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TESTING A PARAMETRIC QUANTILE-REGRESSION MODEL
WITH AN ENDOGENOUS EXPLANATORY VARIABLE AGAINST A
NONPARAMETRIC ALTERNATIVE

1 Introduction

Let Y, X, and W be random variables, and let g be a function that is identified by the

relation
(1.1) Y=9X)+U; PU<OW=w)=gq

for some ¢ satisfying 0 < ¢ < 1 and almost every w in the support of W. Equation (1.1) is a
quantile-regression model in which Y is the dependent variable, X is a possibly endogenous
explanatory variable, W is an instrument for X, and U = Y —g(X) is an unobserved random
variable. This paper presents a test of the null hypothesis that ¢ in (1.1) belongs to a finite-
dimensional parametric family against a nonparametric alternative hypothesis. Specifically,
let © be a compact subset of R? for some finite integer d > 0. The null hypothesis, Hy, is
that

(1.2) g(z) = G(z,0)

for some 6 € © and almost every z in the support of X, where G is a known function. The
alternative hypothesis, Hj, is that there is no € such that (1.2) holds for almost every .
Under mild conditions, the test presented here is consistent against any alternative model.
In large samples, its power is arbitrarily close to 1 uniformly over a class of alternative
models whose “distance” from Hy is O (n_l/ 2), where n is the sample size.

Quantile regression models are increasingly important in applied econometrics. There
has been much recent interest in nonparametric instrumental-variables (IV) estimation of
quantile-regression models such as (1.1) and of models in which identification is achieved
through the conditional mean restriction E(U|W = w) = 0. Chesher (2003, 2005, 2007);
Chernozhukov and Hansen (2005); Chernozhukov, Imbens, and Newey (2007); and Horowitz
and Lee (2007) discuss nonparametric identification and estimation of several versions
of quantile-regression models with endogenous explanatory variables. Newey and Powell
(2003); Darolles, Florens, and Renault (2006); Hall and Horowitz (2005); and Blundell,

Chen, and Kristensen (2007) discuss nonparametric estimation of g under the conditional



mean restriction E(U|W = w) = 0. Newey, Powell and Vella (1999) present a “control
function” approach to estimating g.

Methods for testing (1.2) against a nonparametric alternative under the conditional
mean restriction E(U|W = w) = 0 have been developed by Donald, Imbens, and Newey
(2003); Tripathi and Kitamura (2003); and Horowitz (2006). In addition, the test of a
conditional mean function developed by Bierens (1990) and Bierens and Ploberger (1997)
can be modified to provide a test of (1.2) under the restriction E(U|W = w) = 0 (Horowitz
2006). Horowitz and Spokoiny (2001, 2002) provide extensive references to other tests
for conditional mean and quantile functions. However, we are unaware of any existing
method for testing (1.2) against a nonparametric alternative under the quantile restriction
P(U < 0|W = w) = g. This paper presents such a test.

An ability to test the hypothesis (1.2) for model (1.1) is important because results
obtained with a misspecified parametric model can be highly misleading, whereas nonpara-
metric IV estimation of g can be very imprecise. Methods for parametric estimation of
quantile-regression models with endogenous regressors are well known. Estimators of lin-
ear quantile regression models with endogenous right-hand side variables are described by
Amemiya (1982), Powell (1983), Chen and Portnoy (1996), Honoré and Hu (2004), Cher-
nozhukov and Hansen (2006), Ma and Koenker (2006), Sakata (2007), and Lee (2007),
among others. Chernozhukov and Hansen (2004) and Januszewski (2002) used such models
in economic applications. Nonlinear parametric models can be estimated by the gener-

—1/2 rate of

alized method of moments (GMM). Parametric estimators typically have a n
convergence in probability but are subject to misspecification. Nonparametric estimation
essentially eliminates the possibility of misspecifying g but, owing to the ill-posed-inverse
problem of nonparametric IV estimation, nonparametric IV estimators can have very slow
rates of convergence. The rate of convergence of a nonparametric IV estimator of g is always
slower than O (nfl/ 2) and, depending on the details of the distribution of (Y, X, W), may
be slower than O (n™¢) for any ¢ > 0 (Hall and Horowitz 2005; Horowitz and Lee 2007).
Consequently, parametric IV estimation is more attractive than nonparametric estimation
if there is justification for believing that the parametric model is not seriously misspecified.
This paper provides a way to test the specification of a parametric model.

The test developed here is not affected by the ill-posed inverse problem and, conse-
quently, is more “precise” than any nonparametric estimator of g. Specifically, the test

can detect a large class of nonparametric alternative models whose distance from the null-



hypothesis model is O (nil/ 2). It is not unusual in nonparametric estimation for rates of
testing to be faster than rates of estimation. Nonparametric estimation and testing of con-
ditional mean and median functions and nonparametric IV estimation and testing under
the conditional moment restriction E[U|W = w] = 0 are other settings in which the rate
of testing is faster than the rate of estimation. See Guerre and Lavergne (2002), Horowitz
and Spokoiny (2001, 2002), and Horowitz (2006).

The test developed here builds on the results of Horowitz (2006), who developed a
test of (1.2) against a nonparametric alternative under the conditional mean restriction
E({UW = w) = 0. Although there are similarities between the test presented here and
that of Horowitz (2006), mean and quantile regressions are sufficiently different to require
separate treatments. Nonparametric quantile IV produces an estimation problem that is
nonlinear and non-smooth, whereas IV estimation under a conditional mean restriction has
neither of these complications. Consequently, the methods that are needed to establish
the properties of a test of (1.2) under a conditional quantile restriction are different from
those that work under a conditional mean restriction. Specifically, our test statistic is a
discontinuous function of an estimated parameter. See equation (2.3) in Section 2.1. The
discontinuity of the test statistic greatly complicates the derivation of the test statistic’s
asymptotic distribution. We use empirical process methods to deal with the discontinuity.
These methods are not needed for the test statistic of Horowitz (2006), which is a continuous
function of the estimated parameter and, therefore, much easier to analyze.

Section 2 describes the test statistic and its properties. Section 3 presents the results of
a Monte Carlo investigation of the finite-sample performance of the test. Section 4 presents
concluding comments. The proofs of theorems are in the mathematical appendix, which is

Section 5.

2 The Test Statistic and Its Asymptotic Properties

Assume for now that Y, X, and W are continuously distributed, scalar random variables
with joint probability density function fy xy . The extension to the case in which X and W
are vectors and some components of X may be exogenous is straightforward and is outlined
in Section 2.10. Assume, also, that the supports of X and W are contained in [0, 1]. This
assumption can always be satisfied by carrying out monotone transformations of X and W.
The data, {(Y;, X;, W;) :i=1,...,n}, are a simple random sample of (Y, X, W).



2.1 The Test Statistic
Equation (1.1) implies that
PY — g(X) <O/ = w]—q =0

for almost every w € [0,1]. Under Hy, g(x) = G(x,0) for almost every =z € [0, 1], some

unknown 8 € ©, and a known function G. Therefore, Hy is equivalent to
(2.1) PlY —G(X,0) <0|W =w]—q=0.
Let fyr denote the probability density function of W. Define
Fy xw(y, z,w) = /_: fyxw (v, z,w)dv

and

~ 1

(w) = /O (Fyxw Gz, 0), 2, w] — qfw ()} da.
Then (2.1) is equivalent to
(2.2) S(w)=0

for almost every w € [0,1]. Hj is equivalent to the statement that there is no § € © such
that (2.2) holds for almost every w € [0,1]. A test of Hy can be based on a sample analog
of

/0 S(w)dw,

but the resulting rate of testing is slower than n~'/2. A rate of n=/2 can be achieved by
smoothing S. To this end, let [ (z,w) denote the kernel of a nonsingular integral operator,

L, on L2[0,1]. That is, the operator L is defined by

Because L is nonsingular, Hy is equivalent to
S(z) = (LS)(z2)

1,1
_/0 /0 {Fy xw|G(x,0), z,w] — qfw(w)} (2, w)dzdw
=0



for almost every z € [0, 1] and for some 6 € ©. H is equivalent to the statement that there

is no 0 € © such that S(z) = 0 for almost every z € [0, 1]. Define

= /0 52z,

Then Hy is true if and only if 7 = 0. The test statistic developed here is a sample analog
of 7.

