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Economic theory no longsr accepts the once standard inmplication
that 1f the equilibrium of an cconomic system can be described by a
set of equations whose number natches the nurber of unknowns, an
equilibrium point actually exists. A o»roof of exacting riror is now
required. Until very recently ald's papers (see in particular [11])
contained some of the most satisfactory solutions of this problem. A
remnarkable paper by Arrow [ 1] on this quéstion reached re while I was

trving another attack. I could then easily bridge the paps raunaining

in my work.

The main differences between [ 1] and this paper are:

The general existence theorem piven below where convexity is re-
placed by contractibility and (perhaps the most significant feature in
this context) the variablc constraints AL(EL) are introduced.

The solution by Arrow for his competitive economy introduces m
fictitious players in addition to the m consumers, the n firms and
the nmarket, and uses a theoren of Xuhn and Tucker. ilo such artificial

device occurs in the treatment helow.
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Arrow has congidered the case where the set of technological
possibilitics of each firm is a closed, convex set, whereas'I vas
limitineg myself to the case where it is a closed, convex cons. I
present the latter model, hare, as an illustration of the general
theory, although it applies Just as well to Arrow's case.

Minally, the proof nmiven in [1] is not entirely correct since,
in particular, the function Vi(p) {p-17) is clearly not continuous
at the point p = O,

and the assumtions of Arrow do not seem sufficient to insure
the existence of an cquilibrium.

1. An abstract theory of equilibrium,.

Only subsets of finite Fuclidean spaces will be considersd here.
Let there be V arents characterized by a subseript ¢ = 1, ..o, V .

The Lth anent chooses an action a, in a set Akt‘ The ~J)~tuple
of actions (al, ssay ai)), denoted by a, is an element of Aﬁ\; the
Cartesian product ﬁ\l X ees X Aﬁxo . The payoff to the (™ agent is
a function fL(a) from Jﬁ\to the completed real line. (See a simple
definition in (L] p. 6.) Denote further by EL the (V ~ 1l)-tuple
(81, cvey 8 1 8e1r ror By ) and by ;X(Jthe product
/Alx...x AL-—leLﬂ.x‘”x/A\) o

Consider then a sequence of tine points ..., t-l, t, t*+1, ... and
the following rules

t

If a th

has hecn chosen at time t, at time t+) the choice of the

arent is restricted to a non-erpty, compact set function of EE

A( (E%)c:.ﬁlba “la assume that ftﬂﬁf, atjl} is a continuous function

+
in at 1 on ALSEE) and that atjl'is chosen so0 as to maximize this function

-+
on this set. If at_satisfies this condition then at 1- #Eo
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at iz an equilibriwn point if af'matﬂ {and 1t follows ifros the mile thot
all subsequent &’ +2 ,ere 8150 egual at), More formally

Definition a” is an equilivrium point if for sll (®l, ..., &% ¢4 (89

.
A&,
- -

and f {a®) = Max f, (a it a .
- aeA{)‘

This action was first formalized by Nash [7], although in a less general
way, in a different context. Arrow!s paper [1] fully uses the power of Nash's

formalization.

The graph of the function A\_(E{} iz defined as the subrel of,ﬁ\{” x A

2

G-“%g,_a a, )! a & AL(Q‘;.-)}; « A, (&) is always understood to be veid Zor nu a, .
w . - - - :
A

We can now state (simple definitions of a polyhadron ard of a coniraciiblie

set are given in [l] p. 5=6).

Theorem. Let for all ¢ 1, ...,V Aﬁ be a contractible polyhedron, &, (&, )

—

a3 multi~vslued function from /r\ 10 A( whose graph G,. is closed, :C', a centinuous

function from G Lo the completed real lina such that 7” (a } w f Lfé’t, o B
a, e Ak(a } A
ig continuous. I for every ( ard A, the set M 5.' L a ¢ AL(aL} f (a,, atl a,)

is contractible, then there exists an equilibrium point,

The proof uses as a lemma a particular case of a fixed point theorem due 4o

e s

Begle (2],
let 2 be & set and & a function associating with each z €2 a subset @{z)

e have derined abovs the graph of @ as the subset of Z x Z, {(z,z‘) Iz'gﬁ(z}ja

@ is said to be semi-continuous if its graph is closed. A fixed point of § is a
point z* such that z* ¢ @(=z%).

