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Abstract

An influential paper by Kleibergen (2005) introduces Lagrange multiplier (LM) and conditional
likelihood ratio-like (CLR) tests for nonlinear moment condition models. These procedures aim
to have good size performance even when the parameters are unidentified or poorly identified.
However, the asymptotic size and similarity (in a uniform sense) of these procedures has not been
determined in the literature. This paper does so.

This paper shows that the LM test has correct asymptotic size and is asymptotically similar
for a suitably chosen parameter space of null distributions. It shows that the CLR tests also have
these properties when the dimension p of the unknown parameter 6 equals 1. When p > 2, however,
the asymptotic size properties are found to depend on how the conditioning statistic, upon which
the CLR tests depend, is weighted. Two weighting methods have been suggested in the literature.
The paper shows that the CLR tests are guaranteed to have correct asymptotic size when p > 2
with one weighting method, combined with the Robin and Smith (2000) rank statistic. The paper
also determines a formula for the asymptotic size of the CLR test with the other weighting method.
However, the results of the paper do not guarantee correct asymptotic size when p > 2 with the
other weighting method, because two key sample quantities are not necessarily asymptotically
independent under some identification scenarios.

Analogous results for confidence sets are provided. Even for the special case of a linear in-
strumental variable regression model with two or more right-hand side endogenous variables, the

results of the paper are new to the literature.

Keywords: asymptotics, conditional likelihood ratio test, confidence set, identification, infer-
ence, Lagrange multiplier test, moment conditions, robust, test, weak identification, weak instru-

ments.
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1 Introduction

We consider the moment condition model
Epg(W;,0) = 0%, (1.1)

where 0¥ = (0,...,0)’ € R¥, the equality holds when § € © C RP is the true value, {W; € R™ : i =
1,...,n} are stationary and strong mixing observations with distribution F, g is a known (possibly
nonlinear) function from R™P to R¥ with k& > p, and Er(-) denotes expectation under F. This

paper is concerned with tests of the null hypothesis
Hy: 0 =0g versus Hy : 0 # 0. (1.2)

We consider the Lagrange Multiplier (LM) test of Kleibergen (2005) and adaptations of Moreira’s
(2003) conditional likelihood ratio (CLR) test to the nonlinear moment condition model (L.1]),
as in Kleibergen (2005, 2007), Smith (2007), Newey and Windmeijer (2009), and Guggenberger,
Ramalho, and Smith (2012). The LM and CLR tests are designed to have better overall power
than the Anderson and Rubin (1949)-type S-tests of Stock and Wright (2000) when k& > p[|

These tests aim to have good size even when the parameters are unidentified or weakly identified.
Weak identification and weak instruments (IV’s) can occur in a wide variety of empirical applica-
tions in economics with linear and nonlinear models. Examples include: new Keynesian Phillips
curve models, dynamic stochastic general equilibrium (DSGE) models, consumption capital as-
set pricing models (CCAPM), interest rate dynamics models, Berry, Levinsohn, and Pakes (1995)
(BLP) models of demand for differentiated products, returns-to-schooling equations, nonlinear re-
gression, autoregressive-moving average models, GARCH models, smooth transition autoregressive
(STAR) models, parametric selection models estimated by Heckman’s two step method or maxi-
mum likelihood, mixture models, regime switching models, and all models where hypotheses testing
problems arise in which a nuisance parameter appears under the alternative hypothesis, but not
under the null. For references, see (for example) Andrews and Guggenberger (2014a) (hereafter
AG2).

The contribution of the paper is to determine the asymptotic sizes of the tests listed above,
and the confidence sets (CS’s) that correspond to them, for suitably defined parameter spaces of

distributions, and to see whether their asymptotic sizes necessarily equal their nominal sizes. We

!For the special case of the linear IV model, power comparisons (some theoretical and some simulation based) are
given in Kleibergen (2002), Moreira (2003), Andrews, Moreira, and Stock (2006, 2008), Chernozhukov, Hansen, and
Jansson (2009), Hillier (2009), Mikusheva (2010), and Ploberger (2012).



also determine whether these tests and CS’s are asymptotically similar in a uniform sense. The
strength of identification of 8 depends on the magnitude of the singular values of the expectation
of the Jacobian

G(W;,0) == W;,0) € RF>P (1.3)

0
wg(
of g(W;,0). The parameter space we consider does not impose any restrictions on the magnitude
of these singular values. The results hold for arbitrary fixed k£ and p with k& > p.

We show that Kleibergen’s LM test (and CS) has correct asymptotic size and is uniformly
asymptotically similar for a parameter space of null distributions that is fairly general. But, the
parameter space does require an eigenvalue condition on the asymptotic variance of a transformation
of the conditioning statistic (onto which the normalized sample moments are projected). This
condition guarantees that the asymptotic version of the k X p conditioning statistic (after suitable
normalization) is full rank p a.s. This condition is shown not to be redundant in Section in
the Appendix to this paper. The parameter space also requires that the variance matrix of the
moment functions is nonsingular. This assumption is needed because the inverse of the sample
variance matrix is employed to make the conditioning statistic asymptotically independent of the
sample moments. This condition can be restrictive because in some models lack of identification
is accompanied by singularity of the variance matrix of the moments. For example, this occurs in
models in which for some null hypothesis a nuisance parameter appears only under the alternative
hypothesis.

The nonlinear CLR tests (and CS’s) that we consider depend on a rank statistic, which mea-
sures the rank of the expectation of G(W;, 6). Following Kleibergen (2005), the rank statistics that
have been considered in the literature depend on a weighted orthogonalized version of the sam-
ple Jacobian, n~! >y G(W;,0), where the orthogonalization is designed to create a conditioning
statistic that is asymptotically independent of the sample moments. Two weightings have been
considered. The first, proposed by Kleibergen (2005, 2007) and Smith (2007), premultiplies the
vectorized orthogonalized sample Jacobian by the negative square root of a consistent estimator of
its kp X kp variance matrix. We call this the Jacobian-variance weighting. The second, proposed
by Newey and Windmeijer (2009) and Guggenberger, Ramalho, and Smith (2012), multiplies the
k x p orthogonalized sample Jacobian by the negative square root of a consistent estimator of the
k X k variance matrix of the sample moments. We call this the moment-variance weighting.

Given the weighting of the orthogonalized sample Jacobian, several functional forms for the rank
statistic have been considered in the literature, including the rank statistics of Cragg and Donald
(1996, 1997), Robin and Smith (2000), and Kleibergen and Paap (2006). We provide results for

a general form of the rank statistic and verify the conditions imposed on the general form for



the Robin and Smith (2000) rank statistic. The latter is a popular choice because it is easy to
compute. Note that when p = 1, these rank statistics all reduce to the squared Euclidean norm of
the weighted orthogonalized sample Jacobian vector.

For the case where p = 1, we show that the CLR tests (and CS’s) based on either weighting
have correct asymptotic size and are asymptotically similar in a uniform sense (for parameter spaces
that are the same as those considered for the LM test and CS, or slightly smaller, depending on
the method of weighting).

For the case where p > 2, we show that the CLR test (and CS) based on the Robin and
Smith (2000) rank statistic with the moment-variance weighting has correct asymptotic size and
is uniformly asymptotically similar for the same parameter spaces of distributions as considered
for the LM test (and CS). On the other hand, we cannot show that the CLR test (and CS) based
on the Robin and Smith (2000) rank statistic with the Jacobian-variance weighting necessarily
has correct asymptotic size. The reason is that the weighted orthogonalized sample Jacobian is
not necessarily asymptotically independent of the sample moments under some sequences of null
distributions. This occurs because the random variation of the kp x kp sample variance estimator
turns out to affect the asymptotic distribution of the weighted orthogonalized sample Jacobian in
some cases. Roughly speaking, this occurs when some parameters are weakly identified and some
are strongly identified, or when some transformations of the parameters are weakly identified and
some transformations are strongly identified. (Obviously, when p = 1 these scenarios cannot occur.)
This phenomenon has not been demonstrated previously in the literature.

Simulations in a linear IV regression model with two right-hand side endogenous variables cor-
roborate the existence of the asymptotic correlations discussed in the previous paragraph. However,
for the particular model and error distributions considered, these correlations have a small effect
on the asymptotic null rejection probabilities of the CLR test with Jacobian-variance weighting.
These probabilities are very close to the nominal size of the test.

The results of the paper show that weak identification occurs (i.e., the test statistics have
nonstandard asymptotic distributions due to identification deficiency) when limn!/ 2spp, < 00,
where {s;r : j = 1,...,p} are the singular values of the expected Jacobian, ErG(W;, ), ordered
to be nonincreasing in j, F' denotes a null distribution, {F, : n > 1} denotes a sequence of
null distributions for which the previous limit exists, and the limit is taken as n — oo. Strong
or semi-strong identification occurs when limn!/ 25ppn = oo. Strong identification occurs when
lim s,, > 0 and semi-strong identification occurs when lim nt/ 25k, = o0 and lim s,p, = 0. When
p =1, sir = ||[ErG(W;,00)|| and weak identification occurs when limn!/2||ErG(W;, 6p)|| < oco.

However, when p > 2, weak identification can take many different forms. Weak identification in the



standard sense, i.e., when all parameters are weakly identified, e.g., as in Staiger and Stock (1997),
occurs when limn!/2s; r, < oo. This is a relatively easy case to analyze asymptotically. Weak
identification also occurs when limn!/ 28pFn < o0, but limn!/ 251, = 00, i.e., different singular
values behave differently asymptotically. We refer to this as weak identification in a nonstandard
sense. It includes the (some weak/some strong) identification scenario considered in Stock and
Wright (2000) based on their Assumption C. The nonstandard weak identification scenario is the
scenario in which the weighted orthogonalized sample Jacobian may not be independent of the
sample moments when the Jacobian-variance weighting is employed. This case is much more difficult
to analyze asymptotically. A subset of this case, which we refer to as joint weak identification, is

a case in which the previous conditions hold (i.e., limn'/2s,5, < co and limn'/2

s1p, = o0) and
lim n'/2||Eg, G (Wi, 00)|| = oo for all j < p, where G;(W;,0p) denotes the jth column of G(W;, 6p).
Under joint weak identification, each column of the Jacobian behaves as though the corresponding
parameter is strongly or semi-strongly identified, but jointly, weak identification occurs (because
limn'/2s,5, < 00). As discussed in Section [2| below, no results in the literature consider all of the
cases of weak identification that may occur when p > 2E|

For clarity, the results of the paper are stated and derived first for i.i.d. observations. Then,
they are extended to cover time series observations that are stationary and strong mixing. This
way of proceeding lets us provide somewhat weaker assumptions in the i.i.d. case than if the i.i.d.
case is treated as a special case of the time series results.

All limits below are taken as n — o0o. The expression A := B denotes that A is defined to equal
B.

The paper is organized as follows. Section [2discusses the related literature and the contribution
of this paper to the literature. Section [3| defines the moment condition model. Section 4| defines and
provides asymptotic results for Kleibergen’s (2005) LM test. Section does likewise for Kleibergen’s
(2005) CLR test with Jacobian-variance weighting. Section |§| does likewise for Kleibergen’s CLR
test with moment-variance weighting, as in Newey and Windmeijer (2009) and Guggenberger,
Ramalho, and Smith (2012). Section |7| provides results for the tests with time series observations.

An Appendix provides some of the proofs of the results given in the paper. The remaining proofs

and some additional results are given in the Supplemental Material to this paper, see Andrews and

Guggenberger (2014b).

2The definitions of the identification categories given here, which are based on {sjr, 1 j < p,n > 1}, where s;p is
the jth largest singular value of ErG(W;, 0p), are suitable when Amin(Varr(g(Wi,60))) is bounded away from zero
over the parameter space of distributions F. When the latter condition does not hold, but Amin(Varr(g(Wi, 6o))) > 0
for all distributions F, then s;jr should be defined to be the jth largest singular value of the normalized expected

Jacobian Var;1/2 (9g(Ws,00)) ErG(W;,00) in order to obtain the appropriate definitions of the identification categories.



2 Discussion of the Literature

To date in the literature it has only been shown that Kleibergen’s LM and CLR tests control
the limiting null rejection probability under certain strong instrument and certain weak instrument
sequences. For example, concerning the validity of the LM and CLR tests, Kleibergen (2005, proofs
of Theorems 1 and 3) deals only with sequences of matrices Er, G(W;,0) whose limits are a full

column rank matrix or a matrix of zerosﬂ Kleibergen (2005) does not consider the cases where

(i) the limit of Ep, G(W;,0) exists and is nonzero, some of its columns are equal to zero,
and the remaining columns are linearly independent, and
(ii) the limit of Ep, G(W;, 0) exists and is nonzero and some subset of its columns are

nonzero but less than full column rank, (2.1)

where {F,, : n > 1} is a sequence of true null distributions that generates the data. Case (ii) is an
example of “joint weak identification” in which several parameters individually satisfy conditions
that indicate strong identification, but jointly exhibit weak identification. This paper is the first
to investigate joint weak identification. Results for cases (i) and (ii) are needed to establish the

asymptotic sizes of the LM and CLR tests.

Example. Consider as a simple example the linear IV regression model

y1i = Yo9;0 + uj,
Yoi = 7' Z; + Vai, (2.2)

where y1; € R and Ys; € RP are endogenous variables, Z; € RF for k > p is a vector of IV’s, and w
(= 7r) € RF¥*P is an unknown unrestricted parameter matrixﬁ The data {W; = (y1,,Ys;, Z) 1 i =
1,..,n} are iid. and Ep((u;, Vy,)'|Z;) = 0P as. Here m = 1+ p + k and

3See the first equation of the proof of Kleibergen’s (2005) Theorem 1 in which the rate of convergence of his
ﬁT(HO, Y') to its limit is stated to be 77" for v = 0 (which is a typo and should be 1/2) or 1 and Jo(0o) (which equals
lim E'r, G;(0o) in our notation) is assumed to exist and have full column rank when v = 1.

" For simplicity, no exogenous variables are included in the structural equation. See Andrews, Cheng, and Guggen-
berger (2009) and Mikusheva (2010) for asymptotic size results for the CLR test in linear IV regression models with
included exogenous variables, but with only one right-hand side endogenous variable. Due to the latter feature, cases
(i) and (ii) in and case (iv) in below do not arise in the aforementioned papers.



By assumption, Erg(W;,0) = EpZ;u; = 0F when @ is the true vector. In addition, we have
ErG(W;,0) = —EpZ; Zix. (2.4)

The latter does not depend on 6 but does depend on the reduced-form coefficient matrix 7 which
determines the strength of the IV’s. Stock and Wright (2000), Guggenberger and Smith (2005), and
Guggenberger, Ramalho, and Smith (2012) consider weak/strong IV sequences m, = (T1n, T2,) €
Rkx14p2)  where 11, = n~Y2h; for a fixed hy and g, = w2 is a fixed matrix (that does not
depend on n) with full column rank ps. Specialized to the linear IV setting, the goal of this paper
is to establish that the LM and CLR tests of the hypotheses in have asymptotic sizes equal
to their nominal sizes for a parameter space that does not impose any restrictions on .

Case (ii) identification failure in occurs in model with p > 2 for sequences 7, where a
subset of the columns of m,, converge to nonzero vectors that are linearly dependent. For example,
this occurs when p = 2, 7, € R¥*2, and the columns of 7, are (1,...,1)" and (1+o(1),...,1+o0(1))".
Weak identification of this type has not been dealt with in the literature on LM and CLR tests in

linear IV models. We do so in this paper (for both linear and nonlinear models).

We return now to the discussion of the general moment condition model. The missing cases
in Kleibergen’s (2005) proofs of Theorems 1 and 3 are important because they are likely cases in
practice. For example, the case where some parameters are strongly identified and others are weakly
identified (likely) occurs in Stock and Wright’s (2000) (SW) and Kleibergen’s (2005) consumption
capital asset pricing model (CCAPM) example.

Guggenberger and Smith (2005), Otsu (2006), Inoue and Rossi (2011), Guggenberger, Ramalho,
and Smith (2012), and I. Andrews (2014) deal with a subset of case (i) for generalized empirical
likelihood (GEL) and GMM versions of the LM and CLR tests, but rule out case (ii) by assump-
tionEHﬂ Furthermore, their results for case (i) rely on Assumption C of SW[Hﬂ This assumption
is an innovative contribution to the literature, but it has some significant drawbacks as a general

high-level condition.

’Case (ii) is ruled out by Assumption ID(iii) in Guggenberger and Smith (2005) and Assumption IDg(iii) in
Guggenberger, Ramalho, and Smith (2012), which assume that the matrix M>(8) has full column rank, where Mz (53)
contains the columns of ErG(W;,0) that correspond to the strongly identified parameters. Case (ii) also is ruled out
by Assumption C(ii) in Stock and Wright (2000), which is used to obtain results for GMM estimators.

b Guggenberger and Smith (2005), Otsu (2006), and Inoue and Rossi (2011) do not consider CLR tests.

T Assumption C of SW requires that the expected moment functions can be written as n~'/?my,,(0) + mz(8) for
some functions m1, and ms and some (o, 8) such that 8 = (o’,8’)" and (9/98")m2(B,) has full column rank, where
B¢ denotes the true value of 5. In addition, it requires that mi,(6) — ma(6) uniformly over § € © for some real-valued
function ma1, ma2(8,) = 0%, ma(B) # 0 for B # B,, and (8/88")mz2(B3) is continuous.

8Inoue and Rossi (2011) and I. Andrews (2014, Appendix B) use conditions that are much like Assumption C
of SW, but they are not exactly the same. As discussed below, Guggenberger, Ramalho, and Smith (2012) impose
high-level conditions on a rank statistic when dealing with a CLR test under Assumption C of SW.



First, while Assumption C is easy to verify or refute in linear IV models, it is hard to verify
or refute in many, or most, nonlinear models. As far as we are aware, it has only been verified
in the literature for one nonlinear model and that nonlinear model is only a local approximation
to the model of interest. The model of interest is the two parameter CCAPM considered in SW
and Kleibergen (2005). SW verify Assumption C for a local approximation to this model that is a
polynomial in the parameters, see p. 1093 of their Appendix BE| It appears to be hard to verify or
refute Assumption C in the CCAPM of interest.

