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ABSTRACT. In this paper we consider a finite horizon model with default and monetary
policy. In our model, each asset promises delivery of either one unit of money in the next
period or of a real collateral payoff in case of default. Moreover, we include the possibility
of purchases of the collateralizable durable good by the central bank. This is done in order
to add an additional dimension of monetary policy, which may be of particular relevance
when the interest rate reaches the zero lower bound (as has happened in the recent financial
crisis). In order to implement such a policy, we must additionally include a rental market
for the durable good (so that durables purchased by the central bank can still be used by
agents).

We examine through numerical examples how the purchases of the central bank affect
the equilibrium allocations of resources, and under which conditions such a policy can lead

to a Pareto-improvement.
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1. INTRODUCTION

In response to the recent financial crisis, central banks cut interest rates sharply, and
in some cases (as with the U.S. Federal Reserve) essentially to the lower bound of a zero
nominal rate. The inability to use conventional interest-rate policy more aggressively, under
circumstances of low real activity and declining inflation, led many central banks to resort to
“unconventional” policies, involving purchases of assets by the central bank, or extensions of
credit to private institutions, beyond those required to implement the central bank’s target
for the short-term nominal interest rate [CWo].

In this paper, we extend a general equilibrium model with collateral (GEIC) of the kind
developed by [GZ] to include money and purchases of a durable good by the central bank.
In our model, each asset promises delivery of one unit of money in the next period and a
real collateral payoff in case of default. Each agent begins with an initial endowment of
money, and additional money can be issued by the central bank to finance asset purchases.
Conventional monetary policy (interest-rate policy) is introduced by allowing the central
bank to specify the nominal interest rate on its liabilities: one unit of money held today
becomes a claim to a certain number of units of money tomorrow, regardless of the states
of nature.! Because we work for simplicity with a finite-horizon model, the value of money

in the final period is determined by redemption of the outstanding money stock for goods

n actual economies, the central bank’s policy rate is distinct from the interest rate paid on reserve
balances at the central bank (the “money” in our model), and the central bank influences the value of that
policy rate both by varying the interest rate paid on reserves and by varying the differential between the two
interest rates through variation in the supply of reserves. The latter aspect of policy (typically emphasized
in textbook discussions of monetary policy) depends on a reason for reserves to be valued more than other
assets paying the same pecuniary return in each state; for simplicity, we abstract from such non-pecuniary
returns to money here, and allow interest-rate policy to be implemented purely through variations in the
rate of interest paid on money, as in the “cashless” model proposed in [Wo] chapter 2. For an example of
a model in which the policy rate can also be influenced by varying the supply of reserves, see for example

[CWo.
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by the central bank; the revenue required to redeem the money supply is raised through
lump-sum taxation.

In this model, we also consider the possibility of purchases of the durable good by central
bank, paid for by issuance of money. In the recent crisis, the market value of the most
important collateralizable durable good (real estate) fell significantly, resulting in increased
defaults by debtors and significant losses for financial institutions. Declines in the market
value of other types of collateral (financial claims used as collateral for new borrowing by
financial institutions) also played an important role in the crisis, and one possible goal of
“unconventional” policy might be to raise the market value of such collateral. (In practice,
such policies were addressed more to the value of collateralizable financial claims, but in our
model the only form of collateral is a real durable good, and so we consider the possibility
of affecting the equilibrium value of that good.) In fact, it is not obvious that central-bank
purchases must change equilibrium asset prices; [Wa] presents a general-equilibrium analysis
in which open-market purchases by the central bank have no effect on equilibrium asset
prices or on the allocation of resources. As [CWo| discuss further, in a GEI model without
collateral constraints, both the size and composition of the central-bank balance sheet are
irrelevant, though the existence of additional financial constraints can break the irrelevance
result. In our model, the existence of the collateral constraint breaks the irrelevance result,
and we find in most cases that central-bank purchases do affect the equilibrium price of the
durable good.

In section 2, we first present a two-period flexible price model and show that in the
“cashless limit” of this model (when money balances are negligible), variations in interest-
rate policy have no effect on the equilibrium allocation of resources. With sticky prices (our
second model), instead, interest-rate policy affects the equilibrium allocation, even in the
cashless limit. In this second model, there is an arbitrarily given predetermined price level
for the non-durable good in the initial period; but it may not be realistic to suppose that we

can choose any monetary policy we like without the anticipation of that policy having had
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an effect on the way that prices were set. Hence we consider a third model, in which the
non-durable good price and supply commitments are endogenized (modeled as being chosen
before agents learn the period 0 state of the world). Here we consider different possible states
in the first period, but assume that the values of non-durable price and supply commitments
are chosen prior to the realization of the state, and so are the same for all states in the
first period. We examine through numerical examples how the welfare-maximizing choice of
interest-rate policy (in each state in the first period) is different depending on the severity of
collateral constraints. We present an example in which in the bad state (in which collateral
constraints are binding) the optimal nominal interest rate is zero, so that the interest-rate
lower bound is a binding constraint. This makes the question of the efficacy of alternative
dimensions of policy particularly interesting.