lemma. Let 2 be a contractible polyhedron and g: 297 a semi=contimious multi-

valued function such that for every z €2 the set @(z) is contractible. Then &

haa & flxed poilnt,
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A s the product of V contractible polyhedra, iz a contractible poly~
hedron ([4],p. 6). Define on A-the multi-velued function @ as follows: |
#(a) = M aq Xeaux M 3,

Since M EL is contratible for all ¢ and  , #(a) is contractible for all a & A
(] po 6). To be able to apply the lemma it remains only to show that @ ic

semi-continucous,

For this first define in A(x /ALthe set

The equivalent definition

o= { @, a) €0 |5 G, a) cﬁ(z()j
shows that K is closed since G( i® closed and f( and % are continuous.

The graph /~ of @ is the subset of A x A

/-'- [(a,a')lawe g(a)} n((a.,aa) l aL& HEL for allL§
-{(a,a')l(é’t, a/ )€ ¥ for all(j .
Consider the subset ofo/A,
WL- {(a,av)',(a“-ag ) E Ht} ;(M( i3 closed since
¥ is. he/7e (I M 7/ Tis closed,
The conclusion of the lemma is then that there exists a*e A such that
a* ¢ ¢#(a*) 1.e. for all ¢ "'(’ & "E}" 3 this is the definition of an equilibrium
L
point a*,
To conclude this section, we make a remark pointing out a wide class of cases
in which 3(9 (8 ) is continuous.
The function AL (E() is said to be contimous at 5? if for any atoe AL(E'z)

and any sequence (EIZ) converging “o 5? » there exists a sequence (a’L‘) converging

to a? such that for all n a’(‘ EREHR



Remark. If A (8,) has a compact graph G, and is continuous at g, if £, ie

{ ( —
& continuous function from G( to the completed real line, then 4 (3() is
b ( ]

contimious at &°.

(
We drop everywhere the subscripts ( and reason as if f took its values in

the real line (the isomorphisr —::T:JJ‘. batween the completed real line and the
closed interval {[~1, +1] immediately extends the results to the generel case).
A) Using only the compactness oo ¢ and the continuity of £ we first prove:
For any sequence (EM) converging to % and any £ > 0, there is an ¥ such
that n >N implies (3™« $48°%)+ £ (in other words, 57(3) is uper semi-
continwous at °). For every n, choose aP€ A(Z%) such that £{g", ab) =f45n).-.

Since G is compact it is possible to extract from the sequence (3%, al') z sub~

-n' 1 . . el '
sequerae (&% , a® ) converging to (& . &%),

By continuity of £, £(&"", a'') [which is ,,7’(3:1')3 tends to £(&%, a®)
(whish is ¢ 7430)]0 Therefore there exists N* such that n'> N° implies
5/(511')< j/fﬁo)-rf,a Since from any sequence (&%) converging to &% it is possible
1o extract a subsequence (Enii) having the dssired property, amy sequence (&%)
converging to &° has the property.

/5) Using in addition the continuity of &(¥) at a° we prove:

For any sequence (&") converging to i° and any £ > 0, there is an N such
that n 7N impliesf(ﬁn)i’?ﬂ(ao) ~ £ (in other words, ;/"(3) iz Touer semi-
continuous at 8°),

Choose a% & A(&""). such that £(3°, aoj . ;ﬁ(ac’)o By continuity of A(Z) at

2%, there is a sequence (a®) converging to a® guch that for all n, a? & A{zh),
By contimuity of £, £(3", a™) [which is$ (3%)] tends to £(3°, a®) [which
is f('éio)]n Therefore there exists N such that nyN implies %(En);'}/(io}-

M

A ) ard A5) togather naturally prove that f/ (2 ) is continuous at &°,
ra
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2. Application to a competitive economic system.

The general theorem will now be used to prove that the economy described
below has an equilibrium point. This particulap caée obvioualy does not use
all the power of the existence theorem.

Notations are those of [ 3] to which the reader is referred for a more
detailed presentation of the concepts. "I borrow from Arrow {1] the
treatnent of the limitation of the quantities of labor. Otherwise this
model is the one I presented at the Washington symposium on linear in-
equalities (June 1951). Assumptions will be numbered with Roman numerals.

I There is a finite number of commodities,

Cormodities are characterized by a subscript h = 1, ,.,Lf, The
subscripts corresponding to the different kinds of labor form a set H.

