
Orj Shulrgrjudp Uhjuhvvlrq= Wkh Qrqvwdwlrqdu| Fdvh�

Fkdqj Vln Nlp
Ghsduwphqw ri Hfrqrplfv

\doh Xqlyhuvlw|

dqg

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

Rfwrehu 4;/ 4<<<

Devwudfw

Hvwlpdwlrq ri wkh phpru| sdudphwhu +g, lv frqvlghuhg iru prghov ri qrqvwdwlrqdu|
iudfwlrqdoo| lqwhjudwhg wlph vhulhv zlwk g A 4

5
= Lw lv vkrzq wkdw wkh orj shulrgrjudp

uhjuhvvlrq hvwlpdwru ri g lv lqfrqvlvwhqw zkhq 4 ? g ? 5 dqg lv frqvlvwhqw zkhq 4

5
? g � 4=

Iru g A 4> wkh hvwlpdwru lv vkrzq wr frqyhujh lq suredelolw| wr xqlw|1

MHO Fodvvl�fdwlrq= F55
DPV 4<<4 vxemhfw fodvvl�fdwlrq= 95P43

Nh| zrugv dqg skudvhv= Glvfuhwh Irxulhu wudqvirup/ iudfwlrqdo Eurzqldq prwlrq/ iudf0
wlrqdo lqwhjudwlrq/ orj shulrgrjudp uhjuhvvlrq/ orqj phpru| sdudphwhu/ qrqvwdwlrqdulw|/
vhplsdudphwulf hvwlpdwlrq1

4 Lqwurgxfwlrq

Vwdwlvwlfdo lqihuhqfh lq prghov ri iudfwlrqdoo| lqwhjudwhg wlph vhulhv kdv ehhq dq dfwlyh �hog

ri uhfhqw uhvhdufk1 Pxfk ri wkh olwhudwxuh kdv irfxvhg rq hvwlpdwlqj wkh phpru| sdudphwhu

cg* ri d iudfwlrqdoo| lqwhjudwhg surfhvv [| vdwlvi|lqj d jhqhudo prgho ri wkh irup

+4� O,_[| @ x|> +4,

zkhuh x| lv vwdwlrqdu| zlwk }hur phdq dqg frqwlqxrxv vshfwudo ghqvlw| i�+�, A 3= D yd0

ulhw| ri hvwlpdwlrq phwkrgv ri cg* kdyh ehhq vxjjhvwhg dqg dv|pswrwlf wkhrulhv iru wkhp
WSkloolsv wkdqnv wkh QVI iru uhvhdufk vxssruw xqghu Judqw Qr1 VEU <:0635<81 Fkdqj Vln Nlp wkdqnv wkh

Frzohv Irxqgdwlrq iru vxssruw xqghu d Fduo Dqghuvrq Ihoorzvkls1 Wkh sdshu zdv w|shg e| wkh dxwkruv lq
VZ5181

4



5

kdyh uhfhqwo| ehhq ghyhorshg lq wkh fdvh ri vwdwlrqdu| orqj phpru| wlph vhulhv olnh +4, zlwk

mgm ? �
2 1 D frpprqo| xvhg hvwlpdwru lq dssolhg zrun lv wkh orj shulrgrjudp hvwlpdwru/ vxj0

jhvwhg lq Jhzhnh dqg Sruwhu0Kxgdn +4<;6,/ zklfk lv dsshdolqj ehfdxvh ri lwv qrqsdudphwulf

wuhdwphqw ri x| dqg wkh frqyhqlhqfh ri olqhdu ohdvw vtxduhv uhjuhvvlrq1 Xqghu Jdxvvldq dv0

vxpswlrqv/ Urelqvrq +4<<8d, ghyhorshg frqvlvwhqf| dqg dv|pswrwlf qrupdolw| uhvxowv iru d

orj shulrgrjudp hvwlpdwru zklfk wulpv rxw vrph orz iuhtxhqflhv shulrgrjudp ruglqdwhv lq

wkh uhjuhvvlrq/ iroorzlqj d vxjjhvwlrq ri N qvfk +4<;:,1 Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;,

ghulyh dq h{suhvvlrq iru wkh phdq vtxduhg huuru ri wklv hvwlpdwru zlwkrxw rplwwlqj orz iuh0

txhqflhv ruglqdwhv/ djdlq xqghu Jdxvvldqlw|/ dqg rewdlq dv|pswrwlf qrupdolw| uhvxowv dqg dq

rswlpdo fkrlfh ri wkh qxpehu ri shulrgrjudp ruglqdwhv wr lqfoxgh lq wkh uhjuhvvlrq1

Prvw ri wkh wkhru| ri vwdwlvwlfdo lqihuhqfh iru orj shulrgrjudp uhjuhvvlrq kdv ehhq ghyho0

rshg iru wkh vwdwlrqdu| orqj phpru| fdvh zlwk iudfwlrqdo sdudphwhu ��
2 ? g ? �

2 / dqg/ dv |hw/

olwwoh zrun kdv ehhq sxeolvkhg rq wkh vwdwlvwlfdo dqdo|vlv ri orj shulrgrjudp uhjuhvvlrq iru

qrqvwdwlrqdu| wlph vhulhv1 Lq sudfwlfh/ krzhyhu/ orj shulrgrjudp uhjuhvvlrq kdv iuhtxhqwo|

ehhq dssolhg lq dssduhqwo| qrqvwdwlrqdu| fdvhv +h1j1 Eorrp�hog/ 4<<4/ Djldnorjorx hw do1/

4<<6,> dqg wkh lpsruwdqfh ri qrqvwdwlrqdulw| lq sudfwlfdo zrun lv eruqh rxw lq pdq| uhfhqw

hpslulfdo vwxglhv lqfoxglqj wkrvh ri Fkhxqj dqg Odl +4<<6,/ Skloolsv +4<<;,/ dqg Pd|qdug

dqg Skloolsv +4<<;,1 Sudfwlfdoo| vshdnlqj/ ri frxuvh/ wkhuh lv vhogrp dq| sulru lqirupdwlrq

derxw wkh udqjh ri cg* ehiruh hvwlpdwlrq/ vr wkdw dqdo|vlv ri orj shulrgrjudp uhjuhvvlrq iru

g A �
2 lv lpsruwdqw iurp erwk wkhruhwlfdo dqg sudfwlfdo srlqwv ri ylhz1 Kxuylfk dqg Ud|

+4<<8, vwxg| wkh dv|pswrwlf ehkdylru ri shulrgrjudp ruglqdwhv ri d iudfwlrqdoo| lqwhjudwhg

surfhvv zlwk iudfwlrqdo sdudphwhu g 5 ^3=8> 4=8, dqg dujxh wkdw orj shulrgrjudp uhjuhvvlrq

fdq eh edgo| eldvhg iru qrqvwdwlrqdu| surfhvvhv zlwk g A 4= Wkhvh dxwkruv dovr looxvwudwh wkdw

wkh hvwlpdwru lv qrw lqyduldqw wr �uvw gl�huhqflqj/ d skhqrphqrq wkdw zdv hduolhu uhsruwhg

lq Djldnorjorx hw do1 +4<<6,1 H{whqglqj wkh zrun ri Urelqvrq +4<<8d,/ Yhodvfr +4<<<d, kdv

prvw uhfhqwo| vkrzq frqvlvwhqf| ri d orj shulrgrjudp uhjuhvvlrq hvwlpdwru wkdw wulpv rxw

orz iuhtxhqf| ruglqdwhv/ zkhq �
2 ? g ? 4 dqg xqghu Jdxvvldqlw|1 Krzhyhu/ qrqh ri wkh

suhfhglqj uhvxowv dgguhvv wkh frqvlvwhqf| lvvxh iru orj shulrgrjudp uhjuhvvlrq zkhq g A 41

