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Abstract

The optimal mechanism for selling a divisible good under convex production costs can be arbi-

trarily complex, yet firms overwhelmingly use two-part tariffs: a fixed fee plus a constant markup

over production cost. We quantify the profit this simplicity sacrifices. For regular value distributions,

a two-part tariff guarantees a fraction of the optimal profit that depends only on a lower bound m on

the elasticity of the marginal cost, independent of the value distribution. The guarantee approaches

1 as m grows, and is impossible without such a bound. Beyond regularity, no two-part tariff guaran-

tees a constant fraction, but a menu of K + 1 tariffs with a common markup does when the ironed

virtual value has K ironing intervals; moreover, the menu size must scale with K . With multiple prod-

uct lines, the better of separate sales and a single access fee granting purchases at production cost

achieves a constant fraction of the optimal profit. These results provide a theoretical foundation for

the ubiquity of simple cost-based pricing.
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1 Introduction

1.1 Motivation

The theory of nonlinear pricing, going back to Mussa and Rosen (1978), instructs a monopolist facing

privately informed buyers to offer an intricate price schedule—one whose shape tracks fine details of

both the value distribution and the cost function. Practice tells a different story. Cloud providers, utilities,

telecommunication carriers, and membership retailers overwhelmingly post two-part tariffs: a fixed fee

plus a constant markup over production cost.1 How much profit does this simplicity sacrifice? Our

central finding is that the loss is modest and, as production costs become more convex, vanishes: the

profit of the best two-part tariff converges to that of the fully optimal mechanism, uniformly over all

regular value distributions. Simplicity is nearly free precisely in the markets where two-part tariffs are

most widely used.

Those markets share the relevant feature of steeply increasing marginal costs. Cloud infrastructure

costs rise sharply at high utilization; network congestion makes bandwidth increasingly costly at the

margin; electricity, water, and gas display the same pattern. The consumed “amount” may also be qual-

ity rather than quantity: reducing a machine learning model’s error rate from 5% to 2% requires far more

effort than reducing it from 10% to 5%, and each additional “nine” of cloud uptime demands dispropor-

tionately greater investment. In all of these settings, our results imply that a fixed fee combined with a

constant markup over cost captures nearly all of the attainable profit—and where a single tariff is not

enough, we show that a small menu of them is.

A rich literature examines the tradeoff between simplicity and optimality in mechanism design (e.g.,

Hartline and Roughgarden, 2009; Chawla et al., 2010; Cai et al., 2016; Cai and Zhao, 2017; Babaioff et al.,

2020, 2022), yet the fundamental setting of nonlinear pricing has remained largely unexplored since Wil-

son (1993), who studied how a finite menu of quantity–payment pairs can approximate the optimal

mechanism. We revisit Wilson’s question through the lens of the mechanism that firms actually use.

Cost-indexed pricing of this form also has a long tradition: Bergemann et al. (2021a) show that pure

markup mechanisms are robustly optimal under the welfare benchmark, and the fixed-fee-plus-cost-

share contracts of Laffont and Tirole (1993), McAfee and McMillan (1986), and Bajari and Tadelis (2001)

are exactly the class we analyze.

1.2 Results

We study a single-seller, single-buyer problem in which the seller produces a divisible good at a cost that

increases convexly with quantity, and the buyer’s value is private and drawn from a known distribution.

In a two-part tariff, the buyer pays a fixed fee plus (1+markup) times the production cost of any quan-

tity he purchases, and participates if and only if his surplus exceeds the fee. The fixed fee corresponds

to subscription, access, or connection charges; the markup is the per-unit margin over cost. The key

parameter in our analysis is the elasticity of the marginal cost function, which quantifies the convexity

of the cost structure; for monomial costs—total cost a power function of quantity—it is constant and

1See Chapter 3 of Tirole (1988) for the theory and many applications of two-part tariffs.
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equals the exponent minus one. As a leading example, we show in Section 3 that for Pareto value distri-

butions with monomial costs, two-part tariffs are exactly profit optimal, and that both components—fee

and markup—are essential.

