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I. Introduction

l.1. Tvo technological circumetances go & lotg way toward explaining the
econamy of holding inventories: the presence of & fixed cost in ordsring

or mamufacturing s quantity of & commodity; and the lags between orders and
receipts, or the begioning and the ca:phuon' of a manufacturing process,

as the -eaa§ zey be. Of thess twofactors the first has received most atteation
1n foruel modals of optinal inventory policy. To our knowledge the litera.ﬁm
doea not contain any trestment, at once rigorous and practicel, of optimal
inventory policy under uncertainty for tae case of substantial delivery lags.
Assume for the moment that decisions can be taken only at the degimning of
esch time interval of unit length (normelly a day). The equation system pro-
posed by Dvoretzsky, Kiefer and Wolfowits [2, pp. 211-213] for the case of
fixed lags of T time units are of s high order of complexity, except in the
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particuler case T al. IfF T 18 very large, say of the order of 100 or
time ' - : '

even 10|units, this method cesses to be useful. A different approach sppears

to he calleld for. This paper exploras the inventory problen with long lags

for the simplest case involviag uncartainty of demand.

Plant
The firm { order | delivery (shipment)
 Varehouse
— sale
Customer

ng. 1l

1.2, This case is characterized as follows. (Pig. 1)

1.2.1. Demand (of the customer)

1.2.1.1. Demand is described by a Poisson process. This means: the probability
ormnthapmmtbeingmmatatm is zero; for a small period

the probadility of & dswsnd for cns unit is proportional to the length of

time with & proportionality factor independent of time. It is well known

[3, pp. 364~367) f-hat under these conditiocns the time intervals between
successive denands cbey a negative-exponential distribution and that the

number of units demanded during eny time interval of fixed length is subject



Lt

to & Jolsson distridution.
1.2.7.2. Dema:d not satisfied fmmediately tecause of a shortage of stock
is p: :stpcned.* Therefore a backloz of demand may be run up. No limitation
vill be impose} on the admissible vacklog. | |
1.2.%, Qrderiig (by the varehouss mareger)
1.2.2.1. Ordering may take plece at auy time, 1.e. not only at the beginning
of a period e: assumed in. the previous papers [1] [2] on inventory policy.
For :couvenience of language we ghall use the time unit i'de.y"- ‘There is no
implicaetion, E.Mr, that transactions should occur only at the beginning
of the day. | |
1.2.2.2. Delivery follovs upon orders by & certain lag, defined for sase of
expresaion in terms of days. This l2g need not bi'a.n integér mf.
1.2.3. Costs |

These cousist of three parts: the cost of oxdering, the carrying cost

1.2:3.1. The cost of ordering is assumed to be linear: it consists of a
fixed part which is independent of the order size, and of a variable part
uhichuproporuoml'totliqmmtdrdmd. All ordering costs are charged
to the firn at the tims at which the ahipmnt is received, i.e. at vhi.ch it
meterializes mto & stock.

1.2.3.2. The carrying cost of the inventory is assumed to be proporticnal’
tothomaxmalmmtofimantoryonhanda_ndomm. This assumption is
most appropriate when the warehouse and the plant are controlled by the same
enterprise. - |

*  From the further description of the problem it will became clear that
no customar has to wait louger then the dslivery lag while in generel his
vaiting time will be e fraction of this,



1.2.3.%. Tha coat of delerved dumond ~- consisting of loeses in goodwill

or copcesaicne made to waiting customers +- 1s assumed to cousist of a fixed
pert par day of shortzpge end & verlable part per day prapértioaal to the

mbunt of the baecklog.

1.2.%.  The aim of :l.nven'i;bry polhicy &8s assumed hare 1s to minimize the axpescted
velue of dia;oun"ced. cost over the sntire future at the beginning of the enter-
prise. We shall c@i&r f&ﬂ‘!ﬁtmw,w this one: to minimize
expscted discounted cost subject to the constraint that stock on hard plus
outatanding orders should not exceed a fixed limit end on the assmfion that

carrying cost is zero.

