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Abstract

An agent decides when to take an irreversible action while learning dynamically
whether it will succeed. He is reputation-driven, seeking to signal his ability to learn.
In equilibrium, the agent engages in contrarian behavior: at any time, he acts for a
larger range of beliefs when the prior probability of success is lower. Reputation
induces systematic distortions in decision timing: the agent acts prematurely when
it is highly disadvantageous ex ante, and with delay when it is advantageous.
Distortions can dynamically reverse under moderate priors, with premature action

at the beginning of the research process and excess caution later.
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1. Introduction

Decision makers often decide how long to acquire information before taking an
irreversible action. This is typically modeled as a Wald problem, where the stopping

decision is driven by an exogenous tradeoff between accuracy and timeliness.

In practice, however, such decisions are frequently made by agents who face
reputational concerns and therefore have incentives to signal their competence. For
example, a politician deciding whether to implement a new policy may consider how
this decision and its timing affect public perceptions of his decision-making ability, as
this can influence his re-election prospects. Similarly, managers are often tasked with
deciding whether to make irreversible investments in new projects and technologies, and
may be concerned with how the speed and success of such decisions reflect their ability
to identify profitable ventures. Indeed, the influence of CEO reputational concerns on
corporate investment decisions is empirically documented (Nadeem, Zaman, Suleman,
and Atawnah, 2021). In such settings, accuracy and timeliness are of endogenous value to

the agent in signaling his competence.

I study an agent who takes an irreversible action under uncertainty. This agent seeks
a reputation for learning, strategically stopping to signal a high learning ability. I pose
two questions. First: what is the optimal stopping behavior of a reputation-driven agent?
I consider how this behavior differs qualitatively from that in a standard Wald problem.
Second, I ask how distortions in decision timing depend on the nature of the decision
problem.

I present a model of optimal stopping with reputational motives. An agent (e.g.,
manager) dynamically learns whether some irreversible action will succeed or fail (i.e.,
the state), and decides when to stop learning and act before some exogenous deadline.
The agent may be either good, receiving an informative signal in every period, or bad,
receiving no information. He faces a combination of two objectives: a decision payoff
which is an exogenous payoff from accurate and timely decision making as in a standard
Wald problem, and a reputation payoff which is the belief of an outside observer (e.g., the
market) that he is of high ability. This belief is formed ex post with knowledge of both
the agent’s stopping behavior and whether the action was a success or failure. I seek to

understand how this reputation payoff affects the agent’s behavior.

In equilibrium, the agent engages in contrarian behavior: at any time, he acts for
a greater range of beliefs when success is ex ante less likely. This stands in contrast
to a standard Wald problem, where behavior is dictated solely by the posterior belief.
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Contrarian behavior is driven by the endogenous impact of speed on reputation: speed is
reputationally rewarded conditional on success but penalized under failure, and crucially,
the relative magnitudes of this reward and penalty depend on the prior. When success is
a priori unlikely, acting quickly and succeeding strongly signals learning ability, yielding
a large reputational benefit, while acting quickly and failing is relatively uninformative
and carries only a small reputational cost. This incentivizes early action. Meanwhile,
when success is likely, acting quickly on a success does little to signal learning ability, but
acting quickly on a failure carries a large reputational cost. The agent therefore waits until

he is highly confident that success will occur before acting.

I then more generally consider the distortionary effects of reputation on the timing of
action. I find that reputation can cause either premature or delayed action, and which
type of distortion arises depends on the nature of the decision problem. Furthermore,

distortions can reverse over the course of the research process.

When acting is highly disadvantageous from an ex ante perspective, reputation causes
the agent to act prematurely at every stage of the learning process. This arises not only
when the prior of success is low, reflecting the agent’s contrarian motive, but also when
the upside of success is small or the downside of failure is large. Intuitively, this is because
in such decision problems, acting is always highly suboptimal for the bad agent’s decision
payoff. However, a good agent may potentially learn over time that success will indeed
occur, making acting optimal. In equilibrium, acting quickly thus serves as a signal that
the agent is good at learning, one that is costly for the bad agent’s decision payoff and
thus credible. This induces premature action in every period. Conversely, when acting
is highly advantageous a priori (due to a high prior of success, high upside of success,
or low downside of failure), the opposite effect arises: reputation induces delay or excess
caution. In this case, acting quickly is always the optimal course of action for the bad
agent’s decision payoff, while the good agent may acquire information leading him to
believe that abstention is optimal. Thus, abstaining serves as a costly signal that the agent
is good, leading to delay.

When the prior probability of success is moderate, distortions can dynamically reverse:
the agent switches from premature action early in the research process to a reluctance to
act later on. Such reversals occur when discounting is low (i.e., the agent is patient).
In such decision problems, the optimal rule in the absence of reputation entails acting
in early periods only if very confident that success will occur, as the option value of
waiting is high. However, the reputational reward from speed induces the agent to act
prematurely. As there is increasingly less time left for research, the option value of waiting



declines, but late action indicates a lack of earlier informative signals. Late action can thus

be reputationally damaging, making the agent hesitant to act.

In the context of irreversible investment, these results suggest that reputation should
induce over-investment in projects that are long shots and under-investment in ones
that are relatively safe or promising. This prediction is consistent with evidence
from pharmaceutical R&D. Pammolli, Magazzini, and Riccaboni (2011) document a
decline in R&D productivity between 1990 and 2011, and show that it is largely driven
by a reallocation of research expenditures towards drugs with lower probabilities of
success. While they do not identify reputation as the motive for such behavior, the
pattern is consistent with the distortions documented here. This paper also provides
testable implications regarding the research process: managers conduct insufficient
research before investing in speculative ventures while simultaneously exhibiting excess
caution, and thus prolonging the research process, for ventures that are unlikely to fail.
Meanwhile, for ventures with an intermediate probability of success, managers can be
too eager to invest at the beginning of the research process but become overly hesitant
towards its end. These results suggest that reputational motives can cause agents to
respond inadequately to their informational environment by either under-experimenting

or hesitating to act on information gathered via research.

This paper contributes to the literature on real options models of investment, in which
a decision maker chooses when to invest under uncertainty. In canonical settings (Dixit
and Pindyck (1994), McDonald and Siegel (1986)), this uncertainty concerns future flow
payoffs, not the underlying data generating process. More closely related are papers that
incorporate dynamic learning (Bernanke (1983), Cukierman (1980), Décamps, Mariotti,
and Villeneuve (2005)). While these papers characterize the optimal stopping rule, I

consider how a desire to signal learning ability causes deviations from optimal behavior.

There is an extensive literature studying an agent who uses timing to influence beliefs.
Grenadier and Malenko (2011), Thomas (2019) and Halac and Kremer (2020) study agents
who derive utility directly from market beliefs about project quality. In Thomas (2019)
and Halac and Kremer (2020), the agent learns dynamically about quality and affects
public beliefs via a decision to abandon it. Both papers document inefficiently delayed
abandonment. Thomas (2019) finds that timing distortions can be avoided if reputational
concerns are limited. As in this paper, Halac and Kremer (2020) find that the prior
belief influences distortions: the magnitude of delay is increasing in the prior that the
project is profitable. Meanwhile, Bobtcheff and Levy (2017) consider an entrepreneur

whose Poisson bad-news learning rate is private information and whose investment



timing affects the terms of outside financing. They find that investment can be hurried
or delayed and that the prior plays a role: the entrepreneur distorts away from prior-
optimal behavior under intermediate priors, but distortions disappear at extreme ones.
In contrast, I find that such distortions must occur precisely at extreme priors. Broadly,
I depart from this literature by considering a different agency problem: I study an agent
who seeks to signal an ability to identify quality rather than project quality itself. This
different objective drives both contrarian behavior and dynamic reversals in distortions,
phenomena which, to my knowledge, do not arise elsewhere in this literature.

Thus, this paper contributes primarily to the literature on reputation for learning.
Ottaviani and Serensen (2006b) present a general model of reputational cheap talk,
finding that truthful communication is generically impossible. The effect of the prior
on distortions is documented in static settings: Ottaviani and Serensen (2006a) and
Gentzkow and Shapiro (2006) find that senders can bias their reports towards the prior-
likely state. In contrast, the contrarian motive documented here arises because low-
ability agents’ beliefs remain anchored near the prior, whereas high-ability agents can
acquire information that moves their beliefs substantially away from it. As in this paper,
Prendergast and Stole (1996) and Dasgupta and Prat (2008) study dynamic decision-
making under reputation for learning. My main contribution to this literature is studying
reputation in the context of a Wald problem. I find that reputation can induce dynamic
reversals in distortions, which is also a key result in Prendergast and Stole (1996). The
result, however, differs in several ways. First, while the distortions in Prendergast and
Stole (1996) concern the responsiveness to new information, I document distortions in the
willingness to experiment. Moreover, I show that distortions depend on the decision
problem: while reversals occur for intermediate priors, for extreme priors the agent
persistently distorts away from the prior. In other dynamic work, Deb, Pai, and Said
(2018, 2025) consider agents who learn dynamically and characterize the optimal contract
to screen for ability, with the latter showing that the optimal contract rewards speed.
Shahanaghi (2026) studies a sender who learns via conclusive Poisson signals and chooses
when to report. Meanwhile, Vong (2025) considers when the sender can influence the

receiver in a static setting where, as in this paper, signals are non-parametric.

Finally, the notion that the prior distorts behavior also appears in the literature on
pandering (Maskin and Tirole (2004), Canes-Wrone, Herron, and Shotts (2001), Che,
Dessein, and Kartik (2013)) where agents distort towards behavior that is a priori optimal.
I document a converse phenomenon: the agent distorts away from prior-optimal behavior.

Similarly, Canes-Wrone et al. (2001) find that electoral incentives can lead a politician to



favor an ex ante suboptimal policy. In their setting, this occurs because the accuracy of this
policy is less likely to be revealed, while contrarianism is sustained by the endogenous
effect of speed on reputation.

The rest of the paper proceeds as follows. Section 2 presents the model. Sections 3
and 4 characterize equilibrium strategies and reputation, respectively, establishing the
agent’s contrarian motive. Section 5 characterizes equilibrium timing distortions. Section
6 presents extensions of the model. Section 7 concludes. All proofs are relegated to the
appendices.

2. Model

There is one agent and one principal. Time ¢t € {1,...,T} is discrete, with a finite
horizon T' < co.! The state § € {0, 1} denotes whether some action will be a success (6 = 1)
or failure (# = 0). The agent and principal have a common prior py = Pr(¢ = 1) € (0,1).
The agentis of type i € {G, B} (good or bad), which is time-invariant and independent of 6.
He knows his type, but the principal does not and holds a prior Ry = Pr(i = G) € (0,1).

Learning and Acting The type determines the agent’s ability to learn about ¢. At the
beginning of each ¢, a good agent observes some signal z;, € (0, 00), distributed according

to conditional density f(-|#). The signals z; are labeled as their likelihood ratios, i.e.,

f(z]0=1)
f(216=0)

Meanwhile, a bad agent has no ability to learn: he observes no signals.”

2 = . The z; are i.i.d. across ¢ given ¢ and f(:|#) has full support on (0, c0).

The agent chooses if and when to act. Specifically, at each ¢ (after observing z, if i = G),
the agent chooses a; € {0,1}. a; = 1 denotes act while a; = () denotes abstain. Acting is
irreversible: if a; = 1, then a, = 1 for all s > ¢. Otherwise the agent chooses freely. Let
7 € {1,2,..,T,0} denote the time at which the agent acts (i.e., the first t where a; = 1),
with 7 = () denoting that the agent never acts.

Reputation and Payoffs The principal observes the time of action 7 and the state # and
forms a posterior belief about the agent’s type, which is the agent’s reputation. This belief
is given by a reputation function R : {1,...,7,0 } x {0,1} — [0, 1], where R(r,0) is the

! Section 6 extends the model to an infinite-horizon setting (7' = c0).

2The assumption that the bad agent is unable to learn is made for simplicity. In Section 6, I present an
extension where the bad agent observes signals with bounded likelihood ratios.



principal’s belief that i = G after observing 7 and 6.?

The agent is motivated by two objectives: (1) accurate and timely decision-making and

(2) reputation. His payoff is given by:
U(r,0) = (1 — X)D(7,0) + XR(r,0),
where D(7,0) is the decision payoff and X € [0, 1]. The decision payoff is given by
D(1,0) = BT Kol(1 # 0),

where K; > 0 > Ky and 5 € (0,1). The decision payoff captures the exogenous benefit
from accurate and timely decision-making, as in a standard Wald problem. Namely,
acting is beneficial if and only if = 1 and the payoff from acting is discounted at rate 3. In
the context of irreversible investment, the decision payoff can be interpreted as the profit

from investment. The parameter X specifies the weight the agent places on reputation.

2.1. Equilibrium

A Markov* strategy for the good agent is a sequence of functions { A} | where AY :
0,1] — [0,1] and AY(p) denotes the probability of acting at time ¢ (choosing a;, = 1) given
that he has not yet acted and holds belief p = Pr(§ = 1). A strategy for the bad agent
AP € [0,1] denotes the probability of acting at ¢ under belief p,. For any signal history
(21, ..y 2t), P(21, ..., 2;) is the good agent’s posterior belief that § = 1.

