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Vapnik-Chervonenkis Dimension
A collection C of subsets of a set X shatters
a ﬁnite subset F if {F ∩ C | C ∈ C} = P(F ),
where P(F ) is the set of all subsets of F .
The collection C is a VC-class if there is
some n ∈ N such that no set F containing
n elements is shattered by C, and the least
such n is the VC-dimension, V(C), of C.
Let C ∩ F := {C ∩ F | C ∈ C} and for
n = 1, 2, . . . let


fC (n) := max |C∩F |F ⊂ X and |F | = n .


Also, let pd (n) =


i<d

 n
i

.

Theorem (Sauer). Suppose that fC (d) <
2d for some d. Then fC (n) ≤ pd (n) for all
n.
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An L-formula ϕ(x1 , . . . , xk ; y1 , . . . , ym ) has
the independence property with respect to
the L-structure R if for every n = 1, 2, . . .
there are b̄1 , . . . , b̄n ∈ Rm such that for
every X ⊆ {1, . . . , n}, there is some āX ∈
Rk satisfying
ϕ(āX ; b̄i ) is true in R ⇔ i ∈ X.
If ϕ does not have the independence
property with respect to R, we let I(ϕ) be
the least n for which the property above
fails.
For an L-formula ϕ(x̄; ȳ) and a structure R,
let S ⊆ Rk+m be the set deﬁned by ϕ. We
let
Cϕ := {Sb̄ | b̄ ∈ Rm }
denote the family of subsets of Rk determined by S.
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Theorem (Laskowski). The deﬁnable
family Cϕ is a VC-class if and only if ϕ
does not have the independence property.
Moreover, if V(Cϕ ) = d and I(ϕ) = n, then
n ≤ 2d and d ≤ 2n (and these bounds are
sharp).
Let ψ(ȳ; x̄) := ϕ(x̄; ȳ) be the dual formula
of ϕ. That is, ψ and ϕ are the same formula
(and so deﬁne the same set) with the roles
of x̄ and ȳ reversed.
The theorem follows from the next two
lemmas.
Lemma 1. With the notation as above,
V(Cϕ ) ≥ d if and only if I(ψ) ≥ d.
Lemma 2. Let the notation be as above.
Then I(ϕ) ≤ n implies I(ψ) ≤ 2n .
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We say that the L-structure R has the
independence property if there is a formula
ϕ(x; ȳ) with just the single variable x that
has the independence property with respect
to R.
Applying model theoretic methods, Laskowski gives a clear combinatorial proof of
Theorem (Shelah 1971). An L-structure R has the independence property if
and only if there is a formula ϕ(x̄; ȳ) (in
any number of x variables) that has the
independence property with respect to R.
Again, using model-theoretic methods
Proposition (Pillay-CS 1986). O-minimal structures do not have the independence property.
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Theorem (Laskowski ’92). Let R =
(R, <, . . .) be o-minimal and let S ⊂ Rk+m
be deﬁnable. Then the collection C =
{Sx̄ |x̄ ∈ Rm } is a VC-class.
Remark. Many structures are known not
to have the independence property (by work
of Shelah), and thus Laskowski’s theorem
provides signiﬁcantly more examples of VCclasses.
To illustrate, the ﬁeld of complex numbers,
(C, +, ·) does not have the independence
property, and thus any deﬁnable family of
sets in this structure is a VC-class.
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Probably Approximately Correct
(PAC) Learning
Idea: Begin with an instance space X that
is supposed to represent all instances (or
objects) in a learner’s world. A concept c
is a subset of X, which we can identify with
a function c: X → {0, 1}. A concept class C
is a collection of concepts.
A learning algorithm for the concept class
C is a function L which takes as input mtuples ((x1 , c(x1 )), . . . , (xm , c(xm )) for m =
1, 2, . . . and outputs hypothesis concepts
h ∈ C that are consistent with the input.
If X comes equipped with a probability
distribution, then we can deﬁne the error
of h to be err (h) = P (h  c).

68

The learning algorithm L is said to be PAC
if for every , δ ∈ (0, 1) there is mL (, δ) so
that for any probability distribution P on
X and any concept c ∈ C, we have for all
m ≥ mL( ,δ) that


P {x̄ ∈ X

m

| err(L((xi , c(xi ))i≤m ) ≤ }



≥ 1 − δ.
It can be shown that an algorithm that
outputs a hypothesis concept h consistent
with the sample data is PAC provided that
C is a VC-class. Moreover, for given  and
δ, the number of sample points needed is,
roughly speaking, proportional to the VCdimension V(C).
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Neural Networks
Macintyre-Sontag 1993 and Karpinski-Macintyre 1994 apply Laskowski’s result and
the uniform bounds available in o-minimal
structures to answer questions about neural
networks.
The output in a sigmoidal neural network
is the result of computing a quantiﬁer-free
formula whose atomic formulas have the
form τ (x̄, w̄) > 0 or τ (x̄, w̄) = 0, where
τ is built from polynomials and exp, x̄
are input values, and w̄ represent a tuple
of programmable parameters.
Varying
the parameters gives rise to a deﬁnable
family in an o-minimal structure and hence
Laskowski’s theorem applies, which tells
us that it is possible to PAC learn the
architecture of such a network.

70

The ﬁrst results of Macintyre and Sontag
applied Laskowski’s theorem to prove ﬁnite
VC-dimension. Using quantitative results
of Khovanskii, Karpinski and Macintyre
give an upper bound for the VC-dimension
that is O(m4 ), where m is the number of
weights.
Koiran and Sontag 1997 have established a
quadratic lower bound (in the number of
weights) for the VC-dimension.
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