1.5, The ﬁain mathemeticel sf.ap is to find an oxyreaaibn for the discounted
expected cost. Bince all acticns of mbary policy taken at a time t or
after, affect the cost culy after the lag period, i.e. st time ¢+ T or later,
1t 1s appmpriata to meximize the expected discounted cost after T days, i.e.
ag of time ¢t + T, wha.tarcthamiabluknoﬂna._tfm T that the expected
discounted cost at time t + T dspends on?

Because of the pature of the Polsson process future demand is et sny time
independent of the past. Future coct at time t + T therefore depends on
She availebility of stocks et and after time t + 7T only. Since demand wes
assuned postponsble, the age compositicn of the orders outstending et time t
does not affect the mﬁ_mmty of stocks at time & + T." Therefore thers
:l§ Bo resson why the policy at time t and aftervards, regarding stock-mil-
ahility at time ¢ +T-and aftervards, should depand on the dating of tho
ot Faraly an order ¢ days old et time © will mture into & phyaical

stock at time t + T ~ ¢, so that at time ¢ + T all orders outstanding at
time %, and only thess, will have grown into stock.




their effact on stocks and the policles affecting stocks after T dJdays are
concerned. -ﬁe conclude that expscied d.iscountéd loss coamputed et time ¢ |
for the tives % + T and thersfore should be a function of net stock at tine
t only. |

,20 3 e

2.1. The mtbmticﬂ argument of this sectica may be suzmarized as follows.
Suppose that et stocks are at their maxival mmissible level. As this is
m-mammbyma unit at a time a level of net stock will be
reached ultimstely, st vhich oréaring cost is outbalanced by the advantages
of an increased nat stock. If the limit on net stock vas an effective coe,
es ve moy sssume, the net stock level will be reised by the order to its
maxizmal level again. Het stock thus performs a cycle, snd the ordering policy
uroducodtogjtoconsmta, mwrmimému‘mm. The
lover level may be termed a "safety allovance” and the difference of wpper
and lover level the "order size”. e optimal valus of safety allowance and
order sise Bay be found by mintwizing expested Gisopunted¢aet{VIth Teshiet
i, tublie’ tvp Jargmdtipn; i of saitying colt:sbielded propoifiondd ¢b, dasuty.
&1Jowiince plus orm siss.

2.2. Toﬁxlhuhtmmihthmmmtorme
m-uaem of.n-puro order size problsm, because sny shortage of stocks
may be copletaly avoided by ordering lmedistely after the stock level hes
dropped to zero. The "safety dw" aspect of the inventory prodles has
Moumw Ve denote by



1 time (in dsys as units)

x{%) gtock

LY mean demend per day

K Fixed ordarving cost plue en interest charge to sllov for
the deferred cherging

k proportional ordsring cost (price) plus the corresponding
interest cherge

o daily interszat rete

b stock ldmit

c cerrying cost per ualit of the maximal amount stocked

I{x)  expected loss, a function of the stock level only

n order aize.in vhlch there is

We consider first the case in which there 1s z bound on (nat) stock and zero
carrying cost. let the stock be x and let J(x) be given. After a sale

of one unit the expected loss is sither J{x-1) or, if an order of n items
is meds, | J{x - l+n) + K + kn. Define & function O8(n) = {2 according as

]
n{ } 0. The ordering policy for a stock level x ~ 1 will be such as to
>

minimize with respect to n 1{x <2 - 1) + K 8(n) + kn, subject to the con-
straint that n <b. To obtain an sxpression for [(x) consider its variation
during o small time interval dt. With probability Adt one item will be
demandsd, and with probability 1 - Adt no demend will arise. The expected
loss dt units of time later is therefore

