limiting modulus corresponding to this
inverse modulus. The limiting inverse modulus problem is solved by the functions f(u) =
53(0)k;+(0)(u;b+,d+) = ki (u;by,dy) anq fo(u) = 53(0)1{:;_(0)(u;b_,d_) = ki (u;by,dy)
for some (by,b_,d,,d_) with by + b_ = by, (this holds by the same arguments as for the
modulus problem in Section D.2). Thus, for any minimizer of G, the functions k; (-; b, d.)
and k7 (+; by, d; ) must solve the above inverse modulus problem. The solution to this problem
is unique by strict convexity, which implies that G, has a unique minimizer. Similarly, the
minimizer of GG,, is unique for each n. Let (BJ“OO, 5,,00, CLF,OO, J,,Oo) denote the minimizer of
G+. The limiting kernel k% in Assumption G.5 will be given by k;+(0)(-; by so; dy.oo) and
similarly for k.

To derive the form of the limiting modulus of continuity, we argue as in Donoho and Low
(1992). Let ki (304 00,15 dsno1) and ki (D4 001, dy s01) solve the inverse modulus problem
w2 (2bso) for bee = 1. The feasible set for a given by, consists of all by, b_,d,,d_ such that

by +0_ > boo, and a given by, b_,d,,d_ in this set achieves the value

o 0
\/pf“(o) |z 25 st e
0

a3(0) 72(0) J o
_ex4(0) [, 2 1/p px ©) "~ . 2 J(ub/?
_\/53(0) /0 kDb )2 ) + s / k(b7 b d )2 d(wbil?)

~ px4(0)51yp 2 Lt (y: 2 ()1/?" ’ 2 k1 (v; 2 dv
_\/_53(0) boo/o B2k (03 b4 fboo, di )2 dv + © 5200) bot /_Oob (06— /boc, d- )2 dv,

where d = (dy, /B8P, d,,_1/bYP)" and similarly for d_. This uses the fact that, for
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any h > 0, WPk (u/h; by, dy) = ki (u; by kP, dy (P dy ohP72) ... d, ,—1h) and similarly for
ki . This can be seen to be b (@PH1/2P) times the objective evaluated at (b /bog, b [bos, do,d_),
which is feasible under by, = 1. Similarly, for any feasible function under by, = 1, there is a

5(2p+1)/(2p)

feasible function under a given b, that achieves times the value of under b, = 1. It

follows that w'(2b) = bZP+1)/(2P)yy_(2). Thus, w! is invertible and the inverse we, satisfies
Woo(8) = Wa,(0).5-(0),00(0) = 6%/ Vw5 (0) 5 (0),00(1).
If bow = Weo(dso) for some do, then it can be checked that the limiting variance and

worst-case bias defined in Section G.1 correspond to the limiting modulus problem:

Bt = 5 (e (60) — Dol (0)) /e = Whe(6). (512)

Furthermore, we will show that, if J is chosen to optimize FLCI length for ws(.) », then this
will hold with &, optimizing cv,(biass/ /U )/ Ve Similarly, if § is chosen to optimize MSE
for ws ()5, then this will hold with d, optimizing blas + Voo

We are now ready to state the main result concerning the asymptotic validity and effi-

ciency of feasible ClIs based on the estimator given in this section.

Theorem G.3. Suppose Assumptions G.1 and G.2 hold. Let L= L(; &() where &, is chosen
to optimize one of the performance criteria for wscy, (FLCI length, RMSE, or a gien
quantile of excess length), and suppose that &(-) satisfies Assumption G.3 or Assumption G.4
with 4(0) = 04+(0) and 6.(0) = 0_(0). Let bias, = 1(ws()n(0n) — 0nWi(y.n(0n)) and U, =
wg(,)vn(én)Q denote the worst-case bias and variance formulas. Let ¢, 5, = f)—%n—zl,a\/@_n
and X = cvo(0ias,//On)\/Tn $0 that [éa.s,,00) and [L— %, L+ %] give the corresponding CIs.