Another example where Assumption C is hard to verify or refute is the following simple nonlinear
regression model with endogeneity, one weakly-identified parameter, and one strongly-identified
parameter: y; = f (V1,01 + Y2,02) + ui, Yi; = Zim1n + Vi, Yo; = Zima + Vay, w1, = Cn~/2 for some
constant vector C' € RF, my # 0%, f(-) is a known function, Z; is a vector of IV’s, and 6 = (6, 65)’.
The moment functions take the form (y; — f(Y1:01 + Y2;02))Z;. For an arbitrary function f it
is difficult to determine whether Assumption C holds or not. If f is a quadratic function, or a
polynomial, then it may be possible to verify Assumption C. But, even for such functions, doing
so does not seem easy.

Second, Assumption C is restrictive. For example, it fails to hold in a nonlinear regression model
with weak identification due to the coefficient on a nonlinear regressor being close to zero. Suppose
the model is y; = Sh(X;, 7) + u; for i = 1,...,n, where y; and X; are observed, u; is an unobserved
mean zero error, and 6 = (8, 7)". The parameter 7 is weakly identified when 3 = Cn~1/2 for some
constant C. It is shown in Appendix E of the Supplemental Material to Andrews and Cheng (2012)
that Assumption C fails in this case.

Another example where Assumption C fails is a linear IV model with joint estimation of the
right-hand side (rhs) endogenous variable parameter, which is weakly identified, and the structural
equation error variance, which is strongly identified: y1; = Y201 + w;, Yo, = Zimy, + Vay, Z; € R (for
simplicity), m, = Cn~1/2 for some constant C, Var(u;) =602 > 0,0 = (61,02), and Eu; = EVy; =
EZu; = EZ;Va; = 0. The moment functions are (y1; — Y2;01)Z; and (y1; — Y2;601)? — 02. Assumption
C fails in this model [l

9The approximate model for which SW verify Assumption C is a local approximation to the model of interest
based on a Taylor series expansion about a reference parameter value 7, in their notation. This approximation is
necessarily accurate only for v close to 7,. For other values of v, the approximate model may be different from the
model of interest. Note that Assumption C is a global assumption. So, the fact that it holds for the approximate
model local to v, does not imply that it approximately holds for the original model.

10 Assumption C of SW fails in the present example because the expected moment functions are E(y1i —Y2i01)Z; =
—n_l/QEZiQO(91 — 910) and E(yu — Y2i01)2 — 02 = n_lEZiQCQ(¢91 — 910)2 =+ a(&), thrc a(@) = O’%/(91 — 910)2 —
20,v (01 — 010) + 020 — 02, o = (010, 020)" denotes the true value of 6, (J’%/ = Var(Vas), ouv := Cov(ui, Va;), and a%/
and o,v do not depend on n. Because a(f) does not depend on n, but does depend on both 81 and 62, one must take
B =0 and m2(8) = (0,a(#))’ in Assumption C (see the footnote above which specifies Assumption C). In this case,
(8/08"Ym2(B,) is a 2 X 2 matrix with less than full rank, because its first row is zero, which violates Assumption C.




The results of this paper do not impose any conditions on the functional form of the expected
moment conditions and their derivatives, like Assumption C does. The conditions given are more
general than the conditions used in the papers that rely on Assumption C.

We also point out that no papers in the literature deal with cases where p > 2 and the limit
of Ep,G(W;,0) is zero, but n'/?||Eg, G;(W;,0)|| — oo for some j < p, where, as above, G;(W;, )
denotes the jth column of G(Wj, ). In such situations, analogues of cases (i) and (ii) arise in which

suitably rescaled versions of the columns j for which n'/2||Eg, G;(W;,0)|| — oo have limits that

ardT_Tl

(iii) nonzero and linearly independent and

(iv) nonzero and linearly dependent. (2.5)

Case (iv) sequences are examples of joint weak identification. Cases (iii) and (iv) sequences need
to be considered to establish the correct asymptotic sizes of the LM and CLR tests.

For CLR tests, Guggenberger, Ramalho, and Smith (2012) establish the correct asymptotic null
rejection probabilities for GEL versions of the CLR test in a subset of case (i) under Assumption C
and the assumption that the conditioning statistic, rk,(6), either diverges to infinity or converges
in distribution to a random variable that is random only through its dependence on the limit of the
estimated Jacobian. Verifying this condition in cases (i)-(iv) is not easy. We do so in this paper
for the Robin and Smith (2000) rank statistic 7k, (f) with moment-variance weighting. In sum,
Guggenberger, Ramalho, and Smith (2012) do not establish the correct asymptotic null rejection
probabilities of the CLR test under Assumption C. They do so only under an additional high level
condition on the rank statistic.

Kleibergen’s (2005, Thm. 3) results for the CLR test rely on the claim that the condition-
ing statistic rky(0) is asymptotically independent of the LM statistic if rk,(6) is a function of a
weighting matrix, Vp, say, and the orthogonalized sample Jacobian, denoted by ﬁn(G) € RF*P,
However, this claim does not hold in general, as shown in Theorem below and Section [18] in

the Supplemental Materialm Newey and Windmeijer (2009) consider the limiting null rejection

"For example, suppose p = 2. Let (Gi1, Giz) = G(W;,0) € R**2. An example of case (iii) occurs when Gj; exhibits
what might be called "semi-strong identification," i.e., Er, Gi;1 = Cinn™ ° for 0 < s < 1/2 and C1, — C1 € Rk, where
C1 # 0%, and Giz exhibits the classic features of "weak identification," i.e., Er, G2 = Can~Y? for some Cy € RF.
Then, Er, Ga — 0, Ep, Giza — 0%, nY/?||Er, Gi1|| — o0, and n°Er, G — C1 # 0.

An example of case (iv) occurs when Er,G;1 is as above and Ef, Gi2 = Cann™ 2 for 0 < s2 < 1/2 and C2p, —
Cs € R*, where Cy # 0%, and C; and C are linearly dependent. If C; and Cs are linearly independent, then this is
another example of case (iii).

2Under sequences F, such that n'/?Ep, G(W;,0) converges to a finite matrix, n'/2D,(0) and n'/2§,(0) (=

—1/2 Zl 1 9(Wi, 0)) are asymptotically independent (see Lemmas andln Sectlonlm the Appendix). There-

fore if r(V,,n'/2D,(8)) is a continuous function of n'/?D,,(A) and a Welghtlng matrix V,, (that converges in probability

10



probability of the CLR test under “many instrument” asymptotics. They do not analyze the effects
of weak identification (such as in cases (i)-(iv)). Their Assumption 2 implies global identification
of 6.

As a special case of the asymptotic size results of this paper for nonlinear models, this paper
provides some new results for the linear IV regression model. Specifically, the results of the present
paper establish the correct asymptotic size of LM and CLR tests in the linear IV model with an
arbitrary number of rhs endogenous variables, under some maintained assumptions. The results
allow for heteroskedasticity of the errors and stationary strong mixing errors and observations.

In contrast, the relevant results available in the literature for the linear IV model are as follows.
Kleibergen (2002) shows that his LM test has correct asymptotic null rejection probabilities under
fixed full-rank reduced-form matrices, as well as under standard weak IV asymptotics—that is,
under the n~'/2-local to zero sequences in Staiger and Stock (1997). Also see Moreira (2009).
Moreira (2003) proves that the limiting null rejection probability of the CLR test is correct under
standard weak IV asymptotics (i.e., of the type considered in Staiger and Stock (1997)). None of
these papers considers cases (i)-(iv) above. Mikusheva (2010) establishes the correct asymptotic size
of homoskedastic LM and CLR tests and CS’s when there is only one endogenous rhs variable, i.e.,
p = 1, and the errors are homoskedastic. Guggenberger (2012) establishes the correct asymptotic
size of heteroskedasticity-robust LM and CLR tests in a heteroskedastic model with p = 1. L
Andrews (2014) establishes the correct asymptotic size of a class of conditional linear combination
(CLC) tests when p = 1, which he shows are equivalent to a class of CLR tests. He provides some
CLC tests that are designed to have good power under heteroskedasticity and autocorrelation.
Moreira and Moreira (2013) introduce some tests that maximize weighted average power in a linear
IV model with heteroskedasticity and autocorrelation for the case where p = 1. Note that when
p = 1, i.e., only one rhs endogenous variable appears (and the exogenous variables are projected

out), cases (i), (ii), and (iv) above do not arise (because ErG(Wj,0) has a single column). Phillips

to a positive definite matrix), then by the continuous mapping theorem (CMT), n'/%§,(0) and r(V,,, n"/2D,(0)) are
also asymptotically independent.

However, under sequences for which a component of n'/2Ey, G(W;, 0) diverges to plus or minus infinity, the CMT
cannot be applied because n1/25n(9) does not converge in distribution, but rather, some component of it diverges to
plus or minus infinity in probability (see Lemma in Section [§[in the Appendix when hi ; = oo for some j < p). In
this case, r(Vi,n'/2D,(#)) may not have an asymptotic distribution, and if it does, r(‘/}n,nl/Qﬁn(é’)) and n'/%g,(6)
are not necessarily asymptotically independent. The following is a simple example of the latter situation when p = 2.
Let r(?n,nl/Qﬁn(e)) = ‘Aflganl/Qﬁln(O)H, where 171271 is the (1, 2) component of I7n and ﬁln(O) is the first column
of Dy,(). Assume V,, — V —,, 0 for some matrix V and n'/2(V,, — V) —4 £, where £ is a mean zero normal random
matrix. Assume that under F, the first column Ep, G1(W;,0) of Ep, G(W;,0) is a fixed nonzero vector, G say.
Assume that the (1,2) element of V, denoted by V12, equals zero under F,. Then, Din (0) —p GT (see Lemmain
Section 8] in the Appendix) and Vi, |[n'/? D1, (6)|| = n'/?(Vizn — Vi2)||Din(0)|| —a &15||G5||. But, in general there
is no reason why &, and the random limit of nt/ 25.(0) are independent. For simplicity, the previous example is
somewhat contrived, because rank statistics typically are not of the form Vi, ||n'/2D1,(6)||. But, components of rank
statistics may be of this form.
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(1989) and Choi and Phillips (1992) provide asymptotic and finite sample results for estimators
and classical tests in simultaneous equations models with fixed m matrices that may be unidentified
or partially identified when p > 1. Their results do not cover weak identification (of any type).
Hillier (2009) provides exact finite sample results for CLR tests in the linear IV model under the
assumption of homoskedastic normal errors and known covariance matrix.

We return now to the discussion of a general moment condition model. In this paper, we show
that a minimum eigenvalue condition that appears in the parameter space Fy (defined below) for the
null distributions F' is necessary in some sense to obtain correct asymptotic size for the LM and CLR
tests. For example, in the linear IV regression model, this eigenvalue condition rules out perfect
correlation between the structural and reduced-form errors. Without the eigenvalue condition, we
show that in some cases the LM statistic equals the AR statistic plus a o,(1) term. In consequence,
the LM test (which uses a X127 critical value) over-rejects the null hypothesis asymptotically when
k > p. Furthermore, without it, we show that in other cases the LM statistic equals zero a.s. for
all n > 1 and, hence, the LM test rejects the null hypothesis with probability zero for all n > 1.
In such cases, the LM test under-rejects the null asymptotically. These properties of the LM test
have not been recognized in the literature, e.g., see Kleibergen (2005, Theorem 1).

We note that the asymptotic framework and results given here should be useful for establishing
the asymptotic size of tests (and CS’s) for moment condition and linear IV models that differ from
the LM and CLR tests (and CS’s) considered here, such as the tests in Moreira and Moreira (2013)
and I. Andrews (2014). For example, we provide sufficient conditions for a suitably renormalized
version of the moment-variance-weighted orthogonalized sample Jacobian to have full rank almost
surely asymptotically, which is needed in the latter paper when p > 2.

AG?2 is a sequel to this paper. It introduces two new nonlinear singularity-robust conditional
quasi-LR (SR-CQLR) tests and a singularity-robust Anderson-Rubin (SR-AR) test. AG2 shows
that these tests (and the corresponding CS’s) have correct asymptotic size for all p > 1 under very
weak conditions. For example, in the i.i.d. case, one of the two SR-CQLR tests and the SR-AR test
only require the expected moment functions to equal zero at the true parameter and the sample
moment functions to have 2+~ moments uniformly bounded for some v > 0. (The other SR-CQLR
test imposes somewhat stronger moment conditions.) In particular, none of the tests in AG2 impose
any conditions on the expectation of the Jacobian matrix of the moments or any conditions on the
variance matrices of the moment functions or the conditioning statistic, which is the meaning of
“singularity-robust.” The two SR-CQLR tests are shown to be asymptotically efficient in a GMM
sense under strong and semi-strong identification.

The new SR-CQLR tests in AG2 have some advantages over the CLR tests considered in this
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paper. First, they have correct asymptotic size under noticeably weaker conditions. Because they
do not require the variance matrix of the moment functions to be nonsingular, they apply to
models in which for some null hypothesis a nuisance parameter appears only under the alternative
hypothesis and not under the null hypothesisH In addition, they do not place any restrictions on
the eigenvalues of the expected outer product of the vectorized orthogonalized sample Jacobian,
which can be restrictive and can be difficult to verify in some models.

Second, the tests reduce, or essentially reduce, asymptotically to Moreira’s (2003) CLR test in
the homoskedastic linear IV model for all p > 1. In consequence, (a) no arbitrary choice of rank
statistic is needed when p > 2, and (b) the tests have the desirable power properties of Moreira’s
(2003) CLR test in the homoskedastic normal linear IV model when p = 1, which have been
established in Andrews, Moreira, and Stock (2006, 2008) and Chernozhukov, Hansen, and Jansson
(2009)@ In contrast, the CLR tests considered here for p > 1 are all based on the form of Moreira’s
LR statistic when p = 1 and, in consequence, require the specification of some rank statistic. The
CLR tests considered here based on the Jacobian-variance weighting reduce to Moreira’s CLR test
when p = 1, but we cannot show that they necessarily have correct asymptotic size when p > 2. On
the other hand, we show that the CLR tests considered here that are based on the moment-variance
weighting have correct asymptotic size when p > 1, but they do not reduce to Moreira’s CLR test
when p =1 (or p > 2).

We also mention the recent paper by I. Andrews and Mikusheva (2014a) that introduces a new
conditional likelihood ratio test for moment condition models that is robust to weak identification.
This test is asymptotically similar conditional on the entire sample mean process that is orthogo-
nalized to be asymptotically independent of the sample moments evaluated at the null parameter
value.

The LM and CLR tests considered in this paper are for full vector inference. To obtain subvector
inference, one can employ the Bonferroni method or the Scheffé projection method, see Cavanagh,
Elliott, and Stock (1995), Chaudhuri, Richardson, Robins, and Zivot (2010), Chaudhuri and Zivot
(2011), and McCloskey (2011) for Bonferroni’s method, and Dufour (1989) and Dufour and Jasiak
(2001) for the projection method. These methods are conservative, but Bonferroni’s method is
found to work well by Chaudhuri, Richardson, Robins, and Zivot (2010) and Chaudhuri and Zivot
(2011)[7]

13Nonsingularity of the variance matrix of the moments is needed for Kleibergen’s CLR-type tests, because the
inverse of this matrix is used to orthogonalize the sample Jacobian from the sample moments when constructing a
conditioning statistic.

Y"For related results, see Chamberlain (2007) and Mikusheva (2010).

15 A refinement of Bonferroni’s method that is not conservative, but is much more intensive computationally, is
provided by Cavanagh, Elliott, and Stock (1995). McCloskey (2011) also considers a refinement of Bonferroni’s
method.
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Other methods for subvector inference include the following. Subvector inference in which nui-
sance parameters are profiled out is possible in the linear IV regression model with homoskedastic
errors using the AR test, but not the LM or CLR tests, see Guggenberger, Kleibergen, Mavroeidis,
and Chen (2012). Andrews and Cheng (2012, 2013a,b) provide subvector tests with correct asymp-
totic size based on extremum estimator objective functions. These subvector methods depend on
the following: (a) one has knowledge of the source of the potential lack of identification (i.e., which
subvectors play the roles of 5, 7, and ( in their notation), (b) there is only one source of lack of
identification, and (c) the estimator objective function does not depend on the weakly identified
parameters 7w (in their notation) when 5 = 0, which rules out some weak IV’s models. Montiel
Olea (2012) provides some subvector analysis in the extremum estimator context of Andrews and
Cheng (2012). His efficient conditionally similar tests apply to the subvector (m, () of (8,7, () (in
the notation of Andrews and Cheng (2012)), where the parameter 5 determines the strength of
identification and is known to be strongly identified. This subvector analysis is analogous to that
of Stock and Wright (2000) and Kleibergen (2004). Cheng (2014) provides subvector inference in a
nonlinear regression model with multiple nonlinear regressors and, in consequence, multiple poten-
tial sources of lack of identification. I. Andrews and Mikusheva (2012) provide subvector inference
methods in a minimum distance context based on Anderson-Rubin-type statistics. I. Andrews and
Mikusheva (2014b) provide conditions under which subvector inference is possible in exponential

family models (but the requisite conditions seem to be restrictive).

3 Moment Condition Model

3.1 Definition of the Parameter Space for the Distributions F

First we introduce some notation. For notational simplicity, we let g;(#) and G;(6) abbreviate
g(W;,0) and G(W;,0), respectively. We denote the jth column of G;(0) by G;;(0) and G;; = G(0o),
where 6 denotes the (true) null value of 0, for j = 1, ..., p. Likewise, we often leave out the argument
0o for other functions as well. For example, we write g; and G; rather than g;(6y) and G;(6p). We
let I, denote the r dimensional identity matrix. For a positive semi-definite (psd) matrix A, we let
Aj(A) denote the jth largest eigenvalue of A.

For some ~,6 > 0 and M < oo, define

F :={F:Epg; = Ok, EFH(gg,Uec(Gi)')’H2+7 < M, and Amin(Ergigl) > 0}, (3.1)

where Apin(-) denotes the smallest eigenvalue of a matrix, || - || denotes the Euclidean norm, and
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vec(-) denotes the vector obtained by stacking the columns of a matrix. The first condition in F
is the defining condition of the model. The second condition in F is a mild moment condition on
the moment functions g; and their derivatives G;. The last condition in F rules out singularity and
near singularity of the variance matrix of the momentsm For example, in the linear IV model it
rules out EFufZiZZ( being singular, which usually is not restrictive. Identification issues arise when
ErG; has, or is close to having, less than full column rank (which occurs when one or more of its
singular values is zero or close to zero). The conditions in F place no restrictions on the singular
values or column rank of ErG;.