Min [f(x+n-1) + K 8(n) + kn] and [(x)
ngbd

respectively. Since no losz arises during &t, provided that x>0, and

since the discount factor for losses dt units of time later is e 50, ¢he



loss function satisfies sn ldentity

L(x) = e AT ({1 ~ xat) Z{x) + mat Mia (I (x+n-1) + KB(n) + kn)]
_ agh

For smell 4t ‘-adt ® 1 - adt. An easy celculation nov gives

I(x)~ p Mo (L {x+n-1)+ K 8(n) + kn]
agh

whers p = o <1l.
It followa in particular that

Mx)< p f{x - 1)< t(x-1)

In other words [(x) is a decreasing function of the stock level. And
KHx +n) < 0°L(x)

It follows thet for
K+kn+ l{x +n) < Ix)
1t 1s sufficient that
Mx+n) € o° M) < Lx) -K - kn

N+ B SRR e i Sl e, e

1x) < Kelm



The largest value of the left hand side 1s 1{0}, tbe smallest value of

the righv hand side 1s Min K-—tﬁn . The questlon is vhether in
n<tbl-p
J{0) < Min 15_1_]1-?_! ., Ktkn
eg<d 1-9 1-p°

the " = " sign can be attainsd. This is in fect the case if
Ia) = pi(@-1) =... p" 1{0) and Z{0) =K + kn + (n)
as sn easy calculation shows. Thase lagt equations hold when orders are made

a% stock level zero oaly end the order size is ﬁsb.

2.3. If carrying costs cx are introduced, proportional to the msxima)
stock, the optimal order size is determinsd by the minimization of
K+kn

1-pn

+ e

subject to no side conditionus. The first order conditions for n = n at
ainimm cost are
A C‘—*-% + cn)' >0
i

l=p =8

A 5—"-!9-1+c(n-1) < 0

1 - p?”

The firet inequality beccmes



p
™ - B 1-p
'K'kn+-"'"'l“-—£->oc—-——e- L-p
n - - - a
o 1-9 1=p \o

1 n
K+kn=-k % L«:cE(L-pJ)
J=l pl = 3=l DJ'

‘The second mqﬁality is correspondingly

e

n'l . -n"l 1 J
K+kinl) ~x L >e L {(=-»p
3 pl = Jul

We may write for simplicity

(1) k+x T f1- L)zcg 1’--9")
e pd =1 \ oY

The solution n of (1) is always a sminimizer becsuse the second differance
of the minimand is always poaitivo; when (1) is satisfied. That {1) can have
only ove solution given K, k, ¢, snd e follows from the faot that

kL l—-)-r'c%(?f--")
=1\ o 3=t \ o

in momtoniully {ncressing.
2.4, FEgation (1) above may be simplified considersbly by noting that for
p close to unity ve mey write p" = (1 "C)J .;. 1 - jg. Substituting and

simplifying one cbtains
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This epproxination is valid if wve clhiooae ouy time unit so that A =1 unit
unit -
per{time eni if the interest rate is small. The latter equation has one

positive root given by

na-2sl f1six(aen)
(§ + cl

But since o is amall, the daily rate being about 0.0002 1f the amnual rete
is 0.06, this is essentially,

. S
\/aa:-n-aac

This 1s the "econcmlc 16t sizs” formila vhich is well known, (cf. Waitin
{5, esp. p. 38)). It enters here as a close approximation for the case or
uncertainty but no lag in orders. If we have the following values:

A = 1 unit per day

a = 0.0002 per day

X = $1.80 per order

k = 0.30 per unit

e = $0,

then the optisum order size is deterained to e about 78 units.