In section 3, we consider the effects of purchases of the collateralizable durable good by
the central bank in the two-period flexible-price model. We show that when markets are
endogenously incomplete and collateral constraints are binding, this additional dimension of
monetary policy affects equilibrium asset prices. We then consider the welfare effects of the
use of this kind of policy, in some simple numerical examples involving two types of agents
(rich and poor). In the numerical examples presented in section 4, we generally find that the
poor agent gains from purchases of durable good by the central bank, while the rich agent
loses; thus the policy is not irrelevant, but cannot achieve a Pareto improvement. We also
find that the distribution of taxes and transfers (and hence the distribution of net central-
bank earnings from trading), and in particular the way that this depends on the states of
nature, is quite important for the equilibrium effects of the central-bank purchases. When
the distribution of taxes is the same across states, central-bank purchases of the durable good
can lead to Pareto-improvements, given that the utility of the rich agent is little affected,
while it is possible to improve the utility of the poor agent to a significant extent through
purchases of the durable in the bad state where the zero lower bound constrains interest-rate

policy.
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2. A TWO PERIOD MODEL WITH ONE DIMENSION OF MONETARY POLICY

We first consider a two period model, which includes money in a general equilibrium
model with collateral. In this model, we examine the effect of the monetary policy, through
interest rate. We show that in the cashless limit (money supply goes to zero), variations in
interest rate policy have no effect on the equilibrium. If we consider that prices are sticky,

interest-rate policy effects the equilibrium allocation of resources, even in the cashless limit.

2.1. Basic monetary model: flexible prices. We consider a pure exchange economy over
two time periods t = 0,1 with uncertainty over the state of nature in period 1 denoted by
the subscript s € S ={1,...,S}.

The economy consists of a finite number H of agents denoted by the superscript h €
H ={1,... H} and L = 2 goods or commodities, denoted by the subscript | € £ = {1,2}.
Throughout the analysis we assume that good 1 is perishable and good 2 is durable, i.e. there
is a possibly risky (and possibly productive) storage technologies, represented by Y, € Ri.
Using one unit of the durable good in the first period yields Y; units of good [ in state s.
The most natural assumption is of course that Y; = (0, 1) for each state s, i.e. it is possible

to store the durable good without depreciation. Each agent has an initial endowment of the

goods in each state, e € R%SH). The preference ordering of agent h is represented by a
utility function u” : Ri(sﬂ) — R, defined over consumption z" = (2" 2%, ... k) € Ri(sﬂ).

Money: each agent h has an endowment of money in the amount m” in period 0, where
S, mh = M > 0 is the money supply. Monetary policy also specifies the nominal interest
rate ¢: one unit of money hold in period 0 becomes a claim to (1 + 7) units of money in
period 1, regardless of the states s. Finally, monetary policy specifies the redemption value of
money in each state s in period 1. Each unit of money is redeemed for a specified (positive)
number of units of good 1 in state s; then for each state s, the price ps; of good 1 in units
of money is fixed by monetary policy. The revenues required to redeem the money supply

are raised through lump-sum taxation. The share of taxes raised from each household h in
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state s is 0" > 0, where >, 6" = 1 for each state s. Hence the tax obligation of household
h in state s (in units of good 1) is 0" M (1 + i) /ps1; or §*M (1 + i) in units of money.

The fact that the money is redeemed for goods in the terminal period is a way of rep-
resenting the fact that in an actual economy (with a terminal period), the value of money
each period is determined by monetary policy (in that period and later). Since there is no
interest rate in the terminal period, and no value of end-of-period money balances, the only
way that monetary policy can determine the price level in this period is by specifying the
redemption value of money, as under a commodity money regime.

