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1. Problenm Formilation,

1.1. Introduction. Xn a previous paper {1] the concept of & tsan wes
discussed as part of 2 general approach to a rational theory of urganisations,
In this paper we shall formilste, in a precise but general fashion, an
importent aspect of the team problem, and investigats in detail soms examples,

A second paper [ 2] will deal with two classes of tean problems which are
of the general type deecribed here.

1.2. The General Problem. Consider a team problem dofined s follows:

Assume an equal number m of action variables 8; and rendom cbsem sble

variables xi o

Let. the x, have a joint distribution @(zl, cony xm')c. Danocting by & and x

the m-tuples of actions and observable random variables, respectively; the
grosa payoff to the team is some (real valued) function u(a,x) of a and x.

The expacted gross payoff, ’f u(a,x)d@(x) will be somstimes dencied by 7.
X

Obviously the expected gross payoff is the largest whan ths acticn a of
the team as a whole is based upon knowledge o the entire m=tuple x, At the
other extreme is the cass in which a is determined independsntl;y of ki value
of x (but of course in full knowledge o? the distribution 7{))0 This suggests
that for intermediste casea we have to define, for each i, the "vaector! x(i)
upon which the action ‘i is buedu'y The values of the components of x(i)
are commnicated to the i-th merber by his fellow merbers or ars obssrved by

himaelf, x(i) is his "state of information."

1. The word "vector" here is used lcosely, sincas we have not Yot spacified the
nature of the Xyt for exsampls, X, may or may nct be a real number.
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Let M be ths set of integers from 1 to¢ m, and for avery i lei; 5 4 be a

subset of M. ILet x(i)“ [xj} &8 be the vector of all x‘1 such that J is in § .,
i L

Then for any given m-tuple S= {Si} 4 & y Ve conceive of the action &, being based

i)o S describes the commmunication network of the teanm and will

upon the vector x(
be called its structure.

We must also consider the morw genersl possibility that ai is sometimes

based only upon a part of the vestor x(i)g depending upon the astual valus of
x(i); for; depending on x(i), mossages may Or may not be ssnt to the 1=th member.
Thus let y(i) be a vector with the same number of components as x(:i) s the valus
of ¥; being given by a function w(i) » ‘such that for any component. wj(i) of «.J(:i)

(1) xd oy
W x,)=
J ( .‘i) <
whare the symbol o is to be translated "no message about xjn“ The vector
We {w(i)}i ey ©f functions 1) 4y the rule of how to operate the commuini-

cation network of the team and will be called rule of opsration, If w is such

that the i-th member always receives msssages sbout all coaponents of x(i)s

then x(i)- y(i) reprosents his "state of information"; otharwisa y(i) represant

his "state of information," and x(i) represents his "maximum state of information.®
The notion that the actions are based on information about tre observebles

is formalized by saying that each &, is determined by a function ‘)Ci whosa

argument is y(i)p loeoy

a8 = ﬂ‘i (Y(i)) .

1
The vestor o= f_ﬂ’i]‘ ey iz called the rule of action. Aay combinztion (S, w, %)

is a constitution of the team.
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Finally, we conslder the commmnication costs assocletsd witn a
particular constitution. We mzke in wost of this papsy (with exzcepiions
stated in Examplea A and Br Sections 2.2 and 3.2) the gimplifying aspumption
thet the costs are &ﬁitiw, in the following sense: To vy eéhruciure S
is attached

(a) a fixed cost ¢(5); thiz is the cost of paintaining and
amortizing congundesation facilities, peyr parlod of timg
naeded to meke ons achbion; ¢{5) doss not depsnd on whather
& message is setually cent;

(b) the opsrating ecoot, C{(s); this is a wandom verianle dofined
o _

. z
Clw) 3.31! 3&31 cij’ where

01.1 -{eid} aceording as ud(j') (Ii) -{xj
0

(Tn a11 the cases we considsr c” = ¢ for all 4, J.)

The net payoff to the tean is
v = u((x), x) - &(8) - C(w),
and the expected net payoff will be denoted by V., Wecmlmdefinethaggbl_m
of the beam: choose that constitution (S,w), o) which maximizes the expected
Mpmﬂ" V, subject, possibly, to certain constraints on S, W and o<,
| Here 15 a swmary of the motation introduced sbove:
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Notation Sumlrz

¥{1, ..., 2}

am= (.1, soog ln)’ actions
X ® (X)) ecos ), ocbservable vandom varisbles, with distrivution §(x)
u(a, x), gross payoff U= i ud %(x), expected net payoff

8= {8 4 us 8CH, the structure

x(1) = {xj} 368,

Y(n - wii) (:!(1))5 the information about x(i) on which a is based, where
() _f, (1) (1) o [x 0

W el s, 0 Y {&a

Wm {“’(,i)} » the rule of operation
1M
a = 0‘1 (y(i)) y o= {0‘1}, the rule of astion

¢(S), the cost of the structure S

Clw) = Zy J‘Esi cid » the cost of operation,where

. -

°1;1 -{013 according as w;i) (xj) '{x.‘l

v = u(c4(x), x) ~ 6(8) = C(w), net payafe
Ve £v d Q(x), expected nst payoff.
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1.3. Special Cases of the General Problem.