2.5. V¥e nov consider the Inventory problan, with a positive 1ag but without
- cerrying cost. Donote by

T the lag

A . & "fixed" penalty per day of shortage indepsndent of the
amount of the shortage

a a penalty psr day and item proportional to the amount of
the shortage

X the level of stock plus outstanding orders

L(x) the expectad loss starting T days hence, given that the
: current laval o_f stock and orders is x

Y
Witk a probebility ply) = %—f—L e M an emount y will be demanded during

the period T. The probability of a shoriage during the time intervel T, .

o
T + 4t s thersfore L p(y) end the expscted discounted pemalty
yezsl

o [A 'E p(y} +a E (y'i) p(.v)] at
y=x+1 :

Yax+l

Using the reasoning of 1.4 the expected loss at time ¢ may be expressed in

terms of the expected loss at time + + dt as follows

1x) « [A E piy) +a E {y - x) p(y)] at

X+l x+1

+ o (1 - adt) L(x) + et st . Min [l(x-l-l-n) + K 8(n) + kn:
a>0

As dt >0 we chtein the recursive relation

1(z) = p Min [I{x - 1 +n) + X &(n) + 'n] + h{x)
o



)
vhere o = ey

gﬂa’r E‘ o ]

hx) = == 14 Zoly)+a I{y-x)ply)
> o+ il

If this equation Xas a solution I{x) thias means that there exists a policy

vhich reduces the axpected lcss to o function of the "net stoeck” x only.

let H= Min [X(n) + ¥n) = 1{x"} + kx¥., ‘This minimum must exist becausa
a>0
»n

£(0) 1e finite and since Z{x} >0, L{n) + kn incresses indefinitely as
pe—p o, Then {f x “lgx*

Min [X{x-2+n) + kn] = E ~ k{x-1)
>0

Therefore

H+k~-k(x ~1)
Mo {I(x~-~1+n)+K8(a)+mn] =
a>0 | Ix -1) .

according es [{x ~ 1) +k(x?1){:}n+x

Bow I{z) 1is by definition a avn-incoensing furetion, For otherwise the
sxpected luss could be decreased by disposing nf some stock, which canmnot
happen in the absence ol carrying cost. A(x) +k q,x: 1s therefors stirictly
decressing. This means that for sll x -1 notﬁelowmcﬂticalvﬂ.m,
s, say, the second altermative holds. Thersfore the equition gives rise to
the system |

I(x)-pl(x'l)'rh(x) &>
O

(a)m HE+K - ks = L(x*) + K + k(x* - 8)



2.6. Suppose nov that an upper bound § is imposed on the stock level,
(becsuse of capital retioning cr simply’,‘lj becauses an optimal value of this
parameter hes been chosen in advence.) Then since X(x) 15 non-increasing
x* 48 replaced by S a8 we may assume ti:at 8 < x*. The system (1) now
followe is with S in place of x¥. Solving for X(8)

I8 = " Lis) + Jfl b (s +3) %
Ks) = 1(8) +K+mn

vhere wo have put n =S ~s. n 15 the order size. We obtain

1(3) - ln l:pn {K + kxn) + n{:l h (8 - 3) pd]
J=0

1-p

If carrying cost over all future is now: intioduced: 83 profortions)
“#ero.caleulated from+T days of aftervards is |

-1
> S— [p“(x+kn)+n2 u(s - ) p"] + 8
l1-p B J=O

and this 1s to be minimized with respect toboth 5 and n. (Instead of
8 we could also have chosen s to be the independert varisble, without <

<isuning. the solution).
2.7. The penalty function written explicitly is

. m - - . - -.
i N UL .
yQ y'

o+ A Juxel

‘*-"" (M) ‘ﬂ E (!2, ﬂ "ﬂ .. ‘ !

o+ r y-a:va-l y!



S

~T o
.eR ' “KT ¥
Ci o+ '}‘_ X L &..;?EL

Y+l
T -
If ve write al'u (A""_i}“;?}" R aau%_._
a+ A a4+ )

. w o ar, .y
Plx) » I AL g [Dmam 1N REPLACEMENT PERIOD EYCEEDS x}q
y=xel Y

=»T X
p{x) = 9——;{-’@— ~ Pr {mm TN REPLACEMENT PERIOD BQUALS x}.

then wve have

8 )
n(x) = ﬂlp(x) + Bop(x) - i‘% xé')(x) .