Additional assets: each asset j promises delivery of one unit of money in period 1,
regardless of the state s. The collateral requirements for asset j is C; > 0; any agent has to
hold C} units of good 2 in period 0 in order to sell 1 unit of asset j. Given the possibility of
default the actual payoff of asset j in state s is min(1, p;2C;) in units of money, here py, is
the spot price of good 2 (in units of money) in state s, period 1.
2(S+1)
++

Given p € R ,and g € R{L the agent h chooses consumption, portfolios and money

(xh, ", o", "), to maximize utility subject to the budget constraints.

max u(z") st
20,920,0>0,u>0

p-(@" ="+ (b — )+ pt —mh <0;
P (@ =€) —poalh =Y “(WF — ) min{1, paCi} + (1 +0)(0EM — p") <0; Vse S
jeT

xg — Z (p;‘Cj > 0.
jeT

(2.1)

A competitive equilibrium is defined as usual by agents’ optimality and market clearing.

Definition 1. An equilibrium for the economy F is a vector [(Z, v, @, 11); (P, )], such that:

(i) (fh,@h,ﬁh,ﬁh) solves problem 2.1.
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In this model changes in the quantities of money, or interest rate or taxation will have
effects on equilibrium, but if we consider the limiting case in which M — 0 we show that
money is neutral.

“Cashless limit”: The analysis is simplified if we consider the limiting case in which
M — 0, so that we can abstract from redistributive effects of changes in the nominal price
level. In this case, monetary policy is simply specified by 1 + ¢ > 0 and the {ps1}. The
initial endowments m” are also set to zero, and the specification of the tax shares {6} no
longer matters. In this case, the economy is completely characterized by the agents’ utility
functions {u”}, their endowments {e"}, the asset structure {C;}, and the monetary policy
(7,{ps1}). The following proposition shows that monetary policy is neutral in the cashless

limit.

Proposition 1. Neutrality of money: In the flexible-price model, with cashless limit
[M — 0, and m" — 0 Vh as a convergence], variations in interest-rate policy have no

effect on the equilibrium allocation of resources.

Proof. the household by problem, and hence all equilibrium conditions, can be written

entirely in terms of quantities ﬁ, ]2, i, and(1 4 ¢)p;, with no reference to p; or ¢ individ-

ually. Hence the real allocatioﬁlf,ptlheprl)ortfolios, and relative prices are all determined by

data that do not involve 7. It follows that changing ¢+ changes the value of p;, so as to keep

(14 4)py, the same, but has no effect in the real allocation or on relative prices. [
Central-bank balance sheet: It may be more realistic to suppose that the money

supply M represents liabilities of a central bank, which has corresponding assets on its

balance sheet. [This is of interest if one wishes to consider the effects of alternative kinds of
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asset purchases by the central bank.] The above model can be equivalent desenhed as one
in which the central bank holds riskless government debt as an asset, of the same value as
its liabilities M. In equilibrium, the riskless government debt must earn the same interest
rate i as the liabilities of the central bank, so the central bank has no income or losses in
period 1. The taxes in period 1 can now be thought of as being levied in order to pay off
the government debt in period 1. Later, we generalize the model to allow the central bank
to hold other assets as well. In this case, the central bank can have income or losses on its
portfolio, which are distributed to the Treasury, and so affect the state-contingent taxes that

must be collected from the agents.

2.1.1. Example: Cashless limit in the flexible price model. We consider a simple example
with two states in period 1 .S = 2, two agents H = 2 and two assets J = 2. Each individual
h = has a utility function of the form:

u"(z) = log(xy) + log(xs) + % Z(log(m‘sl) + log(zs2))

s=1

Endowments are:

1 11 1 1 1 1 .
e = (e, €3, €11,€19, 631, 69) = (4,1,4,0,4,0);

2 2 9 2 92 92 9
e” = (e, €3, €1y, €59, €51, €30) = (2,1,6,0,2,0).

To illustrate the cashless limit in the flexible price model, we consider several quantity of
money supply in which M — 0 M = [1;0.8;0.5;0.1;0.001].
Money m” in the first period are: m' = 0.7+ M; m? = 0.3 * M.
Taxes 0 are: ' = (601,03) = (0.5,0.5); 62 = (07,02) = (0.5,0.5).
In the second period the price of non-durable good py; is fixed: p;; =1; po = 1.
The collateral requirements are: C; = 0.2; Cy = 0.333.
In the Figures 1 and 2, we show a few different points in utility space with random choice

of the interest rate between 0 and 1.
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FIGURE 1. Interest rate effect when M — 0 on agent 1
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FIGURE 2. Interest rate effect when M — 0 on agent 2

In the flexible-price model cashless limit (M — 0, and m”

— 0Vh as a convergence),
variations in interest-rate policy have no effect on the equilibrium allocation of resources.

Real allocation T, the portfolios, and relative prices are all determined by data that do not
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involve 4. It follows that changing i changes the value of p, so as to keep (1+)py, the same,
but has no effect in the real allocation or on relative prices. We show in the next section that
with sticky prices, interest-rate policy affects the equilibrium allocation even in the cashless

limit.

