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Abstract
This paper considers a random coefficients panel data model with individualspecific intercepts (or fixed effects). The identification of the distribution of random slope coefficients is established in two settings: when random slope coefficients are conditionally independent from individual-specific intercepts; and when
individual-specific intercepts are allowed to depend on random slope coefficients,
too. The identification result requires only two observations per each unit. The
paper considers a quantile regression panel data model with fixed effects as a
special case of random coefficients panel data model and provides sufficient conditions under which conditional quantiles functions are identified. All identification results are constructive, and estimation procedure based on these results is
proposed.
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Introduction

Two of the likely most popular methods of controlling for the unobserved heterogeneity
are (1) individual-specific intercept (or “fixed effects”) that take into account omitted
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variables that stay constant over time; and (2) allowing for heterogeneous responses
across individuals and then studying the distribution of random responses in the population (random coefficients models). This paper combines both approaches and utilizes
the availability of multiple observations per each individual to show that under certain
restrictions on the joint distribution of random coefficients and individual-specific intercepts, the distribution of random coefficients can be identified and estimated using only
two observations for each unit. The main model considered is the paper is as follows:
for individual i in time period t, the outcome yit for is generated as
yit = x0it βit + αi

(1)

where βit ∈ Rk is a vector of individual i’s slope coefficients, and αi is an additive
individual-specific effect that stays the same in both time periods. For example, one
can think of αi as an individual-specific intercept that does not change with time. We
assume that only a small number T of observations per individual is available, and
without loss of generality we set T = 2. So, the researcher observes n i.i.d. random
draws (yi1 , yi2 , x1 , x2 ), and the goal is to identify the distribution of random coefficients
βi1 and βi2 .
A special case of the above model is a panel data quantile regression model:
yit = x0it θ(uit ) + αi

(2)

