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A RE-EXAMINATION OF THE MODIGLIANI-MILLER THEOREM*

by
Joseph E, Stiglitz

(Paper to be presented at December 1967 Meetings of the Econometric
. Society)

1. Intreduction

In thelr now classic paper of 1958 [13], Modigliani and
Miller demonstrated that the cost of capital for a firm was indepen-
dent of the debt-equity ratio. Although much of the subsequent dis-
cussion hss focused on the realism of particular assumptions,g/
there have been few attempts to delineate under exactly how wide a
class of assumptions the MM theorem dbtains.g/ The purpose of this

paper is to show, in the context of a general eguilibrium state pre-

The research described in this paver was carried out under a grant

from the National Science Foundation. I am deeply indebted to A. Klevorick,
M. Miller, D, Cass, and W. Nordhaus for extensive discussions on

these problems and detailed comments on a previocus draft.

L

See, e.g., [8, 31.

w

An exception is the work of Hirschleifer [ 101, who used the Arrow-
Debreu model (which assumes at least as many securities as states

of the world); after an earlier version of this paper had been cir-
culated, my attention was drawn to the unpublished Ph.D. dissertation
of G. Pye, where results quite similar to several contained here

are shown in the context of & somewhat different model. For other
general equilibrium portfolio (stock-market) models, see Sharp [ 20 ],
Lintner { 11 1, and Mossin { 17 ], all of whom use a mean-variance
approach; and Diamond { 7 ] who assumes multiplicative uncertsainty
and focuses on the problem of Paretc optimality.



ference modelé/ with consumers who maximize expected utility that
the Modigliani-Miller theorem holds under much more general conditions

than those assumed in thelr original studies.&J

Section 2 presents the basic model; Section 3 considers the
case of no bankruptcy; Sections 4 and 5 are concerned with the problems
of bankruptey. In Section 6 we discuss the relationship of our model
t0 the Arrow-Debreu model and the implications for Pareto optimality;
in Section T, we investigate investment under uncertainty, and in

Section 8 we make some concluding comments.

2/ For & discussion of state-preferences, see [1, 2, 6, T, 9,10].

L It should be emphasized that we are considering the "ideal" world
of Modigliani and Miller, where there is, for instance, no prefer-
ential tax treatment of interest charges. We shall see, however,
.that many of the features usually associated with "imperfect" capital
markets, such as increasing cost of borrowing as the number of '
bonds issued increases, appear even in our purely competitive capital
markets.
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2., The Basic Model

8. The Firm

We consider firm J which wishes to raise a given amount

of capital, Aj . It can do this in two ways: issulng new shares
Sj’ which it sells at a price, Pj’ or new bonds, B'j?j. Thus

A, =D

3 ij + BJ. . For convenience, and without loss of generality,

we assume that the firm has no outstanding bonds and one ocutstanding
share. The profits (before paying bondholders) are uncertain; we

can consider the profits, X,, as a function of the state of the world

J

e, xj(e) « It should be emphasized that this is the only source

of uncexrtainty in the mod.el'; depending on the particular model being
examined, we shall assume either that there are & discrete finite

mumber, n, of states of the world or that X.J.(G) igs & random variable

defined over the intervel 0 <6 <1, and f(6) will be the density
function of & . There is & government bond which is perfectly cer-
tain and yields a return, r (The rate of return on any safe agset
wlll be denocted by an unsubscrii:ted. T .) In general, the rate r 3

which the jth firm must pay will depend on the number of bonds lssued.

2/ This is essentially the simple problem posed in the standard ele-
mentary textbooks in the development of the corporate firm: the
entrepreneur who founded the company finds that he must raise new
capital, A 5 We ask, how should he raise this new capital.
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In Figure 1, we have drawn one possible configuration of xj(e) .

If the firm issues Bj bonds, then the probability of bankruptcy

is given by OA .é/ Note that as B, increases, the probability

J

of bankruptey increases. Accordingly, we would expect rj to increase.

x = r(Bj) r'(B) >0 .

When the firm does not go bankrupt, i.e., when xj(e) Eferj , the

return on the bond 1s r when it does, the return is

'j L
X.(8)
-é%——— . (Note that the return xy is the principal plus interest.)
J
x(e)
B

Figure 1

é/'J'fhrosughctut the dlscussion, we limit ourselves to essentially a two-
period problem. In a two-period model, a firm either mekes its in-
terest payments or goes bankrupt: there is nothing in between. TIn
the real world there are however alternatives. It ecan, in particular,
defer the interest payments or the principle paymente. If there is
g positive probability of such deferal, the market willl of course
force the firm to' pay a higher rate of interest. But while the Ytrans-
actions” costs in deferment are relatively small, there are likely
to be very large costs involved in the dissolution of the firm. This
will provide a strong incentive against issulng "too meny" bonds.
In fact, if there sre large transections costs involwed in bankruptcy
or deferral, the MM theorem would not hold: walue maximizing firms
would never issue enough bonds %0 go bankrupt.

Multi-peried models also raise the problem of price uncertainty
{capital gains) which we do not treat explicitly.



Finally, earnings per share, ej , in state 6 1is given by

X.(e) - r.(B.)B
= e
ej(e) BT rj(Bj)Bj < Xj(e)

=0 rj(Bj)Bj _>_xj(e)

The firm is assumed to choose its debt-equity ratio to maxi-
mize the price of a share or the value of the firm. To see that these

are equivalent, observe that V=p(S + 1)+ B= p + A . Maximizing

p maximizeg V . If there are perfect capital markets, this is equl-

valent to maximizing the owners' utility.

b. The Consumer

Tt will be assumed that the 1°" individual has a given

wealth, Wi, which he allocates to alternative invesiment opportunities

to maximize expected utility; that is, if there are a large number

of alternative bonds and stocks, B, and Sj s with earnings e

J J

and rj , he purchases Bij of bond } and Si of stbock j , to

J

maximize his expected utility of wealth,

EU(?ejSiJ + zs:rjaij)

subject to the constraint that
Wi-:}j:.ps

.8, . + IB,
J7iJ jl.j

where pj is the price of the jt stock,
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and E 1s the expectation operator.y

The conditions for expected utility maximizaetion can be

written

By =
e'j L.pj

! =
EU:?‘j A

vhere ) is the marginal utility of wealth.§/

i As usual, we assume that U' >0 and U" <0 . We are assuming
that the portfolio decision can be sgtudied separately from the
consumption decision.