The condition Amin(Ergig;) > ¢ in F can be replaced by Amin(Ergig,) > 0 without affecting
the asymptotic size and similarity results given in Theorems and below, provided g; and G;
are replaced with g} and G}, respectively, in F and Fy (defined below), where g} := (EnggZ,-)_l/ 24
and G} := (E Fgl-gz’-)_l/ 2G¢ This allows for the variance matrix of g; to be arbitrarily close to
singular, which occurs in some cases when identification is weak, but rules out singularity.

The parameter spaces for the distribution F' that we consider in this paper are subsets of F.
The main parameter space that we consider is Fy, which we now define.

For an arbitrary square-integrable (under F') vector a;, let
Y% = Era;a}, T} := Epa;g}, Qp == X% = Epg;gl, and U := X% — 4O TH. (3.2)

The matrix U} is the expected outer product of the vector of residuals from the L?(F) projections
of the components of a; onto the space spanned by the components of g;.
Let
(T1F, ..., Tpr) denote the p singular values of Q;UQEFG,-, (3.3)

ordered so that 7;r is nonincreasing in j. These singular values are nonnegative and may be zero.
Let
Br denote a p x p orthogonal matrix of eigenvectors of (ErG;)' Q' (ErG;) (3.4)

'5Note that it is not possible to avoid the assumption Amin(Ergigi) > & by replacing an estimator Q,, of Ergig;
by an eigenvalue-adjusted version, e.g., as defined in AG2. The reason is that the eigenvalue adjustment lcads to a
nonzero asymptotic covariance between the sample moments g,, and the conditioning matrix Dn, defined in and
. ) below, which yields a test that does not necessarily have correct asymptotic size. See Comment (ii) to Lemma
@in the Appendix for more details.

This holds because Amin(Erg; g;’) = Amin(Ix) = 1 and the proofs of the results given below go through with g;
and G7 in place of g; and G; throughout.

18The matrix (Engg/E)*l” that appears in the definition of g; and G} can be replaced by any nonsingular k x k
matrix, say Kr(0o), that yields Amin(Erg;g;’) > § > 0. For example, in somewhat related contexts, Andrews and
Cheng (2013b) and I. Andrews and Mikusheva (2014) find it convenient to rescale moment conditions by diagonal
matrices.
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ordered so that the corresponding eigenvalues (k1F, ..., Kpr) are nonincreasing. Let

Cr denote a k x k orthogonal matrix of eigenvectors of 9;1/2(EFGZ~)(EFG,~)'Q;1/2 (3.5)
ordered so that the corresponding eigenvalues are (kip, ..., kpr, 0, ..., 0)' € RE. Note that KjF = T?F
for j < p. With some abuse of notation, for an integer 0 < j < p, let Bp = (B, Brp—;) denote
the decomposition of Bg into its first j and last p — j columns, where by definition, when j = p,
Bp; = Br and Bpj_; denotes a matrix with no columns and, when j = 0, Br; denotes a matrix
with no columns and Br,_; = Br. Analogously, for an integer 0 < j < k, let Cr = (Cry, Cri—;)
denote the decomposition of C'r into its first j and last k — j columns, where, when j =0 or j = k,
Cr; and Cpy_; are defined analogously to Br; and Br,_;.

For0<j<p-—1and§¢e RPJ, define

Clr Q52 GiBp,
Wjp(§) =0 o, (3.6)
For a given 61 > 0, we define the parameter space of null distributions to be
fo = U?:O f()j, where (37)

f()j P = {F e F: TjF > (51 and )‘p—j (\I/]F(f)) > (51 Vf S Rp_j with H{H = 1},

Tor := 01, and Ap—; (V;p(§)) := 91 for j = pmm We assume that Fy # &.

The conditions in Fy are used to show that the estimator ﬁ; 1 21A?n € R**P defined below, of
the normalized population Jacobian matrix Q;l/ ?ErG; has full column rank p asymptotically with
probability one after suitable normalization (see Lemma [8.3(d) in the Appendix). This almost sure
(a.s.) full column rank p property is needed to obtain the desired asymptotic XIZJ null distribution
of the LM statistic (introduced below), which is used by the LM and CLR tests. The LM statistic
is a quadratic form in the sample moments with weight matrix given by the projection matrix onto
0,'?D,.

We obtain the a.s. full column rank property using conditions on both the (asymptotic) mean
and variance of SAZ; Y Qﬁn. The index j on Fp; denotes the contribution coming from the mean and

p — j denotes the contribution coming from the variance. For j = 0 (i.e., when the parameters

" The matrices Br and Cr are not necessarily uniquely defined. But, this is not of consequence because the A,—;(+)
condition is invariant to the choice of Br and CF.

*0Note that Kleibergen (2005) does not impose any rank restrictions on the variance matrix of the limiting distrib-
ution of n =23 (g}, vee(G;) — Fvec(G;)'). As simple examples show, however, to derive the limiting distribution of
the LM test statistic, one needs to impose some restrictions of the type in Fo. For example, the case g;(6) = 0 with
probability one for all 0 vectors is compatible with Kleibergen’s (2005) assumptions but violates the nonsingularity
claim in the statement of Theorem 1 in Kleibergen (2005).
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are weakly identified in the standard sense), the 7,7 > 0; condition disappears, no restrictions
are placed on the mean Q;l/ °’E Gy, and the a.s. full column rank property is obtained using the
Ap—j(+) condition with j = 0. For j = p (i.e., when all parameters are strongly identified), the
Ap—;(+) condition disappears (because Bp),_; is a matrix with no columns when j = p) and the
a.s. full rank property is obtained using only the mean condition 7,p > ;. For 0 < j < p (ie.,
when the parameters are weakly identified in the nonstandard sense), the a.s. full rank property is
obtained partly via the mean condition 7;r > ¢; and partly via the A,_;(-) conditionﬂlﬂ
The “variance” (or variability) condition, A,—; (¥;r(£)) > 61, can be interpreted as follows. The
(k—7) % (p—j) matrix C’},ﬂ’kﬁﬂ 12¢, iBFp—j is a submatrix of the kX p matrix C Q_l/QGiBF, which
is just Q;l/gGi with its rows and columns rotated. This submatrix C’hkij_lpG i Brp—; has the
j linear combinations of the rows and columns of Q;l/ 2Gi removed for which the mean component
of Q) 1 213,“ ie., Q;l/ ’E rG;, provides a column rank of magnitude j. (More specifically, the mean
component of the j linear combinations of the rows and columns of Q;l/ QGi that are removed equals
};JQEIMEFGiBFJ = Diag{T1p,....,Tjr} € R/*J and the column rank of Diag{T1p,...,TjF} is j
by the definition of fngD The Ap—;j (V;r(€)) > 01 condition requires that every linear combination
¢ (with ||£]| = 1) of the columns of the aforementioned submatrix, i.e., C};’k_jQ_lmG ;Brp—;€, has
enough variability to provide the requisite additional column rank of magnitude p — j. Specifically,

Chw Q7 2GiBr,—;
the (p — j)-th largest eigenvalue of U;p (&) (:= W77 Fip=3t

) is bounded away from zero.
This allows for the minimal amount of variation that still delivers the incremental p — j column
rank that is required. Note that the matrix W;p(£) is not actually a variance matrix. It is an
expected outer-product matrix, which makes the condition slightly weaker.

We can write

— vec(G; -
Uip(6) = (€'Blpy; ® Chp i Q0 )W) (B, i€ © Q1 2Cpy—j) and

\IJ?C(G) ErGpiG';, where Gp; := vec(G;) — veC(G )Q gi € RP* (3.8)

(using the general formula vec(ABC) = (C' ® A)vec(B)). The random vector G; consists of

the residuals from the L?(F) projections of the components of G; onto the space spanned by the

vec(G;) -

components of g;. The matrix ¥, is the expected outer-product of these residuals. Analogously,

21Sequences of distributions in the semi-strongly identified category can come from sets Fo; for any j < p.

22 Linking the parameter spaces Foj for 5 = 0,...,p with identification categories, as is done in this paragraph,
provides a useful interpretation, but is somewhat heuristic. The reason is that the parameter spaces Fo; place
conditions on individual distributions F, whereas the asymptotic identification categories (i.e., strong, semi-strong,
and weak in the standard and nonstandard senses depend on the properties of sequences of distributions {F,, : n > 1}.

?3The stated equality holds because (i) by 1 Q}UQEFGz = CpDiag(7r)By, where Diag(tp) is the
k x p matrix whose (m,m) element equals 7mp for m = 1,...,p and whose other elements all equal zero, (ii)
CrQ I/QEFG’ Br = Diag(tr) by the orthogonality of Cr and Bp, and, hence, (iii) CF]Q_I/ ErGiBr; =
Dzag{Tlp,.. TiF}
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the matrix U;p(€) is the expected outer-product of the residuals from the L?(F) projections of the
elements of C};,k_jQI;l/QGiBRp,jf onto the space spanned by the components of g;.

If some element of g; does not depend on some element of #, then the corresponding element of
(; is identically zero. For example, this occurs with simple mean-variance moment conditions of the
form g;(0) = (Y; — 01, (Y; —01)? —05)’, where 6 is a mean parameter and 3 is a variance parameter

of the random variable Y;. In such cases, \Illjfc(Gi) is singular. In consequence, it is important to

impose the weakest conditions possible on \IlvFeC(Gi) or \IJUFeC(Q;UzGi).

In the simple mean-variance model, k = p = 2, ErG; = —1I3, both parameters are strongly
identified, and Fy contains Fo, = {F € F : Tpp > 01}, where 7,p is the smallest singular value of
Q;l/ 2 (because ErpG; = —I5). In this model, 7,F is bounded away from zero if the fourth moment
of Y; is bounded above, which is implied by the condition in F that Ep||g;||>*" < M @ Hence, the
condition 7, > 41 is redundant for d; sufficiently small in this model.

If the condition Ap—;(¥;r(£)) > 61 > 0in Fo; is weakened to A\p—;(V,r(£)) > 0 and the variance
and covariance matrix estimators ﬁn and fn defined below can be any consistent estimators (under
suitable sequences of distributions), then the LM and CLR tests do not necessarily have correct
asymptotic size. In particular, we provide an example where the asymptotic distribution of the LM
statistic is xi in this case, rather than the desired distribution X;2;7 which leads to over-rejection
under the null when k > p, see Section in the Appendixﬁ Hence, the restrictions on the
parameter space Fy are not redundant.

In contrast, the SR-AR, SR-CQLR;, and SR-CQLRjy tests introduced in AG2 are shown to
have correct asymptotic size without any conditions on Ap—;(V;7(§)) or Amin(Ergig;). All that is
required is the first two conditions in F. Hence, these tests have advantages over the LM and CLR
tests considered here in terms of the robustness of their size properties.

Let Cppj € RF*(P=J) denote a matrix that contains p — j columns from the last k — j columns

of Cp. Six alternative sufficient conditions for the A,_;(:) condition in Fy;, in increasing order of

**This holds because ErG; = —I> and Qr has elements [Qr]11 = 020, [Qr]12 = [Qr]21 = ErU;(UZ — 02), and
[QF]22 = Er(U? — 020)?, where 029 := Varr (i), U; := Yi — 610, 010 := ErY;, and 6y = (010, 020)" denotes the true
null value.

25This example consists of a standard linear IV regression model with one rhs endogenous variable, IV’s that are
irrelevant, i.e., 7 = 0, and a correlation between the structural and reduced-form equation errors that equals one
or converges to one as n — 0o. The example also can be extended to cover weak IV cases (where m = 7, # 0%, but
7 — 0F sufficiently quickly as n — oo), rather than the irrelevant IV case.
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strength, are:

’UeCC 1/2GiB . R
<\Il Fp—j < Fir=3) > 01 for some matrix C'rp_j,

/
n <\Ijv GiBrp- ﬂ) > 517
i
i

n( vec(Q > > 51’
n( el ) > 6y 1= 6, M2/,

mll’l
ml

(iii) Am
m

(V) Amin(55) > 8, where £fi 1= Epfif! and f; = gi . and

vec(G;)
(Vi) Amin(Varg(fi)) = 62, (3.9)

where M and ~ are as in (3.1)) and 47 is as in 1) See Section |17]in the Supplemental Material
for a proof of the sufficiency of these conditions. None of these conditions depend on £. Another

sufficient condition for the A,_;(-) condition in Fy; is
0.0 Bp,_ it i
M | U7 PN > 61 VE € RPTY with |[¢]] = 1. (3.10)

For the linear IV model in , we have Qp = EpulZ; Z!, Evec( ) = Epvec(Z; Yy, Jvee(Z;Yy,),
F%ec(Gi) = —Epvec(ZiYQ’i)Zéui, and Er||(g},vec(G:)")||*T7 = Ep||(uiZ],vec(Z;Yy;)') ||>T7. Suffi-
cient conditions for condition (vi) in (3.9) (and, hence, for the A\,_;(-) condition in Fy;) in the

linear IV regression model are as follows. We have

E? = Bp((ui, —Yy;)' ® Zi)((ui, —Yy;)' ® Z;)!

Er(e; ® Z;)(ei @ Z;)' + Epsi(m)s;(w)" and

Varp(f;) = Ep(ei ® Z;)(ei @ Z;) + Epsi(7)si(r) — Epsi(m)Epsi(n)’
> Ep(eie; ® Z; 7)), where

g = (ui, —VQIZ-)/, 8,‘(77) = (Okl, _<ZiZ£7Tl)/7 ceny —(ZZ‘ZZ{FP)I)I, (3.11)

7 = (m1,...,mp) for m; € R for j = 1,...,p, and the inequality holds in a psd sense. Hence,
Amin(Varp(fi)) > d2 holds if Amin(Er(gi€; ® Z;Z])) > d2. When ¢; is conditionally homoskedastic,
ie., Yo = Varp(e;) = Er(eig;|Z;) as., we have Ep(gie), ® Z;Z)) = Y. r @ EpZ;Z!. Hence,

for example, Amin(Varp(f;)) > 62 holds if ¥, p and ErZ;Z! have minimum eigenvalues that are

6 Condition (i) holds if it holds for any C'r,p—; matrix corresponding to any Cr matrix that satisfies the condition
in Fo;. Conditions (i) and (ii) are invariant to the choice of the matrix Br in cases where Br is not uniquely defined.

19



bounded away from zero by (g/ 2,

3.2 Definition of G(W,, 0)

The k x p matrix G(W;,0) does not need to equal (9/96")g(W;, ), as defined in . Rather,
the asymptotic size results given below hold for any matrix G(Wj;,0) that satisfies the conditions
in Fy. For example, G(W;,0) can be the derivative of g(W;, #) almost surely, rather than for all
W;, which allows g(W;, 0) to have kinks. Alternatively, the function G(W;, ) can be a numerical
derivative, such as ((g(W;, 0 +ee1) — g(Wi, 0)) /e, ..., (g(W;, 0 + cep) — g(W;,0)) /) € R¥*P for some
e > 0, where ¢; is the jth unit vector, e.g., e; = (1,0,...,0)" € RP. This choice of G(W;, f) matrix
may be useful for models with quite complicated Jacobian matrices (9/96")g(W;, ).

3.3 Definitions of Asymptotic Size and Asymptotic Similarity

Now, we define asymptotic size and asymptotic similarity of a test of Hy : § = 6y for some
given parameter space F(fg) of null distributions F. Let RP, (o, F,a) denote the null rejection
probability of a nominal size « test with sample size n when the distribution of the data is F. The

asymptotic size of the test for the parameter space F () is defined by

AsySz :=limsup sup RP,(0y,F,«a). (3.12)
n—00 FE?(@O)

The test is asymptotically similar (in a uniform sense) for the parameter space F(fp) if

liminf inf RP,(6o,F,«)=limsup sup RP,(0p, F, ). (3.13)
oo FeF (o) n—0o0  FcF(0o)

Next, we consider a CS that is obtained by inverting tests of Hg : 8 = 0 for all §p € ©. The
asymptotic size of the CS for the parameter space Fg := {(F,0y) : F € F(6y),0 € O} is AsySz :=
linnlioréf inf poye7e (1= RPy(0o, F, ). The CS is asymptotically similar (in a uniform sense) for the
parameter space Fg if hnniio%f inf poyez, (L—RPy (00, F,a)) = hrILILSogp SUD (fr. ) eFo (1R EPn (00, F, ).
As defined, asymptotic size and similarity of a CS require uniformity over the null values 6y € O, as
well as uniformity over null distributions F' for each null value 8y. This additional level of uniformity
does not play a significant role in this paper. The same proofs for tests give results for CS’s with
only minor changes.

The dependence of the parameter space Fy, defined in , on #y is suppressed for notational

simplicity. When dealing with CS’s, rather than tests, we make the dependence explicit and write

it as Fo(fp). The asymptotic size and similarity of CS’s is considered for the parameter space Fg g
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defined by
f@p = {(F, 90) P e fo(@o),@o € @} (3.14)

4 Kleibergen’s Nonlinear LM Test

Here, we define and analyze Kleibergen’s (2005) nonlinear LM test for the nonlinear moment

condition model in (|1.1)). Let

Gu(6) =0 é 9:(0), Gn(0) i=n"" éai(e), and 9, (0) = n~! ‘i :(0)gi(6) — gn(a)gn(e)’
(41)

For any matrix A with r rows, we define the projection matrices
Py:=A(AA)~A and My =1, — Py, (4.2)

where (-)~ denotes any g—inverse@ If A has zero columns, we set M4 = I,.
Define the (nonlinear) Anderson and Rubin (1949) (AR) statistic of Stock and Wright (2000),
and the Lagrange Multiplier statistic of Kleibergen (2005) as follows:

ARy (0) 1= ngn(0)'Q,, " (0)gn(0) and
LMy (6) := ngu(6)' Q" 2(6)Pa 2,55 /2 (6)3n(6), where
Dy (0) := (D1,(0), ..., Dpn(0)) € R¥*P,
Djn(0) := Gin(0) = Tn(0)2,(0)Gn(6) € R¥ for j =1,....p,
Gn(8) := (G1n(0), ..., Gpn(0)) € R¥*P and
Ljn(6) := n~! f:l(Gij(@ — Gjn(0))9i(0) € R¥* for j =1,...,p. (4.3)

We refer to ﬁn(H) as the orthogonalized sample Jacobian because it equals the sample Jacobian
@n(é’) adjusted to be asymptotically independent of the sample moments g, ().