To form the analog, let § be an estimator of  that is consistent under Hy. For reasons
that are explained in Section 2.8, it is convenient to permit [ to depend on the distribution
of (Y, X, W) so that [ must be estimated from the data. Let [ be a consistent estimator of
[, which can be [ itself if I does not depend on the distribution of (Y, X, W). The sample
analog of S(z) is

(2.3) Sn(2) = n~1/2 zn: [1{vi <G(x:,0)} - q] iz, m0),
=1

where I(+) is the indicator function. The test statistic is

1
(2.4) Tn:/o S2(2)dz.

Hy is rejected if 7, is large. The asymptotic distribution of 7,, under Hy is given in Theorem

1 in Section 2.3. Section 2.4 presents a method for computing the critical value.

2.2 Regularity Conditions

This section states the assumptions that are used to obtain the asymptotic properties of 7,

under the null and alternative hypotheses.

Assumption 1. (i) The support of (X, W) is [0,1]2. (ii) (Y, X, W) has a probability density
function fy xw with respect to Lebesque measure. (i) fy xw is bounded and is differentiable
with respect to its first argument with a uniformly bounded derivative. (i) {(Yi, Xi, W;) :
i=1,...,n} is a simple random sample of (Y, X, W).

Assumption 2. There is a constant Cg < 0o such that sup,cp 1) 9(z)| < Ce,
SUpgee SUPze(0,1] |G (7, 0)| < Cq, and the first and second derivatives of G(z,0) with respect
to 6 are bounded by Cq uniformly over x € [0,1] and 0 € ©.



Assumption 3. (i) Asn — oo, 0 —p Oy for some 0y € ©, a compact subset of Re. (i) If
Hy is true, then g(z) = G(z,0y), 0y € int(O), and

nl/Q(é - 90) = n_1/2 ZV(YL Xia Wi7 90) + Op(l)
i=1
for some function v taking values in R such that E[y(Y, X, W, 0)] = 0 and Var[y(Y, X, W, 6))]

s a finite, nonsingular matrix.

Assumption 4. (i) sup ,)co,12 (2, w) —1(z,w)| = 0,(1). (ii) The operator L is nonsin-
gular. (iii) There is a constant C; < oo such that
sup |[l(z,w)| < Cl,
(zw)€[0,1]2

sup |l(z1,w) — (22, w)| < Ch|z1 — 22/,
wel0,1]

sup [I(z, w1) — (2, w2)| < Cilwr — wal,
z€[0,1]

and with probability approaching 1 as n — oo,
sup  |i(z,w)| < Oy,
(z:w)€[0,1]2

sup |I(z1,w) — (22, w)| < Cylz1 — 2],
wel0,1]

sup |Z(z,w1) — Z(z,w2)| < Cilwy — ws.
z€[0,1]

Assumption 1 specifies properties of the distribution of the data. Assumption 2 places
mild boundedness and smoothness restrictions on ¢ and G. Assumption 3 is satisfied, for
example, by the GMM estimator of 6y that is defined in Section 2.4. Assumption 4 can be
satisfied by making suitable choices of [ and [. The choices of [ and [ are discussed further

in Sections 2.8-2.9.

2.3 The Asymptotic Distribution of the Test Statistic under the Null
Hypothesis

To obtain the asymptotic distribution of 7,, under Hy, define Gy(x,0) = 0G(z,0)/90,
1,1
M) = [ FrxwlGle o).l w)Gota bo)dsdu,
0o Jo

Bn(z) = nil/Q Z [{I[Yz < g(XZ)] - Q} l(Z, Wl) + P(Z)I’Y(ng Xi? W’i7 90)] )

=1



and
V(Zl, 22) =F [Bn(zl)Bn(Zg)} .

Define the operator € on L2[0, 1] by

1
(2.5) () (2) = /0 V(2 OO

Let {w; : j =1,2,...} denote the eigenvalues of Q2 ordered so that w; > wy > ... >0, and
let {X%j :j = 1,2,...} denote independent random variables that are distributed as chi-
square with 1 degree of freedom. The following theorem gives the asymptotic distribution

of 7, under Hy.

Theorem 1. Let Assumptions 1-4 hold. If Hy is true, then

oo
E 2
i=1

2.4 Obtaining the Critical Value

The statistic 7, is not asymptotically pivotal, so its asymptotic distribution cannot be
tabulated. This section presents a method for obtaining an approximate asymptotic critical
value for the 7, test using a pseudo-true model, as in Horowitz (2006). Let Q(A|B) denote

the g-th quantile of a random variable A conditional on B and define a model
(2.6) Y = G(X,600) + U,

where Y =Y — Q[Y — G(X,60)|W], U =Y — G(X,6), and 6 is the probability limit of
0. Note that this model coincides with (1.1) if Hy is true, since Q[Y — G(X,0)|W] = 0
under Hy. Furthermore, even if Hy is false, Q[Y — G(X,00)|W] = 0, thereby implying
that Hp holds for the pseudo-true model (2.6) whether or not Hy holds for (1.1). The
approximate critical value for the 7, test is obtained from the asymptotic distribution of 7,
under sampling from model (2.6).

Let {@; : j = 1,2,...} denote the eigenvalues of the version of Q (say, Q) that is
obtained by replacing model (1.1) with model (2.6). As before, order the eigenvalues such
that @1 > @2 > ... > 0. Then under sampling from (2.6), 7,, is asymptotically distributed

as



Given any € > 0, there is an integer K. < oo such that

K.
0<P > o<t -PFE<t)<e
j=1
uniformly over ¢. Define
K.
Te = ZQJ'XU
j=1

Let z., denote the 1 — a quantile of the distribution of 7.. Then
0< P(T>z24q)—a<e.

Thus, using z., to approximate the asymptotic a-level critical value of 7, creates an ar-
bitrarily small error in the probability that a correct Hy is rejected. Similarly, use of the
approximation creates an arbitrarily small change in the power of the 7, test when Hj
is false. However, the eigenvalues @; are unknown. Accordingly, the approximate a-level
critical value for the 7,, test is the consistent estimator of the 1 — a quantile of the distribu-
tion of 7. that is obtained by replacing the unknown eigenvalues with consistent estimates
wj,(j = 1,...,K.). That is, the approximate value of 7, is the 1 — a quantile of the

distribution of
K.
A~ : : A 2
=1

We now describe how to obtain the estimated eigenvalues w;. To do so, let W be a
d-vector of instruments for X that is derived from W (for example, powers of W). Let W;

be the value of W that corresponds to W;. Assume that 6 satisfies
(2.7) n 23w [I {Y < G(Xi, é)} - q} = 0,(1)
i=1

as n — oo. This relationship is satisfied, for example, by a GMM estimator with instruments
{W;:i=1,...,n}and by the IV quantile-regression estimator of Chernozhukov and Hansen
(2006). Let fyxw denote the density function of U in (1.1) conditional on (X, W). Define

the d x d matrix

O = E [ fyx.w (0|X, W)WGg(X, 60)']



and define
(2.8) 3(Yi, X, Wi, 00) = @ IW; [T{Y; < G(X4,00)} — ¢ .