8/ The restriction that U"” < 0 , guarantees that the above condi-
tions are not only necessary but also sufficient, provided Si 3

and Bi 3 may be negative (short sales are allowed) or provided

the individual is st an interior solution with Si 3 >0, Bi 3 >0 .
It Sij and Bi 3 are constrained to be non-negative, then the
above conditions are replaced by the Kuhn-Tucker conditions,

EUfe. < Ap. EU'r, < S. .(EU'e, - =0 EU'r, - A)B,, <O .
J ___ pJ B j - L 2 lj( eJ )"Pj) 4 ( rj l) lj



3. 'The Case of No Bankruptey

Two of the aspects of the MM proof that theoretical economists
found most disturbing were (a) the dependence of the proof on the con-
cept of risk classes and (b) the partial equilibrium nature of the
argument, We shall now show in a perfect capital market with no bank-

ruptey, the MM thecorem ls perfectly general. More precisely, we shall

prove

Propogition l. If individuals can borrow and lend at the market rate

of interest and there is no bankruptcy, if there exists a genersl
equilibrium with each firm having & partiecular debt-equity ratio, a
particular value, and a particular price of its shares, then there
exists another general e'quilibrium solution with any firm having any
other debt-equity ratio, but;. wlth the value of all firms,the price

of all shares and the interest rate on bonds unchanged.

Proof. For convenience, let us consider a firm which in the initial
general equilibrium issues B bonds. We shall show that if it issues
no bonds, all markets will clear if the price of the share and the

return on bonds is unchanged.

The income pattern from a dollar invested in equity in the

initial situation when B bonds are issued, is simplygj

2/ For definition of symbols, see Section 2.



x(e) - rB _ X(6) - rB
pS A-B+op

Consider now the second situastion, where the firm issues no bonds. If

the price of a share is the same in the two situations and the in-

dividual borrows
B=B/(A-B+D)

and with the proceeds and his original dollar buys securities, his

income in state of the world € will be

X(6)(1 + B) A 1 rB
AT D 'rBzx(e)Cﬂ.-P.wl)’A—B-i-P

so that the individual is clearly indifferent between the two situ-

ations, If the demand for. shares previously had been D¥* , the de-

mend is now (1 + B)D¥ = At D _p*, put if the demand equalled

“"A+p-3B
the supply D¥* = A+ p - B, 50 that the demand when the firm issues
no bonds is A + p . But the supply of shares (value of equity) if

the firm issues no bonds is A+ p , 50 demand equals supply.lg/

Tt is important to observe that the only assumpbtion made

in this proof was that in equilibrium, there is a single interest

y Not only is the demand for securitles equal to its supply, but
the total demand for bonds is unchanged at the same interest rate.
In the first . situation the demand for loans by the firm is .B .
In the second situation this is reduced to zero, but demands by
individuals inerease., For,each dollar of his own that the indivi-
dual invests, he borrows B , so0 the increment is

Nk B s
B" = KT‘{?‘B'(A +p - @z B . This completes the proof,.



rate at which perfectly safe bonds are bought and sold both by in-
dividuals and firms. In particular, no assumptions about the be-
havior of individuals under uncertainty (e.g., expected utility
maximization), no assumptions about the eize of firms, and no as-
sumptions about the nature of risk (e.g., risk classes) have been

made,

The MM theorem has, however, also come under attack because
of certain imperfections in the capital market. The parti-
cular manifestations of this which have caused the most concern are:
(1) individuals cannot borrow at the same rate as firms; (2) there
are transactions costs; (3) the cost of borrowing for the firm in-
creases gs the number of bonds issued increases.ll/ This last pro-
blem is essentially the proplam of bankruptey, and is treated in

subsequent sections. Here, we treat the first two.

First, it should be noted that individuals do not actually
need to borrow from the market, but only to change their hold-
inge of corporate bonds in their portfolios.&g/ A problem can arise
then only if an individual has no bonds in his portfolio, whilch cannot

be ruled out on & priori grounds but surely is not very important

iilThe most important imperfections probably arlse from taxation.
From an analytic point of view, it is important to understand clearly
the workings of a capital market in the absence of taxes. In &
separate paper, we shall treat the particular complications imtro-
duced by taxes.

Eg/This point was made by MM in their original article.



empiriecally,

Second, even if there were individuals who had no bonds in
their portfolio, and individuals could not borrow, if there were two
companies in the same risk class with different debt-equity ratios,
the individual could "arbitrage" simply by changling the proportions

in which he held the two stocks. More precisely, we shall now show

Proposition 2. If there are three or more companies with the given

income pattern X(©) , and the most levered and the least levered
companies have the same value , then the value of all other firms must

he the same.

Proof., There are two firms with identical income patterns across
the states of nature, denoted by X(@) . We shall assume for simpli-

city that the first firm has no debt and the second a debt of B2 "

The returns per dollar of equity holdings in the first compeny in
state 0 1is given by
X!e!