1.3.1. Pure Structural Problems. In many instances the overation
cost C(,) may be negligible compared with the differences between the costs
c(8) attached to the various structures S under consideration. I for every
S and every w C(uw) is actually sero (with probability one), then an optimal
rule of operation is "always commmnicate:

(1) -
U-{,j (IJ)—IJ 9311.1551: i?Ho

In thie case it remains to find the best S and ¢, and this will be called &
pure siructural problem.

1:3.2. Pure g)g' rationgl Problems. On the other hand the situation may
be such that the structure is fixed, leaving the best (wand o{to be found, This
will be called a pure operstional problemo-l-/

1.3.3. Decentralization. A special cass of sonme interest arises when

we consider a team consisting of m members, the i-th member perfoyming an action

ai and observing X, s end where each member baslongs to one of the disjoint "sub-

teams," such that each 8, 1s based upon all the x, observeble by the members of

his sub~team. This restricts the structure S to be such that, for every i and j
in ¥, either

Si n SJ - O’ -or

54 %84,

and also 1‘51, for all i,

1. In[1], all problems with the exception of those of Sestion 3 were
pure operational problems; Section 3 dealt with a pure structural problen.
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The siructures “no-commmication” and "two-way communication?® of
Example B will deal with ths case m=2. A more peneral decsntralisaiion
problem is treated in [ 2].

1.3.4. One Actor-n Observera. Another important apecicl case arisus

when the actions of all but one of ihe members are fixed, say:

ai = gonstant, 122.
(This may also be interpretsd as mearing that m-1 members perform no "actions”
at all, but can only cbserve.)

In thia case; the only part of the strusture that need bhe sunsidered i
the set Sl“" We may think ¢f those J not in 81 as rapreseniilly observers who
were dismissed.

Exampic A illustretes this case with n=l. A more general discussion i-
given in [ 2],

2, Example A: One observahle, one action variable.

2,1, Pure Structural Problem.

We first consider the case when there is one cbasrvable and one action
and denotae them bty x and & respectively. In the pure structural problem we rive
to choose between the folloxing ¢two structures:

81: x ie obaerved

$%: x is not obuserved,
in both cases the distribution -@(x) 18 known. The gross payof! is in both raacs
a randem quantity u(a,x); where &= of (x), o¢ beilng the rule of srtion, The yross
expected payoff reaches 1ts maximum value U“ﬁ when the beat mule of astior is
used, o< X ;

~

U= mex B ul o< (x),x) -
P
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If the structure 1a g? 8 ‘the function o¢{x degenerat:s into a constant,
&; independent of x.
SO can be interproted as a team consisting of & single man, an Mactor."

Sl can be interpreted in two manners:

Interpretation (I): s 18 & team consiating of a single men
{"observer-actor") who is provided with more or less costly physical
facilities for observations; or uses a nor-negligible part of his time
for observationa.

Interpratation (II): Sl ie & twe-men team - an actor and an

observer — with more or lasa costly physicel facllities for observation

and commnication. In the pure structural problem the cost of using a

commmication line, once such & line is established (or once a fixed part

of the team's time 18 set aside for communications), is negligible, so

that the observed value of x is always commmicated by the obssrver to

the actor, regerdless of the cbserved value of x {e.g., regardless of

whether there is or there is no "emergency™ ).

Po £ix ideas, suprose the team is speculating in & commodity, If x is
its mticipated price change, and a ia the amount of commodity sold (with a»>0)
or bought (with a <0), the payoff is

u(a, x) ™ a xo

As to the distribution of x, we shall assume it uniform, with mean e
and range 2 o ' |

We shall assume & t0 be bounded from above and below; and cheose the scale
and origin of a 80 as to maks these bounds +1 and -1, respectively. As will
be verifisd easily, this will not change our solution essentially. In fa.éta
our results will apply to any linear payoff function uea-f(x) *+ g(x} provided
£(x) is distributed uniformly.
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If the structure is S°9. the best action a*a 1s defined by
f=0(50)= mng a x-ﬁ/u, -1 soX g 41

Hence &=+1 if 4205 and g=-1 if /440, And since the cost of observation
facilities (or the time devoted to observations) is zero, the maximum net
payoff is
(2.1) ¥(s°) = fi(s°) | A