The CIs [¢a.,,00) and [L— X, L+ X] have uniform asymptotic coverage at least 1 —ov. In
addition, n?/?rTy F%n Xoo Where Yoo = CVQ(WSOO/\/@)\/@ with biass, and VVeo given

n (S12) and doo = 2p + 21— if excess length is the criterion, 0, = argming cv,( w""((‘s))
2

8wl (8) if FLCI length is the criterion, and 6o = arg mins[} (woo(doo) — doctwi (6))” +
W' (8)?] if RMSE is the criterion.

Suppose, in addition, that each Q, contains a distribution where the u;s are normal. If

the FLCI criterion is used, then no other sequence of linear estimators L can satisfy

liminf _inf  Pro(Lf € {Lan @1} >1-0a

n—oo feF,QeQn

with x a constant with X < Xeo- In addition, for any sequence of confidence sets C with

liminf,, - infrer geo, Pro (Lf € C) > 1—a, we have the following bound on the asymptotic

S22



efficiency improvement at any f € Frprp(0):

p/(2p+1) _ 2p/(2p+1) _ 7)\2p/(2p+1) <
lim inf sup = B1oA(C) > (1= )2 1 El(21-0 — 2) | Z < 214
N0 QeQn 2X o0 syl infsno cva (8/(4p)) 6-1/Cr+D)

where Z ~ N(0,1).
If the excess length criterion is used with quantile § (i.e. §, = 2 + z1_4), then any
one-sided CI [¢,00) with

liminf inf  Pro (L C >1-
il il Pro (L €léioc) 2 1o

must satisfy

lim inf —Prer.Qe, 47.0.8 (Lf—¢)
=% SUPrer geo, 4r.@.6 (LS = Cas,)

and, for any f € Frpr,p(0),

tminf S PQe0, 17,08 (Lf=¢) 2%/ (2p+1)
n—oo SUPgeo, 410,68 (Lf — Cas,) — 14+2p/(2p+1)

To prove this theorem, we first prove a series of lemmas. To deal with the case where §
is chosen to optimize FLCI length or MSE, we will use the characterization of the optimal ¢§
for these criterion from Donoho (1994), which is described at the beginning of Supplemental
Appendix F. In particular, for p4 and x4, given in Supplemental Appendix F, the § that
optimizes FLCI length is given by the § that maximizes ws()n(0)x4,a(6)/d, and the result-
ing FLCI half length is given by sups.ows()n(0)xa,a(0)/d. In addition, when ¢ is chosen
to optimize FLCI length, xo in Theorem G.3 is given by sups.oweo(0)xa.a(0)/d, and e

maximizes this expression. If § is chosen according to the MSE criterion, then § maximizes

Ws()n(0)y/pa(0)/6 and do maximizes woo(6)+/pa(d)/9.

Lemma G.2. For any constant B, the following holds. Under Assumption G.4,

lim sup |Gn(b+7b—7d+7d—> - Goo(b—i-a b—7d+7d—)| = 0.

N0 || (by b dyd_)||<B
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Under Assumption G.3,

sup |G (by, b dy,d_) — Gaol(by,b_,dy,d_)| 5 0.
H(b+1b71d+7d7)H§B ]:,Qn

Proof. Define G (by,d,) = ﬁ St ki (i/ha; by, dy)?, and define G analogously. Also,
GL(by,dy) = px.+(0) Jo7 ki (u; by, dy)? du, with G defined analogously. For each (by,d,),
Gn(by,dy) — Goolby,dy) by Assumption G.1. To show uniform convergence, first note
that, for some constant K7, the support of ki (+;b,,d.) is bounded by K; uniformly over

|(bs,dy)|| < B and similarly for k; (-;b_,d_). Thus, for any (b,,d,) and (by,d,),

