COWLES COMMISSION DISCUSSION PAFER: ECONOMICS No. 291

NOTE: Cowles Commission Discussion Papers are preliminary
materials circulated privately to stimulate private
discupsion and gre not ready for oritical comment
or appraisal in publications. References in publi-
cations to Discussion Papers (other than mere ao-
knowledgment by a writor that he has had access to
sach unpublished material) should be clsared with
the author to protect the tentative charmcter of
these papers. ‘

THE_INVALIDITY OF CLASSICAL MONTTARY THECRY

October 2, 1950

In two articles which appeared in this journal the micro- and macro-
economic versions of classical monetary theory were, respectively, emmined.l
The main conclusion of this analysis was that the classical attempt to di-
chotomize the economic proe'éases of a monetary econcmy into a real sector,
dependent upon and determining relative prices, and a money sector, dependent
upon and determining absolute prices, cannot possibly succeed. In particular,
it was argued that this dichotomized theory is either inconsistent, or, at
best, indeterminate in the absolute prices. An alternative theory was then
suggeatedz which was free of this dichotomization.

These progodtiona were recently attacked by W. Braddeck IIickma.n,3
Wassily Leontiet,h and Cecil G. thi.ppav5 in criticisms vhich appeoared in this
Journal. It is the purpose of this note t.o. angwer these criticisms, and
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thus to show that the omclusions of the original amalysis remain intact.
The material in Karl Brumer's suvey of the problem—-printed elsewhere in
this 1ssus—will aleo be taken into accownt.®

1. Phipp's criticism is the only one which refers directly to "Demand
for Money;" hence ﬁ will e most convenient to consider it first. Phipps
argues that the assumption that money does not enter the utility function is
inconsistent with the assumption that the price of money is one. Hence he |
claims that gystem B of "Demand for Meney" (p. 145) :I.a based on contradictory
assumptions.

The most direct W of refuting Phipps' criticias is by offering a simple
historical 'counMe: In Englend, for many years, the guinea existed as
a unit of account, without t.her_e being any units of this money in existence.
Clearly the price of a guinea was one (fuinea); yet no one held any quantities
of guineas, and no one wanted to. That is, tho guinea did not enter the
utility function,

It must be emphasized that the validity of this counter-example cannot
be attacked by claiming that the guinea had a non-sero value "because the
guinea was set equal to twenty-cne shillings." The phrasc in quotations has
meaning only if it were possible to exchange a guinea for twenty-one shillinge;
for a nom-existent guinea it becames meaningless. '

If we examine Phipps' argument to f£ind why and where hs went catray, we
immediately see that he does not take account of a commodity with zero initial
stocks. Thus, in the proof of hls first corollary, the cracial sentence is:
1Since no useful good would be exchanged for the useless good, the relative
price of the useless good is gzero." A similar ssntence appears in the proof

6. FKarl Brunner, "Inconsistency and Indeterminacy in Classical Economics,®
below, pp. » henceforth referred to as "Brumner,"
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of Phipps’ second corcllary. But the argument of this sentence clearly does

not hold if there are no initial stocks of the "useless good" in existence.
The fallacy of Fhipps' argument can be demonstrated mathematically by

returning to the original analysis of "The Demand for HM." Using the

notation of 2 there we have that the equilibrium condition for the excess

demand for money is

(11).  Z(pyseeesly) - En = 0, |

where Zn(pl,... ,pn) is the demand for money, and En is the stock of money in

existence. Under the assumption that money does not enter the utility func-

tion it was Shmm?

that Z (P, +-0,B,) = O identically in the p, (i=1;...,n).
Phipps now says that, under this assumption, a necessary condition that (1.1)
be satisfied is that p = 0. But this argument is clearly incorrect, since
(1.1) can be satisfied 1€ Z = 0. It might be said that this is a trivial
cass. But it is only in this trivial case that it was ever claimed that sye-
tem B could be consistent; this is precisely tla content of the theorem on
page 143 of "Demand for Money;® and it is precisely because of this trivi-

ality that system B is rejected there as a description of the real world,

2. The cricitisms of Hiclman and leontief are directed against the
*Indeterminacy” article. It seems best to answer their criticisms by reform-
lating briefly the argument of this article, relegating point-by-point refue
tation to the footnotes.

First a few words of a general nature. Thé issue at stake is the corre-
spondence of the classical economic system to the real world; for if it can
be shown that this gystem is either internally inconsistent or indeterminate,
it clearly cannot be used as an explanation of reality.’ On the other hand,

7. ITbid., theorem on page 1}42.

8. Thus I feel that Hickman's assertion (p. 9) that the "Indeterminacy”
article "eriticizes neither the basic assumptions of ths theory nor the

theoretical conclusions from the standpoint of their correspondence with
the known facts of economic life" is definitely incorrect.



internal consistency and determinacy are only necessary conditions for the
acceptability of an economic modsl. They clearly are not sufficient. Ve
shall not enter into this question of sufficiency; Md, we shall be
interested only in determining whether the models examined moet certain
necessary conditions for acceptability.