It can be shown that v(Y;, X;, Wi, 0p) in Assumption 3 is v(Y;, X;, Wi, 6p) = —3(Y;, Xi, Wi, 0o).
Then

V(z1,22) = q(1 — Q)E [{l(z1,W) = ['(21) @ "W} {l(22, W) — I'(z2)' @ 'W}] .
To construct a consistent estimator of V', let K denote a kernel function with a bandwidth

dp. Let 1:/; =Y; — QY — G(X, 0)|W;], where Q[-|W] denotes a nonparametric estimator of

Q[-|W], e.g. a local linear quantile regression estimator. Define

(2.9) (néy) ZK (Y X“a)) I(z, W;)Gy(X;,0)

and

(2.10) (ndy) ZK(Y GXs, é))WiG9<Xi,é)/.

Under regularity conditions, it is straightforward to show that f(z) and & are consistent

estimators of I'(z) and ®. Then V(z1, 22) can be estimated consistently by
V(Zl, 2’2) = q ]_ - q _1 Z |:{ Zl, f(zl)'fi)_lwi} {ZA(ZQ, WZ) - f(ZZ),(Ab_IWi}} .

Let Q be the integral operator whose kernel is V(zl, z) and let @; be the eigenvalues of Q.
Also, let Z., denote the 1 — a quantile of the distribution of 7,,. Theorem 2 gives conditions

under which the @;’s are consistent for the w;’s and 2., is consistent for z.,.

Theorem 2. Let Assumptions 1-4 hold. Assume that K has support [—1,1], is bounded,
Lipschitz continuous, continuously differentiable, and symmetrical about 0, and f_ll K(u)du =
1. Assume that QY — G(X,0)|W = w] is continuously differentiable with respect to w. In
addition, assume that &6, — 0, logn/(nd,) — 0, and 5, 'n"/3(logn)'/? — 0. Then as
n — oo, (i) SUp) <<k, |0; — @] = 0p(1) and (i) Zeq —p 2ea-

We now describe how to obtain an accurate numerical approximation to the w;’s. Let

L(z) denote the n x 1 vector whose ith component is I(z, W;), let F' denote the n x d matrix

%K (Yl_i(){’"g)) Ge(Xi,é)’,

whose ith row is



and let W denote n x d matrix whose ith row is WI. In addition, let M=1I,— n*1F<i>*1W’,

where I, is the n x n identity matrix. Then
V(z1,22) = q(1 — q)n  L(z1) MM'L(z).

To obtain a finite-dimensional approximation to the w;’s, let {¢; : j = 1,2,...} be an

orthonormal basis for Ly[0, 1]. Then

where
1 1
(2.11) djg = /O /0 1(z, w);(2) 1 (w)dzdw.

Approximate [(z,w) by the finite sum
J ~
D> diwthj (=) (w)

1 k=1

M&

J

for some finite integer J > K., which can be chosen large enough to make Il approximate [
with any desired accuracy. Let ¢(z) denote the J x 1 vector whose jth component is v;(2)
and ¥ denote the J x n matrix whose (j, k)th component is 1;(W}). Let D be the J x .J
matrix {czjk} Then V (21, 22) is approximated by

V(z1,22) = q(1 — q)n = (21) DYM MW D't (29).
The eigenvalues of {2 are approximated by those of the J xJ matrix ¢(1—¢)n ' DU MM’V D',

2.5 Consistency of the Test against a Fixed Alternative Model

In this section, it is assumed that Hy is false; that is, there is no 6 € © such that g(x) =
G(z,0) for almost every z € [0,1]. Let 6y denote the probability limit of ,. Define

1 1
:/0 /0 {Fyxw|G(z,00),z,w] — Fyxwlg(x), z,w]} (2, w) dz dw.

Let Z, denote the 1 — « quantile of the distribution of 7,, under sampling from the pseudo-
true model (2.6). Let Z., denote the 1 — a quantile of the distribution of 7;,. The following

theorem establishes consistency of the 7, test against a fixed alternative hypothesis.

10



Theorem 3. Let Assumptions 1-4 hold. If Hy is false and fol T2(2)dz > 0, then

lim Pr(r, > Z,) =1

n—oo

and

lim Pr(r, > 2.4) = 1.

n—oo

If ¢ is identified, then fol T2(2)dz = 0 only if G(z,0p) = g(x) for almost every = €
[0,1] (Horowitz and Lee, 2007). Therefore, the 7, test is consistent against any identified
alternative model that differs from G(z,6p) on a set of x values whose Lebesgue measure

exceeds 0.

2.6 Asymptotic Distribution under Local Alternatives

This section obtains the asymptotic distribution of 7,, under the sequence of local alternative

hypotheses
(2.12) Y = G(X,00) +n V2AX)+U, PU<O0W=uw)=gq

for almost every w € [0, 1], where A is a bounded function on [0, 1] and 6y € int(O).
To obtain the asymptotic distribution, assume that  satisfies (2.7). Let {(w;, ¢;) : j =
1,2,...} denote the eigenvalues and orthonormal eigenvectors of the version of the operator

2 in (2.5) that is obtained by setting
’Y(Yvu Xi7 Wiv 00) — 7;)'/(}/;7 Xiv VI/Z'a 00)5
where 7 is defined in (2.8). Order w;’s so that w; > wy > ... > 0. In addition, define
u(z) =T(2) 7 E [ frx,w (01X, W)AX)W] — E [ frrx,w (0| X, W) A(X)I(z, W)]
and
1
w= | w2

Let {X%j (u? Jwj) :j =1,2,...} denote independent random variables that are distributed
as noncentral chi-square with one degree of freedom and noncentrality parameters { ;sz Jwj}.

The following theorem states the result.

11



Theorem 4. Let Assumptions 1-4 hold. Assume that 0 satisfies (2.7). Under the sequence
of local alternative hypotheses (2.12),

o
2 (2
Tn —d Z%’le(ﬂj/%’)-
j=1
Let 2z denote the 1 — a quantile of the distribution of 3772, ij%j (/@2 Jwj). Let Z.,
denote the estimated approximate a-level critical value defined in Section 2.3. Then it

follows from Theorems 2 and 4 that for any € > 0
limsup,,_, oo |P(Tn > Zea) — P(Tn > 2a)| < e.

It also follows from Theorem 4 that the 7,, test has power against local alternatives whose
distance from the null-hypothesis model is O(n~1/2). If u(z) = 0 for all z € [0,1], then

there is a non-stochastic sequence {6,} such that
G(z,0,) = G(x,0) + n~Y2A(z) + o(n™Y/?).
Therefore, the distance between the null and alternative hypotheses is o(n~1/2).

2.7 Uniform Consistency

This section shows that for any € > 0, the 7, test rejects Hy with probability exceeding
1 — ¢ uniformly over a class of alternative models whose distance from the null hypothesis is
O(n~'/2). Uniform consistency is important because it provides some assurance that there
are not alternatives against which a test has low power even with large samples. If a test
is not uniformly consistent over a specified set, then that set contains alternatives against
which the test has low power.

