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AN ANALYSIS OF THE NEW VIEW OF INVESTMERT*

Edmund S. Phelps

July 10, 1961

In 1956 appeared the first in a series of papers {1, 2, 5, 6, 7, 9,
11] disputing the traditionsal thesis that capital deepening is the major
source of productivity gains and conjecturing that we owe our economic

growvth to our progressive technology.

Thesis and antithesis were synthesized by 1960. Investment 1s now
married to Technology. In the new view, investment is prized as the

principal carrier of technological progress [8, 12, 16] .

No effort is made here to criticlze what we shall call the “new view"
of the role of investment. Nor is the need for accelerated investment, public and
private, questioned. This paper is concerned only with the logic of certain
conclusions which the new view has shown a tendency to inspire. In vhat
sense does its new role make investment more importent? Does the new view of
investment present any new reasons, any new incentives -- if added ones were
needed -- for faster capital accumulation? The analysis will be confined to
investment-thrift policies described by a flixed saving ratio. The results

of the ingﬁiry are summarized at the conclusion of the paper.

* ' _
The suthor is grateful to Arthur Okun for uncovering several mistakes
in an esrlier draft.



Early Work

The empirical work cited ebove spans a great variety of analytical
methods and historical materials. One of the best known papers is that by
Professor Solow [11] . A number of other investigators followed the same

"neoclassical® approach.

This approach postulates aggregate output, Qt » Lo be a continously
" y » end "time"

differentiable function of capital, K,  , enmployment, ,N
(stending for the state of techmology). Solow assumed that technicel progress

ﬁas "neutral® so that output became a separable function of time, as follows.
(1) Q = A(t) F(Kt, Nt)

Such a production funciion implies that technical progress is organizational
In the sense that its effect on productivity does not requi#e any change in~

the inputs.

It follows that the growth rate of qutput is equal to the rate of
technical progress plus & welghted average of the growth retes of the inputs.
These weights are the elasticitles of output with respect to capitel and to
lavor. Assuming constant returns to scale, the weights add to one and we

obtain

.

) + (e N
N

e ol

£l

o |t



“ 3.

where a, 1is the capital elasticity of output, that is Fr(Ky» N,

Q,

There are two unknowns in equation (2), the rate of technical progress
and the capital elasticity. Solow, and later Massell [7], relled on an “outs;de“
éstimate of the capital elasticity and proceeded to focus on the rate of
technical progress. Solow took capital's relative share of national income

in year t as a measure of 8, and Massell, who assgumed a, was constant

t
over time, used the average share going to capital. It is not known how closé
such approximations are. The practice presumes pure competition as well as

constant returns to scale. -

Once the capital elasticity was determined in this manner, investment
pessimism was bound to follow. This pessimism found its darkest expression
in the following conclusion from U. 8. time series: ILess than one-third of
the growth rate of output per worker in the last quarter century could be

credited to the increase in capital per worker which occurred.¥

* From equation (2) it is easy to derive the proportion of the
growth rate of output per worker which is attributable to capital deepening.
It is

at(kt - nt) - gt(kt - nt)
9 - By ry +ag (k- n)
where ks n.t » g 8&nd 'rt. denote the (relative) growth rates of capital, labor,

output and technology respectively, at time t . If there is no capital deepening,
meaning kt % 2 then the propertion is equal to zero. 'If there is no

technical progress, the proportion is egual to one.

The Solow-Massell.result is easy to explain. In the U. S. time series
they employed, capital and output grew at approximately the same rate. But if kt
eguals then the proportion equals 8 . Thelr factor share data put a,
at less than one-third.
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_Of course it does not follow from this conclusion that capital
déepening is ineffectual. It might mean only that‘in recent history little
capifal deepening has taken place. For pollcy purposes, the effectiveness of
adﬂitiﬁnal investme;t is of greater interest. On this score too, however, the

approach outlined above produces some gloomy results.

Consider the effect of doubling the (net) investment-income ratio from
.09 to .18 . If the capital-output ratio is about 3 then this increase
in the saving ratio would in a year increase the capital stock by about 3
percent (beyond what it would have increased otherwise). Now capital's share
in (net) national income is less than one third. Therefore, according tb
equation (2), the three percent increase in the capital stock would increase
(net) output bj_less than one perceﬁt (and it would increase output even less

‘ o *
if the capital-output ratio rose). Professor Solow has remarked of such a

»*
H. Stein and E. Denison's remarkably pessimlstic paper [3] for
the President's Commission on National Goals is based on calculations of
this kind.

calculation; “This seems like a meager reward for what is after all a réevolution

in the speed of accumlation of capital" [12].