I seek a Markov perfect equilibrium. This consists of strategies { A} |, a reputation
function R and beliefs P such that the strategies maximize the agent’s payoff at all (¢, p)

and P, R are consistent with Bayes’ Rule given the strategies.

Selection Because reputation is an equilibrium object, there exist equilibria one may
deem unintuitive whenever the reputational motive (X) is sufficiently large. These can
entail babbling or other perverse behavior in which the good agent signals his ability by

acting on failures rather than successes.

I thus impose two selection criteria. First, the equilibrium must be informative about
the agent’s type in every period. Precisely, the good and bad agent cannot have the same

3One could alternatively assume that the state 6 is observed by the principal only if the agent acts, and
the below characterization would remain qualitatively unchanged.

41t is without loss to restrict attention to Markov strategies within the class of equilibria that satisfy the
selection criteria specified below.



joint distribution of action and state conditional on not yet having acted, which allows
the principal to make inferences about the agent’s type. This rules out babbling, and is
stated as informativeness (Assumption 1).

Assumption 1 (Informativeness). At any t, if AP = 1 for all s < t, then for some 0:
Prir=tli=G,0,71 £t)# Pr(t =t|i=B,0,7 £1).

Next, the agent cannot be rewarded for minimizing the decision payoff. This rules out
“reverse signaling” equilibria where the agent only acts if sufficiently sure that = 0.
This is stated as Assumption 2.

Assumption 2 (No reverse signaling). In any t the following do not simultaneously hold for
any T e {t+1,..,T,0}:

R(t,0 = 0) > R(,0 = 0) and R(t,0 = 1) < R(r,0 = 1).

One may ask how these criteria relate to more standard criteria in signaling games.
While a generalization of D1° could be used instead of informativeness, it would not
eliminate reverse signaling equilibria, as such equilibria exist even in the absence of off-
path behavior. Rather, one can interpret these criteria as ruling out behavior that is not
robust to a moderate concern for the decision payoff.°

3. Equilibrium behavior and prior beliefs

I now characterize the agent’s decision-making behavior in equilibrium. I begin by
establishing equilibrium existence and showing that strategies take a simple form. I then
present and compare two benchmark cases to clearly illustrate the impact of reputation
on decision making: one where the agent places no weight on reputation (X = 0) and the
other where the agent is purely reputation-driven (X = 1). In this comparison, I begin by

considering the static environment (7" = 1) and later the general, dynamic one.

3.1. Equilibrium structure

I now establish equilibrium existence and that the good agent plays cutoff strategies
in equilibrium. To this end, I establish two useful properties of the equilibrium value

>D1 must be appropriately generalized, as the agent’s payoff is directly a function of the principal’s
belief, rather than his action.

®Indeed, if X lies below some threshold, both assumptions must be satisfied in equilibrium.



function. Let V/(p, a) denote the type-i agent’s time-¢ value from playing a; = a € {0, 1},
given he has not yet acted (i.e., a; = ) for all s < ¢). Since the value of acting does not
depend on the agent’s type, I will often drop the i index and refer to it as V;(p, 1).

I first establish that the value of abstaining must be convex in the belief about the state.
This follows from Blackwell’s Theorem, and is stated as Lemma 1.

Lemma 1. V,%(p,0) is convex in p forall t € {1,...,T}.

Next, I establish that an agent who knows that 6 = 1 strictly prefers acting, while an agent
who knows that § = 0 strictly prefers abstaining. That is, at extreme beliefs, the agent
behaves in a way that is consistent with maximizing the decision payoff. This property is

stated as Lemma 2.

Lemma 2. In any equilibrium, in all t:

Vi(1,1) > V,%(1,0) and VE(0,0) > V,(0,1). (1)

This follows from the above two selection assumptions, and can most easily be illustrated
under a pure reputational motive (X = 1). Informativeness implies that reputation, and
thus the agent’s value, depends on his decision behavior. Meanwhile, the no reverse
signaling assumption ensures that reputation cannot be maximized via behavior that
minimizes the decision payoff. Thus, reputation is maximized via behavior which, at

extreme beliefs, maximizes the decision payoff.

I now establish equilibrium existence, and show that the good agent must play cutoff

strategies. This is stated as Proposition 1.

Proposition 1. There exists an equilibrium. In any equilibrium, the good agent plays cutoff

strategies in every period: for all t, there exists p; € (0, 1) such that

0 forallp < p;
Af (p) = t
1 forallp > p;.

Existence follows by applying the Kakutani Fixed Point Theorem to a constrained space
of strategy profiles for the two types of agent. Proposition 1 further establishes that at all
times, there exists an interior, time-dependent cutoff belief such that the good agent acts
if and only if his belief lies above this cutoff.

This result can be illustrated by a geometric argument. Figure 1 plots, for any given ¢,

Vi(p,1) and V,%(p, D), i.e., the good agent’s value from acting and abstaining, respectively.
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Figure 1: The good agent’s value of acting (V;(p, 1)) and abstaining (V;(p, 0)).

Now, let us make two observations. First, V;(p, 1) is linear in the belief p, while V. (p, ()
is convex in p (Lemma 1). Second, Lemma 2 states that V;(p, 1) lies strictly above V,%(p, ()
when p = 1 and strictly below V,%(p,()) when p = 0. These two facts imply that V;(p, 1)
intersects V,%(p, () at a unique interior point p;, and thus V,(p,1) > (<) V,%(p,0) to the
right (left) of this point.

3.2. Benchmark: Decision-optimal rule

As a benchmark, I characterize the optimal stopping rule without any reputational
motive (i.e.,, when X = 0). I refer to this as the decision-optimal rule. This is stated as
Proposition 2.

Proposition 2. The decision-optimal rule is the following:

e The good agent plays a cutoff rule p, € (0,1) in t, where the (p,)_, are strictly decreasing
in t and decreasing in Ky and K, but independent of py.

® The bad agent acts in any period if and only if py > p = K:f;}() forall t.
Proposition 2 states that the good agent employs a cutoff rule in every period, where the
cutoffs strictly decrease over time. The decreasing nature of these cutoffs is due to the
fact that, as the deadline 7" approaches, the agent has less time left to learn, and hence
it will be optimal to act for a wider range of beliefs as time passes. Furthermore, while
these cutoffs depend on the agent’s learning process and payoff parameters (K, and K;),

they are independent of the prior belief py. This is because given any exogenous payoff
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function (such as D), the prior impacts the agent’s optimal decision only via the posterior
belief at any time. That is, the prior is intrinsically irrelevant to the agent’s decision-
making. As I will soon illustrate, this is not true for a reputation-maximizing agent.

Meanwhile, the bad agent acts immediately if acting has a positive net present value
under the prior, and otherwise never acts. This is because there is discounting and the bad
type is unable to learn: if his prior is such that acting is optimal, he will do so immediately
and otherwise abstain indefinitely.

3.3. Static characterization under pure reputational motive

I now characterize the equilibrium when the agent is purely reputation-driven (X = 1).
I begin with the static environment (1" = 1), where the qualitative departures from the
decision-optimal benchmark are most simply illustrated” and then consider the dynamic
environment. Throughout this subsection, I omit the time index from all objects.

Claim 1 characterizes the equilibrium in the case where X = 1 and T" = 1. It states that
the bad agent must mix between acting and abstaining, while the good agent acts if and

only if his posterior exceeds the prior.

Claim 1 (Static contrarianism). When X = 1 and T = 1, there exists a unique equilibrium.
Under this equilibrium, the bad agent mixes (AP € (0,1)) and the good agent plays the cutoff

strategy p* = po.

Let us begin by considering why the bad agent mixes. Proposition 1 established that the
good agent plays an interior cutoff strategy p* € (0,1). Since the good agent’s signals
have full support over the likelihood ratios, it follows that the good agent both acts and
abstains with positive probability. If the bad agent were to, for instance, only act in
equilibrium (A® = 1) then only the good type would abstain with positive probability,
and thus the reputation function would assign a perfect reputation to an agent who
abstains regardless of the realization of the state. A purely reputation-driven agent could
then profitably deviate by always abstaining. By analogous reasoning, if the bad agent
were to only abstain in equilibrium (47 = 0), acting would be a profitable deviation.
Thus, the bad agent must mix.

Meanwhile, the good agent’s strategy follows from the fact that, in a static setting, the
good and bad agent have identical continuation values: V,%(p, a) = V,%(p, a) for all beliefs
pand a € {0,1}. Since there is a unique belief at which the good agent is indifferent

"This static case is also a special case of Vong (2025)’s static model, which characterizes the
informativeness of communication rather than the strategies of the players, as I do here.
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between acting and abstaining, and the bad agent must be indifferent at p, to sustain
mixing, the good agent’s cutoff must equal the prior.

This result suggests a fundamental, qualitative difference between the decision-
making behavior of a reputation maximizer and an agent maximizing an exogenous
payoff function: while the prior does not impact the behavior of an agent maximizing
decision payoffs, it is crucial to the reputation-driven agent’s behavior. Namely, the
reputation-driven agent is contrarian: he acts for a larger range of beliefs when success
is ex ante less likely. This holds even though the prior itself provides no payoff-relevant
information beyond what is captured by the posterior p. Rather, the prior impacts the
agent’s equilibrium behavior via the reputation function: lowering the prior leads the
reputation function to further reward acting (rather than abstaining), thus lowering the
agent’s cutoff. The relationship between the prior and the equilibrium reputation function
will be more precisely explored in Section 4.

3.4. Dynamic characterization under pure reputational motive

I now consider a dynamic environment. In the dynamic equilibrium, the prior belief
serves as a lower bound on the cutoffs the good agent employs in every period. This
result is stated as Proposition 3.

Proposition 3. Suppose X = 1. In any equilibrium,
AP €(0,1) forall t.

® ph = poand pf > po forallt <T.

The proposition first establishes that the bad agent mixes in every period between acting
and abstaining, which follows from the same reasoning as in the static case. Meanwhile
the good agent employs a dynamic cutoff strategy. In the final period 7', this cutoff equals
the prior py, by the same reasoning as in the static case. However, for periods prior to the
deadline (¢ < T), the cutoff p; strictly exceeds the prior. This is because the good agent
observes informative signals about the state in future periods and thus enjoys a strictly
higher continuation value than the bad agent.

This result can more precisely be illustrated by a geometric argument. Figure 2 plots
the good agent’s value as a function of his beliefs, as in Figure 1, for some ¢ < 7. Figure 2
also plots the value from acting in the next period, V41 (p, 1). This value lies strictly below
the good agent’s continuation value at time ¢, V,%(p, (), for all p < 1. This is because a

good agent who continues to ¢ 4 1 can at least obtain the value from acting in ¢ + 1, and
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Figure 2: The good agent’s cutoff, p;, as compared to the prior, p.

a strictly higher value by updating his belief using his new signal z;;; and only acting
when it is optimal to do so. Meanwhile, V;(p, 1) and Vi1 (p, 1) must intersect at py: since
the bad agent mixes, he must be indifferent between acting in ¢ and ¢ + 1. It follows that
the good agent’s point of indifference p;, which is where V,%(p, ) and V;(p, 1) intersect,
lies strictly to the right of p.

This result implies that a lower prior will yield a strictly lower cutoff in some periods
(e.g., T), but not necessarily all. However, one can show that a sufficiently large
decrease in the prior yields strictly lower cutoffs in all periods. This is stated formally
as Proposition 4.

Proposition 4 (Dynamic contrarianism). Assume X = 1. Fixing all other parameters, for any
po there exists p € (0, po) such that if py < D,

pi <p;
for all t and any equilibrium strategies (p;)]_, and (p;")L, under p, and p},, respectively.

Proposition 4 shows that contrarianism has dynamic implications: a lower probability of
success yields the agent less cautious, more willing to prioritize early action over further
experimentation. In the following section, I illustrate the equilibrium forces that induce
contrarianism.

13



4. Reputation: speed and accuracy

This section characterizes the equilibrium reputation function. This elucidates the
equilibrium incentives at play and why the agent engages in contrarian behavior. To most
clearly illustrate these incentives, I again restrict attention to a purely reputation-driven
agent (X = 1).

I begin by characterizing the impact of speed on the agent’s reputation. Formally, speed
refers to acting in an earlier period, holding fixed the state. I show that speed improves
reputation conditional on success (¢ = 1) but is reputationally damaging if failure occurs
(6@ = 0). That is, early errors (acting when § = 0) are worse for reputation than late ones.
This is stated as Corollary 1.

Corollary 1 (Speed). In any equilibrium when X =1, for all t:
* R(t,0 = 1) is strictly decreasing in t,

* R(t,0 = 0) is strictly increasing in t.

The reason for this conditional effect of speed lies in the fact that the bad agent mixes in
equilibrium: if speed is reputationally beneficial conditional on success, it must be costly

conditional on failure. Otherwise, the bad agent could profitably deviate by acting sooner.