In RJL the commodity space, the ith consumption~unit (i = 1, ..., m)
chooses a commodity bundle x.

Iia If h §H, %, €0

b If h € B, x, =0

{the opposite of the quantity of the ht'h kind of labor produced by the
T consymption-~unit is taken); moreover if the elementary time interval
is taken as the time unit and if labor services of any lind are measured
in time units then

7
IIC 2 = "'1 -3
neg M

The domalin ¥ to w‘hich-xi must belong is determined by Ila, IIb, Ilc.

The points of % are completely ordered by the preferences of the

ith consumption-unit; it is assumed that this ordering can be represented
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by a satisfaction function si(xi) (defined but for a monotonic increasing

increasing transformation).

ITIa si(xj_) ie a continuous function to the completed real line

el B xdn 4 " 2y Z 1y,

IITh X =X implies si(xi) si(xi)
11Ic "a (xe) 8 (xl)" implies “B.[tx2 + (1et) xl];a (xl) if 0¢t $ 1.
3\ %57 7 8%y 1t By 34 7 83\ °

IlIc and IIIa naturally imply that

(1) {11 ex | 8y(xy) 4 s;’} is convex for all sgo ‘

The resources of the economy are described by a vector z°¢ K’ fzﬁ =0 if h& H);
they are privately omed, the ghare of the it‘h consumption-unit being zg
Iva zg %0 is fized
Vb 2z’ =0if h€H

hi
We z° =2 z°

i 4

There exists a price vector p 20in R'Qwhich evaery agent considers
ag a datum,

The 1B

consumption~unit tries to maximize si(xi) by choosing Xy in
1
X subject to a budgetary const.raint—{
V  Given p, 8 (x ) is maximized subject to p » X; = p o 25e
ii i

The activity of the jth

production-unit {J = 1, ..., m) is described
by an input-vector yj'e R‘e(uhosE positive commonents are inputs, negative
components opnosites of outputs). It is restricted to belonm to the

set. of technolovical possibilities \}I 5

l. One might think of imposing the constraint p . x 2 P o so, but
because of IIIb a consumption-unit is never harmed byirestrict ng itself

top:xi*paz;o -



Tne nositive orthant of th (the set of all points of R’(/with
non-nerative coordinates) is denoted by._{!, the positive orthant
translated fronm O to a peint g by JL (r‘); similarly for the nerative
orthant - /L and —fl.(”),

It is then assumed that:

Vla \\ii/j is a closcc'i, convex cone with vertex O.

e postulate that 'er’] (V) = 0, i.e., that it iz impossible to
produce without consuming anything ([ 6}, Chapter III). This immlies
that .Yj has a polar.?./ Y :; which intersects ﬁ the intemior of.f1 y ™
will further aasune
i (3 yndl 4o

Dencte by y = Lyj, the global input vector; it heldnp:s to '-\‘l]/ = 4 {\\l-f/j“
Y 1s clearly a convex cone with vertex 0. Sincew Y. ?’-ﬁ(;, VImeeans
that \Y has a nogsitive normal k _;7 0 at 03 it is thus Justified by the fact
that the impossibility of producine~ without consumins whiich holds for
aach hne; of the Y 3 mist also hold for ,‘Y n

riven p, the jth production-unit chooses yj in \\( j 80 ag Lo
naximize its nrofit -~p . yj.

VII Given py P yj is maximized subject to yje'\\“/j.

If p does not helons t6 the nolar of Yj’ the ¥y chosen 18 in=
finitely larce and no equilibrium can occur in this case. If p heionrs
to the interior of the npolar, the yj chosen is O (the technolosy of
tiis production-unit is not used). If n» belongs to the boundary of the

polar, all points of "}[/jf] pj; where p*is the plane through O nornal to p,

2. The npolar v* of a cone¥ with vertex O is[rl [77‘ « ¥ 20 for all ye Yj

- +4
3. The »rcof, almost trivial, uses the fact t‘natﬁ(j = \\U/j' (See

Seminar on Convex nts, The Institute for Advanced Study 1949-1950,
Chanter I=-II1.)




raximize -p o yj (all these peints are equivalent and ~ive a zero profit),
OCbhvicusly an equilibrium p will turn out +o be such that p&“{f for all j,
iaco,_pe£¥+o

