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August 1, 184S
The biss in single~-squation methods of estimating
behavicr equations relating to e small sector
of the sumany.t
by

Ts C. Koopmens

Tn o previous arbicle,*® it was demcnstrpted by simple ezemples that
the estimeblon of an economic relatimiship by methods bamed on the study of
a singlec equation gencrally leads te biaged ostinates if the rolstionship
sbudied is echtunlly psirt of a sysism of relablions describing the simule-
tanecus formetimn of ocomomic wariabies. Thy validity of the sther rolas
tions of the systen restricte the froedom of the warlsbleos entering into
the relationship studied, and the mpiture of this restrictim needs %o be
tekan inte accoumt in comstructing wbiased stimetes of the paremetsrs of
thet reletionship.

In the presont articlo wo shaell digcuss the questlion, har far this
emsidersbion should effect studiss that sye cencemed with only m snall sec*f:icn
of ths economy, like ths market for = single commodity, or & local lsbor market.
It might be thought "hhat such gtudies could sofely be emmfined to the equations
degseribing the formation of the wariables specific to that section, like, for
instanece, the price and quentity of the coamodity studled, One might ergue
thet if broader scomomic cabegories like cmsumer's income and the general lsvel
of prices enter into the explanaticon of thesz specifie wvariables, there is no

need to add equations explafing the simultenszous formetion of these general

*Phis is en unchanged reproduction of a paper writben late in 1944 for the first
CC Conference, It would probably be phrased differently if it were to be writtem
afresh now,

1. Koopmans ,”Statistical estimetion of simulteneous economic relations,”
Journal of the American 3tatistical Association, Vol. 40, 1945, CC lWew 3Jerles
TFapers, N0, 11,




vy
o e

factors, baozuae the small welpht of tlv specifiec warileblss in the soonomy es
a whole would permit us to neglect tho rzaction they hewe on the general
factors through other squations. Thowme is, however, a fallacy in this arpument,
as wo shall chow by the exumple of s equation system in vhich the particular
equation m which inberest is conbtered is simplified to the utmost,
Consider 2 syctom L ofx equeticns of whieh the first connects just two
"eereral” variables, meney expenditure X on consumers' goods and consumers!?
inewme ¥,
(1) X=otte S, ,
With proper wnits of measurement, the coofficient ¢f approximately equals the
incemo elasticity of expenditwe., The tsrm v reprosents a disturbance, subject
to a stable probability distribution, us in the previous artiele., The remsining
K=1 equatios of tho system need net Le specifisd except thet we assume thet tley
ere linear and involve both X and Y in such a way that (a) the single-equation
(x)

leact-squares estimate a of o (with X as dependent varisble) is biased by =

certain psreentege of thé true value and {b) the system permits the identificetion
of oequation (1) as tl® consumption equa*c.iw,.+
Basides this system, congider anciior system T of K+P=1 oquet ions obtained
by splitting up expenditurs X according to a nunber of expenditure items
(2) X=Xy +Zpt aae v Xp ,
and replacing (1) by e set of P equations

(3) Xp - aipY + /6p * s, p = 1,2....‘.P .

in which, of course,

(4) 0(1"' vos * O{P- ‘-'x, ﬁl"" .-o""A&)'d u-1+ 5t-+up-uo

*This assumption means that it is not possible to derive from the remaining

K=l equations, by corbination end elimination, another equation between X end Y
which has the same formm as (1), For a discussion of identification problems see
T. C. Xoopmane,"Identification Problems in Economic Model Constructia'
Eeonometriea, Vol, 17, 1949, ¢ New Serles Papers, ¥o. 31.
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o amelysis of this Kiond {(withowd refavonsc to bhe edditioal -l equations of the

systam] has beon carried out rosently by Melracken ,' avparently by the single-
equaticn lopste-gguares mothod. It is well Incun that, if in the latber method
the progeubion is teken o include in The right hand merber of sech equation