Let 8, denote the probability limit of 6 under the hypothesis (not necessarily true) that
g(z) = G(z,0) for some 6 € © and a given function G. Define Q4(x) = G(z,6,) — g(x) and

1 1
7;(2):/0 /0 (Fyxw[Gla,0,), 0] — Fy xwlg(), 2, w]} (2 w) da do.

Define the set of functions ng(X ) as follows. Let o denote the greatest integer strictly

smaller than «. For any vector k = (ky, ..., kq) of d integers, let D* denote the differential
operator
k A . :

12



In addition, let

9

k k
- i |D*g(x) — D*g(y)|
Il = ppagoup 1D (o)l + s =) e

where the suprema are taken over all z,y in the interior of X with z # y. Then Cg (X)
is the set of all continuous functions g : X € R? + R with |g||, < Cy. This class of
smooth functions is used in Van der Vaart and Wellner (1996, p.154), Chen, Linton and
Van Keilegom (2003), and Ichimura and Lee (2006), among others.

Let © be a compact subset of int(©). Let ||| denote the Ly[0,1] norm. For each
n =1,2,... and C > 0, define F,,. as a set of functions g such that (i) g € Cgig([O, 1])
for some o > 1 and some constant C, < oo, (i) 8, € O, (i) n*/?(d — 6,) = O0,(1)
I 1] /170 = op(1)
as n — oo. Condition (ii) ensures the existence of the critical value defined in Section 2.3.

uniformly over g € Fpe, (iv) | Tyl > n~1/2C, and (v) sup,er,. [1Qqll

The condition is not restrictive in applications because © and © can usually be made large
enough to include any reasonable 6,. Condition (iv) implies that F,,. includes alternative

models for which ||Q,|| = O(n~'/?). To understand condition (v), define the operator T, by
11
T = [ frxwlota).eulie wpi)dodu.

Then 7, = T;Q4 + O (||Qg||2). Condition (v) rules out deviations Qg(x) from the null
hypothesis that depend on = only through sequences of eigenvectors of T; whose eigenvalues
converge to 0 too rapidly. The practical significance of this condition is that the 7, test has
relatively low power against alternatives that differ from Hy only through eigenvectors of
T, with very small eigenvalues.

The following theorem states the result of this section.

Theorem 5. Let Assumptions 1, 2, and 4 hold. Assume that 0 satisfies (2.7). Then for
any 0 > 0 and o such that 0 < a < 1, and sufficiently large but finite constant C,

lim inf Pr(7, > 24) > 1—90

n—o0 Fpe

and

lim inf Pr(7, > 2:.4) > 1 — 24.

n—o0 Fpne

13



2.8 Weight Functions

This section considers the choice of the weight function [(z,w). We show that setting
l(z,w) = fyxwlg(2), z, w| has certain power advantages over a weight function that does
not depend on the distribution of (Y, X, W). Section 2.9 presents a method for estimating
frxwlg(2), z, w].

Let 7,4 denote the test statistic with I(z,w) = fyxwlg(2), 2, w] and 7,,; denote the
statistic with a weight function that is independent of the distribution of (Y, X, W). We
show that the power of the 7,,; test can be low relative to that of the 7,4 test. Specifically,
there are combinations of density functions fy xw and local alternative models such that
an a-level 7,; test based on a fixed weight function has asymptotic local power that is
arbitrarily close to o, whereas the asymptotic local power of the a-level 7,4 test is bounded
away from and above a. The opposite situation cannot occur under the assumptions of this
paper. That is, it is not possible for the asymptotic local power of the a-level 7,4 test to
approach a while the power of the a-level 7,,; test remains bounded away from a.

The conclusion that the power of 7,,; can be low relative to that of 7,4 is reached by
constructing an example in which the a-level test has asymptotic power that is bounded
away from « but the 7,,; test has asymptotic power that is arbitrarily close to a. To minimize
the complexity of the example, assume that 6y is known a priori and does not have to be

estimated. Define

Bng(’z) = n_1/2 Z [I {le < g(XZ)} - Q] fYXW[g(Z)>Za W/Z]a
i=1

Bu(z) =n" 2> [1{Y; < g(Xi)} — q]1(2, W),

i=1

Ry(z1,22) = E [Bng(21)Bng(22)], and Ry(z1,22) = E [Bni(21)Bn(22)]. Also, define the
operators 2, and {; on L0, 1] by

1 —
() (z) = /0 Riz, €)()de.

Let {(@jg,%jq) : j = 1,2,...} and {(@0j,9;) : 5 = 1,2,...} denote the eigenvalues and

eigenvectors of Qg and ), respectively, sorted in decreasing order. For A defined as in
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(2.12), define
1 1
ug(z):—/o /0 frxw(g(x),z,w)Ax) fy xw(g(2), z, w)dzdw,
1 1
u(z) = - /O /0 Fracw (9(x), 2, w) A @)1 (2, w)daduw,
1 —
ﬂjy:/ﬂ fig(2)jqdz,
and
1
ﬁﬂ:/o fir (2)judz.

Then arguments identical to those used to prove Theorem 4 yields that under the sequence

of local alternative hypotheses (2.12) with a known 6y,

o0
Tng —7d Z @ng%j (ﬂgzg/@jg)a

Jj=1
and
oo
9,9 ,_
Tt —d Y @035 (A5/ 1)
i=1

as n — oo.
Therefore, to establish the first conclusion of this section, it suffices to show that for
any fixed function I, fy xw and A can be chosen so that ||| / i1 Wjg is bounded away
from 0 and |||/ 52 Wy is arbitrarily close to 0.
To this end, let ¢1(z) = 1 and ¢;j41(2) = 2712 cos(jmx) for j > 1. Let m > 1 be a finite

integer. Define

1 ifj=1lorm
vl

~2j otherwise.
Let
o
1/2
foxw (0, z,w) = 1+ 3 AV dji1(2) b1 (w).
j=1
Then

Ry(z1,22) = q(1 — @) Ew [fuxw (0, 21, W) fuxw (0, z2, W)]

wjg = Aj and D72, jy is non-zero and finite. Set A(x) = D¢ (x) for some finite D > 0.
Then |,]> = D?X2, = D?. It suffices to show that m can be chosen so that ||| is
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arbitrarily close to 0. To do this, note that [(z,w) has the Fourier representation

Wzw) =Y ) hjeds(2)dr(w),
k=1

j=1 k=
where {h;, : j,k = 1,2,...} are constants. Moreover, |m||* = D? P h?m. Since [
is bounded, m can be chosen so that Zjo’;l h?m < ¢/D? for any ¢ > 0. With this m,

l|fu||* < e, which establishes the first conclusion.
We next show that the opposite situation cannot occur. That is, we show below that

there exists a universal constant C such that

(2.13) [l < C'lagll

for any [, provided that

/01 /01[1(x,w)]2dxdw <G

and ||A|? < Ca for some constants C; < oo and Ca < oo. To show (2.13), use the

Cauchy-Schwarz inequality to obtain

< [ [ [ tewpacan] [ [ fyxw<g<x>,m,wm<x>dxrdw
2

< C’l/ol [/01 fyxw(g(x),m,w)A(x)d:c] dw
—af [ i o (gle), 2, 0) Frxow (9(2), cvuld] A(0)ded(2)d:
=i [ 12 A

2 A2
< G g™ Al
< CiCa |liagll*

which proves (2.13). Therefore, || ﬁg||2 can approach 0 only if ||f||* also approaches 0.