The New View

At a time when the reputation of investwent seemed at low ebb there
sppeared the first signs of a new tide. The Economic Commission for
Europe [14] argued in 1959 that European population growth had stimulated
productivity by necessitating a high rate of gross investment -- thus
bringiﬁg about a younger and more modern capital stock. On the same grougds;
PEP's diagnosis of the British economy {8] discounted Britain's cowparatively

high investment per worker because her population growth was small.

By 1961 this new view of investment had reached come high places.
The President’'s Economic Message to Congress [15] in January, 1961 states:

"Expansion and modernization of the Nation's productive plant
is egsential to accelerate economic growth and to improve the
international competitive position of American industry.
Erbodying modern research and technology in new facilities
will advance productivity, reduce costs, and market new
products.”

Expansion and modernlzetion are put on egual footing and the latter is
stressed. A statement by the Council of Economic Advisers before the Joint
Economic Committee in March 1961 {16, p.338] amplifies this view:

"One of the reassons for the recent slowdown in the rate of
growth of productivity and output is a corresponding slowdown
in the rate at which the stock of capital has been renewed and
modernized... As has been confirmed by more recent research,
the great importance of capital investment lies in its interaction
with improved skills and technological progress. New ideas lie
fallow without the modern equipment to give them life. From this
point of view the function of capital formation is as much in
modernizing the equipment of the industrial worker as in simply
adding to it. The relation runs both ways: dIinvestment gives
effect to techniecal progress and technical progress stimulates
and justifies investment."

The dismal spell cast by the early researchers has been broken.
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The fundamental theory on which the new view of investment ﬂow rests
is due to Professor Solow. In a 1960 piece [12] which is already a classic,
he pointed out that a production function like (1) makes old and new capital
share alike in technological progress while expressing the belief that |
"many if not most innovations need to be embodied in new kinds of durable
equipment before they can be made effective." He tﬁen constructed & model

which accords to investment this new role.

Solow says of this model: "[It] redresses the balance, somewhat and
attributes greater importance to capital investment. The reason is, of
course, that capital formation is a vehicle for carrying.technical change

into effect" (12, p. 971].

We shall now sketch this model and then inquire into the increased

importance which the new view attributes to investment.

Unlike the earlier model of production, which permitted much more
generality, Solow assumes that the index of technology, B(t) ’ advances
exponentially at the constant relative rate r . Every capital good
embodies the latest technology at the moment of ité congtruction but it
does not participate in subsequent technical progress. "Capital® thus

becomes a continuum of heterogeneocus vinteges.
It is asswsed that the output Q (t) produced at time t by equip-

ment Kv(t) of vintage v 1s given by the Cobb-Douglas function:

TV & 1l-a,
(3) Q,(8) = Be' K ()% N (t)
Since technical progress is neutral, the elasticity parameter a is the same

for capital of all vintages.
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If we are to estimate capital of vintege v still existing at time t
from a 'gr_-oss investment time serles, we must mQake an assumption sbout depre-
ciation. Solow assumes & constant "force of mortality,"” & , to which capital

is continuously exposed. Hence,

(W) Kv('t.) = Kv(vi e-&(t-v) = I{v) é-—&(t-v)

vhere I(v) 4is gross investment -- unconsumed output -- at time v . This

makes the average life of a capitel good sbout 1/6 years.

The last step is 1o determine the distribution of the labor force over
the vintages of capitsl. This he does by introducing the condition that the
merginal productivity of lsbor be everywhere equal. Then aggregate output --

the sum of the homogeneous outputs of the various vintages of cepital -- is

given by
o -abt -8 |
(5) =8, ¢ Nt J:
£ r
vhere I =_J e(B *a)y I(v)dv

Since the new model uses the CobW-Douglas sssumption, let us specialize
(1) in the same way rt_o facilitiate comparisons. If all technélogy is '

organizational, then

(6) Q = A< K o



or equivalently

(1) Q = AT S & rwael®

We can bring (5) into the same form but with e crucisl difference:
r
' - -8 1 & &
(® g = B N IS e ® xy(6) av)
'The basis for the optimism engendered by (8) can be illustrated by the

following exsmple.
| Suppose that existing machines are of just two vintages, vy (014)

and v, (new), and that there are an equal number of machines of the two
vintages.
According to (7) & two per cent incresse in the number of mechines of

the current vintege, Vo , will bring ebout & one per cent ineresse in the

value of the bracketed ex;pressidn in (7); we are weightlng a £wo per cent

and a zerc increase equally.