Y

e hend momber fn(l) and ne others,

(5) the some variables™ os ccowr in the wi
Lho estimebesttt &D?.K} of the Q:'P will bo compabible with the estimetboe a(x) of <«

in Theb

o

) a’l(K) 3 %(X} ¥ ase + &P(K} = a{;‘i)

W phall now cospare the eotimaten a{"""") P ap(m rith the ecorrssponding
Toyuatioy syotom estimebes,” 1.2, the maximra likelibood estimchkes =, 2y obte ined
- L. 1, ) 2 - +{.+
by applying the slmulbenoous egustlcrs methed to the systems I and II respactively,

Tt is proved In an appendix to this criicle thet the equetien system estimates

- s n £ ae - = s + bbb
aro algo cempabible in tho senss of cuuabion (§), provided no new eondibioms
ars impesed on the veriances and ecwerlmicec 3 ugtiq of the disLurbences y in

P

”

the individusl expenditure egustiom. In porticular, in order to obtain compatibls
ectimates, it will robt be permisniblo to pssune s priord that the disturbances
Y, in expenditurss for different items are independent,

| If both the eguobion system eostimatos snd the single equatiom estimabtes ave

compatible, it follews thet tho bieses (in large semples) in the latter are also

+

P, W. ¥olracken, 4 hypothetieul projection of expenditure for cammedity groups
bak.od on pest releticnships to gross national produet, U.S. Departmont of Canmsree,
Wazhinghon, 3943

Tin thic connection, the consbent torm should be comsidered as the coefficient of a
variablo thet assumos the congtant walue 1 for each time interval.

M The notabions a(x), a, (x) are chosen to indicate least squares regression
ecoefficients with X, X.p regpectively as dependent variasbles.

HH'In the system II, of course, X is wherever it occurs replaced by the right hand

member of (2.

+++++Cer‘tein 513" conditions may erise from whetever conditions were imposed in the
system I o the varisnce of the total disturbence u, or on its ocovariances with the
disturbences in other equations of that system,



g
A
<

compatible. & given percentags blas in a( st in the avertge -« in some sense
of the word average -- be reflected by a percentage blas of the same order of
mugnitude in ths estimates ap(x) for indiwvidusl expenditure items. It follows that

the merc smallness of an item is no ground for expecting a small percentage bias in
the correspeonding ﬁp(x). 0n the whole, the single equation method is as biesed for
the explaration of expenditure on the individuml comnodity &s it is for total con-
sumption szpenditure. If there is eny roason for expecting the single egquation
method Ho de better for any particular commodity, it can only be on grounds in some
way specific to thet commoditj.

I% is therefore of interest to stady how the bias in the elasticity estimate
a(x) of total expendiiwre is apporéioned by iteme of expenditure. It is proved in
the appendix that if u and up are not corrclated with distrubsances in the othor £-1

equations common to the systems I end II, (equetions which we heve not specified),

we have, in the limit for an infinitely large sample,

-
(&) B ® ot . W0 m® o
S '

i? E éonotes taking the methematicel expectsation. This equation connects the bias-
es in the single-equetion least=squares sstimetes of total end individusl income

elasticities of expenditure. It satisfies the competibility condition because
P i S

(7) y AT o S
B uu
In order to interpret (6) let us write it in a form involving relative instead

of absolute bisses in estimuted elasticities,

(8) sy ) - o2, AL b g mlilde
ot < /e o ’
P P

Here 2 "o ™ with a single subscript denotes as before e standerd deviation, “Jf n

a8 correlation. The ratio CS" /':f— measures the degree of disturbance of the p-th
equation up “

individual expenditurq/rslative to that of the total expenditure equation. The

ratio & /cx.expresses what might be called the relative "marginal size" of the
p



p=th expenditure item. What matiers in this rstio ig not the fruction of the total
consumption expenditure devoted in the average to the p-th item, but the fraction
of 8 change in the total expemditure (produced by e change in income) that is abe
sorbed by the corresponding changé in the p-th itén.