| Secondly, one of the issues not at stake is that of the dependence of
the classical functions. This is a completely false issus that has been the
source of much cmfusion. Consequently it is well to riec-ognize from the out-
set that there is no relationship whatsoever between functional dependence,
on the one hand, and the consistency of a syatem of equations, on the othaer.,

Wnat is the meaning of functional dependence? Consider a system of

functions u; = £, (X3 p0eesxy) (i=1,...,n). The u, are said to be function-
ally dependent if there exists a functional relationship, F (ul,...,un) =0,
connecting them. It follows that, in general, any time there are more func-
tions than variables, the functions are dependent. For letn =~ m + 1. Then,
if the Jacobian of the first m functions does not vanish, it is possible,
within a certain neighbo:;hood,’ to solve out the xJ {i=1...,0~1) as func~
tlons of the u,—say, X, = g ’ (useees 2 )e Substituting these in the re-
maining function we obtain u, = fn[gl(ul,...,un_l),...,gm(ul,...,un_l)]
- G(ul,'...,uh_l) within a certain neighborhood, so that functional dependence
clearly existe. If, however, the number of functions is eqgual to the number
‘of variables, then there exists functional dependemce if, a.nd only if, the
Jacobian of the n functions vanishes idenﬁcﬂly. These are all well known

theorenms.
As counterexamplss establ ishing the complete absence of any mhti;:nship

9, Cf., @.g+ V. Benjamin Fite, Advanced Calculus (Macmillan: New York,
1938)’ Chapo 12, )
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betwsen functional dependence and consistency, consider the following gystems:
2, 2

(2.1) LeEx +y ~1=0
uz-x-ry-zo-o
u3-x2+yz+xéy-21io

(2.2) wl-x-ry-z‘-o
wz=x+2y-2-0
W =3X+y~=-3=0
3 FY

(2.3) 71-x+y-2-0

V2
- 3x -6n0
_?3 x+y

The functions of (2.1) and (2.2) are in each case dependent; for Uy =W 4oy,
and w, - Swl - 2!2 + 3. But both systems are inconsistent in the real number
gystem. It is interesting to note that these inconsistencies arise in two
different ways. In ayat,ém (2.0 we see from the functional relationship

Uyt Y tu, that any real point (x,y) which would satisfy w =y, 0, would
also satisfy u3 = 0; but the inconsistency flows from the fact that no such
real point exists. In (2.2), on the other hand, there does exist a real point
satisfying '1 =- sz = 03 but from the form of the functional dependence it is

3
In the case of (2.3) both of these difficulties are aveided: there does exist

clear that this point camnot satisfy w3 = 0; in fact, at this point w_ = 3.

a real point satintying '1 = va = 0; and the form of the functional dependence—
73 - Svl - 2v2—aasure§ that this point also satisfied v3 = 0, Consequently
system (2.3) is consistent.

Thus the presence of functicnal dependence implies nothing about con-
sistency. Similarly, the reader can readily construct for himself systema
of independent equations which are, respectively, consistent and inconsis-

tent. In this way we see that there is no relationshdp whatsoever between

functional depsndence and consistency. Consequsntly, since we are interested




in the consistency of the classical gystem, no further attention will be paid

to its functional dependence.’

3. Ve shall now examine the Casselian system and show that it runs into
difficulty at two different lovels of analysis.

Using the same notation _a:'s that of "Indeterminacy," let us first congider
the Casselian system of excess demand functions

(3.1) xj =P (_’i.l. ’...’?2:'_2_) ' (J - 1,-.0,““1)
3. -?n-l- Pnd

(3.2) X =F (pseeesPyy)

Clagsical economic theory made two gtatements about the form of the ex-
cess damand function for money, Fn-oue explicit, the other implicit. On the
one hand, it explicitly assumed this function to have the Cambridge form, so
that |

P Pp.2
(3.3 I *M-~-K §1 p‘,’ J( ’".’pn-l

where M is the gim amount of money in circulations K is the reciprocal of

e

the velocity of circulation; and the g 2 are the supply functions of the vare
ious eomoditiea.n On the other hand, it assumed the commodity excess de-
mand function to be homogeneous of degree gzero in the prices; by virtue of

Talras' law, we know that

(B.h) -F (pl""’pn-l) ""J =Y j 3 pn- joao’_-

&

10, Hickman's basic error on this 'ahole issue—one that. vitiates most of his
discussion in Part III,§ 2—1s his d_.ef_%g "a set of n equations [as) dependent
if a solution of n-l of them is nocessarily a solution of the other." (Hickman,
footnote 5). Hickman, of course, is free to define functional dependence as

he 1ilos; tut he cannot attribute to his concept of "dspendence® properties
dsveloped on the basis of the completely different definition given in the

text above. In particular, neither the excess of functions over variables,
‘nor the identical vanishing of the Jacobian implies "dependence® in Hickman's
senne.