2.2. Sticky price model. We now suppose instead that the price p; of the non-durable
good in period 0 is given [set some time prior to date t = 0], and suppliers of the good must
supply whatever quantity is demanded at that price, rather than having a fixed endowment
of the good to sell, regardless of the market price. Households choose the quantity that they
wish to buy of the good at this price; we suppose they are able to buy any amount that they
choose, consistent with their budget constraints. A rationing rule specifies how much of the
total demand for the non-durable good must be supplied by each supplier. [In the model of
endogenous price setting proposed below, buyers commit themselves in advance to supply a
given share of the market, whatever that quantity may prove to be. In another formulation,
the goods supplied by different suppliers are imperfect substitutes, and consumers distribute
their purchases over suppliers accordingly, given the prices fixed in advance by each of the
suppliers. The formulation proposed here economizes on notation, by not having to allow
for different prices in the case of suppliers with different marginal disutilities of supplying
goods or different needs for income. |

The prices of non-durable goods in period 1 are instead assumed to be flexible [determined
to clear competitive markets]. The idea is that period 1 represents “the long run”, in which
monetary policy affects only the price of goods in terms of money, but not real aggregate
demand. [This can however be easily generalized, if one wishes to consider real effects of
monetary policy decisions in period 1 as well.] The prices of durable goods are flexible in
both periods, as are the prices of all assets.

Notation: let 0" be the fraction of the demand for non-durable goods in period 0 that
must be supplied by household h, where o > 0 for each h, and 5 o = 1. [At present, both

the predetermined price p; and the supply commitments {o"} are part of the specification of
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the model. Below, we consider a more elaborate model in which they are endogenized.] Each
household has an endowment (non-negative) of each of the other 25 + 1 goods, as before.
Preferences of household h are defined by a utility function u”(z") —v"(y"), where y* > 0 is
the quantity of the non-durable good that is supplied by household & in period 0. [Additive
separability is not essential, but allows us to write the consumer demand problem in terms
of the same preferences as before. |

Given p € R (SH)

, q € ]Ri and aggregate demand y € R, for the non-durable good in
period 0 the agent h chooses consumption, portfolios and money (x", 9" ", "), to maximize

utility subject to the budget constraints.

max u(z") st
z20,92>0,p20,u>0

pi(zh — o"y) +pa(ah —eb) +q; - (v — ) + " —mh < 0;

P (@l —el) = porl = Y (W — @l min{l, poCi} + (1+)(02M — p") <0; VseS

JjeT
Z (phC > 0.
jeT

(2.2)

A competitive equilibrium is defined as usual by agents’ optimality and market clearing.

Definition 2. An equilibrium for the economy E is a vector
[(Z,%,%,1); (,7); 7] where P, is the given (predetermined) price, that is part of the data

delivery the economy, such that:
(i) (z" Jh @h,ﬁh) solves problem 2.2.
(i) Zh 1 71—y =0
(ii) Zh 1( )= 0
iv =0 and H: T, —el, —ah)=0,5s=1,...,8
h 1 h=1\Ts2 — €52 2
(v) Y- 1( iz ) 0
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(Vi) ZhH:1 ﬁh -M=0

Since p; is predetermined, and p,, is specified for each s by monetary policy, only p, is
endogenously determined to satisfy the above requirements.

Under the assumption of additive separability made here, the functions v"(y") are irrele-
vant to equilibrium determination. However, they matter for welfare evaluation of alternative
monetary policies. [They also matter for the endogenization of the predetermined price level,
treated below.]

As shown in Proposition 1, interest-rate policy has real effects in the flexible-price model

only to the extent that it changes the distribution across households of real cash balances
h

p1(0)
relevance in actual economies; hence the usefulness of considering the cashless limit. With

or of tax obligations 6"(s)M(1+1i). The latter effects are not obviously of quantitative

sticky prices, instead, interest-rate policy effects the equilibrium allocation of resources even

in the cashless limit.

2.2.1. FExample: Cashless limit of the sticky price model. We consider a similar economy as
in the example of section (2.1.1), but with the following modifications. Each individual h

has a utility function of the form:
" = u"(z) —v"(o"y)

where u"(x) has the same logarithmic form as to Example 1; and v"(c"y) = (o"y)", with

n = 1. Endowments are:

e' = (6%7 6%176%276517659 - (174707470);

¢’ = (6376%176%276317632) - (176707270)‘

Rationing rule for the supply of non-durable goods in period 0: ¢! = 0.67 and 02 = 0.33.
Finally, the price of non-durable good in period 0 is given by p; = 1.
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Unlike what we showed for the flexible-price model, with sticky prices the interest rate

effects the equilibrium allocation of resources even in the cashless limit (see Figures 3 and
4).