where uit is a scalar U [0, 1] random variable that determines the ranking of individual
i in the distribution, and mapping τ 7→ xit θ(τ ) is a strictly increasing function for any
xit in the support. In this case, the conditional quantiles of yit are given by
Qτ (yit |xit , αi ) = αi + x0it θ(τ )
Quantile regression (QR) models are quite popular in the empirical literature: unlike traditional regression models that solely focus on the effect of covariates on the
conditional mean of the outcome variable, quantile regression models allow to identify
and analyze other interesting features of the conditional distribution of the dependent
variable. The attraction of quantile regression models is that they allow for possible heterogeneous effects of covariates: in many applications a researcher may have a
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reason to expect that the effect of covariates is not necessarily the same at different
points of the distribution of outcome. For example, Abadie, Angrist and Imbens (2002)
found that for women, Job Training Partnership Act (JTPA) training program had the
largest effect at the low quantiles of earnings distribution. In yet another empirical
study, Abrevaya and Dahl (2008) find that the effect of mother’s smoking on child’s
birthweight is different for different quantiles of birthweight distribution.
This paper addresses the identification and estimation of a linear random coefficient
panel data model with fixed effects when the number of observations for each individuals
is small. The identification strategy relies on the following key points:
• The ability to identify (and estimate consistently) mean effects of covariates xit ’s
and the mean of the individual-specific effect, αi . This can be done using a
combination of a standard identification and estimation of a linear panel data
model with fixed effects and identification of nonparametric conditional mean of
yit given xi = (xi1 , xi2 ) and hence the conditional mean of αi given xi .
• Either:
– deconvolution of x0it βit and αi using the joint distribution of outcomes in
both time periods;
– or deconvolution of x0i1 βi1 and x0i2 βi2 from the distribution of the difference
in the outcomes ∆yi = yi2 − yi1 . This approach relies on the assumption
that one is able to shift the difference in covariates, ∆xi = xi2 − xi1 freely
relative to the first (or second) period outcome xi1 (xi2 ).
• Identification of necessary characteristics of the distribution of βit from conditional
distributions of linear combinations x0it βit . For example, conditional quantiles are
identified from conditional distribution of x0it βit ; while first and second moments
of βit do not require identification of the conditional distribution. Rather, those
moments are identified from a sequence of moment conditions related to ∆yi and
can be estimated at a parametric rate.
The majority of the literature that studies QR models for panel data with fixed
effects propose inference procedures based on the assumption that the number of periods T goes to infinity when the sample size n goes to infinity. This assumption allows
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to estimate unobservable fixed effects αi . Under this assumption, Koenker (2004) and
Lamarche (2010) suggest a penalized quantile regression estimator that simultaneously
estimates quantile regression coefficients for a set of quantiles {0 < τ1 < . . . < τm } and
fixed effects. Galvao (2008) adopts a similar approach in the context of dynamic panel
data. Canay (2011) introduces a different approach that does not require specifying a
penalty parameter. He suggests a simple two-step procedure that relies on the transformation of the data and where the unobserved fixed effects are estimated at the first
step. Koenker (2004), Lamarche (2010) and Canay (2010) assume that fixed effects
αi have a pure locations shift effect, while Galvao (2008) allows fixed effect to depend
upon the quantile of interest.
When the number of periods T is small, one cannot simply estimate fixed effects
any longer. Abrevaya and Dahl (2008) impose a particular structure on the relationship between unobserved fixed effects and regressors and quantiles. As a result they
obtain a correlated random coefficients model that can be estimated consistently using
standard quantile regression technique. Rosen (2010) focuses on the identification of a
quantile regression coefficients for a single conditional quantile restriction rather than
for the whole set of quantiles 0 < τ < 1. He imposes no restrictions on the distribution of fixed effects and shows that under rather weak assumptions linear conditional
quantile function can be at least partially identified and provides sufficient conditions
for point identification. Evdokimov (2010) considers identification in a general class
of nonparametric panel data models with unobservable heterogeneity that includes a
linear quantile model with fixed effects. His identification and estimation result stems
from the assumption that there are individuals in the sample for whom covariates do not
change over time. However, this assumption may be too restrictive for some empirical
applications. In particular, it does not allow to include year-specific effects.
A very interesting point of view on quantile regression panel data models is presented
in Powell (2011). He changes the object of interest: instead of looking at the causal
effect of covariates on the quantiles of the conditional distribution of an outcome (which
is the object of interest here), he analyzes the quantiles of the unconditional distribution
of an outcome and suggest a simple (and therefore attractive) moment-based approach
to estimation of those unconditional quantiles.
In this paper the quantile regression panel data model is treated as a special case of a
random coefficients model. Heckman and Vytlacil (1998) emphasizes the importance of
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random coefficient models in capturing unobservable heterogeneity for some economic
models. Beran and Hall (1992) and Beran, Feuerverger and Hall (1996) provide identification results for a cross-section random coefficients model. In particular, Beran and
Hall (1992) show how one can identify and estimate the distribution of random coefficients if all the moments of this distribution are identified. Another interesting paper
is by Fox et al. (2011), where the authors adopt a similar approach and show that the
distribution of random coefficients in a logit model is identified by showing that all the
moments of this distribution are identified. Finally, Hoderlein, Klemelä and Mammen
(2007) propose a kernel based estimator for the joint probability density of the random
coefficients that is based on the Radon transform.
Related papers that study random coefficients model in the context of panel data
include Graham and Powell (2012) and Graham, Hahn and Powell (2009). The first
paper looks at a certain feature of the distribution of random coefficients (average partial
effects), while the second paper looks at identification and estimation of conditional
quantiles in a panel data model without fixed effects. A recent paper by Arellano and
Bonhomme (2009) focuses on the identification and estimation of some features of the
distribution of random coefficients in panel data models, including first and second
moments of those distributions.
The rest of this paper is organized as follows: Section 2 discusses identification assumptions and presents identification results for two main set ups: when βi1 , βi2 and
αi are mutually independent conditional on xi and when only βi1 and βi2 are independent conditional on xi (thus this case allows fixed effects to be correlated with random
coefficients). Second part of this section discusses the conditions for identification of
homogeneous effects (these conditions are weaker than the conditions for the identification of the distribution of x0it βit ). Third part of Section 2 discusses identification
of conditional quantiles of the distribution of x0it βit under linear conditional quantiles
assumption. Section 3 explores some possible estimation procedures, and Section 4
concludes. All proofs of the results are collected in the Appendix.