1%t eppears thaﬁ if the single-equation leact-squares method is applied, the
percentage bias in the p~th individnal elasticity (relative to the percentaze bias
in the totel elasticity), is proportional to the.relative disturbance in the p~th
expenditufe equation divided-by the reletive marginel size of the p-th item. An
expenditore iten thet is hizhly disturbed in relation to its merginal size will be

.estimated with a large bias -~ one other thing being eqal. This other thing is
the correlatiaaqj;u.u betwsen the individusl and the total disturbance. The higher
this correlation, t:e greater the bias.

To illustrate this last factor, let us consider two extrome cases, in both of
which there are P = 100 expenditurs items, all of the seme marginal size,

(9) ocp /e = 1/100 P = 1,250e.,100 ,

snd subject to the same degree of disturbance az measured by'CE;. In the first
case we shall assume all individuel disturbances to be actually independent (sal-
though such independence has not been assumed in the construction of the estimates
e 2, by the maximum likelihood method!). The correlatdon_fpupu ig then due only’
to the fect that the total disturbance u is the sum of individual disturbances “p’
gnd, béce.use now d:;u -(_,(ip S.nd therefore g. dgp = 65, woe hava

(20) q;p /& =110 fupu = 1/10 .

In the second case we assume perfect correlation between each individuel disturbance

end the total disturbance. Since then I &, =&,
P

(11) Q;P/og = 1/100 , _fupu -1,



In both cases, therefors, each individuel elosticity is estimated with the same

percentage bims as the total elastieity. In the first case, however, the individual

ttem iz subject Yo a disturbance which is 10 times as lerge in relation to its

marginel size. This larps disturbence must be reflected in a larpe sampling

stendard deviation of the estimnate e.p(x) as compared (in relative terms) with

thet of a(x)o In the first ease, it can thorefore be se.ﬁ.d that going down

to smallor items, although it does not decrzsse the smownt of the peresntage

bigs in m?(x), nevertholess decrsases its Importance as compared with the

sampling variation of ap(x), Even this cannct be said in the second case, in

which one common fector determines all disturbances in individual expenditurs items,
It is likely that, in reality, the finer the breakdomn of expenditure

items, the less individual disturbances are correlated with each other and with

the total disturbance, slthough there is no good reason to believe that this

correlation tends te zero with increesing fineness of subdivisiam. Since,

froa (7),

o 2 #
u

upu

the tendency of > o t0 decreass with finer subdivision must be compensated by

“a
(12) S S . )ipu,l
P p u

s tendency of the relative degree of disturbence to i.ncréasa- in reletion to the
relative marginal size of the items (which elso adds up to wmity for ell items),
and it is due to this compensetion that the "average™ bias of the estimated
elasticity for the individual item remains waffected by the fineness of
subdivision, Nevertheless, there is scope for preat variation between items, and,
to resume, one should expect a larger biss according as the disturbances in the
exponditure for a certain item are (a) relatively larger or (b) more typical
of ths disturbences in consumption expenditure as a whole, and conversely.

The question erises in what emount of detail it is necessary to atudy
the other relations of a complete system if the immediate purpose is the

unbigsed estimation of the coefficient of just ome equation. This question
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indicatos an importent field for fwrther rogoarch, In cases iike that Just
discussed, where the individual expanditure aquation contains no variables specifiec
to the explenation of that item (e.g., prices of that end competing commedities)
it may perhaps be sufficient if the particular oquotim studied is grafted
on to what has been cslled a maecre~ecomanic system of equations, much like the
systems developed by Tinbergen, which conneet indices or totals of broed
econanic categories, Thie grafting een be done, for instance, by replacing (1)
by e sot of two equatlions, ore referring tc the one lhem studied, the other to
the sun of ell other items. Furthermore, it may not be necossary in all cases
to perform e full-~fledged statistical estimﬁtit;n of all paremeters in the "other®
equations, If the sole purpose is to correct for bias in the equation studied,
it mey bs sufficiently accurate In some ceses to have crude gucases of the other
pargneteirs, based on general economic Information or expsctatiom.