Thugs on the hasis of p, m xi‘s and n yj’s are chogen., Denoting
X = i X;9 3 * X * y is the total net demand. Necessarily z ¢ 2°. It
is the role of the market to realize this by varying p. loreover when
equilibrium i8 reached any commodity for which z, ¢ zg must have a
Zero price ph = 0 {the owners of the hth resource would othervise start
wnderbl idine each other to sell their excess supnly); such a commodity
is a free rood.

o]

VIIT 2 = 2 x, * iy z Sz

. [
Yy s and 3 < gy implies Py = 0.
b J
“ultiplyding p by a positive scalar would not alter the decisicns
or the conditions described ahove; e will therefore assume from now
on Hhat
A

X p&esS=  peR7lp20, 2 P, = lj a
h

To commlate the description of the economy we now only need, for

the narket, a payoff Ninetion which "he" iries to maximize. Gince we

are not, concerned -rith the dynamic evolution of the system moving toward
equilibrium, we require only that this function satisfy the following
condition: an equilibrium position reached on the basis of its maximi-
zation fulfills all the requirements listed above. p . (2 - 2°) does
evis (o= Z [3] is naybe sven rrefecrable). Mo fully satisfactory

D . 2
justification for this chelce can be Tiven at this stacc and only one
renark will be made here. laximize p . (2 - z°) for a given z neans,

for the narket, scloet the commodities for which By - z; (the cxccss

is the lercest; lot M be the sot of those commcdities.



If hg(H, set P, = Co
if he i, choose P, 2 O’h}é:fH P, = L.
It is clearly a very brutal adjustment process but, as we emphasized
already, this is irrelevant for a proof of existence of cguilibrium,
This model is almost ready for identification with the seneral
theory., However X, the donain of the Xy and the \\il/ Iy the domains of
the yd, are not compact. This can be easily obviated.
If - is the point with coordinatesc, = -1 if hel, @, =01if h & H,
C fL(=¢), nnd therefore x = 21 X, helones o .fL(-fmw) Since for an
equilibrium peint (if it exist.i at a1) x + y € 2% y mst belonp to
- (2% * nw) and the domain of Y to be considered nced not he the
whole cone(D/ but only(? =\\={/l SN LI nw). This set is obviously
not enpty since z° 20 andes 2 O, Tt is hounded since, calling K
the polar of k (see VIb),?{ n -JL(z°+ nw) ¢ kN - J(2° + mw)
which is bounded since k >0, Az y = éyj, y] necessarily helongs to
\{}/ a bounded subset of (Y 5 similarly x £ 2% - y shows that e
necessarily helongs to ;(\ a bounded subset of X, which contains all the
Zee I'inally, take a cube ¢ = {

1
Pl ~
its interior contains X and all the \.[Ij and take its intersections X

|xh | & th for all h j such that

(resp. Y ) with X (resp. Y ). The domain of e {resp. yj) will be

¥ (resp- Wj) cormact, convex sets.
The identification vrith thc meneral theory is finally as follows:
There are V= n + n+ 1 arents, Tor (=1, sany M the avent is a

consumption unit, its action is a = X, 3 A, = X which is compact,

i
convex (therefore trivially a contractible polyhedron);

Ai(Ei) = {xic—?{’ l PeX P z.?j » it is always non-empty since

zg pA ’f, its oraph G; is clearly closed; fi(a) = si(xi) which is continuous
on /{; %i(zi) is continuous (the proof will be nostnoned until the end

of this sectiong finally for cvery p ¢ S, the set of ¥, wilch naximize
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s;(xy) subject to p . X * Do z: is convex by (1) (therefore trivially

contractible),

Fory “m+ 1, ... m+ 1 the agent is a production unit, its
action is By ™ yj;jf\m*j = ﬁf; which is compact, convex; Am+3(35+3) = 5?3
which satisfies trivially all the reguirements; fm+3(a) ® .p o, yj
which is continuous; finally for every p€ S the set of yj which maximize
-P o yj is convex,

For (= m+n+ 1=+ the agent is the market, ite action is
ay ™ p; A¢ = S, compact, convex; Ay (a, ) = S5; f2(a) = pa (2 - zo),_
continuous; finally for every z, the set of p which maximize p . (2 - 2°)
ig convex.

All the conditicns of the theorem are satisfied so there exists
an eqﬁilibrium noint x:, y;, p*o

Since yg naxirizes -p* o yj overﬁﬁ'nhich containg O
(2) p . y: £0 for all j -

On the other hand

(3) p¥ . x =p*, 2% forall i.
i i
Adding (2) and (3) one finds
(L) P . 2t A3 o . 2° i.e. p* . (2F -~ 29 < 0.