11. "Indeterminacqy,” (10.1) - (10.4).
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identically in the pj, = that the excess demand function for money must then

be homogeneous of degree one in these var:’ua.l:il.etl..:l'2

- Bat inspsction of (3.3)
shows that inasmuch as ¥ and K are positive constants, this function cannot
be homogeneous of degree one in the prices. Ilence the classical ass_umption
as to the form of the excess demand function for money is inconsistent with
its aasmmtim as to the form of the excess demand hmct;l.ons for commodities.
For the sake of brevity this inconsistency of assumptions will be referred to
as Invalidity 1133

sumption of Say's lal.ls

It holds in the classical sgystem even under the as~

12. Ibids, lemma on the top of p. 1k.

13. This is the argument of "Indeterminacy," §10(b). Use has also been made
of the results of § 8 there. Justification for attributing the assumptions
in the text to the classical economists is provided ibid., footnotes 5 and 7.
Of. also Oscar Lange, "Say's Law: A Restatement and Oriticism," Studies in
Mathematical Economics and Econometrics, ed. by O. Lange, et.al., Chicapo,
Undversity of Chicago Pmssmta 2.

1. Hickman (p. 15) apparently misinterpreted Invalidity I as being based on
the assumption that the Cambridge equation is an identity. He then goes on

to point out (quite correctly) that it is only "an equation of condition and
not an identity in the pte" (ibid.). It is difficult to f£ind in the original
article any possible basis for this misinterpretation; for nowhere in this
article-—neither in the mathematical equations nor in the literary discussione-
is the Cambridge equation ever reprasented as an identity. But the main point
here is that Hickman's entire discussion of Invalidity X is completely irrele-
vant. For, as has just been explained, this argument is concerned with the
Cambridge function; not the Cambridge tion. Hemce the question as to
whether the ' equation is a con squation or an identity can
have no possible bearing on the issue in guestion.

15. This was shgwn by Lange, op. cit., p. 65. The only addition made by
"Indeterminacy" 3"1‘0(1,) is tha% classical price homogeneity alone--even
without Say's law—is enough to cause Invalidity I. - The converse also holds:
for Lange's analyeis shows that the assumption of Say's law for the com-
medity functions=-even if they are not assumed to be homogeneous of degree
serotin the prices--is inconsistent with the assumption of the Cambridge
function.




L. let us now drop the assumption that the excess demand for money has
the Cambridge form, and instead assume that it is homogeneous of degree one
in the prices. In this way Invalidity I is removed. Does this make the
clasgical theory acceptable? As we shall see, the anawer is in the negative.
In order to show this it will be necessary to consider not the classical
functions, but the classical aystem of equations

* P Pn.2, . -
(hnl) F3 (pn-l,n--,m) 0 (J 1,..0,“"1)

(h.2) ;’i Py 7y (BL pooesB08) - 0

Here use has been made of {3.4) to replace the equgtion Fn (pl,...,pn_l) =0
bty the one now appearing in (4.2). (It must be emphasized that at this
stage of the argument--where Say's law is not asauned—(h.Z) is a condition-
el equstion and not an identity in the p..) Clearly, Invalidity I is not
present in this gystem, for the homogeneity agsumptions for (L.1) is consis-
tent with the form of (L.2). let us now examine the solution(s), if any, of
this system.

First of all it should be noted that of necessity any solution satisfying
(41) must also satisfy (4.2). Thus, on the one hand, equation (4.2) camot
be the source of any inconsistency in the system; on the other, if (4.1) has
multiple solutions, (L.2) cannot be used to eliminate any of them. Consequently
in examining (4.1) = (4.2) for solubility, we need only consider (L4.1), and can
completely disrepard (4.2).

In (4.1) we have n-1 equ.atim in the n-2 price ratios,-’:-—l (o%1y...9n=2).
There are a total of three nutmlly exclusive possible altermatives: (a)

There may be no subset of ne2 equatima with a solution. This corresponde
to (2.1) above, and in this case (4.1} is clearly inconsistent. (b) There
may be a subset of n-2 equations with a solution, but one that does not satisfy
the remaining equation. This corresponds to (2.2) above, and in this case (4.1)
is again inconsistent. (c) There may be a subset of n-2 equations with a
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solution that does satisty the remaining equation. This corresponds to (2.3)
above, Even though (l.1) is, in this case, consistent, it is definitely in-
determinate in the absolate prices. For by the classical homogemeity assump-
tions, the vdriables of the subsst of n-2 equations are the n~2 price ratios
_p‘l. (8%1y4..,n=2). From the definition of alternative (c) any set of price
::;1'0; that sati&iad these equations will also satisfy the (n-1l)=th. Hence
if a given set of absolut.e-pr:l.eea is a solution of (L.l), any uml@ipie of
this set is also a solution.

Thus we conclude that even after the functions of the classical system

are modified so as to be free of Invalidity I, the resulting system of classi-

cal excess demand aqu_'atinna must be either inconsistent or indeterminate.

That is, either there exists no set of absolute prices which will satisfy the
classical system, or else there exists an infinite number of such sets. There
are no ‘other possibilities. For convenience, this will be referred to as In-
validity II.