While Corollary 1 establishes that speed has a positive effect on reputation when § = 1
and a negative effect when ¢ = 0, it does not speak to their magnitudes. In fact, the
relative magnitudes of these effects are dictated by the prior py: the higher the prior, the
lower the benefit of speed when § = 1 compared to its cost when 6 = 0. I argue that this
relationship explains why the agent engages in contrarianism. The result is formalized as

Corollary 2.
Corollary 2 (Speed and the prior). In equilibrium when X =1, forall t < T

R(t,1)—R(t+1,1) 1—pg

R(t+1,0) — R(t,0) Do

There is a concise explanation for this result: if the prior increases, § = 1 is more likely
to realize ex ante. To preserve the bad agent’s indifference between acting in ¢t and ¢ + 1,
the benefit of speed when § = 1, R(t,1) — R(t + 1, 1), must decrease compared to the cost
of speed when 6§ = 0, R(t + 1,0) — R(t,0), to compensate for the fact that speed is more
likely to be beneficial. It can also be illustrated graphically: Figure 3 plots the agent’s
value from acting in period ¢ and ¢ + 1, under a low prior (left panel) and high prior (right
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Figure 3: The value from acting in ¢t and ¢ + 1 under a low prior (left panel) and high prior (right
panel).

panel). These lines have endpoints that correspond to realizations of reputation and must
intersect at the prior. When the prior is low, speed is highly beneficial for reputation
when acting correctly (under # = 1) but minimally harmful when acting erroneously
(under 0 = 0). Conversely, when the prior is high, speed is minimally beneficial when
acting correctly, but highly harmful when acting erroneously.

Such a relationship incentivizes contrarian behavior. When the prior is high, speed
provides only a minor reputational benefit if success occurs, but can inflict substantial
reputational harm in the event of failure. Thus, the agent is incentivized to gather more
information to be sufficiently sure that success will occur before acting, yielding a large
range of beliefs under which the agent will continue experimenting at any given time.
Meanwhile, when the prior is low, speed provides a substantial reputational benefit if
success occurs, but minimal harm if failure occurs. This incentivizes the agent to act
quickly even if lacking confidence that success will occur. Together, these incentives

induce contrarian behavior.

While we have thus far considered speed, one may ask what effect accuracy has on
reputation. Formally, accuracy refers to acting on a success (¢ = 1) rather than a failure
(0 = 0), fixing the time of action. While accuracy always benefits the agent, it is more
beneficial in earlier periods.

Corollary 3. In equilibrium, R(t,1) — R(t,0) > 0 and is strictly decreasing in t.

This follows immediately from Corollary 1, and can be seen from either panel of Figure 3:
acting is more reputationally beneficial conditional on success and reputationally

damaging conditional on failure in early periods. Thus, the effect of accuracy on
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reputation decreases over time.

5. Timing distortions

I now consider how reputation distorts the timing of action compared to the decision-
optimal benchmark. I find that reputation can induce both premature and delayed
action depending on the nature of the decision problem. The agent acts prematurely
when acting is particularly disadvantageous ex ante. Conversely, the agent acts with
delay when acting is favorable ex ante. At intermediate priors, reputation can induce
dynamic reversals in distortions wherein the agent acts prematurely at the beginning of

his learning process and with excess caution towards its end.

5.1. Premature action

I begin by characterizing the conditions under which the agent acts prematurely
throughout his learning process. Precisely, premature action occurs at ¢ if p; < p,, i.e., the
good agent acts under a strictly larger range of beliefs in equilibrium than the decision-
optimal rule. Throughout this characterization, I relax the assumption that the agent
is purely reputation-driven, and instead consider an arbitrary X. It is thus helpful to

decompose the equilibrium value function into two components:
i D Ry
Vi(p,a) = (1= X)V, " (p,a) + XV, (p, a),
where V;”" denotes the agent’s decision value and V""" denotes his reputation value:

V" (p,a) = B, 4[D(r,
V% (p,a) = E,

)

)|(Ai)z:t+1a ar = a, Z]
)|(Ai)3:t+lv a; = a, i]7

S
juy)

—~

n
D

and (A%)L_, denotes the agent’s equilibrium strategy. Notably, both V> and vV,
condition on playing the equilibrium strategy in the continuation game. Because the
agent chooses his equilibrium strategy to maximize a convex combination of his decision
value and reputation value, this strategy does not necessarily maximize either his
decision payoff or reputation payoff alone. This implies that while the equilibrium
decision value and decision-optimal value of acting are equivalent, the decision value
of abstaining may in general be less than the decision-optimal value of abstaining. l.e.,

letting V' denote the value function under X = 0 (i.e., the decision-optimal value):
V2 (p1) = VE(p. 1) and V2 (p,0) < V(. 0). @)
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Before proceeding, let the net decision (reputation) value of acting W (p) (W, (p))
denote the difference in value between acting and abstaining:

W p) = V2 0, 1) = Vi 0) - W) = VY (1) = Vi (. 0).

I first show that premature action occurs whenever acting has a positive net reputation

value at the decision-optimal cutoff. This is stated as Lemma 3.

Lemma 3. Suppose X > 0. In any equilibrium, for any t: if W, (p,) > 0, then the good agent
acts prematurely in t.

At the decision-optimal cutoff p;, the expected value from acting equals the decision-
optimal value of abstaining: V,(p,, 1) = V,(p, 0). Thus by (2), the net decision value
of acting must be weakly positive in equilibrium: W;”“(p,) > 0. If the agent has a
strictly positive net reputation value at p;, then for any positive weight on reputation,
there must be a strictly positive net total value of acting at p,. Thus, the equilibrium point
of indifference lies to the left of p;: p; < py.

I now show that the agent acts prematurely whenever acting is sufficiently suboptimal
ex ante. This could be driven by a low prior, meaning that the agent distorts the timing
of his action in accordance with the contrarian motive established above. However,
other factors can also drive such suboptimality: fixing a prior, the agent will also act
prematurely whenever the payoff parameters align with acting being suboptimal. This
can entail a low benefit from acting on a success (k) or a large cost from acting on a

failure (Ky). This is formalized as Theorem 1.

Theorem 1 (Premature action). Suppose X > 0. There exist thresholds p € (0,1), Ky <0,
and K, > 0 such that the agent acts prematurely in all t in any equilibrium when any one of the

following holds: o o
po<p Ko<Ko, K <Ky,

holding fixed all other parameters.

The intuition behind this result lies in the bad agent’s incentives. In equilibrium, any
behavior that is reputationally rewarded —formally, any (7, #) pair yielding a reputation
exceeding the prior reputation Ry—must be exhibited less often by the bad agent than the
good agent. However, the bad agent faces two objectives: optimal decision-making and

reputation maximization.® So, behavior that is reputationally rewarded must be costly in

8 While this intuition applies to the case where X € (0, 1), this result holds even when X = 1.
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expectation for his decision payoff; otherwise he would always engage in such behavior,
and it would not serve as a signal that the agent is good. When acting is highly suboptimal
ex ante (due to a low p,, low K; or low K)), the reputation function thus rewards acting
in every period regardless of the realized state §. This induces the good agent to act at
beliefs below the decision-optimal cutoffs, leading to premature action.

This result holds not only when the agent is highly reputation-driven, but for any
weight X > 0 on reputation. Thus, it can be explained more precisely by considering two
different cases: one where reputational motives are small (low X) and the other where
they are large (high X). When the reputational motive is small and acting is sufficiently
suboptimal ex ante for the decision payoff, the bad agent will never act in equilibrium.
This is because the negative decision value from acting at ¢, W,”"”(p), outweighs any
possible gain in reputation value, W/*”(p,). The good agent, however, may observe
signals strongly indicating ¢ = 1, making acting optimal with positive probability. Since
only the good agent acts, the reputation function must assign a perfect reputation to

acting regardless of §. By Lemma 3, this implies premature action.

When the reputational motive is large, the bad agent does not exclusively abstain
in equilibrium but instead mixes (as was true for the purely reputation-driven agent
in Section 3). Thus, the bad agent is indifferent between acting and abstaining at any
t even though acting has a negative net decision value (W;”"”(p,) < 0). This implies
the bad agent must enjoy a positive net reputation value from acting: W/"”(py) > 0.
Moreover, if acting is reputationally beneficial at the prior, it must be even more beneficial
at higher beliefs, since accuracy is rewarded in equilibrium. So, the good agent must
also enjoy a positive net reputation value from acting at the decision-optimal cutoffs,
ie., W/*%(p,) > 0, since these cutoffs lie well above the prior when acting is sufficiently

suboptimal ex ante. It again follows that the good agent acts prematurely.

5.2. Delayed action

The previous section established that reputation induces premature action when acting
is highly suboptimal ex ante. One might expect the opposite effect when acting is highly
optimal ex ante, namely that the agent delays action. In this subsection, I establish that this
is indeed true. However, because the agent’s stopping problem is inherently one-sided
(acting is irreversible, abstaining is not), the result is not symmetric to that of premature

action.

Formally, delayed action occurs at t when p; > p,, i.e., the good agent acts for a strictly
smaller range of beliefs than the decision-optimal rule. I now establish that when acting
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is sufficiently optimal ex ante, the agent acts with delay for at least some time. When
the agent’s reputational motive is sufficiently large, then he acts with delay in all periods.
This is stated as Theorem 2.

Theorem 2 (Delayed action). If py > p, for all t, then action is delayed in at least some t for any
X > 0, and action is delayed in all t if X is sufficiently large.

This theorem establishes that the agent acts with delay for at least some periods when the
prior exceeds the decision-optimal cutoffs in all £. While this may seem to establish only
that action is delayed for a sufficiently high prior, it also implies that holding fixed a prior,
action is delayed whenever K is sufficiently large, or K, is insignificant. This is because,
per Proposition 2, the decision-optimal cutoffs are decreasing in both payoff parameters
K, and K.

The basic intuition is analogous to the case of premature action. When acting is highly
optimal ex ante, delaying action (or never acting) is costly for the bad agent’s decision
payoff. So in equilibrium, abstaining is a costly signal that the agent is good and a

reputation-driven agent responds to this by delaying action.

To more precisely convey its reasoning, it is again helpful to separately consider
the cases of a small and large reputational motive. Regardless of X, when acting is
highly optimal ex ante, abstaining in any period is damaging to the bad agent’s decision
value. When X is large, the bad agent nonetheless mixes in every period, so to ensure
indifference, he must benefit reputationally from abstaining. This in turn implies an
expected reputational benefit from abstaining at the good agent’s decision-optimal cutoffs
pi, leading to delayed action. When X is small, the damage to the bad agent’s decision
value from abstaining can outweigh any reputational benefit from doing so, leading
him to act with certainty by some s < 7. In all periods ¢t < s, abstaining remains
reputationally beneficial, leading to delayed action. However, an agent who continues
past s will have revealed that he is good, and thus enjoys a perfect reputation regardless
of his behavior thereafter. So from this time onwards, he will not distort his behavior
and instead employs the decision-optimal cutoffs p,. It is for this reason that Theorem 2

includes the caveat that action may not be delayed in all periods when X is small.

Discussion Let us interpret the previous two results in the context of irreversible
investment. Theorem 1 suggests that for projects with a low ex ante value —because
success is unlikely, the downside potential is high, or the upside potential is modest—
reputational motives lead to premature investment. This implies over-investment in long-

shot projects since investment, and especially early investment, in such projects serves
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as a costly signal of learning ability. Moreover, because the agent invests prematurely in
every period, he also engages in an inefficiently low level of experimentation. Meanwhile,
Theorem 2 suggests that for projects with a high ex ante value, the opposite phenomenon
arises: investment is delayed. This implies that the agent will both underinvest and
experiment for too long in promising projects, only waiting until he is extremely sure

that the project will succeed before investing.

Together, these results imply that reputation distorts the research process by either
shading up or shading down the agent’s option value. Furthermore, the agent distorts
away from prior-optimal behavior. That is, reputation incentivizes behavior that is
diametrically opposed to the optimal behavior of an uninformed decision maker.

5.3. Dynamics in distortions

Theorem 1 and Theorem 2 showed that when action is highly (dis)advantageous ex
ante, reputation induces distortions that are time-invariant in direction: the agent either
acts prematurely in every period or with delay in every period. Here, I show that for
decision problems where the value of acting takes an intermediate value, the direction of
distortions can dynamically reverse. Specifically, the agent may act prematurely in early
periods, and with delay in later ones. This phenomenon arises whenever the agent is
sufficiently reputationally motivated and discounting is slow (i.e., § is high). The result
is formalized as Theorem 3.

Theorem 3. Suppose py € (pr,p1). Fixing all other parameters, there exist X € (0,1) and
B € (0,1) such that if B > B and X > X, then in any equilibrium the good agent:

* acts prematurely in early periods (i.e., there exists t such that p; < p, forallt <),

e acts with delay in later periods (i.e., there exists t such that p; > p, for all t > t).