1

nhy,

|G1J1r(b+7 d—l—) - GZ(E-l-u (Z+)| <

Zl(m/hn‘ < Ky)| sup |k (u;by,dy) = K (us by, dy ).
i=1

|u| <Ky

Since the term in brackets converges to a finite constant by Assumption G.1 and ki is
Lipschitz continuous on any bounded set, it follows that there exists a constant K, such
that |GH(by,d,) — Gf(by,dy)| < Ksl|(by,dy) — (by,d,)| for all n. Using this and applying
pointwise convergence of G} (by,d;) on a small enough grid along with uniform continuity

of Goo(by,d, ) on compact sets, it follows that

lim sup |Gn(b+> d-i-) - Goo(b-i-a d+)‘ = 07

| (by b dyd-)[[<B

and similar arguments give the same statement for ég and égo. Under Assumption G.4,

Gulby, by d) = [Golbr, 4 (0) + Gl d )52 )] <

0<z<Kihn —K1hn<x<0

E'[ninD('%/hn'SKﬂH swp [0~ @)]+ s [52(0) -2 (@)

where k is an upper bound for |k} ()| and |k} (z)|. This converges to zero by left- and right-
continuity of & at 0. The result then follows since Goo(by,b_,d.,d_) = 52 (0)GE (by,dy) +
52 (0)G(b_,d_). Under Assumption G.3, we have G,(by,b_,d,,d_) = Gi(by,d.)5> +
GH(b_,d_)6?, and the result follows from uniform convergence in probability of 0% and 62
to 62(0) and 2 (0). O

Lemma G.3. Under Assumption G.4, ||(byn,b_p,dsn,d_y)|| < B for some constant B
and n large enough. Under Assumption G.3, the same statement holds with probability

524



approaching one uniformly over F, Q,.

Proof. Let A(x,b,d) = b+ 32" d(x/h,)?, where d = (dy, ..., d,1). Note Gp,(by,b_,dy,d_)

is bounded from below by 1/ supj, <, %(x) times

1 1
— > (Awnbd)[ O+ —— > (JAlw,b,d )= O}
" :0<zi<hn " i hp<z;<0
1 2 2 1 2 2
> i > [Alwi, by, dy) _4O]+4nhn, > A, by do)? — 4C7]
1:0<z; <hp ii—hnp<z;<0

(the inequality follows since, for any s > 2C, (s — C)* > s?/4 > s*/4 — C? and, for
20 >s>C, (s—C)*>0>s*/4—C?). Note that, for any B > 0

1
inf Az, by, d)?
masc{[b s 1 |oolds p 1 [}2B Anhy, O;h (@3, b4, )
— B2 inf > Al by, dy)?

max{|bs|,|ds 1]y, d >14nh
x{|+\|+1| ldt,p—11}> 02z <,

px.+(0) s :
X,+ 2 . .
=" ’PB inf / by + di ! du
4 max{bs |l 1),ldi o1 121 Jo <+ Zl " )

and similarly for the term involving A(z;,b_,d_) (the convergence follows since the infi-
mum is taken on the compact set where max{|b;|,|d;1|,...,|d+,—1|} = 1). Combining
this with the previous display and the fact that ﬁ Zi:m' <h, C? converges to a finite con-
,,,,, dypilyzn Ga(bi, by dy d) > (B —
10"/ supy<p, 07 (x) for large enough n. Let K be such that Gu(by 00, b- 00, At 00, A 00) <
K/2 and max{57%(0),5%(0)} < K/2. Under Assumption G.4, G, (by s, b o0, ds o0, d—oo) <
K and supy, <y, 6°(r) < K for large enough n. Under Assumption G.3, Gy, (bt 00s D— o0, Ao oo,

stant, it follows that, for some n > 0, infaxqpp, |,jd; 1|

J, ~) < K and SUD|y(<h, O 2(z) < K with probability approaching one uniformly over F, Q,,.
Let B be large enough so that (B*p—n~1)/K > K. Then, when G, (by a0, b— 0, A 00, d—o0) <
K and supy, <, 0%(z) < K, (D 00y D00, A o0y d— o) Will give a lower value of G,, than any
(by,b_,dy,d-) with max{|by|,|ds 1], .., |dsp-1l]s|b=|,|d=1],- .. |d=p-1]} > B. The result
follows from the fact that the max norm on R?” is bounded from below by a constant times

the FEuclidean norm. O

Lemma G.4. If Assumption G.4 holds and b, — beo, then (b+n,b_ n,d+n,d n) — (Z~)+700,
b_ ooy no,d_o0). If Assumption G.3 holds and b, ;ﬁé boo > 0, (byp,b_, n,d+n,d n)

y=n
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(6—&—,007 6—,007 d—‘r,oo: J—,oo) .