Consider the case in equation (8). The bracketed expression is the
weighted sum of the méchines of the two vintages with the weight for the
contemporery mschines, na,mely"_ewa , belng greater. Conseguently & two
per cent increase iﬂ the nunber of machiﬁes of currént vintage will produce
a proportionate increase in the value of the bracketed expression in (8) in

excess of one per cent. Hence, current investment increases output per man
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partly through decreasing the average age of the capital stock.

What if we lengthen dur view and ask what happens as the program of
capital aceumulation contimues? Pretty soon we will be confronted by a new
situation; large investmenté today will present us with a lgrge nﬂmbe: of
ol@ machines tomorrow. To achieve that_one percent increase in the value of
tﬁé_bracketed éxpression témorrow, a greater absolute increase in the npmber
‘;f ﬁgw maghines willl then be required. Of course the ﬁeights accorded the
old m&chinés in the bracket in (8) are small and are smaller the older the
vintage. This contrasts with (7) where-all vintages get the same weight,
‘But the essential point is that investment must grow in order to meintain
a constant average age ﬁf capital. Hence, the future conséquences of a
permanent change in ihvestmeﬁt policy are not so clear as thé immediate
conséquences., The remsinder of this paper is devoted to a study of the
longer run effects of different investment policies as predicted by the
"0ld view" and the "new view". of the relation between inveétméﬁt and
technology. First we shall ™model" a simple type of investment policy from

the o0ld and new point of view.

Constructing Comparable Models

We shall confine our analysis to investment policies which make

(gross) investment a fixed proportion of (gross) output.

The choice of an investment policy in this case reduces to selecting

the investment-output ratic g . Hence
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(9) I(t) = s Q(t)

The second critical restriction is the assumption that the labor

force grows exponentlal at the constant relative rate n :

(10) N, = N,e

Iet us first construct the growth model corresponding to the old view
of investment and technology. We make the exponential depreciation essumption

which corresponds to (4):

(11) Ky =_Jt e (t-v) I{v) av

As a consequence, K = I(t) - 3 Ky -
Tn order to make the "old" model of investment and growth comparable

with the new model formulated by Solow we shall make the same Cobb-Douglas

assumption; that is, we shall work with the production function in eguation

(6) . Differentiating Q  in (6) with respect to time yields

dg  =1q+ (1-a) ATV NP Wy ane™ W P (2(4) - 8K)

(12) &

where we have used the relation X, = I(t) -3 K, by virtue of (11) .
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Using (9), (10) and (11) (to'express KL in terms of Q and N ) we
obtain the fundamental differential equation corresponding to the "0ld view"

of ‘inv‘éstment .

c, ¢t
(23) , %% - e Q+c,Q 34k

where e, = r + (2 -~a)n - &ab
1 l-8
a )
e, = as A No
o _ 2a -1
3 &

_r+(1 -a)n
°, = a

According to the new view of investment, production takes place
acecording to egquation (5). Differentiating that equation with respect to

time yields

(B5+2)t

(14) B . .as g+ (1a)me™t N0 & aBe Y 2 3l o 8T p(4)
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. (5 + E)t
where we have used the relation J = e I(t) .

Using (9), (10) and (5) (to write 3* L in terms of Q and N ) we cbtain

the fundamental'differential equation corresponding to the new view of

investment:
e, ert
{(15) a| _ . : 3 L
T® < % 9t ey Q e
where ci = (L-a)n-abd
L -8
L 8 .. &8
c2 = &as8B No
ol - 28-1
3 a

' r+ (1 -a)n
fy = a

These two'growth nodels -~ which differ only in respect to the
embodiment or non-embodiment of technical change in capital goods --
exhibit differential equations Having the same form. There exists an explicit
solution for the growth path Q(t) resulting from such a differential equation

[4]. Consequently we are ready to compare the behavior of the two models.
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Comparing the Long Run

These models have a nice property [10, 13, L] . Starting from the
initlal position, the path of growth will be asymptotic to a balanced-growth{
“gqlden-age" equilibrium growth path along which path production, consumption,
investment and the capitai stock (of all ages) all gro# exponentially at the

same rate.

The limiting or asymptotic solution to equation (13) or (15)

is
¢
b
_ - l - c5
(16) Q(t) = Qoe
¢
In the limit, growth is exponential at the relative rate T
3

On the belanced-growth equilibrium path, the “initial pbint“ is
arbitrary; but.the height of the path depends upon the existing labor force
at vhatever initial point is selected and depends upon the investment ratio.