This can be understood by considering how the decision value and reputation value
interact over time. In early periods, the net decision value of acting is low: discounting
is minimal and there is a high option value of waiting from learning in future periods.
Accordingly, the decision-optimal rule entails acting early only under very high beliefs
that 0 = 1. However, as the deadline 7" approaches, this option value falls because there is
little time left to learn, and so the decision-optimal cutoff falls. Meanwhile, the reputation
payoff evolves differently. There is always a reputational benefit to speed, and thus cost
to delay, when 6 = 1. Importantly, this benefit from speed is sizeable (i.e., is bounded
below) in early periods even when discounting is slow. Because the decision-optimal

cutoffs are high in these early periods, speed is reputationally beneficial in expectation at
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these cutoffs, inducing premature action. As the deadline approaches and the decision-
optimal cutoff falls, speed is no longer expected to be rewarded at these cutoffs. Instead,
delay becomes increasingly reputationally beneficial, as abstaining forever is costly for
the bad agent’s decision payoff (since p, > pr) and serves as a credible signal of learning
ability. This induces a shift to delayed action in later periods.

Discussion This result illustrates that reputational motives can give rise to distortions
that reverse over the course of the research process. More precisely, Theorem 3 indicates
that when discounting is sufficiently slow, the agent is initially too eager to act on
limited information. That is, he under-experiments. However, as he approaches
the end of the research process, he becomes overly conservative, choosing to either
continue experimenting excessively or to avoid acting altogether even though doing
so is not decision-optimal. This reversal arises because the reputational benefit of
speed incentivizes early action, but the reputational cost from late action incentivizes

conservatism late in the research process.

6. Extensions

I now present two extensions of the baseline model, allowing for (1) learning by the

bad type and (2) an infinite horizon.

6.1. Learning by the bad type

Formally, let us now suppose that B observes some signal z7 in every period ¢,

distributed according to conditional density fZ(-|6). As with G, I suppose that B’s signals
B(.,B =1 .

b= %. I now impose

two assumptions to formalize the notion that, while B has access to an informative signal,

are i.i.d. given ¢ and are labeled as their likelihood ratios: z

G has a greater ability to learn. First, B’s signals have bounded support on the likelihood
ratios: there exists z < z € (0,00) such that the support of [ is (z,7). This stands in
contrast to G’s signal, which has full support on the likelihood ratios. Second, G’s signal
is Blackwell more informative than B’s signal. Otherwise, I maintain all assumptions of

the baseline model.

I first show that when B has access to such a signal, he does not mix but rather plays a

cutoff strategy in equilibrium. Proposition 5 characterizes this strategy.
Proposition 5. In equilibrium, the bad and good agents play cutoff strategies (p;'")%_, and

(p )Ly, respectively, where p;'® < py© forall t < T, and p}® = p3©.
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Proposition 5 establishes that B acts for a strictly larger range of beliefs than G in all
periods prior to the deadline. This is due to the fact that G has access to a more
informative signal than B in every period, granting him a strictly higher continuation

value in ¢t < T, and thus a greater willingness to abstain.

Next, I show that Theorem 1 is robust to allowing the bad agent the ability to learn.’
That is, the good agent will act prematurely when acting is disadvantageous ex ante. This
result is formalized as Proposition 6. For analytic simplicity, I assume the agent is not
purely reputationally motivated (X < 1).

Proposition 6. If X € (0, 1) and the bad agent observes signals drawn from [, then Theorem 1
continues to hold.

Theorem 1 relied on the notion that the reputation function rewards behavior which is
always suboptimal from the bad agent’s perspective, but sometimes optimal given the
good agent’s information. When the bad agent is unable to learn, his perspective is always
the ex ante one. This notion extends to a setting where the bad agent observes signals of
bounded informativeness, as specified here, because this ensures that the bad agent’s
perspective never drastically departs from the ex ante one, whereas the good agent’s
perspective does so with positive probability.

6.2. Infinite horizon

The baseline model assumed an exogenous deadline 7' < co. I now extend the baseline
model to an infinite horizon. I show that even under an infinite horizon, the agent
behaves as if there is a deadline in equilibrium. For simplicity, I restrict attention to a

purely reputation-driven agent (X = 1).

Formally, let us assume 7' = oo (i.e., t € N*). I otherwise maintain all assumptions of
the baseline model, except for informativeness (Assumption 1). I relax this assumption
because, as I now show, informativeness cannot hold in every period under an infinite

horizon. This is stated as Proposition 7.

Proposition 7. When T' = oo, Assumption 1 must fail in equilibrium.

This follows from the fact that the bad agent’s indifference between acting and
abstaining, which must hold in equilibrium, cannot be satisfied indefinitely. Under an
infinite horizon, the reputational benefit of speed must vanish as ¢ — oo (due to the

9 While I do not state and prove the result formally, Theorem 2 can analogously be generalized.
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boundedness of the reputation function), leading the good agent’s equilibrium cutoffs
to approach 1. Le., in the limit the good agent only acts if he is arbitrarily certain that
¢ = 1. This in turn implies acting when § = 0 reveals that the agent is the bad type,
making acting suboptimal for the bad agent in the limit and thus leading to a failure of
indifference.

Since informativeness cannot hold indefinitely, I now define a relaxed version of the
informativeness assumption that accommodates the agent stopping acting in finite time.
I call this relaxed assumption T-informativeness. Precisely, it imposes that informativeness
applies for all ¢ < T, but that the good agent ceases acting after 7.

Definition 1. For any 7" € N* U {00}, an equilibrium satisfies T-informativeness if for any
t <T,forsomed, Pr(r =tli =G,0,7 £1t) # Pr(r =t|i = B,0,7 £t),and forallt > T
and 0, Pr(r =tli = G,0) = 0.

One can show that there exists a T-informative equilibrium for any 7' < oo. This is

formalized as Corollary 4.

Corollary 4. For any T' < oo, there exists a T-informative equilibrium.

Together, Proposition 7 and Corollary 4 imply that the deadline of the baseline model
need not be exogenously imposed: under an infinite horizon, a deadline must arise

endogenously.

7. Conclusion

This paper studies how a motive to signal learning ability can distort the timing
of action. This reputational motive gives rise to contrarian behavior, driven by the
endogenous role speed plays in reputation formation. In equilibrium, the agent’s action
may be either premature or delayed, with premature action occurring when the ex ante
value of action is low, and delayed action occurring when it is high. When the probability
of success takes an intermediate value, the agent’s distortionary behavior can change over
time, with premature action at the beginning of the research process but excess caution
towards its end. More generally, this paper illustrates how the endogenous signaling
value of speed can distort incentives to experiment.

In this paper, I have studied the behavior of a single agent in isolation, i.e., in
the absence of competition. Not only would competition give rise to new strategic

motives, it would allow agents to condition their investment behavior on that of their
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opponents. How competition between reputation-driven agents could give rise to

distinctive dynamics in behavior is a question that warrants investigation.
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Appendix

Before proceeding, let us define two different conditional distributions. To this end, let
F denote the unconditional distribution of likelihood ratios:

F(s) = /Ospgf(s'w =1)+ (1 —po)f(s'|0 =0)ds.
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Now, let Gy(-|p;—1) denote the good agent’s distribution of time ¢ beliefs given that his
time ¢t — 1 belief was p;_. It follows from the definition of F' that:

Gilpilpir) = P2 (2,

Second, let H,(-|p;—1) denote the distribution of time-t beliefs given 7 ¢ {1, ..., ¢} and that
the time-t—1 belief was p;_,. Finally, let H;(-) denote the good agent’s distribution of time-
t beliefs given 7 ¢ {1, ..., t}, conditional on p, (namely, not conditional on the time-t — 1
belief). It is computed recursively as follows:

H1(p1) = Hl(Pl |]90)

Ht(pt):/O Ht(pt|pt—1)dHt—1(pt—1)'

Further, note that we refer to 7 = () and 7 = 7'+ 1 interchangeably. We will also frequently
drop the G superscript when referring to the good agent’s value function. Finally, we
will frequently refer to an equilibrium object, which is the agent’s interim reputation. It is
defined as follows.

Definition 2 (Interim reputation). The agent’s time ¢ interim reputation is the principal’s
belief that i = G given that he did not act at or before :

R, =Pr(i=G|t € {1,...t}).

Proof of Proposition 1: necessity of cutoff strategies. Here, we show that in any
equilibrium, for any ¢, G plays an interior cutoff strategy (we later prove existence of
an equilibrium). To this end, fix any equilibrium. Fix a t. By Lemma 2, V;(1,0) < Vi(1,1)
and V;(0,0) > V;(0,1). Because V;(p, ) is convex in p (Lemma 1) and V;(p, 1) is linear in p,
there exists a unique p; € (0, 1) such that

Vi(p, 1) > Vi(p,0) for all p > p}

Vi(p, 1) < Vi(p,0) for all p < py.

Thus, the good agent’s strategy must be an interior cutoff strategy. O

We now seek to establish existence of an equilibrium. To this end, let us define the
correspondence ¢ as follows. First, let us define R*. Let R* denote the reputation function
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that is consistent with the strategy profile = = (p}, ..., p}, AP, ..., AB) € [0,1]*". Formally,
whenever Bayes’ Rule applies, R*(t, §) is given by

1

1-Ry—1\( Pr(r=t0|T>t,i=B)\’
1+( Ri_1 >(Pr(7':t,9\7'2t,i:G))

R*(t,0) = 3)

where the probabilities, including R,_;, are those that obtain given the strategy profile x.
The only case in which Bayes’ Rule does not apply is when p; = 1 and A” = 0 for some ¢,

and in this case we impose R*(t,6) = 1 for all 6.

Now, let V7 (p, (p1)L_,) denote (s value, under belief p at time s — 1, from playing
cutoff strategies (p;)7_, in periods s, ..., T, respectively, given reputation function R* and
that the agent did not act in s — 1. Now, define the ®%(x) recursively as follows:

®F(x) = min_argmax[VY (po, (5,)1,)];
pse[()’l} ﬁse[ovl]
where 7, = ®%(z) for all t > s. Let %(z) = (®%(x)),. Note that the value could have
t t t t=1

been taken at any interior belief and the analysis that follows would remain unchanged.

Next, let V.2*((b,)]_,) denote B’s value from playing strategy A? = b, for all ¢ > s,
given reputation function R* and that the agent did not act before s. Now, define the

®B(z) recursively as follows:

7 (x) = arg max V27 (b)),
bs€[0,1]
where b, € ®P(z) for all ¢t > s. Define ®%(x) = P () x ... x ®Z(x), and finally ®(z) =
PG (z) x ®B(x).
I wish to show that any fixed point of ® is an equilibrium. To this end, I begin by
establishing two lemmas, the proofs of which are relegated to the Online Appendix.

Lemma 4. In any fixed point of ®, p; < 1 for all t.

Lemma 5. Any fixed point x of ®, together with R*, is an equilibrium that satisfies Assumption 1
and Assumption 2.

Proof of Proposition 1: equilibrium existence. I now establish existence of a fixed point
to ®@. It follows from Lemma 5 that this is an equilibrium. To this end, for each € > 0,
I define a constrained correspondence ®° and show that for some ¢, there exists a fixed
point of ®* which is also a fixed point of ®. I proceed in a number of steps, as outlined

below.
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1. Define constrained correspondence: For any ¢ € (0, 1), let:
OXI [0, 1-— g]T X [O7 1]T N [O, 1— E]T % (2[0,1})T’
where ¢%(z) = () x ®F(z),

®F*(x) = min argmax[V.{ (po, (B)i, )], 4)
ps€[0,1—¢l 5 _c[0,1—¢]

and &7 (z) is defined as before.

2. Existence of fixed point for °: I now claim that for any ¢ < 1, ®° has a fixed point.
To prove this, I invoke the Kakutani Fixed Point Theorem. To this end, I show that ®°
satisfies the following properties:

(@) ®°(x) is non-empty for all z. This follows from the fact that [0, 1 — ¢] and [0, 1] are
compact and R*(7,0) is bounded, implying by the Extreme Value Theorem that
both ®?(z) and ®*(x) are non-empty for all ¢, .

(b) ®°(x) is convex and closed for all z. () is a singleton by definition for all z, ¢.
Now, fix an (z,t) and consider ®Z(z). Define b, = 0, b, = 1, b, = b, = AP for all
s > t. It follows that
1 if V27 (b)) < Vi7" ((b) i)
¢/ (z) =10 if V27 ((b) L)) > V2 (05)1s) (%)
[0,1] i V2T = VP (00)1),

so ®Z(z) is convex and closed, and thus ®°(z) is convex and closed.

(c) ®° is UHC. I will show that for all ¢, ®7 and <I>tG “ are UHC everywhere on the
domain. It follows that their Cartesian product ®° is also UHC. Fix an z and a
t. Let us begin with ®2. Now note that because ¢ > 0, R*(t,0) is continuous
in z, and thus both V;”*((b,)_,) and V;”*((b,)’_,) are continuous in z. Thus, it
follows from (5) that ®7 () is UHC at z. Next, consider ®"*. It again follows from
the continuity of R”(t,6) that V" is continuous in z, and thus by (4), ®°°(x) is

continuous in z.
Thus, by the Kakutani Fixed Point Theorem ®° has a fixed point.