Proof. By Lemma G.3, B can be chosen so that ||(by ., b_ ., dy.n, d_)|| < B for large enough
n under Assumption G.4 and ||(bs,b_n,dyn,d_,) < B with probability one uniformly

over F, Q, under Assumption G.3. The result follows from Lemma G.2, continuity of G,

and the fact that G, has a unique minimizer. m

Lemma G.5. If Assumption G.4 holds and b, — bss > 0, then w ' (n?/@t0D,) — w7 (bs).
If Assumption G.3 holds and b, f% boo > 0, then w; ' (n?/P1p,) ]:% W (boo).

Proof. The result is immediate from Lemmas G.2 and G.4. [
Lemma G.6. Under Assumption G.4, we have, for any § > 0,

sup [/ PP, (8) — weo(8)] — 0.
0<6<6

Under Assumption G.3, we have, for any é > 0,

sup ‘np/(2p+1)wn(5)—woo(5)| 50
0<6<3 7 Qn

Proof. The first statement is immediate from Lemma G.5 and Lemma F.1 (with n?/rtle,
playing the role of w,, in that lemma). For the second claim, note that, if |6, — o (0)] <7
and |6_ — 0_(0)] <1, Wne()(0) < wsyn(0) < Wz (0), where o(x) = (04(0) —n)l(z >
0) + (0-(0) —n)1(z < 0) and T(x) is defined similarly. Applying the first statement in the
lemma and the fact that |64 — o, (0)] < nand|6_—0o_(0)| < n with probability approaching

one uniformly over F, Q,,, it follows that, for any £ > 0, we will have
Wo, (0),0_(0),00(0) — & < nP/ PPy (8) < w07 (0)00(0) + €

for all 0 < 6 < ¢ with probability approaching one uniformly over F, Q,,. By making n and

e small, both sides can be made arbitrarily close t0 We(0) = Woo o (0),0— (0)(9)- O

Lemma G.7. Let r denote \/pa or Xa.n. Under Assumption G.4,

sup n?/ PPy (8)r(8/2) /8 — sup wse(6)r(8/2) /6.

6>0 >0

Let 6,, minimize the left hand side of the above display, and let 6* minimize the right hand
side. Then 6, — 0* under Assumption G.4 and 9, f% 0* under Assumption G.3. In
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addition, for any 0 < o <1 and Z a standard normal variable,

lim (1 — @)En?® 0, (2(21-0 — Z2)|1Z < 210 = (1 = @) Elwee(2(21-a — 2))|Z < 21_4).

n—oo

Proof. All of the statements are immediate from Lemmas G.6 and F.2 except for the state-
ment that 6, —» 0* under Assumption G.3. The statement that §, - §* under Assump-
tion G.3 follows Tfoy using Lemma G.6 and analogous arguments to th70$ne in Lemma F.2 to
show that that there exist 0 < § < & such that 4, € [§, 0] with probability approaching on

uniformly in F, Q,, and that sup,;c; 3 ’np/(2p+1)wn(5)r(5/2)/(5 — w(d)r(d/Q)/5| f% 0. []

Lemma G.8. Under Assumptions G.1 and G.2, the following hold. If Assumption G.4 holds

and l;n 1 a deterministic sequence with I~)n — Z~)OO > 0, then

Sl;p |k;(.)($§ B+,na CZ—&-,n) - k;_+(0) (@; ZN)—&-,oov CZ+700)| — 0,

sup |k (@; bopyd_p) — ks (o) b_ se,d_o)| = 0.
If Assumption G.3 holds and b, is a random sequence with by, f% boo > 0, then