Regular distributions. For regular value distributions and any cost function whose marginal cost elas-

ticity is bounded below by m > 0, setting the markup equal to m and choosing the fixed fee optimally

guarantees a fraction of the optimal profit that depends only on m—independent of the value distribution—

and improves further if the elasticity is also bounded from above (Theorem 1). In particular, for mono-

mial cost functions, the approximation guarantee is always at least 1/e. As m →∞, the guarantee ap-

proaches 1 even for sophisticated cost functions: two-part tariffs become nearly optimal exactly when

production costs are highly convex. The argument decomposes the optimal profit into the production

cost of the optimal allocation, which the markup covers, and a residual term that is linear in the alloca-

tion rule, which the fixed fee extracts. The guarantee is tight—for monomial costs no two-part tariff can

do better (Proposition 4.1)—and the elasticity bound is necessary: without it, no two-part tariff attains a

non-negligible fraction of the optimal profit (Proposition 4.2).

Non-regular distributions. Beyond regularity, simplicity has limits: for any ε > 0, there is a non-regular

distribution and a monomial cost for which every two-part tariff achieves at most an ε-fraction of the

optimal profit (Proposition 5.1). The reason is that a single fixed fee cannot price-discriminate across

buyer types in different ironing intervals of the virtual value. A short menu restores the guarantee: when

the ironed virtual value has K ironing intervals, a menu of K + 1 two-part tariffs—sharing a common

markup, with option-specific fixed fees and capacity limits—achieves a constant-factor approximation

(Theorem 2 and Corollary 5.1). Each menu entry is tailored to one ironing interval, and the slack cre-

ated by ironing allows fees and capacities to be set so that every type selects its intended entry. The

required complexity thus scales with the number of ironing intervals—small or zero for many practical

distributions—and this is unavoidable: any menu of size s can be forced to a negligible fraction of the

optimal profit by a suitable non-regular distribution (Theorem 3).

Multiple product lines. With multiple product lines and independent values—a setting in which op-

timal mechanisms may require unboundedly large menus (Daskalakis et al., 2017)—we show that the

optimal profit is bounded by a constant multiple of the sum of the profits from selling each line sepa-

rately and from bundling all products under a single two-part tariff (Theorem 4). This generalizes the

“selling separately or bundling is approximately optimal” theorem for indivisible goods (Babaioff et al.,

2020) to divisible goods with convex costs; the proof adapts the duality framework of Cai et al. (2016) to

accommodate production costs. When each product line satisfies the conditions above, the separate-

sales mechanisms can themselves be two-part tariffs or menus thereof, so simple cost-based pricing

captures essentially all achievable profit in multi-product settings as well.

Nonlinear buyer values. Finally, we extend the analysis beyond linear values. When the buyer’s gross

value is multiplicatively separable, v U(q), a change of variables reduces the problem to the linear case
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with an induced cost function, and the guarantee of Theorem 1 carries over (Proposition 7.1). For a

general supermodular value u(v, q), the markup acts as an implicit type contraction rather than an exact

rescaling; we formulate a conjecture on the resulting guarantee in which the elasticity floor m is replaced

by an effective bound involving the elasticity of the marginal utility with respect to the type, and we

explain why the general case is a challenging open problem.

1.3 Paper organization

Section 2 defines the framework. Section 3 analyzes the Pareto leading example. Sections 4 and 5 contain

the results for regular and non-regular distributions, respectively, together with the underlying tech-

niques. Section 6 treats the multi-product setting. Section 7 extends the analysis to nonlinear buyer

values. Related work is discussed in Section 8, and Section 9 concludes.

2 Model

We consider a single-seller, single-buyer environment. The seller/producer/monopolist (she) can pro-

duce an unlimited quantity of a divisible good. Producing q ∈R≥0 units incurs cost C(q) ≥ 0. We focus on

cost functions C that are strictly increasing, strictly convex, and in C 1([0,∞))∩C 2((0,∞)), with C(0) = 0

and limq→∞C ′(q) =∞.2

The buyer (he) has a private per-unit value v , drawn from a known continuous distribution F ∈
∆([v , v]) with density f (v), where the upper bound v may be infinite. The buyer’s value is linear in

quantity; that is, his value for receiving quantity q is vq .