By

Similarly, the return per dollar for the second firm
X ~-r1B

2
Ey
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where Fy is the value of the eguity of the ith firm. Assume there

were a third firm with debt between the other two

< -
0 < B, <B,

and which gave a return in state @ of
x(e) - rBy

E

)

We shall show that the third firm mmust have a value less
then or equal to that of the first two (which are assumed to be identiecal

V.=V,.=V). Assume that the value of the third firm were greater than

1772
V . If an individual took & dollar, invested (BB/EE)/(BajEe) in

the second firm and the remainder in the first, his income in state

x(e)@- >B5/E *5 | - 3—527—

/E B
X(6 5
= _L;l{CEl - EE)____é 4+ 1} - r o2

¢ would be

Hhu

We must compere this with the return per dollar invested in firm 3.

Xx(e) - By

By
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But note that if V3 >V , the return from investing in firm 3 is always

smaller than from the combination of firm 1 and 2, i.e.,
(El - E2) 135/35 1

1
+ > =
El B2 El E3
This can he seen by observing that
E, - E, 35/E5+£ 0_:El--1'-3,f_7 vﬁ'E?J,i
El B2 El EjEl v - E2 El

1 2 3 1 1
> o >,
E5E1 V-E, E E3
(v - E.)

since (El .- Ea) ‘(TT_—EE%- >El - E5

l.ee BV -EY - Eg, +EE >EV - EV - EE, + EE,

or (E§ - E2)(V - El) >0
Similarly, it cam be shown that the value of the third firm cannct

be less than the value of the first two.

The problem of transactions costs may be handled in a similar

manner to that of limitations on an individual's borrowing.lz/ Baumol

l'-3-/‘1?11'oughout, we asgsume that transactions costs are preoportional to
the size of the transaction, and&re the same for firms and indi-
viduals. Differences in costs act just like taxes, and will not
be treated here.
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and Malkiel {3] have suggested that, if in order to undertake the
arbitrage operations the individual had to borrow to provide "homemade"
leverage, the total value of transactions would be greater than if

the company already provided the desired leverage.

If there are sizeable transactions costs then the net in-
come from the "homemade"” leverage, if the value of the firms were the
same. Thus Baumol end Malkiel argue that the levered company will

have a higher value than the unlevered cempany.

But if we return to our proof of proposition 1, it will be
recalled that the total value of transactions was unaffected by the
debt-equity ratio of the firm: changes in individuals' demands for
bonds exactly equaled the change in the demands by firms. To see
this another way, if the individual has bonds in his portfolio or
if there are two companies one with high leverage and one with low
leverage,as in proposition 2, the individual cam simply change his

portfolio composition without undertaking any additional transactions.
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4, Bankrupbtey in Competitive Markets

Bankruptcy presents a problem for the usual proecfs of‘the
MM theorem on two accounts: first, it means that the rate of_interest
which the firm must pay on its bonds will increase as the number of
bonds increases. MM have treated the case where it increases st exactly
the same rate for all firms and individuels, but this is clearly s
very special case. Second, if a firm goes bankrupt, it is no longer
possible for an individual to replicate the exact patiern of returns,
except if he can buy on margin, using the security as coilateral; and
if he defaults, he only forfeits the security and not any of his other
assets.l&/ To see this, consider the two alternative policies con-
gidered in Seétion 3; in the . one case, the firm issues no bonds
(hence no chance of default) and in the other he issues B bonds.
If, in the first case, the individualsells B bonds, where

B

B = A-B D’ end if the price is the same in the two situationms,

he can exactly replicate the returns in those states where the firm
does not go bankrupt, as we have already shown. But 1f the firm goes

bankrupt in some state, ©' , im the latter case his returm is zero,
(O} ~ ~
while in the former his return is i—(i—% (L+B)-rB<O . If how

ever, he can forfelt the security then his return will egain be zero.

l-lh/!!ul*bh{:vugh it is possible for lndividuals to make such limited 1li-
ability arrangements by, for instance, putting the particular
assets in the wife's name, by setting up holding corporations,

etc., 1t is not clear empirically how important such arrangements
are.
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Of course, if the firm has a positive probability of going
bankrupt, it will have to pay a higher nominal rate of interest.
But if the individual is Yo use the security as collateral, he, too,
w1lll have to pay a higher nominal rate of interest. And indeed, it
is clear that the two will be exactly the same, since the pattern

of returns on the bonds in bankruptcy will be the same. Thus, we have

Proposition 3. If a firm has & positive probability of going bhank-

rupt, apd an individual can borrow using those securities as col-
lateral (so that if his return from the securities is less than his
borrcwings, he can forfeit the securities) there is no optimal debt-

equity policy.

It should be noted that this does not require 100 percent

margins.. The required margin is only B/l + B =

B
A+ p
Individuals may, of course, not be able to obtain even the

tevel of margin regulred by the above analysis. What happens

then? We shall now show

Proposition 4. In a competitive capital market, the price of a share is in-

variant to the debt-equity ratio even if the firm goes bankrupt, pro-
vided at least one group of individuals does not specialize in bonds or
securities of that firm. Keep that the total issue of shares and bonds of |
the company be sufficiently small that the marginal utility of income

in each state of the world is unaffected by the consumer's purchase
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of the firm's shares or bonds, regardless of the debt-equity policy
pursued by the firm; this is just what we mean by perfect capital

markets.