2.9 Estimating the Weight Function

We now explain how to estimate the weight function I(z,w) = fyxwlg(z),z,w]. Let g
denote Horowitz’s and Lee’s (2007) nonparametric estimator of ¢ in (1.1). Let fy xw (y, z, w)

denote a kernel nonparametric estimator of fyxw (y,2z,w). Then fyxwl[j(z), 2, w] is an
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obvious estimator of fy xw/[g(2), z,w], but this estimator does not satisfy assumption 4 of
Section 2.2. We overcome this problem by using a kernel to smooth §.

Let K be a symmetrical, continuously differentiable probability density function on
[—1,1]. Let {h, : n = 1,2,...} be a sequence of strictly positive constants such that
hy 2 ||g — gll = 0p(1). Define smoothed versions of g and g by

i =nt | 1K(””h‘n ) steis

9(z) = hyt /01K (x};z) §(x)de.

and

Also, define

hn
Tnh = / Sflh(z)dz,
1—hn

~

where S, is the version of S, that is obtained by setting I(z, w) = fyxw (§(2), z, w) on the
right-hand side of (2.3). Then 7,,;, can be used in place of 7, to test Hy. As with 7, Hy is
rejected if 7, is large.

We show in Section 5 that
(i) The conclusions of Theorems 1 and 3 hold for 7,,.

(ii) The test based on 7, rejects a false Hy with probability greater than or equal to 1—40
for any 0 > 0 uniformly over a class of alternative models whose “distance” from Hj
on [hp, 1 — hy] is O(n=1/?).

(iii) Inequality (2.13) holds if 7, is used in place of 7, and n is sufficiently large.

Since h,, — 0 as n — o0, these results imply that 7, can be used in place of 7, in large

samples.

2.10 Multivariate Extension
We now extend the 7,, test to the multivariate model
(2.14) Y=9(X,2)+U; PU<LOZ=2z2W=w)=q

for for some ¢ satisfying 0 < ¢ < 1 and almost every (z,w), where Y and U are scalar random

variables, X and W are random variables whose supports are contained in [0,1]P* and
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[0, 1]Pw, respectively, (py > pr > 1), and Z is a random variable whose support is contained
in [0,1]" (r > 0). If r = 0, then Z is not included in (2.14). X and Z, respectively, are
endogenous and exogenous explanatory variables. W is an instrument for X. The inferential

problem is to test the null hypothesis, Hg, that
(2.15) g9(x,z) = G(z,2,0)

for some unknown 6 € O, known function G, and almost every (z,z) € [0,1]P=*". The
alternative hypothesis, H; is that there is no # € © such that (2.15) holds for almost every
(z,2) € [0,1)P=*". The data, {Y;, X;, Z;,W; : i =1,...,n}, are a simple random sample of
(Y, X, Z,W).

To define the multivariate extension of 7,,, let fy xzw and fzw, respectively, denote the
probability density function of (Y, X, Z, W) and (Z,W). Define

Y
FYXZW(yyxasz):/ frxzw (v, z, z,w)dv.
—00

Let Iy (2, w;¢,n) be the kernel of a nonsingular operator Ly on Ly[0, 1]P»*". That is,
for any function 1) € Lo[0, 1]P=+",

Larv (5, w) = / / Iy (2,05 ¢, m)dCdn.
[0,1]Pw J]0,1]"

Then Hj is equivalent to

T™MV Z/ / Surv (2, w)?dzdw
[0,1]Pw J[0,1]"

where
Sarv (2, w) = / / / (Fyxow [G(,C,0),2,Con] — af s (Com) gy (2 ws Cm)dCdadn.
[0,1]Pw J[0,1]P= J[0,1]"

Let Sy, arv be the following sample analog of Sysv:
n
Suarv(z,w) =n V2SI Y < G(X3,22,0)] = a} by (203 20, W),
i=1

where 6 is an estimator of @ that is consistent under Hy and [ MV 1S a consistent estimator

of Ipsv. The test statistic is

Tn, MV :/ / Sn,Mv(z,w)2dzdw
[0,1]Pw J[0,1]7
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To obtain the asymptotic distribution of 7, vy under Hy, assume that 0 —p 0o as

n — oo and that

nl/z(é — 90) = n71/2 ZPYMV()/;‘7X’L‘7 Zi7 Wiv 00) + Op(l)
i=1

for some function 7y taking values in R? such that Evyyv (Y, X, Z,W,60) = 0 and
Var[yav (Y, X, Z, W, 0p)] is a finite, non-singular matrix. Set Gy = dG/90 and

FMV(Z,W):/ / / fyxzw[G(l',C,(90),.’E,<,7’]}ZMV(Z,w;C,T])GQ(x,C,GO)dCdedT]-
0,17 Jjo,1)e= Jjo,1)7

Define
By (z,w) =n~1/2 i [{I[Yi < 9(Xi, Zi)] — q} luv (2, w; Z;, Wy)
i—1
+ Ty (2, w) vy Vs, X5, Zi, Wi, 90)}
and

Vv (21, wis 22, w2) = E [By pv (21, w1) B vy (22, w2)] -

Let Q,7v denote the operator that is defined by

@)z = | Vi (z,w; €, mb(C, n)Cal.
[0,1]Pw J[0,1]"
Let {wjmy : j = 1,2,...} denote the eigenvalues of Qpsy sorted in decreasing order.

Then arguments similar to those used to prove Theorem 1 show that under the regularity

conditions given in Section 5.2,

o0

2

Tn,MV —d E Wi, MV X1;j-
J=1

One notable regularity condition in Section 5.2 is that the smoothness assumption on the
weight function becomes more stringent as (p+r) increases (o > (p+1)/2; see Assumption
8 in Section 5.2).

In addition, results analogous to Theorems 3-5 hold for the multivariate statistic. Specif-

ically, the 7, ary test:

1. Is consistent against all identified, fixed alternative models;
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2. Has power exceeding its level against local alternative models whose distance from
the null hypothesis model is O (n_l/Q);

3. Has asymptotic power exceeding its level uniformly over a class of alternatives whose
distance from Hj is O (n‘1/2) .

An approximate critical value for 7, a7y can be obtained by modifying the methods of
Section 2.4. As in Section 2.4, approximate the asymptotic distribution of 7, ary under Hy
by the distribution of

K

, 2
E :WJ,MVXU
Jj=1

for some constant K. < oo. Let W; be a d-vector of instruments (possibly powers of

components of Z and W), and let 0 satisfy
n 23w, [I {Y < G(X;, Zi,é)} - q} = 0,(1).
i=1

Let 1:/2 = Y; — QY — G(X,Z,0)|W]. Let Lyy(z w) denote the n x 1 vector whose ith

component is ZMV(Z, w; Ziy, Wy), let FMV denote the n x d matrix whose ith row is

1 Y, — G(X;, Z;,0)
— K
5 ( 5

) GG(Xia Zia é),7

and let W) denote n x d matrix whose ith row is W!. Define

3 S Yi - G(X1, 2,0)\ A
FM\/(Z,’LU) = (n5n)_1 ZK ( G(é ! ’0)> le(Z,w;Zi,Wi)Gg(Xi,Zi,e)
i=1 "

and

) " (Y- G(Xi, Zi, 0 5
Dy = (ndy) 7" ZK ( (5 = )> WiGo(Xi, Zi,0)'.
i=1 "

Let MMV =1, — nilpMV(i)]T/[lVW]/\/[v and
Vary (21, w15 20, w2) = q(1 — @)n~ L Lagv (21,w01) Mgy My L(22, ws).