Vrph lqwuljxlqj vlpxodwlrq uhvxowv duh uhsruwhg lq Kxuylfk dqg Ud| +4<<8,1 Dffruglqj wr

wdeoh LLL lq wkhlu sdshu/ wkh orj shulrgrjudp hvwlpdwhv duh yhu| forvh wr xqlw| uhjdugohvv ri wkh

wuxh iudfwlrqdo ydoxh ri g lq d udqjh ri ydoxhv ryhu wkh lqwhuydo +4=3> 4=7,= D odwhu vlpxodwlrq

lq Yhodvfr +4<<<e, uhyhdov dq hvwlpdwhg suredelolw| ghqvlw| iru wkh orj shulrgrjudp hvwlpdwh

zkhq g @ 4=; wkdw lv vkduso| shdnhg durxqg xqlw| dqg kdv d orqj wdlo wr wkh uljkw1 Wkhvh vlp0

xodwlrqv lqglfdwh wkdw/ lq fdvhv zkhuh g A 4> orj shulrgrjudp uhjuhvvlrq jhqhudoo| surgxfhv

hvwlpdwhv ri g wkdw duh yhu| forvh wr xqlw|/ luuhvshfwlyh ri wkh wuxh ydoxh ri g zkhq g � 4=

Wkh suhvhqw sdshu surylghv dq h{sodqdwlrq iru wklv sdwwhuq ri vlpxodwlrq uhvxowv1 Vshfl�fdoo|/
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zh vkrz wkdw orj shulrgrjudp uhjuhvvlrq lv lqfrqvlvwhqw zkhq g A 4 dqg wkdw wkh suredelolw|

olplw ri wkh hvwlpdwh lv xqlw| iru doo ydoxhv ri g 5 ^4> 5,= Wkh uhdvrq iru wkh lqfrqvlvwhqf|

lv wkdw wkh irupxodwlrq ri wkh orj shulrgrjudp uhjuhvvlrq cprgho*/ zklfk lv lqvsluhg e| wkh

orfdo ehkdylru ri wkh vshfwuxp qhdu wkh ruljlq/ rplwv whupv wkdw ehfrph grplqdqw lq wkh

qrqvwdwlrqdu| fdvh zkhq g A 4=

Zh pdnh xvh ri d qhz uhsuhvhqwdwlrq ri wkh glvfuhwh Irxulhu wudqvirup +giw, ri d iudfwlrq0

doo| lqwhjudwhg wlph vhulhv xqghu dvvxpswlrqv rq wkh vkruw phpru| frpsrqhqw x| wkdw duh

txlwh zhdn1 Wklv uhsuhvhqwdwlrq dqg vrph uhodwhg uhvxowv zhuh rewdlqhg lq uhfhqw zrun e|

Skloolsv +4<<<d, dqg duh eulh | uhylhzhg khuh1 Xwlol}lqj wkh qhz uhsuhvhqwdwlrq ri wkh giw/

xqghu d plog dvvxpswlrq rq wkh qxpehu ri shulrgrjudp ruglqdwhv lq wkh uhjuhvvlrq/ dqg zlwk

qr glvwulexwlrqdo uhvwulfwlrqv/ zh surylgh khuh dq lqfrqvlvwhqf| uhvxow iru orj shulrgrjudp

uhjuhvvlrq zkhq g A 4/ vkrzlqj wkdw wkh hvwlpdwru frqyhujhv lq suredelolw| wr xqlw|/ dqg zh

jlyh d qhz frqvlvwhqf| uhvxow wkdw dssolhv zkhq �
2 ? g � 4=

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh iroorzlqj vhfwlrq jlyhv vrph xvhixo dowhuqdwh

uhsuhvhqwdwlrqv ri wkh giw ri d iudfwlrqdoo| lqwhjudwhg wlph vhulhv1 Vhfwlrq 6 frqwdlqv rxu pdlq

uhvxowv/ dqg vrph frqfoxglqj uhpdunv duh pdgh lq Vhfwlrq 71 Surriv duh jlyhq lq Vhfwlrq 81

5 Uhsuhvhqwdwlrq ri wkh GIW ri d Iudfwlrqdoo| Lqwhjudwhg surfhvv

Wklv vhfwlrq eulh | uhylhzv vrph uhsuhvhqwdwlrqv ri wkh giw ri d iudfwlrqdoo| lqwhjudwhg wlph

vhulhv rewdlqhg uhfhqwo| lq Skloolsv +4<<<d,1 Wkhvh duh ydolg lq erwk wkh vwdwlrqdu|/ orqj

phpru| fdvh dqg wkh qrqvwdwlrqdu| fdvh/ dqg wkh| wxuq rxw wr eh sduwlfxoduo| khosixo lq

dqdo|}lqj uhjuhvvlrqv lq wkh qrqvwdwlrqdu| fdvh1

Wkh iudfwlrqdoo| lqwhjudwhg surfhvv [| lv gh�qhg dv lq +4,/ zlwk x� @ 3 iru doo m � 3= Pruh

h{solflw frqglwlrqv rq x| +w A 3, duh jlyhq lq wkh iroorzlqj1

514 Dvvxpswlrq +Huuru Frqglwlrq, Iru doo w A 3> x| kdv Zrog uhsuhvhqwdwlrq

x| @ F +O, %| @
"[
�'f

f�%|3� >
"[
�'f

m mf�m ? 4> F+4, 9@ 3> +5,

zlwk %| @ llg
�
3> �2

�
zlwk �qlwh irxuwk prphqw �e1

Wkh olqhdu surfhvv huuru frqglwlrq lq +5, fryhuv d zlgh fodvv ri vkruw phpru| surfhvvhv dqg/

dv lq Skloolsv +4<<<d,/ hqdeohv xv wr xvh d ghfrpsrvlwlrq whfkqltxh wr ghyhors d frqyhqlhqw

uhsuhvhqwdwlrq ri wkh giw ri d iudfwlrqdoo| lqwhjudwhg surfhvv1 Iluvw/ h{sdqg wkh iudfwlrqdo

surfhvv +4, dv

[| @ +4� O,3_ x| @
|[

&'f

+g,&
n$

x|3&> +6,
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zkhuh

+g,& @
�+g. n,

� +g,

lv Srfkdpphu*v v|pero iru wkh iruzdug idfwruldo ixqfwlrq1 Qh{w/ gh�qh wkh rshudwruG? +O>g, @S?
&'f

E3_�&
&- O&> dqg h{sdqg G? +O>g, derxw O @ h�b dv lq Skloolsv +4<<<d, dv

G? +O>g, @ G?

�
h�b>g

�
. hG?b

�
h3�bO>g

��
h3�bO� 4

�
zkhuh hG?b

�
h3�bO>g

�
@

S?3�
R'f

hgbRh3�RbOR dqg hgbR @
S?

&'Rn�
E3_�&
&- h�&b= Zulwlqj wkh giw ri

[| dv z%+�, @
�I
2Z?