If the buyer makes a payment p ≥ 0 in exchange for quantity q ≥ 0, his utility is vq − p, while the

seller’s profit is p −C(q).
A mechanism is specified by a pair (x, p), where x(v) denotes the quantity allocated to a buyer who

reports value v , and p(v) denotes the corresponding payment. We restrict attention to mechanisms that

are truthful (incentive compatible) and ex post individually rational. That is, the following constraints

must hold:

x(v)v −p(v) ≥ x(v ′)v −p(v ′) ∀v, v ′ ∈ Supp(F), (IC)

x(v)v −p(v) ≥ 0 ∀v ∈ Supp(F). (IR)

Our model assumes linear buyer values and convex production costs. This framework can be ex-

tended to more general environments via an appropriate change of variables, which is done in Section 7.

Simple mechanisms (a.k.a. two-part tariffs). For a given buyer’s value v , define the maximum social

welfare as

W (v) ∶=max
q≥0
{vq −C(q)},

2Whenever C is not twice differentiable at 0, we shall refer to the right limit of C ′′ at 0, if it exists, as C ′′(0).
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and let q(v) denote the corresponding welfare-maximizing quantity, i.e.,

q(v) ∈ argmax
q≥0

{vq −C(q)}.

We study a class of simple mechanisms that charge the buyer through a fixed fee and a cost-based sur-

charge. Each mechanism is parameterized by a pair (T,β), where T ≥ 0 is a fixed fee andβ ≥ 0 is a markup

applied to the production cost. Upon participation, if the buyer purchases q units, his total payment is

T +(1+β) ⋅C(q).

The buyer is free to opt out of the mechanism; in that case, he purchases nothing and pays no fixed fee.

If he chooses to participate, he selects a quantity

xT,β(v) ∈ argmax
q≥0

{vq −T −(1+β) ⋅C(q)},

provided that the resulting utility is nonnegative.

Given T,β ≥ 0, we use π(T,β) to denote the expected profit under the two-part tariff with the fixed

fee T and the markup β.

Our research focus. For a cost function C and a distribution F , let π∗ be the expected optimal profit.

In this paper, given a cost function C , we aim to find, for every distribution F , a two-part tariff (T,β) =
(T (F),β(F)) for which:

π(T,β) ≥ ρ ⋅π∗,

for some constant ρ independent of F (note that ρ can still depend on C , as the cost function is con-

sidered to be part of the setting). If this task is impossible, we broaden the class of simple mechanisms

by considering menus of two-part tariffs (see Section 5).

For further detailed discussions about the properties of our model, see Appendix A.

3 A Leading Example: Values Drawn from a Pareto Distribution

We begin the analysis with the case in which the buyer’s value is drawn from a Pareto distribution with a

parameter λ ∈ [1,∞). That is, we consider distributions F satisfying

F(v) = 1− v−λ, for v ≥ 1. (1)

We further assume that the cost function is a monomial:

C(q) = 1

k
qk , k > 1. (2)

Before we describe the results of this section, we need to present some general properties of the social
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welfare, truthful mechanisms, and profit-maximizing mechanisms.

Social welfare. For a given buyer’s value v , recall that the maximum social welfare is

W (v) ∶=max
q≥0
{vq −C(q)},

and the corresponding welfare-maximizing quantity is denoted by q(v). To ensure that the social welfare

is finite, we impose the condition:

λ > k

k −1
> 1⇔ k > λ

λ−1
> 1. (3)

Note that since λ > 1, the distribution F is regular.

Properties of truthful mechanisms. Consider any truthful mechanism (x, p) with allocation rule x(⋅)
and payment rule p(⋅). Observe that the incentive compatibility and individual rationality constraints

(IC)–(IR) are identical to those in the unit-supply setting of Myerson (1981). By the same argument, any

truthful mechanism must have a nondecreasing allocation rule x(⋅), and the associated payment rule is

given by:3

p(v) = v x(v)−∫
v

v
x(t)d t . (4)

For any mechanism (x, p), its expected profit can be expressed as:

π =∫
v

v
f (v)(x(v)ϕ(v)−C(x(v)))d v,

where ϕ(v) ∶= v − 1−F(v)
f (v) denotes the virtual value.

Profit maximization. We initially assume that the distribution F is regular – i.e.,ϕ(v) is nondecreasing

in v . Mussa and Rosen (1978) characterize the optimal expected profit when selling a divisible good with

nonzero production cost: for each v ∈ [v , v], the seller should choose x(v) to maximize

x(v)ϕ(v)−C(x(v)),

which, by definition, equals W (ϕ(v)). Hence, the optimal expected profit can be written as follows.