This equilibrium value of Q &t time zero, Q, , 1s to be distinguished

carefully from the actual value of output, Qo ; &t time zero; the two will
be equal only if the 1nit1él capital-output retio happens to equal that ratio

which the chosen investment ratioc willl ultimately bring about.
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éb is given by

(1 - cj) c, l-¢
ey = (1 - c3) N

(17) g =

We are at last in a position to examine the consequences of the new
view for this limiting or golden ege mode of growth -- especlally those

consequences relating to the importance of the investment ratio.

3 3

rates under the two systems ere identical. It is & "natural" growth rate

Since o, = cl! and e, = cL 1t is plain that the limiting growth

in the usual sense that it is indepenfdent of the investment ratio.’ The

growth rate is:

| e
(18) g= Lifil-sm

The fact thet the limiting growth rate of the old-style Cdﬁb-Douglas
model 1s independent of the investment ratioc is well kmown. It is not
surprising that the limiting solution of the new Cobb-Douglas‘model exhibiis
the same property. Associated with any exponentisl mode of growth is a certain
unchanging age distribution of capital. Capital which is (t - v) years old
will grow st the rate g like most evérything else; the proportion of capital
which 1s (t - v) years old or less is constant over time. The fact that
capitals of different vintages get different technicel weights is immaterisal

in the determinetion of the exponential equilibrium growth rate.
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In what way, then, does the new view attribt;te more importance to
jnvestment? While the .limitin'g growth rate in both models is independent
of the investment ratio, the height of the equilibrivm growth path will
depend upon that ratio. We might well ask therefore if the new view imputes

to the equilibrium growth path - in short, 60 - & greater sensitivity to
the investment ratio than is implied by the old view., This is a conjecture

concerning the elasticity of 50 with respect to s .

Equations (13) and (17) yleld the equilibrium output rate corresponding

to an investment ratic s at some arbitrary zero polint in time according to

| r )

“the 014 model (6) :

L l-a 2
a. a a l-a
_ R (1-a) Ao No

(19) q = =

r + (1-a) (o+8) B

Equations (15) and (17) yield the equilibrium output rate associated
with an investment ratioc s &t the arbitrary zero point é.ccordin; to the new

model based on (5) :
-

[_ + 1-a &
a a 1l-a
(1~a) B, N,

(20) Q= 8 '-3& + (1-a) (n#8)

- ——
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Equations (19) and (20) disprove the conjecture. The elasticity of

ﬁb with respect to s is in both equations. Whether one takes

23
1-a
the new view or the ¢ld, it follows that, in the long run, a one percent

inerease in the invéstment ratio will yield asymptotically a rate of output

which is EEE Percent in excess of what asymptotically it would otherwise

have been (i.e., had the original investment ratio prevailed).

This result Beems at firgt appearances to be in flat contradiction
to the obsefvations of the previous section.  The explanation of the puzzle
lies in the behaviér of thergverage ageu—‘qr gbre pregisely, the age distribution --
of capital. The trivial but‘éasily overlooked fact if that, in exponentiai
 growth, the age distribution of cépital depends’ upon the rateiof growtﬁf&pd ‘
the rate of depreciation and upon nothing else. Since both rates are, in
the long run, indépéndent of the 'investment ratio, a once-for-all change in
that ratio can have no persistent long-run influenc? on the age distriviation
of capital. Conmsequently, in'the long run, any increase in thrift must rely
for its effectivenqss.upon.the:prosaic mechanism of capital deepening-- of an

equiproportionate deepening'of capital of every age.

This is easily proved. Consider a point far in the fubure of thé kind
of economy discussed here in which the effects of any aberrant investment
policies of the distant past are no longer felt; the dconomy has been growing
- smoothly at the rate g , along the growth path corregponding to the chosen

fixed investment rétio, for quite some time.
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The time path of gross investment traced out by such an economy is the
upper exponential curve shown in Figure 1 ., We are looking backward from &

point in time gt which, with no loss In generality, t =0 .

I0), K, (0)

I(w)= T
K, e

Figure 1

In order to obtain the amount of capital of vintage v still in use at

t =0, KV(O) , Wwe have to multiply I(v) by oV | This gives the

lower curve.