The nominal size o LM test rejects the null hypothesis in when LM, (0y) exceeds the 1 —«
quantile of a X;Q; distribution, denoted by Xzzl,l— o The nominal size 1 — o« LM CS is defined by

CSpan = {00 € © : LMy(60) < X51_o}- (4.4)

27 Any estimator ﬁn(t?) that is consistent for Fg;(0)g;(0)" under the drifting subsequences of distributions considered
in Section in the Appendix can be used, such as n™" 3" | g:(6)g:(0)’, without changing the asymptotic size results
given below. However, we recommend the definition in .

28 Projection matrices are invariant to the choice of g-inverse.
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The following result establishes the correct asymptotic size and asymptotic similarity of Kleiber-

gen’s (2005) LM test and CS for the parameter spaces Fy and Fg o, respectively.

Theorem 4.1 The asymptotic size of the LM test equals its nominal size a € (0,1) for the para-
meter space Fo (defined in (3.7))). Furthermore, the LM test is asymptotically similar (in a uniform
sense). Analogous results hold for the LM CS for the parameter space Fe, defined in (3.14)).

Comments: (i) Theorem provides a more complete set of asymptotic results under the null
hypothesis for the LM statistic than in Kleibergen (2005). See Section |2 for a detailed discussion.

(ii) In contrast to results in Kleibergen (2005), we impose regularity conditions in the specifi-
cation of Fy in order to establish our asymptotic results for the LM test. We show in Section [12]in
the Appendix that these regularity conditions are not redundant. Without the A,_;(-) condition in
Foj, we show that, for some models, some sequences of distributions, and some (consistent) choices
of variance and covariance estimators, the LM statistic has a X% asymptotic distribution. This
leads to over-rejection of the null when the standard X;% critical value is used and the parameters
are over-identified (i.e., k > p).

(iii) Kleibergen’s LM test is asymptotically efficient in a GMM sense under strong I'V’s because
it is asymptotically equivalent under n~='/2 local alternatives to ¢ and/or Wald tests based on

asymptotically efficient GMM estimators, e.g., see Newey and West (1987b).

We now provide a brief description of how we obtain the asymptotic distribution of the projec-
tion matrix onto O, Y 213“, which appears in the LM statistic, using the conditions in Fy. Projection
matrices are invariant to multiplication by scalars, such as n'/2, and post-multiplication by nonsin-
gular p X p matrices. We use this invariance when normalizing Qn Y 213” to obtain a nondegenerate
limit of the projection matrix under a sequence of distributions {F;,, € Fy : n > 1}. The appropriate
normalization depends on the identification strength under {F}, : n > 1}. For sequences of distribu-
tions where all parameters are strongly identified, such as distributions in Fg,, no normalization is
needed and ﬁ; Y 213,1 converges in probability to a nonstochastic matrix that has full column rank
.

For sequences of distributions that are weakly identified in the standard sense (i.e., for which all
parameters are weakly identified), such as suitable sequences of distributions in Fyg, the expected
Jacobian Ep, G; is O(n~?), we normalize 0. '%D, by n'/2, the vector vec(nl/zﬁglmf)n) has an
asymptotic normal distribution with possibly nonzero mean, and we obtain the desired a.s. full
column rank property of the asymptotic version of nt/ 2@; 1 ZlA?n using the A\p_;(+) condition in Fog

for j = 0.
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Sequences of distributions {£}, : n > 1} that are weakly identified in the nonstandard sense are

noticeably more complicated to analyze. For such sequences, we multiply ﬁ; 1 Zﬁn by n!/2 and
1/2@;1/2

~

post-multiply n D,, by a nonstochastic nonsingular p X p matrix that rotates its columns and
then differentially downweights (by suitable functions of n) the ¢ rotated columns that are strongly
or semi-strongly identified for g € {1, ..., p}, as determined by the magnitude of the singular values
{7jFr, 1 j < p} of Q;i/ °’E £, G for n > 1. This eliminates the otherwise explosive behavior of these
columns. Such sequences of distributions come from U?ZO‘TO]" For such sequences, the asymptotic
version of the normalized (), 1 ?D,, matrix has full column rank a.s. because, for all j < ¢, (i) the
first j nonstochastic (rotated) columns have full column rank by the choice of rotation and (ii) the
expected outer-product matrix of every linear combination of the remaining p — j asymptotically

—-1/2
CJ/F,kijF / GiBrp-j§

normal (rotated) rows and columns, i.e., U , satisfies the A\,_;(-) lower bound

condition in F;.

5 Kleibergen’s CLR Test with Jacobian-Variance Weighting

In this section, we consider Kleibergen’s (2005, Sec. 5.1) nonlinear CLR test that employs the
Jacobian-variance weighting. This test utilizes a rank statistic, rky,(6), that is suitable for testing
the hypothesis rank[ErG;] < p — 1 against rank[ErG;] = p. For example, the rank statistics
of Cragg and Donald (1996, 1997), Robin and Smith (2000), and Kleibergen and Paap (2006)
have been suggested for this purpose. Given rk,(f) and any p > 1, Kleibergen (2005) defines the

nonlinear CLR test statistic as

CLR,(6) = % (ARn(Q) — ke (0) + /(AR (0) — 1k (0))% + ALM,(6) - rkn(9)> . (5.1)

This definition mimics the definition of the likelihood ratio (LR) statistic in the homoskedastic
normal linear IV regression model with fixed regressors when p = 1, see Moreira (2003, eqn. (3)).
However, it differs from the LR statistic in the latter model when p > 2. Smith (2007), Newey and
Windmeijer (2009), and Guggenberger, Ramalho, and Smith (2012) consider GEL versions of the
CLR statistic in (5.1]).

The critical value of the CLR test is ¢(1 — «, rky(0)), where ¢(1 — a, ) is the 1 — o quantile of
the distribution of

1
cr(r) := 3 <X;20 + X%_p —r 4 \/(X% + Xi—p —r)2 4 4)&,7") (5.2)

for 0 < r < oo and the chi-square random variables X;% and X%_p in 1) are independent. The
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CLR test rejects the null hypothesis Hy : 0 = 0 if CLR,,(00) > ¢(1 — «, rky,(60)).

Kleibergen (2005, p. 1114) recommends using a rank statistic that is a function of D, (0) and
a consistent estimator of the covariance matrix of the asymptotic distribution of vec(ﬁn (0)) (after
suitable normalization), denoted Vp,(f) € RFP*kP_ (Also, see (37) of Kleibergen (2007).) In the
i.i.d. case considered here, Vp,(6) is defined by

Von(0) := n~! Z vec(G Gn(0))vec(Gi(0) — Gn(8)) — T (0)Q;, 1 (0)L,(0)', where
=1
T (6) := (rm(e)’, (0)") € RPVXE. (5.3)

The Jacobian-variance weighted version of ﬁn(ﬁ) upon which the rank statistic depends is

P
D (0) := veey (VD;/ (0)vec(D Z M1jn 0),...,ijn(0)f7 n(0)), where
7j=1

My, (0) --- ]\N/flpn(e)
M, (0) = D =V 20) e R and Mg, (0) € REF for 4,0 < p.

(5.4)

The function vec,;;)(-) is the inverse of the vec() function for k x p matrices Similarly, Smith’s
(2007) nonlinear CLR test relies on a rank statistic that is a function of 52(9) We refer to lA);[b(G)
as the Jacobian-variance-weighted orthogonalized sample Jacobian.

For example, Kleibergen’s (2005, 2007) rank statistic based on the Robin and Smith (2000)
statistic is

rkn(0) = Amin(n(D}(0))' D} (6))- (5:5)

The asymptotic null distribution of n'/ Qﬁ;ﬂT;{ is given in the following theorem Here T;{ is a
nonstochastic p X p matrix that rotates 13;2 by an orthogonal matrix and then rescales the resulting
columns so that nY/2DJ T} has a non-degenerate asymptotic distribution. We let {\,, : n > 1}
index a sequence of distributions {F}, : n > 1} that has certain properties, including convergence of

fi gi

Ep,G; and Varpg, , where f" := , (5.6)
vech(f*f¥) vec(G; — Ep, G;)

29Thus, the domain of vec,;;(-) consists of kp-vectors and its range consists of k X p matrices.
30 As mentioned above, for notational simplicity, we often drop the dependence on o for statistics that are computed
under the null hypothesis value @ = 6p. Thus, D], and T}l denote D}, (6o) and T}} (o), respectively.
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and convergence (possibly to infinity) of certain functions of n'/2Ep, G;. In , vech(-) denotes
the half vectorization operator that vectorizes the elements in the columns of a symmetric matrix
that are on and below the main diagonal. We define 7, 1 and {Ann 1 n > 1} precisely in Section
in the Supplemental Material, see and , rather than here. The reason is that it
takes several pages to define these quantities precisely, and the exact form of these quantities is
not important. What is important is the general form of the asymptotic distribution of n!/ QELTTTL,
which can be specified without these definitions.

The following theorem is a key ingredient in determining the asymptotic size of Kleibergen’s
CLR test with Jacobian-variance weighting when p > 2. For this CLR test based on the Robin and
Smith (2000) rank statistic (defined in ([5.5))), the asymptotic size is determined and a formula for
it is stated in Section [18|in the Supplemental Material. The formula for asymptotic size is given
by the supremum of the asymptotic null rejection probabilities over sequences of distributions
with different identification strengths. For some sequences, the asymptotic versions of the sample
moments and the (suitably normalized) Jacobian-variance weighted orthogonalized sample Jacobian
are independent, and the asymptotic null rejection probabilities are necessarily equal to the nominal
size a.

However, when p > 2, for some sequences, these asymptotic quantities are not necessarily
independent, and the asymptotic null rejection probabilities are not necessarily equal to the nominal
size a.. (The problematic sequences of distributions are of the nonstandard weak identification type,
which requires p > 2.) The asymptotic null rejection probabilities could be larger or smaller than
a (or both) depending on the model. If they are larger (or larger and smaller), the test does not
have correct asymptotic size and is not asymptotically similar. If they are smaller, the test has
correct asymptotic size, but is not asymptotically similar. The outcome that obtains depends on
the specific model and moment conditions. Hence, when p > 2, we cannot say that, under general
conditions, the Jacobian-variance weighted CLR test has correct asymptotic size.

Although the asymptotic size formula for the Jacobian-variance weighted CLR test is an im-
portant result of this paper, it is stated in the Supplemental Material because the notation and
definitions needed to state it are extremely lengthy. Instead, we state the following result here,
which shows why we cannot show that this CLR test necessarily has correct asymptotic size when

p =2

Theorem 5.1 Under the null hypothesis Hy : 0 = 6y and under all sequences {\, 5 : n > 1} with
An.h € Axcrr VY > 1 (as defined in Section in the Supplemental Material), n'/?(g,, lA);rLT;{) —d
(yh,Z}Lﬁ—ML), where (gh,ZL, M];L) has a multivariate normal distribution whose mean and variance

matriz depend on lim Varg, ((fi,vech (fff")')") and on the limits of certain functions of Ep,G;
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and g;, and ZL are independent.

Comments: (i) The quantities g, Z}:, and MIL, which appear in Theorem are complicated
nonrandom linear functions of a mean zero multivariate normal random vector L; whose variance
matrix equals the limit of the variance that appears in (5.6). These linear functions are given
explicitly in , , and in Section [18|in the Supplemental Material.

(ii) When trying to show that Kleibergen’s (2005, 2007) and Smith’s (2007) CLR tests have cor-
rect asymptotic size, one needs the conditional asymptotic distributions of the LM statistic and the
statistic J,(0p) := AR, (0g) — LM, (0y) given the asymptotic rank statistic, which is a nonrandom
function of ZIL —i—Mz, to be xg and Xzfp distributions, respectively The asymptotic distributions
of LM, (0p) and J,(0p) are quadratic forms in g, with random idempotent weight matrices that
depend on ZL + M;rl If ML = 0P ass., then conditional on ZL, these asymptotic distributions
are X]% and Xz_p distributions, as desired, because g; and ZL are independent. Alternatively, if
(ML,ZIZ) is independent of gj,, one obtains the desired conditional asymptotic distributions given
(ML,ZL). However, when M}; £ 0F*P with positive probability, one typically does not get the
desired conditional asymptotic distributions, because ML and gj, typically are correlated in this
case.

(iii) In some scenarios, ML = 0%*P a.s. This always occurs if p = 1 If p > 2, it occurs if
Er, G; — 0F*P_ which covers the cases where all of the parameters are weakly identified in the
standard sense or semi-strongly identified. If p > 2, it also occurs if the smallest singular value of
nl/ 2Er, G; diverges to infinity, which covers the case where all of the parameters are strongly or
semi-strongly identified.

In addition, (HIL,Z;FL) is independent of gy, if g; and ff}’ are uncorrelated (for all F' in the
parameter space of interest), which holds in some special cases. For example, in a homoskedastic
linear IV model with p rhs endogenous variables and fixed IV’s, it holds if (i) the reduced-form
equation error vector Va; is of the form Va; = Kju; + K€, where u; is the structural equation error,
K is some constant p vector, Ky is some constant p X p matrix, and &; is some mean zero random
p vector, (ii) u; is independent of &;, and (iii) u; is symmetrically distributed about zero with three
moments finite. These conditions hold if (u;, V3;)" has a multivariate normal distribution, but fail
for most joint distributions of (u;, Vy;)’ ﬁlﬂ

31Gee the proof of Theorem for details. ‘

32The proof of this is given in Comment (ii) to Theorem @ in the Supplemental Material.

33The correlation between g; and f; f' is zero in this case by the following: y1; = Ya;0 + wi, Yo; = Zim + Vas,
9i = Ziui, Gi = —Z; Yo, and fi = (ui, —Vg'i)' ® Z;. In consequence, the product of any element of g; and any element
of fi*fi*’ is of the form of a constant times Z;sZ;+Z;¢ times a linear combination (with constant coefficients) of u?,
uiEfj7 i&; ;€ m» and uf{ij for some s,t,¢,j,m > 1, where Z;s and §;; denote the sth element of Z; and the jth element
of £, respectively. The expectations of these terms are all zero under conditions (i)-(iii).

34n addition, lack of correlation between g; and f; fi’ typically does not hold if the IV’s are random and independent
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Typically, Mz is non-zero (with positive probability) and correlated with g, whenever some
parameters are strongly identified and others are weakly identified in either the standard sense or
in a jointly weakly-identified sense. In consequence, in general, when p > 2, one cannot verify
that Kleibergen’s (2005, 2007) and Smith’s (2007) CLR tests have correct asymptotic size using
the standard proof. Depending upon the particular sequence of distributions considered and the
particular moment functions considered, the correlation between g, and Z}; + ML could increase
or decrease the asymptotic null rejection probability from the nominal probability a.

(iv) Numerical simulations of a linear IV model (with p = 2, one parameter strongly identified,
one parameter weakly identified, and a particular distribution of the errors) corroborate the finding
that ML and g, can be correlated asymptotically, see Section in the Supplemental Material
for details. In the model considered, the simulated asymptotic null rejection probabilities are found
to be in [4.95, 5.01], which are very close to the test’s nominal size of 5.00. Whether this occurs for
a wide range of error distributions and for other moment condition models is an open question. It
appears that this question needs to be answered on a case by case basis.

(v) If the random weight matrix ‘75;/ 2(0) is replaced in the definition of ﬁL(@) by the non-

random quantity that it is estimating, call it VDj/ 2

(0), then the asymptotic distribution of the
quantities in Theorem is given by @h,x;&), where g, and ZIL are independent. Thus, the ap-
pearance of MIL in Theorem |5.1|is due to the estimation of the weight matrix. If VD;}/ 2 (0) is known
(which almost never occurs in practice) and is used to define ﬁ;ﬂ(&), then the Kleibergen (2005,
2007) and Smith (2007) CLR tests can be shown to have correct asymptotic size even when p > 2.

(vi) The reason that the estimator Vgi/ * affects the limit distribution of n'/2D} T} is because
it weights the columns of ﬁn differently. If one bases the rank statistic on Wnﬁn, where Wn
(= Wn(Qo)) is some random k x k matrix that converges in probability to a nonsingular matrix,
then the nondegenerate asymptotic distribution of Wn (after suitable normalization) does not affect
the asymptotic distribution of Wnﬁn, only the plim of Wn does (and the corresponding CLR test
has correct asymptotic size). The proof is given in Section in the Supplemental Material.

(vii) In Section in the Supplemental Material, we provide an example that illustrates the
results of Theorem [5.1| and Comments (iv) and (v) to Theorem

(viii) Given the result of Theorem [5.1] we do not recommend using a rank statistic that depends
on an estimator of the asymptotic variance matrix of vec(Dy,(8)) (after suitable normalization) when
p > 2.

(ix) The CLR test with Jacobian-variance weighting (in the rank statistic) is asymptotically

efficient in a GMM sense under strong IV’s provided 7k, (#) —, co under strong IV’s, which is the

of (u;, V3;)'. This is a consequence of the definition of ErG; being different between the fixed and random IV cases.
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case for all of the rank tests considered in the literature]

As indicated in Comment (iii) to Theorem when p = 1, M;FL = 05*P a.s. In consequence,
Kleibergen’s (2005) CLR test has correct asymptotic size when p = 1 for a suitable parameter space
of distributions F' and a suitable rank statistic, such as that in (5.5)). We consider the parameter
space

Frvwp=1 = {F € F : \nin(¥$' — EpG,ErpGY) > 63} (5.7)

for some 03 > 0. For the corresponding CS, we consider the parameter space Fo jvwp=1 =
{(F,00) : F € Frywp=1(60),00 € ©}, where F ywp=1(0o) denotes the set F ywp=1 defined in
(5.7) with its dependence on 6y made explicit.

We have Fyywyp—1 C Foo (C Fo) when 63 = 62 (by and condition (iv) in (3.9)), where
Foo = Foj with j = 0 (for Fy; defined in ) and Fy is the parameter space for which the moment-
variance weighted CLR test has correct asymptotic size, see Theorem below. When p = 1,
Fo = FooUFp1 and the set Fy; places no restrictions on the variance matrix or outer-product matrix
of the orthogonalized sample Jacobian (i.e., ¥1r(§)). The parameter space Fjywp=1 cannot be
enlarged to include a set like Fp1, because the condition on the variance matrix of the orthogonalized
sample Jacobian \Iigl — ErG,ErG) in Fjywp=1 is needed to obtain the nonsingularity of the
probability limit of the weight matrix Von.