Fact 3.1 (Follows from Mussa and Rosen (1978)). Given any regular distribution F , the optimal expected

profit is given by

π∗ =∫
v

v
f (v)W(ϕ(v)+)d v,

where ϕ(v)+ =max{ϕ(v),0}. For a general distribution F , an analogous relation holds, with ϕ(v) re-

placed by the ironed virtual value of v.
3Here we normalize the buyer’s utility for the lowest possible type v to be 0; this normalization is without loss of generality

in our analysis, since it cannot decrease the profit of the mechanism.
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A first-order condition. Fix any value v . Since C(q) is convex and twice differentiable, the welfare-

maximizing quantity q(v) is characterized by the first-order condition that marginal value equals marginal

cost. In particular, whenever v ≥C ′(0), we have:

C ′(q(v)) = v. (5)

Similarly, we get for v
1+β ≥C ′(0) (conditional on the buyer participating in the mechanism given the

value v):

C ′(xT,β(v)) =
v

1+β . (6)

Back to the leading example. The results in this section illustrate that both components of a two-part

tariff are essential. Specifically, we show that two-part tariffs exactly recover the profit-maximizing mech-

anism for this family of distributions. In contrast, if either the fixed fee or the markup is removed, the

resulting class of mechanisms cannot achieve any constant-factor approximation to the optimal profit.

Our first result shows that, in the special case of Pareto distributions and monomial cost functions,

two-part tariffs are profit-maximizing. The key point here is the linearity of the virtual value.

Proposition 3.1. The two-part tariff (T,β)with

β = 1

λ−1
and T = k −1

k

1

(1+β)1/(k−1) (7)

is a profit-maximizing mechanism for the Pareto distribution F with parameter λ > k
k−1 and cost function

C(q) = 1
k qk (k > 1).

Proof of Proposition 3.1. Let (x∗, p∗) be the (truthful) profit-maximizing mechanism. The first-order

condition 5 and Fact 3.1 yield:

x∗k−1(v) =C ′(x∗(v)) =ϕ(v) = (1−1/λ)v,

where ϕ(⋅) is the virtual valuation function.

Note that setting β = 1
λ−1 and T = k−1

k
1

(1+β)1/(k−1) yields exactly the above expression. Indeed, by the

first-order condition 6, the allocation x(⋅) of the two-part tariff satisfies:

xk−1(v) =C ′(x(v)) = v

1+β = (1−1/λ)v.

We stress that this computation holds for every v because setting T = k−1
k

1
(1+β)1/(k−1) = x(v)v−(1+β)C(x(v))∣v=1

ensures that the buyer is willing to pay at least the fixed fee T for every v .

Since the payment is fully specified by the allocation through Equation 4, the conclusion follows.

Our second result implies that to achieve constant-factor approximation guarantees, both the fixed

fee and the markup are necessary. That is, setting T = 0 or β = 0 leads to an unbounded approximation
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ratio. Moreover, using a posted-price mechanism for selling a certain quantity x also cannot provide a

constant approximation ratio. The proof is deferred to Appendix B.

Proposition 3.2. Every one-part tariff yields vanishing small profits as either k→∞ or k→ λ
λ−1

+
with

a Pareto distribution with parameter λ > k
k−1 and a monomial cost function C(q) = 1

k qk with k > 1:

1. When k →∞, setting T = 0 yields π(T = 0,β(k)) = o(π∗), where β(k) is an arbitrary non-negative

function of k.

2. When k→ λ
λ−1

+
, settingβ = 0 yieldsπ(T (k),β = 0) = o(π∗), where T (k) is an arbitrary non-negative

function of k.

3. When k → λ
λ−1

+
, for every mechanism that sells a fixed number x ≥ 0 of units for a posted price-per-

unit p ≥ 0, the profit is o(π∗) .

4 A General Environment with Regular Value Distributions

In this section, we demonstrate that when the cost function satisfies certain structural properties, a sim-

ple mechanism that combines a markup with a fixed fee suffices to approximate the optimal profit under

a regular distribution.