In Section 2 we showed that, provided individuals do not

A . ‘s 1
specialize in bonds or securltles,—z/

= j 1l = J
Pj n and x
But
x(e) - er x{e) - r B n
X(6) >r B.
5, F—B+pj)/p (6) by
e.(B8) =
5(8)
X(0) < .
0 | (6) < rJBJ
where

(6) =T, o ¢ X(6) >7T B,
rJ( ) TS for 8 ¢ %(8) T B,
- %9-1 for © e X(0) < Qij

Thus, if f(€) is the density function for the states of nature, and gi?
is defined as the set of states under which bankruptey does not occur,

i.e., J= (o] x(6) 3§ij]

U (0)[x(6) - =, B
é (A -3+Pp.) e, v (x(e) - =B, )f(e)a.
x =d % +B - A

£(0)do

éé/All we require for the proof is that the individual's demand price
for both the firm's bonds and stock equal the market price. Whether
he in fact purchases the securities is irrelevant.
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and 1f 34" = (0]X(6) < .3,

» = Ju'r.(e)as 0 ¥E) £(6)an
J rJ( +,<[,{ BJ- (8)

Maultiplying this last equation by B we obtain a functional re-

'j 2

lationship between Bj and T Bj ; ;.Bj = X(Bj) . Xt >0, as can

J J

be seen by teking the total differential of X(B J) :

{(x;B, - X(e¥)2(6%))

(Ufge*){rjsjf(s*) - x(e*)) +)Z;fU'f(6)d9]d(erj) = MB,

where 6% 1is defined by X(6%) = ’x\'jIBj , and therefore

R - A >0
a8, Jo£(0)ae

& B>

Tt should be clear that if)‘éf(e)de <1, =—3>0.
: J

We can now calculate the optimal debt-equity ratio. Since

]Es‘j and ng 3 are monotonically related, we can consider pJ. as a
function of one variable, say ngj :
ap, U (6*){x(e*) - ?:ij}f(e*) fur(e)s(eae 44
- - - o+ ”
arB, A nL > ar B,
Jd J d

g)[zu:(e)f(e)ae + fur(e)r(elasl/a
. X

= 0
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Thus the price of the firm, pj, and the value of the firmare independent
of the debt-equity ratioc, even if the firm issues a sufficlently large
rumber of bonds that there is a positive probability of going bank-
rupt,  Observe that as it issues more bonds, it pays a higher nominal
rate, i.e., it pays a higher rate of interest when it pays back its
honds; but the prohabllity of paying back the bonds is decreased as

B increases.

Average Returns. What is the relationship between the aver-

age return on the value of a firm and the market rate of interest on
a8 safe asset? i.e., if (using the Modigliani-Miller notation)

. =XV, = V.
F’J J/VJ EXJ/J

then is pj é?r ? The presumption thus far has been that p >r be-

cause while the return on the hond is perfectly safe, that on the
security is not. We wish to show that this is not necessarily the

case.

V., =p.5. + B,
J PJ J dJ

the value of a firm is equal to its equity plus debt. But we have
Efu'(x, - r.B.)
J J.J

AS
dJ

already shown that pj = for € ¢ , B0

1 - »
p;Sy = FEU(E - x B, ]

But A = EU’:r'j , BO
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Vj=—§':EU5Xj
But A = ¥EU' , =0
rEU'X
V=
and thus we have
Proposltion 5
pjzmwfuérgr as E(U’--ﬁ')(Xj-fj)—gO

that is, pj is equal to r if U' and X have zero covariance,éé/
greater than r if they are negatively correlated and less than r
if they are positively correlated.

The point of this is to emphasize the importance of the
correlation of the returns frem any given security with
the returns from other socurces. The desirabllity of an asset cannot

be summarized (in gemeral) by just its mean and variance.lz/

It should be noted that the result that V = %-UET provides

— Q0r If U 1is linear, so U' is constant.

EI/Cf. {10, 11]. The implications of this result for the use of dis~
count factors in public projects should be clear; if a flood con-
trol project has, for instance, a high return in those states where
U' is high, a discount rate less than r should be used.
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an alternative proof that the value of a firm and the price of a
share is independent of the debt-equity ratio even if bankruptey
occurs, provided that the marginal utility U' in every state is

unaffected by the firm.lé/

1'§/The Representative Individual. There is one more condition under
which the Modigliani-Miller theorem still holds: where the mar-
ket acts as if there were n identical consumers. If there were
n identical consumers, each of them would purchase l/nth of the
bonds and 1/nth of the securities of the firm, and so the income
from bonds and securities of the firm in state 6 is just X(6)/n .
Thus the marginal utility of the representative individual is in-
dependent of the debt-equity ratio (although it may not be the
same after the stocks and bonds have been issued as before) and

1
thus the value of the firm, which we have shown to be V = %%&§
is independent of the debt-equity ratio.




5. Bankruptey: An Example

In order to understand the role played by the assumption
that the firm be small relabtive to the size of the market, let us

congider an example where the firm is large.

We shall assume that there are two groups of individuvals;
the endowments and utility functions are identical within groups hbut
differ between the groups. We shall compare the equilibrium price
of the firm under the sssumption that it issues no bonds and that
it issues a sufficiently large number of bonds to go into bankruptcy
in two of the three equally probable states of the world. The gov-
ernment follows a monetary policy which maintains the rate of interest
on government bonds at unity. In Table 5.1, we have set out the de-

tails on the firm.

Tobal Income of Firm State 1 Btate 2 State 3
A = 100 500 50 0

Our first order conditions for utility maximization impose
the restrictions that in the no bankruptcy case (letting U; denote

utility of an individusl in the ;B group.) (e(3) is zero.)

e(l)Ui(l) + e(2)U]'_(2) e(l)Ué(l) + e(2)Ué(2)
P TTTEuL(e) = TZ04(9)
e 8
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Assume the firm declares that it will sell 5 shares at & price of
25 per share. Then earnings per share in state 1 are 100 and in state

2 are 10. The above equation then reduces to the condition that

~305(1) + .6U}(2) + U(3) =0 i=1, 2

If we denote by a caret the values of the various variables
in the bankruptcy case, we obtain as our necessary and sufficlent con-

ditions for utility maximization that

il

P = ST ()/75U1(6) = e(1)T3(1)/rE00)

[
f

[=(1)8;(2) + a?(e)ﬁi(en/jrgﬁi(e)

n

[x(1)ug(1) + ¥(2)us(2)}/xzu4(e)
9

where ?(9) is the return on the corporaie bond in state © . Assume
that the firm declares that it will issue 3.8 shares at a price 15.99
and'58.5 bonds at a nominal interest rate of 3.4, Thus the earnings

per share and per bond in different states are as given in Table 5.2.