S?
|'�[|h

�|b> wkh uhvxow ehorz jlyhv dq h{dfw uhsuhvhqwdwlrq ri z%+�, lq

whupv ri wkh giw/ z�+�,> ri wkh huuru surfhvv x|=

515 Ohppd +Skloolsv/ 4<<<d,

z� +�, @ z% +�,G?

�
h�b>g

�
.

4s
5�q

� h[bf+g,� h�?b h[b?+g,
�

+7,

zkhuh h[b?+g, @ hG?b

�
h3�bO> g

�
[? @

?3�[
R'f

hgbRh3�Rb[?3R=

Zkhq x| @ 3 iru w � 3 dv lv dvvxphg deryh/ [| @ 3 iru w � 3 dqg/ khqfh/ h[bf+g, @ 3= Lq wklv

fdvh/ h{suhvvlrq lq +7, ehfrphv

z� +�, @ z% +�,G?

�
h�b> g

�
� h�?bs

5�q
hG?b

�
h3�bO> g

�
[?

@ z% +�,G?

�
h�b> g

�
� 4s

5�q
h�?b h[b?+g,= +8,

Htxdwlrq +8, vkrzv wkdw wkh h{dfw uhodwlrq ehwzhhq z%+�, dqg z�+�, lqyroyhv d fruuhfwlrq

whup wkdw ghshqgv rq h[b?+g,= Wklv whup wkhuhiruh qhhgv wr eh frqvlghuhg lq vwxg|lqj wkh

dv|pswrwlf ehkdylru ri z%+�,> dqg dq| ixqfwlrq ri lw/ olnh wkh orj shulrgrjudp uhjuhvvlrq

hvwlpdwru1 Wkh dv|pswrwlf ehkdylru ri h[b?+g, dw wkh ixqgdphqwdo iuhtxhqflhv �r lv jlyhq lq

ohppd 614 ri Skloolsv +4<<<d, dqg lv vkrzq wr eh vhqvlwlyh wr wkh ydoxh ri v lq �r @
2Zr
?
= Khuh/

rxu pdlq irfxv ri lqwhuhvw lv wr ghyhors wkh ehkdylru ri h[b?+g, zkhq � @ �r @ 2Zr
?

$ 3>

wkh vlwxdwlrq zh doorz iru lq orj shulrgrjudp uhjuhvvlrq1 Wkh iroorzlqj ohppd lv edvhg rq

wkhruhp 615 ri Skloolsv +4<<<d,/ h{whqgv wkdw wkhruhp wr wkh fdvh zkhuh g A 4> dqg vkrzv

wkh dv|pswrwlf irup ri h[b?+g, zkhq [| lv d qrqvwdwlrqdu| iudfwlrqdo surfhvv1

516 Ohppd Iru � @ �r @
2Zr
?

$ 3 dv q $ 4/
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+d, Li [| iroorzv +4, zlwk �
2 ? g ? 4 dqg ?k

r
$ 3 iru vrph � 5 +�2 > 4,/ ru 4 ? g ? 5 +g 9@

�
2,> dqg x| lv gh�qhg lq +5,/ wkhq

4

q_

h[br?+g,s
q

@ � 4

q_
h�br

+4� h�br,�3_
[?s
q
. rR

#
4

q_
h�br

+4� h�br,�3_
[?s
q

$

@ �4

q

h�br

+4� h�br,�3_
[?

q_3
�

2

. rR

#
v_3�

q_

$
+9,

+e, Li [| iroorzv +4, zlwk g @ 4> wkhq

4

q

h[br?+g,s
q

@ �h�br

q

[?s
q
= +:,

+f, Li [| iroorzv +4, zlwk g @ �
2 dqg x| lv gh�qhg lq +5,/ wkhq

4

q_

h[br?+g,s
q

@ �4

q

h�br

+4� h�br,
�3_

[?

q_3
�

2

. rR

#
v_3�

q_

$
+;,

Wklv uhvxow vkrzv wkdw wkh vdph irupxodh dv wkrvh jlyhq lq Skloolsv +4<<<d, iru wkh fdvh

g 5 +�2 > 4, dovr dsso| zkhq g A 41 Wkh irupxod +:, lv sduwlfxoduo| vlpsoh iru g @ 4/ dqg wkh

uhvwulfwlrq rq wkh udqjh ri v lq fdvh ri �
2 ? g ? 4 lv uhod{hg iru g A 4= Dv pljkw eh h{shfwhg/

wkh ohdglqj whup lq wkh dv|pswrwlf dssur{lpdwlrq ri �
?_

hfbr?E_�I
?

lv wkh vdph dv zkhq g 5 +�2 > 4,=

Zkhq g @ �
2 > wkh irupxod +;, lv wkh vdph dv +9, ehfdxvh zh dvvxph x| @ 3> w � 3= Dv vkrzq lq

Olx +4<<;,/ li zh doorz iru suhklvwrulfdo lq xhqfh lq wkh iudfwlrqdo surfhvv [|> wkhq wkh rughu

ri[? zkhq g @ �
2 lv q

_3 �

2

s
oqq> l1h1/ q

�

2
3_+oqq,3

�

2[? @ RR +4, > zkhuhdv q
�

2
3_[? @ RR +4, iru

g 5 +�2 >
�
2,= Lq wkdw fdvh/ d plqru fkdqjh lq sduw +f, ri wkh ohppd 516 lv qhhghg wr lqfrusrudwh

wkh h�hfw ri wkh vorzo| ydu|lqj idfwru
s
oqq= Krzhyhu/ li x| @ 3> w � 3> wkhq zh kdyh wkh PD

uhsuhvhqwdwlrq

[| @ +4� O,3_ x| @
|[

&'f

+g,&
n$

x|3&>

dv lq +6, deryh/ dqg wkh rughu ri pdjqlwxgh ri[| lv �
?
> dv lv hdvlo| ghwhuplqhg +f1i1/ Jrxulhurx{/

Pdxuho/ dqg Prqiruw/ 4<;:,1

Ohppd 517 ehorz jlyhv dq dv|pswrwlf h{suhvvlrq iru wkh giw z% +�, lq whup ri z� +�, dqg

[?= Rxu pdlq lqwhuhvw lv lq wkh fdvh zkhuh � @ �r @
2Zr
?

$ 3= Iurp +8,

z% +�r, @ G?

�
h�b>g

�3� �
z% +�r, .

4s
5�q

h[b?+g,

�
> +<,

dqg xvlqj ohppd 516 dqg dq h{sdqvlrq iru wkh vlqxvrlgdo sro|qrpldo G?

�
h�b>g

�
jlyhq lq

ohppd 614 ri Skloolsv +4<<<d,/ zh kdyh wkh iroorzlqj dv|pswrwlf uhsuhvhqwdwlrq iru z% +�r, =
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517 Ohppd Zkhq � @ �r @
2Zr
?