3. Show that for some ¢ > 0, ¢ has an interior fixed point: I now claim that for some
e > 0, ®° has a fixed point that lies within [0, 1 —¢)7 x [0, 1] (i.e., a fixed point such that
p; < 1—c¢forallt). Suppose not, by contradiction. Then, there exists ¢* and a sequence
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{en}22, such that ¢, > 0 for all n, lim,_,» &, = 0 and there exists a sequence {z,}>°,
where z,, is a fixed point of ®** such that p;. = 1 — ¢,,. Hereafter, let t* refer to the last
such period.

I first claim that there exists an N such thatif n > N, AZ € (0, 1) under z,,. Suppose not,
by contradiction. First consider the case where for some infinite subsequence {x,,}_,
of {z,},, AZ = 0 for all m. It follows that R*~(t*,0) = 1 for all §. Thus, for m
sufficiently large, p;. = 1 — ¢,,, cannot be optimal. Contradiction. Next, consider the
case where for some infinite subsequence {z,,}>_;, AZ = 1 for all m. Since for all m,
pj = 1 — &, is optimal and py < pj. for m sufficiently large, it follows that for some m
Af = 1is not optimal. Contradiction.

Hereafter, let us thus assume that the sequence {z,,}2°, is such that AZ € (0,1) for
all n. First, suppose X < 1. That p;. = 1 — ¢, for all n implies that for all D; >
—K,(B" — BTS2 there exists an N such that forn > N,

R™(t*,1) — R*™(t" +1,1) < Dy.
It follows from Bayes” Rule (given that G plays cutoff strategies) that
R™(t*,0) — R™(t* 4+ 1,0) < Dx.

Thus, A2 = 0 is a profitable deviation. Contradiction.

Next, suppose X = 1. I claim that

JLIEO[RI"(S, 1)— R™(s+1,1)] = 0and nh_)rgo R*™(s,0) =0 (6)
for all s > ¢*. Proof by induction. Begin with s = ¢*. Note that by the contradiction
assumption, for all n, VE(1 — g,,1) < V,E(1 — &,,0) (where this is the value function
that obtains from R*") because otherwise p; < 1 — ¢, under z,,. I claim this implies
lim,, o R*(t*,1) — R**(t* 4+ 1,1) = 0. Suppose not, by contradiction. Then there exists
d > 0 and an infinite subsequence {¢,, } 72, of {e,}72, such that R*" (t*,1) — R (t* +
1,1) > ¢ for all k. Thus, there exists k such that VS (1 — ¢,,,1) — V(1 — &,,,0) > 0.
Contradiction.

Next, I show lim,,_,o, R*"(t*,0) = 0. Recall that by Bayes’ Rule, under any z,,:

1 Pr(@ =0|r =t,i=G)Pr*(t =tli = G)

R*(t*,0) = — where Q(n) , , :
1+(%)(Qt3(n)) ! Prr(0 =0|r =t,i = B)Pr*(r = t|i = B)

29



I claim that lim,,_,., Qs+ (n) = 0. Suppose not, by contradiction. Since lim,,_, €, = 0,

Pri(0=0|r=t",i=C) Pro(r=t*]i=G)
Prmn (9:0‘T:t*7i:B) PT"(TZTZ*H:B) dOGS l’lOt

diverge as n — oo. This is only possible if there exists a subsequence {¢,, }?°, of

Prik (r=t*|i=G)
Prik (1=t |i=B)

all 0, and thus for k sufficiently large, AZ = 1 is a profitable deviation from what is

lim,, 00 = 0, and thus it suffices to show that

{en}72, such that limj_, ., = oo. This implies limy_,,, R*" (t*,0) = 1 for

specified under z,,, .

Now, fix some ¢ > t* and assume by induction that (6) holds for all s such that t* < s <
t. We want to show that it also holds for ¢. First, let us show that lim,, ,, R*(¢,0) = 0.
Since for all n, when X =1, AB € (0,1):

pORIn <t7 1) + (1 _ pO)RQCn <t7 0) — pORajn(t - 1, 1) + (]. _po)Rxn (t - 1; O)

Thus,
lim R (t.0) = — o [nh_g)lo[R (t—1,1) — R*™(t,1)] + lim R (t—1,0)] =0,

where the last equality follows from the inductive assumption.

Next, let us show that lim, ,,[R*"(¢,1) — R*™(t + 1,1)] = 0. Suppose not, by
contradiction. Then, there exists § > 0 and subsequence {¢,, }?2, of {¢,}:2, such that
R (t,1) — R™(t+1,1) > ¢ for all k. This implies that there exists p € (po, 1) such that
p; < p under z,, for all k. However, lim,,_,., R**(¢,0) = 0, and thus for all p € (py, 1),
there exists an V € N such that p; > p under z,, for all n > N. Contradiction.

Now, note that for all n, pj. = py under z,. Thus, Qr(n) does not converge to 0 as

n — oco. However, because lim,,_,., R**(T',0) = 0, lim,,_,o, Q7(n) = 0. Contradiction.

. This interior fixed point of ®° is also a fixed point of ®: Fix an € > 0 such that there
is a fixed point z of ® such that z € [py,1 — )7 x [0,1]". I claim that z is also a fixed
point of ®. This is equivalent to showing that for all ¢:

AP € ®P(x) and p; = oY ().

Note that A7 € ®7(z) holds because this is necessary for z to be a fixed point of ¢°.
Next, let us show that p; = ®Y(z) for all ¢. Proof by induction. Fix a ¢, and suppose
pi = ®%(x) for all s > t. We want to show p; = % ().

Since p; < 1 —¢,
VE(p,1) >V (p,0) forallp > 1 —e,
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where this is the value function that obtains given the reputation function R*. Thus,

V2 (po, (02)a=) > Vi (0o, (B)3-)
for any p, > 1 — ¢ and p, = p; for all s > ¢. This, combined with the fact that p; =
7 (z), implies p; = OF ().
O
Proof of Proposition 2. Part 2 follows from the fact that the B agent holds belief p, in

every period. For part 1, let us first show that G plays a cutoff rule and these cutoffs are
unique. Proof by induction.

In period T, the agent acts if and only if his belief lies above p = KOO. Next, fix a t

KZ—K
and suppose that the agent plays an interior cutoff rule in all s > ¢. Note that

Vi(p, 1) = B'(pK1 + (1 — p)Ko).

Now, let us observe three facts about V., (p, 0)):

1. Since a cutoff rule is played in ¢ + 1,
V;fG(L@) = ‘/155';-1(17 1) = Bt—HKl < BtKl = ‘/;G(la 1)

2. V;G(O7®) =0> 6tKO = ‘/tG(Oa 1)
3. Vi(p,0) is convex in p.

These three facts together with the linearity of V;(p, 1) imply that there is a unique p; €
(0,1) such that the good agent plays cutoff rule p; in .

Now, it remains to show that the p; are strictly decreasing in ¢. To this end, fixat < 7.

Suppose by contradiction that p; < p,41. Then
‘/tG(ﬁta 1) = VtG(ﬁta Q))

%il(ﬁta 1) < V;?—l(ﬁh @)

Since all these values are strictly positive,

Vi) V(00

D= Vet ) = VEpLD)

(7)
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Now, let V;(p, () denote the agent’s value from the modified problem which is identical to
the original problem except that the time horizon is 7" — 1. It follows that for all ¢ < T~

~ G
L VE(p,0) = 0
2‘ f/tG(p7 Q)) < ‘/;G(p’ @)

These two facts together imply

contradicting (7).

It remains to show that p; is strictly decreasing in K, (that it is also strictly decreasing
in K follows analogously). Fix any ¢. Note first that for any p,

5‘20(])157 1)

__ nt

Meanwhile, by the Envelope Theorem (Milgrom and Segal, 2002):

5‘ZfG(pt7 Q))

5K1 = E7>t,p7— [ﬁTpT]I(T 7é @)],

where p, denotes the belief at time 7, and the expectation is taken with respect to this
belief and the agent’s stopping time. By the Martingale property of the belief,

Er~i[pr|pe] = pr.

where the expectation is taken over all 7 > ¢, including 7 = . Since P(7 # ) < 1 and

BT < f,

5‘/)25G(pt7®) < 5‘71‘/61(]9157 1)
0K, 0K,

thus, p, is strictly decreasing in K. O

I now state a lemma that will be used in the proof of Proposition 3. The proof of this
lemma is relegated to the Online Appendix.

Lemma 6. In any equilibrium, if for all s < t there exists a p% € (0, 1) such that

A9(p) = 0 forallp < pt
’ 1 forallp > pi

and AP € (0,1), then R; € (0,1).
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Proof of Proposition 3. First, we want to show that in any equilibrium A? € (0,1) for
all . Proof by induction. Assume by induction that AZ € (0,1) for all s < ¢ (this holds
vacuously when ¢ = 1). Assume by contradiction A? € {0,1}. Now, suppose AZ = 0 (the
case where AP = 1 follows analogously). It follows from Bayes’ Rule that

1

- 8)
1-Ry Pr(r=t,0=0|T>t,i=B) (
1+ ( Rt—tl : )(PT(T:t,G:Oh-Zt,i:G))

R(t,0) =

First, note that
Pr(r =t,0 =0lr > t,i = B) = A7(1 - p) = 0.

Meanwhile,
1 1
PT(T = t, 9 = O|T 2 t,/L = G) = / / (1 —pt)th(pt‘ptfl)dHtfl(ptfl) > O,
0 Jp;

where the strict inequality follows from the fact that p; € (0,1). By Lemma 6, it follows
from (8) that R(¢,0) = 1. One can analogously show that R(¢,1) = 1. Thus,

Vi(po, 1) = poR(t, 1) + (1 = po) R(¢,0) = 1. ©)
Now, by the Law of Iterated Expectations
Ry =Pr(i=G,m=tr>1)(1)
+ Prii=G,m#tr>1) /1 VE(p,0)dH,(p) (10)

0
+ Pr(i = Bl = t)V,”(po, D).

Because R is consistent with the A’ in equilibrium, V,? (py, 0) < fol V.S (p,0)dH,(p). Because
R;—1 < 1 (Lemma 6), it follows from (10) that V,®(py,) < 1. Combining this with (9)
implies V,”(po, 0) < Vi(po, 1). Thus, AP = 1. Contradiction.

Now, we want to show that in any equilibrium, pj. = p,. Fix any equilibrium. We have
already shown AP € (0,1). Thus,

Vr(po, 1) = V£ (po,0) = ViF (po, 0), (11)

Note further that (1) both Viy(p,1) and Vy(p,0) are linear in p and (2) by Lemma 2,
Vr(0,1) < VF(0,0) and V(1,1) > VF(1,0). These two facts, combined with (11), imply
that Vr(p, 1) < Vy(p,0) for all p < pg and Vi (p, 1) > Vr(p, D) for all p > py. Thus ph = py.
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It remains to show that forallt < T', p; > po. To thisend, fixa ¢t < T It follows from the
above that B mixes between a € {1,0} in every ¢, and thus V;(po, 1) = Vi1(po, 1). Now, it
follows from Lemma 2 that

‘/t(l?@) - V;H-l(Ll) and ‘/15(07®) > W+1(071)‘

Thus, it follows that V;(p, 0) > Vi,1(p, 1) for all p < 1. Because py € (0,1), then

‘/t<p07 Q)) > ‘/t+1<p07 1) (12)

Since V,%(p,0) > Vi(p, 1) if and only if p < p;, it follows from (12) that p} > po.
0

I now state a lemma that will be used to show that Theorem 1 holds in the special case
where X = 1. The proof of this lemma is relegated to the Online Appendix.

Lemma 7. Assume X = 1, and fix all parameters except py. For any p € (0, 1), there exists
p € (0,1) such that if py < D, p; < p in any equilibrium under p.

Proof of Proposition 4. Fix any Ry, T"and f. Consider some p, € (0,1). By Lemma 7,
there exists a p € (0,po) such that if p) < p, p;’ < D in any equilibrium strategy (p}’)!_,
under pj, for all t. Furthermore, it follows from Proposition 3 that p; > p, for all ¢ in any

*

equilibrium strategy (p;)]_; under po. Thus, p;’ < p; for all ¢, under any such equilibria.

U

Proof of Theorem 1. First, let us consider K, and K;. Begin by considering the case
where X < 1. Fixing all other parameters, we want to show that there exists K; > 0 such
that if K; < K, then p; < p, for all ¢ under any equilibrium (the existence of K follows
analogously). Suppose not, by contradiction. Then, there exists a sequence {K'}>°, such
that K7 > 0 for all n and lim,_,., K7 = 0 such that there exists an equilibrium strategy
{py"}L | associated with each K7 where p*™ > p" for all n and some s < T. Note p" is the
decision-optimal cutoff under K7. In what follows, let superscript n denote objects for

said equilibrium under K7.

Since lim,,_, p? = 1, it must be that lim,,_,., pi" = 1. In order for such p}™ to be optimal:

lim [R"(s,0 =1)— R"(s+1,0=1)]=0 (13)

n—oo
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Meanwhile, since we cannot have R"(s,0 = 0) = R"(s,0 = 1) = 1, AB" € (0,1) for all n.
Now note there exists an N and W < 0 such that for all n > N, WP-B"(py) < W. Thus, to
maintain B’s indifference, for all n > N, W/ (p,) > —W > 0, where:

W5 (po) = [R"(s,1) = R"(s + 1, 1)]po + [R"(s,0) — R"(s + 1,0)](1 — po)
< R"(s,1) — R"(s +1,1).