Table 2 2
State 1 State 2 State 3
Earnings per share 79.5A ¢] o
‘Earnings per bond N 86 . 0
Price of share: 15.99
No. of shares: 3.8

Value of firm: 115.9
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Then, in our example, the above eqguations reduce to

Ui'(l) = .25{1{(6) e =1, 2

Ul(2) = .3550°(0) 0 =1, 2
o

ﬁi'(ﬁ) = 4550'(0) 6 =1, 2
| o

The first group of individuals has 91.8 to invest, the second 80
to invest. Consider the following allocations in the bankruptey and
no bankruptcy situations (Table 5.3).
Table 5.3
No Bonds Bankruptey

Firet Individual

Shares 5.65 @ 25 = 87.5 3 @ 15.9 = h7.7

Corp.

Bonds © 0 20 @ L 50.0

Gov.

Gov. k31 @ 1= 4.3 w1 @1 1ka
Total 91.8  91.8

Second Individual

Shares 1.5 @ 25 = 37.5 .8 @ 15.9 = 12.7
Corpe.
Bonds © 0 28.3 @ 1 28.3
Gov.
Bonds *2+0 @ 1 =425 39.0 @ 1 39.0

r— iy s

Total 80.0 80.0
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Assume that they have zero income from other sources , (if their in-
come from other sources is not zero, the analysis could easily be
adapted). Then their income in each state of the world is given in

the following table.

Table 5.4
State 1 State 2 State 3
No Bonds
First. individnal 354.3 39.3 L.3
Second individual 192.5 57.5 k2.5
Bankruptey
First individual 354.6 39,9 14.1
Second individual 198.9 63.3 39,0

It iz clear that if the utility function of each individual is such

that

First Individual Second Individusl
U'(354.6) = 1 U'(198.9) = 1
U'{354.3) = 1.1 U'(192.5) = 1.05
U'(39.9) = 1.75 u'(63.3) = 1.75
U'(39.3) = 1.95 U (57.5) = 1.9
U'(1h,1) = 2.25 U'(k2.5) = 2.0
U'(Lk.3) = 2.28 U'(39.0) = 2.25

not cnly will all the first order conditions of utility maximization
be satisfied, but, since their utility functions exhibit diminishing
marginel utility, these allocations will in fact be utility maximizing

(at least locally).
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So far, we have not considered the possibllity of individuals
buying securities on margin in the no bankruptey situation. Without
loss of generality, we consider the case where an individual borrows
a dollar and buys one dollar's worth of securities. The return per
dollar of a security in state 1 is k4, in state 2 is .h and in state
3 is O+ The borrower will be willing to pay & nominal interest rate
up to k. It is easy to show in our example that the minimum nominal
interest rate at which anyone would lend is also h,lé/ so L4 is the
only possible interest rate for such loans. Moreover, at an intexrest
rate of 4, the first order conditions of utility meximization are

satisfied when all individuals {in both groups) make zero loans.

What we have shown is that there is more than one genersl
equilibrium solution to this economy (which is not surprising). And
although there may be multiple equilibria in competitive markets as
well as in non-competitive markets, the important point to observe
is that in the big-firm case, the firm can decide which of the pos-
sible equilibria the economy will be in. In this case, if the firm
were to maximize value, it would pick the no bankruptey solution,
where the value is 125, over the hankruptey solﬁtion wﬁere the value

ig 115, even though the latter situation is Pareto optimsl (the ratio

&é/Assume that the individual took $1 away from safe bonds to make
such a loan. If T is the nominal interest rate, then the change
in his utility is given by (¥ - 1)U'(1) - .6U0'(2) - U'(3) ,
which at our equilibrium point is positive for T greater than
k, zero for T =k .
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of the marginal utilities in the different states for the two indi-
viduals are the same), while the former is not. Although in compe-
titive capital markets 1t is necessary for firms to maximize their
value if they are to maximize the utility of their owners, this is

not necessarily true in non-competitive markets.;gj

lg/In our example, the government has followed the policy of main-
taining the rate of interest on govermment bonds at wnity. This

required a greater number of bonds in the bankruptcy
situation than in the no bankruptcy case. But sgimilar results
can be obtalned if '  the government issuetl a fixed number

of bonds, and let the interest rate vary to clear the market.
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6. Specialization, Arrow-Debreu Securities and Pareto Optimality

Arrow and Debreu have formulated s model of general equi-
librium under uncertainty in which individuals can buy and sell pro-
mises to pay if a given state of the world occurs f1, 6). Such se-
curities are referred to as Arrow-Debreu securities. It is shown
that (under the usual assumptions, which include convexity of prefer-
ences, a sufficlent condition for which is U" <0 ) the economy

will be Pareto optimal if there are these securities.

In this section, we investigate the relationship between
our model and the Arrow-Debreu model and the implicatiomns of our
analysis for Pareto optimality (where there are no production de-
cisions to be made; in the next section, we conslder the case where
A, the level of investmant,\is variable).gg/ Throughout this sec-
tion we ghall assume that there are a finite number of equally probable states of
the world. We shall also assume that the individual consumes a posi-
tive amount in every state of the world (or the limit of the marginal
rate of substitution between a unit of consumption in state i and
a unit in state J§ goes to zero as consumption in state i goes to

ZEro).

Under these conditions, then, Pareto optimality requires

thet the ratio of the marginal utility in state k to the sum of

g?—/‘C-See also [7, 10].



- 27 -

his marginal utilities be the same, i.e.,
T — T =
Ui(ek) = akip (ek) all k, 1.
Thus all individuals will have the same demand prices,

Eake (ek) ﬁaﬁx (6

It immediately follows that,

Proposition 6: provided the o 's are independent of the firms debt

equity ratio (i.e. the firm is "small'), Pareto optimality implies that

the price of a firm is independent of its debt-equity ratio.