$ 3/ dv q$ 4/ wkh iroorzlqj krog=

Li [| iroorzv +4, zlwk �
2 ? g ? 4 dqg ?k

r
$ 3 iru vrph � 5 +�2 > 4, ru 4 ? g ? 5> dqg x|

lv gh�qhg lq +5,/ wkhq

4

q_
z% +�r, @

�
4� h�br

�3_ 4

q_
z� +�r,� 4s

5�

4

q

h�br

+4� h�br,

[?

q_3
�

2

. rR

�
4

v

�
+43,

Wkh uhsuhvhqwdwlrq +43, idflolwdwhv wkh ghyhorsphqw ri dq dv|pswrwlf wkhru| iru iudf0

wlrqdoo| lqwhjudwhg wlph vhulhv1 Lw vkrzv wkdw wkh giw ri d iudfwlrqdoo| lqwhjudwhg surfhvv lv

frpsrvhg ri wzr vhsdudwh frpsrqhqwv1 Wkh �uvw ri wkhvh lqyroyhv wkh giw ri wkh lqqrydwlrq

x|> wkh vhfrqg lqyroyhv wkh ydoxh ri wkh �qdo vdpsoh revhuydwlrq [?= Wkh olplw ehkdylru ri

wkhvh wzr frpsrqhqwv lv douhdg| nqrzq1 Khqfh/ zh fdq ghyhors giw dv|pswrwlfv iru iudf0

wlrqdoo| lqwhjudwhg surfhvvhv e| dqdo|}lqj wkhvh wzr whupv/ udwkhu wkdq e| dwwhpswlqj wr

zrun gluhfwo| zlwk wkh giw ri [| lwvhoi1 D vhfrqg dgydqwdjh ri wkh qhz uhsuhvhqwdwlrq lv wkdw

lw iroorzv e| dojheudlf vlpsol�fdwlrq dqg grhv qrw ghshqg xsrq glvwulexwlrqdo vshfl�fdwlrqv

olnh Jdxvvldqlw|1 Doo wkdw lv qhhghg wr rewdlq +43, lv wkh jhqhudo olqhdu surfhvv irupxodwlrq

+5,1 D wklug dgydqwdjh lv wkdw wkh uhsuhvhqwdwlrq lq ohppd 515 krogv iru doo iuhtxhqflhv

�r @ 2Zr
?
> v @ 3> 4> ===> q � 4> pdnlqj lw khosixo lq wkh dv|pswrwlf dqdo|vlv ri d zlgh ydulhw|

ri txdqwlwlhv wkdw dulvh lq wkh vwxg| ri iudfwlrqdo surfhvvhv1 Wkh dv|pswrwlf uhsuhvhqwdwlrqv

lq ohppd 516 dqg 517 krog iru wkh iuhtxhqflhv qhdu wkh ruljlq/ zklfk lv hqrxjk iru prvw

vhplsdudphwulf dqdo|vhv ri iudfwlrqdoo| lqwhjudwhg surfhvvhv1 Zh fdq/ lq idfw/ jr ixuwkhu dqg

ghyhors dv|pswrwlf irupv iru wkh giw ri [| zkhq v lv �{hg/ dqg zkhq v $ 4 dqg �r $ ! 9@ 3>

dv zhoo dv zkhq �r $ 3 dv q $ 41 Wkhvh irupv duh jlyhq lq Skloolsv +4<<<d, iru g 5 +�2 > 4,=

Krzhyhu/ rqo| wkrvh zkhuh �r $ 3 dv q $ 4> dv lq ohppd 517/ duh qhhghg lq wkh suhvhqw

sdshu1

6 Orj0Shulrgrjudp Uhjuhvvlrq= wkh qrqvwdwlrqdu| fdvh

+d, Lqfrqvlvwhqf| ryhu 4 ? g ? 5

Vwduw e| zulwlqj wkh qrupdol}hg giw ri [| dffruglqj wr wkh ohppd 517 dv

z% +�r,

q_
@

�
4� h�br

�3_ 4

q_
z� +�r,� 4s

5�

4

q

h�br

+4� h�br,

[?

q_3
�

2

. rR

�
4

v

�
+44,

@

%
4

+�5�lv,_
z� +�r,� 4s

5�

4

+�5�lv,

[?

q_3
�

2

& �
4 . r

�
v

q

��
. rR

�
4

v

�
=

Wkhq/ wkh qrupdol}hg shulrgrjudp ri [| fdq eh zulwwhq dv

L% +�r,

q2_
@

�����
%

4

+�5�lv,_
z� +�r,� 4

+�5�lv,

[?s
5�q_3

�

2

& �
4 . r

�
v

q

��
. rR

�
4

v

������
2

+45,
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Khuh/ wkh grplqdqw whup lv
�

�
2Zr

�2 �
f?I

2Z?_3
�
2

�2

> zklfk lv RR

�
�
r2

�
> dqg doo wkh rwkhu whupv

duh ri ohvvhu rughu1 Wkhuhiruh/ +45, fdq eh sxw lq wkh irup

L% +�r,

q2_
@

�
4

5�

��� 4

v2

��
[?

q_3
�

2

�2

m4 . �?rm2 > +46,

zkhuh

�?r @

3EEC�+5�,
�

2
3_ 4

+�lv,_3�
z� +�r,�

f?

?
_3 �

2

�
4FFD. rR +4,

@= N�?r . rR +4, >

dqg

�?r @
4

v_3�
z� +�r,�

f?

?
_3 �

2

� > N @ � +�l,�3_ +5�, �23_ =

Uhzulwlqj +46, dv

L% +�r, @

�
4

5�

��
q

5�v

�2
#
q_

q

$2 �
[?

q_3
�

2

�2

m4 . �?rm2 >

zh rewdlq wkh iroorzlqj uhsuhvhqwdwlrq ri wkh orjdulwkp ri wkh shulrgrjudp=

oq +L% +�r,, @ oq

�
4

5�

�
. 5 oq

#
q_

q

$
� 5 oq +�r, . 5 oq

����� [?

q_3
�

2

�����. 5 oq m4 . �?rm = +47,

Wkh orj shulrgrjudp uhjuhvvlrq hvwlpdwru ri wkh phpru| sdudphwhu g lv edvhg rq olqhdu

ohdvw vtxduhv uhjuhvvlrq ri orj L% +�r, rq orj�r ryhu iuhtxhqflhv i�r> v @ 4> ===>pj = Lw kdv wkh
h{solflw irup

5 eg @ �
%

6[
r'�

{2r

&3� % 6[
r'�

{r orj L% +�r,

&
> +48,

zkhuh {r @ orj +�r,� orj +�,> dqg orj +�, @ �
6

S6
r'� orj +�r, = Iurp +47, zh ghgxfh wkdw

5+ eg� 4, @ �5

%
6[
r'�

{2r

&3� % 6[
r'�

{ry?

&
� 5

%
6[
r'�

{2r

&3� % 6[
r'�

{r orj m4 . �?rm
&
> +49,

zkhuh y? @ orj

����� f?

?
_3 �

2

����� =

Wkh iroorzlqj uhvxow jlyhv wkh lqfrqvlvwhqf| ri eg zkhq 4 ? g ? 5=
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614 Wkhruhp Ohw [| iroorz +4, zlwk 4 ? g ? 5 dqg x| vdwlvi| +5,= Li 6
?
$ 3/ wkhq eg R$ 4=

Wkh frqglwlrqv rq wkh iuhtxhqf| edqg i�r> 4 ? v ? pj zkhuh 6
?
$ 3 uhvwulfw wkh udqjh ri

wkh h�hfwlyh vdpsoh vl}h p +wkh qxpehu ri shulrgrjudp ruglqdwhv, lq wkh uhjuhvvlrq +48,1 Lq

sduwlfxodu/ wkh uhvwulfwlrq uhtxluhv rqo| wkdw p whqgv wr lq�qlw| vorzhu wkdq wkh ixoo vdpsoh

q= Frpprqo| xvhg uxohv olnh p @ RR+q
2

� ,> RR+q
�

2 ,> ru wkh rswlpdo fkrlfh/ p @ RR+q
e

D ,>

vxjjhvwhg e| Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;,/ erwk vdwlvi| wklv frqglwlrq1 Wulpplqj orz

iuhtxhqflhv +N qvfk/ 4<;:> Urelqvrq/ 4<<8d, lv qrw qhfhvvdu|/ dv vkrzq lq Kxuylfk/ Ghr/ dqg