When p = 1, the Robin and Smith (2000) rank statistic given in (with € = 6p), which is
based on Kleibergen’s (2005, 2007) recommended Jacobian-variance weight matrix 175;/ 2, reduces
to

rky, = nﬁn'f/&if)n (5.8)

Theorem 5.2 Suppose p = 1. The asymptotic size of the CLR test with Jacobian-variance weight-
ing, defined by , , and , equals its nominal size o € (0,1) for the parameter space
Frvwp=1. Furthermore, this CLR test is asymptotically similar (in a uniform sense) for this pa-
rameter space. Analogous results hold for the CLR CS with Jacobian-variance weighting for the

parameter space Fo jvw,p=1-

Comment: Correct asymptotic size holds for Kleibergen’s CLR test with Jacobian-variance
weighting when p = 1 because D,, has only one column in this case, so it is impossible to have

unequal column weights.

35This holds because all CLR tests of the form in and are asymptotically equivalent to the LM test in
under the null and n~'/2 local alternatives under strong IV’s, by and @ in the proof of Theorem
in Section in the Appendix, and, as noted above, the LM test is asymptotically efficient in a GMM sense
under strong IV’s. Note that, by definition in , the LM statistic uses moment-variance weighting of D, (9) in its
projection matrix.
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6 Kleibergen’s CLR Test with Moment-Variance Weighting

Newey and Windmeijer (2009) and Guggenberger, Ramalho, and Smith (2012) consider a version
of Kleibergen’s (2005) CLR test that uses a rank statistic that depends on

Q,'/2(0)Dn(9), (6.1)

n

~

rather than ﬁ;(&) We refer to 651/2(9)Dn(9) as the moment-variance-weighted orthogonalized
sample Jacobian. This choice gives equal weight to each of the columns of ﬁn In this section, we
show that this choice combined with the Robin and Smith (2000) rank statistic yields a nonlinear
CLR test that has correct asymptotic size for the parameter space Fy. In this case, the rank statistic
is

~

Tk (0) := Amin(nDy (0)' 1 (0) Dy (6)). (6.2)

Theorem 6.1 The asymptotic size of the CLR test with moment-variance weighting, defined by
, , and , equals its nominal size o € (0,1) for the parameter space Fy (defined in
(13.7)). Furthermore, this CLR test is asymptotically similar (in a uniform sense) for this parameter
space. Analogous results hold for the CLR CS with moment-variance weighting for the parameter

space Fop, defined in (3.14])).

Comments: (i) Neither Newey and Windmeijer (2009) nor Guggenberger, Ramalho, and Smith
(2012) provide an asymptotic size result like that in Theorem |6.1] Guggenberger, Ramalho, and
Smith (2012) provide asymptotic null rejection probabilities only under Stock and Wright’s (2000)
Assumption C, plus a high-level condition that involves the asymptotic behavior of the rank sta-
tistic. Verifying this high-level assumption under parameter sequences that satisfy Assumption C
turns out to be very challenging. We do so in this paper, also see Comment (ii). But note that the
proof of Theorem [6.1], given in Section[I0]in the Appendix, involves much more than this. It is com-
plicated because it needs to consider a broad array of different types of identification ranging from
standard weak identification, to joint weak identification, to semi-strong and strong identification.

(ii) The proof of Theorem actually allows for the use of any rank statistic that satisfies an
assumption called Assumption R, which is stated in Section not just the rank statistic rk, () in
. Assumption R is verified using Theorem below for the rank statistic in . With some
changes, Assumption R can be verified using Theorem when the rank statistic is of an “equally-
weighted” Robin-Smith form, but with a different weight matrix than in . That is, Assumption
R can be verified when rk, () is as in but with 651/2(9)13”(9) replaced by W, (6)D,,(6) for
some k x k weight matrix W, (0) that is positive definite (pd) asymptotically. (This is what we
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mean by equally-weighted.) This is done in Section in the Supplemental Material. In contrast,
by Theorem [5.1] when p > 2, Assumption R typically does not hold for any rank statistic that
depends on the Jacobian-variance weighted statistic EIL(G)

(iii) The CLR test considered in Theorem is asymptotically efficient in a GMM sense under
strong IV’s provided 7k, () —, oo under strong IV’s, see Comment (iii) to Theorem for more
details.

(iv) Assumption R likely holds for the Cragg and Donald (1996, 1997) and Kleibergen and Paap
(2006) rank statistics when they are based on an equally-weighted function of ]_/5”(9) However,

showing this is not easy. We do not do so here.

Although the rank statistic in yields a test with correct asymptotic size, it has some
drawbacks. The use of the pre-multiplication weight matrix Qn Y 2(9) and no post-multiplication
weight matrix for ﬁn(é) is arbitrary. The choice of these weight matrices is important for power
purposes because it is a major determinant of the magnitude of 7k, (6) and the latter enters both
the test statistic and the data-dependent critical value function. We show in Section 14 in the
Supplemental Material to AG2 that the rank statistic in does not reduce to the rank statistic
in Moreira’s (2003) CLR test in the homoskedastic normal linear IV regression model with fixed
regressors even when p = 1. Specifically, the rk, () statistic in differs asymptotically from the
rank statistic in Moreira’s CLR test by a scale factor that can range between 0 and oo depending
on the scenario considered. This is undesirable because Moreira’s CLR test has been shown to have
some approximate optimal power properties in the aforementioned model when p = 1.

In addition, the CLR test with moment-variance weighting, which is considered in this section,
has correct asymptotic size for the parameter space Fy, but not necessarily for the larger parameter
space F.

These disadvantages motivate interest in the SR-CQLR; and SR-CQLRj tests considered in
AG2.

7 Time Series Observations

In this section, we generalize the results of Theorems and [6.1] from i.i.d. observations to
strictly stationary strong mixing observations. In the time series case, F' denotes the distribution
of the stationary infinite sequence {W; : i = ...,0,1, }ﬂ Let a; be a random vector that depends

on W, such as vec(G;) or C%7k_j9;1/2GiBF7p_j§. In the time series case, we define Qp and \Il‘fp’

36 Asymptotics under drifting sequences of true distributions {F, : n > 1} are used to establish the correct as-
ymptotic size of the LM and CLR tests. Under such sequences, the observations form a triangular array of row-wise
strictly stationary observations.
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differently from their definitions in (3.2)) for the i.i.d. case. For the time series case, we define X%,

'Y, Qp, and U% as followsﬂ

0o o0
E(Ilf = Z Er(a; — Era;)(ai—m — EFCLi—m)/v F?«“i = Z EFaig;—m’
m=—00 m=—0o0
oo
Qpi= Y Erpgigh . and U§ = 0f - THORT. (1)
m=—o00

Note that ¥% = lim VarF(n_1/2 Yoiq(ai — F%Q}lgi))
The time series analogue Frg of the space of distributions F, defined in (3.1)), is

Frs = {F :{W;:i=..,0,1,...} are stationary and strong mixing under F' with
strong mixing numbers {ar(m) : m > 1} that satisfy ap(m) < Cm™,

Ergi = 0%, Ep||(gl,vec(G)") || < M, and Apin(Qr) > 6} (7.2)

for some 7,6 > 0, d > (2+7)/v, and C, M < oo, where Qp is defined in (7.1).

We define the time series parameter spaces of distributions Frg o and {Frg; : 0 < j < p}as Fo
and {Fp; : 0 < j < p} are defined in , but with Frg in place of F, with U} defined as in ,
and with the definitions of (715, ..., 7pr), Br, and CF in — employing the definition of Qg in
. We define the time series parameter space of distributions Frg jvw,p=1 as Fjvwp=1 is defined
in , but with Fprg in place of F, with \IfgZ defined as in , and with ErG,;ErG; deleted
(because ‘Ifg’ = Zgi —I’%Q;lfgi/ and Zg" is defined to be Ep(G;— ErG;)(G;— ErG;)" in the time
series case, rather than ErG;GY). That is, Frg jvwp=1 = {F € Frg : )\min(\lf%) > d3} for some
d3 > 0. For CS’s, we use the parameter spaces Fo s := {(F,0p) : F' € Frgo(o),0p € O} and
Fo,rs,vwp=1 = {(F,0) : F € Frsjvwp=1(00),00 € O}, where Frgo(6o) and Frs jvwp—1(6o)
denote Frgo and Frs jvw,p=1 with their dependence on 6y made explicit.

The sufficient conditions for the A\,_;(-) condition in Fo; provided in and also hold
in the time series setting with U3 and X% defined as in (7.1).

3"Note that the definition of Y% in differs from its definition in in two ways. First, there are the lag
m # 0 terms. Second, there is the re-centering of a; by its mean Era;. Re-centering is needed in the time series
context to ensure that X% is a convergent sum. In the i.i.d. case, we avoid re-centering because without it the
restriction in Fo, defined in , is weaker.

38 This follows by calculations analogous to those in and in the proof of Theorem below.

31



Now, we define the LM and CLR test statistics in the time series context. To do so, we let

n

Ve :=limVarg n~1/2 Ji
im1 \ vec(Gi)
0o /
- Y Br gi Jizm . (7.3)
m=—o0 ’UGC(GZ' — EFGz) vec(Gi_m — EFGi_m)

The second equality holds for all F' € Fpg (as shown in the proof of Lemma in Section [19|in
the Supplemental Material).

The test statistics depend on an estimator YA/n(Ho) of Vp. This estimator is (typically) a het-
eroskedasticity and autocorrelation consistent (HAC) variance estimator based on the observations
{fi — fn : i < n}, where f; := (g;,vec(G;)') and Fa(0) = (G, ,vec(Gy)'). There are a number of
HAC estimators available in the literature, e.g., see Newey and West (1987a) and Andrews (1991).
The asymptotic size and similarity properties of the tests are the same for any consistent HAC
estimator. Hence, for generality, we do not specify a particular estimator YA/H(OO). Rather, we state
results that hold for any estimator 17”(00) that satisfies the following consistency condition when

the null value 6 is the true value.

Assumption V: V,(6p) — Vi, —, 0TDEX@+DE under {F, : n > 1} for any sequence {F,, € Frg :

n > 1} for which Vi, — V for some pd matrix V.

We write the (p + 1)k X (p 4+ 1)k matrix V,(6) in terms of its k X k submatrices:

[ 8.00) T1(0) Ton(0) |
‘771(9): Fln(e) VG11.TL(9) Vépl.n(e) (74)
| Ton®) Vopun(®) - Vayn(0) |

Under Assumption V, ﬁn(eo) —p QF under F' and fn(Qo) — (fln(,go)/’ ‘_.7fpn(90)/)/ —p P;ec(Gi)

under F.

In the time series case, for the LM test, the CLR test with moment-variance weighting, and
when p = 1 the CLR test with Jacobian-variance weighting, the definitions of the statistics g, (),
Gn(0), AR, (0), LM, (0), Dy(0), CLR,(6), and rky,(6) are the same as in —, but with Q, (6)
and fjn(ﬂ) for j = 1,...,p defined as in Assumption V and rather than as in Sections {4| and
In addition, when p = 1, for the CLR test with Jacobian-variance weighting, in the definition of
Vbn in , the matrix n=1 Y1 | vec(G;(0) — G (0))vec(G(0) — G () is replaced by the lower
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right pk x pk submatrix of V,,(8) in (7.4) (and €,,(6) and T';,(6) for j = 1,...,p are defined as in
(7.4)). With these changes, the critical values for the time series case are defined in the same way

as in the i.i.d. case.

For the time series case, the asymptotic size and similarity results for the tests described above

are as follows.

Theorem 7.1 Suppose the LM test, the CLR test with moment-variance weighting, and when
p =1 the CLR test with Jacobian-variance weighting are defined as in this section, the parameter
space for F' is Frgo for the first two tests and Frs jvwp=1 for the third test, and Assumption
V holds. Then, these tests have asymptotic sizes equal to their nominal size o € (0,1) and are
asymptotically similar (in a uniform sense). Analogous results hold for the corresponding CS’s for

the parameter spaces Fo rs0 and Fo rs,jvwp=1-
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Appendix

This Appendix provides proofs of some of the results stated in the paper and shows that
the eigenvalue condition in Fy is not redundant. For brevity, other proofs are provided in the
Supplemental Material to this paper given in Andrews and Guggenberger (2014b). Section [§] in
this Appendix states some basic results that are used in all of the proofs. For brevity, these results
are proved in Sections in the Supplemental Material. These results also are used in Andrews
and Guggenberger (2014a) and should be useful for establishing the asymptotic sizes of other tests
for moment condition models when strong identification is not assumed. Given the results in Section
Section [9] proves Theorem Section [10] proves Theorem [6.1] and Section [11] proves Theorem
Theorem [5.1]is proved in Section [I8]in the Supplemental Material. Section [12] shows that the
eigenvalue condition in Fy, defined in (3.7)), is not redundant in Theorems and

For notational simplicity, throughout the Appendix, we often suppress the argument 6y for

various quantities that depend on the null value 6.

8 Basic Framework and Results for the Proofs

8.1 Uniformity

The proofs of Theorems and use Corollary 2.1(c) in Andrews, Cheng, and Guggen-
berger (2009) (ACG). The latter result provides general sufficient conditions for the correct asymp-
totic size and (uniform) asymptotic similarity of a sequence of tests.

We now state Corollary 2.1(c) of ACG. Let {¢,, : n > 1} be a sequence of tests of some null
hypothesis whose null distributions are indexed by a parameter A with parameter space A. Let
RP,()\) denote the null rejection probability of ¢,, under \. For a finite nonnegative integer J, let
{hn(A) = (h1n(N), ... hyn(N)) € R :n > 1} be a sequence of functions on A. Define

= {h € (RU{£o0})’ : hy, (Aw,) — h for some subsequence {w,}

of {n} and some sequence {\,, € A:n > 1}}. (8.1)

Assumption B*: For any subsequence {w,, } of {n} and any sequence {\,, € A : n > 1} for which
huw, (Aw, ) — h € H, RP,, (A, ) — « for some « € (0,1).

Proposition 8.1 (ACG, Corollary 2.1(c)) Under Assumption B*, the tests {¢,, : n > 1} have

asymptotic size o and are asymptotically similar (in a uniform sense). That is, AsySz := limsup
n—oo
supyep RP,(A) = a and liminfinfycp RP,(\) = limsup supycp RP, ().
n—oo

n—oo
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Comments: (i) By Comment 4 to Theorem 2.1 of ACG, Propositionprovides asymptotic size
and similarity results for nominal 1 —a CS’s, rather than tests, by defining A as one would for a test,
but having it depend also on the parameter that is restricted by the null hypothesis, by enlarging
the parameter space A correspondingly (so it includes all possible values of the parameter that is
restricted by the null hypothesis), and by replacing (i) ¢,, by a CS based on a sample of size n,
(ii) a by 1 — e, (iii) RP, () by CP,(\), where CP,(\) denotes the coverage probability of the CS
under A when the sample size is n, and (iv) the first liTILn_)Solip sup,ca that appears by linnl}igéf infyen .
In the present case, where the null hypotheses are of the form Hgy : 8 = 0y for 6 € O, for CS’s, 6y
is taken to be a subvector of A and A is specified so that the value of this subvector ranges over O.

(ii) In the application of Proposition to prove Theorems and one takes A to be a
one-to-one transformation of Fy for tests, and one takes A to be a one-to-one transformation of
Fo,0 for CS’s. With these changes, the proofs for tests and CS’s are the same. In consequence, we
provide explicit proofs for tests only and obtain the proofs for CS’s by analogous applications of
Proposition In the application of Proposition to prove Theorem the same is done but
with Fjywp—1 in place of Fo.

(iii) We prove the test results in Theorems and [6.1] using Proposition [8.1| by verifying
Assumption B* for suitable choices of A and h, ().

8.2 Random Weight Matrices Wn and fJ'n

We prove results for statistics that depend on random weight matrices /Wn € RF** and ﬁn €
RP*P, In particular, we consider statistics of the form Wnﬁnﬁn and functions of this statistic, where

ﬁn is defined in 1) The definitions of the random weight matrices Wn and ﬁn depend upon the

statistic that is of interest. They are taken to be of the form

—

W, == W1 (Way) € R¥* and U, := Uy (Uan) € RP*P, (8.2)

where Wzn and ﬁ?n are random finite-dimensional quantities, such as matrices, and Wi (-) and U (+)
are nonrandom functions that are assumed below to be continuous on certain sets. The estimators
Wgn and ﬁgn have corresponding population quantities Wor and Usp, respectively. For examples,
see Examples 1-3 immediately below. Thus, the population quantities corresponding to /Wn and

U, are

WF — WI(W2F) and UF = UI(U2F)7 (83)

respectively.

Example 1: With Kleibergen’s (2005) LM test and the CLR test with moment-variance weighting,
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which are considered in Sections [f] and [6] respectively, we take

—

W, = QY2 and U, = I, (8.4)

In this case, the functions Wi (-) and Uj(-) are the identity functions, and the corresponding popu-

lation quantities are Wrp = Wop = Q;l/z, where Qp := Erg,g., see 1} and Up = Usp = I.

Example 2: For a CLR test based on an equally-weighted statistic other than f\lﬁ 1/ Qﬁn, such as
Wnﬁn, as in Comment (ii) to Theorem one defines a pd matrix W, as desired and one takes

—

W, = W, and U, = Up = Upp = I,.

Example 3: With Kleibergen’s (2005) CLR test with Jacobian-variance weighting and p = 1,
which is considered in Section [} we determine the asymptotic distribution of the rank statistic
in by taking W, = 17571/2 and U, = I,. In this case, the functions Wi(-) and Ui(-) are as
in Example 1, and the corresponding population quantities are Wrp = Wap = (Varg(vec(G;)) —
roel@igiprel@on-12 — (g2l _ gL EpGl) Y2, and Up = Uyp = I,,. For this test, we need
the asymptotic distribution of the LM statistic. In consequence, for this test, we also establish

some asymptotic results with Wn and (/,\fn defined as in Example 1.

Examples 4 & 5: The results of this section are used in AG2 when the asymptotic sizes of two
new SR-CQLR tests are determined. For the SR-CQLR tests, W, = On /2 and it is convenient to
take Wi(-) = (-)~%/2 and Wapn = Qn, and the matrix U, is a nonlinear transformation Ui(-) of a
matrix estimator, which is different for the two tests. For brevity, we do not define the nonlinear

transformation or the two matrix estimators here.