It must be emphasized that the assumption of Sayts law, so frequently
made by classical economists, in no way affects this conclusion. For by
virtue of Say's law we have that the form of F,_, (;1:,,..,&'-2-) is

, Pnl
¢
(L3) -3 pF, (v:"""::.i"

Consequently, if the first n-2 equations have Q solution, it must also satig~
1y the (n-1)-th. In othor words, Say's law eliminates alternative (b) of the
preceding paragraph. But from the remaining alternatives, (a) and (c), it is

16,17
clear that Invalidity II still holds.

16, This section 1s a reformulation of §310(a) and 13 of "Indeterminacy,” and
is intended, in particular, to replace the theorem on p. i, ibid. For, as
Hickman (p. 16) has shown, in the Casselian case the first n.I functions can~
not be independent. However, as has been shown above, the whole issue of de-
pendence is irrevelant here. Hence the basic conclusion of "Indeterminacy® 1s
not affected. a
{ continued on next page).



Footnote 16 con't.

It shonld be pointed out that by resorting to microanalysis, alternative
(b) above can be ted. For examination of thes utility-maximizing condi-
tions in "Demand for Money" showed that Say's law and the dependence of the
commodity functions on relative prices were necessary and sufficient conditions
for each other (ibid., Theorem XVI). Hence it is impossible to assume the
latter without the former. However, it seems to me o be illegitimate to bring
this fact in ai the macrosconomic level of analysis, where such a relationship
cannot ba proved. Hence this alternative has been retained.

A question slso arises with respect to altermative (a). Brunner (foot~-
note 12) refuses to list this alternative on the grounds that it "is not really
meaningful® since "if inconsistency is assumed, then there i1s nothirg to ana-
lyse further." But on these same grounds Brumer should aleo refuse to list
alternative (b)—which he does consider (ibid., §4). And he should also re-
fuse to list alternative (¢}, since if indeterminacy is assumed, there is again
nothing further to analyse. By this reductio ad absurdum we can sse that this
criticism misses the main point of the proceding argument, which is to list all
the possible macroeconomic implications of the classical homogeneity assumptionm,

and to show that none of them is acceptable.

17. The conclusions of thls section can be compared to those of Hickman and
Leontief in the following way:

Hickman, because of his incorrect definition of funetional dependence, fails
to recognize alternative (b).. He then concentrates on alternative (c), and—
in contrast with our conclusion here-~claims that the resulting system is de-
terminate. He achieves this result by introducing an additional equation which
he calls a "constraint in the monetary sector” (Hickman, pp. 13 ff) that turns
out to be the Cambridge equation. Unfortunately, Hickman fails to make clear
the economic meaning of this "constraint' within his system. It cannot be a
behavior equation, describing the community's behavior with reference to the
holding of money; for Hickman has another (and distinct) equation in his sys-
tem--the axcess demand for money--which performs this function. Nor can it be
a definition of the Csmbridge K, inasmuch as Hickman (p. 13) considers this
uan institutionally determined constant."

This leaves only the possibility that Riclman intends the "constraint®
as some sort of techmological relationship, But this does not correspond to
the classical treatment of the Cambridge equation as a behavior eguation.

For example, Marshall's discussion of the Cambridge equation 1s concerned
with "the amount of purchasing power which people...elect to keep in the form
of currency." 1}% Credit, and Commerce, pp. 43 ¥, Italics added.)
Finally, even s question of correspondence with the classical theory
were overlooked, and the "constraint" were introduced as some sort of techno-
logical relationship, Hickman's attempted defence of the classical dichotomy
would still fail. This is proved in § S below; of. especially footnote 28,

Leontief considers Say's law as an integral part of classical economic
theory and--ignoring alternative (a)--argues that it is consistent. This,
of course, is correct and was explicitly proved in the analysis of § 13 of
"Indeterminacy.” But what Leontief ignores—and what the analysis of 613
goes on explicltly to point out—-is that the system is then definitely in-
determinate; that is, it is still subject to Invalidity II. In this § 13 was
merely repeating lange's well-imown theorem that if "Say's law is asgumed...
money prices are indeterminate" (Lange, op. cit.; . 65=6). lentisf also
overlooks Lange's proof that the»usmpm's law is inconsistent with
the classical assumption of the Cambridge function. Cf. above, footmote 15. .
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Finally, it is important to note that in the demonstration of Invalidity
IY there has been no need to resort tb the method of counting equations and

mknowna Cmmuantly, it is not necessary to make any assumption whatsoever
about the relationah:l.p betwoen the number of equations and variables in the
aystem, on the one hand, and its consistency or determinacy, on the other.la
It is even more cbvious that no such assumption is involved in the proof of
Inveiidity I. Indeed, the exoess danandA equations are not even mentioned in
that proof; only the excess demand functions are involved.