Eurgvn| +4<<;, iru vwdwlrqdu| iudfwlrqdo surfhvvhv +vhh dovr Yhodvfr/ 4<<<d,1 Wkhlu uhvxowv/

zklfk dovr lqfoxgh vrph olplw glvwulexwlrq wkhru|/ ghshqg rq x| ehlqj Jdxvvldq lq +4,/ zkhuhdv

wkhruhp 614 grhv qrw1 Qr xsshu erxqg rq p lv lpsrvhg1

Wkhruhp 614 vkrzv wkdw wkh orj shulrgrjudp uhjuhvvlrq hvwlpdwru lv lqfrqvlvwhqw dqg kdv

xqlw| dv lwv olplw lq suredelolw| ryhu wkh lqwhuydo 4 ? g ? 51 Wkh hvwlpdwru fdq wkhuhiruh

eh h{shfwhg wr eh v|vwhpdwlfdoo| eldvhg zkhq wkh wuxh ydoxh ri g lv juhdwhu wkdq xqlw|/ dqg

vhyhuho| eldvhg zkhq g lv zhoo deryh xqlw|1 Wklv ehkdylru lv dssduhqw lq wkh vlpxodwlrq uhvxowv

ri Kxuylfk dqg Ud| +4<<8, dqg Yhodvfr +4<<<e,1

Zh frqfoxgh wkdw wkh hvwlpdwru eg kdv xqlw| dv lwv suredelolw| olplw ryhu wkh zkroh lq0

whuydo 4 ? g ? 5= Rq wkh rwkhu kdqg/ wkh orj shulrgrjudp hvwlpdwru lv frqvlvwhqw ryhu wkh

qrqvwdwlrqdu| grpdlq �
2 � g ? 4> dv wkh iroorzlqj vhfwlrq vkrzv1

+e, Frqvlvwhqf| ryhu �
2 ? g ? 4

AIurp ohppd 517/ wkh uhsuhvhqwdwlrq ri �%Ebr�
?_

lv wkh vdph dv +44, iru wkh �
2 ? g ? 4 fdvh

dqg/ wkhuhiruh/ wkh irupxod iru wkh qrupdol}hg shulrgrjudp lv dovr wkh vdph dv +45,1 Wkxv/

L% +�r,

q2_
@

�����
%

4

+�5�lv,_
z� +�r,� 4

+�5�lv,

[?s
5�q_3

�

2

& �
4 . r

�
v

q

��
. rR

�
4

v

������
2

+4:,

@

�
4

5�

�2 � 4

v2

��
[?

q_3
�

2

�2

m4 . �?rm2 >

zkhuh wkh vdph irupxod iru �?r dssolhv1 Krzhyhu/ lq +4:, wkh grplqdqw whup lv
�

�
2Zr

�2_ mz� +�r,m2 @�
�

2Zr

�2_
L� +�r, zklfk lv RR

�
�
r2_

�
> dqg lw lv wkh rwkhu whupv wkdw duh qrz ri ohvvhu rughu1 Du0

udqjlqj +4:, jlyhv

L% +�r,

q2_
@

�
4

5�

�2_� 4

v2_

��
[?

q_3
�

2

�2

��������
z� +�r,�

f?

?
_3 �

2

� .R

�
4

v�3_

�
. rR

�
4

v�3_

���������
2

@

�
4

5�

�2_� 4

v2_

��
[?

q_3
�

2

�2 �����?r .R

�
4

v�3_

�
. rR

�
4

v�3_

�����2 > +4;,
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zkhuh

�?r @
z� +�r,�

f?

?
_3 �

2

� =
Qrz/ +4;, fdq eh zulwwhq dv

L% +�r, @
4

+5�,2_

�
q

5�v

�2_� [?

q_3
�

2

�2 �����?r .R

�
4

v�3_

�
. rR

�
4

v�3_

�����2 >
dqg wkh orj shulrgrjudp uhjuhvvlrq htxdwlrq fdq eh irupxodwhg dv

oq +L% +�r,, @ f� 5g oq�r . 5 ? . 5 oq m�?rm > +4<,

zkhuh  ? @ oq

����� f?

?
_3 �

2

����� > f @ �5g oq +5�, = Wkh irupxodwlrq lq +4<, krogv vwulfwo| ryhu iuh0

txhqflhv �r zlwk v � o dqg ?k

,
$ 3 iru vrph � 5 +�2 > 4,= Krzhyhu/ lw wxuqv rxw wkdw zh

fdq uhod{ wklv wulpplqj uhvwulfwlrq +yl}1 v A o, lq rxu dv|pswrwlf ghyhorsphqw/ vr wkdw wkh

orj shulrgrjudp hvwlpdwru zh frqvlghu kdv wkh xvxdo gh�qlwlrq dv wkh olqhdu ohdvw vtxduhv

uhjuhvvlrq ri oq L% +�r, rq �r ryhu wkh ixoo vhw ri iuhtxhqflhv i�r> v @ 4> ===>pj = Dv zh vkrz
lq wkh dsshqgl{/ wkh uhsuhvhqwdwlrq ri wkh orjdulwkp ri wkh shulrgrjudp lv d olwwoh gl�huhqw

iurp +4:, ryhu wkh iuhtxhqflhv i�r> v @ 4> ===> oj = Wkh iroorzlqj uhvxow jlyhv wkh frqvlvwhqf| rieg ryhu �
2 ? g ? 4=

615 Wkhruhp Li [| iroorzv +4, zlwk �
2 ? g ? 4> li x| vdwlv�hv +5, dqg %| ixo�oov d Fudpìu

w|sh frqglwlrq/ l1h1

< � A 3> s A 3> vxfk wkdw ; mwm A s mH h{s +lw%|,m � 4� �> +53,

dqg ]
mH h{s +lw%|,mR gw ? 4iru vrph lqwhjhu s � 4> +54,

dqg li 6
?
. ,E*??�2

6
$ 3/ wkhq eg R$ g=

Wkh wzr dgglwlrqdo frqglwlrqv +53, dqg +54, rq %| duh qhhghg iru wkh surri ri wkh frq0

vlvwhqf| ri wkh hvwlpdwru1 Qhlwkhu lv yhu| uhvwulfwlyh1 Frqglwlrq +53, lv d irup ri Fudpìu

frqglwlrq +vhh/ h1j1 Ekdwwdfkdu|d dqg Udr/ 4<:9,/ dqg krogv iru glvwulexwlrqv zlwk d qrq

}hur devroxwho| frqwlqxrxv sduw1 Frqglwlrq +54, hqvxuhv wkdw wkh ghqvlw| ri
S?