- 48t ’
We want to find the minimizers o and q of -

B ﬂ'l
E (K + M) + 2 By P(B-3) + Bgp(8-3) - (s-.:) P{8=§)}+ 8
1-p® 1
l-p P
In onler that @ Do the minimizer vith respect to n of the functice
£(s,n) vhose erguments are diuscrets it is necoiu.ry that: As £>0 and
=, TS0 and similerly for S. The gpproximate values of 5 and n

which vwill minimize {7) must therefore satisfy
ag r(é‘,i) *0 and 8, g(8,n) 5 ©
Taking differences one finds

a-1 -
@) (B, <Pl I o P(S°J) +Be Z'. o) p-a-2)
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fi-l ", -
';% % J{{snpisnﬂ(a-n-n} &1 - oY

30
n-1 n
(9) [K+im]+p ‘Eon P{8- J}+Ba 2 o) p(8-3)

8, a=1
"R e ¥
J=0

| -1
[hp +B,P (3 - a) + 8, p(8-n) - _a (8-n) P(B“n)] n

In the special case vhare & = 0, By = 0 (8) and (9) beccme:

4-1 1
8") "z o pB-3) = gil—;ﬂ
1

: a-1 n-1
(9') P (8-0) z oV - z 6 r(s-a)-—‘- k [a-p"zp-‘ .
B B

In the next section we shall discuss & mmerical example and computstionsl
procedure.

2.7. 1In interpreting the equeticns 1t is useful to refer them to a natural
tine mit } which equals the mean time distance between demands. A = 8
measures the adjusted time rate of penalty. Since « is the interest per

day p-—L- is the inverse of the interest factor for this time unit,
142

) 3
that {s, its discount factor. Everts that are Mmtﬁnuﬁtw&r&m
discounted by this fector p.

Cousiler nov a "turn over period" during which met ctock runs through all



its levelis 8, S-1,...2-z+l,  Yhat is the probebility that actual stocks
during e “basic period” T days removed from this turnover period will reach
the zerc level? pfS-k) 1is the orobability of axastly S-k szles during

the tine T (in olé units) Following the time intervel in the turnover peried
durlng which the get stoek level iz S-k. Since the events of stocks reaching
the zero leval during correspondent time intervals in the basic period are
mutually exclusive, the probability of stocks running dowvn to zero during an

.. aml
entire basic pericd i3 T p{8-j) . Introducing tha proper discount factors
J=0

p‘j"'l associated vith the events on the assumption that they will hsppen at
the end of ths respective intervals we obtain the prodbability sum in (8').
To allow for the fact that eventa are still T days off a further factor
T s introduced. If the same events arve considered cne period after the
one considered, their probabilities must be discounted by p°, this being
the discount factor for the gverage time it takes to complete n Bsales.

Sumring over all periods gives riss to a factor -—l;-. In summary we have
1-p

a discounted probability expressioa

T a1 |
: = L ot p(8-3) = 3, say.
1-p J=0

Equation {8') shows this to be equal to the price ratio .

£ ohere 4% = 215 the atjusted penalty.

This is the price ratio of inventory and penalty. Acecording to the theory
of resource allocation an optimel balance of two factors requires that their

pricg ratio should aqual the marginal rate of eubstitution of one for the



1"'.,’ -

other. Thus p, the Giscounted probability of stock depletion in the verious
basic periods, is ssen to represent the incremsnt in chances for insurring
ranalties due to a vnit decrease in i'nventory.

In order to interpret (9') we bring it into the form

-ar  B-1 | | : S
= I oM i) - Bl - 18 OF
1-p J=0 - _

AR

On the right haud side is again & price ratio: "E"-i’ is the total discounted
1-p r

i

outlay for fixed ordering cost, given an order size n; ﬁ is the outlay
for proportionsl ordsring cost um:mehugﬁmormrym. These
twotemcomspmd;w@lsto_fhemtorinorderuiu n. A% again
denctes the penalty per averegs time interval between sales.