*
As p* maximizos p . (2 - 2°) in S, z° - 2° % 0.

Y5

(we must make sure that the artificial limitation iniroduced on the

which maximizes _p* 0 yj over ﬁ{j also maximizea it over ﬁfj

domain of yj has not chanred the problem in any respect). Suppose
' 3 1 r's 3

tMat there is in %{j ay, such that -p - ‘j > P - yd then for all
' 3

by 0 b8 —p* o [ty * (l-t)y§]>-p* . V5 .
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Since {*’\TJ contains a nelghborhood of yj;( in Yj) s by chooging t snall
enourh, one has a contradiction.

As an immediate consequence, p - yg = 0 for all } and () is
actually p¥ . (2" - 2°) = 0. This implies that if for any commodity
zﬁ <. ?'1?1 » then p, =~ 0. This is the cormplete justification of the
choice of p » {z - z°) as a nayoff function for the marlx:éta

I'inally x; which maximizes s, (x, ) in X (ﬁi lp* o Xy = P . z;}

*

also maxirdzes it in X~ Xy | p* - X = 2

. zi j » This follovs

from IITc; the nroof is the sane as above,

One fact, the continuity of C]ﬂi(zi), has been left unnroved, we
core to it now.

Tet us call 2 the nlane of enuation p . x, =D . zg normal te
p& S throurh 25,
1) If P is not supmortine for?; it is easily shown that Ai('é'.'i) is
continuous (and therefore by the remark of Section 1 / 1(3;) continuous)
for this value of p.

-~ Q
Take q°  arbitrary in X such that p . q° = p o 3 ,

takeq'{—_x suchthatp.,q'gpazg,
no_ " o]
q €X such that p » q >P e By o

Ir (pn) is a sequence converging to n, qn, the point where "
intersects the broken line q'q®q, tends to @@ .
2) If P is supporting i‘or’f; denote by v the point with ccordinates
"y =bifhgH, v, =0if h IL Dy definition of X, veX, - Ju(:)> %,
it can cven he said that in a smsll neighhorhood of v , ?is identical

wmith = JL (*),
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From ITIh follows
(5} for any x; ¢ X, 5,(v) 2 si(xi) .
Since - Z zg and p 20, 1 &€ P. "hen p" %ends to p (in §), there are
n o
points q" of F' A X arbitrarily close to v , the inequalities

o v A
ei(q Y4 lax si(xi) £ l)

- phoA Y
xié Pl
then prove that lax si(xi) is continuous for this

value of p.

3. Equilibrium points and saddle points.

By taking mnarticular cases of the existence theoren one obtains
all Imown equilibrium noint and saddle point existence theorems.

In all these cases, for all and a AL{EL) -fA( « Taldng for
the/\ comnact, convex sets,
{for fL a real, continuous function quasi-concave in a,, one obtains
Arrov's Lerma 2 [1].

testricting further the f&Land the f( one obtains !lash's theorenm { 7].
A saddle point for a continuous real function f(xl, xz) of two variables

0
X & Xy %0 € Xp (Xl and Xz corpact) is a noint (xl, xg) such that

tax  f(x,, x°) = f(xl, xg) = £(x3, X5).
% £ X, 12 % 2 xzf-Xq 12 *2

It is obviously an emuilikrium noint for two agents with payeff functions
£ = { and f, = ~fs One ohtains therefore immediately the theorem of
(L], and as rore and more varticular cases Kakutani's {51, von Neumann's [13], {121,

and veon lNeumann and lorsenstern's theorems [ 1],



[ 6]

{10]

{11]
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Mwotion" ingiead of "action”,

“Ma: instead of "MA,* and everywhers

this symbol occuraz).

feontractible” instead of “contraiible”.
new line after LIPS WK

"o dngtaad of ngln, |

"sg_(xj?) 2 ai(z%)" instead of "si(xg) o si(:::'i'}“.
Zp; > 0 if h ¢ H ingtead of 22 3 O,

p* " 1ngtead of "pt " in both places.

s° 2 0 instead of 2°2 0,

fiew line after "agents."’

symbol.n missing after u'ffu and before brace.

3{‘ instead of X.

[
. = 0if he¢ H, ..., T € X.
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