The lower curve is an exponential curve but not the curve of statistieal
theory with unit area under the curve. To obtain the mean age and the other
moments of the age distribution of capital, it is neceééarﬁr to normelize the .
curve £0 that its area will equal one. This requires dividing KV(O) by

1(0)/(g+8) for all v .* The normalized age-distribution curve is therefore

* T(0)/(etd) is the total area under the Xv(0) curve, by the familiar
"eapitalization" formula.
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(g + &)v
(21) 2(v) = (g+8)e

The mean age of capital, -v , in this case is

0 (g + B)v
(22) v = [ (g+B)e (~v) av
(g+s)v 1° SR (- )
- 3 , + B
terge | L [ et T
o
.e(e;' + 8)v
= 0+ SIE
1

= g+ 5

Other moments of the distribution can be derived in the same menner.
But (21) shows simply that the asymptotic age distribution will depend only

won g and & , whatever the investment ratio.
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Has the new view of investment no significance for the selection of the
fixed investment ratio? This depends upon the nature of the investment policy,

of the decision rule employed.

Suppose that we wished to achieve & particular equilibrium growth path.
Which model - new or old - predicts the smaller :lnv.estment. ratio which is
required s.sy_mptotically to achieve it? Or suppose we are concerned with the
gbsolute increese in output (or consumption), rather than the relative increase 3
which results from a one per cf.ent increase in the investment ratic. Which
model predicts the greater sbsolute effect of & given increase In the invest-
ment ratio? These two questions are the same. They botl; ask whether the
coefficient T' -af the investment retio term in equation (20) is greater than
the corresponding coefficient T in equation (19) . If the answer is &es R
then it would seem reasonable to essert that the new view makes Iinvestment
poliey more important then does the old view. However 1t could not be said,
in this event, that ’r:.he new view Frovides additional incentives to increese
the long«run investment. (Such incentives would then have to be based upon

the transient behavior of the system "before the asymptote is reaeched."}

Tooking at (19) end (20) we can see that ' > T if end only if

+ (1-8) (n8)
F{ia) @) - ¥

(23)

ot
v
Him s

Fow ¥ >1 since r>0 and 0<a& <1l . Canwe meke any a priori deductions

B 4
about R



- 20 -

First of all, note that at any point in time, %, Q‘t 3 Nt and.
Kv(t) are data. Anyone subscribing to the "old view" must estimate A o

in such @& way that hils production function, equation (7), fits the facts.
Similarly, a.ny'bne edhering to the "new view" will estimate B, such that
his production f‘unc;:ion, equation (8), fits those same facts. If we are
to make a meaningful comparison of the two models, we must estimate the
parameters of each of them in such a way that b})th models are admissiblé
theories of the same economy. Eqﬁa.tions (7) end (8) must ";pred.ict"‘ the
same current rate of output, given current reséurces. It is worth adding
that the other parameters, & , r , n and & , must be assigned the

identical values in the two models.

From this consideration and (7) and (8) we £ind

t =t
(2h) % _ e Kv(t) dv > 1
: A - T =
[2] t . E v
' o e Kv(t) dv
B, .
It is apparent from (24) thab 5 > 1 -- unless all capital is brand new.
) ' o) ' : :

B, must exceed Ao by an amount which is necessary to "compensate"” for the

drag on productivity which the new view sttributes to old capital. A new~ -

view man mlght sey that en old-view man's estimate of A, was really an
estimatg of the average level of technolqu, whereas Bo was the latest or

best-practise level of technology, which was enmbodied only in the newest
capitel goods. |
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The above deduction 1ls the oply a priori statement that can be made

about BO/AO . It is insufficient to satisfy condition (24%). We have to

consider the current age distribution of capital to determine the exact
ratio of the two estimates of the level (as distinct from the rate of advance)

of technology.

Let us consider an age distribution whose only claim to our attention
is ite simplicity. Suppose that gross investment has been growing steadily
at the rate h for a long’time."Let the present time constitute the zero

point, for convenience; then Kv(o) =0 for all v > 0 since future capital

vintages have not yet been built. From the growth rate assumption, the

depreciation sssumption in (4) and (11), and equation (24) ome obtains

0
I ov I{v)dv

(25) ol
0 v
Lt e 1(viar

wis| o

dmfo I(o)e(5+h)? av

T
dnfo I(O)e(a FrR)Y av

+85+h
5+h

@ H




- 20 -

Iet us write h =g + u where u may be positive or negative and g 1is

defined in (18). Then, from (25)

B Z + (1-a)(n+s+u)
O a
(26) = -
) r + (1 -2a)(n+d+u)
B, _ '
If u=0 then, by (26), g~ = ¥ sothat T= i In other words,
o

if the distribution of capital by vintage happened to be described by the
exponential curve Zli(O)e(&"g)v , Then the two models would yield the same

*
coefficlent in (19) and {(20).