In Sl, on the other hand, action does depend or x. The best rule of
action oX= X maximizes u(sl)y: |

gef(sl) = max B ot {x)x = E S (x)x , -1 € *(x) <l

Herice the mile 0? is

~ -1 x <0
xK(x) '{ ’
+1 » xa-,O o

Since/«.w £ 2 0 implies that always x >0, and/«ff’ < 0 implies that always
X ¢0; we can write:
A1 I
HEOK VI I FYNS
If, on the other hand, ~p i/uéfh we have
+
f 0 2
Ssly - L ] sl "
u(st) ZF(SmSm) T < f
Kof

¥e have to subtract from U(5+) the fixed cost c(Sl)"c, It is the cost,
per time-period required for an action, of amortizing and maintaining obaer-
vation and commnication facilities. In the twoemen tean interpretation cof Sl,
stated as Interpretation (II) above, the amount ¢ includes alssc the maintensnce
of the observer. The maximum net payoff is
f(sl) = G(sly —« =

i i |Hr
(2.2) >

L2 1t | plep,

2P =



Chart 2,1

> <i»

Net payoffs of structures S° and ST
See Equations (2.1), (2.2) and (2.4)

aa



On Chart 2.1, ‘}(SC) and V(Sl) have bean plotted Y against ‘/M’E « for

!LL ¥
/

given )oand c*f’/ha The Chart shows the criticsl value
1

i the mean/u_
S* ia preferred to $° if I/‘«l"- !/‘t[*» That 1s; if the distributicn of x ia
knowmn to be strongly biased, it is not worthwhile to learr the wvalues of x.
Alternatively, one may be interested in the critical cost ¢*, suwch that
st 14 rejected in favor of S® whenever ¢ »c®. Critical cost c¥ is identical

with the "wvalue of inqt.ii'y," w, discussed in ancther paper =2-/ and is

if 2
we o d>p
CH-plrp e s,
The pure structur:tl preblem can be stated thus: in the paraseter space
(/(,F, ¢} find the "acceptsznce region for Sl,“ i:8., the region in which

‘?(Sl) ‘;,1?(80), Because of (Z.1), {2.2) this res;ion is given by

(203) f""v ZFC ? If(la
On Chart 2.1I; the acceptance repion for sl lies above sach of tha two

curves corresponding tr two fixed values of c.

1. On the Chart, two Sl - curves are drawn: S%d"o) and S%d-c)‘*' He discuss

here only the former one: d{the cost of operating the com:unication rine) is,
8o far, assumad zero, since we are concerred with a pure structural problern.

2, Please correct formula (3.L.2) in CCDP' Economics 2051.



-0

Chart 2.1

N {3

L1 0 o

&l,ul

Reglons of acceptance of S! against S° depending on
distribution of x and on fixed cost ¢ of obgservation
énd communication. See equation (2.3).



o Uj -

Thie is the shadec region of Chart 2,III. The larger the ratio ,7{-4
of the distribution of x the smeller is the proportion (1--Y) of time that

it is worthwhils to set. aside for observation and communication.

Chart 2.III

See Equation (2.3')
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1 against S°, depending on distribution of

Begion of acceptance of S
x and on proportion (1 = A) of time set aside for observation and

comnunication,
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2:3. Pure Operational Problem.

We now proceed to the pure operational problem. ¥or the structure
.SO (in which no observations are made) md for the one-man team interpretation
(Interpretation (I)) of the structuras &1l {in which observations are made but
no reports are sent) this problem does not exist, It exi sts for the twe-man
team interoretation (Interpretation (II)) of sl, Given the ccet of sending
& messaze, one has to find the best operational rule. Dencvte the messace
received by an actor from the observer by

y *wix) * x or &

where ¢ means "no measzre” and w is the operational rule. The cost is

d p 4
D™ ifu.(x)'o- B
9]

(D and 4 corresnond to CiJ and cij of our general notation.,) The rule of

action X has now as its arpument, not x but the message y; and the nat
expected payoff is

ver(sl; ) * B x(y)ox - D] = .
We have seen before that in sl the only desirable actions are a» *1 and a= =15
the former when x 0, the latter when x 0. There are tharefore two posaible
claases of operaticnal rules for the obsarver:
S+ esll only if & = 41

N7t call only if & = -1,
Consider first a ruls win A%, Then

Wix) =y = x mpuéu a = X(y)=1, & x=x sDed

J(X) =y = o implies & -g‘(y)- -1, & x=-x,D=0 |
Hence, to maxirmize V*E(a x-D)-c, one has to let w/{x)*x and o(y)=1 whenever

x-d 3=x, 1.60, X»4/2; and to let wix)= ©,X(y)= -1 whenever x ¢d/2, The



function w= W* thus found yields the meximum net payoff

T = y(sl, Ot)e

f/u—d-c ifgs/‘(*f‘ (1)
'7 ~/¢-c %B/"L"'f (2)
L../q,.. o+ ()o +/c.- g)2/2)0 otherwisa. (3)

