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A Comment on Consistent Estimation

In an Econometric Shock Model

Leo A. Goodman l/
September 1L, 1953

The following problem was discussed by Jacob %olfowitz in a very
interesting address before the Cowles Commission for Research in Economics
and the Committee on Statistics, The University of Chicago.

The random variables x; are observed for i = 0, 1, 2, 3, cacy N These

variables satisfy the equations
(1) Xy muytoan (L =1, 2, 3, cocy ),

where the u, are unobserved independent identically distributed random

variables and a is an unknown cdnstant, I a ’(1. The problem is that of
estimating a from the observed values of X0
The following illustration of the model considered herein was brought to

my attention by Professor George Tolley of the Economics Department s The Universitiy

1/ Prepared in connection with research sponsored by the Of 'ice of Naval
Research and carried out at the Statistical Research Center, The University of
Chicago. I am indebted to Professor Jacob Viol fowitz for bnnging this oroblem
to my attention.



of Chicago: It is believed that the yleld per acre of grain during a given

year depends on (weather and other) conditions during that year and also on
(weather and other) conditions the preceding year. Writing x; for tho grain
yield per acre in year i and u, for the (wcather and other) conditions in
year i, the uninown constant a in cquation (1) determines "how much" grain
vield per acre in a given year depends on (weather and other) conditions in

the preceding year. By studying the data on anmual grain yields Xy X0 Xpy oeey
the unknown constant a can be estimated consistently.

Another illustration of the model considered herein is the following:

Let x, and u, be the expenditure and income in year i, respectively.
Equation (1) states that expenditure in a given year depends on income in
that year and alsc on income in the preceding year. The unknown constant a
determines "how much" expenditure in a given year denends on income in the
precedinzg year. By studying the expenditure sequence Xy Xy X eoey X
the unknown constant a can be estimated consistently.

ol fowitz has suggested a very general method of estimation which might
be used for the particular problem of obtaining a super-consistent estimator
of a. In order to use this method absolutely nothing need be assumed 1bout
the distribution of the random variables . An advantage of the method
suggested by holfowitz is its extreme generality. However, computation of
the estimate of a by this method is not a simple matter.

In order to obtain a simpler estimator of a, the generality of the
problem will be somewhat restricted. We shall assume that the random variables
uy have a finite mean and variance. We do not assume that the mean and variances
are iknown nor that the distribution of u, is of any specified form, Of course,
the assumption of finite mean and variance is not a serious restriction for the

illustrations we have discussed. Under these assumptions we shall present a



a simple estimator of a.

m
Theorem: Let o x, /(1+1)=X,x, ~X=y.,
e i i i
i=0
m mo, ~ , >
Z v,y /Zyi-z. Then the statistica = 2z / (1 + 1 = 42° )
SRR SRt I

is a consistent estimator of a.
Proof: Ye easily see that E {x:l] = E(1 + a}, o° {xi] .o (1 + a2),

E {xi xi_]} = (1« a)2 Ea + 302, where E and 02 are the mean and variance of

respectively. Also, x, and x, are independent whan j F 1 * 1.

The sequence of products x, X x3x » xox?,,.., x3i x31+1, eos i85 a

Uy

sequence of independent identically distributed random variables with mean
(1 + a)2 E2 + aaz. Hence, by Kintchinet!s Theorem (see [1], p. 233) the

m
variable < X33 x31+1 / m converges in probability to (1 + a)2 ES + ag®.

i=0
The products Xy %58 xhxs, x7x8, cany x31+1, x31*2'°'° are independent identically

distributed random variables and, hence,
m

. 2
- K. x
1=0 34l 3j_+

2/ m also converges to {1 + a)? g? ag e Also

n

i;l X351 Xay / m converges to (1 + a.)2 £2 + ad®, Hence,

m
< Xy X1 / m also converges to (1 + a)2 E° + ag
i=]

2 (see (1), p. 2521)..;

By reasoning similar to that used in the preceding par:grash (first consider
three sequences since the x, are not independent of each otherj, x converges

to E{1 + a) and, hence, (i)z converges to o (1 + a)a. The refore,



-l -

m 2 m
Zoxgx o / m - (X)° converges to ac®. whence L Yy ¥y / m
Ow] = i=] -

2
converges to ag .

m
Again by a similar reasoning, L= yz / m converges to o® (1 + az).a
i=0
a T 2 2 2
Hence z = = yiyil/ < v converges to a / (1 + a%), and za“ - a + z
i=1 - i=0

converges to zero. Hence,

2 - {1~ l-hza) /2z=2z/(1+\/1-hz2) converges to a.
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