* This result could have been anticipated. Suppose the economy had been
traveling along the exponential balanced-growth path corresponding to the
prevailing investment ratio. Both models would have to predict the ruling

growth path; A~ would have to be estimated such that QO =Q, eand B
would have to be estimated such that 5,'5 = Q . Hence T =T' 1in this

o]
very special case.

If u < 0, then the previous growth rate is smaller than the natural

B
o

—— > ¥ by virtue of (26) and the assumptions on r and 8 .
)

rate.

In this case, T'>T .

Correspondingly, if w> 0, then T' <T .
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These cases are symmetrical so that it is necessary to consider
only the former in any detail.
This result can be explained guite simply. If growth has been slow,

then the average age of capital exceeds the mean age which would be produced

1

by a policy of prbportional' imrestmen‘b. The mean age at £t = 0 1s e

vhile equilibrivm balanced growth must produce asymptotically & mean age of

capital équal to é%'é' » as we have secen. Therefore, once we gear the economy

to a fixed investment ra’;io ~ no matter what that ratio is! - the average sge
of capital will decline in the limit. According to the old view, this shift
in the age distribution is of no significance; but the new view implies that
such & change in the age structure will meke & separate contribution to
'growth by raising i‘.ﬁe averdgé level of technology embodied in the capitai
structure.

The exponentiai age distribution may have been worth considering for
purposes of insight. But any empirical ege distribvution would be bound to -

show many irregulerities. From (25) it is possible to derive the general

B
condition on the time path of past gross investment such that 33- >¥ .
: o
Thie is
r
0 o - =

(27) o VIV L-ve®lar >0

Ir

-8.- v

let e> 9 = 1 define v, Then we can gay that gross investment in the

intervel -v <t SO receives negative weight in (27); gross investment _
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prior to v, receivets positive weight. Tt is still true to say, therefore,

B

i

thet
’ Q

> ¥ is more likely to be satisfied the greater the average age

of capltel.

If the preceding anslysis is corfect-, there ﬁ.s nothing & priori ir
the new view of investment which makes thrift more important or desireble so
fg:r as its ultimate, asymptotic consequences are concerned. However, we need
not blind ourselves to the data. Is there evidence that capital in this
. B
country has grown so very old that, in terms of the model here, =2 > ¥y ?

Ay

Only in the cese of certein simple distributions like the exponential
does the average sge of capital give us all t_he information we need about

the age distribution in (27). But the mean age is a useful statistic.

The Council of Economic Advisers [1§] has recently exhibited:estimgtes
of the ﬁean ege of equipment in the U. S..in 1959 and 1952-55 . In this
interval the mean age of equipment declined ﬁom 8.5 3‘rears te 9.0 years.
However, this i1s etill short of the ripe old age of postwar"'eqn;pment , 10.6
years in 1945. 1In 1948, 12.5% of plant and equipment was 5 yeé.ré old or
less; in 1959-60, it was only 9..4% .

This evidence was presented to show that & decelerstion of investment will
inerease the average age of capital. An mcceleration of investment can be
expected to reduce the mean age, at least for & while. The analysis here

Buggests that, in the long run, the mean age of capitel will depend, for any
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gifen“investment ratio, only upon the rate of depreqiation and the‘limiting
rate of gro?th. To show that thg present; mean age of capifal igs in excess

of the éqpilibrium mean age would require further analysis. It is interesting
that if g = Ob and & = .06 then —= . 10 years. In that case,

_ | g +5
capital could be expected ultimately to get older, not younger, if a fixed

‘ . : } -
investment ratlo were established and if the present model were taken as

‘descriptive of the econoﬁy.

Compering the Adjustment Process

We-have been concgn;ed until now with limiting or asymptotic
behavior., The ecbnqmy.of these models only approaches (never reaches)
its limiting path. Even o get close to that path may take considerable
time. It is worthwhile therefore to contrast our two models gn respect
to the speed with which the economy adjusts to a change in the limiting
path (brought sbout, say, by-a change in the saving ratio). This will
involve the full solution of each model. We are indebied here to the paper

by Dernburg and Quirk [4] .

The complete solution of the fundamental differential eqghation in (13)

is
: —
l1-c
l-c _ l-c e, (l-e )t oyt 3
(28) ae) =| (9 5-% 5)e1 3+‘Q0e ‘\
m—

vhere ab is glven in equation (lTT{ As we are ﬁell awvare by now, the
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differential equation (15) corresponding to the "new model," whence its

solution, has the same form.