Similarly if « 18 in 17, the best rule, {'™, 18 for the observer io call
when X g - % (in which case the actor makes x= -1}, “he payoffs ara

¥ « v(s1, &)=

.../u_-d—c if%a-‘/ﬂ‘-}o (1)
BVaL | g2 p @)
K=o (pop- %)2/2}3 othermise. (3")

We have to choose the bast operational rule as d >0 changes its value over
the 9 intersections of sach of the intervals (1), (:}, (3) with each of the
intervals (1'), (2'), (37). We note that

in (1) /<>)0>Q; in (1")/¢=:.-f><.0 3

in(3) A >-p; in(3') Aep,
Hence (1)/1(X%), (1) (3')s (2*))(3) are empty. For the remairdn; & inter-
sections, we have to study the sign of A= ¥, and to choose P=mux (ﬁ",‘?":lo

-

(1) N(2t): d'-d<0;/-(<.0 Pey—= |/‘|-c;
(@) Nt 62450 5 w50 5 To1*= | A c;
(2) N(2*): a= -2 4 ; Temax (v, v*) '|/4|- c;
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(02 8 12pps (popi? - - (p k=1 /2 <o,
bOCBQSB/Lve And \f-/(,ﬁ_g ,&f.‘,ﬂ; Qtv- = '/((.. c;
BING"): a d2ppe (prp? - Ez ~d (pp-a)] /2p>0,
peetssn e | g <f g B - s
(£ ol -2
2f

Aa one would wmect, w* {the rule of sending a mnsage whenever x 1s high) 4s

BInG"): o '-/(d/f; o max (v7, v "/-L

scardad in cases when 450 (1.e., in cases when x is mre coften negative
: and W™ 18 discarded when <0,
;ﬁthan positive);/ Moreover, with the exception of the case (3)1(3v), the

b
:prarerved rile will exclude conmmication altogether and yield the net vayeff
%

e eince d and P are non-aogative.
g-l/c,-m The cass (3)7)(3%) 1s: g«.j—ul/{lﬂ We sum up the resulit:

Conditions Best, rule .
on {d, fJ,/q) of operation Net puyof? V:
/ o~ ' x)g -
s

<0 il aix) = :

| > s xed
d b ! G2,
VA it R Ve A

x) x , xcng- '
>C x}) =
/( : % g - X z d -
- X -]

2p- ‘ w(x) = * | = i)
2 4

?aia ccmlates the pure Opera*iorml problems On & Chart whizh wonuld he analogous

Cnart 2.IT one might indicate the regicn in the (I/{' P Y-plane, JMNFich

: ommnicntions {for x axceeding Q or falinz short of - -) wrou.iw 611 Just
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@é boundar;y wct.ld thia t.:.m be & ‘strateht line, vd.th slope 1 ans intercept, 2

2 Lo Co:::plete, or constit utional,, problen,

We can now coubine the purely structural and the purely oparational

'01&"! into a general problem of the best constitution (8,00}, & boin; defined
fYer tha set (5%, SI) with the operation cost d>0, The différence
vfsl>-v( °) is o
< (pe | D2 i g |4
- ' ‘otherwisa,
ﬂ%nce, i" condition 2.3 ia paneralined into

Bn /7 -4

@.ﬁﬂbecomga t}:o condition for acvceptin,v 51, given d and amesu-in- tat the best
m;;xgtional rule iﬁ thosen, This condition can be visualized on Lhart 2,11,
ﬁ“"tm cunréa are smrt.od 0 tho left by the horizontal amust %’

T‘e effect of intmc.ucin;:r the cost {d) of oosratl'w Lhe corsmnigation
Eﬁamela is alsc represented on Chart 2.1, In addit:lcn Lo the net payoffs 4o
m caw S° and 1n the case Sl with d*G, R A shorrs the nay of I fa Lo case ot
th cl*"c9 As one would expact, the new 51 crrve dnterascte the 1Y cume at oa
mr po nt than the old ong, .

