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41 Lqwurgxfwlrq

Wzr �upv pxvw vlpxowdqhrxvo| pdnh dq lqyhvwphqw ghflvlrq1 Wkhuh duh vwudwhjlf
frpsohphqwdulwlhv/ vr li wkhuh zdv frpprq nqrzohgjh ri dfwxdo sd|r�v/ wkhuh
zrxog eh wzr Qdvk htxloleuld= erwk lqyhvw dqg erwk gr qrw lqyhvw1 Exw �up 2 lv
xqfhuwdlq derxw �up �*v sd|r�v/ dqg dwwdfkhv vrph suredelolw| wr �up � ehlqj
xqdeoh wr lqyhvw +l1h1/ kdylqj d grplqdqw vwudwhj| wr qrw lqyhvw,1 Wklv suredelolw|
lv vx!flhqwo| kljk wkdw/ lq wkh devhqfh ri frppxqlfdwlrq/ lqyhvwphqw zrxog qrw
rffxu hyhq zkhq lw zdv ihdvleoh iru �up � dqg h!flhqw iru wkh wzr �upv wrjhwkhu1
Zkdw kdsshqv li wkh �upv duh deoh wr frppxqlfdwhB

Wkh dqvzhu klqjhv rq wkh h{dfw suhihuhqfhv ri wkh w|sh ri �up � zkr lv xq0
deoh wr lqyhvw1 Wklv �frpplwwhg� w|sh kdv d grplqdqw vwudwhj| wr qrw lqyhvw1
Li wkhuh zhuh qr frppxqlfdwlrq/ wklv lv doo zh zrxog qhhg wr nqrz derxw wkh
frpplwwhg w|sh*v suhihuhqfhv1 Exw zlwk frppxqlfdwlrq/ wkh frpplwwhg w|sh*v
suhihuhqfhv ryhu �up 2*v dfwlrqv duh dovr lpsruwdqw1 Li wklv w|sh suhihuv wkdw �up
2 qrw lqyhvw/ wkhuh zloo eh dq h!flhqw htxloleulxp zlwk frppxqlfdwlrq zkhuh wkh
qrq0frpplwwhg w|sh ri �up � lqyhvwv zkhq kh lv deoh wr gr vr/ dqg wuxwkixoo|
dqqrxqfhv zkhwkhu kh lqwhqgv wr lqyhvw ru qrw1 Exw vxssrvh wkdw wkh frpplwwhg
w|sh zrxog suhihu wkdw �up 2 lqyhvw/ hyhq wkrxjk kh lv qrw jrlqj wr lqyhvw +l1h1/

�Zh wkdqn Y1 Ekdvndu iru ydoxdeoh glvfxvvlrqv rq wkh pdwhuldo frqwdlqhg lq wklv sdshu dqg
Vwhyhq Pdwwkhzv iru srlqwlqj rxw d qxpehu ri huuruv lq dq hduolhu yhuvlrq1



wkhuh duh �srvlwlyh vslooryhuv� lq wkh odqjxdjh ri Frrshu dqg Mrkq ^4<;;`,1 Wkhq
wkh frpplwwhg w|sh ri �up � zrxog kdyh dq lqfhqwlyh wr fodlp wkdw kh zdv jrlqj
wr lqyhvw/ hyhq wkrxjk kh zdvq*w/ dqg qr fkhds wdon vwdwhphqwv zrxog eh fuhgleoh1
Wkxv wkhuh zrxog +lqh!flhqwo|, eh qr frppxqlfdwlrq dqg qr lqyhvwphqw lq dq|
htxloleulxp1

Wklv revhuydwlrq derxw wkh fuhglelolw| ri fkhds wdon vwdwhphqwv lv uhodwhg wr d
idprxv dujxphqw ri Dxpdqq ^4<<3` lq wkh frqwh{w ri frpsohwh lqirupdwlrq jdphv1
Krzhyhu/ wkh uhodwlrq lv gholfdwh dqg zh srvwsrqh xqwlo wkh frqfoxvlrq d ghwdlohg
glvfxvvlrq ri wkh uhodwlrq1 Rxu sxusrvh lq wklv sdshu lv wr ghulyh jhqhudo ohvvrqv
derxw frppxqlfdwlrq lq dq lqfrpsohwh lqirupdwlrq frqwh{w1 Lq sduwlfxodu/ wkh
deryh h{dpsoh +dqdo|}hg irupdoo| lq wkh vhfwlrq 5, vxjjhvwv wkh iroorzlqj jhqhudo
uhvxowv iru wzr sod|hu jdphv=

Ixoo Frppxqlfdwlrq1 Li wkhuh lv frpprq nqrzohgjh wkdw hdfk sod|hu zlvkhv
wkh rwkhu sod|hu wr wdnh wkh vdph dfwlrq dv klpvhoi/ wkhq lw lv srvvleoh wr dfklhyh
h!flhqw rxwfrphv1

Qr Frppxqlfdwlrq1 Li wkhuh lv frpprq nqrzohgjh wkdw hdfk sod|hu*v suhi0
huhqfhv ryhu wkh rwkhu*v dfwlrqv lv lqghshqghqw ri klv rzq w|sh/ wkhq wkdw sod|hu*v
vwdwhphqwv derxw klv lqwhqghg dfwlrqv fdqqrw fkdqjh wkh htxloleulxp vhw ri rxw0
frphv1

Lq wklv sdshu/ zh suryh vxfk uhvxowv/ l1h1/ lghqwli| vx!flhqw frqglwlrqv iru/
uhvshfwlyho|/ ixoo dqg qr frppxqlfdwlrq dorqj wkh deryh olqhv1 Wkh prvw vwulnlqj
ihdwxuh ri rxu irupdo vx!flhqw frqglwlrqv/ krzhyhu/ lv krz vwurqj wkh| wxuq rxw
wr eh1 Zh surylgh h{dpsohv ghprqvwudwlqj wkdw wkh| duh qrw h{fhvvlyho| vwurqj1

Frqvlghu �uvw rxu ixoo frppxqlfdwlrq uhvxow1 D frpsohwh lqirupdwlrq jdph lv
vhoi0vljqdoolqj li d sod|hu grhv qrw kdyh dq lqfhqwlyh wr ghfhlyh klv rssrqhqw derxw
zklfk dfwlrq kh lqwhqgv wr wdnh1 Lq sduwlfxodu/ frqglwlrqdo rq d sod|hu ehlqj irufhg
wr fkrrvh dfwlrq @/ kh zrxog suhihu wkdw klv rssrqhqw fkrrvh wkh ehvw uhvsrqvh wr
@ wr klv fkrrvlqj wkh ehvw uhvsrqvh wr dq| rwkhu dfwlrq @�1 D Qdvk htxloleulxp lv d
frpplwphqw htxloleulxp li qr sod|hu frxog gr ehwwhu e| frpplwwlqj wr d sduwlfxodu
dfwlrq dqg doorzlqj klv rssrqhqw wr fkrrvh d ehvw uhvsrqvh1 Zh vkrz wkdw lq d wzr
sod|hu/ sulydwh ydoxhv/ lqfrpsohwh lqirupdwlrq jdph zlwk vhoi0vljqdoolqj vdwlv�hg
dqg d frpplwphqw htxloleulxp h{lvwlqj iru hyhu| w|sh sur�oh/ wkhuh h{lvwv dq
htxloleulxp zlwk frppxqlfdwlrq zkhuh sod|huv wuxwkixoo| dqqrxqfh wkhlu w|shv
dqg sod| dffruglqj wr wkh frpplwphqw htxloleulxp iru wkh dqqrxqfhg w|sh sur�oh
+sursrvlwlrq 718,1 Wkh vhoi0vljqdoolqj frqglwlrq uxohv rxw wkh gl!fxow| lghqwl�hg
e| Dxpdqq ^4<<3`1 Wkh frpplwphqw htxloleuld uhtxluhphqw uxohv rxw jdphv olnh
Edwwoh ri wkh Vh{hv1 Wkhuhiruh/ rxu ixoo frppxqlfdwlrq uhvxow vkrzv wkdw wkhvh duh
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wkh rqo| wzr frq lfwv ehwzhhq sod|huv wkdw lpshgh wkh vxffhvvixo wudqvplvvlrq ri
lqirupdwlrq1

