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Ts  This papor is a supplarent to Cowles Comrission Discussion Paper:

Economics: 2414, .a.rnd is writtep to replecs an incorrect i'omulation which I made
-there in s.elotr:lon IIIA;'rrgnx the last 3 lines on pago 11 to the end of pare 131.
Assmimg e production function of the form
(1) '  x= ¢(y1. ceer ¥,
I stated without proof that it is not possible to derive this production function
un'iquely from the dam.aﬂd-for-factor equations, 1.e, thet there i# a family of
production functidﬁs‘. ell of w ich leed (under the assumption of profit
mximiza.ﬁon) to the same demend~forefactor equetions, Therefore, I argusd, a
production funotion (ér something from which it can be derived) should be. oxXe
plicitly introduced into Kie.’m's model,

: If. ‘Let x &.uﬁfput, yl, son, 'ym be a.mounf.s of inputs, and ¢ be the
production function as 1n (1). hlso lot p be oﬁtput. price, and Uy, <o, qm bs

factor priceg, Recall that under compatitidn the demand=for-f actor equations

(2) Y, =h ( ’ s svay ' =
J 1 P ql qm ),j 1; vsey M

are obtained by solving simultaneously the set of profitemaximizing equations

®  Reosenans

: , y
where g is the funotion to be n;aximiged (g 1= obtained by substituting the pro-

duotion function into the profit equation):

T, The i:i'egeneé,"'df an error wes firat sugpested by Koopmans during a staff
meeting, and then the matier was clarified in subsoquent discussion with
Georgesou~Roegen, Arrow, Harschek, Fubin, snd Mrs, Bronfenbrenner,



(4) | £= p¢(y1. ey ¥ ) 3 1,y

The argument was based first on the factmthatl‘t;ﬁere Jis an infinity. of sets
of equations, besides (3), of which the domanciwfor-fac;tor eéuations (2) are the
simultaneous golutim, and second on the incorrect conjecture that it ig impossible
to recognize the set (3) from among the Infinity of such sots. sut due to the fect
that the profit function is of the form

(5) T a2y
§ 3

where cach qj appoars only once and aiv:ews as the coofficicnt of itz y , we can be
3

sure that the equations (3) must look like this:
(6) 2

_?mn.p—éa— -q_nO'Jn_l’ sesy M

¥ o Y3 J

whers 3¢/9 yJ conteins go-prices p or qj, becauss it is a derivative of the
production function, This means that the equationg (3) [or (6)] can be found by
solving the demend-forvfactors equations simultaneously for the factoreprices qj
and then transposing qd to the other side of the equality siyn. Betier yet, ths

demend-for-factor equations cen be solved for the rels%ive factor prices y / P

to got a a¢
(7) : : P ) ayj

Jow equatibns (7) can be directly mtegratedz to obtain the production function

j = l,. ooo,ﬂ m

(3R} uﬁiquely axce;}t I‘ér en additive constant, This additive constant can then

be determined from the boundary oondition thet zaro inpute yield zero outputa,ai.e. that

(8) ¢ (01, tsay Oll’l) s 0

lﬁm.'__.

2, Subject of course to integrability condiltions requiring eross-nartials to
be independent of the order of differentiation. These conditions will be sstis-
fied if we rave the correct demsnd-for-factor equations to bepin with and if
entreprensurs really behave ag if they were maximising profits.
2s, If it is not desired to assume that the produotion function passes through

the origin {duo to indivisibllitics small nonezoro inputs micht yleld zero outputs)
, then one sinple observation will determine the constant,



This completes the proof that if the production funetion is of the form tl),
i.e. with only one oubvut, and 3if ccmpetitive markets and profitemeximizing are
assumed, then the produotioﬁ-function
~is uniquely implied in the demand-forefactor equetions {2) and the profit functien
(5)0
Ian If the assumptions about competitive markets and profitemaximizing
are retained, but now ssveral outputs =x Tya eres x asgumed ingteed of ons, we can
use a production funotion like this:

(9) ¢' (xll eroyp 1n| Yis vany ym) s 0

1
where Qy/axi are either all positive or all nagetive, 1 = 1, ..., n, and

2 ¢// Byj all have opposite sign from gféﬁf'axi, J=1, aeep ms Observe that
if n = 1, equation {9) reduces to equation (1) es a épeéial case,

By en argument similar to that used above in section IT we can sse that if
wa-are given thé firm's demand equations for all the factors and alse its supply
equations for all but one of the outputs, then it is agﬁin possible to derive the
productiun fﬁmctions + Thls is because, as baforo, iﬁ ia possible tg solve the
m+n e l.supply and demand equations simulterisously for m + n « 1 price ratios

to obtain directly intograble equations

enalogous to (7).

I In the onse of a mbnopolistio—munopuhnistic firm which faces competitive
factoresellers and output-buyers, there exist no output-ﬁupply curves and input-
demand curves ss functions of price; rather there exist optimum values of outputa:
and inputs which depend on the demand ourves i;or output and on the supply curves for
input. If these dependences and the factor-éupply curves and thea product-demand
curves are kndwn, then the enalogs of equatians (7) are apgain obtainable and

directly integrable, 2 though they will now contain elasticities.

V. These results es they stand spply to a single firm; they have not yet

T

3. lRecall that competii:iv;s markets and profit-maximizing are still assumed here,



been aggregated; fut even if it shpuld turn out that the agrregate production
function can be’ obtained b# intqgrating the demande-for-factor squations, it will
be desirable to include it explicitly in order td get more efficient estimates
of tho perameturs of the model,

If the production funetion is introduced explicitly, then the number of
endogenous variables may be lnerecased by one provided that as a result the
Jacobian (of the transformation from observable endogenous varisbles to
disturbances, i.e. of the model) is not made to vanish, The Jacobian does not
in fact vanish, uniesa the productiom function is of a very special end une
likely form. Thus the inclusion in ths medal of any of the ordina;ily usad
types of production function pemits tho addition of enother endogendus
variable; Intuitively it séams that this varisble should be one of those

appearing in the production function,