2

Identification

In what follows, subscript i is omitted (excluding estimation results). We begin by
considering the set of assumptions that provides identification of the conditional distri5

bution of x0t βt without relying of continuity of the distribution of ∆x = x2 − x1 :
Assumptions ID.1 :
A1 Conditional independence: conditional on x, β1 , β2 and α are mutually
independent.
A2 Independence and stationary mean: βt is independent from x and E[βt |x] =
βµ for t = 1, 2.
A3 Full rank: matrix E[(x2 − x1 )(x2 − x1 )0 ] has full rank.
A4 Non-zero characteristic functions: for t = 1, 2 and all x ∈ X and s ∈
(−∞, +∞), the characteristic functions ϕx0t βt |x (s) 6= 0 and ϕα|x (s) 6= 0
A5 Continuous covariates: x1 and x2 are continuously distributed, and a unit
ball U0 = {xt ∈ Rk : kxt k ≤ 1} is contained in the support of xt , for t = 1, 2.
A6 Random sampling: T = 2 and {(yi1 , yi2 , xi ), i = 1, . . . , n} are n i.i.d. random
draws from the DGP.
Here assumptions A1 and A2 are the key identifying assumptions: assumption A2 allows us to identify the mean of βt from the linear panel data model with fixed effects.
For example, A2 holds when β1 and β2 are independent from x = (x1 , x2 ) (standard
uncorrelated random coefficients assumption) and identically distributed (stationarity).
Assumption A1 is strong since it requires fixed effect α to be conditionally independent from random effects βt ’s. However, it is possible to relax this assumption under
additional support conditions. Assumption A3 is a standard full rank condition for
the identification of the linear panel data model with fixed effects. Assumption A4 is
a technical condition (see e.g. Evdokimov (2010)). Assumption A5 allows us to apply
Cramér-Wold device to identify the joint distribution of random coefficients. This assumption is quite strong in the sense that it requires that basically any combination
of positive and negative components of xt has a positive density (the normalization to
a unit ball is purely technical and not restrictive). However, without this assumption
the identification of the distribution of βt would be difficult. An alternative would be
to impose some conditions on the shape of the conditional distribution of x0t βt given x:
for example, linear conditional quantile functions is one such restriction.
Theorem 2.1. Suppose that assumptions A1 - A4 are satisfied. Then the conditional
density of x0t βt , fx0t βt |x (·|x), and the conditional density of α, fα|x (u|x) are identified.
6

The identification of the distribution of random coefficients, βt , follows immediately
from Theorem 2.1 via the application of CramérWold device.
Corollary 2.2. Suppose that assumptions A1 - A4 and A5 hold. Then the distribution
of βt is identified for t = 1, 2.
The mutual independence assumption A1 is a strong assumption. However, it can
be relaxed somewhat at the cost of stronger support and stationarity assumptions. In
particular, consider the following alternative (to Assumptions ID.1) set of assumptions:
Assumptions ID.2 :
A10 Conditional independence: conditional on x, β1 and β2 .
A20 Stationarity: β1 and β2 are identically distributed. Also, E(βt |x) = βµ
exists, and for any xt , E(x0t βt )2 < ∞.
A30 For each x1 there exists h 6= −1 such that ∆x = x2 − x1 is continuously
distributed in an open area Ua (hx1 ) = {∆x ∈ Rk : k∆x − h∗ x1 k < a} for
some a > 0 with the density that is positive everywhere in Ua (hx1 ).
A40 Non-zero characteristic functions: for t = 1, 2 and all x ∈ X and s ∈
(−∞, +∞), the characteristic functions ϕx0t βt |x (s) 6= 0 and ϕα|x (s) 6= 0
A50 Continuous covariates: x1 is continuously distributed, and a unit ball U0 =
{x1 ∈ Rk : kx1 k ≤ 1} is contained in the support of x1 .
A60 Random sampling: T = 2 and {(yi1 , yi2 , xi ), i = 1, . . . , n} are n i.i.d. random
draws from the DGP.
A70 The characteristic function
ϕ∆y|(x1 ,(1+h)x1 ) (s) = E [exp (is(y2 − y1 )) |x = (x1 , (1 + h)x1 )]
is twice continuously differentiable in h everywhere in an open ball around
(x1 , (1 + h)x1 ).
Here assumption A10 is weaker than assumption A1 since it does not require independence between βt and α. However, assumption A20 is stronger then A2. Assumption A30
now requires the difference in covariates between two time periods to be continuously
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distributed. This condition rules out discrete change in covariates. However, it does
not require ∆x to have the unbounded support. Also, condition that h 6= −1 is not
restrictive: it rules out the trivial case when x2 = −x1 and fx2 ,x1 (x, −x) > 0. Assumption A70 is a technical assumption that allows consistent estimation of the derivative of
ϕ∆y|(x1 ,(1+h)x1 ) (s) w.r.t. h. The rest of the assumptions remain the same as before.
The identification in this case relies on the difference between the outcome in two
time periods. Assumption A30 essentially allows us to shift the second period outcome
freely having first period outcome fixed. The identification result is summarized in the
theorem below.
Theorem 2.3. Suppose that assumptions A10 - A40 are satisfied. Then the conditional
density of x0t βt , fx0t βt |x (·|x) for t = 1, 2 is identified.
Again, the identification of the distribution of random coefficients, βt , follows immediately from Theorem 2.3:
Corollary 2.4. Suppose that assumptions A10 - A40 and A50 hold. Then the distribution
of βt is identified for t = 1, 2.