5. The "Indetemjnaéy" article discussed several other systems besides
the Casselian one, Section 11 there describes a system whose distinctive
property is that the comodify excesc da:.and functions are h_omogenem_s' of
 degreo zero only in a subset of prices. It is shown there that Invalidity I
does not hold for this system. But, by an analysis campletely analogous to
- that of the preceding section, the reader can readily establish that the sys-
tem 80 described '.la guilty of Invalidity II.19 Section 12 then discusses a
aystem due to Lange. By dividing the excess demand equation for bonds by any
ne of the prices, it is easily seen that Invalidity IT is again present.0

m 814 of nmmm« two furthor systens were presented. The firet
1s a "modified Lange systen® (p. 22) which is identical with the Lange
wystan except for the bond excess demand function, assumed now to be non-homo-

geneous. This mystem is shown to be freeof both Invalidities I and IT.2Y

18. This is an improvement over the sition of the "Indeterminacy,” where
sich an assumption was made. Cf. ibid. j3.

19. In "Indeterminacy" altemative (c) m ignored so that the systan was
described as inconsistent.

20, Once again, the discussion there ignores altemative (¢) and thus des-
cribed the mystem as inomsistent. In "Indeterminacy,” 1 attributed the Cam-

bridge equation to Lange, and hence described his as being guilty of
Invalidity I as well (ibid., last paragraph of §12). But, as Brumner points
out, this is not correct: L rejects the Cambridge function and explicit-

ly assumes that "the mea(o—d-nand function for money is homogensous of first
degree in the...prices.” (Oscar Lange, Price Flexibility and Employment,
Principia Press, Hloomington, Indiana, 190hL, p.

21. Note that being free of these invalidities doss not imply that the system
must be consistent and determinate.



Nevertheless, this system was rejected there (see below). Instead, the major
conclusion of the "Indeterminacy" paper was that the classical system must be
modified in accordance with the system set out there in equations (14.1)-(1h.L),
and described at length in pp. 23-27. This modified classical system, as it ‘
is called there, can be written as .t‘o]lowa§ |

P pl A+ M
(5.1) x' (;hs-."a'mga r, ) =0 (s =1,...,n-2)
P
. P, A+t M
(_5-2) xn-l (g'l":---a p ° r, 1, A‘p )=0
n=1 h Pyp p, A+ ¥
(5.3) JEI Pj xJ ( pa'"r"'ﬁ""’ Ty '&"""‘_“p )=0

uhgre p is the general price level, P is the averapge price of assets held by
the conmmity, and M 1s the amount of monsy. Equations (3.1)~(5.3) are identi-
cal with (1) - (14.3) of "Indeterminacy® except for the following changes:
A now represents the given physical amount of asseﬁ in the eccmany;zz the
functions are assumed to be dependent upon the total real value of assets,
taken together, instead of the real values of non~monetary and monotary assets,
respectively, considered separately; equation (1k.2) of ".Indet.mﬂnacy“ has
been divided through bty p; equation (14.3) has besan rewrititen in the specific
form dictated by Walras' law. It is readily seen that this system is fres of
Invalidities I and II,

As pointed out in the "Indeterminacy,” the major modifications in this
aystem 1s that "the excess demand for each commodity is affected by the value
of all assets (mointaryu well as non-monetary) in tho eeonmw" (p. 23). It
was also poirited out that the "absolute price level appears. evorywhere in the
@ysten” (p. 25) and not only in the "mometary ssctor." Consequently the
classical dichotomy does not hold. Nevertheless, it is shown that the aystem

22. In "Indeterminacy" A.repr.a'a.enbed the value of these assets. I am
indebted to Milton Friedman for pointing ou necessity for thie change.



has other, distinctly classical, properties. In particular, a change in the
amount of money ehnngoa all prices proporticnately, but leaves the rate of |
interest invarisnt (ibid., pp. 25-7).

On what grounds did the snalysis of "Indsterminacy” reject the modified
Lange system in favor of the modified classical system? The explicit reasom
given was that the procedure of the former eystem in "singling out one parti-
cular equation and assuming it to be non-homogelmﬁs“ was unjustified and
arbitrary.2> But inplicit in the description of the modified classical system
are other, and more important reasons. Thus it is pointed cut (ibid., p. 24)
that the hmgeneify propertics assumed for (5.1) - (5.2) imply that the ex~
cess demand nmction for money must have the same homogeneity properties as
the Cambridge function; the modified lange system doas not have this property.
But the fundamental reason for rejecting this system can be seen only when we
nake use of microsnalysis. As pointed out in the last paragraph of "Indeter-
minacy," "utility mximisation [implies] that the excess demand equations...
must depend also on the amounts of assets in the economy." In the modified
Lange system these assets do not appear; hence the system must be rejected.