|'� %| h{lvwv

zkhqhyhu q � s= Vrph ixuwkhu glvfxvvlrq lv jlyhq lq wkh dsshqgl{1

D uhodwhg frqvlvwhqf| uhvxow iru orj shulrgrjudp uhjuhvvlrq ryhu �
2 ? g ? 4 kdv uhfhqwo|

ehhq hvwdeolvkhg e| Yhodvfr +4<<<d, xqghu vwurqjhu frqglwlrqv1 Lq wkdw zrun/ wkh uhjuhvvlrq

hvwlpdwru wulpv rxw orz iuhtxhqf| ruglqdwhv/ wkh uhvwulfwlrqv rq wkh qxpehu ri ruglqdwhv lq wkh

uhjuhvvlrq duh d olwwoh vwurqjhu wkdq wkrvh ri Urelqvrq +4<<8d,/ dqg Jdxvvldqlw| lv uhtxluhg/
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dv lq hduolhu dqdo|vlv ri orj shulrgrjudp uhjuhvvlrq1 Wkh uhvxowv lq wkh suhvhqw sdshu uho|/

lq wkh pdlq/ rq wkh uhsuhvhqwdwlrq ri ohppd 517 dqg duh iuhh iurp vshfl�f glvwulexwlrqdo

dvvxpswlrqv1

7 Frqfoxglqj Uhpdunv

Wklv sdshu kdv dgguhvvhg frqvlvwhqf| lvvxhv iru orj shulrgrjudp uhjuhvvlrq zlwk qrqvwdwlrq0

du|/ iudfwlrqdoo| lqwhjudwhg wlph vhulhv1 Lw kdv ehhq vkrzq wkdw wkhuh lv d pdmru gl�huhqfh

ehwzhhq wkh wzr qrqvwdwlrqdu| fdvhv zkhuh �
2 ? g ? 4 dqg g A 4= Zkhq g A 4> wkh orj

shulrgrjudp uhjuhvvlrq hvwlpdwru lv lqfrqvlvwhqw/ frqyhujhv wr xqlw| lq suredelolw| iru doo

g 5 +4> 5,> dqg/ dv suhylrxv vlpxodwlrq h{shulphqwv kdyh vkrzq/ dsshduv wr eh vhulrxvo| el0

dvhg lq �qlwh vdpsohv1 Rq wkh rwkhu kdqg/ zkhq �
2 ? g ? 4> wkh orj shulrgrjudp uhjuhvvlrq

hvwlpdwru lv frqvlvwhqw xqghu txlwh jhqhudo frqglwlrqv1 Wkh fdvh g @ 4 kdv ehhq vwxglhg

uhfhqwo| e| Skloolsv +4<<<e,/ dqg lq wklv fdvh wkh hvwlpdwru lv frqvlvwhqw dqg kdv d pl{hg

qrupdo olplw glvwulexwlrq1

Lq doo ri wkhvh fdvhv/ wkh wlph vhulhv duh qrqvwdwlrqdu|1 Exw/ wkhuh lv dq lpsruwdqw gl�huhqfh

ehwzhhq qrqvwdwlrqdu| vhulhv zlwk �
2 ? g ? 4 dqg wkrvh zlwk g � 4= Lq sduwlfxodu/ zkhq g ? 4>

wkh frqvwlwxhqw lqqrydwlrqv lq wkh wlph vhulhv duh qrw shuvlvwhqw/ lq wkh vhqvh wkdw wkh lpsdfw

ri d xqlw lqqrydwlrq dw wlph w rq wkh surfhvv hyhqwxdoo| ydqlvkhv> zkhuhdv iru qrqvwdwlrqdu|

surfhvvhv zlwk g � 4> wkh h�hfwv ri wkh lqqrydwlrqv gr qrw hyhqwxdoo| ydqlvk1

Lw lv iurp wkh sudfwlfdo vwdqgsrlqw ri hpslulfdo uhvhdufk wkdw wkh lqfrqvlvwhqf| iru g A 4

pd| kdyh wkh prvw lpsruwdqw frqvhtxhqfhv1 Lq sudfwlfh/ zh uduho| kdyh dq| sulru lqiru0

pdwlrq derxw wkh pdjqlwxgh ri wkh phpru| sdudphwhu dqg lw lv wkhuhiruh ghvludeoh wr kdyh

surfhgxuhv ri hvwlpdwlrq dqg lqihuhqfh wkdw kdyh vdwlvidfwru| surshuwlhv ryhu d udqjh ri sodx0

vleoh sdudphwhu ydoxhv1 Iru vrph vhulhv/ olnh sulfhv dqg prqhwdu| djjuhjdwhv/ wkh udqjh ri

sodxvleoh sdudphwhu ydoxhv vhhp prvw olnho| wr lqfoxgh wkh uhjlrq g A 4= Lqihuhqfh derxw wkh

phpru| sdudphwhu iru wkh ohyhov ri vxfk vhulhv xvlqj orj shulrgrjudp uhjuhvvlrq wkhuhiruh

vhhpv kd}dugrxv xvlqj frqyhqwlrqdo orj shulrgrjudp uhjuhvvlrq1

Wkh irupxodh jlyhq lq Ohppd 517 uhyhdo wkh prgl�fdwlrqv wr wkh orj shulrgrjudp hvwl0

pdwru wkdw duh qhhghg wr dyrlg wkh lqfrqvlvwhqf| ryhu g A 4= Lq sduwlfxodu/ wkh vhfrqg whup

rq wkh uljkw vlgh ri wkh giw uhsuhvhqwdwlrq +43, vxjjhvwv wkdw zh pd| uhsodfh wkh giw z%+, lq

orj shulrgrjudp fdofxodwlrqv e| wkh revhuydeoh txdqwlw|

z% +�r, .
4s
5�

h�br

+4� h�br,

[?s
q
>

zklfk gluhfwo| holplqdwhv wkh whup wkdw lv uhvsrqvleoh iru wkh eldv1 Wklv prgl�hg orj shul0

rgrjudp uhjuhvvlrq hvwlpdwru zdv vxjjhvwhg lq Skloolsv +4<<<d, dqg lwv surshuwlhv duh h{soruhg

lq d vxevhtxhqw sdshu e| wkh dxwkruv1
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8 Dsshqgl{

814 Surri ri Ohppd 516 Zkhq �
2 ? g ? 4> dqg g @ 4 wkh uhvxowv iru sduwv +d, dqg +e,

duh jlyhq lq Skloolsv +4<<<d,1 Vr zh qhhg rqo| vkrz wkh g A 4 fdvh iru wkh surri ri sduw +d,1
Vwduw zlwk sduw +d, zkhq g A 4= Iroorzlqj wkh surri ri wkhruhp 615 ri Skloolsv +4<<<d,/

zh zulwh h[br?+g, dv wkh vxp ri wzr frpsrqhqwv zlwk s � O dqg s A O= Wkh fkrlfh ri O zloo
eh glvfxvvhg odwhu1 Zh kdyh

h[br?+g, @
hG?br

�
h�brO>g

�
[? @

?3�[
R'f

hgbrRh3�Rbr[?3R @
?3�[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr[?3R

@
u[

R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr[?3R .
?3�[

R'un�

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr[?3R= +55,

Wkhq/ dv lq wkh surri ri wkhruhp 615 lq Skloolsv +4<<<d,/ zh jhw

4

q�3_

u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr

@ h�br
4

q�3_

"[
R'f

+�g,Rn�

+s. 4,$
2I�

�
4 . s� g> 4> s. 5> h�br

�
.R

�
O

qv

�

.h�br
4

q�3_

"[
R'un�

+�g,Rn�

+s. 4,$
2I�

�
4 . s� g> 4> s. 5> h�br

�
zkhuh 2I� ghqrwhv wkh k|shujhrphwulf ixqfwlrq1 Qrz

"[
R'f

+�g,Rn�

+s. 4,$
2I�

�
4 . s� g> 4> s. 5> h�br

�

@
"[
R'f

+�g,Rn�

+s. 4,$

"[
&'f

+4 . s� g,& +4,&
+n,$ +s. 5,&

h�br&

@
"[
R'f

"[
&'f

�+s. 4� g,

� +�g,� +s. 5,

� +n . s. 4� g,

� +s. 4� g,

� +s. 5,

� +n . s. 5,
h�br&

@
"[
R'f

"[
&'f

�+n . s. 4� g,

� +�g,� +n . s. 5,
h�br&=

Qrwh wkdw "[
R'f

"[
&'f

���� �+n . s. 4� g,

� +�g, � +n . s. 5,
h�br&

���� ? 4>

iru g A 4> zklfk lv d vx!flhqw frqglwlrq iru h{fkdqjlqj vxppdwlrq dqg frqyhujhqfh ri grxeoh
vxppdwlrq z1u1w1 s> n= Iroorzlqj wkh pdqlsxodwlrq lq Skloolsv +4<<<d,/ zh kdyh