2.1

Identification of Homogeneous Effects

Estimation of the joint distribution of random coefficients does not escape the curse of
dimensionality since we need to estimate the conditional characteristic function of ∆y
nonparametrically. One way to alleviate this problem is to assume that that individual
responses to some of the covariates are homogeneous. In particular, suppose that the
model 1) can be written as
(1)

(2)

yit = (xit )0 β1,it + (xit )0 δ, t = 1, 2.
(1)

(3)

(2)

0
Here xit = ((xit )0 , (xit )0 )0 and βit = (β1,it
, δ 0 )0 , That is, individual responses to covari(1)

ates in xit are heterogeneous (β1,it varies across individuals), but individual responses
(2)

to covariates in xit are homogeneous (δ does not vary across individuals).
(2)

The response to covariates in xit will be homogeneous when conditional on xi , the
(2)

variance (a second central moment) of (xit )0 δ is zero. Fortunately, the identification
of first and second moments of βit does not require all covariates to be continuous, as
summarized by the following result.
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Theorem 2.5. Suppose that assumptions 2 and 2 hold for the model (1). Also assume
that the following rank conditions hold:
(i) Let wjm = xj,1 xm,1 + xj,2 xm,2 where j, m = 1, . . . , k and m ≤ j, so that w is a
1 × k + k(k − 1)/2 vector composed of wjm . A k + (k(k − 1)/2) × (k + k(k − 1)/2)
matrix E[ww0 ] has full rank.
(ii) Let vt = (x21,t , . . . , x2k,t , x1,t x2,t , . . . , xj,t xm,t , . . . , xk,t xk−1,t )0 be a k+k(k−1)/2 vector
of cross-products of elements of xt . A (k + k(k − 1)/2) × (k + k(k − 1)/2) matrix
E[vv 0 ] has full rank.
2
Then for any j = 1, . . . , k and t = 1, 2, E[βj,t
] is identified.

Full rank conditions (i) and (ii) do not require xt to be continuously distributed.
Therefore, one can test homogeneity of certain slope coefficients without the requirement that xt is continuously distributed, as long as the support of (x1 , x2 ) is rich
enough.
Corollary 2.6. Suppose that the assumptions of Theorem 2.5 hold. Then the covariates
with homogeneous responses are identified.
(2)

Proof. The response to a set of covariates xt
(2)
Var((xit )0 δ|x)

is homogeneous if and only if

= 0. But
(2)
Var((xit )0 δ|x)

=

(2)
E[((xit )0 δ)2 |x]

−



(2)
E[(xit )0 δ|x]

2

(2)

Note that E[(xit )0 δ|x] is identified (from a corresponding linear panel data model with
(2)

fixed effects). Theorem 2.5 implies that E[((xit )0 δ)2 |x] is identified.
Remark 2.1. The result in Theorem 2.5 can be generalized to moments of order higher
than 2, as long as covariates have rich enough support. Moreover, if the distribution
of βt is uniquely determined by its first M moments (where M is fixed and known),
then with rich support (but not necessarily continuous covariates) we can identify the
whole distribution of βt . For the sketch of the proof of this result, please refer to the
Appendix.
Identification of the covariates with homogeneous effects can serve as a way to reduce
dimensionality of the vector of random coefficients βt . Also, the identification result in
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Theorem 2.3 requires continuity of ∆x only for covariates with heterogeneous responses,
since homogeneous responses are identified from a fixed effects regression.