The converse of this proposition 1is however not true.
The Modigliani-Miller theoiem.may hold, and yet the economy may not
be Pareto Optimal. For in the absence of the Arrow-Debreu seecurities
individuals cannot in general equate their marginal rates of substi-

tution between different states of the world.

The guestion naturally arises, to what extent can the stock
and bond markets serve as a substitute for these Arrow-Debreu securlties.
A stock or a bond can be thought of as & bundle, a market basket of
Arrow-Debreu securities. If we have enocugh of these securities, they
can serve as a complete substitute for the Arrow-Debreu securities.
If there are n states of the world, and ﬁ independent kinds of
securities, then the states of the world can be spanned by the securities.

If d 1s the vector of purchases of the various securities by an
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individual, and E is the matrix of returns from the different se-
curities ( ejk is the return of the jth security in state k )
then the total returns in each state are given by d* = Ed . If
an individual wants a pattern of returns a* 5 then his vector of

purchases is given by 4 = B la* |

If we have a sufficiently large number of securities and
a finlte number of states of the world, we can use the Arrow-Debreu

model to provide us with a particularly simple proof of the Modigliani-
21
Miller theorem.-—/ (¢f. [10].)

21/

—/We first introduce the fictitious Arrow-Debreu securities, and
find the general equilibrium solution. A promise t{o pay 1 dollar
in state k has a price p: and the ith individual purchases
a vector d; of these gsecurities. We have already shown however

that if we have n independent securities, the individual can
exactly replicate his income stream across the states of nature

by buying the bundle 4 = Ela* . The price of a share of the jth
firm is Just

PJ = };ej(ek)p-:
X, -
53

=0 it X,(6.) <rB,

= x * = ; 1
and 1 = rjj&: +j(,j(ek)1)k where )é {le}{j(ek) 21‘333} and S

is the complement of S .

r.B.
o
But e, if & >r.B
3 X50) 27,

J

¥* *
or erjipk = B, \-j.xj(ek)rk -

Thus

PyS5 = FoGIR - o8y + A (608

or
- *
V=pS, + B, ;Xj(ek);k



It should be emphasized that 1f there are fewer securities
than states of nature, not only will it be true that the economy is
not Pareto optimal, but also the number of independent securities
will depend on the debt-equity policy pursued by the firm. If the
firm does not go bankrupt, its bonds are exasctly like the bonds of
any firm, so it issues (at most) one independent security. But if
it does go bankrupt, its bonds may provide a second independent
security. As we noted in the example of the previous seetion, how-
ever, there is no reason to assume that the firm will issue the amount

of bonds that lead to Pareto optimality.

The markets for each kind of security must, of course, be
competitive, Thus, if there were n states of nature and only n secur-.
ities, there must be a large number of firms issuing each kind of
security. But if we take literally the Arrow-Debreu definition of
a state of nature, it becomes immedistely clear that there undoubtedly
will be more states of nature than firms, For every time we create
a new firm, and (say) the corresponding two new securities, we create
far more than two new states of the world: the state of the world
where the president of the firm sleeps well on November 23 is different
from that in which he does not, the state of the world when worker
¥ in the firm is absent on & given day is different from the state
when he is not. In fact, there are many relevant characteristics of
a state of the world which can be described by a continuocus variable

and hence there must be an infinity of states.
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Yet, in some sense, most of these étates are not very dif-
ferent from one another; and this would suggest that the equilibrium
solution might look very much like it would if there were as many
securities as states. Por example, much of the variation in the
return on stocks can be explained by the business cycle. If in any
given business cycle state, the variance of the return were very small,
and there were & small number of identifiable business cycle states,
then the economy might look very much as if it were described by an

Arrow-Debreu securities market.

We shall now attempt to make these statements somewhat more
precise. Without loss of generality, we can partition the states of

the world and write

x(e)ke X(B) + e(y|B)

with E e(y]{B) =0

We now make the following further assumptions about ¢

for each firm
Ee, <go

- 22/
Cov (ei, ej) = &=

g-2-/}![_1.]. we need to make is the assumpbtion that the covariance be less
than vnity. But this simplifies the proofs considerably. It l1s
important to observe that the upper-bound on the variance of any
given security does not inecrease as the number of firms increase.
7 can be eifher contimuious over an interval or discrete., We also
assume that U" is bounded.
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Assume the individual looks only at the return X(B) and
ignores the ¢ terms, i.e. he only loocks at the mean return in each
state of the business cycle. Then if there are more securities than
stetes in the business cycle, the demand prices for securities will
be determined in the manner described above (pp.26-8), and the equi-
librium will be essentially that which would have occurred had there
been Arrow-Debreu securities (in terms of the states of the business
cycle). Because he has ignored all the other characteristics of the
economy, the individualls expected utility will be lower than if he
makes the complete calculation. But if the loss is sufficiently
small, and there is a cost of calculation, it is reasonsble to assume
that the individual willl in fact ignore these other characteristics,
We shall now show that as thg number of securities over which the
individual allocates his portfolio gets large, so that the maximum
allocation to any particular risky asset gets small, the loss of
utility gets arbitrarily small,

Let 8y be the allocation to the ith firm if the indi-
vidual makes the complete calculation; ay be the allocation if he
pays attention only to the mean return in each business cycle state;

Thus, for purchased securities

0" (B2 1X,(8) + €, (18I (X(3) + <, (718)) = »

EU' (23,%, (B))X, () = %



.
We are interested in the resulting differences in expected utility
EU(Ze, 1%, (B) + <, (7|B)]) - BU(Za, [X,(B) + ¢, (7[8)])
= g{fv(z(ailxi(ﬂ) + e, (7]8)1) - U(Za,[X,(B) + ¢, (7]8])ay}
=‘§(U(§(aixi(£3)))-U(Z;Qixi(ﬁ)))+ 022 (%, (p) + pe, (7]8)))zasEes
+ (23, (X, (B) + he, (7|pPEaiEes

~

for some p, p  O<p<l, O<p<l.