Thus, foralln > N, R"(s,1) — R"(s 4+ 1,1) > —W > 0, which contradicts (13).

Next, suppose X = 1. I claim that for all ¢, there exists p, € (0,1) such that p; < p,.
This proves the statement for K, and K; under X = 1. Suppose not, by contradiction. Let
s be the last period where the statement fails. Since p} = p, in any equilibrium, s < 7.
Thus, there exists a sequence of equilibria with time-s strategies p}™ such that the p:™ are
strictly increasing in n and lim,,_,, p7" = 1. This implies
lim [R"(s,1) — R"(s+1,1)] =0,
n—o0

which implies
lim [R"(s,0) — R"(s+1,0)] = 0.

n—oo
Meanwhile, lim,, ,., R™(s,0) = 0, because otherwise lim,, ,,, R,(s,1) = 1, which would
imply that for n sufficiently large, pi" is not optimal. Thus, lim,_,., R"(s + 1,0) = 0.

However, for all n, .
1+ 1-Rg Prn(r=s+1li=B)
Ro Prm(r=s+1]i=G,0=0)

R"(s+1,0) =

Since there exists p,,, € (0,1) such that p;}", < p,,, for all n, there exists a ) > 0 such
that Pr"(t = s+ 1|i = G,0 = 0) > Q. Thus, we cannot have lim,_,,, R"(s + 1,0) = 0.
Contradiction.

Next, consider p,. Fix all parameters except py and first assume X € (0,1). I show that
there exists p € (0,1) such thatif py < p, p; < p; forallt € {1,...,T} in any equilibrium.
Fix any t € {1,..,T}. I will show there exists p, € (0, 1) such that if py < p,, then p; < p,
under any equilibrium strategy of G. Letting p = min, p,, this implies the statement we
wish to prove. Suppose by contradiction that for some ¢, there does not exist such a p,.
Then, there exists a sequence {py , }»>; such that py,, € (0, p) for all n and lim,,_,o po, =0,

where for all n and for some equilibrium strategy profile (A”

t,n?

T .
]0;‘,71)t:1 under prior pg .,

P, = Pi- Now, I proceed in a number of steps:

1. Show that for all n, AT, > 0 for all s > ¢. Begin with time ¢. Suppose by contradiction
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that AP, = 0 for some n. Because p;,, € (0,1), R,(t,0) = 1 forall 6. Thus, V;-%(p,1) = 1
for all p, where Vti’c is G’s reputation value under the equilibrium. Now, let R;_,,
denote the interim reputation under the equilibrium. Because A, < 1forall s < ¢,
it follows that R;_;, < 1. Thus, it must be that V;ﬁ’G(ﬁt, 0) < 1. Thus by Lemma 3,
Pin < Dr- Contradiction.

Next, consider some s > t. Suppose by contradiction that A?, = 0 for some n. By
Lemma 2, p;,, < 1, and thus by Bayes” Rule R, (s, ) = 1. But then:

V2 (pons 1) = (1 = X)(pon K1 + (1 = pon)Ko)B° + X
> (1= X)(pon k1 + (1 = pos) Ko) 8 + XV (pon, 1) = Vi (poms 1),

where the strict inequality follows from the fact that p,,, < p by assumption, and thus
P01 + (1 — pon)Ko < 0. Contradiction.

. Show lim,, ,,[Rn(s,0) — Ry(s + 1,0)] > O for all s such thatt < s < T, and
limy, 0o [Rn (T, 0) — Ry (0,0)] > 0.
Fix some s such thatt < s < T, By 1., V5 (pon, 1) = VI, . (pon, 1) for all n, where

an(Po,m 1) = (1 = X)[ponts + (1 — pon) Kol 5° + X[ponRn(s, 1) + (1 — pon)Rn(s,0)].
Thus,

11m v > (Po.n, 1)—\/;31,71(;907”,1) = (1-X)(B*—B"™)Ko+X lim [R,(s,0)—R,(s+1,0)] = 0.

n—oo

So,
lim [R,(s,0) — R,(s+1,0)] = —%(68 — BT Ky > 0.

n—oo

Next, it follows from 1. that V7 (pon,1) = V%, (pon, ) for all n. Thus by the same
reasoning as above,

lim [R,(T,0) — R,(0,0)] = —5TK0(1 —X

Jim e ) > 0.

. Show limy,_,oc Ry(t, 1) = 1. For the equilibrium (p;,,, A, )/, under p,, let H,,, denote
the good agent’s distribution of time-t beliefs given 7 ¢ {1, ..., t}, and likewise for G; .
Define

fo fp; 1 - Pt th n(pt|pt l)dHt 1 n(pt 1)

fo fpi‘n PedGyn(pe|pe—1)dH; 10 (pe-1)

Qn,t -
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I begin by showing

lim (—22 )Q,., = 0. (14)

n—oo ] — Do.n

Since lim,, ;o po.n, = 0, it suffices to show that there exists L € R* such that Q,,; < L for
all n. Note that for all n,

1 pl 1 el
/ / ptht,n(pt|Pt—1)dHt—1,n(Pt—1) > / / pznth,nQ?tIpt—1>dHt—1,n(pt—1)-
0 Jpi, 0 Jri,

Thus,
0 fo f thn(Pt|pt 1>dHt 1n(pt 1) . 1 .
n,t — = " — 1.
fo f ptnthn(pt’pt 1)dH; 1 5(pi-1) Ptn

By the assumption that p;,, > p; for alln, Q,; < ;- — 1, thus establishing (14). Now,
recall that

1
R, (t,0) = 1+ (1—Rt71,n)( AB, (15)
Ri_1n fol fplfn 11pgt dGy n(Pt|Pt 1)dHi—1,n(pt—1)
1
Rn<t7 1) = 1 n (1*Rt—1,n)( AEn )
Ri_1n I fpl%kn pg,tn dGi,n(ptIpt—1)dH—1,n(Pt—1)

It follows from 2. that

AB
T Ln is bounded. (16)
fo fp;m 1_;;;th,n(Pt|Pt—1)dHt—1,n(pt—1)
Now note
AB

lim

e fo fpt o d (el pe—1)dH; 1 (pe—1)

— lim (— AB )(fo fp;n - th(pt|pt 1)dH; 1,5 (pe-1)
— lim ;

e fO fpf l_sz)t thn<pt|pt 1)dHt 1,n pt 1 fO fp pﬁtnthn(pApt 1)dHt 1n(pt 1)

where the final equality follows from (14) and (16). Thus, by (15), lim,, . R,(¢,1) = 1.
4. For some n, V,I;,{r’lG(f)t, 1) > VEI;G(f)t, (). For all n,

Vi (6i,1) = eRa(t,0 = 1) + (1 = p) Ra(t,0 = 0).
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It thus follows from 2. and 3. above, and the fact that p; < 1, that there exists K > 0
and N € Nsuch thatifn > N,

Vi (pe 1) > pe+ (1= pr) Ru(t +1,0) + K. (17)
Now, note that for any n,

Vi (pr, 0) < p Ry (r,1) + (1 =p Fin(7,0).
i Bu®)<pe  max  Ru(r1)+(1—p)  max o Ru(r,0)

Thus, by 2., there exists N’ € N such that for all n > N’
Vti’G(ﬁt, 0) < P+ (1 —p)Ru(t+1,0).
Thus, by (17), for all n > max{N, N'},

VIS (i, 1) > VG (3, 0).

By Lemma 3 it follows from 4. that for all n > max{N, N'}, p},, < py, contradicting the
assumption that p;, > p; for all n.

Next, suppose X = 1. It follows directly from Lemma 7 that there exists a p € (0,1)
such that if py < p, p; < pr < p; for all t under any equilibrium strategy (p;)/_; under p.

O

Proof of Theorem 2. Fix any equilibrium (p}, A?)]_; and any ¢ € {1, .., T}. First, consider
the case where A = 1 for some s < t. Since G plays an interior cutoff strategy at all ¢, the

equilibrium reputation function R must be such that
R(1,0) =1forallT € {¢t,..,T,0},0 € {0,1}.

Thus, V"% (p,a) = 1 for all a € {0, 1}, p € [0, 1]. Hence, G’s problem at time ¢ is to choose
a strategy which maximizes the following:
EplU(,0)] = (1 = X)B7(Ep[Ko]I(7 # 0)) + X.
This problem is equivalent to maximizing 57 (Kyl(r # ()). Hence, the equilibrium
strategy must be equal to the optimal cutoff rule under X =0, i.e., p; = p;.
Next, consider the case where AP < 1 for all s < ¢ (this holds vacuously when ¢ = 1).

I claim that in this case p; > p;. First, suppose that A? = 1. The equilibrium reputation
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function must be such that (1) R(s,§) = 1 foralls € {t +1,...,7,0} and 6 € {0,1} and
(2) R(t,0) < 1for § € {0,1}. Together, these two facts imply that VtR’G(p, 1) < 1and
VtR’G(p, () = 1 for all p. Furthermore, by the same reasoning as above, pt = p; for all
s > t and thus V;"(p,a) = Vi(p,a) for all a,p. So, VE(p;,1) < V,€(p,0) and thus p; >
pr. Next, suppose that Af < 1. It must also be that AtB > 0. To show this, suppose
not by contradiction. Then, the reputation function must be such that R(¢,0) = 1 for
0 € {0,1}. Thus, V"% (p,1) > V;*P(p,0) for all p. Since V;"""(po,1) > V,"(po,0), it
follows that V% (pg, 1) > V,Z(py,0), and thus AP = 1. Contradiction. So, AP € (0, 1) which
implies B must be indifferent at py: V;%(po, 1) = V;%(po, 0). Since V,¢ (po, 0) > V,2(po, ?) and
Vi2(po, 1) = Vi€ (po, 1), Vi€ (po, 0) = V,€(po, 1). Thus, p; > po > pr.

Further, note that there exists an X such that if X > X, then A? € (0, 1) for all t. Thus,
if X > X, pf > p,inall t. O

To prove Theorem 3, I state and prove three lemmas. The proofs of the first two lemmas

are relegated to the Online Appendix.

Lemma 8. Fix all parameters except 3 and X. There exists an X such that if X > X, AP € (0,1)

in any equilibrium, under any f3.

Lemma 9. Fix all parameters except 3 and X. Suppose X > X, where X is established in
Lemma 8. For any t, if there exists p, such that p; < p, in all equilibria for any (3, there exists
R > 0and R < 1 such that R(t,0) > Rand R(t,1) < R.

Lemma 10. Fix all parameters except 3 and X. There exists X > 0 such that if X > X, then for
all t, there exists p, € (0, 1) such that pf < p, in any equilibrium.

Proof. Suppose X > X, where X is the bound established in Lemma 8. I will now prove
that for all ¢, there exists j, € (0, 1) such that p; < p, in all equilibria. Proof by induction.

Base case: By Lemma 8, p} = po.

Induction step: Fix at € {1,..,7 — 1}. Assume for all s > t, there exists such a
P, € (0,1). By Lemma 9, for all s > t, there exists an R, > 0 and R, < 1 such that
R(s,0) > R, and R(s,1) < R,. We want to show that there exists a J, satisfying the above.

Suppose not, by contradiction. Then, there exists a sequence of X, {X,}>°,, with
lim, 00 X;, = 1 such that lim,,_,., p;”" = 1, where p;™ is some equilibrium cutoff under
X, for some (. First, consider the case where lim,_,., R"(¢,1) = 1. By Lemma 9, there
exists a R, < 1such that R*(t+1,1) < R, for any n. By the continuity of the V", there

exists p, such that p; < p, for all n. Contradiction.
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Next, consider the case where R"(¢,1) does not converge to 1. Then, there exists an
infinite subsequence indexed by m and an upper bound R such that for all m, R™(¢,1) <
R. Recall by the definition of R™, there exists p such that for all m,

Pr(r=B,0=1)
Pro(r=tG,o=1) &

*,1M

Since lim,,, oo p;"" =1,
Pr(r =t|G,0 = 1)

I _
misse Pro(r = 1G,0 =0)

Since Pr™(t =t|B,0 = 1) = Pr™(r = t|B,0 = 0), it follows that

. Prm(r =t|B,6 =0)
lim
m—oo Prm(T =t|G,0 = 0)

= o0,
and thus lim,, .., R™(t,0) = 0. Note that by B’s indifference condition, for all s > ¢,

(1= po) R™(t,0) + poR™(t, 1) = (1 — po) R™(s,0) + poR™ (s, 1),
Since there exists a R such that R™(s,0) > R for all m, it follows that there exists an M

and A > 0 such that for all m > M,

R™(t,1) > A+ R™(s,1) forall s > ¢.

Thus, it again follows from the continuity of V" that there exists p, such that p;"” < p, for
all m > M. Contradiction. O

Proof of Theorem 3. To prove the first bullet, note that it follows from Lemma 10 that for
all ¢, there exists a X € (0,1) and p, € (0,1) such that p; < p, under any equilibrium for
any 3 when X > X. Fix this X and these p,. For any ¢t < T, fixing all other parameters
(except X and ) there exists 8, € (0,1) such thatif > 8, p. > p,. Thus, forany ¢ < T
and for all X > X and > max,<; ﬁt, Dt > pj.