2.2

Quantile Regression

A panel data quantile regression model is a special case of the random coefficients
model:
yit = x0it θ(uit ) + αi

(4)

where uit ∼ U [0, 1] is a uniformly distributed scalar random variables independent of x
(and α). We assume that for any x ∈ X and t = 1, 2, the mapping τ ∈ (0, 1) 7→ x0t θ(τ )
is strictly increasing in τ . The goal is to identify the conditional quantiles of x0it θ(uit )
which take the following form:
Qτ (x0it θ(uit )|xi ) = x0it θ(τ )
In what follows the subscript i is omitted, and the identification result for the
quantile regression model (4) is given by the following theorem:
Theorem 2.7. Suppose that assumptions A1 - A4 (or assumptions A10 - A40 ) are
satisfied for βt = θ(ut ) and t = 1, 2. Also, suppose that matrix E[xt x0t ] has full rank.
Then Qτ (x0it θ(uit )|xi ) = x0it θ(τ ) is identified for any τ ∈ (0, 1).
Note that this result in does not necessarily require that xt is continuously distributed on a unit ball. The only continuity assumption we need is the continuity of
∆x (assumption A30 ), and only in the case when we want to allow dependence between
u1 , u2 and α. The full rank condition of Theorem 2.7 is a standard full rank condition
for linear quantile regression models.

3

Estimation

Both Theorem 2.1 and Theorem 2.3 provide a way to estimate the characteristic function
of x0t βt . For continuously distributed covariates one can use kernel estimator to estimate
the corresponding characteristic functions.
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In particular, if we assume that β1 , β2 and α are mutually independent conditional
on x, Theorem 2.1 gives the following expression for the characteristic function of x0t βt :


Zv

ϕx0t βt |x (v) = exp 

is(yt −y−t )



iE[yt e
]
ds − ivE[α|x]
E[eis(yt −y−t ) ]

0

Given assumption A6 (random sampling), one can consistently estimate ϕx0t βt |x (v)
with




Zv Pn
is(yit −yi,−t )
i i=1 [yit e
]Kh (xi − x)
Pn is(y −y )
ϕ̂x0t βt |x (v) = exp 
ds − iv Ê[α|x]
it
i,−t
[e
]K
(x
−
x)
h
i
i=1
0

where Kh (·) is a kernel function with bandwidth h and
2

1X
Ê[α|x] =
2 t=1


 Pn
yit Kh (xi − x)
0
i=1
Pn
− xt β̂µ
i=1 Kh (xi − x)

Here x = (x01 , x02 )0 and β̂µ is a standard fixed effects estimator of βµ .
If one is willing to assume that only β1 and β2 are independent conditional on x,
then according to Theorem 2.3 we have the following expression for the characteristic
function of x01 β1 :


Zv

ϕx01 β1 |x (v) = exp (1 + h)


∂ϕ∆y|x (s̃/(1 + h); h)/∂h
ds̃
s̃ϕ∆y|x (s̃/(1 + h); h)

0

Here one can consistently estimate ϕ∆y|x (s; h) with
Pn
ϕ̂∆y|x (s; h) =

is(yi2 −yi,1 )
]Kh1 (xi1 − x1 )Kh2 (xi2 − (1 + h)x1 )
i=1 [e
Pn
i=1 Kh1 (xi1 − x1 )Kh2 (xi2 − (1 + h)x1 )

and under assumption A70 , the derivative w.r.t. h of ϕ̂∆y|x (s; h) is a consistent estimator
of the derivative of ϕ∆y|x (s; h), so that one can consistently estimate ϕx01 β1 |x (v) with