But from the first order conditions we obtain, if we define Z‘.aiXi(fB) = Y() ,
t . Tt " -~ 2
E{p FY(B) + ;aieij(xj + ej)}.f= gu (1{((3)))(J + U(x(g) + pZaiei?ajEej =\
or £{ur(x(p))x(p) + =u"(I(p) + ﬁZaiei)a?Eei} =
p

Assume the individual has bonds in his portfolic. Then

T U (Y(g) + ﬁZaiei)aiE[ei(ale)]E
*p i E0(IB)) =

and, if we define ¥(B) = Za,X (B) ,

£U* (¥(8))¥(8)
zu'(¥(p))

50 as aj gets small,
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20 (X(EN¥E) 2o (v()YE) | 4
i (xe) 2B

& arbitrarly small, which is equivalent to

~

|Zu (Y} (Y - Y) + zun(x)(¥ - r)2 .. | <8(zu(x(B)) = % <9y
where 1N can be made arbitrarly smsll since X is bounded. But

EU(Y + Sage,) - BU(E + Zae,) = ()X - D +un@r- D2+ ...l ofsy)

and hence the loss of utility is arbitrarily small.gz/

g-3-/Gine should be careful to observe that in order for the egquilibrium
to be even "approximately" described by Arrow-Debreu merkets in
the sense given above, capital markets must be perfect, i.e., the
change in the marginel utility of income from the introduction of
a new security into the portfolio of any individual must be arbi-
trarily small. The converse, however, is not true; capital markets
may be perfect in the above sense, but the Arrow-Debreu model may
not apply even “approximately."
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7. Optimal Investment Policy and Pareto Optimality

Let us assume that we have a competitive capital market
in which the Modigliani-Miller theorem holds. So far we have assumed
that the level of investment of the firm, A , is glven. Now we

ask, how ought A be chosen?

Since V=p+ A, to maximize p , the price of a share,

it mast maximize V - A, 1i.e.,

V' =1
But

oV = EX

so that maximization of p leads to the condition that

m'a%zp-bp'v

the expected increase in profits (equals the increase in expected
profits) must equal the marginal cost of capital, which is equal to
the average cost of capital p , plus the change in the cost p' ,

times the value of the firm. ({Cf. [19].)2—-1-‘/

—u/There is & problem concerning the observability of p' . Iet
X, (GA ) be the return at some contemplated investment level A

1f there exists a firm 1 , whose return X (9) is perfectly cor-
related with xj(e) , ‘then the jth firm 1mmed1ately knows (A ) ;
if this is true for all levels of investment, p' can be calculated
in a straightforward manner. If there exists no such firm, we run
into exactly the same problems that we encounter in the usual static
models of competitive general equilibrium: prices for non-produced
as well as produced commodities must be specified. Alternatively
we could interpret p' as the expected change in pj the second-

best Pareto Optimality argument then requires expected and actual
p' to be the same, i.e., perfect foregight.
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The expression we have obtained is identical to Modigliani
and Miller's Proposition IIX when p' =0, 1i.e., the marginal cost
of capital is egual to the average cost. But from the fact that

‘\wEU 1
p = E%ﬁffr, this implies that

EU'X' _ EU'X
B TEX

which requires in general that X be proportional to X' , i.e.
x(8, A) = T{(a)x(8)

ax(e, A! . _ T'{A
=1 (a)x(8) = x(6, A) T
This condition is, of course, exactly equivalent to the Modigliani-
Miller definition of a risk ciass, and is clearly very restrictive.
There is no reason to believe that the pattern of returns across the
states of nature from a large investment should be exactly the same

as that from a small investmant.gg/ Indeed there is no presumption

EU'X!

that p' be either positive or negative. Note that =T

is the

weighted sum of marginal utilities, where the weights are X' , and

EU'X

o is the weighted sum of marginal wtilities where the weights

are X . 1If the former ig greater than the latter, p! is negative.

In this case, problems analogous to those facing the usual decreasing

gé/Ind.eed., this is not just & question of scale; there is no reason
to belleve the new capital goods will be exactly like the old.
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costs (increasing returns) industry may arise,

The question naturally arises, what implications does this
have for the efficlency of the economy? If the increasing cost of
capital were due to “market" imperfections, then one might think that
this might result in a misallocation of resources. Bubt in fact the
changing cost of capital is due to the different evaluations of the

streams of output produced at different levels of investment.

We follow Diamond {7} in defining the following constrained
Pareto optimum problem: tThe planner is allowed to choose the level
of investment and the allocation of the output of the different firms,
subject to the constraint that each individusl's consumpbion must
be a linear function of the outputs of the different firms. This
constraint arises naturally in a market economy. Assume we have a
th th

general equilibrium where the 1 individual owns ai 3 of the

firm, and Bi bonds, and where the jth form hes issued B 3 bonds.

We have shown that this general equilibrium is equivalent to the on
where firms issue no bonds, the ith individual owns the same share

of each firm but buys ﬁi bonds. His income in each state then is

R n
described by the equation Yi(e) = B, +j§laijxj(9) , 1i=1, eou, m

where n is the number of firms and m the number of individuals.
We shall show that 1f firms follow the rule specified above, the.
economy will attain such a constrained Pareto optimum. Diamond has

shown this to be true if there is mitiplicative uncertainty, i.e.
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the type of produ tion function we have defired above =s X(6, A) = I(A)X(9)
and which Modigliani =nd Miller also sssumazd. If there is not

this kind of uncertainty, then there is the difficult problem of cal-
culating exactly how p changes with the level of investment; the
individuals who own sheres in the company after the change may be an
entirely different group from those who owned it before the change.