4

Emmple D¢ "‘wo obaurvab‘.au, tw aclion variahles,

3olo Pure Structural E’mblem,

The rodel considered will invelve two ohscrver-actors. Tha serber 3

_ 5
Bbserves tho variable x, &ud perforns the action 8,0 In addition ihere ney or

nfz.‘u e Zacilities for communication hut-raen the two; or = firal part of e

era' tim may or n.-w not be met asi a 1‘0" commicatmn# Trere are J&‘on‘r

structures (aee Chart 3.I):



§%: No commnication,

810: Oneeway communicaticn: L reports o 2.
Sm': One-way communication: 2 reports to 1,
11

St Twoeway communication,

Chart 301.
5 - 501 311
I
s f
; !
i N
- . e .ni,-" ; . ~-
5 a, o -8y ' 8y 2, Pooay %,

;:__"__}!bnce, before he acts, each member has st its disposal the fllowing inforaatics
5x(d),

In 599, x{4) . () ,1v1,2

st =M ey, 52 . (o x)
(2)

n s°%, x(3) - x

-‘(x 2

1 xa) » X
In Slll x(i) w (11: 12) » 1 =1, 2,

‘l"le action a = 0‘1 (x(_i);), where 0"1 is the action rule, The puyofi is

“{alr 52! Hr_ Xz)o



In the pure structural problem, once a communication line is established,
no additional cost is sttached to operating it, The commuiication will there-

fore be always made, regardless of the particular values of X, or x, that have

to be communicated (e.g., regardless whether there is an "amergsncy” or not).
Analogous to the Example A, the following groes payoff funciicn will be
assumed :

u(ay, 850 %93 X5) = (a; * a,) (=g ¢ %y

For example, xl mey be the future change in the price of the firsshed

product, as snticipated {correctly, we assums) by partner 1, a asec::list in
this merket; similarly, partner 2 specializes 4in the marke: of “he -z materisl

and anticipates (correctly) a change (= wxz) in the price of raw mener.al, The

amounts of raw material are messured in units such that one unit of finished
product is made out of ons unit of raw materiail, Thus, if the firm coumits
itself to sell and buy ona unit of finishsl product and rsw materiel, respectively,;

it makes a speculative profit *+ x.. Ve assume that, on the basii ¢ his
S T

information, each partner can commit the firm %o gelling the amount &y of

finished prodizct and buying at the same tine the same amowt of wraw reterdial.

The total profit from such commdtments ie L ) (XJ‘. Oar rasults will
apply (apart from trivial modifications) to By u-func ton inaar 1wy, 8y

As in Example A, we asuvume a8, to be bounded from belcir and above. Because

of the linearity of the payoff function with respect to 8,5 &, wu car c¢hoose

the bounds arbitrarily, It will suit our sconomic iljustrution if we nake

0 _z:aig_lq Also because of the linearity of the payoff function, the only values

f &, that result in maximum payoff can be 0 or 1. We can thereore confing

ourself to

x (:t(i)) ~a *0orl, i*l, 2
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We anall assume xl and X, to have independent distribvutions. Specifically.
xi will be distributed uniformly with mean O and renge o fi' e ghall assune

b SR W

}:‘ 17 .f'g
Consider structure it first. FEach partnar scts in full knowledge of

both xl and x Hig best metion rule is obviously

2\'1

~ 1 g Ky * >0
R A O
< o ::1 + xzx_,O

(1 =1, 2),

(This is analogous to the best action rule in st in Exampla a,) tecordingly,

partner 1 as well as partner 2 will have action .1 “ 1 in the repions A, B, ¥

of the (xlp xz)uplansp a8 shown on Chart 3.II 7aee upper pansl and the panel

marked 311), and action ai = 0 over all other regions. {Char+ 3.1I, vage 22).

Honce
2 oll ;2 ﬁl (xi * XE) a .
e )“J 5 RV AN R I UL SRR E
“F2 =

UAg UB, H% are the integrala over the regions A, B, F. respectively. In order o

evaluate this expected mmyoff, and compare it with expected payoffs under rival

structures, lat us evaluate Uﬂy UBj stc. (In all cases, the exproseion after the

interral sipns is (x1 + x2) dx1 dngh fl f% s &nd will be vmitted. Moreove:, it

will be convenient to introduce the "ratio betiwean the two uncertainties; "

rr R/ ppel
it will be seen that f& can be regarded as & scale factor.



Chart 3,11

5o 511
g § 1,3
o N2 1,2 \’ 1,2
N
1,2
1 H \9
1C r
S 5ot
TR = 1,2 _
192 2 152

et e

N N

The upper panel identifies 6 regicns of the x-space,

The lowsr L panels identify the reglons in which partner
1 or 2 takes non-zerc action,
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" In $%°, partner 1 acts on basis of x, only but partner 2 has loarned
both %, and x; before ‘actingu Therefore

A " 1, xla;O A 2 _ i, x 20
e ML e

X6 0, xy+x,£0 .
A 10y w o .
U(STT) = 20, + 2y 4 Gy + G = 2, + 2,
For similar reisons,
AraOLly w .
UST) = 20y ¢ Uy 4 U 42 v 2, ¢ 20,
¥e can now compute the (gross) advantage of & one-or two-way commmnication

over no communication, neglecting the cost for the present:
fits19) - G(s°°) = 2,