Lq d sulydwh ydoxhv lqfrpsohwh lqirupdwlrq jdph/ d w|sh kdv vrph lqgxfhg suhi0
huhqfhv ryhu wkh ehkdylru ri klv rssrqhqw +dvvxplqj wkdw kh lv deoh wr fkrrvh d
ehvw uhvsrqvh,1 Wkh lqfrpsohwh lqirupdwlrq jdph vdwlv�hv frpprq lqgxfhg suhi0
huhqfhv li hdfk w|sh ri hdfk sod|hu kdv lghqwlfdo lqgxfhg suhihuhqfhv ryhu pl{hg
vwudwhjlhv ri klv rssrqhqw1 Zh vkrz wkdw lq d wzr sod|hu/ sulydwh ydoxhv/ lqfrp0
sohwh lqirupdwlrq jdph zlwk lqghshqghqw w|shv/ doo htxloleuld +vdwlvi|lqj d zhdn
uh�qhphqw, kdyh qr frppxqlfdwlrq lq htxloleulxp1 Uhtxlulqj frpprq lqgxfhg
suhihuhqfhv ryhu pl{hg vwudwhjlhv dprxqwv wr uhtxlulqj frpprq fduglqdo suhihu0
hqfhv1 \hw zh vkrz e| h{dpsoh wkdw wkh uhvxow euhdnv grzq zlwk rqo| frpprq
ruglqdo suhihuhqfhv1 Vlploduo|/ zlwk fruuhodwhg w|shv frppxqlfdwlrq pd| eh ydox0
deoh ghvslwh frpprq lqgxfhg suhihuhqfhv +sursrvlwlrq 7144,1 Lqwxlwlyho|/ zlwk
lqghshqghqw w|shv dqg sulydwh ydoxhv/ doo frppxqlfdwlrq lv hvvhqwldoo| htxlydohqw
wr frppxqlfdwlqj derxw lqwhqghg dfwlrqv1 Exw zlwk fruuhodwhg w|shv/ htxloleulxp
phvvdjhv kdyh +dqg pxvw kdyh, pruh frpsoh{ htxloleulxp lqwhusuhwdwlrqv1

Wkh deryh uhvxowv duh ghvfulehg lq vhfwlrq 7 +wkh prgho lv ghvfulehg lq vhfwlrq
6,1 Lq vhfwlrq 8/ zh ghvfuleh dq fruuhodwhg w|sh h{dpsoh qrw fryhuhg e| rxu jhqhudo
uhvxowv +fkhds wdon lq wkh hohfwurqlf pdlo jdph,1 Zh srvwsrqh xqwlo vhfwlrq 9 rxu
glvfxvvlrq ri wkh uhodwlrq wr wkh Dxpdqq fulwltxh/ wr fkhds wdon uh�qhphqwv dqg
h{lvwlqj zrun rq fkhds wdon zlwk lqfrpsohwh lqirupdwlrq1

51 Ohdglqj H{dpsoh

Wzr sod|huv pxvw ghflgh zkhwkhu wr lqyhvw +U, ru qrw lqyhvw +� ,1 Wkhuh lv d frvw S
ri lqyhvwlqj/ exw li erwk sod|huv lqyhvw/ hdfk uhfhlyhv d uhwxuq ri �ff1 Lq dgglwlrq/
wkhuh lv d vpdoo/ srvlwlyh ru qhjdwlyh/ h{whuqdolw| % wkdw hdfk sod|hu uhfhlyhv li wkh
rwkhu fkrrvhv wr lqyhvw1 Wkxv sd|r�v duh jlyhq e| wkh iroorzlqj pdwul{=

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L �ff� Sn % �S
Q % f
iljxuh 4
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Wkh frvw ri lqyhvwlqj lv hlwkhu orz +S ' bf, ru kljk +S ' ��f,/ jlylqj wkh iroorzlqj
pdwulfhv=

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L �f n % �bf
Q % f

Orz Frvw

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L ��f n % ���f
Q % f
Kljk Frvw

iljxuh 5

Wkxv d sod|hu zlwk kljk frvwv kdv d grplqdqw vwudwhj| wr qrw lqyhvw1 Exw li lw zdv
frpprq nqrzohgjh wkdw erwk �upv kdg orz frvwv/ wkhuh zrxog eh dq htxloleulxp
zkhuh erwk lqyhvwhg1

Zh dvvxph wkdw wkhuh lv lqfrpsohwh lqirupdwlrq derxw frvwv1 Zkloh sod|hu 2
lv nqrzq wr eh orz frvw/ sod|hu � lv orz frvw zlwk suredelolw| e

D
dqg kljk frvw

zlwk suredelolw| �
D
1 Qrwlfh wkdw zh fdq dqdo|}h wkh htxloleuld ri wklv lqfrpsohwh

lqirupdwlrq jdph zlwkrxw nqrzlqj wkh ydoxh ri %= lw lv vwudwhjlfdoo| luuhohydqw1
Li sod|hu � lv kljk frvw/ kh kdv d grplqdqw vwudwhj| wr qrw lqyhvw1 Wkxv sod|hu 2
dvvljqv suredelolw| dw ohdvw �

D
wr sod|hu � qrw lqyhvwlqj1 Wkxv wkh qhw jdlq wr wkh

+orz frvw, sod|hu 2 +iurp lqyhvwlqj ryhu qrw lqyhvwlqj, lv dw prvw e
D
E�f�n �

D
E�bf� '

��f 	 f> vr wkhuh lv qr lqyhvwphqw lq dq| htxloleulxp1
Wklv rxwfrph lv lqh!flhqw= erwk sod|huv zrxog jdlq li wkh| frxog fr0ruglqdwh

rq lqyhvwphqw zkhq erwk wkhlu frvwv duh orz +dv orqj dv % : ��f,1 Zh zloo doorz
sod|hu � wr pdnh fkhds wdon vwdwhphqwv ehiruh wkh sod|huv vlpxowdqhrxvo| fkrrvh
dfwlrqv/ dqg vhh krz wklv lq xhqfhv wkh rxwfrph1 Lw wxuqv rxw wkdw zkdw lv fuxfldo
lv zkhwkhu h{whuqdolwlhv duh srvlwlyh ru qhjdwlyh= wkh vljq ri % lv fulwlfdo1

5141 Dgglqj Fkhds Wdon zlwk Qhjdwlyh H{whuqdolwlhv

Ohw % ' ��/ vr wkdw wkh deryh sd|r� pdwulfhv ehfrph=

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L b �bf
Q �� f

Orz Frvw

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L ��� ���f
Q �� f

Kljk Frvw
iljxuh 6

Wkh iroorzlqj lv dq htxloleulxp= sod|hu � wuxwkixoo| dqqrxqfhv klv w|sh1 Li kh
dqqrxqfhv wkdw kh lv orz frvw/ erwk sod|huv lqyhvw1 Li kh dqqrxqfhv wkdw kh lv kljk
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frvw/ erwk sod|huv grq*w lqyhvw1

5151 Dgglqj Fkhds Wdon zlwk Srvlwlyh H{whuqdolwlhv

Ohw % ' �/ vr wkdw wkh deryh sd|r� pdwulfhv ehfrph=

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L �� �bf
Q � f

Orz Frvw

Rssrqhqw*v Dfwlrq

Rzq
Dfwlrq

L Q
L �b ���f
Q � f

Kljk Frvw
iljxuh 7

Wkh deryh wuxwk0whoolqj ehkdylru qr orqjhu frqvwlwxwhv dv htxloleulxp1 Wkh sure0
ohp lv wkdw qrz wkh kljk frvw w|sh ri sod|hu � 0 zkr kdv d grplqdqw vwudwhj|
wr qrw lqyhvw 0 zrxog qrz vwulfwo| suhihu wkdw sod|hu 2 lqyhvwv qrqhwkhohvv1 Wkxv
wkh orz frvw w|sh ri sod|hu � fdq qr orqjhu fuhgleo| frqyh| lqirupdwlrq1 Rqh fdq
yhuli| wkdw hyhu| htxloleulxp ri wkh jdph zlwk fkhds wdon kdv qr lqyhvwphqw lq
htxloleulxp1

Wkxv e| lqfuhdvlqj % iurp �� wr � +l1h1/ pdnlqj wkh erwk lqyhvw htxloleulxp
pruh dwwudfwlyh iru erwk sod|huv,/ zh kdyh sdudgr{lfdoo| ghvwur|hg wkh srvvlelolw|
ri h!flhqw lqyhvwphqw lq htxloleulxp14