Cost function and elasticity. A helpful object is the notion of cost elasticity. Elasticity is a widely used

notion in economics that measures the responsiveness of one economic variable to change of another

variable in a unit-free representation (see Chapter 7, Sydsæter and Hammond (2008)). Throughout most

of the paper, we focus on cost functions whose marginal cost exhibits bounded elasticity. In our context,

it measures the percentage change in the marginal cost C ′(q) induced by a percentage change in the

produced quantity q .

Definition 1. The elasticity of the marginal cost function C ′(q)with respect to quantity q is defined as

η(q) ∶= q C ′′(q)
C ′(q) .

Throughout the paper (apart from Subsection 4.1), we assume that the elasticity of the marginal cost

is uniformly bounded away from zero: there exists a constant m > 0 such that

η(q) ≥m, ∀q ≥ 0.

Note that it implies C ′(0) = 0, and thus the first-order conditions 5 and 6 hold for every v .

To improve our results, we shall sometimes further assume that the elasticity is also uniformly bounded

away from infinity: there exist M > 0 such that

η(q) ≤M , ∀q ≥ 0.
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A particularly natural special case is given by monomial cost functions of the form

C(q) = 1

k
qk ,

for some constant k > 1. For this class, the elasticity of the marginal cost is constant: for all q ≥ 0, we have

η(q) = k −1.

Our main result establishes that for any cost function with bounded elasticity and any regular value

distribution, a simple two-part tariff mechanism, comprising a fixed fee T and a markup β, is sufficient

to approximate the optimal profit.

Theorem 1. Suppose the cost function C(q) satisfies the elasticity lower bound η(q) ≥ m for all q ≥ 0.

Then the universal markup choice β ∶=m has the following guarantee: for every regular buyer distribution

F , there exists a fixed fee T such that

π(T,β) ≥ m

(m+1)1+1/m π∗.

Moreover, if C also satisfies the elasticity upper bound η(q) ≤ M for all q ≥ 0, then the guarantee im-

proves to

π(T,β) ≥ m

(m+1)1+1/m ⋅
M +1

M
π∗.

The approximation ratio that only depends on the elasticity lower bound m, i.e. m
(m+1)1+1/m , is increas-

ing in m. It tends to 0 as m → 0, while it converges to 1 as m →∞. Thus, a constant approximation is

guaranteed whenever the elasticity lower bound is bounded away from zero. In Proposition 4.2, we show

that this condition is necessary: there exists an instance with regular distributions and cost functions

whose minimum elasticity is 0, for which no two-part tariff achieves any constant approximation.

As an important special case, the monomial cost function C(q) = 1
k qk belongs to the family of bounded

elasticity marginal cost functions with m =M = k −1. By substituting this expression into Theorem 1, we

obtain an approximation ratio of 1
k1/(k−1) . In Proposition 4.1, we further show that this ratio is tight.

Proposition 4.1. Let the cost function be C(q) = 1
k qk for some k > 1. Fix the markup β ∶= k −1. Then

for every regular value distribution F , there exists a fixed fee T such that the two-part tariff mechanism

(T,β) achieves at least a fraction of 1
k1/(k−1) of the optimal profit. Formally,

π(T,β) ≥ 1

k1/(k−1) π
∗.

Moreover, this ratio is tight: for every ε > 0, there exist ℓ ∈ (0,1) and a regular distribution F supported

on [ℓ,1] such that F is continuous on [ℓ,1], admits a strictly positive density on [ℓ,1], and every two-part

tariff (T,β) satisfies

π(T,β) ≤ ( 1

k1/(k−1) +ε)π
∗.

Remark 4.1. The approximation ratio 1
k1/(k−1) is increasing in k, with limk→1+

1
k1/(k−1) = 1

e and limk→∞
1

k1/(k−1) =
1. The real line in Figure 1 illustrates the dependence of the ratio on k.
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Figure 1: Approximation ratio as a function of k > 1 for C(q) = 1
k qk .

Our proof of the positive result follows a two-step approach. We first derive an analytically tractable

upper bound on the optimal profit, and then show that the profit achieved by simple mechanisms matches

this benchmark up to a constant factor.

We begin by sketching the main ideas of the proof; the complete argument is deferred to Appendix C.