0(s®L) . B(s%0) = 20,
1, 2 .ou o
f(s™+y - 0(s°°) 2u, + 21,

Note that the (gross) advantage of the two-way commnication over no commmi-
cation is simply the sum of the (gross) advantages of the one-way commnications
in each direction. Moreover, if r« £,/ fy#1, it does not matter which of the
two partners is the reporting one. But with r<1, S10 ia vreferred to SCL, i.e.,
14 is advantageous to have reports sent by the partner whose observations vary
over a wider range. |
To compare the structures on the basis of net payoffe, V(5), we have to

subtract the corresponding fixed costs, which we can assums to be (with Py used
again as a scale factor):

e(5%9%) = 0 ;

0(801) = o(510) = ka% » k>0

o(811) = (ith).pd , h>0,



(If h <k we have "decressing marginal cogt® 3 if h>k, "increasing msrginal
cost” of providing an additional direction of communication.) Denoting by
ViJ the maximum net payoff for structure Sij wa have, apart from a nositive
- proportionality factor ( p./12),

vI0 _ v0 m y2 L 3p 43 g

Vv a2 L33 ckan
vit oyl 2y

Hence the preferred structure is

Ir h> r2 - If h <r2
If k <r2-Ir+3 gl gil
I k >rl-3r+3 oo S%° 4f htk »2r2-3r+y
sil qp h*k < 2r2-3r+)

Note that if h>k, then (since always Ogrgl) the assumption h <y con-
tradicts the assumption k>r2-3r+30 That is, the lower right~hand corner of
the table Just given becomes empty if the cost (h+k) of installing two-way
commnication is more than tnicé the cost (k) of installinz one-way communicatdon.
This case ("increasing marginal cost of adding a commnication direction) is
represented on the left~hand panel of Chart 3.III, assuming a constant ratic
A-h/k>1° The case ("decreasing cost") when A <1 is represented on the right-

hand panel of Chart 3.IIT. With A fixed, the Chart divides the paramster space
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Chart 3.III
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Acceptance regions for three rival structures,

with h/k = 2, a constant.
N>l Al

(A =9/8) (A =1/2)



™

(r,k) in three scceptaaca regiong, ons for each of the thrce mvel : -:ucourus
To sum up: the choice of best structure depends on three PATANE ¢ T

I f’2/ 101 ; Ccheracteriziry the ranpe of 5:2 relative to xl; ity propom.icnal to

the cost of installing & one-way communication; and /\'h/k, the ratic of Lhe

cogt of installing the cecond-way communication to the cos: of inst, iling onc-

way communication.

3.2, Altemative interpretation of cost.

As in Fxample A, we might consider the cost ¢(8) not., or i1 only,
as a fived smowrt of mr.:;raeyg but a3 the expensa of the team's t:mz t':t could
otherwigse be used for action. lLet (l-—}} be the proporticn of +ime :7ent on
reporting; (1= J ) the proportion of time spent on receivinz a nessa o,
ard (1« €) the proportion of time spent on conferences (=Lwo-wiy ta. ),

Than the net payoff functions are

In 599. (al + a?) (:K.l +x)

2
. 540 (al ¢ 52'“‘ (‘éxl + § 12)
1n 8% (&1 *a,) (Sx_l + Txa)

11, (a

n ) S g ey

Yoo = {(590) = 2u,
vEe (e 5 -1 Bt - £ (auy v 2uy)
PO e (Y5 v ) Y S
For 83'0, we have made use of Chart 2.II. We omit SO+ as »bowe. ilresdy
rejected in favor of s1C upon comparing the progs payoffs. Ths pro-ilox
censists in dividing the parameter spacs (X,, Sy &, 1 into reziong sorrespandin,:
to the acceptanca of S°° ar 510 op 511 45 the best structure. We &nxl.l not

pursue these computations here.



303, Operational problem for one-way commmunicacion steuctiro.

To simplify “he problem we ahall susume )’1 ol SR

Suppose x‘L esn ba commmnizated to nember 2., lLe:

§
p(‘;tl) =1 sceording us L, -8 raportel.,

)] . ig not

e (311) be he rule of action four mamber 1

‘X . x.) ba ¢th la of = ; iy in rausg
0{12'11' 2) the ruls of action for membar 2, in a8 X,

is reported
0(2(::2) be the rule for member 2 if Xy is nst reportad

The expected net payofs is {not sub:racting structure cosh. and censting by ¢

~ the cost of sending a maasuge)

(301) U=~ LZ;? j;a ‘r&(z]) (Jﬁ 9 x ’ (3‘.1 + ( )r'\ll

+ - f - N
(1 ]:(11;) 0‘2(12) l,s.l + X,

0‘: bid + - o
l(.ul) (xq Xa)}(!fl dx
We first fix p, and find the best rulss of action correspunding to 1.