Utility agent 1 (u"1)

23

0 0.2 0.4 0.6 0.8 1
Interest rate

M=1 + M=0.8  * M=0.5 . M=0.1 M=0.001 e

FIGURE 3. Interest rate effect when M — 0 on agent 1

Utility agent 2 (u"2)

0 0.2 0.4 0.6 0.8 1
Interest rate
M=1 + M=0.8  * M=0.5 . M=0.1 M=0.001 e

FIGURE 4. Interest rate effect when M — 0 on agent 2
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It may be considered undesirable to specify the predetermined price level p; and the supply
commitments {o"} arbitrarily. These can in fact be endogenized, if we imagine them to have

been chosen before agents learn the period 0 state of the world.

2.2.2. FExtended model. Now, consider that there exist N different possible states of the world
in period 0, n = 1,...N. These states have ex-ante probabilities 7, > 0 such that ) m, = 1.
For each state n, there is a two period economy specified by (u",v", e", C') and a monetary-
fiscal policy specified by ({m", 0"} i,{ps}). Neither the economy nor the monetary-fiscal
policy need be the same for different realizations of the state n. However, the values of p,
and the {o"} are chosen prior to the realization of the state n, so these are the same for all
n. The fact that these are the same for all n is the only assumed link between the economies
corresponding to different states n. [Of course, we could also introduce markets for risk-
sharing across the states n: this would mean moving to a full-fledged 3-period model.] Once
the state n is realized, the equilibrium concept is the same as the one defined above. The
share of taxes raised from each household / in state n and s is 0", > 0, where >, 6 =1
for each state n and s.

We may suppose that p; and the {0} are chosen ex ante as follows. An auctioneer
proposes different prices p;, and each of the households h chooses a share o" of demand that
it is willing to supply in each of the states n. There is assumed to be no possibility of offering
to supply different shares in different states; this is because a single auction is determining
a single “market-clearing” price to apply regardless of the state n.

Given a predetermined price p; [independent of n]; an interest rate i, for each state n;
and goods prices (pp2, {Pnsi}), asset prices ¢, and aggregate demand y,, for each of the states
n; agent h chooses a value of o [independent of n] and a plan (i, Z,, ¥y, @) for each of

the states n, to maximize:
> malut(zh) = o (0"yn)]

subject to the same set of constraints as above (Problem 2.2) for each of the states n.
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Definition 3. An equilibrium for the economy F is a vector (p1, o) and vectors

(Zn

7n); (Bs Gn); Uyl for each of the states n, such that:

(i
(ii

s P
(i) for each h, o" and (T H,En,@}i,ﬁﬁ) solves problem of individual h;

i) market-clearing conditions (ii)-(vi) above (Definition 2) are satisfied for each n;
i)

Zh o —1=0

Note that in the special case that N = 1, this concept of equilibrium reduces to the
flexible-price monetary equilibrium. It differs from the equilibrium definition above only
in that there is now an endogenous supply of the non-durable good by each household in
period 0, rather than a fixed endowment. [The case of a fixed endowment would of course
be recovered as a limiting case of this model.] Thus when N = 1, variations in interest-rate
policy have no effect in the equilibrium allocation of resources, as shown above.

What can be asked in this model: Suppose that the degree of collateral available is
different in different states n. One can then consider the consequences of specifying monetary
policy (for example, the value of i,) to be different in different states n as well. In this
analysis, the state-contingent character of monetary policy will be anticipated by households
in choosing their supply commitments, and so in the determination of the predetermined
price p;. Because monetary policy is anticipated when p; is determined if N = 1 the
specification of i has no effect on the real equilibrium allocation (only on the value of p).
But if there are multiple possibilities (N > 1), then in general the specification of state-
contingent interest-rate policy does matter. We wish to address the following question: How
is the welfare-maximizing choice of {i,} different depending what one assumes about the
severity of the collateral constraints? One can fix preferences {u",v"} and the endowments
{e"} of the 25 + 1 goods other than the non-durable good in period 0 [for each state n], but

consider the effects of varying the collateral requirements {C}}.