Whet does the expression in bracikets oo the left hand side mean? P{(3-3)
is the probebility of selling é.t least S-n units during the lag period of
T days P(8-n) - P(8-k) 1is therefore the probability of selling not less
than S-n and pot more than S-k-l. This is therefors the probability of
depleticn during a basic period (a perfod folloving by T days e complete
cycle of nat stocks) dﬁr the kth iIntervel. The left hand side represents
the discounted sum of probabilities of running out of stock during basic
pericds after various dates measured in "natural” time units.

The aquation thus tells us that the discounted sus of depletion probabll-
ities after the variocus dates is the increment in mewntcd depletion proda-
bility due to unit increase in order size.



3. Computation, an Examole :

3.1. The sbcve eqﬁa.tions nay be simplified for camputation by noting
that if al thc rate dr‘intereat, 1e suall 1f we chooge mi- t:’l.m- units so
that ) = 1 unit per unit time p 1s closs to omand. s;d =(1~- c)" (1 - je).
Substituting in (8') and (9') ve have

n~l . .
(8") T o p(E-3) ¥ ( oL

J=0 ) 1
' ' n-1 n-1
(97 ME5) Lot- ol rEn? Eu(Eaa

The equations are nov in & form vhich is m:rly‘.cm‘nim for calsulation.

The right hand side of sech depends culy upon @ while the left hand sides
dgpondu]?gnbbth_.ﬁ and n . mmorp(g)m p(h) bave been tabulated
-bylblm 4], Given )\ and %, values of p" and :E.:p“l: canouiiybe

tebulated. Using thess, cumilative multiplication ylelds the sums indicated
on the left hand sides of thess two aquations. Hence one can, for selected
values of 8, caloulate those vaiues of n vhich satisfy equations (8") end
(9") respectively. 'By repeated calculaticns one cen £ind those valuss of §
end n vhich utigty both these equations. The process is simplified here
since 8 and n ta.h integral values oaly.

To 11lustrate we shall presest a mumerical example based won the stocking
of mechine mrpmibynmuwrlncﬂnnmm sﬂiod. Hoautnfthn
following values of the parsmeters:

A = 1 upit per day
T = 90 days



0.0002 {corresponding tu an agmual rate of intersst of
epproximately 6 percent)

= $1.80
b = $0.30
$10 (£0.60 per year)
A = $1.80 per day |

a-o_

Q
f

L]
"

It will be mm that ¢ is the capita.uud” carrying cost per unit.
riguros 1A amd 13 111ustratc gra;phically the soluttcn for n  for fixed
's-:.;oo:emtmu (6") and (9"). The left hand sides of each are convex®
functions of n 1in the relevant range. The right bend side of (8") is pro-
portional to n while the right hand side of (9") is spproximately linear in
n, end almost coustant. The intersections give the sppropriete velues of n
for 8=130. Figire 2 shovs tvo lines. The steeper is the locus of valuss
of § and n vhich satisfy equation (8"), the flstter the locus of those
satisfying equation (9"). ‘For this exanple these are approximately linesr.
Their intersection gives 5 and [, 1n the example 180 and 33 respectively.
It 1s intesesting to note that, on the average, about three orders vill be
phcoddurhgsnimtymperiodsoonthomrmaboubtvoozﬂers are out-
stuungmamomrnpm-a. Here § = 107 snd since mean demand.
during the replenistment period is 90 unite the "sefety margin” is 17 units.
Referring to Molina's tables cne finds that the yrohbility of a backlog
occurring during the replacement period, that is that demsnd vill exceed 107
units du.rinsth.aperiod, the loss unim:lnd‘bycarry.lngmhalmlot
stock so a» tomoutontheavnnge ormetmthirtytma It vill be

mnllodthatrorthlunhggodcuo, soctionl.bm,thoo&
* ° That 1s, thoyimmo atanincmugntc.




size, and meximm shoch level, vas 75 units. Thue the introduction of a
“long" lag and 2 beckloy peraliy reduces ovder size by sbout a half and almest
doubles the maxdimm stock lsvsl.