61 Wkh Prgho

Wkhuh duh wzr sod|huv/ 4 dqg 5/ dqg d �qlwh dfwlrq vhw ri hdfk sod|hu/ �� dqg �2

+� ' �� � �2,1 Wkhuh lv d �qlwh qxpehu ri w|shv A� +� 5 i�c2j, iru sod|hu �
+A ' A� � A2,1 Wkh sulru ryhu wkh w|sh vsdfh lv Z 5 {EA �1 Qrwlfh wkdw zh doorz
fruuhodwlrq dprqj sod|huv* w|shv1 Sod|hu �*v xwlolw| ixqfwlrq lv �� G � � A� $ +1
Qrwlfh wkdw d sod|hu*v xwlolw| ghshqgv rq klv rzq w|sh exw qrw rq wkh w|sh ri
wkh rwkhu sod|hu> l1h1/ wklv lv d jdph zlwk sulydwh ydoxhv1 Sod|hu �*v frqglwlrqdo
suredelolw| ryhu wkh rwkhu sod|hu*v w|shv lv ghqrwhg e| Z�E|� m |��1 Wkhuhiruh/zh
kdyh gh�qhg dq lqfrpsohwh lqirupdwlrq jdph di�c 2j c �c Ac Zc i��jo

Ehiruh wkh sod|huv sod| wkh jdph ghvfulehg deryh zh doorz wkhp wr hqjdjh lq
fkhds wdon1 Lq wkh fkhds wdon vwdjh/ wkhuh duh glvfuhwh phvvdjh vsdfhv iru hdfk

4Dv Y1 Ekdvndu kdv srlqwhg rxw wr xv/ doo wkdw dfwxdoo| pdwwhuv lv wkdw { kdv lqfuhdvhg iru wkh
frpplwwhg +kljk frvw, w|sh1 Li { zhuh srvlwlyh iru sod|hu 5 dqg wkh orz frvw w|sh ri sod|hu 4 exw
qhjdwlyh iru wkh kljk frvw w|sh ri sod|hu 4/ zh frxog vwloo kdyh frppxqlfdwlrq lq htxloleulxp1
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sod|hu/ �� dqg �2 +� ' �� ��2,1 Wkhuhiruh/ sod|hu �*v vwudwhj| frqvlvwv ri d
wdonlqj vwudwhj| >� G A� $ {E��� dqg dq dfwlrq vwudwhj| k� G � � A� $ {E���1
Eholhiv iru sod|hu � duh b� G� �A� $ {EA��1 Zh zloo eh lqwhuhvwhg lq zhdn shuihfw
Ed|hvldq htxloleuld +zSEH, ri wkh jdph zlwk fkhds wdon= dE>�c k�c b��c E>2c k2c b2�o
lv d zhdn shuihfw Ed|hvldq htxloleulxp ^zSEH` li hdfk sod|hu lv sod|lqj rswlpdoo|
dw doo klv lqirupdwlrq vhwv jlyhq wkh vwudwhj| ri wkh rwkhu dqg eholhiv duh xsgdwhg
xvlqj Ed|hv* uxoh zkhqhyhu srvvleoh1 H{whqglqj hdfk �� wr pl{hg vwudwhjlhv lq wkh
xvxdo zd|5/ zh kdyh=

Gh�qlwlrq 6141 dE>�c k�c b��c E>2c k2c b2�o lv d zSEH6 li

^4` >� E6� m|� � : f,
6� 5 @h}4@ 

6�

�
M��

S
|�MA�

S
6�M��

Z� E|� m|� �>� E6�m |�� �� EEk� E� mE6
�
�c6�� c |� � c k� E� mE6

�
�c6�� c |� �� c |�� 1

^5`
S

|�
�
MA�

Z�
�
|�� m|�

�
>�
�
6�m |

�
�

�
: f, b� E|�m E6�c6�� c |�� '

Z�E|��|� �>�E6��|��S
|�
�
MA�

Z�E|���|� �>�E6��|
�

��
1

^6` k� E@� mE6�c6�� c |� � : f,
@� 5 @h}4@ 

@�
�
M��

S
|�MA�

b� E|�m E6�c6�� c |���� EE@
�
�c k� E� mE6�c6�� c |� �� c |�� 1

71 Uhvxowv

Zh zloo eh lqwhuhvwhg lq wzr/ srodu txhvwlrqv= Iluvw/ zkdw frqglwlrqv jxdudqwhh
wkdw hqrxjk lqirupdwlrq wudqvplvvlrq rffxuv lq wkh fkhds wdon vwdjh wr doorz
djhqwv wr sod| h!flhqw Qdvk htxloleuld lq wkh vxevhtxhqw jdphB Vhfrqg/ zkhq lv
lw lpsrvvleoh wr frppxqlfdwh lqirupdwlrq h�hfwlyho| vr wkh fkhds wdon vwdjh grhv
qrw dowhu wkh htxloleulxp sd|r� vhw lq wkh vxevhtxhqw jdphB

5L1h1/

xl ++dl> �m, > wl, @
[
dm5Dm

�m +dm,xl ++dl> dm, > wl,

dqg xl ++�l> �m, > wl, @
[
dl5Dl

�l +dl,xl ++dl> �m, > wl, =

6Iru shuihfw Ed|hvldq htxloleulxp/ zh zrxog uhtxluh lq dgglwlrq wkdw �l + �m +pl>pm, > wl, eh
lqghshqghqw ri pl dqg wl1 Rxu uhvxowv gr qrw ghshqg rq wklv glvwlqfwlrq1
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7141 Zkhq Grhv Fkhds Wdon ZrunB

Frqvlghu d sxuh pdsslqj iurp wkh w|sh vsdfh wr dfwlrqv/ s G A $ �/ vr s� E|�
lv sod|hu �*v dfwlrq li wkh w|sh sur�oh lv | ' E|�c |2�1 Zh vd| wkdw s lv lpsoh0
phqwdeoh e| fkhds wdon +lq d jlyhq lqfrpsohwh lqirupdwlrq jdph, li s lv sod|hg lq
dq htxloleulxp ri wkh lqfrpsohwh lqirupdwlrq jdph zlwk fkhds wdon1 D vlpsoh zd|
ri lpsohphqwlqj d pdsslqj s lv e| d ixoo| vhsdudwlqj htxloleulxp zkhuh sod|huv
wuxwkixoo| dqqrxqfh wkhlu w|shv1 D pdsslqj s fdq eh lpsohphqwhg e| d ixoo|
uhyhdolqj vwudwhjlhv li dqg rqo| li/ iru erwk � dqg doo |�c |�� 5 A� dqg h@� G A� $ ��/

[
|�MA�

Z E|� m |���� Es E|� c |�� �
[
|�MA�

Z E|� m |�� �� EEh@� E|�� c s� E|��c |��� c |�� 1

Qrwlfh wkdw wklv lpsolhv wkdw sE|� lv d Qdvk htxloleulxp iru doo w|sh sur�ohv | 5 A 1
Wkh iroorzlqj ohppd surylghv d vlpsoh vx!flhqw frqglwlrq iru wuxwkixo dq0

qrxqfhphqwv dqg iroorzlqj s wr eh d zSEH=

Ohppd 7141 Uxoh s lv lpsohphqwdeoh e| fkhds wdon li iru erwk sod|huv � 5 i�c2j
dqg doo | 5 A / |�� 5 A� dqg @� 5 ��/

�� Es E|� c |�� � �� EE@�c s� E|
�
�c |��� c |�� 1

Wkh deryh frqglwlrq uhihuv wr wkh w|sh vsdfh dqg lv/ wkhuhiruh/ rq wkh lqfrp0
sohwh lqirupdwlrq jdph1 Zh zrxog olnh wr surylgh d qdwxudo vx!flhqw frqglwlrq iru
s wr eh lpsohphqwdeoh wkdw ghshqgv rqo| rq wkh xqghuo|lqj frpsohwh lqirupdwlrq
jdphv1 D frpsohwh lqirupdwlrq jdph lv d sdlu } ' E}�c }2�/ hdfk }� G �$ +1

Gh�qlwlrq 7151 Frpsohwh lqirupdwlrq jdph } lv vhoi0vljqdoolqj li iru erwk �/ doo
@�c @

�
� 5 ��/ @� 5 @h} 4@ h@�M��

}� E@�c h@�� dqg @�� 5 @h}4@ h@�M��

}� E@
�
�c h@��/

}� E@�c @�� � }�
�
@�c @

�
�

�
1

Wklv surshuw| vd|v wkdw li sod|hu � zhuh sodqqlqj wr sod| dfwlrq @�/ kh zrxog
olnh wr frqylqfh sod|hu � wkdw kh zdv jrlqj wr sod| dfwlrq @�1 Wkh whuplqrorj|
frphv iurp Iduuhoo dqg Udelq ^4<<9` zkr pd| kdyh lqwhqghg d zhdnhu surshuw|1
Exw wklv fohduo| exlogv lq wkh ihdwxuh wkdw vd|lqj �L dp jrlqj wr sod| @�� grhv
lqghhg vljqdo wkdw sod|hu � lqwhqgv wr fkrrvh @�1