2.2.3. Example: Interest rate policy in the extended model. We consider an example with

two states in period 0, N = 2; two states in period 1, S = 2; and two agents, H = {1,2}.
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Each individual h has a utility function of the form as example above in the section (2.2.1)
for each of the states n.
Ex ante probabilities are: 7' = 0.6; and 72 = 0.4.
Endowments are:
ep = (0.1), e3 = (1.8), for 1=2 ey, = (2,0), €1y =(5,0), ey = (3,
et =(0.9), 5 =(0.2), for 1=2 e}, = (5,0), ¥y =(3,0), €3, =(7,0), €3y =(3,0).
h

Money m;! in the first period are:

Money supply: M; =1 and My = 1.
Tax 0", is:

0r = (011,015, 05,,03,) = (0.52,0.50,0.70,0.45);

0 = (03,015, 05,,03,) = (0.48,0.50, 0.30, 0.55).

The price is fixed pps1 =1 Vn, Vs.

There are four assets, J = 4.

In this example we consider that all agents have identical homothetic utility, then prices
in the period 1 do not change. According to [AKS] (Proposition 2) the level of collateral
requirements defined by C; = 1/p(s)2 the markets chooses the asset structure efficiently. In
our case the level de collateral requirements is defined by C; = 1/p,(s)2, where C; = 0.143,
Cy =0.125, (3 = 0.2 and Cy = 0.222 in this example.

We solved several samples with random choice of the nominal interest rate (i; and is)
between 0 and 1.

The interest-rate policy that maximizes utility for agent 1 is i; = 0 and s = 0.23 (see

Figure 10), while the policy best for agent 2 is i; = 0 and i3 = 0.16 (see Figure 11). The plot
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with the contours for both households in the same plane is the Figure 7. In this example,
for the first state the optimal policy is a zero interest rate. It is especially interesting in this

case to consider an alternative instrument of monetary policy.

3. A FINITE HORIZON MODEL WITH TWO DIMENSIONS OF MONETARY POLICY

We now include the possibility of purchases of the collateralizable durable good by the
central bank, which could be particularly interesting to implement when the interest rate
reaches the zero lower bound (as we show in the example above in the section 2.2.3). First,
we show when this alternative monetary policy has effect on the equilibrium allocations of
resources, in a two period model with flexible prices. Moreover, we examine a flexible prices
three period model with purchases of the collateralizable durable good by the central bank

in different states in the second period.

3.1. A simple case. We modify the model presented in section 2.1 to include a rental
market for durable services and purchases of the collateralizable durable good by the central
bank. In this version of the model, there are three goods | € £ = {1,2,3} where good 1
is perishable, good 2 is [rental of] durable services and good 3 is [purchases of| the durable
good. We assume that it is possible to store only the durable good and that there is no
depreciation.

The central bank can purchase durable good in the first period, in an amount given by
wy o el where w € (0, 1] represents the fraction of aggregate durable good supply purchased
by the central bank. The central bank also issues money in the amount needed to pay for

h

these purchases, so that M = (p3 — p2)w >, e5. The net tax obligation of household A in

state s in the second period is
M (L +1i)(ps — pa)w Y el —pagw > _ €],
h h

where the quantity in square brackets is the amount by which the amount owed by the

central bank on its liabilities exceeds the value of its assets.



18 ALOISIO ARAUJO, SUSAN SCHOMMER, AND MICHAEL WOODFORD

expected utility ——

098 ——
-0.99 —
highest expected utility

-0.97
-0.98
-0.99

-1.01
-1.02
-1.03

Expected utility agent 1

Interest rate n=1 1

2D contour projection of expected utility agent 1
1 T T T T T T T

s 0o
00 WY
NP RO

09 [ —

08 - -

0.7 - — -

=2

06 | ' i

05 4 -

Interest rate n:

04 F _

03 | v ~ -
[=<——highest expected utility

/ _—

0.2

01 - i

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Interest rate n=1

0

FIGURE 5. Interest rate effect on Expected utility of agent 1 (T'")

Each agent has an endowment of the goods (only non-zero for the perishable and the

2(S+1)
+

durable goods) in each period and state, e’ € R . The preference ordering of agent h
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FIGURE 6. Interest rate effect on Expected utility of agent 2 (I'?)

is represented by a utility function u” : Ri(sﬂ) — R, defined over consumption z? € Ri“

and 2! € RSt i.e, the utility function depends only on consumption of the perishable and
2 + y y



20 ALOISIO ARAUJO, SUSAN SCHOMMER, AND MICHAEL WOODFORD

2D contour projection of expected utility agent 1 and 2
1 T T T T T T T

o

©

T

L [y
LOOOoOoRRE OO
Chumnmoo. v
DOONDONRF PO

=2

Interest rate n:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Interest rate n=1

FIGURE 7. Interest rate effect on Expected utility of agent 1 (I'') and agent 2 (I'?)

the durable services. The durable good can be held as an asset by agents and can also be

purchased by the central bank.