"[
R'f

+�g,Rn�

+s. 4,$
2I�

�
4 . s� g> 4> s. 5> h�br

�
@ � h�br

+4� h�br,�3_
>
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zklfk lv �qlwh iru doo ydoxhv ri �r iru g A 4= Pruhryhu
"[

R'un�

+�g,Rn�

+s. 4,$
2I�

�
4 . s� g> 4> s. 5> h�br

�
@ r +4,

vlqfh lw lv d wdlo vxp ri d frqyhujhqw vhulhv1 Zh wkhuhiruh kdyh

4

q�3_

u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr @ � 4

q�3_
h�br

+4� h�br,�3_
.R

�
O

qv

�
. r

�
q�3_

�
+56,

Khqfh/

4

q_

57 4

q�3_

u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr

68 @ � 4

q_
4

q�3_
h�br

+4� h�br,�3_
.R

�
4

q_
O

qv

�
. r

�
q�32_

�
+57,

@ R

#
v_3�

q_

$
.R

�
4

q_
O

qv

�
. r

�
q�32_

�
>

zklfk krogv lq wkh g A 4 fdvh1 Wkh �uvw whup lq +57, lv R
�
v_3�@q_

�
> zklfk fohduo| grplqdwhv

wkh vhfrqg whup zkhq O @ q�3q zlwk � A �
2 +vhh ehorz, dqg dovr grplqdwhv wkh wklug whup1

Wkhuhiruh/ wkh olplw ehkdylru ri wkh �uvw whup lq +55, fdq eh zulwwhq dv

4

q_

57 u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr
[?3Rs

q

68
@

4

q_

57 4

q�3_

u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr
[?3R
q_3

�

2

68
@

4

q_

57 4

q�3_

u[
R'f

3C ?[
&'Rn�

+�g,&
n$

h�&br

4D h3�Rbr
�
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q_3
�

2

. rR +4,

�68
@

4
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Vlqfh wkh gl�huhqfh ehwzhhq wzr whupv lq +58, lv qhjoljleoh dffruglqj wr +56,/ dqg vr lv wkh
wdlo vxp lq +59,/ lw iroorzv wkdw wkh rughu ri wkh vhfrqg whup lq +55, lv rR

�
r_3�

?_

�
/ dqg khqfh

lw pd| eh qhjohfwhg1
Wr frqfoxgh sduw +d,/ zh pd| wkhuhiruh h{whqg wkh uhvxow lq wkhruhp 615+e, lq Skloolsv
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Wkh surri ri sduw +f, lv wkh vdph dqg lv rplwwhg1

815 Surri ri Ohppd 517 AIurp ohppd 614 lq Skloolsv +4<<<d,/ zh kdyh wkh iroorzlqj
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Wkh iroorzlqj vlpsoh ohppd lv xvhixo dv zh surfhhg zlwk wkh uhpdlqlqj surriv1
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Surri Zulwh
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zkhuh F6 dqg G6 duh frqvwdqwv +h1j1/ htxdwlrq +9, lq Jhzhnh dqg Sruwhu0Kxgdn/ 4<;6,1
Dffruglqj wr ohppd 816/
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iurp wkh uhsuhvhqwdwlrq ri wkh orjdulwkp ri wkh shulrgrjudp lq +47, dqg +49,1 Qrz/ revhuyh
wkdw wkh �uvw whup ri +5<, lv lghqwlfdoo| }hur/ dqg wkhuhiruh zh qhhg wr vkrz wkdw wkh vhfrqg
whup lq +5<, frqyhujhv wr }hur lq rughu wr hvwdeolvk wkh lqfrqvlvwhqf| ri wkh orj shulrgrjudp
hvwlpdwru1 Iluvw/ zh vkrz wkdw
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Wkurxjkrxw wkh iroorzlqj surri zh xvh d grplqdwlrq dujxphqw wr hvwdeolvk +63,1 Wkdw lv/ zh
zloo vkrz ������ 4p
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������ @ rR +4, =

Qrwh wkdw wkh iroorzlqj lqhtxdolw| krogv iru doo {

moq m4 . {mm � m{m. m{m
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Qh{w/ zh jlyh d ohppd zklfk hqdeohv xv wr fdofxodwh wkh prphqwv ri wkh orjdulwkplf
ixqfwlrq ri wkh shulrgrjudp/ zklfk lv qhhghg iru wkh surri ri Wkhruhp 6161 Wkh vwdwlvwlfdo
surshuwlhv ri qrq0olqhdu ixqfwlrqv ri wkh shulrgrjudp ri vwdwlrqdu| surfhvvhv kdyh ehhq h{0
soruhg hduolhu lq wkh olwhudwxuh/ qrwdeo| e| Fkhq dqg Kdqqdq +4<;3,/ Yrq Vdfkv +4<<7,/ dqg
Mdqdv dqg Yrq Vdfkv +4<<8,/ dqg wkhlu uhvxowv iru wkh prphqwv ri vxfk qrq0olqhdu ixqfwlrqv
duh qrw ghshqghqw xsrq Jdxvvldqlw| dvvxpswlrqv1 Zh zloo xvh wkh iroorzlqj ohppd/ zklfk lv
d voljkwo| prgl�hg yhuvlrq ri Ohppd D14 lq Mdqdv dqg Yrq Vdfkv +4<<8,1

818 Ohppd Dvvxph wkdw l1l1g1 vhtxhqfh %| vdwlv�hv wkh Fudpìu*v frqglwlrq + 53, dqg frq0
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zkhuh ] ghqrwhv d vwdqgdug h{srqhqwldoo| glvwulexwhg udqgrp yduldeoh +l1h1 zlwk sdudphwhu
4, dqg � lv wkh Hxohu*v Jdppd1 Wkh iuhtxhqf| lqgh{ m fdq eh dq| qxpehu vxfk wkdw 4 ?

m ? ?
2 > l1h1/ wkh ohppd krogv luuhvshfwlyh ri m1

Wkh Fudpìu frqglwlrq lv qhhghg iru wkh dssur{lpdwlrq ri wkh mrlqw ghqvlw| ri glvfuhwh
Irxulhu wudqvirupv dqg iru qrq0olqhdu ixqfwlrqv ri wkh giw/ exw lv qrw hqrxjk iru wkh orj0
dulwkplf ixqfwlrq ehfdxvh ri wkh vlqjxodu ehkdylru ri oq{ dw { @ 3> dv glvfxvvhg lq wkh
surri ri Fruroodu| 617 ri Mdqdv dqg Yrq Vdfkv +4<<8,1 Wkh dgglwlrqdo dvvxpswlrq +54, wdnhv
fduh ri wklv gl!fxow| e| hqvxulqj wkdw wkh glvwulexwlrq ri L0 +��, lv devroxwho| frqwlqxrxv iru
vx!flhqwo| odujh q=
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81: Ohppd Li Dvvxpswlrq 514 dqg wkh dvvxpswlrqv lq wkhruhp 616 krog/ wkhq
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Pruhryhu/ iru doo v ? p vxfk wkdw 6
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mz0 +�r,m @ RR