Zv

ϕ̂x01 β1 |x (v) = exp (1 + h)


∂ ϕ̂∆y|x (s̃/(1 + h); h)/∂h
ds̃
s̃ϕ̂∆y|x (s̃/(1 + h); h)

0

Finally, Theorems 2.5 and 2.1 provide way to estimate (first), second, and higher
non-central moments of the conditional distribution of x0t βt under stationarity assump11

tion A20 . For example, a second moment m2 (x, t) = E[(x0t βt )2 |x] can be estimated
in a linear regression of (∆y)2 + 2(x01 β̂µ )(x02 β̂µ ) on vector w defined as follows: let
wjm = xj,1 xm,1 + xj,2 xm,2 for j, m = 1, . . . , k, m < j, so that w is a 1 × k + k(k − 1)/2
vector composed of wjm .

3.1

Estimation of Conditional Quantiles

Previous section provides a way to construct a consistent estimator of a characteristic
function (and hence of the cumulative distribution function) of zt0 βt under various sets
of assumptions. Suppose now that we picked some consistent estimator F̂zt |x (·) of
the conditional distribution of x0t βt conditional on x. With βt = θ(ut ) and under
monotonicity assumptions on function x0t θ(·), we have that
Qτ (x0t θ(ut )|x) = x0t θ(τ )
There is a simple procedure that allows us to estimate θ(τ ) for any τ ∈ (0, 1): by
drawing random samples from the distribution of zt = x0t βt for each xi in the sample,
and then applying standard quantile regression method to the new “data” {(zit∗ , xit ) :
i = 1, . . . , R; t = 1, 2}. This procedure can be summarized by these two steps:
1. Let {(zit∗ , xit ) : i = 1, . . . , R and t = 1, 2} be independent draws from the joint distribution of (zi1 , zi2 , xi1 , xi2 ).
2. Then we can estimate θ(τ ) by
R

2

1 XX
ρτ (zit∗ − x0it θ)
θ̂(τ ) = arg min
θ∈Θ n
i=1 t=1

(5)

where ρτ (u) = u(τ − 1{u ≤ 0}) and where Θ is a compact parameter space such
that θ(τ ) ∈ Θ for any τ ∈ [0, 1].
As long as R → ∞ as n → ∞ and F̂zt |x (·) is a consistent estimator of Fzt |x (·) for any
x ∈ X , θ̂(τ ) is a consistent estimator of θ(τ ) for any τ ∈ (0, 1). The convergence rate
of θ̂(τ ) is determined by the rate of convergence of F̂zt |x (·).
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4

Conclusion

This paper provides identification conditions for a class of random coefficients panel
data models with fixed effects. Depending on the assumptions one is willing to make
about the relationship between random slope coefficients and random intercepts (fixed
effects), one can identify the distribution of certain linear combinations of random
coefficients either with or without requiring that the difference in covariates between
two time periods is continuously distributed on a unit ball with center proportionate
to the first-period value of the covariates. Moreover, if all covariates are continuously
distributed on a unit ball, the joint distribution of random slope coefficients is identified.
The identification results are constructive and provide a direct way to estimate the
conditional distribution of certain linear combinations of random slope coefficients.
The panel data quantile regression model can be treated as a special case of random
coefficients model. Therefore, this paper offers a novel approach to the identification
and estimation of the linear quantile regression panel data models with fixed effects
that requires only two time periods.
Finally, a panel data model that is linear in random coefficients allows to identify
any finite number of moments of marginal distributions of random slope coefficients
when the covariates have rich enough support (which does not necessarily require that
covariates are continuously distributed). It is shown that each non-centered moment of
order p = 1, 2 . . . , M can be estimated at a parametric rate with relatively mild distributional assumptions. This result can be used to test various distributional assumptions
about random slope coefficients. In particular, one needs only first and second moments
to test for homogeneity of the responses for a specified group of covariates.
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A