Let {¢; : j = 1,2,...} be an orthonormal basis for Ly[0, 1]7»*". Approximate Dnrv (z,w;C,m)
by the finite sum

J
HMVsz’I’} :szk"l}jzwwk(g )

7=1k=1
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for some finite integer J > K., where

Ciij/ / / / Inrv (21, wi; 2, wo )i (21, w1 )Y (29, we)dzy dwy dzgdws,.
[0,1]pw J[0,1]" J[0,1]Pw J[0,1]"

Let 9(z,w) denote the J x 1 vector whose jth component is 9;(z,w), and let ¥,y denote
the J x n matrix whose (j, k)th component is 1;(Z, Wy). Let Dy be the J x J matrix
{cijk} Let {&jmv 7 =1,...,J} be the eigenvalues of the matrix

(1 — q)n" "Dy Wy My Mgy Wy Diygy .

Then the estimated approximate 1 — « critical value of 7, ary is the 1 — o quantile of the

distribution of
K.
Z@j,MVX%j'
j=1

3 Monte Carlo Experiments

This section reports the results of a Monte Carlo investigation of the finite-sample perfor-
mance of the 7, test. In the experiments, ¢ = 0.5. The experiments consist of testing the

null hypothesis, Hp, that
(3.1) g(x) =0p + b1

against the alternative hypotheses

(3.2) g(x) = 0y + 012 + o2
and
(3.3) g(x) = Oy + 012 + 6322 + O3>,

In all experiments, 6y = 0 and 6; = 0.5. When (3.2) is the correct model, #; = —0.5.
When (3.3) is the correct model, 6 = —1.5 and 63 = 1. In the experiments, p = 1
and r = 0, so Z does not enter the model. Realizations of (X, W) were generated by
X = (&) and W = ®((), where & is the cumulative standard normal distribution function,
¢ ~N(0,1),& =pC+ ﬂs, e ~ N(0,1), and p = 0.8. Realizations of Y were generated
from Y = g(x) 4+ oyU, where U = ne + my, v~ N(0,1),0py = 0.1, and n = 0.5. The

Tn, test is obtained with the weight function I(z,w) = fyxwlg(2), z,w] that is estimated
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using the method described in Section 2.9. Under Hy, 0 is estimated by the IV quantile-
regression estimator of Chernozhukov and Hansen (2006). In particular, € is estimated with
constant weights and instruments (1, ).

To provide a basis for judging whether the 7,, performs well, this section also reports
the results of an asymptotic ¢ test of the hypothesis #s = 0. Specifically, 0, is estimated by
the IV quantile-regression estimator of Chernozhukov and Hansen (2006) under the model
(3.2). Constant weights are used and instruments are (1, W, W2). The ¢ test is an example
of an ad hoc test that might be used in applied research. The experiments use sample
sizes of m = 200,400 and nominal levels of v = 0.10,0.05,0.01. There are 500 Monte Carlo
replications in each experiment.

To implement the 7, test, it is necessary to specify tuning parameters. In all procedures
involving the kernel function, K (u) = (15/16)(1 — u?)I(Ju| < 1) is used. To compute the
asymptotic critical value, the basis functions {t;(x) = v/2sin(jrz) : j = 1,...,J} are used.
The generalized Fourier coefficients chk in (2.11) were computed by numerical integration
(the composite trapezoid rule). The asymptotic critical value was estimated with J = 10
and K. = 10. Note that J and K. are relatively small, because only first a few eigenvalues
are important and also higher-order terms of cijk are difficult to estimate by numerical
integration for a large value of J. In applications, J and K can be chosen large enough that
further increases in their values do not affect the value of the test statistic.

The smoothed version of Horowitz’s and Lee’s (2007) estimator of g can be obtained
with the regularization parameter a,, a bandwidth h, y xw that is needed to compute the
kernel density estimator of fy xw, and another bandwidth h,, that is needed to carry out the
smoothing procedure in Section 2.9. To obtain the critical value under sampling from (2.6),
ffi’s were generated using a local linear quantile regression estimator of Chaudhuri (1991)
with a bandwidth A, r7g. Also, a bandwidth ¢, is needed to compute f(z) and ®. We have
used the following simple, rule-of-thumb, data-driven methods for choosing these tuning
parameters. First, h, y xw is chosen based on the normal reference rule (an extension of
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Silverman’s rule to the multivariate density estimation): h,yxw = 2.7054 x n
re-scaling variables by their standard deviations. The bandwidth A, ;g is chosen by a
simple rule of thumb suggested by Fan and Gijbels (1996, p.202) and the bandwidth 4, is

chosen by applying Silverman’s rule: 6, = 2.7779 x 6y x n~1/°

, where 6y is the sample
standard deviation of UZ =Y, - G(X;, é) The regularization parameter a, was chosen by

an = /hn,yxw and this choice ensures that Horowitz’s and Lee’s (2007) estimator of g
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is consistent. The choice of a,, does not make a first-order difference, provided that the
estimator of fy xw/(g(z), z,w] is consistent. Finally, h,, is chosen by h, = 0.5/log(n). One
requirement for h,, is that h,?||g — g|| = 0,(1). Since § can converge very slowly, we have
used a sequence that converges to zero at a logarithmic rate. The constant 0.5 is multiplied
to [log(n)]~! since the half the length of the support of X is the maximum possible value for
hy. To check the sensitivity to these choices of bandwidths, we carried out each experiment
with two sets of alternative bandwidths: one that are larger by 20% and the other that are
smaller by 20%.

The results are shown in Table 1. When Hj is true, the differences between the nominal
and empirical rejection probabilities are small. The results are not sensitive to the band-
widths choice. When Hj is false and the correct model is (3.2), the power of the 7,, at the
5% level is 0.620 (n = 200) and 0.810 (n = 400) with the rule-of-thumb bandwidths. The ¢
test is more powerful than the 7, test. This result is not surprising given that the t test is a
consistent test under the alternative model (3.2). However, when H is false and the correct
model is (3.3), the ¢ test has no power for n = 200,400. On the other hand, the power of
T, test is almost 1 for n = 200. The 7, test is shown theoretically to be a consistent test
against a general alternative and therefore the results of the Monte Carlo experiments are

in line with the theoretical property of the 7, test.

4 Conclusions

This paper has presented a test of a parametric model of a quantile regression model with
a possibly endogenous right-hand side variable against a nonparametric alternative. The
model is identified through an instrumental variable. A parametric model typically can

be estimated with an n—1/2

rate of convergence in probability, whereas nonparametric IV
estimators can have much slower rates of convergence. This makes parametric estimation
attractive for applied research provided that there is justification for believing that the
parametric model is free of serious specification errors. This paper provides a specification
test. Under mild conditions, the test is consistent against any alternative model. In ad-
dition, in large samples, the test’s power is arbitrarily close to 1 uniformly over a class of
alternative models whose distance from the parametric model is O (n_l/ 2). Some Monte

Carlo experiments have illustrated the satisfactory finite-sample performance of the test.
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5 Appendix
5.1 Proofs of Theorems

The asymptotic distribution of 7,, can be obtained using arguments similar to those used in
Horowitz (2006), combined with empirical process methods of Van der Vaart and Wellner
(1996).

Let {X; = (V;, X;, W;) : i =1,2,...,n} denote observed data with sample size n. Let H
be a class of measurable functions with a measurable envelope function H. Let N (e, H, ||-||5)
and N[(e, H, [|-[|;), respectively, denote the covering and bracketing numbers for the set
H (for exact definitions, see, for example, Van der Vaart and Wellner (1996, p.83)). In
addition, let Jjj(1,H, L*(P)) denote a bracketing integral of H, that is

Jy(LH, LA(P / 1108 N [H 2y H, TA(P) de,

where [|-|| 2 (p) is the L2-norm with probability measure P. We will use the following lemma,
which is due to the last display of Theorem 2.14.2 of Van der Vaart and Wellner (1996, p.240)

and has also been used in Ichimura and Lee (2006).