Equation (28) can e rewritten in the form

. L

. _ f’/Qo \l-—c3 [cl(l-cﬁ)-ch] t? 1- 3
(28a) Qt) = at) § L + (:_/ -1} e (
% ,)

(T

From equations (28) we can find the condition on which output (from any
set of initial conditions) will approach, in some sense, the equilibriwm

(exponential) growth path, at . Clearly, :E —51 a5 t-~» «
‘ ‘ Q
+

if and only if- cl(l—c5) - ¢, <0, in vhich case the model is said to

exhiblt absolute stability . Both our models satisfy this condition.

If only the limiting growth rate{and not also the limiting path)’
is independent of initial conditions then the model possesses only “relative
stability." '

We are comparing here-thé'adjustment processes of the two models, not
their limiting paths. It will facilitate this comparison if we assume that
the two models happen to predict the same limiting path (éiven the same séving
ratio). In that caée, two measure of the relative speed of adjustment in the
two models suggest themselves. The first is thé ratio of oﬁtput (at time 1)

predicted by the new model to output predicted by the old model. Eguations (lj),
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(15) and (28a) yield this ratio in the following form.

|
t [
&%

‘ - [‘§-+ (l-a)(nﬁﬁ)]‘t‘ﬂx
alt)- l+Xoe : :

afs ' _ L5
! ? L. % e~‘llr + (l-a)(n+8f] %ﬂ/)

1

(29)

where
A Lo
o

Except at t =0 andat +t =« , the time path of this ratio will

depend upon the sign of X0 « We shall suppose that Xo ie negative; if

0

X, 1is positive, similar conclusions hold mutatis mutandis. This is

precisely the effect of an increase in the saving ratlo which is designed
£o accelerate (for & time) the rate of growth and increase the capital
intensity of the economy; it shifts the "eqpilibrium”‘path_of output_abo?a _

o is negative.

the path of actual output so that Q - 'Q'O < 0 and X
Figure 2 shows the time path of the rdtio. The new model fore-
casts & faster ascent to ﬁhe new equilibrium path than does the old model
in the sense that, at every future point of time, the new model predicts a
higher output than the old. This is bécéﬁse the equilibrium age distribution

of the capital stock (like the limiting growth path) is never reached in
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finite time but only in the limit. These results are easily derived.

Q(t)
1633
Q(t)
a8
l‘o
0 1

Figure 2

|
0

Evalua.ting (29) &t t =0, we find oo

= %‘r—*l.

Both models must predict the initial (or actual) output. For + >0, ¢ >1

Q(®

since Xd is negative and r < i: . Next we observe that, a8 t—o ,

|
%%3— -~>1 . This follows immediately from the absolute stability of the

models and our assumption that they have the same equilibrium paths. The
condition for stability of the old model is- r + {I-a)(m#8) > O . The

condition for stability of the new model is ZE' + (1-8)}{(n+d) > 0 . These
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conditions are teken for granted throughout the paper.*

* ..

o The results of this paragraph imply that the ratio reaches &
maximum &t some finite ¢+ >0 . It can be shown that there is only one
such stationary value.

When measured by the ratio of the predicted output rates, the
relative optimism of the new model is seen eventually to vanish. For many
and perhaps most purposes, the ratio may be the prefqrablé measure EbweYer
it shoﬁld be noted that the altermative measure, the difference betwegn‘the
predicted Sutputs, ean lead to somewhatrdifferent and rather surprising

results.

Using again equations (13), (15) and (28a), we can éxpreas this

difference as follows:

r 14 a)me) 1]
e} (lL+x e - '

™

- re(1-a)(ms) 16| == »»,
-[l + Xo e /}

(30) Q(t) - Q%) =

We know that the difference is positive for &1l % >0 and that the
expression inside the braces approaches Zero &s t goes to infinity.
However Q(t) will spproach infinity at the same time.. Therefore the

difference cannot be presumed to approach zero without further analysis.
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Application of Lthopital's rule yields

(31) Lim (Q(t) *Q(‘G))é

t,-boo

. 1
tlfgm F (1 ){Ew(lﬁa)(ma)]( - Xg) S,

(g - r ~ (1-a)(n+d) It

g -% - (1-a)(md) It 5

-X;§-+ (1-&)(n+6)jk( - XO) ab e

where g is the growth rate of Q. and is given in (18).