�
q
�

2
3B

�
iru vx!flhqwo| odujh q/ vlqfh z0 +�r, kdv d frqwlqxrxv glvwulexwlrq iru odujh hqrxjk q dqg
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frqvlvwhqf| ri orj shulrgrjudp uhjuhvvlrq iru �
2 ? g ? 4=

Uhihuhqfhv

^4` Djldnorjorx/ F1/ S1 Qhzerog dqg P1 Zrkdu +4<<6,1 �Eldv lq dq Hvwlpdwru ri wkh Iudf0
wlrqdo Gl�huhqfh Sdudphwhu�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 47/ 56805791

^5` Dnrqrp/ M1 dqg F1 Jrxulhurx{1 +4<;:,1 D Ixqfwlrqdo Fhqwudo Olplw Wkhruhp iru Iudf0
wlrqdo Surfhvvhv/ Glvfxvvlrq Sdshu &;;34/ FHSUHPDS/ Sdulv1

^6` Ekdwwdfkdu|d/ U1 Q1 dqg U1 U1 Udr +4<:9,1 Qrupdo Dssur{lpdwlrq dqg Dv|pswrwlf
H{sdqvlrqv/ Qhz \run= Zloh|1
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^7` Eorrp�hog/ S1 +4<<4,1 �Wlph Vhulhv Phwkrgv�/ lq Vwdwlvwlfdo Wkhru| dqg Prghoolqj/ Orq0
grq/ Fkdspdq dqg Kdoo/ 48504:91

^8` Fkhq/ ]10J1 dqg H1 M1 Kdqqdq1 +4<;3,1 �Wkh Glvwulexwlrq ri Shulrgrjudp Ruglqdwhv�/
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 4/ :60;51

^9` Fkhxqj/ \0Z1 dqg N1 V1 Odl1 +4<<6,1 �D Iudfwlrqdo Frlqwhjudwlrq Dqdo|vlv ri Sxufkdvlqj
Srzhu Sdulw|�/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 44/ 43604451

^:` Jhzhnh/ M1 dqg V1 Sruwhu0Kxgdn +4<;6,1 �Wkh Hvwlpdwlrq dqg Dssolfdwlrq ri Orqj Php0
ru| Wlph Vhulhv Prghov�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 7/ 554056:1

^;` Jrxulhurx{/ F1/ I1/ D1 Pdxuho/ dqg D1 Prqiruw +4<;:,1 �Uhjuhvvlrq dqg Qrqvwdwlrqdul0
w|�/ Qr1 ;:3;/ Lqvwlwxw Qdwlrqdo gh od Vwdwlvwltxh hw ghv Hwxghv Hfrqrpltxhv/ Iudqfh1

^<` Kxuylfk/ F1 P1 dqg E1 N1 Ud| +4<<8,1 �Hvwlpdwlrq ri wkh Phpru| Sdudphwhu iru Qrq0
vwdwlrqdu| ru Qrqlqyhuwleoh Iudfwlrqdoo| Lqwhjudwhg Surfhvvhv�/ Mrxuqdo ri Wlph Vhulhv
Dqdo|vlv 49/ 4:0751

^43` Kxuylfk/ F1 P1/ U1 Ghr dqg M1 Eurgvn| +4<<;,1 �Wkh Phdq Vtxduhg Huuru ri Jhzhnh dqg
Sruwhu Kxgdn*v Hvwlpdwru ri wkh Phpru| Sdudphwhu ri d Orqj Phpru| Wlph Vhulhv�/
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 4</ 4<0791

^44` Mdqdv/ M1 dqg U1 Yrq Vdfkv +4<<8,1 �Frqvlvwhqf| iru Qrq0Olqhdu Ixqfwlrqv ri wkh Shul0
rgrjudp ri Wdshuhg Gdwd�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 49/ 8;809391

^45` N qvfk/ K1 U1 +4<;:,1 �Vwdwlvwlfdo Dvshfwv ri Vhoi0Vlplodu Surfhvvhv�/ Surfhhglqjv ri wkh
Iluvw Zruog Frqjuhvv ri wkh Ehuqrxool Vrflhw| Yro1 4/ 9:0:7/ YQX Vflhqfh Suhvv1

^46` Olx/ P1 +4<<;,1 �Dv|pswrwlfv ri Qrqvwdwlrqdu| Iudfwlrqdo Lqwhjudwhg Vhulhv�/ Hfrqrphw0
ulf Wkhru| 47/ 97409951

^47` Pd|qdug/ D1 dqg S1 F1 E1 Skloolsv1 +4<<;,1 �Uhwklqnlqj dq Rog Hpslulfdo Sx}}oh= Hfrqr0
phwulf Hylghqfh rq wkh Iruzdug Glvfrxqw Dqrpdo|1� \doh Xqlyhuvlw|/ plphrjudskhg1

^48` Skloolsv/ S1 F1 E1 +4<<;,1 �Hfrqrphwulf Dqdo|vlv ri Ilvkhu*v Htxdwlrq�/ Frzohv Irxqgd0
wlrq Glvfxvvlrq Sdshu &44;3/ \doh Xqlyhuvlw|1

^49` Skloolsv/ S1 F1 E1 +4<<<d,1 �Glvfuhwh Irxulhu Wudqvirupv ri Iudfwlrqdo Surfhvvhv�/ \doh
Xqlyhuvlw|/ plphrjudskhg1

^4:` Skloolsv/ S1 F1 E1 +4<<<e,1 �Xqlw Urrw Orj0Shulrgrjudp Uhjuhvvlrq�/ \doh Xqlyhuvlw|/
plphrjudskhg1

^4;` Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,1 �Dv|pswrwlfv iru Olqhdu Surfhvvhv/� Wkh Dqqdov
ri Vwdwlvwlfv 53/ <:4�43341

^4<` Urelqvrq/ S1 P1 +4<<8d,1 �Orj Shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv zlwk Orqj Php0
ru| Ghshqghqfh�/ Wkh Dqqdov ri Vwdwlvwlfv 56/ 437;043:51



5:

^53` Urelqvrq/ S1 P1 +4<<8e,1 �Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Orqj Udqjh Ghshq0
ghqfh�/ Wkh Dqqdov ri Vwdwlvwlfv 56/ 4963049941

^54` Yhodvfr/ F1 +4<<<d,1 �Qrq0Vwdwlrqdu| Orj0Shulrgrjudp Uhjuhvvlrq�/ Mrxuqdo ri Hfrqr0
phwulfv <4/ 65806:41

^55` Yhodvfr/ F1 +4<<<e,1 �Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Qrq0Vwdwlrqdu| Wlph Vh0
ulhv�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 53/ ;:045:1

^56` Yrq Vdfkv/ U1 +4<<7,1 �Shdn0Lqvhqvlwlyh Qrqsdudphwulf Vshfwuxp Hvwlpdwlrq�/ Mrxuqdo
ri Wlph Vhulhv Dqdo|vlv 48/ 75<07851