Lemma 5.1. Assume that {X; : i = 1,2,...,n} is a random sample of X. Let H be a
class of measurable functions with a measurable envelope function H. Then there exists a

constant C such that

e Z{h (X}

sup |n

< CJy(1L,H, L2(P)) | H| 12 (p)
hen

To obtain the asymptotic distribution of 7,,, rewrite S, (z) as
2) =) Snj(2)
j=1
where
Sp(2) =n~ 2D [1{Y; < g(X0)} — g Uz, W),
i=1

Sna(2) =02 [T{Y; < G(Xi,00)} — T{Y; < g(Xi)}]U(z, W),
=1

_ n—mz [ {y el XZ,Q)} — I{Y; < G(X;,00)}| (2, W),
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Sual) = n 23 I{Y: < g(X0)} = ] [i(=, W) — U= W)

i=1

Sns(2) = M2y [I{Y; < G(Xi,00)} — T{Y; < g(Xi)}] [Z(ZaWi) - l(%Wi)} ;

i=1

and
= n_1/2z {Y G0 ) - 1{Y < 6K 00)}] iz w2) = 12, W3
Lemma 5.2. Asn — oo,
Sn3(z) = T(2)n /(6 — 6p) + 0,(1)

uniformly over z € [0, 1].
Proof. Define

S3(Xi30,2) = [I{Y; < G(X;,0)} — T {Y; < G(X;,00)} | 1(2, W;)
and

S0, 2) = E{ [I{Y < G(X,0)} - I{Y < G(X,00)}]i(z, W)}.
Note that by a Taylor series expansion,
(5.1) S5(0,2) =T(2) (0 — 6o) + O [(é - 90)2}
uniformly over z.

For any e, define N3(e) = {(6,2) : |0 —6p|]] < e and z € [0,1]}. Observe that using

arguments similar to those used in Chen, Linton and Van Keilegom (2003, pp.1599-1600),

sup  |S3(Xi50, 2)| < [I{Y; < G(Xi,00) +eCy} — I{Y; < G(X;,0p) — eCy} | C)
(0,2)eN3(g)

= 53(Xy).

Thus, 5’3( ) is an envelope function for the class Ss3(e) = {S3(x;6,z2) : (0,2) € N3(¢e)}

H 2Py < Ce'/? for some finite constant C. Since G(x,6) is finite-dimensional and

l(z,w) is Llpschltz continuous with respect to z uniformly over w, it can be shown that
Jp (1, 8s(e), L?(P)) < oo for any €. Then by Lemma 5.1,

(5.2) sup n~ 12N " [S5(Xi3 0, 2) — S5(6,2)]| < Cn VA
(0,2)EN3(n=1/2) i=1
Therefore, the lemma follows immediately from (5.1) and (5.2). O
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Lemma 5.3. Asn — oo,
Sna(z) = o0p(1)
uniformly over z € [0, 1].

Proof. This can be proved again by the empirical process technique used in the proof of

Lemma 5.2. To do so, define, for any function §(z, w),

S4(Xi30,2) = [I{Y; < g(Xi)} —q]6(2, W5)
and

$1(6,2) = B{ [T{Y < g(X)} — a] (=, W) }.

Obviously, S%(6, z) = 0 since W is an instrument. Given that [(z,w) is uniformly consistent
for I(z,w), define Ny(e) = {(,2) : sup(. w)eo,12 [0(2,w)| < e and 2z € [0,1]} for any e.
Consider the class Sy(e) = {Sa(x;0,2) : (9, 2) € Ny(e)} with an envelope function e. Since
[(z,w) and [ (z,w) are uniformly Lipschitz continuous with respect to both z and w, it can

be proved that
(53) JH(1784(€>,L2(P)) < o0

by arguments identical to those used in the calculation of covering numbers in the proof of
Lemmas B.2 and B.3 of Ichimura and Lee (2006). Then the lemma follows from Lemma
5.1. O

Lemma 5.4. Asn — oo,
Sne(2) = 0p(1)
uniformly over z € [0, 1].

Proof. This can be proved again by arguments similar to those used in the proofs of Lemmas
5.2 and 5.3. O

Proof of Theorem 1. Under Hy, by Lemmas 5.2, 5.3, and 5.4,
Sn(2) = Bn(2) + 0p(1)

uniformly over z € [0, 1]. Then the theorem follows by arguments identical to those used in

the proof of Theorem 1 of Horowitz (2006, Supplement). O

26



Proof of Theorem 2. Using arguments similar to those used in the proof of Lemma A.9 of
Lee (2007), it can be shown that supg<,<; IT(2) — T(2)| = op(1) and HCiD - <I>H = op(1).
By Theorem 5.1a of Bhatia, Davis, and McIntosh (1983), |w; — @;| = O (HQ - QH) Then
Part (i) of the theorem follows by the assumption that I'(z) and ® are consistent estimators.

Part (ii) follows immediately from part (i). O

Proof of Theorem 3. As in the proof of Theorem 3 of Horowitz (2006, Supplement), it can
be shown that

n~Y28,(2) —, T(2)
uniformly over z € [0,1]. Then the theorem follows immediately. O

Proof of Theorem 4. If 0 satisfies (2.7), then under the sequence of local alternatives (2.12),

it can be shown that
n'2(0 — 60) = —n 12> "3V, Xi, Wi, 60) — EY(Y, X, W, 6))]
i=1

Furthermore, using arguments similar to those used to prove Lemmas 5.2 and 5.3, it can be

shown that under the sequence of local alternatives (2.12), as n — oo,

Sn2(2) = —E [ fupx,w (01X, W)A(X)I(2, W)] + 0,(1)
and

Sns(2) = 0p(1)
uniformly over z € [0, 1]. Then under the sequence of local alternatives (2.12),
Sn(2) = Bu(2) + pu(2) + 0p(1)

uniformly over z € [0,1]. Then the theorem follows by arguments identical to those used in

the proof of Theorem 4 of Horowitz (2006, Supplement). O

Proof of Theorem 5. The proof here is similar to that of Theorem 5 of Horowitz (2006,
Supplement). Thus, instead of following all the steps in the proof of Theorem 5 of Horowitz
(2006, Supplement), we sketch the proof and point out the main differences.
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Define

S3(9,2) = B{[I{Y < G(X,00)} = I{Y < g(X)}]U(=.W) ]
and

$3(9,6,2) = B{ [[{Y < G(X,00)} — [{Y < g(X)}]8(, W)}

for any fixed function §(z,w). Further, define D, (2) = Sp3(2) + Sne(2) + n'/2S5(g,2) +
n'/28%(g,1 —1,2) and S,(z) = Sp(z) — Dy(2). Then using the empirical process method
combined with the assumption that g € C¢, ([0,1]) with o> 1 and some finite constant Clg,
it can be shown that S, (z) is bounded in probability uniformly over g € F,,. and z € [0, 1].
S
By arguments identical to those used in the proof of Theorem 5 of Horowitz (2006,

Supplement), for each € > 0, there is M, such that, for all M > M.,

This in turn implies that is bounded in probability uniformly over g € F,..