7 7 7 7 p
sgp \k;(.)(w; binydin) = k;(()) (25 b4 00, d00) | f,—Q>n 0,

sup |k (@; bop,d_p) — ks 0)( b serd_o0)| f% 0

Proof. Note that

‘k;() (fE; [;—&-,na J+,n) — k?;_+(0) (CU, 274_7007 d“+7oo)| < |]€;—() (ZL‘, B—l—,n; dv+7n) — k;;:r(o) (gj7 E—i—,n? d+,n)|

+ |k;_+(0) (l‘; b ns d+,n) - k;+(0) (J}; by 00 d+,oo)|‘

Under Assumption G.4, the first term is, for large enough n, bounded by a constant times
SUPg<pen. ik |0 2(x) —53%(0)|, where K is bound on the support of & (+; b, dy) over by, d; in
a neighborhood of I~)+,oo, czﬂx,. This converges to zero by Assumption G.4. The second term
converges to zero by Lipschitz continuity of k;r 0 Under Assumption G.3, the first term is
bounded by a constant times |65 — &, (0)|, which converges in probability to zero uniformly
over F, Q, by assumption. The second term converges in probability to zero uniformly over

F, 9, by Lipschitz continuity of k; 0 Similar arguments apply to k’;(,) in both cases. [
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Lemma G.9. Under Assumptions G.1 and G.2, the following holds. Let L denote the
estimator Ls, 5., where 5(-) satisfies Assumption G.4 and 6, = w;(l,)’n(2n_p/(2p+1)l~)n) where
b, s a deterministic sequence with b, — bs. Let bias, and v, denote the corresponding
worst-case bias and variance formulas. Let L* denote the estimator L(; &() where 6*(+) =
d+1(x > 0)+o_1(x < 0) satisfies Assumption G.3 with the same value of O'+( ) and 6_(0)
and o) = w;(ll)yn(Qn_p/(Qp“)B;) where B;; f% boo. Let WSZ and v, denote the corresponding

bl n

worst-case bias and variance formulas. Then

np/ (1) (ﬁ—ﬁ*) 200 np/ (1) (biasn—bms*> 500 On 2.
FQn ") FQn 0

*
n

Proof. We have

L=— h an i/ hn)y h an xi/hn)f xl)+nim;wn(arl/hn)u

()(U B+n CZ+ n)
()(zj/hn b+n d+n

where wy,(u) = —=

nhn

for u > 0 and similarly with &7 30) replaced by k:?

for u < 0 (here, d+n, d_ s b+n and b_ n» are the coefficients in the solution to the inverse

modulus problem defined above). Similarly, L* takes the same form with w, replaced by
* o k;*()(u,l;;"“d;) d’* B*
nlu) = i D=1 Ky (5 /Pt ) - T

w for v > 0 and similarly for u < 0 (with d*

+,n
and B*_m the coefficients in the solution to the corresponding inverse modulus problem). Let
k;()(uvg:;’d";)
px,+(0) f k;—(.) (u§l~7<>oaCZoo) du
« P

El n

Woo(u) = Note that, by Lemma G.8, sup,, |w,(u) — weo(u)| — 0 and

We have
P-ir= n}L > /) = i/ Bl a) + e S i/ ) = )
where f(z) =", 9 0)2i1(z > 0)/4! + >0 L F9(0)291(2 < 0)/5! + r(z) and we use the

fact that )", wn(xz/hn)xi = 3" wi(w;/hy)x] for j = 0,...,p— 1. Let B be such that,
with probability approaching one, w,(z) = w(z) = 0 for all = with |z| > B. The first term
is bounded by

Z (|wi/hn] < B).