Of still greater importance is the fact thnt utility maximization implies
that the assets appear in the excess demand functions in such a way that these
functions will not, in geoeral, be homogeneous of degree zero in the prices
alone. To prove this, consider an economy in which the individual is oonceme¢
with the real value of bonds and money that he holds at the end of the period
in que'mon.z'* Lot ih (1 = 1,...,n) represent the initisl stocks of the i-th

23. Ibid., p. 23. However, Brumner (& ) has shomn that under certain as-
umptm:sto the operation of the banking system there may be good reasons
for assuming non-homogeneity in the bond equation. '

24. The following model follows that of Oscar Lange, Price Flaxibility and
%‘5 p. 16, footnote 6. Several modifications and co ona have
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comsodity held by the a-th individual; and let Z,;  be the stocks he plans to
hold at the end of the period.zs Let the (n~l)=th and the n-th commodities
be bonds and money,. respectively. Bunds are assumed to be all of one type:
perpetuitiss paying §1 per period. Here it must be emphasized that, unlike
other commodities, zn_l’. and Zn-l,n can take on negative values. That is,
people with positive zn_l" are lenders; those with negative zn_l'
Furthermore, on the assunpt:lou of a closed economy, we must have

° z 0.
That 15, every debt is owed by one member of the commnity to another. Tinally,

a? borrowers.

wo should note the fact that the price of such a perpetuity, pﬁ-l’ is the re-
ciprocal of the rate of jnterest, r. We shall make this wﬁst:l.tution throughout.

Assume that trading in bonds takes place only on the last day of the periced,
s0 that interest is received (paid) on all bonds held (outstanding) at the begin-
lﬂ.ng of the period. Then the budpget r_'estrarlnt of the a~th individual is

n=-2 (2

- -2 )
n-l.a n-l,a8 ” ey -
(5.5) ) pa(zu - )t r * (2 = Tyy) - zn—l,a .

That is, the value of goods held at the end of the period must equal the value
at the begirning plus (minus) interest receipts (payments) on bonds held (out~
standing) at the begimning of the period. The individusl is assumed to maximize

his utility.
z

Z
n-l,a ne
R N P

aubject to the restraint (5.5) to yield

N Z
n-l,8
(5.7) V: (z].&.."’zn-zal' —;—ﬁ.—-’ _3&)- i’: (s = 1’..”’#-2)

Z Z
n~-l,a _na
where p now represents the price level of the first n-2 goods.

25, This is the definition of 2, tt eiould also be given in "Demand for
Money" instead of the one now appearing there on p. 137.
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Divide (5.5) through by p, and take as the dependent variables Zggqs

zn;l,a , and E-:‘;., It is then seen that the indepaﬁmt variables Pgs P

zn_l", and Em. always appear in (5.5), (5.7) in the foi'm of ratios. Thue,

when (3.5), (5.7) is ‘solved out for the designated dependent variables, the

20 (81,...,n=2) mst be hoqogeneous of degree gerv, in Pgs Po zn-l,a’ and

Em; and the zh (t=n-1,n), homogeneous of degree one in these same variables.
Thus we can write the individual excess demand functions

ol

2 - -
(508) x - z %;.n.';m’r’ lﬁ p‘zﬂa . (1"r)zn-1,. R

sa u( p rp )_"zsa

(' - 1'v--’n-2)7

n-2 . - -
‘ - S Pg (1+r)2 2. -
. Py . Pn2 . %) Palea nel.a , JDA) .
(5»9) xn-l,a, pzn-l,a(‘i""" P »Ts P * rp P ) zn_'l"
n=2 X
: - - _b=la o
(5.10) e .§1 Ps Xua r zn--l,a

¥e have seen that the functions (3.8) are homogeneous of degree zero in
the p, Py By and Z_. Does this preclude their also being heaogeneous
in the prices alone? It should be emphagised that, for the gemeral class of
functions homogensous of degree zero, homogeneity may aimultaneously exist in
a sot of variables and in a proper subset of these variables. Thus the simple
function % is homogeneous of degree zerc in w,X,y, and g, as well az in the
four subsets w and Y, W and l,:"’. and y, £ and 8. In fact, by a simple appli-
cation of Euler's theorem and its converse, it can be shown that if a function
1s homogeneous of degree 3ero in ¥, ,...,¥,, then & necessary and sufficient
condition for it to be homogeneous of degree zsro in the proper subset yl,...,y‘
is that 1t also be homogensous of degres sero in yn-rl""’yn'

In our case this would mean that in order for (5.8) to be homogensous of
degres sero in the prices alone, it must be homogensous of degres gero in En_l"

and 7 ,. But the significant point here uthatthowmmmin_l , and
. »



7., enter the demand functions is determined by the way they appear in the
budget restraint (5.5); and here they appear as a sum, and not as a ratio.
Consequently the only ways in which (5.8) can be honogemous'-of degree zero
2, , and %, (and bence in the prices alone) are the two trivial ones

in which (a) the individual has no initial stocks of money or bonds, so that
En_l’a « Z, = O--an assumption that clearly cannot hold for every individual,
since we are considering a money economy; or in which (b) the partial deriva-
tive of each of the functions in (5.8) with respect to its n-th argunente
::_-?12 p.i'“ + (,1-%-) 'z',-,_l" * im/p-ia identically sero--an assumption that is
clearly contradicted by the many empirical studies which show that the in-
come effect is usually non-zero. Hence we conclude that the commodity ex-
cess demand functions (5.8) are not, in general, homogeneous of degree zero

in prices alone.26’ 27_

26, In Thecrem XIV of "Demand for Money“-a theorem dus to Kenneth J. Arrow—
it was shown that if the nominal amount of money entered the utility function,
then utility maximisation preciuded the possibility of all the commodity de-
mand functions of a given individual being homogeneous of .dogree sero in the
prices. looking back, it seems clear that an additional conclusion could

have been drawn; sincs under the stated conditions prices do not enter the
maximising conditions as ratios, none of the functions can, in general, depend
solely on relative prices. This 1p both stronger and weaker than the con-
clusion of theorem XIV: stronger, in that it refers to every function; weaker,
in that it must add the qualifying phrase "in general™ for masons specified in
the text above. - '