We provide results for distributions F' in the following set of null distributions:
Fwu =A{F € F : Anin(WF) > dwu, Amin(Ur) > dwu, |[Wr|| < Mwy, and ||Ur|| < Mwy} (8.5)

for some constants oy > 0 and My < oo, where F is defined in (3.1)). The set Fyyy N Fp is
used to establish results for Kleibergen’s LM and the CLR test with moment-variance weighting,
considered in Section [6] using the fact that Fy = Fyy N Fo for dwy > 0 sufficiently small and
Mwy < oo sufficiently large. This holds because for all F' € Fy, Apin(Wr) = )\min(Q;U 2) =
Amll (p) > [|Qp]|7Y2 > M, for some M, < oo (because ||Qp|| = ||Epgigll| < M, for some
M, < oo by the moment conditions in F), ||Wr|| = ||Q;1/2|| < )\r;ilf(QF) < 6712 (using the

Amin(EFrgig;) > § condition in F), where § > 0, Amin(Ur) = Amin(Ip) = 1, and ||Urp|| = ||Ip|| = p.
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8.3 Reparametrization

To apply Proposition [8.1] we reparametrize the null distribution F' to a vector A. The vector A
is chosen such that for a subvector of A convergence of a drifting subsequence of the subvector (after
suitable renormalization) yields convergence in distribution of the test statistic and convergence in
distribution of the critical value in the case of the CLR tests.

To be consistent with the use of general weight matrices Wn and Un in this section, we provide
more general definitions of 7;r, Br, and Cr here than are given in Section These general
definitions reduce to the definitions given in Section |3 when Wr = Q;l/ 2 and U r=1Ip.

The vector A depends on the following quantities. Let

Bp denote a p x p orthogonal matrix of eigenvectors of Up(ErG;)WpWg(ErG;)Ur (8.6)

ordered so that the corresponding eigenvalues (k1f, ..., KpF) are nonincreasing. The matrix B is

such that the columns of Wr(ErG;)UpBF are orthogonal. Let
CF denote a k x k orthogonal matrix of eigenvectors of WF(EFGI')UFU};(EFGZ')'W,';@ (8.7)
ordered so that the corresponding eigenvalues are (kip, ..., Kpr, 0, ...,0) € RF. Let
(T1F, ..., Tpr) denote the p singular values of Wr(ErG;)Up, (8.8)

which are nonnegative, ordered so that 7;p is nonincreasing. (Some of these singular values may
be zero.) As is well-known, the squares of the p singular values of a k x p matrix A with & > p

equal the p eigenvalues of A’A and the largest p eigenvalues of AA’. In consequence, Kjr = T?F for

i=1..p.

39The matrices Br and Cr are not uniquely defined. We let Br denote one choice of the matrix of eigenvectors of
Up(ErG;) WiWg(ErG;)Ur and analogously for Cr.
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Define the elements of \ to b2

M= (T1p, ..., Tpr) € RP,
)\2,F = Bp € Rpo,

kxk
>\3,F3: CreR x s

Ar = (EpGi, ..., EpGip) € RMP,

!/

Nopi=Ep| 7 gi € RIHDIX (D,
vec(Gy) vec(Gy)
A6, F = ()\6,1F7 o AG,(pfl)F)/ = (7—27}77 o i)' € Rpfl, where 0/0 := 0,
TIF Tp-1F
Arp = Wap,
Ag,r = Usp,
Ao, r := F, and
A= Ap = (ALr, o Ao F). (8.9)

The dimensions of Wsp and Uspr depend on the choices of Wn = Wl(Wgn) and ﬁn = Ul(ﬁgn). We
let A5 47 denote the upper left k x k submatrix of A5 g Thus, A5 g5 = Ergig; = Qp.

We consider the parameter space Ag for A, which corresponds to Fyyy N Fp, where Fyypy and
Fo are defined in and , respectively. The parameter space Ay and the function h,(\) are
defined by

Ao :={X: A= (Aip,..., Ao ) for some F' € Fyy N Fo} and

h(N) := (nY2A P, A2 Fy A3, F s A Fy A5, F, A6, Fy AT, Fs A F). (8.10)

By the definition of F, Ag indexes distributions that satisfy the null hypothesis Hg : 8 = 6y. The
dimension J of h,()) equals the number of elements in (A r,...,A\s ). Redundant elements in
(AL,F, ...y Ag ), such as the redundant off-diagonal elements of the symmetric matrix A5 r, are not
needed, but do not cause any problem. Note that two parameter spaces denoted by A; and Ao,
which are larger than Ag, are considered for the two SR-CQLR tests analyzed in AG2. (We also

use Ao in this paper, see (8.11)) below.)
We define A and h,(\) as in and (8.10) because, as shown below, the asymptotic dis-

OFor simplicity, when writing A = (A1,F, -, Ao, r), we allow the elements to be scalars, vectors, matrices, and
distributions and likewise in similar expressions.

Tf p = 1, no vector e r appears in A because A1 ¢ only contains a single element.

2The vector Ae,r is only used in the proofs for CLR tests. It could be deleted when considering only an LM test.
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tributions of the test statistics under a sequence {F, : n > 1} for which h,(Ar,) — h € H
depend on the behavior of limnl/Q)\l,Fn, as well as lim A\, g, for m = 2,...,8. For example, the
LM statistic in depends on Qn Y Zﬁn, or equivalently, on n'/ 20, Y ZﬁnB £, Sy (because pro-
jections are invariant to rescaling and rhs transformations by nonsingular matrices), where S, is
a pd diagonal matrix that is designed to make this quantity O,(1) and not op,(1). We show that
this quantity is asymptotically equivalent to nl/ ZQE/ 2l/iann.S’n. In turn, the latter quantity de-
pends on nl/QQ;im@ann = nl/zQ;jﬂ(CA;nBFn — FEr,G;Bp,) +n1/29;i/2EFnGiBFn. The quantity
vec(nl/QQ;ip(@nBFn — Er,G;Br,)) has a nondegenerate asymptotic normal distribution by the
central limit theorem (CLT'), using the behavior of lim A g, for s = 2,4, 5, the fact that Bp, is an or-
thogonal matrix, and the restriction in . Hence, the asymptotic behavior of vec(nl/ ZQE/ 2@nB )
depends on that of nl/QQ;iﬂEFn G;Bp,. Using the SVD of Q;imEFn G, the latter is shown below
to equal Ag,FnDiag{nlm)\LFn}, where Diag{nl/Q)\l,Fn} denotes the k X p matrix with nl/QAl,Fn on
the main diagonal and zeros elsewhere.

In Example 1 of Sectionapplied to the linear model , we have Wr = Q;l/ % and TjF is the
jth singular value of —Q,"2EpZ,Y), = Q5" *Ep 2,77, where Qp = EpulZiZ! for j = 1,...,p.
As is well known, if 7 is close to zero, weak instrument problems occur. But, as we show, matrices
7w that are close to being singular, without their columns being close to zero, also lead to weak
IV problems. This is captured in the present set-up by 7,r being close to zero in the sense that
1/2

limn*/*7,F, < oo. If this occurs, then weak identification problems arise.

For notational convenience,

{An,n :m > 1} denotes a sequence {\, € Ay : n > 1} for which h,(\,) — h € H, where

Ay := {A: A= (A1,F,..., Ag,p) for some F' € Fyy} (8.11)

and H is defined in (8.1)) with A replaced by Agﬁ By definition, Ag C Ay. We use the parameter
space Ao in many places in the paper, rather than Ag, for two reasons. First, this makes it clear
where the conditions specified in Fy (and Ag) are really needed. Second, some of the results
given here are used in AG2, which does not employ the smaller set Ag, but does use Ay. By the
definitions of Ay and Fwy, {A,h 1 n > 1} is a sequence of distributions that satisfies the null
hypothesis Hy : 6 = 0.

We decompose h (defined by , , and ) analogously to the decomposition of the
first eight components of A\: h = (hq, ..., hg), where A, p and h,, have the same dimensions for

m = 1,...,8. We further decompose the vector hy as hy = (hi1,...,h1p), where the elements of

3 Analogously, for any subsequence {wy : n > 1}, {Aw,.n : n > 1} denotes a sequence {\y,, € Az : n > 1} for
which hw, (Aw,) — h € H.
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hy could equal co. We decompose hg as he = (he.1, ..., he p—1)’. In addition, we let hs , denote the

upper left k& x k submatrix of hs. In consequence, under a sequence {\, p, : n > 1}, we have

n1/2Tan — h17j >0V <p, )‘m,Fn — hy, Vm = 2,...,8,

)\5191:" = QFn = EanZ-g; — h5,g, and )\6,an — hﬁ’j Vj = 1, ey P — 1. (8.12)

By the conditions in F, defined in (3.1, hs 4 is pd.
The smallest and largest singular values of Wr(ErG;)UF (i.e., Tpr and T1r) can be related to

those of ErG; (i.e., spr and sir) for F' € Fyy via
c18jr < 7jr < cosjp for j =1 and j = p for some constants 0 < ¢; < ¢z < 00 (8.13)

that do not depend on F. As shown below, the parameter 6 is strongly or semi-strongly identified
under {5 : n > 1} if limn'/27,5, = oo. In consequence of , this holds iff limn'/2s,p, =
00. The parameters are weakly identified in the standard sense if limn!/ 27‘j F, < oo Vj <por,
equivalently, if lim n'/27; F, < 0o, which holds by iff limn'/2s; F, < 0o. The parameters are

Y27 5 = oo and limn'/27,p, < 0o, which holds

weakly identified in the non-standard sense if limn
by (8.13) iff limn'/2s1p, = oo and limn!/2s,p, < oo.
The proof of (8.13)) is as follows. For notational simplicity, we drop the subscript F' in some of

the calculations. We have

Amin(U'EGIW' W EG;U)
= Bin (UMIUN[YEG;W'W EG{(UM|[UND - lUA*
< A:‘rﬁ& X NEGW'WEG\ - Aax(U'U)
= min (EGA/|EGAI)W'W(EGMIEGA) - [|BGAII - Mnax(U'U)
< Amax(W'W) Amin (EGEG;) Amax(U'U)

A

AAmin(EGLEG;), where

c2:= SUp Pmax(WhWE) Amax(UpUp)]Y? < o0 (8.14)

FeFwu
and the last inequality holds by the conditions in Fyy (defined in ) Because the smallest
eigenvalues of U'EGIW'W EG;U and EG,EG; equal the squares of the smallest singular values
of WEG;U and EG;, respectively, establishes the second inequality in for j = p.
Analogous calculations establish the lower bound in for 5 = p and the bounds for j = 1

by replacing min and < by max and >, respectively, in the appropriate places and taking ¢ :=
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inf pe 7y [Amin WeWE) Amin(UsUr)] /2 > 0.

8.4 Assumption WU

We assume that the random weight matrices W, = W, (/Wgn) and U,, = Uy (Usy,) defined in (8.2)
satisfy the following assumption that depends on a suitably chosen parameter space A, (C As),

such as Ag, Ag, or Aj.

Assumption WU for the parameter space A, C Aj: Under all subsequences {w,} and all
sequences {Ay, p :n > 1} with Ay, n € Ay,

(a) Waw, —p hy (:=1limWap, ),

(b) Usw, —p hs (:=lim Uy, ), and

(c) Wi(-) is a continuous function at h7 on some set W, that contains {\7 p (= Wap) : A =
(AL,F, -y Ao r) € Ay} and contains /Wgwn wp—1 and Uj(-) is a continuous function at hg on some

set Up that contains {Ag r (= Uzr) : A = (A1,F, ..., Ao r) € Ay} and contains ﬁgwn wp—1.

In Assumption WU and elsewhere below, “all sequences {\,,  : » > 1}” means “all sequences
{Aw,n i n > 1} for any h € H” and likewise with n in place of w,. Note that, by definition, a
sequence {Ay,, ; : n > 1} determines a sequence of distributions {F,, : n > 1}, see (8.9).

Assumption WU for the parameter space Ay is verified in Comment (ii) to Theorem m given
below for the CLR test with moment-variance weighting, which is considered in Section [6} It also
holds for Kleibergen’s LM test (for the same parameter space Ag) by the same argument (because

Won, Uan, Wi(+), and Uy (-) are the same for these two tests, see (8.4)).

8.5 Basic Results

For any square-integrable random vector a; and F, F,, € F, define
% = Varp(a; — (Epacg)Q5'g:) and @} := lim (PaFiun (8.15)

whenever the limit exists, where the distributions {F,, : n > 1} correspond to {A,, n : n > 1}
for any subsequence {wy, : n > 1}. Note that ®% = ¥% — Epa;Epa) (because U = Epb;b) for
b; =a; — (EFaggz)legi and Epg; = 0F).

A basic result that is used in the proofs of results for all of the tests considered in this paper

and AG2 is the following.
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Lemma 8.2 Under all sequences { A\, :n > 1},

I~ = kxpk
/2 9n S B O e I
A - ’ vec(G;)
vec(Dy, — Er, Gi) vec(Dp) orkxk - )

Under all subsequences {wy} and all sequences { Ay, p : n > 1}, the same result holds with n replaced
with wy,.

Comments: (i) The variance matrix @ZeC(Gi) depends on h only through hg and hs. The assump-
tions allow @ZeC(G")

(ii) Suppose one eliminates the Amin(Ergig;) > ¢ condition in F and one defines ﬁn in 1'

to be singular.

13

¢, which is constructed to have

with ﬁn replaced by an eigenvalue-adjusted matrix, denoted by Q
its smallest eigenvalue greater than or equal to € > 0 multiplied by its largest eigenvalue, see AG2
for the details of such a construction. In this case, the result of Lemma [8.2] still holds and all of
the other asymptotic results following from Lemma (8.2 still hold, except the independence of g,
and Dj. However, this independence is key because it is used in the conditioning argument that
establishes the correct asymptotic size of all of the tests that are shown to have correct asymptotic
size. Without it, these tests do not necessarily have correct asymptotic size. In consequence, we

define ZA)n in |D using ﬁn, not ﬁfl

The reason that independence does not necessarily hold when ﬁn is defined using Q¢

¢, rather

than Q,,, is that the covariance term Ep, [Gij — Er,Gij — (Er,Gejg)) (9% ) gilg, typically does not
equal 0" when Q5, # Qp,, whereas Ep, [Gi; — Ep,Gij — (EFnnggg)Q;ﬂjgi]gg necessarily equals
0%*%  see the proof of Lemma in Section |14} in the Supplementary Material for more details.

(iii) The proofs of Lemma and other results in this section are given in Sections in
the Supplemental Appendix.

The following is a key definition. Consider a sequence {A, p : n > 1}. Let ¢ = g5, (€ {0, ...,p})
be such that
hi; = oo for 1 < j < gqp and hy; < oo for g, +1 < j < p, (8.16)

where hyj := limn'/27;p, >0 for j = 1,...,p by and the distributions {F}, : n > 1} corre-
spond to {A, 5 : n > 1} defined in . Such a ¢ exists because {hy; : j < p} are nonincreasing
in j (since {7,F : j < p} are the ordered singular values of Wr(ErG;)Ur, as defined in (8.8)). As
defined, ¢ is the number of singular values of Wr, (EF,G;)Up, that diverge to infinity when multi-

1/2 Roughly speaking, ¢ is the number of parameters, or one-to-one transformations of

plied by n
the parameters, that are strongly or semi-strongly identified.

The following quantities appear in Lemma below, which gives the asymptotic distribution
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of ﬁn after suitable rotations and rescaling, but without the recentering (by subtracting Er, G;)

that appears in Lemma We partition hy and h3 and define A}, as follows:

9% (P—a)
ha = (h27q7 hQ,p—q)a hs = (h37Q7 h3,k*f1)7 h<1>,p7q = Diag{thH, ey th} S ka(piq),
0(k=p)x(p—q)
Zh = (Zh,tpzh,p—q) € kap7 Zh,q = h3,cp Zh,p—q = h3h<1>7p—q + h?lﬁhhSIhQ,pfqa
h71 = Wl(h7), and hgl = Ul(hg), (817)

where ho, € RPXY, hop g € RPXP=9) hg € RFX4 hyy € RF*¥F=0 A, € RF¥9 A, , €
Rk*(=9) po e RF*k hgy € RP*P, and Dy, is defined in Lemma Note that when Assumption
WU holds h7y = lim Wg, = lim W1 (Wap,) and hg; = lim Up, = lim U1 (Usp, ) under {\, , : n > 1}.

The case where ¢ = p (i.e., n'/?

TjF, — oo for all j < p) is the strong or semi-strong identification
case. In this case, no hg g, hi,_,, and th_q matrices appear in (8.17), Ay, = h3, = h3p, and A,
is non-random. In consequence, the limit in distribution (or probability) of the normalized matrix
nt/ ZWFn ﬁnU £, Ty, where T,, € RP*P is defined below, is non-random, see Lemma below. When
q < p, identification is weak and the limit of this matrix is random.

Now we provide some motivation for Lemma [8.3] which is stated below. To show that the LM
statistic has a X;Z) asymptotic distribution we need to determine the asymptotic behavior of ]_3”
without the recentering by Er, G; that occurs in Lemma In addition, to determine the asymp-
totic distribution of the rk, statistic in , we need to determine the asymptotic distribution of
WFHBHUFn without recentering by Ef, Gi To do so, we post-multiply Wg, ﬁnU r, first by Bp,
and then by a nonrandom diagonal matrix S, € RP*P (which may depend on F,, and h). The
matrix S, rescales the columns of W, ZA?nU r, Br, to ensure that nt/ QWFn ﬁnU r, Br, Sy converges
in distribution to a (possibly) random matrix that is finite a.s. and not almost surely zero. For
F € Fwu N Fo, it ensures that the (possibly) random limit matrix has full column rank with prob-
ability one. For example, in the case of the LM statistic, these transformations are applied with
W, = Q3% and Up, = I,.

For the LM statistic and the CLR statistics that employ it, we need the full column rank
property of the limit random matrix in order to apply the continuous mapping theorem (CMT).

For the LM statistic, the full rank property ensures that the quantity 137’1?2,; 1lA)n (whose inverse

“For simplicity, there is some abuse of notation here, e.g., ha 4 and hz,—, denote different matrices even if p — ¢
happens to equal q.

45 Furthermore, to determine the asymptotic distributions of the two SR-CQLR test statistics and conditional critical
values considered in AG2, we need to determine the asymptotic distribution of Wg, D, Ur, without recentering by
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appears in the expression for LM, see (4.3)), is nonsingular asymptotically with probability one

1/2 R

after ﬁn has been transformed and rescaled to yield n'/ QQ; D, Br, S,. Note that Pﬁ—l 125 s which

n

appears in the definition of LM, in (4.3), can be written as

Py, = 072D, (B,0;1D,) DL
_ (651/2971/2)(nl/ngl/QﬁnTn) [(nl/QQ;1/213”Tn)/(§;1/29711/2)l(ﬁ;l/QQ}/?)
~ -1 ~ ~
X (n1/2951/2DnTn)} (n'2Q; 12D, T,) (QL/2Q1/2), where
Tn = BFnSn € RP*P and Qn = QF" (: EF"gZ'g;), (818)

provided T, has full rank and €, is pd. In consequence, these transformations do not affect the
value or distribution of the LM statistic.