The algebra of the matter is this: Inside the braces are two terms,
both positive, the second being substracted from the first. The exponent in
the first term is larger (algebraically) then the exponent in the second.
Therefore, if the first exponent'is positive,_the first term will approach
infinity as % —>e and it will approach infinity faster than the second
term so that the entire expression (the difference) will approach infinity.
If, on the other hand, the first exponent is negative then so ie the second
so that both terms, whence also the difference, will eqpal zero in the limit.
Therefo;é, the difference approaches zero or infinlty accordiﬁg as the first

exponent is negative or peositive.

This is rather interesting for on the sign of this samwe exponent
depends (in the old model) whether Q(t) - Q(t) approaches minus infinity

or zero. For proof of this the reader is referred to’the‘paper,by
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Dérnburg and Quirk (4] in which the cénditions for this.“convergence"
(as distinct from stability vhich entails only convergence of the ratio
to unity) is analyzed_thoroughly. Also, the sign of the second exponent
determines (in the new model) whether Q(t)v - Q(t) approaches minus

infinity or zero.

The following conclusions can be drawn. If the old model is
"convergent" then (since the first exponent is the larger) so iz the new
model. But 1f both Q(t) and Q(t)i converge to Q(t) then they alsc
cbﬁvergé to each othef; that is, Q(t) - @(t}~>0 . In short, the
prediéted outputs of the two models coﬁVerge if and only if each modél

is convergent.

How likely is convergence in the old model {which is more prone to
divergence than the new model)? Convergence reqnires'only-tﬁat'the first

xponent be negative. Using (18) we easily find
¢
(32) g~ r - (1-a)(nd) <O &> g(ﬁ-) <8

It is clear that this condition is satisfied by the usual Cobb-Douglas

estimates from United States time series. It is sufficient that

* This finding extends the conclusions drawn by Dernburg and Quirk [4] .
In omitting depreciation from their model they were led to the belief that,
while.per caplta output probably converges to its equilibrium path, jotal
output could not .converge to the equilibrium path. Once depreciation is
introduced, however, even total output is likely to be convergent. The
faster capital wears out, the smaller the influence of initial conditions
upon the ultimate progress of the economy.
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g < -05 and 5 2 .05 . Therefore it seems likely that the

predicted outputs of the new and old models, when fitted to U. 8. data,

will converge (to each other) in the limit. In passing, we note that if

predicted totel outputs fail to diverge then per capita ocutputs as predicted

by the two models will also converge since per capite output grows more

slowly than total output.

Conclusions

We have constructed two growth models which differ omly in the under-

lying assumptions about the embodiment of new technology in old capital. An

investigation and comparison of the solutions of these models revealed that

(1)
(2)

(3)

(1)

(5)

the models display the same limiting growth rate
the elasticity of the limiting exponential growth path

with respect to the investment ratio is the same in both models

in the limit, the age distribution of capital depends only on

the rates of growth and depreciation

the height of the limiting. exponentisl growth path produced
by a given investment ratio may be predicted differently by

the two models

the difference will depend upon the difference between the

‘initial age distribution of capital and the limiting

equilibrium distribution; if capital is initially very old,

then the new view will predict a higher equilibrium growth
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path corresponding to any fixed investment ratio than will
the old view; this is because the change in the age distribu-
tion which occurs (in the limit) is favorsble to productivity

in the new view

(6) the approach to the limiting path is uniformly faster in
the pnew model; conseguently the new model forecasts a
greater response to an increase in the investment ratio

+han will the old model

(7) but the comparative optimism of the new model vanishes as
the équilibrium rath is approached; if the equilibrium
paths (corresponding to the previaling investiment ratio)
are the same in the two models, then the ratic of the predicted
outputs will approach one; more gemerally, the rétio will
appfoach the ratlio of the equilibrium paths; this is a
consequence of the models' stability which means here that
the ratio of predicted.to equilibrium_output (in each model)

approaches one

(8) while both models are stable (barring rapid populatien
contraction) they may or may not exhibit convergence which
means that the difference between predicted and equilibrium
output approaches zero; the old model is more prone to
divarge and both models are divergent if fhg rate of
capital depreciation is sufficientiy swall; but, unless the
depreqiation rate is smaller than the growth rate, total out-
put {and per capita output 2 fortiori) can be presumed to be

convergent
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(9) if the models have the same limiting paths and are con-
vergent, then of course their prediétgd outputs will
converge to each other as well as to their common
limiting path; but if the old model ie divergent,
then #pé'outputs as forecast by the twolmodels will
diverge with.the.new modél moxe qptimigtic_gygp in
the limit, provided it does not predict a lower

equilibrium path
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