:



Gh�qlwlrq 7161 Vwudwhj| sur�oh @W lv d Sduhwr0grplqdqw Qdvk htxloleulxp ri }
li @W lv d Qdvk htxloleulxp dqg/ iru hyhu| rwkhu Qdvk htxloleulxp @ 5 �/ }� E@

W� �
}� E@� dqg }2 E@

W� � }2 E@� �

Gh�qlwlrq 7171 Vwudwhj| sur�oh @W lv d frpplwphqw htxloleulxp ri } li @W lv d
Qdvk htxloleulxp dqg/ iru erwk �/ doo @� 5 �� dqg @� 5 @h} 4@ h@�M��

}� E@�c h@��/

}�
�
@W� c @

W
�

�
� }� E@�c @�� 1

D frpplwphqw htxloleulxp h{lvwv li qr sod|hu frxog gr ehwwhu e| +sxeolfo|,
frpplwwlqj wr dq dowhuqdwlyh dfwlrq1 D qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri d
frpplwphqw htxloleulxp lv wkh h{lvwhqfh ri d Sduhwr0grplqdqw sxuh vwudwhj| Qdvk
htxloleulxp/ l1h1/ sod|hu 4*v �ehvw� sxuh vwudwhj| Qdvk htxloleulxp fruuhvsrqgv
wr sod|hu 5*v �ehvw� rqh1 Wkhuhiruh/ lw h{lvwv lq sxuh frruglqdwlrq jdphv1 D
frpplwphqw htxloleulxp grhv qrw h{lvw zkhq sod|hu 4*v idyrulwh htxloleulxp grhv
qrw frlqflgh zlwk sod|hu 5*v1 Wkhuhiruh/ lw grhv qrw h{lvw lq wkh jdph Edwwoh ri
wkh Vh{hv1

Sursrvlwlrq 7181 Li/ iru doo | 5 A / ^4` } ' � E�c |� lv vhoi0vljqdoolqj dqg ^5` s E|� lv
d frpplwphqw htxloleulxp ri }/ wkhq s lv lpsohphqwdeoh e| fkhds wdon1

Surri1 Dv s E|� lv d frpplwphqw htxloleulxp ri } ' � E�c |� iru doo | ' E|�c |�� 5 A
zh rewdlq= iru doo | ' E|�c |�� 5 A dqg iru erwk sod|huv=

�� Es E|� c |�� � �� EE@�c @�� c |�� iru doo @� 5 @h}4@ h@�M��

�� EE@�c h@�� c |�� � +714,

Dovr/ dv } ' � E�c |� lv vhoi0vljqdoolqj iru doo | 5 A zh rewdlq= iru erwk �/ @� 5 ��/
@� 5@h} 4@ h@�M��

�� EE@�c h@�� c |�� c |�� 5 A�/ @
�
� 5 @h}4@ h@�M��

�� EEs�E|
�
�c |��c h@�� c |�� dqg | 5 Ac

�� EE@�c @�� c |�� � ��
��
@�c @

�
�

�
c |�
�
� +715,

Ilqdoo|/ qrwlfh wkdw s� E|��c |�� 5 @h}4@ h@�M��

�� EEs�E|��c |��c h@�� c |�� � 5 i�c 2j� Wkhuhiruh/
frpelqlqj +714, dqg +715,/ zh rewdlq= iru erwk sod|huv � 5 i�c2j dqg doo | 5 A /
|�� 5 A� dqg @� 5 ��/

�� Es E|� c |�� � �� EE@�c s� E|
�
�c |��� c |�� 1

Wkhuhiruh/ e| Ohppd 4/ s lv lpsohphqwdeoh e| fkhds wdon1

;



Gh�qlwlrq 7191 Frpsohwh lqirupdwlrq jdph } lv d elqdu| fr0ruglqdwlrq jdph
li ^4` +Elqdu| Dfwlrqv, r�� ' r�2 ' iUc�j> ^5` +Vwudwhjlf Frpsohphqwdulwlhv,=
}� EUc U��}� E�c U� : }� EUc���}� E�c�� iru � ' �c 2> ^6` +Vhoi0Vljqdoolqj, }� E@c @� �
}� E@c @�� iru hdfk � ' �c2 dqg doo @� 9' @1

Fruroodu| 71:1 Li/ iru doo | 5 A / ^4` � E�c |� lv d elqdu| fr0ruglqdwlrq jdph dqg ^5`
s E|� lv d Sduhwr0grplqdqw Qdvk htxloleulxp ri � E�c |�/ wkhq s lv lpsohphqwdeoh
e| fkhds wdon1

Surri1 E| wkh sursrvlwlrq/ lw vx!fhv wr vkrz wkdw d Sduhwr0grplqdqw htxloleulxp
lv d frpplwphqw htxloleulxp lq elqdu| fr0ruglqdwlrq jdphv1 Dv wkhuh duh vwudwhjlf
frpsohphqwdulwlhv/ wkhuh duh wkuhh srvvleoh fdvhv= dfwlrq U lv d grplqdqw vwudwhj|
iru sod|hu 4/ vd|> dfwlrq � lv d grplqdqw vwudwhj| iru sod|hu 4/ vd|> wkhuh duh wzr
Qdvk htxloleuld/ EUc U� dqg E�c�� zlwk wkh �uvw ehlqj Sduhwr grplqdqw1 Zh vkrz
wkdw lv doo wkuhh fdvhv/ wkh Sduhwr grplqdqw Qdvk htxloleulxp lv d frpplwphqw
Qdvk htxloleulxp1

Fdvh 4= Iurp wkh vhoi0vljqdoolqj surshuw| ri elqdu| frruglqdwlrq jdphv/ EUc U� lv
wkh xqltxh Qdvk htxloleulxp1 Iru sod|hu 5/ wklv htxloleulxp glvsod|v wkh surshuwlhv
uhtxluhg ri d frpplwphqw Qdvk htxloleulxp1 Zh pxvw fkhfn wkdw lw dovr grhv vr
iru sod|hu 41 Dv U lv wkh grplqdqw dfwlrq iru sod|hu 4/ ��EUc U� � ��E�c U�1 Dv
wkh jdph lv vhoi0vljqdoolqj dqg dv U lv d grplqdqw vwudwhj| iru sod|hu 4c ��EUc U� �
��EUc�� � ��E�c� �1 Wkhuhiruh/ sE|� ' EUc U� lv d frpplwphqw Qdvk htxloleulxp1

Fdvh 5= Iurp wkh vhoi0vljqdoolqj surshuw| ri elqdu| frruglqdwlrq jdphv/ E�c��
lv wkh xqltxh Qdvk htxloleulxp1 Iru sod|hu 5/ wklv htxloleulxp glvsod|v wkh surshu0
wlhv uhtxluhg ri d frpplwphqw Qdvk htxloleulxp1 Zh pxvw fkhfn wkdw lw dovr grhv
vr iru sod|hu 41 Dv � lv wkh grplqdqw dfwlrq iru sod|hu 4/ ��E�c�� � ��EUc��1
Dv wkh jdph lv vhoi0vljqdoolqj dqg dv � lv d grplqdqw vwudwhj| iru sod|hu �/
��E�c�� � ��E�c U� � ��EUc U�1 Wkhuhiruh/ sE|� ' E�c�� lv d frpplwphqw
Qdvk htxloleulxp1

Fdvh 6= Lq wklv fdvh/ sE|� ' EUc U� zklfk lv fohduo| d frpplwphqw Qdvk htxl0
oleulxp1

Ilqdoo|/ dv/ iru doo | 5 A / dv elqdu| frruglqdwlrq jdphv duh vhoi0vljqdoolqj dqg
dv s E|� lv d frpplwphqw Qdvk htxloleulxp/ zh fdq lqyrnh wkh suhylrxv Sursrvlwlrq
wr fodlp wkdw s lv lpsohphqwdeoh e| fkhds wdon1