It should bs noted that theorem XIV cammot be used in the case which ihter-
ests us here; for we are now making the assumption that it is the real amount of
money which enters.the utility function. However, as will now be emphasised in
the text, the assumption that money enters the utility function in any form is
not necessary for the oonclusions obtained heres. - ‘
27. It should be noted that if the market excess demand equations are aggre-
gated from (5.8) ~ (5.10)-~-making use of (5.h) and the assumption that it is
only the total amount of assets in the economy, and not their distribution
among individuals, which affects the market excess demand functions--we shall
come out with the modified classical system of "Indeterminacy” § 14 rewritten
m- (5.3) above. Thus this system has a firm foundation in utility

tion. '

In particular it should be emphasized that the market excess demand func-
tion for money resulting from such an aggregatione—(S5.3)--has the same homogen-
eity property as that of the classical Cambridge function. This, too, is homo-
geneous of degres one in the smount of money and prices. (Cf. "Indeterminacy,"
P. 24). Thus the form of the classical money demand funotion is consistent
with ut)TEF maximisation. ‘ _
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It 1s essential to note that the inabllity of the commodity demand functions
to depend on relative prices alone is a direct result of the form the budget re-

straint must take in a monsy oconcmg: To repeat, from the budget restraint (5.5)

divided Hirough by p we know that the comnodity demand functions must depend upon
the argument :ﬁl’.zu"’ (L+3) %3 4*%a . Ingeneral, this argument is
not homogeneous of degree sero gn the prices; hence it is impossible for any

functions dependent upon it to be so homogenommza This simple proof is the

28. Thus the emphasis in "Demand for Money" is misdirected; for the essential
non-homogeneity flows from the tudget restraint, and not from the entrance of
money into the utility funotion.

This distinction raises the question as to whether a money economy can be
described without assuming that money enters the utility function. In "Demand
for Money" I thought the answer was no (cf. theorem on p. 142). Now I believe
that this was probably too extreme a statement.

Consider firet the transactions motive for holding money. Here Donald Fort
(in an unpubl ished manuscript--cf. Brunner, footnote 3) has made the following
comments: "The gbove argment [i.e. the theorem just cited in the preceding para-
graph—that if money does not enter the utility function no one will want to hold
any of it] seems to bs & special case of the following: 'If individual utility
depends on A and not on B, then, so0 long as B can be traded for a finite quantity
of A, the individual will exchange B for A until he has no more B, thereby maxi-
mizing his utility.' This argument suffers from the ocbvious flaw of not allowing
for side relations between A and B. If, for example, the individual is limited
by a physical transformation function £{A, B) = O, which states that in order to
consume A it is nscessary to consume (or hold) some B, then the individual equi~
1ibrium position will be determined by maximiging B(A) subject to the conatraint
£(A,B) = 0. This may well involve a substantial consmption (or holding) of B
even though B does not enter directly into the utility fumction."

For goes on to explain that what he has in mind is the poesibility of "cer-
tain constraints relating money stocks and consumption flows" arising, in the
classical way, from differences in the timing of payments. This may well be
what Hickman was thinking about-——at the macroeconomic level--when he introduced
his "constraint in the monetary sector" (of. above, footnote 17). It is clear-
ly explicit in Brummer's equations (9.12) - (9.31). Unfortunately, it does not
seem to me that either Hickman or Brunner has succeeded in integrating such a
restraint into the snalysis he presents. Furthermore, there is the possibility
. that the convenience of holding money to take care of differences in the timing
of receipts and payments can be represented by introducing money directly into
_the utility function, instead of adding a constraint. The fact that the former
procedure (as shown in the preceding footnote) leads to an excess demand func—
tion for money consistent with the Cambridge function--a function derived from
the coneideration of such differences in timing—wwould seem to give some support
to this procedure.

But whether the transaction motive is handled by putting money into the
utility function, or by adding.a constraint, this mach is clear: the budget re~
straint of whichever model is adopted must have the form (5.5). Hence, as



mathematical counterpart of the common-sense cbservation that, in a money econo-
my, the individual's economic behavior is affected by the real value of the
assets——including real cash balances—which he holds. It is through this de-
pendence on real cash balancha-—r-f,- —~that the absolute price level enters into
the consideration of the individual. This is the eimple argument on which the
microsconomic rafui;’ation of the classical homogeneipy assumptions is based.