Appendix

A.1

Proof of Theorem 2.1

First note that Assumption (stationarity and mean independence) implies that
E(x0t βt |x) = x0t E(βt ) = x0t βµ , and vector βµ is identified when matrix E(∆x∆x0 ) has
full rank (this is a standard identification in linear panel data model with fixed effects).
Therefore, E(α|x) = E(yt |x) − x0t βµ is identified.
Next, let zt = x0t βt . Then following Evdokimov (2010), note that
ϕy1 ,y2 |x (s1 , s2 ) = ϕz1 |x (s1 )ϕz2 |x (s2 )ϕα|x (s1 + s2 )
Therefore,
∂ϕy1 ,y2 |x (s1 , s2 )
=ϕ0z1 |x (s1 )ϕz2 |x (s2 )ϕα|x (s1 + s2 )
∂s1
+ ϕz1 |x (s1 )ϕz2 |x (s2 )ϕ0α|x (s1 + s2 )
The assumption (non-vanishing characteristic functions) implies that
ϕ0z |x (s) ϕ0α|x (0)
∂ϕy1 ,y2 |x (s, −s)/∂s1
= 1
+
ϕy1 ,y2 |x (s, −s)
ϕz1 |x (s) ϕα|x (0)
and similarly,
ϕ0z |x (s) ϕ0α|x (0)
∂ϕy1 ,y2 |x (−s, s)/∂s2
= 2
+
ϕy1 ,y2 |x (−s, s)
ϕz2 |x (s) ϕα|x (0)
Here ϕα|x (0) = 1 and ϕ0α|x (0) = iE[α|x] = iE[yt |x] − x0t βµ . So that solving for
e.g. ϕz1 |x (s) we have:


Zv

ϕz1 |x (v) = exp 
0



∂ϕy1 ,y2 |x (s, −s)/∂s1
ds − ivE[α|x]
ϕy1 ,y2 |x (s, −s)

so that ϕz1 |x (·) (and hence fz1 |x (·) and Fz1 |x (·)) are identified. For example,

16

1
Fz1 |x (u) = −
2π

1
=−
2π

Z+∞

e−ivu
ϕz1 |x (v)dv
iv
−∞

Rv
Z+∞ exp −ivu +
0

∂ϕy1 ,y2 |x (s,−s)/∂s1
ds
ϕy1 ,y2 |x (s,−s)


− ivE[α|x]
dv

iv
−∞

Finally,
ϕα|x (v) =

ϕy1 ,y2 |x (v, 0)
ϕz1 |x (v)
2

so that fα|x (·) is also identified.

A.2

Proof of Theorem 2.3

Without loss of generality, let’s fix x1 and denote zt = x0t βt . Consider x2 = (1 + h)x1 , so
that x = (x01 , (1+h)x01 )0 . Then assumptions A10 , A20 and A30 imply that for ∆y = y2 −y1
ϕ∆y|x (s; h) = ϕz2 |x (s)ϕz1 |x (−s)ϕz1 |x (s(1 + h))ϕz1 |x1 (−s)
Then

so that

∂ϕ∆y|x (s; h)
= ϕ0z1 |x (s(1 + h))ϕz1 |x (−s)s
∂h
ϕ0z1 |x (s(1 + h))
∂ϕ∆y|x (s; h)/∂h
=s
ϕ∆y|x (s; h)
ϕz1 |x (s(1 + h))

Stationarity assumption A20 implies that

∂ϕ∆y|x (s)
∂h

= O(s2 ) as s → 0. Let s̃ = s(1 + h).

Then for some fixed h 6= 1 we have:
ϕ0z1 |x (s̃)
ϕz1 |x (s̃)
so that

=

∂ϕ∆y|x (s̃/(1 + h); h)/∂h (1 + h)
ϕ∆y|x (s̃/(1 + h); h)
s̃



Zv

ϕz1 |x (v) = exp (1 + h)


∂ϕ∆y|x (s̃/(1 + h); h)/∂h
ds̃
s̃ϕ∆y|x (s̃/(1 + h); h)

0

Therefore, ϕz1 |x (·) is identified for any x. Similarly, one can show that ϕz2 |x (·) is
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identified for any x in the support, so that fzt |x (·) for t = 1, 2 are identified.