Zh fdq looxvwudwh e| h{dpsoh wkh qrq0uhgxqgdqf| ri wkh vx!flhqw frqglwlrqv
ri wkh sursrvlwlrq dqg fruroodu|1 Iluvw/ frqvlghu wkh ohdglqj h{dpsoh ri wkh vhfwlrq
515 zlwk srvlwlyh h{whuqdolwlhv +l1h1/ % ' �/ vhh �jxuh 6,> fdq wkh sod|huv fkrrvh
erwk lqyhvw zkhq sod|hu �*v frvwv duh orz dqg erwk grq*w lqyhvw zkhq sod|hu �*v

<



frvwv duh kljkB Zh vdz wkdw wklv zdv lqfrqvlvwhqw zlwk htxloleulxp1 Wkdw uxoh grhv
dozd|v vhohfw d frpplwphqw Qdvk htxloleulxp +rqh ri wkh vx!flhqw frqglwlrqv ri
wkh sursrvlwlrq,> lw lv dovr d elqdu| fr0ruglqdwlrq jdph/ zkhuh d Sduhwr0grplqdqw
Qdvk htxloleulxp lv dozd|v vhohfwhg1 Exw wkh frpsohwh lqirupdwlrq jdph zkhq
sod|hu 4 lv kljk frvw dqg sod|hu 5 lv orz frvw idlov wkh vhoi0vljqdoolqj frqglwlrq1

Wkh frpplwphqw Qdvk frqglwlrq hvvhqwldoo| uhtxluhv wkdw djhqwv djuhh rq
zklfk Qdvk htxloleulxp lv ehvw1 Wkh iroorzlqj Edwwoh ri wkh Vh{hv h{dpsoh lo0
oxvwudwhv wkh lpsruwdqfh ri wkh frpplwphqw Qdvk frqglwlrq1 Edqnv dqg Fdoyhuw
^4<<5` h{soruh pruh jhqhudoo| krz pxfk xqphgldwhg fkhds wdon fdq dfklhyh lq wkh
Edwwoh ri wkh Vh{hv zlwk lqfrpsohwh lqirupdwlrq1

Vxssrvh wkdw sod|hu � lv rqh ri wzr w|shv/ |� dqg |
�
�> sod|hu 2 kdv d xqltxh w|sh

|21 Wkh sod|huv* sd|r�v duh jlyhq e| wkh iroorzlqj pdwulfhv=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

O U
X �c 2 fc f
G fc f 2c �

W|sh Sur�oh E|�c |2�

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

O U
X �c 2 fc f
G 2c f ec �

W|sh Sur�oh E|��c |2�
iljxuh 8

Erwk frpsohwh lqirupdwlrq jdphv duh vhoi0vljqdoolqj1 Exw frqvlghu wkh uxoh wkdw
sod|huv fkrrvh Qdvk htxloleulxp ELcu� li w|sh sur�oh lv E|�c |2� dqg Qdvk htxl0
oleulxp E(c-� li w|sh sur�oh lv E|��c |2�> wkh iruphu lv qrw d frpplwphqw Qdvk
htxloleulxp1 Lq idfw/ qr lqirupdwlrq lv uhyhdohg lq dq| htxloleulxp1

7151 Zkhq Grhv Fkhds Wdon Qrw ZrunB

Zh �uvw suryh wkdw xqghu wkuhh udwkhu vwurqj frqglwlrqv/ fkhds wdon grhv qrw zrun1
Wkhq zh vkrz e| h{dpsoh zk| hdfk ri wkhvh frqglwlrqv lv uhtxluhg1

Iluvw/ zulwh �� Ek�c |�� iru sod|hu �*v lqgluhfw xwlolw| ryhu wkh rwkhu sod|hu*v df0
wlrqv/ l1h1/ iru dq| k� 5 {E���/

�� Ek�c |�� ' 4@ 
@�M��

[
@�M��

k�d@�o�� EE@�c @�� c |��

Gh�qlwlrq 71;1 Wkhuh lv frpprq lqgxfhg suhihuhqfhv li iru doo |�c |
�
� 5 A� dqg doo

k� c k
�
� 5 {E���/

�� Ek�c |�� � ��
�
k�
� c |�

�
+, �� Ek�c |

�
�� � ��

�
k�
�c |

�
�

�
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Gh�qlwlrq 71<1 Dq htxloleulxp kdv ghjhqhudwh phvvdjhv li doo w|shv ri hdfk
sod|hu duh lqgl�huhqw lq htxloleulxp ehwzhhq doo phvvdjhv vhqw e| dq| w|sh ri
wkdw sod|hu17

Dq htxloleulxp zlwk ghjhqhudwh phvvdjhv kdv hdfk sod|hu frpsohwho| lqgli0
ihuhqw derxw zklfk phvvdjh lv vhqw1 Dv zh zloo vhh/ wklv grhv qrw uxoh rxw wkh
srvvlelolw| ri lqirupdwlrq ehlqj frqyh|hg1

Gh�qlwlrq 71431 W|shv duh lqghshqghqw li wkhuh h{lvw Z� 5 {EA�� dqg Z2 5
{EA2� vxfk wkdw Z E|�c |2� ' Z� E|�� �Z2 E|2� iru doo E|�c |2� 5 A� � A21

Sursrvlwlrq 71441 Li wkhuh lv frpprq lqgxfhg suhihuhqfhv dqg w|shv duh lqgh0
shqghqw/ wkhq dq| htxloleulxp kdv ghjhqhudwh phvvdjhv1

Surri1 Dv w|shv duh lqghshqghqw/ iru doo |�c |�� 5 A�/ � 5 i�c 2j Z�E|� m |�� ' Z�E|� m
|��� ' Z�E|��1 Ohw EE>�c k�c b��c E>2c k2c b2�� eh d SEH ri wkh fkhds wdon jdph1
Sod|hu � ri w|sh |� vhqgv phvvdjhv wr pd{lpl}h

@h}4@ 
@�M��

P
|�MA�

Z�E|��k� EE6�c6�E|��� c |�� d@�o�� E@�c @�c |�� ' ��Eek�E6��c |��

zkhuh ek�E6��d@�o ' P
|�MA�

Z�E|��k� EE6�c6�E|��� c |�� d@� o1 Wkhuhiruh/ e| frpprq lq0

gxfhg suhihuhqfhv/ iru doo |�c |�� 5 A�

�� Eek�E6W
� �c |�� � �� Eek�E6��c |��+, �� Eek�E6W

� �c |
�
�� � �� Eek�E6��c |

�
�� �

Wkhuhiruh/ wkh vhw ri phvvdjhv wkdw pd{lpl}h wkh h{shfwhg xwlolw| ri sod|hu � ri
w|sh |� dovr pd{lpl}h wkdw ri w|sh |��1

Wkh iroorzlqj h{dpsohv looxvwudwh zk| wkh sursrvlwlrq fdqqrw eh vwuhqjwkhqhg1

7Irupdoo|/ �{ zhdn shuihfw Ed|hvldq htxloleulxp ^+�4> �4> �4,> +�5> �5> �5,`1 Ohw

P�

l � ipl 5Pl = �l +pl mwl , A 3 iru vrph wl 5 Wlj

Ohw hyl +pl mwl , eh wkh h{shfwhg htxloleulxp xwlolw| ri w|sh wl zkr vhqgv phvvdjh pl/ l1h1/

hyl +pl mwl , �
[
wm5Wm

[
pm5Pm

�l +wm mwl , �m +pmm wm,xl ++�l +� m+p
3

l>pm, > wl , > �m +� m+p
3

l>pm, > wm ,, > wl, =

Qrz ^+�4> �4> �4,> +�5> �5> �5,` kdv ghjhqhudwh phvvdjhv li hyl +pl mwl , @ hyl +p3

l mwl ,/ iru hdfk l @
4>5/ doo wl 5 Wl dqg doo pl>p

3

l 5 P�

l 1
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H{dpsoh 41 Doorzlqj Ghjhqhudwh Phvvdjhv1 Lw lv kdug wr uxoh rxw wkh srv0
vlelolw| wkdw hyhq zlwk frpprq lqgxfhg suhihuhqfhv/ sod|hu � frqyh|v lqirupdwlrq
wr sod|hu 2/ exw sod|hu 2 xvhv wkdw lqirupdwlrq lv vxfk d zd| wkdw sod|hu � lv
lqgl�huhqw derxw sod|hu 2*v dfwlrq1 Wklv lv looxvwudwhg lq wkh iroorzlqj h{dpsoh1

Ohw A� ' i|�c |��j dqg A2 ' i|2j1 Wkh suredelolw| ri |� lv
�
2
1 Ohw �� ' iLc(j

dqg �2 ' iuc�c-j1 Ohw sd|r�v eh jlyhq e|=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L �c f 2c � �c f
( fc � �c f 2c �

W|sh Sur�oh E|�c |2�

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L fc f �c � 2c f
( �c � 2c f �c �

W|sh Sur�oh E|��c |2�
iljxuh 9

Wkhuh lv dq htxloleulxp zkhuh sod|hu � dqqrxqfhv6 li klv w|sh lv |� dqg dqqrxqfhv
6� li klv w|sh lv |��> kh wkhq fkrrvhv dfwlrq L li w|sh |� dqg ( li w|sh |��1 Sod|hu 2
dqqrxqfhv qrwklqj/ dqg wkhq fkrrvhv dfwlrq � li phvvdjh2w|sh sur�oh lv E6c |2�/
dqg udqgrpl}hv Df*Df ehwzhhq u dqg - li phvvdjh2w|sh sur�oh lv E6�c |2�1

H{dpsoh 51 Doorzlqj Fruuhodwhg W|shv Dv orqj dv w|shv duh lqghshqghqw/
dqg xqghu rxu pdlqwdlqhg dvvxpswlrq ri sulydwh ydoxhv/ htxloleulxp dqqrxqfh0
phqwv kdyh +htxloleulxp, lqwhusuhwdwlrqv wkdw wkh| uhyhdo lqirupdwlrq derxw wkh
dfwlrqv wkdw wkh vhqghu zloo wdnh1 Exw zlwk fruuhodwhg w|shv/ phvvdjhv pd| kdyh
pruh frpsoh{ lqwhusuhwdwlrqv/ l1h1/ ghshqglqj rq wkh w|sh ri wkh uhfhlyhu/ wkh|
frqyh| gl�huhqw lqirupdwlrq derxw wkh vhqghu*v lqwhqghg dfwlrqv1 Wklv doorzv lq0
irupdwlrq wr eh frqyh|hg/ hyhq lq htxloleuld zlwk qrq0ghjhqhudwh phvvdjhv dqg
xqghu wkh frpprq lqgxfhg suhihuhqfhv dvvxpswlrq1

Ohw A� ' iMcucM �c u�j dqg A2 ' i|2c |
�
2j dqg ohw wkh sulru Z eh jlyhq e| wkh

iroorzlqj pdwul{=

Sod|hu 2*v W|sh

Sod|hu �*v
W|sh

|2 |�2
M k

2E�nknk2nk��
k2

2E�nknk2nk��

u �
2E�nknk2nk��

k�

2E�nknk2nk��

M � k2

2E�nknk2nk��
k

2E�nknk2nk��

u� k�

2E�nknk2nk��
�

2E�nknk2nk��

iljxuh :
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zkhuh k 	 �
b
	 knk2

�nk�
1 Erwk w|shv ri sod|hu 5 dqg w|shv u dqg u� ri sod|hu 4 kdyh

wkh orz frvw sd|r�v ri wkh srvlwlyh h{whuqdolw| h{dpsoh ri vhfwlrq 515 +vhh �jxuh
6,1 W|shv M dqg M � ri sod|hu 4 kdyh wkh kljk frvw sd|r�v1

Lq wkh devhqfh ri fkhds wdon/ wkh xqltxh htxloleulxp kdv qr lqyhvwphqw1 Zlwk
fkhds wdon/ wkhuh lv dq htxloleulxp zkhuh w|shv M dqg u dqqrxqfh 6> w|shv
M � dqg u� dqqrxqfh 6�> sod|hu 5 dqqrxqfhv qrwklqj1 W|shv u dqg u� ri sod|hu �
lqyhvw/ w|shv M dqgM � gr qrw lqyhvw +lqghshqghqwo| ri phvvdjhv,1 W|sh |2 lqyhvwv
rqo| li phvvdjh 6 lv vhqw1 W|sh |�2 lqyhvwv rqo| li phvvdjh 6

� lv vhqw1
Zdwvrq ^4<<9` ghvfulehv d vhwwlqj zkhuh fruuhodwhg w|shv doorzv lqirupdwlrq

wr eh frqyh|hg ehwzhhq sduwlhv zlwk frq lfwlqj lqwhuhvwv1

H{dpsoh 6= Zhdnhqlqj Fduglqdo wr Ruglqdo Frpprq Lqgxfhg Suhi0

huhqfhv Wkh frpprq lqgxfhg suhihuhqfhv frqglwlrq lv yhu| vwurqj= lw uhtxluhv
wkdw d sod|hu*v w|shv kdyh wkh vdph fduglqdo suhihuhqfhv ryhu wkh rwkhu sod|huv*
dfwlrqv1 Wkh iroorzlqj h{dpsoh vkrzv wkdw djuhhphqw rq ruglqdo suhihuhqfhv ryhu
dfwlrqv lv qrw hqrxjk +hyhq zlwk lqghshqghqw vljqdov,1

Ohw A� ' i|�c |��j dqg A2 ' i|2c |�2j1 Wkh lqghshqghqw suredelolw| ri |� lv �
2
>

wkh lqghshqghqw suredelolw| ri |2 lv
2
�
1 Ohw �� ' iLc(j dqg �2 ' iuc�c-j1 Ohw

sd|r�v ri w|sh |� ri sod|hu � eh=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L � 2 S
( f � D

iljxuh ;

Ohw sd|r�v ri w|sh |�� ri sod|hu � eh=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L f e D
( � D S

iljxuh <
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Ohw sd|r�v ri w|sh |2 ri sod|hu 2 eh=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L � f f
( f � f

iljxuh 43

Ohw sd|r�v ri w|sh |�2 ri sod|hu 2 eh=

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

u � -
L f f �
( f � f

iljxuh 44

Wkhuh lv dq htxloleulxp zkhuh sod|hu � dqqrxqfhv 6 li klv w|sh lv |� dqg 6� li
klv w|sh lv |��> kh wkhq fkrrvhv dfwlrq L li w|sh |� dqg ( li w|sh |��1 Sod|hu 2
dqqrxqfhv qrwklqj/ dqg wkhq fkrrvhv dfwlrq u li phvvdjh2w|sh sur�oh lv E6c |2�/
� li phvvdjh2w|sh sur�oh lv E6�c |2� ru E6

�c |�2�/ - li phvvdjh2w|sh sur�oh lv E6c |�2�1
Vhlgpdqq ^4<<3` kdv ghprqvwudwhg lq vhqghu0uhfhlyhu jdphv krz ruglqdo frq0

 lfwlqj lqwhuhvwv grhv qrw ohdg wr edeeolqj1

81 Fkhds Wdon lq wkh Hohfwurqlf Pdlo Jdph

Dq lqfrpsohwh lqirupdwlrq jdph olwhudwxuh kdv ghprqvwudwhg krz h{ dqwh vpdoo
suredelolw| hyhqwv pd| kdyh d pdmru lpsdfw rq htxloleulxp sd|r�v yld kljkhu
rughu eholhiv +vhh/ h1j1/ Ndmll dqg Pruulv ^4<<8`,1 Lq sduwlfxodu/ wkhuh pd| eh du0
elwudulo| kljk h{ dqwh suredelolw| wkdw sd|r�v duh jlyhq e| d fhuwdlq frpsohwh
lqirupdwlrq jdph/ exw qrqhwkhohvv d vwulfw dqg Sduhwr0grplqdqw Qdvk htxlole0
ulxp ri wkdw frpsohwh lqirupdwlrq jdph lv qhyhu sod|hg lq dq| htxloleulxp ri
wkh lqfrpsohwh lqirupdwlrq jdph1 Vxfk frqfoxvlrqv uhtxluh wkdw w|shv eh kljko|
fruuhodwhg1 Lv wklv frqfoxvlrq urexvw wr doorzlqj fkhds wdonB

Xqiruwxqdwho|/ rxu �qr frppxqlfdwlrq� uhvxow uholhg rq dq lqghshqghqw w|shv
dvvxpswlrq1 Lq wklv vhfwlrq/ zh vkrz wkdw qrqhwkhohvv lq d yhuvlrq ri wkh hohf0
wurqlf pdlo jdph ri Uxelqvwhlq ^4<;<`/ frpprq lqgxfhg suhihuhqfhv ohdgv wr qr
frppxqlfdwlrq1 Wkh h{dpsoh fdq dovr eh xvhg wr looxvwudwh rxu ixoo frppxqlfd0
wlrq uhvxow1
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Djdlq/ zh kdyh wzr sod|huv ghflglqj zkhwkhu wr lqyhvw +U, ru qrw lqyhvw +�,
zlwk sd|r�v jlyhq e| wkh pdwulfhv lq �jxuh 51 Hdfk sod|hu*v w|sh vsdfh lv wkh vhw
ri qrq0qhjdwlyh lqwhjhuv/ A� ' A2 ' ifc �c 2c ����j/ zlwk wkh iroorzlqj suredelolw|
glvwulexwlrq ryhu w|shv=