=1

C < .
—— D [wn(@i/hn) = w;(wi/hn)| - |z < sup [y () — w], ()] Bhl,—
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n

It follows from Lemma G.8 that sup, |w,(z) — w}(z)| f% 0. Also, ﬁzzlzllﬂxz/hﬁ <

B) converges to a finite constant by Assumption G.1. Thus, the above display converges
uniformly in probability to zero when scaled by n?/(2»+1) = p—p,

For the last term in L — L*, scaling by n?/**1) gives

S Sl /) = o )~ FZ 2 ) = e )

The first term has mean zero and variance == > [wy,(2:/hy) — Woo(2i/hy)]?0?(2;) which
is bounded by {sup,,[wn () — wee(u)]?} [sUpPp,i<pn, 02 (2)] 2 >0y (|xz/h | < B) = 0. Let

22
Cop = = Yo k(@i /My U4, ) and oo = 62 (0)px+(0) [ ki) (1 bss, doo) SO that
Cn+ f% Coo,+5 and deﬁne ¢n,— and co — analogously. With this notauon, we have, for z; > 0,

y=mn

(xl/h ) n+0—2i- o* (- ( /hn? +,m° d* ,n) = C;,l—&—h-i‘(ml/h’n? Bi,n? CZ*—I—,n)

and woo (v) = ¢ 4 hy (/s by so; dy o) where

p—1 p—1
hy(u;by,dy) = <b+ + Zd+3u3 C’|u|p> <b+ + Zd+7juj + C’]u|p)_.
Jj=1 j=1

Thus,

\/—_ Z x’/h wm(xi/hn)]l(ﬂ?i > O)Ui

_1 n

\/_ Z h+ Uu; b+ ) d+ n) h+(u, B_A'_’oo, dv+7oo)]1($z > O)UZ

—1 —1) n

(Cot = Cnoo Z 7 5
_— h+<u, b+7oo, d+7oo>1(xl > 0)u1
Vnh i=1

The last term converges to zero uniformly in probability by Slutsky’s Theorem. The first
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term can be written as c;’lJr times the sum of

€

hin

1 «— - L 2\’
B b a ()
| (g () -

)

~ p—l ~ €T J
_ <b+,oo + Y iy (h—) e
=1 "

X

hon

P
U
+

and a corresponding term with () replaced by (-)_, which can be dealt with using similar
arguments. Letting A(by,dy) = {u: by + ?;i dy ju/ — CluP > 0}, the above display is

equal to
1 n ~ ~ p—1 ~ ~ z; j ~ ~
m Z b*‘f'vn - b+v°° + Z(dj—,n,j - d+,007j) (h_) 1<xz/hn S A(b—i-,oo» d—l—,oo))ui
i=1 j=1 n

1 n ~ p—1 T i p
+— v+ Y df =) —C
Ly (i > (2) )

(1@ € A ) = 1w/ € Ay e )]

X

hn

The first term converges to zero uniformly in probability by Slutsky’s Theorem. The second

term can be written as a sum of terms of the form

1 & j 7% Tk 7 7
—— Do/ Ui/ € A ) = Ui/ € Albs e, D))
"oi=1

times sequences that converge uniformly in probability to finite constants. To show that this
converges in probability to zero uniformly over F, Q,,, note that, letting uj,...,u; be the
positive zeros of the polynomial b, o + Z?;i dy oot + CuP, the following statement will
hold with probability approaching one uniformly over F, Q,, for any n > 0: for all v with
1(u € A(l;in,ciin)) — 1(u € A(by.0,dy50)) # 0, there exists £ such that |u — uj| < n. Tt
follows that the above display is, with probability approaching one uniformly over F, Q,,

bounded by a constant times the sum over j =0,...,pand { =1,...,k of

1 )
. Jaqy.
mes oo 2 (w/h) el

i ug—n<z;/hn<ug+tn
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By Kolmogorov’s inequality (see pp. 62-63 in Durrett, 1996), the probability of this quantity
being greater than a given ¢ > 0 under a given f,(Q is bounded by

L1 ; 1 1 A
62 nh 2 varq [(wi/hn) u;] = 52 nh ) (@i /) ¥ 0® (1)
" i wg—n<wi b <ug+n ™ i ug—n<ms [hn<ug+n
0)o2(0) [fwtn
200 [T,
) -

which can be made arbitrarily small by making n small.

For the bias formulas, we have

T Tk
bias,, — blasn‘ =

O n n §
nh. Z |wn (@) b )27 | — Z |wy (@i b )2}
" li=1 i=1

(@i /hn) — wp(if hn)| - ]

This converges to zero when scaled by n?/(*+1) by arguments given above.