Note that the two SR-CQLR test statistics considered in AG2 do not depend on an LM statistic
and do not require the asymptotic distribution of n'/ 2WFnlA)nU £, Br, Sy to have full column rank
a.s.

Define

Sp := Diag{(n*?r1p,)7, ...,(n*?1,1,) 711, ..., 1} € RP¥P, (8.19)

where g = ¢, is defined in 1)
The proof of Theorem for the LM test, the proofs of Theorems and for the CLR

test with moment-variance weighting, and the proofs for the two SR-CQLR tests in AG2 use the
following lemma. The p X p matrix 7}, is defined in (8.18]).

Lemma 8.3 Suppose Assumption WU holds for some non-empty parameter space A, C Ao. Under

all sequences {\p p : n > 1} with A, € Ay,
7%(Gn, Dy — Ep, Gi, Wi, DUk, Tn) —a (G, D, Ap),

where (a) (gy,, Dp) are defined in Lemma (b) Ay, is the nonrandom function of h and Dy,
defined in , (c) (Dn, Ay) and gy, are independent, (d) if Assumption WU holds with A, = Ay,
Wp = 9;1/2’ and Up = I, then Ay, has full column rank p with probability one, and (e) under all
subsequences {wy} and all sequences { Ay, p : 1 > 1} with Ay, p € Ay, the convergence result above

and the results of parts (a)-(d) hold with n replaced with wy,.

Comments: (i) Lemma (c)—(d) are key properties of the asymptotic distribution of n'/2(g,,

1Note that 7,7, > 0 for n large for j < ¢ and, hence, S, is well defined for n large, because n1/2Tan — oo for all
J<q.
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Wg, ﬁnUFnT n) that lead to the LM statistic having a XIQ’ asymptotic distribution and the CLR test
with moment-variance weighting having correct asymptotic size. Lemma (c) is a key property
that leads to the correct asymptotic size of the two SR-CQLR tests in AG2. Lemma (d) is not
needed for these tests because they do not rely on an LM statistic.

(ii) The conditions in Fy are used in the proofs to obtain the result of Lemma [8.3|d) and are
not used elsewhere in the proofs, except where Lemma [8.3(d) is used.

The following theorems are used only for the CLR tests. For the proof of Theorem [4.1]concerning
Kleibergen’s (2005) LM test, one can go from here to Section @
Let

P e e e

Kjn denote the jth eigenvalue of nU;LD;WT;WnDnUn, Vi=1,...,p, (8.20)

AN, N, Sy S AN A

ordered to be nonincreasing in j. By definition, Amin(nU,,D; W, W, D,Uy) = Kpy. Also, the jth

singular value of n!/ W, DUy, equals Ejlf

Theorem 8.4 Suppose Assumption WU holds for some non-empty parameter space A, C As.
Under all sequences {\, p, : n > 1} with A, j, € Ay,
(a) Rpn —p 00 if ¢ = p,
(b)
(c)
(d)
Epn), converges in distribution to the (ordered) p—q vector of the eigenvalues ofzz’p,qh&k_qhg’k_q

X Dppg € Rp=a)x(p=q)

—~ — ~ .
Rpn —d Amin(Dpp—gh3 k—gh3 g gDhp—q) if < p,
Kjn —p 00 for all j < g,

AN AN S~ A A

the (ordered) vector of the smallest p—q eigenvalues of nU}, Dy Wy Wy, DU, d.e., (K(g41yns s

(e) the convergence in parts (a)-(d) holds jointly with the convergence in Lemma and
(f) under all subsequences {wy} and all sequences { Ay, p : 1 > 1} with Ay, n € A, the results
in parts (a)-(e) hold with n replaced with wy,.

AN AN~ A A

Robin and Smith (2000)-type rank statistic.

(ii) Theorem [8.4(a) and (b) is used to determine the asymptotic behavior of the statistic
rky, defined in (6.2) (which is employed by the CLR test with moment-variance weighting that is
considered in Section @ More specifically, Theorem [8.4{a) and (b) is used to verify Assumption
R in Section [I0] below.

(iii) Theorem [8.4fc) and (d) is used to determine the asymptotic behavior of the critical value
functions for the two SR-CQLR tests considered in AG2 (with /Wn and U, defined suitably). Because
Theorem (C) and (d) are immediate by-products of the proofs of Theorem (a) and (b), they
are stated and proved here, rather than in AG2.
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(iv) The statement of Theorem 3 in Kleibergen (2005) is difficult to interpret because the ex-
pression given for the conditional asymptotic distribution of the CLR statistic involves Kleibergen’s
(2005) statistic rk(6p), which is a finite-sample object. Based on Theorem 8.4 below provides
the asymptotic distribution of a class of CLR statistics in terms of an asymptotic version of the
rank statistic employed, which is necessary for a precise statement of the asymptotic distribution.
The class of CLR statistics considered are those defined in and based on the rank statistic in
Theorem [8.4] for some choices of Wn and ﬁn, which is a Robin and Smith (2000)-type rank statistic.
In particular, taking W, = @;1/2 and ﬁn = I, gives the rank statistic defined in 1'

9 Asymptotic Size of the Nonlinear LM Test

In this section, we prove Theorem [4.1] for the LM test.
We state a theorem that verifies Assumption B* of ACG (stated in Section [8) for the LM
test. The following theorem applies with W, = 651/2, Wp = QEI/Q, and U, = Up = I,,. (These

definitions affect the definition of \,, 5, which appears in the theorem).

Theorem 9.1 The asymptotic null rejection probabilities of the nominal size o € (0,1) LM test

equal o under all subsequences {wy} and all sequences { Ay, p : 1 > 1} with Ay, p € Ag Vn > 1.

Comments: (i) The requirement that A, », € Ag (defined in (8.10])) implies that the parameter
space for F'is Fy (defined in ) for the results given in Theorems and (because the
restrictions in Fyyy are not binding, see the discussion in the paragraph containing )

(ii) Proposition [8.1]and Theorem [9.1] prove Theorem [4.1] for the LM test. The proof of Theorem
for the LM CS is analogous, see Comments (i) and (ii) to Proposition

For notational simplicity, we prove Theorem [9.1|for the sequence {n}, rather than a subsequence

{wy, : n > 1}. We note here that the same proof holds for any subsequence {w, : n > 1}.

Proof of Theorem Let Q, := Qp,. We derive the limiting distribution of the statistic
LM, using the CMT applied to Q;lmnl/zﬁn, 651/2(2,11/2, and nl/QQﬁl/ZﬁnTn, where the latter two
quantities appear in the expression on the rhs of . Note that (Aln —p hs,g by the WLLN, Q,, —
hs.g, and hs 4 is pd. Thus, 651/293«/2 —p 1. By Lemmaapplied with Wp = Q;l/Q and Up = I,
(which results from taking Wn = 651/2 and ﬁn = I,), we get (Qﬁl/2n1/2§n,nl/QQleﬂf)nTn) —d
(h;;/zgh,zh). For the CMT to apply, it is enough to show that the function f : RF*P — Rkxk
defined by f(D) := D(D'D)"'D’ for D € R**P is continuous on a set C C RF*P with P(A, €
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C)= 1@ Note that f is continuous at each D that has full column rank. And, by Lemma (d),
A}, has full column rank a.s. because Anh € Mo, Fy, € Fo, Wp = 9;1/2, and Ur = I,,. Hence, f is
1/2

continuous a.s. By Qﬁ 1 2Qn —p I}, the convergence result in Lemma and the CMT, we have

Pps 0, Y2012, = DS(DYDS) 1 DY, Y0 %G, —q Ty = Px, hs 2, (9.1)

where DY := (651/292/2)711/2951/213”Tn.

Conditional on Ay, v)v), is distributed as X;% because (i) Ay, and g, are independent by property
(c) in Lemma 8.3, (ii) h;1/%g, is conditionally distributed as N (0%, I;,) by g, ~ N(0F, hs,) and
(i), and (iii) Pg, is fixed given A}, and projects onto a space of dimension p a.s. by property
(d) in Lemma Because the X; distribution does not depend on Ay, v, v, is unconditionally

distributed as Xf) as well. In consequence, using the CMT again, we have
LM, —4 LM}, :=0,v), ~ X (9.2)

Given this result and the use of the X?},lfa critical value by the LM test, we obtain the conclusion

of Theorem for the LM test: lim Pp, (LM, > X?Ll_a) =a. O

10 Asymptotic Size of the CLR Test with Moment-Variance
Weighting

In this section, we prove Theorem |6.1] which concerns the CLR test (and CS) with moment-
variance weighting based on the Robin-Smith rank statistic. In fact, for the CLR test defined by
—, we prove a stronger result than that given in Theorem We establish Theorem
for a CLR test that is based on any rank statistic rk,, that satisfies a high-level assumption, denoted
Assumption R, not just the rank statistic rk, (o) defined in . Then, we verify Assumption R for
the moment-variance-weighted Robin-Smith rank statistic rk,(6) in (6.2). Note that Assumption
R does not hold for the rank statistic in when p > 2.

Section[I8.5]in the Supplemental Material provides additional asymptotic size results for equally-
weighted CLR tests (and CS’s), which are CLR tests that are based on rk, statistics that depend
on ﬁn only through Wnﬁn for some k x k weighting matrix Wn These results show that equally-
weighted CLR tests (and CS’s) based on the Robin and Smith (2000) rank statistic with a general

weight matrix Wn (€ R**k) have correct asymptotic size under suitable conditions on /V[v/n. One can

"7 This holds because the function fo(D, L) := LD((LD) (LD))™*D’L’ for a nonsingular k x k matrix L is continuous
at (D, I;) if f(D) is continuous at D.
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view these results as verifying Assumption R for a broad class of rk, statistics. In contrast, the
results in the present section establish the correct asymptotic size of CLR tests (and CS’s) under
the high-level condition Assumption R and for the Robin and Smith (2000) rank statistic when W,
is the moment-variance weighting matrix Q;, Y ? see Comment (ii) to Theorem m below.

The high-level condition on the rank statistic rk,, is the following.

Assumption R: For any subsequence {w,} and any sequence {A,, » : n > 1} with A, n € Ag
Vn > 1 either (a) rky, —p rn = 00 or (b) rky, —4 rr(Dp) for some nonrandom function ry, :
RF*P — R, where Dy, is defined in Lemma and the convergence is joint with that in Lemma

B2

The following theorem applies when the LM statistic is defined as in (4.3]) with projection onto

Qn 1 2Dn. In consequence, the quantities in 1} in the present case are W, = Qn 1 2, Wr = Q;l/ 2,
and ﬁn = U = I,. (These definitions affect the definition of X, 5, which appears in the theorem).

Theorem 10.1 For any statistic vk, that satisfies Assumption R, the asymptotic null rejection
probabilities of the nominal size a € (0,1) CLR test defined in (4.3)-(5.2) based on rk, equal o

under all subsequences {wy,} and all sequences { Ay, n : 1 > 1} with Ay, n € Ao Vn > 1.

Comments: (i) Theorem and Proposition 8.1{imply that a nominal size o CLR test based on
any rank statistic that satisfies Assumption R has asymptotic size o and is asymptotically similar.
Analogous CS results (to the test results stated in Theorem hold for a parameter space Ag
that is a reparametrization of Fg g and is defined as Ay is defined, but with the adjustments outlined
in Comments (i) and (ii) to Proposition

(i) Theorems and and Proposition establish the test results of Theorem
This holds because Theorem a), (b), (e), and (f) with W, = 0,"% and U, = I, imply that
Assumption R holds for the CLR test with moment-variance weighting, that is considered in Section
[6l which uses the Robin and Smith (2000) 7k, statistic defined in (6.2). (In the present context,
Theorem requires that Assumption WU holds for the parameter space Ag. It holds with Wn =
/Wgn, Wi(w) = w for w € RF*F, Wy = RF¥E, ﬁn = (72”, Ui(u) = u for u € RP*P and Uy = RP*P,

—p h5—1/2

S1/2
= g

because Wn under all sequences {\,, 5 : n > 1} with A, , € Ag and U, = I, for
all n > 1.) In particular, Assumption R holds with r, = oo if ¢ = p and with r,(Dj) equal to the
smallest eigenvalue of Z;l7p_qh3,k_qhg7k7qzh,p_q if ¢ < p (where Ap 4 and hsj—, are defined in
1) based on Wr = Q;l/ ? and Up = I,). The CS results of Theorem hold by Theorem

Comment (i) to Theorem and Comment (i) to Proposition

By rkw, —p 0o, we mean that for every K < oo we have Py, ., (rkw, > K) — 1, where Pp,,x,, (-) denotes
probability under A,,, when the true parameter vector equals .
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(iii) Theorem ﬂ shows that Assumption R does not hold in general for rank statistics based
on Vp, and ﬁ};, defined in 1)1 , when p > 2. The reason is that for some sequences of
distributions the asymptotic distribution of lA);rL and, hence, the rank statistic rk, depends on Dy,

and ML £ 08P not just on D, alone.

For notational simplicity, the following proof is for the sequence {n}, rather than a subsequence

{wy, : n > 1}. The same proof holds for any subsequence {w, : n > 1}.

Proof of Theorem [T0.1l Let
o =G, P Mg 12 917G (10.1)

It follows from (|4.3]) that
AR, = LM, + Jy. (10.2)

We now distinguish two cases. First, suppose Assumption R(a) holds: 7k, —, co. By (10.2) and
some algebra, we have (AR, — 7ky)% + 4L M, - rk, = (LM,, — J,, + rky)? + 4LM,, - J,,. Therefore,

1
CLRn =5 (LMn 4 Jn — 1k + /(LM — Jp + 7kn)2 + ALM,, - Jn> . (10.3)

Using a mean-value expansion of the square-root expression in ((10.3)) about (LM, — J,, +7ky)?, we

have

VLM, = Jy + 1kn)2 + ALM, - Jy = LMy, — Jy + 7ky + (2/C,) MALM,, - J,, (10.4)

for an intermediate value ¢,, between (LM, — J,, + rk,)? and (LM, — Jp, + k)% + ALM,, - J,,. Tt
follows that CLR, = LM, + 0,(1) —4 X} using and (1/¢,)™ = 0p(1) (which holds because
rky, —p 00, LM, = O,(1), and J,, = Op(1) by below). Analogously, it can be shown that the
critical value ¢(1 — «, rky,), defined above , of the CLR test converges in probability to Xf,’lfa.
The result of Theorem then follows by the definition of convergence in distribution.

Second, suppose Assumption R(b) holds. Then, using Lemma we have (nl/ 25, nt/? (lA)n —
Er,Gi),rky) —q (G, Dn,rr(Dy)). By the proof of Lemma applied with Wp = 9;1/2 and
Ur = I, (which correspond to /Wn = 651/2
(/%G 01 /2(Dy, — Er,G)) = (G, Dp) gives

and ﬁn = Ip), using the former result in place of

(n*?G,,n' (D, — Ep, Gy),n**Q 2D, Ty, k) —a (Gns Dn, A, 71(Dh)), (10.5)

where Q,, := Qg , (Dp,Ap,) and g, are independent, and A, has full column rank p with probability
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one by Lemma [8.3(d) (because we are considering sequences {Ay,n : n > 1} with Ay, n € Ao
¥n > 1, Wp = 0,2 and Up = I,). In addition, Q, —, hsg, hsg is pd, and My 1j2p =

M (Q*l /2172 because T;, (defined in (8.18)) and €, 12 are nonsingular. These results

nl/zﬂfll/zﬁnTn
and the CMT imply that

Ju = Tn = Gihs g Mg, hs Gy (10.6)

The convergence results in (9.2) and (10.6) and 7k, —4 74(Dy) hold jointly by (10.5) and the

definitions of LM, and J, in and .

Note that LM}, = g hs s *Px, hss/*y, by (9.1) and (9.2). Conditional on &y, Py, hs +/*g, and
Mz, h;;/ 2§h have a joint normal distribution with zero covariance (because Var(h;;/ 2§h) = I}, and
PZhMZh = Oka) and, hence, are independent. The same holds true conditional on Dy, because
A}, is a nonrandom function of Dy, and Dy, is independent of gj. In consequence, conditional on
Dy, LM}, and Jj, are independent and distributed as X;% and Xiip, respectively.

Using the convergence results in and , the definition of CLR,, in with AR, =
LM, + J, substituted in, and the CMT, we obtain

o 1/ _ —— —
CLR, —4 CLRy, := B (LMh + Jp — T+ \/(LMh + Jp *Fh)2 +4LM’I“h> s (10.7)

where 7, := r3,(Dy).

The function ¢(1 — ) (defined in ([5.2))) is continuous in r on R by the absolute continuity of
the distributions of X;% and Xi_p, which appear in clr(r) (also defined in ), and the continuity
of clr(r) in r a.s. This, rk, —4 71, and (10.7) yield

CLR, —¢(1 — a,rky) —q CLR}, — ¢(1 — a, 7). (10.8)
Therefore, by the definition of convergence in distribution, we have
Poor, (CLRy, > c¢(1 — o, 7ky,)) — P(CLRp, > ¢(1 — o, 7)) (10.9)

provided P(CLRy, = ¢(1 — a, 7)) = 0, which holds because P(CLR;, = c¢(1 — a,7,)|Dp) = 0 a.s.
The latter holds because conditional on Dy, CLR}, is absolutely continuous (by since LM},
and Jj, are independent and distributed as X;% and X%—p and 7, is a nonrandom function of Dj,)
and ¢(1 — «,Ty) is a constant.

From above, conditional on Dy, LM}, and J}, are independent and distributed as X?g and X%_p,
respectively, and 7, is a constant. Thus, conditional on Dy, CLR), and clr(7;) have the same

distribution. By definition, ¢(1 — «,7}) is the 1 — a quantile of the absolutely continuous random
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variable clr(7y,) for any constant 7. Hence,
P(CLRy, > c(1 — a,73)|Dp) = a a.s. (10.10)

Because the left-hand side conditional probability equals « a.s. and o does not depend on Dy, the
unconditional probability P(CLR;, > c¢(1 — a,73)) equals a as well. Combined with (10.9)), this
gives the desired result. [

11 Asymptotic Size of the CLR Test with Jacobian-Variance
Weighting when p=1

In this section, we prove the test results of Theorem which concerns Kleibergen’s CLR test
(and CS) with Jacobian-variance weighting when p = 1. The CS results of Theorem [5.2/ hold by an
analogous argument, see Comments (i) and (ii) to Proposition 8.1}

Proof of Theorem We prove the test results of Theorem using Proposition and
results (or variants of results) in Lemma and Theorems and The proof is made
more complicated by the fact that we need to use two different definitions of /V[7n. To obtain the
asymptotic distribution of the LM statistic (which is a component of the CLR statistic), we need
to take W, = 0, 1% and U, = 1, because the LM statistic (defined in ) depends on O, 1/2D .
But, to obtain the asymptotic distribution of the rank statistic rk, := nD ! V_an (defined in
(i we need to take Wn = VD /2 and Un = 1, because rk,, depends on VD 2p Dy.