Sod|hu 2*v W|sh

Sod|hu �*v
W|sh

f � 2 � ?
f 0 f f � f

� 0 E�� 0� 0 E�� 0�2 f � f

2 f 0 E�� 0�� 0 E� � 0�e � f
� � � � � �

? f f f � 0 E�� 0�2?

iljxuh 45

W|sh f ri sod|hu � lv kljk frvw +dqg wkxv kdv d grplqdqw vwudwhj| wr qrw lqyhvw,1
Doo rwkhu w|shv ri sod|hu �/ dqg doo w|shv ri sod|hu 2/ duh orz frvw18

D zhoo nqrzq dujxphqw +vhh Uxelqvwhlq ^4<;<`, vkrzv wkdw wkhuh lv d xqltxh
htxloleulxp lq wklv vhwwlqj +zlwkrxw fkhds wdon,= dozd|v sod| � 1 W|sh f ri sod|hu
4 grhv qrw lqyhvw dv lw lv d grplqdqw vwudwhj| wr qrw lqyhvw1 W|sh f ri sod|hu 2
dwwdfkhv suredelolw| �

230
: �

2
wr sod|hu 4 qrw lqyhvwlqj/ vr vkh pxvw qrw lqyhvw1

Wkh dujxphqw lwhudwhv1
Qrz vxssrvh wkdw fkhds wdon lv doorzhg1 Wkdw lv/ ehiruh fkrrvlqj wkhlu dfwlrqv/

wkh sod|huv vlpxowdqhrxvo| vhqg phvvdjhv lq vrph duelwudu| phvvdjh vsdfh1 Li % 	
f/ wkh frqglwlrqv ri sursrvlwlrq 718 duh vdwlv�hg/ dqg wkhuh h{lvwv dq htxloleulxp
zkhuh hdfk sod|hu wuxwkixoo| dqqrxqfhv klv w|sh dqg wkhq lqyhvwv dv orqj dv sod|hu
4 lv qrw ri w|sh f1

Exw vxssrvh wkdw % : f1 Lq wklv fdvh/ d wuxwk0whoolqj htxloleulxp grhv qrw
h{lvw= w|sh f ri sod|hu 4 zrxog kdyh dq lqfhqwlyh wr fodlp wr eh vrph rwkhu w|sh
+lq rughu wr lqgxfh lqyhvwphqw e| sod|hu 5,1 Lq idfw/ hyhu| htxloleulxp kdv qr
lqyhvwphqw e| dq| w|sh1 Wr vhh zk|/ �{ dq htxloleulxp dqg ohw �W eh wkh orzhvw
w|sh ri sod|hu 4 zkr hyhu lqyhvwv zlwk srvlwlyh suredelolw| +diwhu dq| phvvdjh,1
Vlqfh w|sh f kdv d grplqdqw vwudwhj| wr qrw lqyhvw/ zh pxvw kdyh �W � �1 Qrz doo

8Wkh iroorzlqj vwru| iurp Uxelqvwhlq ^4<;<` pd| prwlydwh wkh lqirupdwlrq vwuxfwxuh1 Zlwk
suredelolw| % A 3/ sod|hu 4 lv kljk frvw dqg sod|hu 5 lv orz frvw1 Zlwk suredelolw| 4 � %/ erwk
�upv duh orz frvw1 Ilupv nqrz rqo| wkhlu rzq frvwv1 Li �up 4 lv kljk frvw/ kh vhqgv qr phvvdjh1
Li kh lv orz frvw/ kh vhqgv d phvvdjh wr sod|hu 5/ orvw zlwk suredelolw| %1 Li uhfhlyhg/ 5 vhqgv d
frq�updwlrq/ dqg vr rq1 Qrz wkh w|sh ri hdfk sod|hu fruuhvsrqgv wr wkh qxpehu ri phvvdjhv
vhqw1
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w|shv ri sod|hu 5 ohvv wkdq �W�� pxvw dwwdfk }hur suredelolw| wr sod|hu 4 lqyhvwlqj/
dqg wkhuhiruh pxvw qhyhu lqyhvw lq wkh htxloleulxp1

Vxssrvh wkhq wkdw w|sh �W�� lv wkh orzhvw w|sh ri sod|hu 5 zkr hyhu lqyhvwv lq
wkh htxloleulxp1 Ohw�W

� eh wkh vhw ri phvvdjhv wkdw ohdg w|sh �
W�� ri sod|hu 5 wr

lqyhvw zlwk srvlwlyh suredelolw|1 W|sh �W � � ri sod|hu 4 vhqgv d phvvdjh lq wkdw
vhw zlwk suredelolw| � +vlqfh kh nqrzv wkdw w|sh �W�2 lv qrw lqyhvwlqj/ kh fkrrvhv
klv phvvdjh wr pd{lpl}h wkh suredelolw| wkdw w|sh �W�� lqyhvwv,1 Qrz uhfdoo wkdw
h{ dqwh/ w|sh �W � � ri sod|hu 5 dvvljqhg suredelolw| �

230
wr sod|hu 4 ehlqj ri w|sh

�W � �1 Frqglwlrqdo rqo| rq revhuylqj d phvvdjh lq �W
� / wkdw suredelolw| pxvw

zhdno| jr xs +w|sh �W�� dozd|v vhqgv d phvvdjh lq�W
� / hyhq wkrxjk w|sh �W pd|

qrw,1 Wkxv iru dw ohdvw rqh phvvdjh lq � W
� / sod|hu 5 pxvw dvvljq suredelolw| dw

ohdvw �
230

wr sod|hu 4 ehlqj w|sh �W� �/ dqg wkhuhiruh qrw lqyhvwlqj1 Exw wkhq lw lv
d ehvw uhvsrqvh iru sod|hu 5 wr qrw lqyhvw/ d frqwudglfwlrq1

Wkxv zh jhw d frqwudglfwlrq li �W � � lv wkh orzhvw w|sh ri sod|hu 5 zkr hyhu
lqyhvwv lq wkh htxloleulxp1 Li �W lv wkh orzhvw w|sh ri sod|hu 5 zkr hyhu lqyhvwv lq
wkh htxloleulxp/ zh fdq vlploduo| frqvwuxfw d frqwudglfwlrq/ uhyhuvlqj wkh urohv ri
sod|huv 4 dqg 5 lq wkh dujxphqw1 Li wkh orzhvw w|sh ri sod|hu 5 zkr hyhu lqyhvwhg
lq htxloleulxp zhuh odujhu wkdq �W/ wkhq w|sh �W ri sod|hu 4 zrxog qhyhu lqyhvw lq
htxloleulxp/ djdlq d frqwudglfwlrq1

Xqiruwxqdwho|/ wklv dujxphqw ghshqgv fuxfldoo| rq wkh vshfldo vwuxfwxuh ri
w|shv lq wklv h{dpsoh dqg lw lv qrw fohdu krz wr jhqhudol}h lw1

91 Glvfxvvlrq

9141 Wkh Dxpdqq Fulwltxh

Frqvlghu wkh fdvh zkhuh wkhuh lv frpprq nqrzohgjh wkdw erwk �up duh orz frvw/
vr zh kdyh wkh iroorzlqj v|pphwulf sd|r� pdwul{1

Sod|hu 2*v Dfwlrq

Sod|hu �*v
Dfwlrq

L Q
L �f n %c �f n % �bfc %
Q %c�bf fcf
iljxuh 46

Vxssrvh sod|hu � dqqrxqfhv wkdw kh lv jrlqj wr lqyhvw1 Krz fuhgleoh lv wklv
vwdwhphqwB Zh pd| frqvlghu wzr nlqgv ri lqirupdo whvwv +wkh whuplqrorj| dqg
glvfxvvlrq khuh iroorzv Iduuhoo dqg Udelq ^4<<6`,1
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D vwdwhphqw lv vhoi0frpplwwlqj li d vshdnhu zkr h{shfwhg wr eh eholhyhg zrxog
kdyh dq lqfhqwlyh wr pdnh klv dqqrxqfhphqw frph wuxh1 Wklv qrwlrq ri fuhglelolw|
olhv dw wkh khduw ri fkhds wdon uh�qhphqwv exloglqj rq Iduuhoo*v ^4<<6` qrwlrq ri
qhrorjlvp0surriqhvv1 Wkh vwdwhphqw �L zloo lqyhvw� lv vhoi0frpplwwlqj lq wkh deryh
h{dpsoh/ lqghshqghqw ri wkh vljq ri %1