To prove the second bullet, it suffices to show p. > pr. Note that there exists X € (0,1)
such that if X > X, A” € (0,1) for all t, in any equilibrium. Thus, by the same reasoning
presented in the proof of Theorem 2, since pr < po, p > pr. O
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Online Appendix
Proof of Lemma 1. Proof by induction. Whent =T,

which is linear in p and thus convex in p. Next, fix any ¢ < 7', and assume that V,,(p, 0)
is convex in p. We want to show that V;(p, ) is convex in p. This is equivalent to showing
that for all p,p’ € [0,1] and A € [0, 1],

AVi(p, 0) + (1 = MWVi(p', 0) > Vi(D),

where p = A\p + (1 — \)p'. To this end, fix a p,p’, and A € [0, 1] and define the following
binary signal b € {0,1} on 6:

Prib=1/0=1) = —, Pr(b=1/0=0) =

Now define the following two signals ¢ and ¢
o:{0,1} — A([0, o0]), where o(0) = F(-9)
5 :{0,1} — A([0, 0] x {0,1}), where 5(0) = F(-,-|6),

and for b* € {0,1}, F(s,b*) = F(s|0)Pr(b < b*|#). Note that & Blackwell dominates
0. Now assuming that the agent has prior belief p let G,(-|p) and G(-|p) denote the
distribution of posteriors after observing o and ¢, respectively. It follows from the Law of

Iterated Expectations that:

Gi(q|p) = Pr(b = 1[p)G:(qlp) + Pr(b = 0[p)G:(qlp’) = AGi(qlp) + (1 — N)G.(qlp)).  (18)

Now, note that since V;,1(p, 0) is convexin p and V,1(p, 1) = pR(t+1,1)+ (1 —p)R(t +
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1,0) is linear in p, V11 (p) = max{V,41(p, D), Vi41(p, 1)} is also convex in p. Thus

Vi(p,0) = /0 Vit1(9)dGe(q|p)
< / Vir (9)dGo(qlp)

oy Vit (@dGalalp) + (1 - A) / Vi (@)dGial)
= AVi(p, 0) + (1 = N)Vi(p', 0),

where the inequality follows from Blackwell’s (1953) Theorem, and the second equality
follows from (18). O

Proof of Lemma 2. Fix a ¢, and assume by induction that (1) holds for all s > ¢.

First, consider the case where A® = 1 for some s < t. By informativeness, Pr(r < t|i =
G) < 1. Thus R;_; = 1. It follows that V/{(p, 1) = V.E(p,0) = 1 for all s > ¢. Since

V,P(1,1) = VP(1,0) > 0and V,”(0,1) — V,”(0,0) < 0,

(1) holds in t.

Next, suppose AZ < 1 for all s < t. Consider the case where A? = 1. By the
informativeness property, Pr(t = t|t > t,i = G) < 1. Thus,

Vi (p,1) < VR (p,0) = 1 for all p, (19)

and so V;(0,1) < V;(0,0). To show that (1) holds in ¢, it remains to show that V;(1,1) >
Vi(1,0). Assume by contradiction Vi(1,1) < Vi(1,0). If t = T, then Vi(po, ) > Vi(po, 1),
and thus AP = 0. Contradiction. If ¢ < T, it follows from the inductive assumption that
Vi(1,0) = Vit (1,1). So,

Visr(1,1) < Vi(1,1).

By (19) and the fact that V,2,(0,1) > V;”(0,1) it follows that V;,1(0,1) > V;(0, 1), and thus
Vitr1(po, 1) > Vi(po,1). So, B can profitably deviate by choosing AP = 0 and A2, = 1.
Contradiction.

Next, consider the case where A? = 0. By the informativeness property, Pr(r = t|7 >
t,i = G) > 0. Thus, VE(p,0) < V;E(p,1) = 1 for all p, and so V;(1,1) > V;(1,0). To show
(1) holds in ¢, it remains to show V;(0,1) < V;(0,0). Assume by contradiction V;(0,1) >
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V;(0,0). Since V;(p, 1) is linear in p and by Lemma 1 V;(p, §) is convex in p,
Vi(p, 1) > Vi(p,0) for all p > 0.

It follows that
‘/t(poa ]-) > %(p(]a @) Z ‘/tB(pOJ (Z))

Thus B can profitably deviate by playing A” = 1. Contradiction.

Finally, consider the case where AP € (0,1). I claim that A7, > 0 whenever ¢ < T.
Suppose not, by contradiction. By the informativeness property, Pr(r =t + 1|i = G) > 0.
First, consider the case where V;”(pp,1) < 0. Because A? € (0,1), V.E(po,1) < 1 and
because A2 | =0, VF(po,1) = 1. Thus, Vi(po, 1) < Vit1(po, 1). It follows that AP = 0 and
AP | = 1is a profitable deviation.

Next, consider the case where V" (po, 1) > 0. Since V/%, (po, 1) = 1, Vi1(po, 1) > Vi (po, 1)
forall 7 £ t + 1, and thus A7, = 1is a profitable deviation. It follows from the above

statement that B is indifferent between acting at t and ¢t + 1 when ¢t < T'. Thus,

‘/t(p07 ]') = ‘/;H-l(p(]a 1) (20)

Now, we want to show V;(1,1) > Vi(1,0). Suppose not by contradiction. By the
inductive assumption, V;(1,0) = Vi11(1,1) and Vi(1,1) < Vi4y1(1,1). Thus, by (20),
Vi(0,1) > Vi41(0,1). If X < 1 this implies

R(t,1) < R(t+1,1) and R(¢,0) > R(t + 1,0),

which is a violation of Assumption 2. Now suppose X = 1. First, suppose R(t,1) < R(t+
1,1). In order for (20) to be satisfied, R(¢,0) > R(t + 1, 0), which again implies a violation
of Assumption 2. We can analogously show that we cannot have R(¢,0) > R(t+ 1,0). So,
it follows that R(¢,1) = R(t+ 1,1) and R(¢,0) = R(t + 1,0). When t = T, this implies a

failure of informativeness. When ¢ < 7', by the inductive assumption,
Vi(p,0) > Vi (p, 1) = Vi(p, 1) for all p > 0.

Thus, Pr(t = t|i = G,0) = 0 for all §. Since AP > 0, this implies R(¢,0) = 0 for all §, and
thus V;(p, 1) = 0 for all p. But by informativeness, R(s,#) > 0 for some s > ¢, 6. Thus, B
can profitably deviate by playing A7 = 0. 0
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Proof of Corollary 1. Fix any ¢ < T'. First note
‘/75(17 (Z)) = ‘/tJrl(la 1) = R<t + 17 1)7

where the first equality follows from Lemma 2. Next, note V;(1,1) = R(¢,1). Finally, by
Lemma 2, V;(1,1) > Vi(1,0). Thus, R(¢t,1) > R(t + 1,1). The bad agent’s indifference
condition then implies R(¢,0) < R(t + 1,0).

U

Proof of Lemma 3. Because G plays a cutoff strategy, it suffices to show that VO (p, 1) >
V% (py, ). Note that

VP (Bi 1) = Vi€ (i 1) = Vi, 0) = V7% (1, 0),
where the second equality follows from the definition of p,. Thus,
Ve (1) = (1- X)V,PC(py, 1) + XV (py, 1) > (1— X)V,7C (b, 0) + XV (e, 0) = VI (pr, 0),

where the strict inequality follows from the assumptions that V;%(p,, 1) > V,®(p;,0) and
X >0. U

Proof of Lemma 4. Fix a ¢t. Suppose by induction p} < 1 for all s < t. We want to show
p; < 1. First consider the case where A? = 1 for some s < ¢. This implies X < 1,
otherwise, A® = 1 cannot be part of a fixed point. It also implies R;,_; = 1, and thus
pi = pr € (0,1). Next, consider the case where AP < 1 for all s < . First, suppose that
AP = 0. Then R(t,0) = 1 for all §, so p; < p; < 1. Next, suppose that AP > 0. This implies
that V;(1,1) > V;(1,0). Thus, p; < 1.

O

Proof of Lemma 5. Fix any fixed point z of ®. First, I show that (x, R*) satisfies
Assumption 1 and Assumption 2. That Assumption 2 is satisfied follows from the
assumption that G plays cutoff strategies in every ¢t. To see why Assumption 1 holds,
note by Lemma 4 that for all ¢, p; < 1. Now fix a ¢ and suppose that A? < 1 forall s < t.

If AP =0, then

Pr(r=tli=B,0,7>t)=0and Pr(r =tli=G,0,7 >t) > 0forall 0,
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so Assumption 1 is satisfied. If A? > 0, then
Pr(r=tli=B,0=1,7>t)=Pr(r=tli=B,0=0,7 > 1).

However, since G plays a cutoff strategy,
Prir=tli=G,0=1,7>1t)>Pr(r=tli=G,0=0,7 > 1),

so Assumption 1 is again satisfied.

It remains to show that (z, R”) is an equilibrium. It follows by definition that R is
consistent with Bayes’ Rule, given z. Next, I will show that given R?, (p;)L_, and (AP)L,
are optimal for G and B, respectively. Since z is a fixed point, A? € ®Z(z) for all ¢ and
the optimality of AP follows from the definition of ®7. Next, consider G. First, we want
to show that at any ¢, it is optimal for G to play a cutoff strategy. Now, note that because
AP is optimal under this fixed point for any ¢, the reasoning of Lemma 2 applies here.
Thus, (1) holds here. Because V;(p, ?) is convex in p (Lemma 1) and V;(p, 1) is linear in p,
playing cutoff strategy p, is optimal. It remains to show that for all ¢, p; = p;. Fix a t and
suppose by induction that p, = p? for all s > ¢. By the definition of ®¢, it follows that
Of () = p} = pr.

U

Proof of Lemma 6. Fix a ¢, and assume A“ and AP satisfy the given assumptions. We
want to show that R; € (0, 1). Proof by induction.

Base case: s = 0. R, = R, € (0, 1) by assumption.

Induction step: For any s € {1,...,t}, assume Rs_; € (0,1). We want to show that
R, € (0,1). It follows from Bayes’ Rule that

R, = ! 21)

1+ 1—Rs_1 Pr(r#s|t>s,i=B) °
Rs_1 Pr(r#s|t>s,i=Q)

To show that R, € (0, 1), it suffices to show that both the conditional probabilities in (21)

lie in (0, 1). In equilibrium,
Pr(t #slt>s,i=B)=1- AP €(0,1),

where AP € (0, 1) holds by assumption. It remains to show that Pr(7 # s|7 > s,i = G) €
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(0,1). To this end, because the good agent is playing a cutoff strategy;,

0 forall p < p;
Ht(pt|pt_1) - Gi(ptlpt—1)—Ge(pfpt—1) £ 1 i
Gi(pflpe—1) orallp > p;
We can write )
Pr(r # sl 2 5,1 =G) = | Guilpe-s)dHios(p). (22)
0

Now, we make two observations:
1. Gi(pi|pi-1) € (0,1) forall p,_; € (0,1).

2. H;_1(pi—1) is continuous in p;_;, following from the continuity of G;_;(p;—1|pi—2) in
Pt—1-

It follows from the above two observations, combined with (22) that Pr(r # s|t > s,i =
G) € (0,1).

O

Proof of Lemma 7. Fix any p € (0,1). It suffices to show that for each ¢, there exists
D, € (0,1) such that if py < p,, then p; < p for any equilibrium under pj.

Suppose not, by contradiction. Let s be the last period such that the statement fails.
Since by Proposition 3 p}. = py in any equilibrium, s < T'. Thus, there exists a ¢ > 0 and a

sequence of priors (p)>2, such that lim,, . pj = 0, where
py" > gforallnand lim p;} =0, (23)
n—oo

where p;" is some equilibrium under pj;. Let superscript n refer to objects under this

equilibrium.

It follows from B’s indifference (Proposition 3) that

lim [R"(s+ 1,0 =0) — R"(s,0 = 0)] = 0. (24)

n—oo

Thus, in order for the p}™ to be optimal for all n

lim [R"(s+ 1,0 =1) — R"(s,0 =1)] = 0. (25)

n—oo
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Now, it follows from Bayes’ Rule that for any ¢,

1
1+ =L Xn(t,6)

t—1

R(t,0) =

where

AB,TLpn
X"(t,0) = = :
00 = B i 2= G Prr =i =G

Thus, in order for (24) and (25) to hold,

lim X"(s,0) = lim X"(s+ 1,0) for § € {0, 1}. (26)

n—oo n—oo

However, it follows from (23) that

lim Pr(@ =1|1 = s,i = G) — o while lim Pr(0 = 0|1 = s,i = Q)
nwoo Pro( =1lr=s+1,i=G) n—oo Pro(0 = 0|t =s+1,i = G)

=0,

which implies that (26) fails. Contradiction.
O

Proof of Lemma 8. I begin by showing AtB < 1 for any ¢. To this end, I will prove the
stronger statement that there exists X € (0,1) and b € (0,1) such that A? < b in any
equilibrium under any 3 when X > X.