Given p € Ri(fﬂ), and ¢ € Ri the agent h aims to maximize his utility function under

the budget constraints:

max ul(z") st
21>0,05>0,:>0,0>0,4>0

pi(al —el) + pa(ah — ab) + ps(af —eb) +q- (v — ) + 4" <0;

pa(aly — ely) + pea(zly — xg?;) +p33(x’;3 - @?3 - xg3) - Z(% — ;) min{1, psC;}
JjeJ

+ 9?[(1 +1)(p3 — p2)w Z €§ — Ps3W Z eg]
h h
—(1+ip"<0; VseS

(31) =) ¢,C;>0.
JjeJ



MONETARY POLICY WITH ENDOGENOUS COLLATERAL CONSTRAINTS 21

An equilibrium for the economy F is a vector
(@1, 72,9, %, 70); (P, 7)), such that:
(i) (xl,@,w P, ") solves problem 3.1.
(ii) Zh 1( —el)=0
(i) D25, (T —ef) =0
(iv) Zh 75— (1-w) Zthl ey =0
(V) 20T —ely) =0
)
1)
)
)

(vi Zh 1( ely — T4)
(vii Zh 1( ely — T4)
(viii Zh (¥ —@ ") =0

(x Eh VA = (ps — p2)w Zthle':;:O

In our model, central-bank purchases of collateralizable durable goods generally affect

0
0

equilibrium prices and the allocation of resources; they are not irrelevant as in the result of

[Wa]. We illustrate this effect with a numerical example.

3.1.1. Example: Effect on the equilibrium with purchases of durable good by central bank.
We consider an example with a scarce collateralizable durable good, in which only a very
few assets are traded and hence markets are endogenously incomplete (see [AKS]). In this
economy there are two states in period 1 S = 2 and two assets J = 2, but in equilibrium
only one asset is traded.

Each individual A = 1,2 has a utility function in terms of perishable good (I = 1) and

durable services good (I = 2) of the form:

u"(z) = log(xy) + log(xs) + % Z(log(a:sl) +log(zs2))

s=1

Endowments of perishable good (I = 1) and durable good (I = 3) are:
61 = (617 6%; 6%17 6137 6517 653) = (47 097 17 07 27 0)7

e = (e3,e3;e3,,els, €5, €55) = (1,0.1;1.2,0,2,0).
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Money supply in this model is endogenous M = (p3 — pa)w Y, €.
Nominal interest rate: ¢ = 0.1.
Taxes 0" are: ' = (01,03) = (0.5,0.5); 6% = (6%,03) = (0.5,0.5).
In the first period the price of non-durable good py; is fixed: p1; =1; po; = 1.
The collateral requirements are: C; = 0.45; Csy = 0.25.
To illustrate the effect on equilibrium we consider different points in utility space with

random choice of the purchases by central bank w between 0 and 1 (see figures 8 and 9)
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1.643 /
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1.641 /

1.639
/
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1.637 /
o

1.636
-

1.635

Expected utility agent 1

1.634
0

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
Omega

FIGURE 8. Purchases of durable good by central bank’s effect on utility of

agent 1

Remark 1. When markets are complete and the collateral constraints are not binding for all
agents, purchases of the durable good by the central bank have no effect on the equilibrium

allocation of resources.

3.2. Monetary model with flexible prices and three periods. We consider a similar
economy as section 3.1 with rental markets and purchases of durable good by central bank,
but now we have three time periods ¢t = 0,1,2 with uncertainty over the state of nature

denoted by the subscript s € S = {1, ..., S} in the second period andn € N'={1,..., N} in
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Expected utility agent 2
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-3.26

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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F1GURE 9. Purchases of durable good by central bank’s effect on utility of

agent 2

the third period. In this model the central bank purchases durable good in the second period,
denoted by w; € (0, 1] that represent a ratio over aggregate durable good, i.e. ws >, (e"s+e€h)
and each agent h receives a transfer of money (private endowments of money) in the amount
m™ in period 0, where Yo mh = M > 0 is the money supply and m” in period 1, where

S, mh =M, > 0.
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(S+SN+1)

Given p € R ,and q € R;ffs 7 the agent h aims to maximize his utility function

under the budget constraints:

max u(z") st
22>0,1>0,02>0,u>0
pi(zh — €}) + po(ah _xs)‘i“p:% _63 +qu —90] +u—m" <0;

pSI(xgl - 621) +psg(x?2 - IZL?,) +ps3(I23 - 6?3 - x:fsl)