In the following, we assume that the cost function is monomial, namely,

C(q) = 1

k
qk

for some constant k > 1. Under this cost function, the welfare-maximizing quantity and the correspond-

ing social welfare admit closed-form expressions:

q(v) = argmax
q≥0

{vq − 1

k
qk} = v

1
k−1 , W (v) = v q(v)−C(q(v)) = (1− 1

k
)v

k
k−1 .

A benchmark for the optimal profit. As our first step, we begin by deriving an analytically convenient

upper bound on the optimal profit. The following upper bound works for any cost function C(q).
By Fact 3.1, the optimal expected profit can be written as

π∗ =∫
∞

v0

f (v)W (ϕ(v))d v,

where

v0 ∶= inf{v ∣ϕ(v) ≥ 0}.

Recall that under monomial costs C(q) = 1
k qk , the welfare function satisfies:

W (ζ) = ζq(ζ)−C(q(ζ)) = (1− 1

k
)ζq(ζ).

9



Substituting this expression into the above integral yields

π∗ =∫
∞

v0

f (v)(ϕ(v)q(ϕ(v))−C(q(ϕ(v))))d v

= (1− 1

k
)∫

∞

v0

f (v)ϕ(v)q(ϕ(v))d v.

We further upper bound this expression by observing that ϕ(v) ≤ v for all v ≥ v0, and that q(⋅) is

nondecreasing. It follows that

π∗ ≤ (1− 1

k
)∫

∞

v0

f (v)ϕ(v)q(v)d v.

Recall that the virtual value satisfies

ϕ(v) = v − 1−F(v)
f (v) .

Substituting this into the upper bound derived above, we obtain

π∗ ≤ (1− 1

k
)∫

∞

v0

f (v)(v − 1−F(v)
f (v) )q(v)d v

= (1− 1

k
)∫

∞

v0

( f (v)v −(1−F(v)))q(v)d v.

By swapping the order of integration,

∫
∞

v0

(1−F(v))q(v)d v =∫
∞

v0

(∫
∞

v
f (t)d t)q(v)d v

=∫
∞

v0

f (t)(∫
t

v0

q(v)d v)d t .

Plugging this back yields

π∗ ≤ (1− 1

k
)∫

∞

v0

f (v)(v q(v)−∫
v

v0

q(t)d t)d v.

Finally, note that

W (v)+C(q(v)) = v q(v)−C(q(v))+C(q(v)) = v q(v).

Therefore,

π∗ ≤ (1− 1

k
)∫

∞

v0

f (v)(W (v)+C(q(v))−∫
v

v0

q(t)d t)d v.

To further simplify this, we introduce the following lemma.

Lemma 4.1. For any cost function C and any v ∈ Supp(F), it holds that

W (v) = ∫
v

0
q(t)d t .
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Proof. Notice that the following holds for any v :

W ′(v) = q ′(v)v +q(v)−C ′(q(v))q ′(v) = q(v).

where the last equality follows from the fact that C ′(q(v)) = v by the first-order condition 5. Combining

this with W (0) = 0 finishes the proof.

Plugging this expression back yields our upper bound on the optimal profit. This bound decomposes

naturally into two components: the first term exhibits like a revenue from some fixed fee, while the

second term can be covered as profit generated by the markup:

π∗ ≤ (1− 1

k
)∫

∞

v0

f (v)
⎛
⎜⎜⎜
⎝

W (v0)
´¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
fixed fee

+C(q(v))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

markup

⎞
⎟⎟⎟
⎠

d v.

Approximating the benchmark. We now construct a simple mechanism that approximates this bench-

mark. Consider a two-part tariff with markup β = k −1 and fixed fee k W ( v0
k ).

Fix a buyer with value v , and first ignore the fixed fee. The buyer then chooses a quantity t that

maximizes

t v −kC(t) = k (t
v

k
−C(t)) ,

which yields the optimal quantity q ( v
k ). The buyer’s resulting utility (before paying the fixed fee) is

therefore

q ( v
k )v −kC (q ( v

k )) = k W ( v
k ) .

The seller additionally charges a fixed fee of k W ( v0
k ). Since W (⋅) is monotone, the buyer participates

if and only if v ≥ v0. Hence, the expected profit of this two-part tariff is

π =∫
∞

v0

f (v)
⎛
⎜⎜⎜
⎝

k W ( v0
k )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
profit from fixed fee

+(k −1)C(q ( v
k ))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
profit from markup

⎞
⎟⎟⎟
⎠

d v.