It is clear thet
z

1
(3.2) 1:'(&19 12) -{ at (:c:1 + x2)} < G

-

i/
or ar x =~ K .
2 (< 1

If in (3.1) we perform the integration with respect o x , ithe rsmainirg

integrand will be linear in 05(12) ;s the zoefficient of Of,,(xzf belrg
F '

[[Copm)) () + %) ax,
~f £

P
-3 [ eatey) oy - f (¢, (1-p(x,)) dx,
ip :

~—
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wnich is en increasing function of 1‘21-. Hance for some nuuber & , this

eceffledent will be positive for X, >£, and negative for x. < 5. 143 best,

rule cﬂ'g is therefore given by:

| 1 R
(3.3) a-é(xz) {o as Iz_} < s

where % is defined by: 5

EJF(lwp(ﬁ) dxy + f {.xl (1»-»p(x1) dxl
= =
(3.4) g -E(x | p(x) =0
"uning now to dlg; if in (3.1) ws werform the integration with rispect

to x2, the remaining integrand is Ilinear in dl(x‘l}s the coafficient of

0% {x ) baing
1"t e

'r(xl*-xz) dxzuxl(f-a-f))4—%(f32_‘f72}.2r1f)
~f

Since this coefficient 1s positive or napative according as Xy is pas:s_tive 0

negative, the best rule 041 is given by

1 z
(3.5} 0&(11) u {0 x r

We now wish to find the best p. I& in (3.1) wa perform the interration
with 1respect to xzp the remaining :integand is linsar in 3‘3{11), the coefficiant
of p(:tl) being: p

}"(1'1) - J_P [0(12(7:19 xg) (xl + x2) - d- O'é(xz) (xl ¥ :tz)} d.:,

Kaking use of (3.2) ard {3.3) we can write (3.6):
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P g ;
(3-6) p(x;) = jﬂ (x, +x,) dx, j1 dodx, ~ J () * x5y)
| ' g )

-3 (x +E)2 -

The rocts of p{x.l) = 0 are
r, - - 2@

(3.7)
o ...‘é# EJde-

r,
p(xl) is negative if Ty <X €Ty, and is positive otherwise. The best p

ia thus given by

C4f r<x g1
(3.8) p(x.) 1 2

1 1 othermise
Ecuations (3.4), (3.7) and (3.8) jointly determine thr.a optimsl & and p.
We can distinguish five cases regarding the position of r_L and r, :

I -p <.r1 <r, < £ + Two intervals of reporting

FIIV r} s-f) grz <P One interval of repcrting, on right

IIT -fe.rlc < r2

-

One interval of reporting, on lef:

v r, = T, ! Reporting on entire interval ["f’-’ P]
v rlg-f).:.ﬁg_rz : No reporting.
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nc, applying (3.7):
¥e -2 (-E-2/5a -+ 2/pa) =&

Herce any value of _.g such that Usss 1 holds is optimal, w:th the corrssponding

Ty

within the interval [~ Ps £] ia optimal, Since the lengt:h of (-« s ¢l is 2}5.33

and Ty given by (3.7). Thus ey interval of length § vep lying eatirely

this Lmplies that Case I can hold only if hq’fp’& €29 or

d< P/l
Cace II: By aquation (L)

i

T - (::!L.:.::z) L2 F

2 A
Applying (7):
Er3(p-g-2/pd
£ §-2/pa
and rg"-P*h\f?—E .

These are the Umiting valuss of ¥ and r, glven by Caze I 1f wa Let r) - -

Hers it can be verified that r, <f1if and only if & (f/hc
Cas3 I1T. By an argument similar to the above we see that Case III g.vea the

Hniting values of §md rl given by Caso I, if we let x°2" P Here r >-»_f3

only if d < )D/hf.
Caseﬂ ig obtainad if we let d=0, and

Gase V occurs if d 2 @/h.
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In sumary, we can describe the optimal operation as follows:

Optimsl Overation

For all values of d,
- 1 2z
0(12(3“1’ x2) Oaaxl*xz <0

i
o " Z
1(::1) 0¥ % 0

If a ‘i‘ L then any interval of length I /;;c-i lying entirely within tho interval

[»F,P] is optimal as the set on which p(xl)'o (1-e., as the set on vhich no

communication takes place, For sny such interval [:{-1, rzl , tha optimnl 0<2

is given by:
05 (x,) 'zau xzz’ -% (1:'1‘*1“2)
| If d;%y, tnen
. p(xl) 0 for all x, in (- P, P]
ot (x,) * 2 as X, f 0