N Z<¢Jh - 90?) min{1, psC;} + (1 +0) (0P M — p") + pl —ml <0; VseS

J

psnl( Lsp1 — snl) +p3n2($gn2 ) + p5n3( Lsn3 e?n?) - x?B)

+ 00, [(1+ i) (M + (pss — psa)ws 2(623 + €5)) — Ponsws 2(623 +e3)]
h h

- Z(@/J? - cp?) min{1, pe3Cs; } — (1 +is)ul <0;  Vsn € SN

- Z 0} C; > 0;
J
(32)  aly—) @lCy >0,
J

A competitive equilibrium is defined by agents’ optimality and market clearing.
An equilibrium for the economy FE is a vector [(Z,v, %, ); (P, )], such that:
(i) (z", ¢ ®", ") solves problem 3.2.
(i) Zh (7
(iii) Zh 1
(iv) Zh 1
(v) Zh (@ _621):0
(vi) Zh 1
(vii) Zh | Thy — (1 — ws) 25—1(623 +e5)=0
(viii) Zh (@ —€ely) =0
)

(ix Zh 1( Lsn2 e];n?y - 623 - eg‘) =0
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(x) ZhH:1(fhn3 - e?n?y - 623 - eg‘) =0

(xd) S, (0 — @) =0

(xii) S0, (00— 7) = 0

(xiit) 27 @ — M =0

(xiv) SO0 A — My — (s — ps2)ws Yopy (el — €b) = 0

We now describe two numerical examples one that illustrate the potential welfare effects

of the addition dimension of central-bank policy.

3.2.1. Example: Effectiveness of central-bank purchases of the durable good. We consider an
example with two states in period 1 .S = 2; two states in period 2 N = 2 and two agents,
H = 2, each with identical logarithm utility function. The probabilities in period 2 are:
£, = 0.5Vs and in period 3 are: g4, = 0.25Vs, n.

We suppose that endowments are:

el =(4,4), e1 = (5,0), ;= (2,0), e}, = (5,0), ey = (7,0), e3y = (1,0), €3, = (2,0);

et =(2,1), ef = (6,0), €3 = (1,0), ef; = (2,0), e, = (6,0), €3, = (3,0), €3, = (5,0).

In the first period agent 1 is rich and agent 2 is poor. In the second period both agents
have higher endowments of good 1 in s = 1 (good state) and lower endowments of good 1 in
s = 2 (bad state).

Money m” in the first period are: m! = 2 and m? = 1 and in the second period are:
mh =0 Vh,s . Nominal interest rate are: i = 0.05, i; = 0.05 and i, = 0 (bad state in
t = 1). Taxes are: 6 = 0.5 Vh,s and 0}, = (0.6,0.5;0.5,0.4); 62 = (0.4,0.5;0.5,0.6).
The price of perishable good in the last period ps,; is fixed for all s and n: ps,; = 1.

In this economy there are two assets in the first period and four assets in the second
period.Collateral requirements are: C; = (0.1,0.2); Cy; = (0.71,0.38,1.25,0.71). In this case
agents default in the second period and default in some assets in the third period.

We solved 10.000 samples with random choice of the central bank purchases of durable

good (wy and wy) between 0 and 1.
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The ratio of central bank purchases that maximize utility for agent 1 is w; = 0 and wy = 0

(see Figure 10), and for agent 2 is wy = 0.25 and wy = 0.4 (see Figure 11).

expected utility
8.11

8.114
8.112
8.11
8.108
8.106
8.104
8.102
8.1
8.098
8.096

Expected utility agent 2

Omega n=1 Tl

FIGURE 10. central bank purchases of durable good effect on Expected utility

of agent 1

3.2.2. Example: Central-bank purchases of the durable good can lead to a Pareto-improvement.
We consider the same probabilities, endowments, collateral requirements, money and inter-
est rate as in the previous example, but now the taxes are: 6" = 0.5 Vh,s and 6}, =
0.8; 62, =0.2. Vs,n.

We solved 10.000 samples with random choice of the central bank purchases of durable
good (w; and wy) between 0 and 1.

In this case, the utility of agent 1 is barely affected (see Figure 12), but it is possible to
improve the utility of agent 2 (see Figure 13) with purchases by central bank around 40% in

the second state (the bad state where the interest rate is zero).
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F1GURE 11. Central bank purchases of durable good effect on Expected utility

of agent 2
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F1GURE 12. Central bank purchases of durable good effect on Expected utility
of agent 1
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F1GURE 13. Central bank purchases of durable good effect on Expected utility

of agent 2
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