3.2, An sxamination of {igures 1A and 1B reveal two interesting points.
Figure 1B shows that the paremeter b hes little effect uponm the order size

since the slope of the line § + {5 ¢)n 1s negligidle. This 1s because
1 1

of the fact that one must pay the riroportionate part of the ordering cost
regardless of how often ong orders. If 30 units are ordered nov rathsr than
15 upits now erd 15 units = month hence, the cnly difference in the proportionats
cost lncurred enters through the discounting of future ocutlaye and this effect
is emall. One also notes that, for S = 130, after n = 2% the sum of the dis-
counted probadilities represeated by thtcohﬁx curve increases very rapidly.
Thaus, after a point, an increzss in fixad ordering cost or a decrease in the
penalty for backlog has iittle effect upon the order size. Also, in both
casés thess curves decomes quite flat for a less than 15 vhich indicates

that aﬂe: a point a decrease in the fixed ordering cost or an incresse in

the penalty for shortage causes the order size to decrease rapidly tovard
zero, for sny 8. '

Using curves like figures 1 and 2 fhe effects of changes in cost parametsrs
are readily showm. Suppoae first that carrying cost ¢ 1is increcsed. Than
the slope of the right hand side of (8") is :l.ncmased and figure 1A tells us
tbat for eny given upper stock level S, the optimal order size n increases.
This meens that the curve showing the locus of valuess of 3 and n satisfying
equation (8") in figure 2 must shift upward or that § and & must decresse.
Thus mcrea.aad carryiﬁg charges rean a sgpallier peximmm stock level, 'nn effects
of sn incresse in the fixed ordering cost K can be shown in a similar fashion.
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For given 8, n dincresses zo that in figure 2, the curve shoving the locus

of velues of 8 and n satisfying equation {9") shifts upwerd. This increases
both § and n. Firally, let the fixed pemalty A decreasc. Then both curves
of figure 2 are shifted up and n must incrsase. The effect un § is not
readily apparent but presunebly § - i = s decreases. In all casws the ascer-
tainable results of changes in the parsmeters on the soluticn are in agreement
with economie intuiticm.
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b. Comelueion: Sgfety Allovencss Reconsidered
As a ruls of thumb it is sometiimes suggested, that the safety allowance,

tha amount on hand whin an order is placed, should equal the mean demand duriug
the time that musi aiaps.:s vafora delivery. The fect, that a shortage is so
wuch costlier tha.n an excess of stock would semm to require that the safety

allowonee should setually be larger than the mean demand. The amount by
vwhich 1t should Be larger in turn wild be a function of the order size.
This point, the# order size and safety allovance ers jolntly dependent var-
fables, has been brought cut by forcefully by Wuitin (5, pp. 56-62].

Here we waut to emphasize another fact about sa.feiy allovances. The

tacit assunption in the argumsnts of Whitin and the earlier writers criticized
hy him, is that not more than one order at a time is ever outstending. If
éelivery lags are cocsidersble this forces up the order size to at least the
level of ithe mesn demard in the lag period, es we have seea. The preceding
analyeis, which is frse from this ushptzﬁn, shows that the ordering point
sbhould pot be givew in terms of stock om hand alons, but in terms of the syy
of stocks and all orders cutstanding. (If the assumptions al;out postponsdle
demsnd and a constent pmbah:tlit,;; of une demand at a time are not satisfied,
no ordsiing point sziste, dut instead there iz a more complex "oidering functinn"
which must involve the dates of prMm unfilled orders). When delivery lege
are long and the vulus, the proportional ordering cost, of the camrodity is
high, nur equations show that it bscomss optimal to stagger orders: the differ-
wned hetveen the upper end lower ordsring point may be less than the mean devand
doeisg the log cerfcd W ik veens 2 rather interesting conclusion shout * =

Srure af sz optimal ordecing policy in the presence of delivery lags.
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