3.4, Opsrational problem for twowway commnication st ucture.
Apain; only the csase Fl*- f’zﬂ- f has been studied so far: we refer to
the papers {3]1-{ 8] on the "arbitrage problem;" in particular, Deckmsnr enuncialed
an approach aimiler to that used in Section 3.3 above for the une-way case, bul did
not obtain & solution, Kiefer and Orey [ 8) used a different approach and found
a sclution, having introduced the assumption that the operatioral rule is the same
for both partners., A complete proof of the Kiefer-Orey soiuticn for the genersl

case is not available.y

1, Tompkins {9] studied the case when the x, are discrete, with unifcrm distri-
buticn. An exhaustive study for the case when Xys Ty sach taking only two values,

with any probability distribution; and with a somewhat generalised payoff function;
has been mede by Bratton in [10].



3.5. Complete, or constitutional, problem.

Clearly the solution of the co:ﬁpleta problen for Example B will have

to wait till the operational problem is solved not only for 01 (Section 3,3)

but also for 511 -~ for example, till the Kiefer-Orey solution is proved to

be generally valid.



(1]

[3]

{4)

(5]

(€]

)

[8]

(91

{10]

REFERENCES
J. Uarschak, "Basic Problems in the Economie Theory «f Teurm,” Cowles
Commisaion lliscussion Paper Economics 2051, Decenber 1952.
R. Radner; “Structural and Operational Cormmunication Problems in Teanms,(I."
Cowles Comm.ssion Discussion Paper Economics 2077, M:y 13, 19¢3.
J. Marschak and D. Waterman, "On Optimal Communicaticn Rules for Teams;"
Comles Comm.ssion Discussion Paper Hconomics 2629, January 1952.
J. Marschak, "Organized Decisicn Maltding." Cowles Com:ission Discassion
Paper Econonica 203k, February 1952,
X. Faxén, "Hote on Marschak's Model of an Arbitrage Firm,* Cowlas Dis-
cussion Papcr Economles 2037, March 1952,
M. Beckmann, "Organized Decislon Making,” Cowles Zomrission Discassion
Paper Tconordes 20LY, April 1952.
M. Beckmann; "On a Model of an Arbitrage Firm," Coﬁles Commission
Discusaion leper Economics 2058, November 1952,
J. Klefer ard S. Orey; "On the Arbitrage Problem," Cosles Commisuion
Discussion laver Economics 2068, February 1953.
C. B, Tompkins, "Notes on Computaticnal Aspects of ¢ Combinator:ial
Problen in Crgenization Theory, I, I, YII. U. 5. Daaaftment of Commerce;
National Bureau of Standards, Los Anpeles, September l9%2-Marc: 1953,
D. Bratton, "The Arbitrage Problenm »here Hach Partner Can Find Himself in
One of Two Situations and Can Perform One of Two Actions," Cowleuy Commission

Discussion Faper Economics 2075, May 13, 1953.



RS ———

=13 =

2.2, An slternative interpretation of structursl cost,

e shall now modify our structural problem, by considering the

fixed cost of the observation and communication facilitie: not as an smount.

(of money or utility) that is subtracted from the grose p:yoff, but as a
portion of working time thai is reserved for observations and communicatior

and cannot be used for action. E.g., in ocur example of speculation, less

tima can be devotad to placing orders if more time ig rescrved for gatherirp
and transmitting in:!'omatibm 1t sl is interpreted as & vne-man team
(Interpretation (I) abuve), the payoff function for both 51 and §° becomes

u= Yoax where 1~ ¥'is the portion of time used for cbservations. If Sl

is interprzted as & two-men tean -- one observer and one aztor {Interpretation
(IX) sbove) = the pure strmictural problem may consist in :;:zrn_oaring gueh 51
with a modified S°, vii.s with a team consisting of two moa who act but neither
observe nor communicata; such a
/eomparison is equivalert to putting 1l ¥ (the proportion of the team's tims

in 81 used for observation snd cormunication) aqual é a special case.
Generslly, 0< Y<1i.
Wa now heve '
V(s0) = l/“
{CORRS Y?l{‘ | iz |/‘| 2 p
'Y'/ —Efj;ﬁ ir | /._i i

The critical region favoring Sl is now definei by

’ l/c.‘cf, 0<Y4, 13 thet is,

)'.ﬁlf S| 4
2p |/‘*
S | | 4| ..
(2.3%) L’ﬂ* L2 044—<l , 0<Y<l,
Therefore, given X s the critdcal region depends on a single parameter, \/«_‘,/’ Po