For en illustration of that possibility, let us go back ance more to the
Bingle system of the previous erticle, emsisting of a supply equation (13a)

end a demand equation (13b) of a cermodity

(12a) x) + 0(82::2 + 0{83:3 4 Qfﬂ - u,

(13) ,
(13b) %y + K 30X v Kgampt Xy =85,

comecting quentity xy end price xy of a commodity with cther factors xy end xg
affecting supply end domand respectively. For the sake of argument let us
suppose _that this were e complete system. One might think, for instance, of x;
as rainfall, end of x, as temperature, and meke the umlikely assumption that no
econamic variables besides xy and x5 enter the demand and supply equations (13)
for this particular commodity. Altematively, onme misht suppose that xg and x,
are predetormined by earlier values of economic variables, end therefore strictly

independent of the rocess of formation of x; and x, deseribed by (13).



How supposs thet the wvalus of = .r_;i s E 0(8'} (the price elasticity of
supply) were imown a priori, end that we wish to make use of this infommstion
in deriving those estimates of the other parameters that maximize the likelihood
funebion wder this restrictim. By straightforward mathemetical operations,
1t is fowd thet the so restricted meximm likellhood ostimats ay, =

the price elasticity of demend & d satisfios

N N i L R

(14) G, ® -
d m1204 ~+ m2204 OCB ?
where )
D™ 0 4
(15) TR s vyl

From equation (14) we read the follewing corroborstion end extensiom of &
rosult obtained in Section IT of the previocus article. If supply is completely
inelastic (1.8, independent of simul’caneoﬁs price, 0(8 = 0), the (esymptotically
wmbiased) equation system estimate of the elasticity of demend coincides with
the single equation sstimete a a (2) otz ined by taking price (xz) as dependent
varisble. If supply is infinitely elastic (%.e., the supply side pernits enly
of one price, which may be associated with any supply, A g = 20}, the equetion
system estimgte of the elasticity o demend coincides with the single equation
estimate a.d(l) in which demsnd (:r.x] is the dependent variable, If th; supply
curve has a finite positive slope {(the normal case, o(8<0), the equatim system

estimate of the elastieity of supply is located between the two eforementioned estimates.

*Sinee all quantities "OC" end "a” in whet follows have n2" g5 second index,
this index can conveniently be amitted.

**he simplest method to obkain this result is to change the soales of the equatiom
(13) by the trensformation

“11'-]/61, 0(12"0(12/’5;0 6;"‘1’ i=sg,d,

to maximize the likelihood function with respect to O(dl" Gfdz', Clyg' 3
and to eliminate the estimate of X a' °
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Since here demend and supply curves ere oily convenlent nemes for what
might be eny two simulteneous economic reletlions, it is of intorest to follow
through the case where the a priori lmown welve of & is pesitive. Then,

8
(1) (2) (1 (@ .
supposing that both ayg and &4 are aiso poslitive, with ey ¢ 83  » We have

it 0% <a () then ad(2)< e < %,
SN ,ad(l) thon & = ©O >
(15) if ad(l) < dst's.d(z) then -00Ca, €0
| if a’fs = ad(zj then a.; =0 ,
ﬁ%m<%<m mmm%%%m.

Ay assumption that limits the possible velues of & ¢ ©9n thus be

trenslated into limits on the meximum likslihood sstimate ad* of O,

In the example of section II of the provious erticle, if - 0(8 =« O, wore
. *
known to fall bobtwoen 0.4 and 1,2, it would follow in Case I that 8 = a.da" fell

betwoen 8,37 and 0.48. Procedures of this kind may be found useful generally
in assessing the effect of additional reletims on the estimstion of the parameters

of me particulsr relation.

*The complete duslity between O, end a,* can be seen by writing (14) in the fom

*+d -a;d.- (2)-0
ﬁd s —le) aa ?

0Of course the situation represented by the third line in (16) will ave only
a small probebility of ocourrence if the true value &X a sufflciently exceeds 0.