For the variance formulas, we have

|On —

an i/ )62 (z;) — Zw zi/hn )25 (2;)

Ul = =3 nh

IN

h )2 ;}wn(%/hn)2~ (z5) — w (x5 /hn)*G *2(%)‘

< —mma [ (%5 (2) = w0 (0%5°2(0)] - —— A (Ji/hn < B)

~ nh,, |z|I<B nhy, “—

with probability approaching one where B is a bound on the support of w,(x) and w?(x)
that holds with probability approaching one. Since h S 1(Jxi/hn| < B) converges to
a constant by Assumption G.1 and @, = n~22/@P+y (1 + o(1)) = (nh,)  ws(1 + o(1)),
dividing the above display by v, gives an expression that is bounded by a constant times
MaX|z<ph, |Wn(x)?02(x) — wi(x)?6* ()|, which converges uniformly in probability to zero.

[

We are now ready to prove Theorem G.3. First, consider the case with &(-) is deterministic
and Assumption G.4 holding. By Lemma G.7, 9,, = . By Lemma G.6, it then follows that,
under Assumption G.4, n?/?PtDa, (6,)) = wee(dso) so that Lemma G.8 applies to show that
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Assumption G.5 holds with k1 (z) = k‘;f (@ by oos dy o) and k™ (z) = ks (o)(@; . )
where (Z~)+,oo, (Lm, 13_,00, a?_po) minimize G (b+ 005 d+ o b 005 d_ ~) subject to b+ 0 +b_
Woo(0s)/2. The coverage statements and convergence of n?/( 2p+1) x then follow from Theo-
rem G.1 and by calculating bias., and v, in terms of the limiting modulus.

We now prove the optimality statements (under which the assumption was made that,
for each n, there exists a Q € Q,, such that the errors are normally distributed). In this

case, for any n > 0, if a linear estimator L and constant y satisfy

fefirqlzfeg P(Lf e{L+ n’p/@p“))(}) >1—a—mn,

np/<2p+1)wa( ), n(6)

XA,a+y(0/2) by the results of Donoho (1994) (using
the characterization of optimal half length at the beginning of Supplemental Appendix F).

we must have y > sups.

This converges to supg., = ( woel)y | a+n(6/2) by Lemma G.7. If liminf, infser geo, P(Lf €
{L 4+ n?/@+Dy1) > 1 — o, then, for any n > 0, the above dlsplay must hold for large
«(6/2) (the limit

with respect to n follows since there exist 0 < § < § < oo such that the supremum over 0 is

enough n, so that x > lim,osups.q = ()XA atn(0/2) = sups.g =

taken [J, 6] for 1 in a neighborhood of zero, and since ya,.(5/2) is continuous with respect
to o uniformly over § in compact sets).

For the asymptotic efficiency bound regarding expected length among all confidence
intervals, note that, for any n > 0, any CI satisfying the asymptotic coverage requirement
must be a 1 —a —n CI for large enough n, which means that, since the CI is valid under the
@, € 9, where the errors are normal, the expected length of the CI at f = 0 and this @,

scaled by n?/(P+1) is at least
(1= @ = B [ Vg 210y — ZDIZ < 21-00s]

by Corollary 3.3. This converges to (1 — o — 0)E [woo(2(21—a—n — Z)) | Z < 21-0-y] by
Lemma G.7. The result follows from taking n — 0 and using the dominated convergence the-
orem, and using the fact that we(6) = wso(1)6%7/ 2P+ The asymptotic efficiency bounds for
the feasible one-sided CI follow from similar arguments, using Theorem 3.1 and Corollary 3.2
along with Theorem G.1 and Lemma F.3.

In the case where Assumption G.3 holds rather than Assumption G.4, it follows from
Lemma G.7 that 9, fﬁ> 0so- Then, by Lemma G.9, the conditions of Theorem E.2 hold

k) n

with [A/(;n,&(_) playing the role of L* and IA/(;MJ(.) playing the role of L. The results then follow
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from Theorem E.2 and the arguments above applied to the Cls based on [A/(;ma(.).
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