We shall assume that all individuals buy all seeurities,géf It is

easy to show that the constrained optimum requires

3
EU&X{ m EUX! EUiX[ constant
wEETi D > e JRTR ) R\ B N
5 1J EUi EUl 1

Now, if the competitive industry follows our investment rule, it will
set

X! = p + p'V

But from the definition of p , under the assumption that no indi-

vidual specializes, this is equivalent to

EUj‘.X;j =I‘EU{ i=l, s uy m

Thus constrained Pareto optimality requires

L)
EUilj = constant

26/
—'i.e., that all the marginal equalities rather than the relevant

inequalities hold. This is the same assumption make by Diamond.
If individuals can sell short, then, of course, the marginal equa-
lities will always hold.
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But under the competitive investment rule

L' 4 B, H
EUin = rEUi

and, hence it is clear that the condition for Pareto Optimality holds.

This result says, given the constraints of the market economy
vhere an individual must get the same proportion of the returns from
a company independent of the state of nature, the competitive economy
following the above investment rule is Pareto Optimal. But from the
roint of view of social welfare, this constraint is not a very natural
one. A scoclalist economy is not so constrained, and hence can in
general improve the welfare of each individual in the economy.gzj
This will not be true, of course, if the ratio of marginal utilities
in state i +to that in stafé J for all individuals is the same,
e.g. if we have a sufficiently large number of securities to insure

a "first best" Pareto optimal.gg/

We can summarize the results of this section in the following

propositions:

Proposition 7: To maximize the price of a share, the firm must set

gz/In fact, however, the socialist economy may face much more binding
constraints, such as that the outpul in every state of nature he
divided equally, or according to needs. This egalitarian rule,
however, does not allow for the different attitudes of different
individuals towards risk, and will, of course, result in a non
Pareto ptimal situation.

gﬁ/I am not convinced that the second-best Pareto optimality of the
market is a particularly important property: (a) the linear con-
sumption constraint can be removed by the introduction of adequate
insurance markets; (b) its welfare implicatlions are minimsl, since
a socialist economy is not so constrained; (c¢) if there are as many
securities as states a first-best Pareto optimum can be attained.
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EX' = 9%% =p + p'V

The increment in the expected return equal to the marginal cost of

capital.

Proposition 8: If there are "constant returns to scale" in invest-

ment across the states of natures (multiplicative uncertainty) so
x{(6, A) = X(8)I(A)

the average and marginal cost of capital are the same.

Proposition 9: Firms following the investment rule of Proposition 7,
will lead the econamy to a second best Pareto optimum, where the economy
is constrained to give the same proportion of returns of the company

to an individual independent of the state of nature. If there are
fewer securities than states of nature, & socialist economy can in
general make everyone better off without making anyone worse off (than

in a competitive economy).



8. Concluding Comments: Perfect and Imperfect Capital Markets

We have all been brought up to believe that the sure test
of a competitive market is that the price of the commodity an indi;
vidual or firm sells or of the factor it buys be independent of the
amount is sells or buys and he the same for all firms or individuals
in the economy. On this basis, we have been led to believe that
the capital market is imperfectly competitive: (&) as the firms issue
more bonds the rate of interest it pays may go up; (b) individuals
may have to pay a higher rate than firms, and some £irms higher than

others; (c) lending rates may differ from borrowing rates.

One of the purposes of this paper has been to show that
this so-called evidence for an imperfect capital market is nothing
of the sort {see also [21]). The crucial fallacy lies in the implieit
assumpticn that one firm's bond is exactly the same commodity as
another firm's bond, and that bonds 2 firm issues when it has a low
debt-equity ratio and those which it issues when it has a high debt-
equity ratic are the same commodities. But they are not. They give
different patterns of returns. If there is any chance of default,
a bond gives a varlable return {i.e., is a risky asset) just as a
securlty is, although it gives a very different pattern of refurn.
In the figure below we have shown the patterns for a common stock,
preferred. stock, and bond. And just as there is no reason to expect
butter, and cheese even though they are "related commodities"” to have

the same price, so there is no reason to expect the rate of interest
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when there is a low debt equity ratio to be the same where there is
a high debt equity ratio. Indeed, we have shown that in a perfect
capltal market, as the number of bomnds increases a firm will have

to pay a higher nominal interest rate. Even the discrepancy between
borrowing and lending rates does not imply imperfect capital markets.

For when I lend to the bank, and my account is ensured by FDIC, I

X(5) Preferred Stock Obligations
1 VP
|
' YB
| }
l i
i i
' |
i ]
0 g? gt 1

Common Stock

Preferred Stock

Bone \ \

0 St g 1
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assume there is a zero probability of bankruptcy. Bubt when the bank

lends baclk to me, it cannct make the same assumption.

The question then arises, how can be mesningfully define a
"perfectly competitive® capital market. The usual characterization
of a competitive market is a large number of firms selling the same
commodity, But what if the bonds and securities of each corporation
are really different commodities, i.e. give different patterns of
income across the states of nature. The introduction of the concept
of risk classes ig one way of getting arcund this difficulty, since
then there are a large number of securities giving the same income
pattern. But the risk class notion is unnecessarily restrictive.
The MM theorem holds as_long as an individualean borrow and lend at
the market rate of interest in the no bankruptcy cases, or if he can
borrow on c¢ollateral in the bankruptcy case. But even if individuais
cannot borrow on collateral, if capital markets are competitive in
the sense that the marginal utility of income in each state of the
world is unaffected by the lissue of a new security, and &t least one
group of individuals is willimng to Wy both bonds and stocks of a
given corporation, the Modigliani-Miller theorem holds. The crucial
guestion is to what extent these assumptions are reasopably approxi-

mated.
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