Proof by induction. Fix any ¢. Suppose there exists an X, ; andb, ; € (0,1) such that
AB < b, forall s < t when X > X, ;. This holds vacuously when ¢t = 1. We want to
show that there exists X, € (X, ;,1) and b, such that A < b, for all s < ¢t when X > X,.
Suppose not, by contradiction. Then, there exists a sequence of X, (X,,)>°, with X,, — 1
where A" — 1 for some equilibrium strategy A;" for B under some value of 3 under
X,,. Let superscript n denote equilibrium objects under each such equilibrium. I claim
V;”" must satisfy the following two properties:

1. There exists an N and V < 1 such that V,”"(p,,1) < V forall n > N.
2. limy, o0 V2" (o, 0) = 1.

These two properties imply that there exists an N such that for all n > N, V,”"(py, 1) <
V%" (po, 0), thus implying that A" = 0, a contradiction.

I begin by establishing 1. Since X,, — 1, it suffices to show that there exists N and
R < 1such that R"(t,1) < R for n > N. The inductive assumption implies there exists
R < 1such that R’ | < R. Since A" — 1, there exists an N and A > 0 such that for all
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n> N, AP™ > A. Recall that

R'(t,1) =

1
B,n

1-Ri—1 poA,
1+ Ri—1  Prn(r=t|i=G,7>t,0=1)

It thus follows that for all n > N,

— 1
R'(t,1) < R= ———— < 1.
1+%APO

Next, I establish 2. It suffices to show R — 1. We know by assumption that A" — 1.
Note that for any n such that Af ™ =1, by the informativeness assumption, p,” < 1, and
thus R? = 1. Let m index the subsequence of (X,,)>°, such that A”" < 1. Note that if X,,
is finite, then the statement holds trivially. Now suppose X,, is an infinite subsequence.
AP™ < 1 implies V,”™(po, 1) < V;”"™(po,®). This implies V%" (po,1) < V™ (py,¥) and
thus p;"™ > py > 0. This then implies that there exists ¢ > 0 such that Pr'™(r # t|7 >
t,G) > q. Furthermore, by the inductive assumption, p; ,, > po for all m and s < ¢. So,
there exists a & > 0 such that R, > R for all m. Thus,
lim R;" = lim ! =1.

m—00 m—o0 | + 1-R™ 1—Af3’m
R, Prm(t#t|t>t,i=G)

Now, I show that AP > 0 for any ¢. Suppose not, by contradiction. Then there exists
a sequence of X (X,,)%°, with X,, — 1 where A" = 0 for all n under some equilibrium
strategy A" under X,, and some £3. Since G acts with positive probability in equilibrium
under any ¢ by Lemma 2, R"(t,6) = 1 for all §. Since X,, — 1, lim,, ;oo V2" (po, 1) = 1.
Thus, lim,, VtB ’R’"(po) = 1. Since Ry < 1, this implies that for n sufficiently large, B’s
expected reputation at the end of the game exceeds R,. Thus R" cannot be consistent with
Bayes” Rule. Contradiction. O

Proof of Lemma 9. I begin by establishing the bound k. By Lemma 8, in every
equilibrium under any g and ¢, V,2(py) = V,%(po,0). This implies V,%(py, 1) < V% (po, ),
and thus p; > po for all t. Thus there exists p € (0, 1) such that Pr(r =t[0 = 0,i =G) > p
in any equilibrium, under any 3. Namely, one such p is the probability 7 = ¢ given ¢ = (,
i = G and the good agent plays cutoff strategies p; = p, for all s < ¢ and p; = p,. Thus, in
any equilibrium )
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Now, I establish the bound R. Suppose by contradiction that there does not exist such

a R. Then, there exists a sequence of equilibria, indexed by n (under possibly different
values of /) such that

lim R"(t,1) = 1. (27)

n—o0

Now, recall that .

14+ 1—Rgy Prm(r=t|i=B,0=1) °
Ro Pr(r=t|i=G,0=1)

Thus, in order for (27) to hold, lim,,,,, Pr™*(r = t|i = B,6 = 1) = 0. Since Pr"(r = t|i =
B,0=0)= = Pri(r =tli= B,0 = 1),

RM(t,1) =

lim Pr*(r =tli=B,0 =0)=0.

n—o0

However, as previously shown for all n, there exists p > 0 such that
Pr(r =0 =0,i=G) > p.

This implies
lim Pr(t =t =0,i = B)
n—oo Pro(t =t|0 = 0,i = Q)
and therefore lim,,_,,, R"(¢t,0) = 1. Since lim,,_,,, R"(¢,0) = 1 for all 0, it follows that
for n sufficiently large, B can profitably deviate by playing the pure strategy A" = 1.

=0,

Contradiction. O

Proof of Proposition 5. First, we want to show that both players play cutoff strategies in
every t. Note that the proofs of Lemma 1 and Lemma 2 do not rely on the assumption
that B is unable to learn, and thus apply in this setting as well. Now note that Lemma 1
applies to B’s value function as well, i.e., V,”(p, 0) is convex in p. Next, because V,%(0, a) =
ViB(0,a) for all § € {0,1} and a € {0, 1}, Lemma 2 applies to B’s value function as well,
i.e.,

VE(1,1) > V;B(1,0) and V;5(0,0) > V;5(0, 1) for all ¢.

That pi” = ph© follows immediately from the fact that VZ(p, a) = V. (p, a) for all p, a. To
show p;” < pr“ forall t < T, note V;B(p,1) = V,%(p, 1) for all t, but because G’s signal

Blackwell dominates B’s signal and has a strictly larger support on the likelihood ratios:
VB(p,0) < V% (p,0) forallt < T and p € (0,1).

The statement follows immediately. O
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Proof of Proposition 6. We wish to extend the proof of Theorem 1 to the setting where
the bad agent observes signals drawn from f7. Thus, fix an f? with support (z,z), where

z > 0and Z < oo. First, note that Lemma 3 extends immediately. Now, rather than letting

AP refer to the bad agent’s strategy in t, given B’s strategy (p;’”)L_,, let

AP = Pr(r =tjr > t,i = B).

Let us begin by extending the proof of existence of K, (again, the existence of K follows
analogously). Following the proof of Theorem 1, there exists N and W < 0 such that for
alln > N, WP-Bn(p.) < W, where p, < 1 is the upper bound on the support of beliefs for
the bad agent in s. Since A?" € (0, 1),

WhEnp) > W > 0.
So it again follows that for alln > N,
R"(s,1) — R*(s +1,1) > =W,

a contradiction.

Next, we will extend the proof of the existence of p. We will extend each step of the
proof in turn. Again, we assume by contradiction that there exists a sequence {po.}7,
where pg,, € (0,1) and lim,, o o, = 0, such that for all n p;,, > p;. Hereafter, let p, ,
denote the upper bound on the support of beliefs that the bad agent might hold at ¢

under prior py,.

To extend step 1, we will instead show that there exists an N such that for all n > N,
AP, > 0forall s > t. The proof that A’ > 0 for all n follows identically. Next, consider
s > t. First note lim,, ,, P;,, = 0. Thus there exists IV such that for alln > N,

Z_jt,nKl + (1 - ]_)t,n)KO < 0.
Now, suppose by contradiction that for some n > N, AP, = 0. Then we have that
‘é,n(ﬁt,n? 1) > V;,Bin(]_)t,n’ 1)7

which contradicts that AP, > 0. Hereafter, I redefine {py,};>, to be the sequence
{pO,n}ZozNH'

To extend step 2, we note by step 1 that A”, € (0,1) for all s > ¢ (that A¥, < 1is
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immediate). Thus for all s > ¢ and n, there exists p;,, € (BT,n’ Pr.,) such that
Von(psns 1) = Vi3, (Psn, 0).
Since lim,,_, Pr, = limy, 00 Pr, = 0,
Jim VE psn: 1) =V sy 1) = (1—X)(ﬁs—58+1)K0+XJLHQO[R"(3,0)—R"(s+1, 0)] = 0.

Thus step 2 follows from the same reasoning as in Theorem 1.

To extend step 3, first define

fo fp*B 1_pt)dGB (Pe|pe— 1)dHt 1n(Pt 1)
fo fp Bpthtn(ptlptfl)dHt—l,n(ptfl)

?

B
Qn,t

where Gf, and HJ, are defined analogously for the bad agent as they are for the good
agent. We want to show

As before, Q,,; < p% — 1. Meanwhile, since p;’n < Py foralln,

t,n

fo fp*BdGB (pelpe-1) HtB—ln<pt—1) - 1 1

fo fp*BptndGB (Pelpe- 1)dHt 1n(pt 1) Pin

B
n,t

Recall that lim,,_,, P;,, = 0. The statement follows immediately. By Step 2,

fol fpljf (1-p )thBn(ptlpt—l>dHtB—l 2(Pe-1)
Jo Sz (1= PG (pilpr—1)dH 1 (pin)

is bounded.

Thus,

fO f*Bpthtn(pt|pt 1) HtBln(p —1) f() f d En(pt‘pt—l)ngl,n(pt—l> Q
lim be = lim pt" nt—

oo fo f pthtn(pt|pt DAH 5 (pe—1) 77 fo fpt (1—pt)d ¢ (De|pe—1)dH 1 5 (Pe—1) f,t

So, lim,, 0o Ry (t,1) = 1.

The extension of step 4 is immediate. A contradiction follows as in the proof of
Theorem 1.

51



U

Proof of Proposition 7. First, I argue Lemma 2 must hold when 7" = oo and X =
1. I now show V;(1,1) > Vi(1,0) (that V;(0,1) < V;4(0,0) follows analogously).
Suppose by contradiction Vi(1,1) < V;(1,0). This implies R(¢,1) < R(7,1) where
T = argmax,,, g R(s,0 = 1). If R(¢,0) < R(7,0) this implies that either G or B could
profitably deviate (in G’s case, by never acting at t). If R(¢,0) > R(r,0), this implies that
either G or B could profitably deviate, or in the case where R(¢,1) < R(7,1), there is a

tailure of Assumption 2.

That Lemma 2 holds implies that R(t,6 = 1) (R(t,6 = 0)) is strictly decreasing
(increasing) in ¢t. Because they are also bounded, by the Monotone Convergence Theorem,
there exists R, R® € [0, 1] such that

lim R(¢,1) = R' and lim R(t,0) = R°. (28)
t—o00 t—00
This implies that there must exist a ¢ such that V;(p, () is convex, and thus the proof of
Lemma 1 must extend to this setting. It follows that G plays a cutoff strategy p; € (0,1)
and B mixes in every t. Now note that because of this

R(0,1) < R(0,0) and R(t,1) > R(t,0) for allt.

Thus, by (28), lim;_, p; = 1. In order for R to be consistent with Bayes’ Rule, this implies
that one of the two limits must hold:

lim R(t,1)=1  lim R(t,0) = 0.

t—o0 t—o00

However, this contradicts the fact that R(t, 1) is strictly decreasing, and R(t,0) is strictly

increasing in ¢. U

Proof of Claim 1. That A® € (0,1) and p* = p, follows directly from Proposition 3. It
remains to show that there is a unique equilibrium. Namely, we want to show that there
exists a unique b € (0,1) such that (4% = b,p* = py) is an equilibrium strategy profile.
First, define

W(a,b) = poR’(a, 1) + (1 — po) R®(a, 0)

where
1

1+ 1— Ry Pr(a,0li=B,AB=b)
Ry Pr(a,0]i=G,p*=po)

R’(a,0) =
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is the unique reputation function that is consistent with the strategy profile (A = b, p* =
po). I claim that there exists a unique b € (0, 1) such that W(1,b) = W (0, ). First, note that

Pr(a,0|i =G,p* =po) € (0,1) for all a, 6. (29)

Now, I make two observations about IV:

1. W(L,b=0)—W(®b=0)>0and W(1,b=1)—W(@b=1) < 0.
To show this, note that Pr(1,0li = B,A® = 0) = 0 for all §. Thus, by (29),
R°(1,0) = 1 and R*°(0,0) < 1 for all §. Thus, W ( b = ) W(d,b = 0) > 0.
One can analogously show that W(1,b=1) - W(0,b=1) <

2. W(1,b) — W(0,b) is continuous and strictly decreasing in b.
To show this, note that

1

1-Ro pob
L+ = =7 =D

R(1,1) =

Y

which is continuous and strictly decreasing in . One can similarly show that
R(1,0) (R*(0,0)) is continuous and strictly decreasing (increasing) in b for all 6. The
statement then follows from the definition of .

1 and 2 imply that there exists a unique b such that W(1,0) = W(0,b). It follows
immediately that (A” = b, p* = py) is the unique equilibrium strategy profile. O

Proof of Corollary 4. Fixany 7' < co. Restrict attention to strategies where B and G never
act after 7. Furthermore, let R(¢,0) = O for all ¢ > T, 6. For all t < T let the strategies
and R be those specified by an equilibrium under a deadline 7, the existence of which is

guaranteed by Proposition 1. It follows that this is a T-informative equilibrium. O
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