6. Thus as soon as resort is had to microanslysis, the issus becomes un~
mistakeably clear: The commodity excess demand functions postulated by classi-
cal economics—and reaffirmed by Hickman, Leopﬁef, and the modified Lange sys-
tem—contradict ‘t'he form of the budpget restraint appropri-ate for a money econoe

‘mys hence these functions can immediately be rejected as descriptions of a money
economy without the necessity of emnining' them on the macroanalytic level for
Invalidities I and II. Such functions are appropriate only for non-monetary
economiess those in which money does not. exist as a comodity, but serves mere-
ly as a formal unit of account. In such an economy, relative prices can, ac-
cordingly, be determined in the real sector alone. But it is impossible to
complement this real ssctor by a money equation that will determine absolute

Footnote 28 conttd.

shown in the text above, the commodity excess demand functions cannot depend
solely on relative prices. (For an explicit example of this in the case where
money is left out of the utility fimction, but an additiomal comstraint ias

used, cf. Brunner, equations (9.12) - (9.31).) Thus even if Hiclman can justify
the introduction of his "constraint,” the classical dichotomy cannot be solved.

Vith reference to the speculative motive, Jacob Marschalk ( )
has emphasised that if the individual expects some prices to go down, and none
to go up, he will hold money even though it does not enter the utility function.
Once again, the form of the budget restraint will insure that the demand func-
tions cannot have the classical homogeneity properties.

: This leaves the precautionary motive; and it is here that I believe that the
introduction of money into the utility function is particularly appropriate. For
this can then represent "the satisfaction derived by individuals from holding
money as a means of dealing with uncertainty.” (Demand for Money," p. 136).

This whole question of whether to develop monetary theory by introducing
money into the utility function (the procedure followed here and in "Demand for
Money®) or to use approaches which lsave monsy out of the utility function (the
procedure of Brunner, Fort, Marschak) deserves much further investigation, In
particular, attention should be pald to the ecornomic significance of this
difference in approach,
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prices. For any money equation consistent with the homogeneity assumptions
nade for the commodity functions can again depend only upon relative prices.
Thus, in a non-mtaryl economy, absolute prices cannot be determined., Bat,
in such an economy, absolute prices are of no signiﬁcanca; only relative
prices matter, ‘ .

Thus the fundamental conclusion of “Demand for Xoney" and "Indeterminacy”
is strengthened and reaffirmed: The classical dichotomy is untenable: it is
‘impossible to have an economy in which relative prices are detemméd in the
real sector, and sbsolute prices in the money. For in a monetary economy ab-
solute prices must appear in both soctors, and hence are dotermined in a
truly general equilibrium fashion by the system as a whole;3°?31 and in a
non-monetary economy-~where zélative prices are determined in the real sector:
alone-~absolute pr:l.ooa. camnot be determined at all.

29. The latter part of this paragraph is based on Theorems VI, VIII, XI, and
paragraph four, p. 136 of "Demand for Money." Cf. aleo "Indeterminacy” §13
and first parsgraph of 1. :

30. Another characteristic of the money economy described above is that Say's
law camot hold. This was shown to follow as a direct implication of utility
maximization in Theorem XIII and Corollary I of "Demand for Money." The proof
there is carried out on the assumption that nominal money balances enter the
utility function; the reader can readily establish the fact that the same proof
holds even if real money bilances enter. Similarly, Theorem XVI—that Say's
law and dependence of the commodity demand functions on relative prices alone
are necessary and sufficient conditions for each other--is unchanged by the
substitution of real, for nominal, money balances in the utility function.

However, this proof cannot be used if we follow the approach to monetary
analysis which does not put money in the utility function (cf. above, footnote
28). Hence the microeconomic role of Say's law in such an economy requires
further investigation. '

On the macroanalytic levd, the impossibility of the existence of Say's
law in any money economy was, of course, demonstrated by Lange, op. eit.

3l. As an immediate result of this proposition we must also reject Leontief's
attempt to identify the fundamental distinction betwesn classical and Keyneeian
economics in the latter's denial of the "homogeneity postulate." For, as the
proposition in the text shows, any system describing a money economy must deny
this postulate. Leontief's intorpretation is presentsd in "The Fundamental As-
sumption of Mr. Keynes' Monotary Theory of Unemployment,® rterly Journal of
Economics, v. 51 (1936-7), pp. 192-7; and "Postulates: Keynes? ﬁ}erﬁ Theory

e ssicists,” in Seymour Harris (editor), The New Economics, New York,
1948, pp. 232-U45.



Footnote 31 cont'd,

- In "Involuntary Unemployment and the Keynesian Supply Function,"” Econo-
mic Journal, v. 59 (1949), pp. 360-83, I have attempted to present an
native interpretation of the distinction between Keynesian and classical
economics, assuming that both approaches reject the "homogeneity postulate.”

It should, however, be pointed out that by redefining "homogeneity poste-
ulate" to mean "homogeneous in the prices and in the amount of money" Leontief's
distinction can be made logically tenable. But I do not believe that the re-
Jection of the postulats in this sense is an essential assumption of Keynes!t
theory of employment. Thus the article referred to in the preceding paragraph
explains the distinction between the classical and Keynesian positions on the
assumption that both accept homogeneity in this sense.