D vwdwhphqw lv vhoi0vljqdoolqj li wkh vshdnhu zrxog zdqw lw wr eh eholhyhg rqo|
li lw lv wuxh1 Wkh vwdwhphqw �L zloo lqyhvw� lv vhoi0vljqdoolqj lq wkh deryh h{dpsoh
rqo| li % � f1 Li % : f/ sod|hu � zrxog olnh wr frqylqfh sod|hu 2 wkdw kh lv jrlqj
wr lqyhvw lqghshqghqw ri zkdw sod|hu � lv dfwxdoo| jrlqj wr gr1 Dxpdqq ^4<<3`
dujxhg irufhixoo| wkdw �*v vwdwhphqwv duh vxuho| qrw fuhgleoh lq wklv frqwh{w1 Lq
sduwlfxodu/ vxssrvh sod|hu � wkrxjkw wkdw sod|hu 2 zdv olnho| wr qrw lqyhvw exw
wkhuh zdv d voljkwo| kljkhu suredelolw| wkdw 2 zrxog lqyhvw li � fodlphg kh zdv
jrlqj wr lqyhvw1 Wkhq lw zrxog eh vwulfwo| rswlpdo iru sod|hu � wr fodlp wkdw kh
zdv jrlqj wr lqyhvw/ lqghshqghqw ri zkdw kh zdv dfwxdoo| jrlqj wr gr1

Lw lv dq hpslulfdo txhvwlrq zkhwkhu vwdwhphqwv wkdw duh vhoi0frpplwwlqj exw
qrw vhoi0vljqdoolqj duh eholhyhg1 Fkduqhvv ^4<<;` suhvhqwv hylghqfh wkdw wkh| duh
lq vrph h{shulphqwdo vhwwlqjv1 Iru wkrvh/ olnh rxuvhoyhv/ iru zkrp wkh Dxpdqq
fulwltxh lv lqwxlwlyho| frpshoolqj/ rxu lqfrpsohwh lqirupdwlrq dqdo|vlv r�huv dq
dowhuqdwlyh olqh ri ghihqvh1 Dv d sudfwlfdo pdwwhu/ wkhuh lv uduho| frpprq nqrzo0
hgjh ri wkh xqghuo|lqj sd|r�v1 E| doorzlqj iru wkh h{ dqwh srvvlelolw| wkdw sod|hu
� lv lq idfw frpplwwhg wr d sduwlfxodu dfwlrq +shukdsv zlwk orz suredelolw|,/ zh
irufh wkh lqihuhqfhv ri wkh Dxpdqq dujxphqw lqwr sod|1

9151 Fkhds Wdon Uh�qhphqwv

Wkhuh lv d odujh uh�qhphqwv olwhudwxuh iru fkhds wdon jdphv1 Lq sxuh frpprq
lqwhuhvw jdphv/ wkhvh uh�qhphqwv w|slfdoo| slfn rxw h!flhqw rxwfrphv +vhh/ h1j1/
Pdwwkhzv/ Rnxqr0Ixmlzdud dqg Srvwohzdlwh ^4<<4` dqg Frqorq ^4<<:`,1 Rxu ixoo
uhyhodwlrq uhvxow +sursrvlwlrq 718, vlpso| ghprqvwudwhg wkdw h!flhqw ehkdylru zdv
frqvlvwhqw zlwk htxloleulxp +edeeolqj htxloleuld dovr h{lvw,1 Dowkrxjk zh kdyhq*w
sxuvxhg wklv olqh ri uhvhdufk/ rxu frqglwlrqv duh suhvxpdeo| vx!flhqw iru vxfk
uh�qhphqwv wr jhqhudwh ixoo vhsdudwlrq dv d xqltxh rxwfrph1

9161 Fkhds Wdon dqg Lqfrpsohwh Lqirupdwlrq

Rxu sdshu ehorqjv wr d jurzlqj olwhudwxuh rq fkhds wdon lq lqfrpsohwh lqirupdwlrq
vhwwlqjv +erwk vhqghu0uhfhlyhu dqg pruh frpsoh{,1 Wzr wkhphv wkdw hphujhg lq
Fudzirug dqg Vreho ^4<;5` kdyh uh0dsshduhg uhshdwhgo|1 Iluvw/ lqirupdwlrq fdq eh
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frqyh|hg zkhq wkh vhqghu dqg uhfhlyhu kdyh frpprq lqwhuhvwv dqg qrw zkhq wkh|
kdyh h{dfwo| rssrvlqj lqwhuhvwv1 Vhfrqg/ zkhq vhqghu dqg uhfhlyhu kdyh prvwo|
exw qrw h{dfwo| rssrvlqj lqwhuhvwv/ lw lv riwhq srvvleoh wr �qg vxewoh glphqvlrqv
dorqj zklfk lqirupdwlrq fdq eh frppxqlfdwhg1 Rxu sursrvlwlrq 7144 surylghv
dqrwkhu h{dpsoh ri d vhwwlqj zkhuh rqo| d yhu| vwurqj rssrvlqj lqwhuhvwv frqglwlrq
lv vx!flhqw iru edeeolqj1

Uhihuhqfhv

^4` Dxpdqq/ U1 ^4<<3`1 �Qdvk Htxloleuld duh qrw Vhoi0Hqiruflqj/� lq Hfr0
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^5` Edqnv/ M1 dqg U1 Fdoyhuw ^4<<5`1 �D Edwwoh0ri wkh0Vh{hv Jdph zlwk Lqfrp0
sohwh Lqirupdwlrq/� Jdphv dqg Hfrqrplf Ehkdylru 7/ 67:06:51

^6` Fkduqhvv/ J1 ^4<<;`1 �Suh0Sod| Frppxqlfdwlrq dqg H!flhqf|= D Whvw ri
Dxpdqq*v Frqmhfwxuh/� Srpshx Ideud1

^7` Frqorq/ M1 ^4<<:`1 �Frruglqdwlrq dqg Zhdn Dqqrxqfhphqw Surriqhvv= Wzr
Frpphqwv rq �Uh�qlqj Fkhds0Wdon Htxloleuld�/� Mrxuqdo ri Hfrqrplf Wkh0
ru| :5/ 55305571

^8` Frrshu/ U1 dqg D1 Mrkq ^4<;;`1 �Frruglqdwlqj Frruglqdwlrq Idloxuhv lq Nh|0
qhvldq Prghov/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 436/ 77407961

^9` Fudzirug/ Y1 dqg M1 Vreho ^4<;5`1 �Vwudwhjlf Lqirupdwlrq Wudqvplvvlrq/�
Hfrqrphwulfd 83/ 4764047841

^:` Iduuhoo/ M1 ^4<<6`1 �Phdqlqj dqg Fuhglelolw| lq Fkhds0Wdon Jdphv/� Jdphv
dqg Hfrqrplf Ehkdylru 8/ 84708641

^;` Iduuhoo/ M1 dqg P1 Udelq ^4<<9`1 �Fkhds Wdon/� Mrxuqdo ri Hfrqrplf Shu0
vshfwlyhv 43/ 436044;1

^<` Ndmll/ D1 dqg V1 Pruulv ^4<<:`1 �Wkh Urexvwqhvv ri Htxloleulxp wr Lqfrpsohwh
Lqirupdwlrq/� Hfrqrphwulfd 98/ 45;60463<1

^43` Pdwwkhzv/ V1/ P1 Rnxqr0Ixmlzdud dqg D1 Srvwohzdlwh ^4<<4`1 �Uh�qlqj
Fkhds Wdon Htxloleuld/� Mrxuqdo ri Hfrqrplf Wkhru| 88/ 57:05:61
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^44` Uxelqvwhlq/ D1 ^4<;<`1 �Wkh Hohfwurqlf Pdlo Jdph= Vwudwhjlf Ehkdylru xqghu
Doprvw Frpprq Nqrzohgjh/� Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41

^45` Vhlgpdqq/ G1 ^4<<3`1 �H�hfwlyh Fkhds Wdon zlwk Frq lfwlqj Lqwhuhvwv/� Mrxu0
qdo ri Hfrqrplf Wkhru| 83/ 778078;1
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