A.3

2

Proof of Theorem 2.5

0 0
0
) and that
, β2,t
Without loss of generality, assume that xt = (x01,t , x02,t )0 , βt = (β1,t

β2,t ≡ β2,f , where β2,f is a constant (vector). Here E[x02,t β2,t |x] is identified since
βµ = E[βt |x] is identified. Let m1 (x, t) = E[x0t βt |x]. Then m1 (x, t) is identified for any
x and t = 1, 2.
Similarly, let m2 (x, t) = E[(x0t βt )2 |x]. Note that m2 (x, t) is a homogeneous polynomial of degree 2 in x1,t , . . . , xk,t . That is,
m2 (x, t) =

k X
k
X

γj,m xj,t xm,t

j=1 m≤j

where γj,m are the (unknown) coefficients.

Our goal is to show that coefficients

{γj,m }kj,m=1 are identified.
Note that assumptions A10 and A20 imply that
E[(y2 − y1 )2 |x] = m2 (x, 1) + m2 (x, 2) − 2m1 (x, 1)m1 (x, 2)
=

k X
k
X

γj,m (xj,1 xm,1 + xj,2 xm,2 ) − 2m1 (x, 1)m1 (x, 2)

j=1 m=1

= w0 γ − 2m1 (x, 1)m1 (x, 2)
where γ is a vector composed of γjm . Here m1 (x, t) are identified for t = 1, 2. Therefore,
since matrix E[ww0 ] has full rank, γ is identified, which implies that m2 (x, t) is identified
for t = 1, 2.
2
Finally, let σj2 = E[βj,t
] and σjm = E[βj,t βm,t ]. Then

m2 (x, t) =

k
X

σj2 x2j,t

+2

j=1

k X
X

σim xj,t xm,t

(6)

j=1 m<j

Since matrix E[vv 0 ] has full rank, σj2 and σjm are identified for all j = 1, . . . , k and
2

m < j.
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A.4

Proof of Remark 2.1

For any p, let mp (x, t) = E[(x0t βt )p |x]. Then mp (x, t) is a homogeneous polynomial of
degree p in x1,t , . . . , xk,t . That is, it can be represented as
X

mp (x, t) =

k
1
.
. . . xlk,t
γl1 ,...,lk (k)xl1,t

(7)

l1 +...+lk =p

That is, it is sufficient to show that under the coefficients {γl1 ,...,ld (k), l1 + . . . + lk = p}
are identified for any p ≤ M .
Since matrix E[∆x∆x0 ] has full rank, we can identify m1 (x, t) (see e.g. the proof of
Theorem 2.1).
Now suppose that for any 1 < q ≤ p − 1 and any x =∈ X , mq (x, 1) and mq (x, 2)
are identified. Since β1 and β2 are independent conditional on x, then for any p
p

E[(y2 − y1 ) |x] =

p  
X
p
q=0

q

(−1)q mp−q (x, 1)mq (x, 2).

Therefore, we have:
p−1  
X
p
mp (x, 1) + (−1) mp (x, 2) = E[(y2 − y1 ) |x] −
(−1)q mp−q (x, 1)mp (x, 2)
q
q=1
p

p

(8)

The right-hand side of equation (8) is identified since mp−q (x1 ) and mq (x2 ) are assumed
to be identified for any x ∈ X and any 1 ≤ q ≤ p − 1. The right-hand side of equation
(8) is linear in vector Γ(p) whose typical element is γl1 ,...,lk (p). That is,
mp (x, 1) + (−1)k mp (x, 2) = w(p)0 Γ(p),
where dim(w(p)) =

k+p−1
k−1



and the typical element of the vector w(p) is
1
k
1
k
xl1,1
. . . xl1,k
+ (−1)p xl2,1
. . . xl2,k

With rich enough support, the matrix E[w(p)w(p)0 ] has full rank for p ≤ M , and
therefore vector Γ(p) is identified. In other words, {γl1 ,...,lk (k), l1 + . . . + lk = p} are all
identified, which immediately implies that mp (x, 1) and mp (x, 2) are also identified for
2

any x ∈ X .
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A.5

Proof of Theorem 2.7

Theorem 2.1 or Theorem 2.3 imply that for any xt , the distribution of x0t βt = x0t θ(ut ) is
identified. The additional full rank condition of Theorem 2.7 ensures that the quantile
slope coefficients for the conditional quantiles of this distribution are identified.
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