For notational simplicity, we establish results below for sequences {n}, rather than subsequences
{wy} of {n}. Subsequence results hold by replacing n by w,, in the proofs.

We proceed as follows. First, we apply Lemma [8:3] exactly as in the proof of Theorem with
W, = Q.2 U, = 1, W = Q"% and Up = 1. This yields n'/2(g,, D, — Ep, Gi, W, DpUp, Ty) —4
(Gn, Dn, Ap) for sequences {\,,, : n > 1} that correspond to distributions F in Fyy N Fy based on
these definitions of Wy and Up. As discussed in the paragraph containing , Fo = Fwu N Fo
for dwy sufficiently small and My sufficiently large. We employ constants dyy and My for
which this holds. The joint convergence result above yields the asymptotic distributions of the
AR, LM,, and J, statistics via the calculations in , , , , and .

Next, we take /Wn = 17571/2, ﬁn =1, Wr =Wsp = (VarF(Gi)—F%Q;lfg“)_lp, where Fg" and
Qp are defined in , W1 () equals the identity function on Wy := RF*F Up = Uyp = 1, and Uy (-)
equals the identity function on Us := R. We consider distributions in F v w,—1 (which is a subset
of Foy when §3 = 5 by the paragraph following ) We obtain the asymptotic distribution of rk,,
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under the corresponding sequences {\,, , : n > 1} (which differ from the sequences {\,, , : n > 1} in
the previous paragraph due to the difference between the two definitions of Wr). More specifically,
we verify the convergence results in Assumption R for rk, := nﬁq’lf/&}ﬁn (defined in (5.8])) for the
{An,n i n > 1} sequences of this paragraph. The result of Theorem (a), (b), (e), and (f) verifies
the convergence results in Assumption R for sequences {A, , : n > 1} for which F,, € Frywp=1
V¥n > 1 provided Assumption WU holds for such sequences with ﬁ/\gn = Wn = 17571/ 2, Wi(+) equal
to the identity function, ﬁgn = ﬁn =1, Uy(-) equal to the identity function, and the parameter
space A, being equal to Ajywp=1 := {X : A = (A1,p,..., Ag,p) for some F' € Fyyy N Frywp=1}-
Here Fyy is defined in 1D with Wrp = (Varp(G;) — I‘%Q;lfg“)_lﬂ and Up = 1. Note that
Fivwp=1 = Fwu N Frvwp=1 for dwy > 0 sufficiently small and My < oo sufficiently large
(and we employ constants dyy and My that satisfy these conditions). This holds because for all
F € Frvwpet Amin(Wr) = Amin(Varp(Gy) — TG QTG "1/2) = A\pbl2 (Varp(Gy) —TH QTS
> )\;1211{(2(EFGZ'G{L-) > MII/Q for some My < oo (because ErG;G; — (Varp(G;) — ngﬂglfg“) =
EFGiEFG;—l—F%Q;ng“ is psd and || EpG;G}|| < M for some M, < oo by the moment conditions
in F), ||Well = [|(Varp(Gs) — TEQRITE) 12| < A2 (Varp(Gy) — TEQTS) < 657 (using
the condition in Fjywp—1 and the fact that Varp(G;) — nglefg“ = \I/% — EpG;ErG’, using
the definition of U5 in (3.2)), where &3 > 0, and ||Up|| = Amin(Ur) = 1.

Assumption WU(b) holds automatically with hg = 1 because ﬁgn := 1. The requirement of
Assumption WU(c) that Wi(-) is continuous at h; and Uj(-) is continuous at hg also holds auto-
matically because Wi(-) and U;(-) are identity functions.

Assumption WU(a) for the parameter space A sy p—1 requires that Won —p by ((=1lm Wap,).
For sequences {\,, 5, : n > 1}, we have

~

(G — G) = T0 1T

)

Von := nt Z(G’ —
= EFn(G’L — EFnGz)(Gz — EFnGz), — F%‘;QE&F%: + Op(l)
= W7 +0p(1)

—p by, (11.1)

where the first equality holds by (5.3, the second equality holds by the WLLN’s applied multiple
times and Slutsky’s Theorem using the conditions in JF, the third equality holds by the definition
of Wap, and the convergence holds because War, = A7 g, — hr by the definition of the sequence

{Ap i m > 1} and hy is pd (since hy = lim Wap, and the eigenvalues of WQ_F2 are bounded above
for F € F). Equation 1' and Slutsky’s Theorem give ‘7571/2 —p h7 because h7_2 is pd using
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the condition in Fjywp—1 that Amin(\llgi — ErG,ErG;) > 6. In consequence, Assumption WU(a)
holds.

This completes the verification of Assumption WU for the parameter space Ajyw,—1 and, in
consequence, the verification of the convergence results of Assumption R for rk, for sequences
{Ann :n > 1} defined in the fourth paragraph of this proof.

Now we consider sequences {\, 5 : n > 1} that satisfy the conditions on {\,  : n > 1} given in
both the third and fourth paragraphs of this proof. These sequences correspond to distributions F'
in Fyywp=1. These sequences satisfy the convergence conditions in (8.11) using the definitions in
(8.9) and (8.10) with 7, Br, Cr, and Wap defined based on Wr = 9;1/2 and with these quantities
based on Wr = (Varp(G;) — ngﬁglf‘g“)_l/ 2. In consequence, for these sequences of distributions
{Ann :n > 1}, the results above establish the asymptotic distributions of the AR,,, LM,, J,, and
rk, statistics and the convergence is joint because all of the convergence results are based on the
underlying CLT result in Lemma Given this joint convergence, by the same arguments as given
in the proof of Theorem we obtain that the CLR test with Jacobian-variance weighting has
asymptotic null rejection probabilities equal to o under all such sequences {A,, : n > 1} (and all
subsequences of such sequences).

Finally, we apply Proposition 8.1 with A and h,(#) given by the concatenation of the A vectors
and hy, () functions used in the third and fourth paragraphs above and with A given by the product
space of the A spaces used in these paragraphs. (Redundant elements of A and h,(\) do not cause
any problems.) The result of the previous paragraph verifies Assumption B* for this choice A,
hn(X), and A. In consequence, Proposition 8.1 implies that the Jacobian-variance weighted CLR

test has correct asymptotic size and is asymptotically similar when p = 1. J

12 The Eigenvalue Condition in F

In this section, we show that the restriction Ap_;j(¥;p(€)) > 61 > 0 in Fo;, defined in (3.7),
is not redundant. If this restriction is weakened to A,—_;(V;r(£)) > 0, we show that, for some
models, some sequences of distributions, and some (consistent) choices of variance and covariance
estimators, the LM statistic in has a X% asymptotic distribution. This leads to over-rejection
of the null when the standard X;% critical value is used and the parameters are over-identified (i.e.,
k > p). On the other hand, we show that the LM statistic equals zero a.s. for some models and
some distributions F' if the condition A,—;(V;r(§)) > 01 > 0 is removed entirely. This implies that
the LM test also under-rejects the null hypothesis and is nonsimilar in both finite samples and

asymptotically for some F.
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All of the CLR tests considered in Sections [f| and [6] except that of Smith (2007), are functions
of the LM statistic in (4.3)) (and other statistics). In consequence, the aberrant behavior of the LM
statistic and test demonstrated in this section, when the restriction Ap,—;(¥;r(§)) > 61 > 0 in Fy

is weakened or eliminated, carries over to the CLR statistics and tests in Sections [5| and

12.1 Eigenvalue Condition Counter-Examples

For simplicity, we consider the case p = 1 in this section. As above, the null hypothesis is

H0:0:90.

Lemma 12.1 (a) Suppose Fy is defined with the condition A\,—j(¥;r(§)) > 0 in place of
Ap—i(Yip(€)) > 01 > 0 in Fo; for all j € {0,...,p}, where p = 1. Suppose ﬁn(ﬁ) s defined in
and T1n(0) = n™! S Gi(0)gi(0) (which differs from its definition in ) Then, there
exist moment functions g(W;,0) and a sequence of null distributions {F,, € Fo : n > 1} for which
ﬁn = ﬁn(ﬁg) and fln = fm(eo) are well-behaved (in the sense that (Aln — Ep,9i9; —p 0>k and
Tin — Ep,Gig} —p 0°F%) and LM, (60) = ARn(00) + 0p(1) —a X3-

(b) Suppose Fy is defined with the condition A\p—;(¥;p(£)) > 61 > 0 deleted in Fo; for all
j €40,...,p}, where p = 1. Suppose Qn(e) and fln(é?) are defined in and , respectively.
Then, there exists moment functions and a null distribution F € Fy for which LM, (6y) = 0 a.s.
for allm > 1.

Comments: (i) The model we use to prove Lemma [12.1)(a) is the linear IV regression model with

one endogenous rhs variable and (for simplicity) no exogenous variables. Specifically, the model is
Y1i = y2i0 + u; and Y2i = Zl(ﬂ' + vo;, (12.1)

where y1;, 0, Y2, v0; € R, Z;,w € RF, w9 = pu; + 0&; for some random variable §;, 6 = (1 — p2)1/2,
and the observations are i.i.d. across ¢ for any given n. The parameter space F* for the distribution

F of the random vector W; = (y14, y2i, Z;)" is

F*:={F : (12.1) holds with # = 6y, 7 =7 € R¥, p=pp € (-1,1),
Z;, u;, and &; are mutually independent, Eru; = Erp&; = 0,

Epuf = Ep&? =1, Ep||(wi, &, Z1Z;)|*T7 < M, and Amin(ErZ;Z)) > 6} (12.2)

for some v,6 > 0 and M < oco. As defined, p is the correlation between u; and vo;.

498mith’s (2007) CLR test is a function of the LM statistic in 1} but with Q,'/?D,, replaced by ﬁ}:
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The moment functions are g(W;,0) = Z;(y1; — y2:0). When the null value 6y is the true value,
this gives g; = ¢i(0o) = Ziu; and G; = Gi(0g) = —Z;y2i- The set F* is a subset of Fy when the
latter is defined with the condition Ap—;(¥;r(£)) > 0 in place of A,—;(¥;r(£)) > 61 > 0. This holds
because (i) for all F' € F*, )\min(\IJ?C(Gi)) > 0 (by the argument in the paragraph that contains
because Amin(ErZ;Z!) > 0 and Amin(Erpeic;) > 0, where ¢, = (u;, —pu; — 6¢;)" for p €
(=1,1)), (i) Amin(Ergi]) = ErtAmin(BrZiZl) > 6 > 0, and (iii) Ap_; (WCFasTr CiBramsty o
Amin(TECEN M2/ for all € € RP~I with ||€]] = 1 and all j € {0,...,p} (by the results and
arguments in the paragraphs that contain —, which verify that condition (iv), stated
in , is a sufficient condition for the A,_;(-) condition in Fq;). The quantity )\min(\Il%ec(G")) is
arbitrarily close to zero for p arbitrarily close to one.

We consider a sequence of distributions {F;, € F* : n > 1} for which 7z, = 0" for alln > 1, p,,

(=pr,) — 1, and Ep, Z;Z! does not depend on n. For these distributions,
Gi = —p,gi + 0nGY, where G := —Z;i£, and 6, := (1 — p2)'/2 (12.3)

In this case, the IV’s are irrelevant and the degree of endogeneity is close to perfect for n large.

(if) The model we consider in Lemma [12.1|(b) is the same as that in part (a) except that F*
allows for p = pp € (—1,1] and we consider a single distribution F with 7 = 0¥ and p = 1, rather
than a drifting sequence of distributions. For this distribution, Amin(\I/%eC(Gi)) =0.

(iii) The intuition for the results in Lemma [12.1fa) and (b) is as follows. As shows, G;
is close to being proportional to g; when 75, = 0¥ and p,, is close to one. And, when 75, = 0¥ and
pn, = 1, they are exactly proportional. By averaging over ¢ = 1, ...,n and by taking expectations, the
same properties are seen to hold for én and g, and their population counterparts. In consequence,
D, (= G — fnﬁgl’g\n when p = 1) is close to 0% (because it is a sample version of the L?(F)
projection of G; on g;) and the same is true of the population counterpart of ﬁn (because it is the
L?(F) projection of G; on g;). The latter implies that the direction of the k-vector D, is primarily
random. In consequence, this direction turns out to be sensitive to the specification of the sample
matrices fn and Qn even within the class of consistent estimators of their population counterparts.

One consistent choice of T, and (used in Lemma M(a)) yields D, to be very close to
being proportional to g,. In this case, the projection of Qn 1 2§n onto (), 1 21A)n is asymptotically
equivalent to Qn 1 2§n itself. The LM statistic is a quadratic form in this projection k-vector
(i.e., P§;1 /25 Qn Y 2§n) multiplied by n. Hence, it behaves asymptotically like a quadratic form in
Qn v 2§n multiplied by n, which is just the AR statistic. This explains the result in Lemma (a).

95



On the other hand, when p,, = 1 (which implies that Gn = —Gn by )7 another consistent
choice of T, and 0, (used in Lemma M(b)) yields D,, = 0% a.s. In this case, the projection of
Qn 1 2§n onto O, 1/ ’Dy, equals 0F a.s. Hence, the LM statistic (which is a quadratic form in this
projection times n) equals zero a.s. This explains the result in Lemma M(b)

(iv) The result of Lemma [12.1](a) also holds for the model described in Comment (ii). Hence,
drifting sequences of distributions are not required to show the result of Lemma M(a) if one
removes the condition A\p—;(¥;r(£)) > 61 > 0 entirely from Fo;. Furthermore, the result of Lemma
12.1{a) can be extended to cover weak IV cases (in which 7 = 7, # 0*, but 7, — 0¥ sufficiently
quickly as n — o00), rather than the irrelevant IV case (in which 7= = 0%).

(v) Finite sample simulations corroborate the asymptotic result given in Lemma [12.1f(a). For
the model and LM test described in Comment (i) with &k = 5, 7 = 0%, p = 1, Z; ~ N(0°,I5),
(ui, &) ~ N(02,13), and Z; independent of (u;,&;), the null rejection rate of the nominal 5% LM
test is 59.4% when n = 200 and 57.6% when n = 1000. However, when p deviates from 1 even by
a small amount, the magnitude of over-rejection drops very quickly. The null rejection rate of this
nominal 5% LM test is 10.1% when p = 0.99 and n = 200 and 12.9% when p = 0.998 and n = 1000.
(These simulation results are based on 50,000 simulation repetitions.)

(vi) The conditions of Lemma [12.1(a) and (b) are consistent with those of Theorem 1 of
Kleibergen (2005). This implies that the X]% asymptotic distribution of the LM statistic obtained

in the latter only holds under additional conditions, such as those in Fg.

12.2 Proof of Lemma [12.1]

Proof of Lemma To prove part (a), we use the model defined in (12.1))-(12.3]). We have

~

N -~ n

G = —pugn + 0nG, where Gy :=n""3" G, and
i=1

R n

n o~ o~
T =01 Gigl =1 3 (=pngi + 602G g = —ppQn — ppGndly + 6nl't,, where
=1

i i=1

- n
7, :==n"" Y Gigi. (12.4)
1=1

We choose {p,, : n > 1} to converge to one sufficiently fast that nd,, — 0, where 6, = (1—p2)/?
by (12.3). For example, we can take p, = (1 — n~3)1/2. Using the results above, we obtain

~

D, = Gn — 1,9, 9n
= _pn:dn + 6HG:L - [_ann - pn?]\n/g\; + 6nF>{n]Q;1§n

= (021 G0)Gn + 00 (Gl — 5,001 50). (12.5)
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This gives

Gn = Gn +10,C, = Dn/( 19,), where

Co = (G~ T5,9,790)/ (o ?z Gn) = Op(n™Y/2) and G = Gu + 0p(n~Y/2),  (12.6)

where ¢, = O,(n~2) because p, — 1, @;ﬁ = 0,(n"Y?) by the CLT since Er,Gf = —Fp,7; -
Ep & = 0F, I“{nﬂnl = Op(1) by the WLLN applied twice and Amin(EF, 9i9;) = Amin(EFR, ZiZ]) >
§ >0, gn = Op(n~Y/?) by the CLT, and (ngnQn gn)~! = O,(1), which holds by the CMT because
AR, = n%ﬁ;lﬁn —4 X2 (by the CLT, WLLN, and CMT) and x7 > 0 a.s., and lastly the result
for g, in the second line of holds by ¢,, = Op(n~1/2) and né,, = o(1).

Projections are invariant to nonzero scalar multiplications of the matrix that defines the pro-
jection. That is, P4 = P.4 for any matrix A and any scalar ¢ # 0. We have pn/g\;l@gl’g\n %0 wp—1
because (ng,Q;1g,) " = O,(1) and p,, — 1. So, the LM statistic is unchanged wp—1 when D, is

replaced by Dy /(0,30 Gn) = Gn = Gn + op(n~1/?) using (12.6). Thus, we have

LM, := ng,Q
51/213@;1/2%@_1/2% +0p(1)
= 19,0, G (2, 5n) 13,0 G + 0p(1)

3,0 G, + 0p(1) = AR, + 0p(1) —4 X3, (12.7)

which completes the proof of part (a).
Next, we prove part (b). In this case, we use the model in ((12.1))-(12.3) with p,, = 1 and d,, =0

for all n > 1. In consequence, G; = —g; and @n = —gn. Given the definitions of ﬁn and fm in

(4.1) and (4.3]), this yields

n ~ n R
Iy, = n_l Z Gigg — Gn/g\;L = fn_l Z gigg + gn% — me
i=1 i=1
lA)n =Gp—T11,0 g, = Ok, and

LM, = n@LQ*l/?PA;m 0%, = ngl QY2 Py %G, = 0 (12.8)

for all n > 1, where the projection matrix, Py, onto 0¥ equals 0¥**. [
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