Pr(p > Za) = Pr(0.5 || Dp|> > 2o + M) —e.
Now notice that
S3(9.1=1.2) = O (Il ||i - 1]))

This implies that under the restriction that sup ez, [|Qqll

P 1] /170 = 0p(1),
n'285(g,2) + n'/28%(g,1 — 1, 2) > 0.5nY2(T,)(2)

uniformly over g € F,. for all sufficiently large n. In addition, using empirical process

arguments again gives
1503 + S|l = Op(1)

uniformly over g € F,,.. Then the remaining part of the proof can be completed by repeating

the arguments in the proof of Theorem 5 of Horowitz (2006, Supplement, page 7). O

Proof of Claims in Section 2.9. To show claim (iii) in Section 2.9, note that if h, < z <
(1 — hy), then

1
i) — g(z) = / K@l + ) o)
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and

1
19(2) = g(2)] < /_1K(£) 19(2 + hn€) — g(2)| d€
< Cghn

(5.4)

for some constant Cy < co. Now define
1 1
o) == [ [ frxwlo(o). 2, w)A@) frxaw 3(2), 2, w)dadw.
o Jo
Then it follows from (5.4) that

gl = Cahn < llfag|l < ll7zgll — C3hn

for some constant C3 < co. Moreover,

_ - Csh,,
(CICA) " gl < (GiCA) 1y (1 + ”>
g

) Cshn
< (C1OA)"? | figl <1 + ||,1||3_03h> '
g n

Therefore, (2.13) holds if ¢ is replaced by g and h,, is sufficiently small.
We now consider (i). It is easy to see that if g is Lipschitz continuous, then so is g(z)

on h, <z<1-—h,. Also,

= Bi (22, 21) + Ba(z2, 21).
Assume that h,, < 29,21 <1—h,. Then
1
Bien,a) = [ K(Olglhat + 22) — g(hnt + 20)de
—1
It follows that

|B1(22, 21)| < Cyl|za — 1.
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In addition, for some constant Cx < oo,

C b
Baea 1)l < Gl =1l [ la(o) sl

19 —
hi;

<Ck gH!Z2—2’1\-

Therefore, it follows from the triangle inequality that

p z g—9
|g(22) - 9(21)‘ < <Cg + CKHhQH> ‘22 — 2:1‘.
n
Hence, é(z) is Lipschitz continuous on h,, < z < 1— h,, with probability approaching 1 since
ha? g = gl = op(1).

To show the uniform convergence of §(z) to §(z), note that

n

~ 1 1 r—z "
@) =3 =nt [ K (57) @) - st de
Then, for any h, < z <1 — hy,

i) =31 = 5= [ lito) ~ g(o)] do

19 — gl

<Cg I

Therefore, it follows from h,? ||§ — g|| = 0,(1) that

sup  1§(2) — §(2)| = 0p(1).
hn<z<1l—hy,

Then (i) follows from the proofs of Theorems 1 and 3 and the assumption that h,, — oo as
n — oo. Finally, (ii) can be proved using the arguments identical to those used in the proof

of Theorem 5 with the restriction that h,, < z <1 — h,. O

5.2 Regularity Conditions for the Multivariate Extension

This section states the assumptions that are used to obtain the asymptotic properties of

Tn,mv under the null and alternative hypotheses.

Assumption 5. (i) The support of (X, Z, W) is [0, 1]P=+"Pw_ (43) (Y, X, Z,W) has a prob-
ability density function fyxzw with respect to Lebesgue measure. (i) fyxzw is bounded
and is differentiable with respect to its first argument with a uniformly bounded derivative.

() {(Yi, Xi, Zi, W;) :i=1,...,n} is a simple random sample of (Y, X, Z,W).
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Assumption 6. There is a constant Cg mv < o0 such that sup(, .yepoppat- [9(z; 2)| <
Ce,Mmv, SUPpeo SUP (g )cjoapratr |G (2, 2,0)| < Camv, and the first and second derivatives
of G(z,z,0) with respect to 0 are bounded by Cq arv uniformly over (x,z) € [0,1]P=+" and
0eo.

Assumption 7. (i) As n — oo, 0 —p 0o for some 6y € ©, a compact subset of RY. (ii) If
Hy is true, then g(x,z) = G(z, z,6p),00 € int(©), and

n2(0 = 00) = V2> v (Vi, Xi, Zi, Wi, 60) + 0p(1)
i=1
for some function yary taking values in R such that E[yan (Y, X,Z,W,0,)] = 0 and

Varlyamv (Y, X, Z, W, 6y)] is a finite, nonsingular matriz.

Assumption 8. (i) SUD (3 1:¢ ) €[0,1]2(Pw +7) ]i(z,w;(,n) —(z,w;¢,n)| = op(1). (ii) The op-

erator Lyry is nonsingular. (i) There is a constant Cypry < 0o such that

sup v (2,035 ¢,m)| < Cruy,
(z,w;¢,m)€[0,1]2(Pw+r)
sup Iy (21, w15¢n) = Uz, w23 ¢ m)| < Crv (21, w1) — (22, w2l

(¢me[0,1]pwtr

and for each fized (z,w), the class of functions {lnrv (2, w; ¢,m)} belongs to Cg, | ([0, 1Jpwtr)
with some o > (py +1)/2. In addition, with probability approaching 1 as n — oo,

sup v (z,w;¢,n)| < Cruv,
(z,w3¢,n)€[0,1]2(Pw+7)

sup v (21, w15 ¢m) = Uz, wes ¢ )| < Coy [[(z1,w1) = (22, w2) ]
(¢mefo,1]pwtr
and for each fized (z,w), the class of functions {lyry (z, w; ¢, )} belongs to Ce, v ([0 1JpwtT)

with some o > (py + 1) /2.

These assumptions are a straightforward multivariate generalization of regularity con-
dition in Section 2.2. Notice that the smoothness assumption on the weight function in
Assumption 8 becomes more stringent as (p,, + r) increases. This condition is needed to
prove a multivariate extension of (5.3) using arguments those used in the calculation of

covering numbers in the proof of Lemmas B.2 and B.3 of Ichimura and Lee (2006).
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Table 1. Results of Monte Carlo Experiments

Empirical Probability that Hy is Rejected Using
Null  Alternative Sample Bandwidth Tn test t test
Model Model Size Nominal Level Nominal Level
0.10 0.05 0.01 0.10 0.05 0.01

Hy is true
(3.1) 200 c=1.0 0.094 0.040 0.010 0.088 0.032 0.004
c=0.8 0.090 0.036 0.010
c=1.2 0.092 0.032 0.008

400 c=1.0 0.086 0.050 0.016 0.086 0.042 0.010
c=0.8 0.084 0.050 0.014
c=1.2 0.086 0.048 0.016

Hy is false
(3.1) (3.2) 200 c=1.0 0.698 0.620 0.454 0.770 0.666 0.470
c=0..38 0.718 0.628 0.462
c=1.2 0.670 0.594 0.426

400 c=10 0.864 0.810 0.620 0.962 0.932 0.788
c=0.38 0.902 0.846 0.688
c=1.2 0.810 0.734 0.556

(3.1) (3.3) 200 c=1.0 0.992 0.992 0.992 0.084 0.030 0.004
c=0.8 0.994 0.992 0.990
c=1.2 0.992 0.992 0.992

400 c=1.0 1.000 1.000 1.000 0.084 0.050 0.008
c=0.8 1.000 1.000 1.000
c=1.2 1.000 1.000 1.000

Notes: Bandwidths with ¢ = 1.0 are chosen by some rule-of-thumb, data-driven methods.
See descriptions in Section 3. Bandwidths with ¢ = 0.8 and ¢ = 1.2 are those that are
smaller by 20% and larger by 20%, respectively, than the rule-of-thumb bandwidths.
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