To compare π with π∗, it therefore suffices to compare the two corresponding components term by

term. A direct computation shows that

k W ( v0
k ) ≥

1

k
1

k−1

(1− 1

k
)W (v0),

(k −1)C (q ( v
k )) ≥

1

k
1

k−1

(1− 1

k
)C (q(v)) .

Combining these bounds, we conclude that the two-part tariff achieves an approximation ratio of 1

k
1

k−1

for monomial cost functions.
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To extend the argument beyond monomial costs, observe that the benchmark derived above remains

essentially unchanged: its derivation does not quite rely on the specific functional form C(q) = 1
k qk . For

a general cost function and any β > 0, we have

(1+β)W ( v0
1+β) = (1+β)∫

v0
1+β

0
q(t)d t =∫

v0

0
q( t

1+β)d t .

Consequently, to show that the profit achieved by a two-part tariff is comparable to the optimal profit,

it suffices to identify a choice of β such that both

q( v
β+1)

q(v) and
βC(q( v

β+1))
C(q(v))

are bounded by constants independent of v . Thus, the main technical challenge is to obtain sufficient

control over the function q(⋅) to ensure that these ratios remain constant.

The following lemma shows that such control is guaranteed when the marginal cost has bounded

elasticity. The scaling bound controls how allocations change under a markup, while the cost-share

bounds are used to tighten the benchmark upper bound on the optimal profit.

Lemma 4.2. Fix a cost function C whose marginal cost C ′ satisfies

m ≤ ηC ′(q) ≤M , ∀q > 0.

Recall that q(v) denotes the welfare-maximizing production quantity for a buyer of value v under cost

function C , i.e.,

q(v) ∶= argmax
q≥0

{vq −C(q)}.

Then the following statements hold for every v:

• For every s ≥ 1, q( v
s ) ≥ s−1/m q(v).

• 1
M+1 v q(v) ≤C(q(v)) ≤ 1

m+1 v q(v).

4.1 Necessity of the lower bound on the elasticity

In this subsection, we prove that if the elasticity of the marginal cost is not bounded away from 0, then

two-part tariffs cannot achieve any constant-factor approximation for the optimal profit. That is, the

assumption m > 0 is necessary to derive positive results.

Proposition 4.2. Fix the cost function C(q) = eq −1. Then for every ε > 0, there exists a regular F with

Supp(F) ⊆ [1,2] for which every two-part tariff (T,β) satisfies:

π(T,β) ≤ επ∗.

Note that C ′(q) =C ′′(q) = eq , and thus ηC ′(q) = q . In particular, ηC ′(q = 0) = 0, which corresponds

by the first-order condition 5 to v = 1. In contrast, ηC ′(q) is bounded from above by q(v = 2) = log2.
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The proof is based on looking at a variant of the truncated equal-revenue distribution over W (v) in

which the support size depends on ε. As a thought experiment, consider first a weaker version of the

statement in which the distribution F is allowed to depend on the markup β. A natural candidate for the

“hard" distribution F is a variant of the truncated equal-revenue distribution over zβ(v) ∶= v q( v
1+β)−

(1+β)C(q( v
1+β)) with the support depending on ε, since such a distribution will make the expected

profit π(T,β) independent of T (if we ignore “unreasonable" choices of T for which the expected profit

is clearly suboptimal). Since in reality F must be independent of β, an educated guess is to check a

truncated equal-revenue distribution over W (v), with the support depending on ε.

A technical challenge arises since the profit-maximizing mechanism is very complex. To circumvent

this issue, we guess another mechanism which outperforms two-part tariffs by an unbounded factor.

A possible guess is the welfare-maximizing mechanism. Unfortunately, in this mechanism the buyer

extracts the full surplus. However, multiplying the allocation x(v) and the price p(v) in the welfare-

maximizing mechanism by an appropriate constant (which turns out to be 0.5) provides the desired

benchmark mechanism. For the full proof, see Appendix D.

5 General Environment with Non-Regular Distributions

In this section, we extend our analysis from regular to general distributions. As a natural starting point,

one may ask whether a constant-factor approximation can still be achieved using the same class of mech-

anisms, which impose a markup together with a fixed fee, as in the regular case. The following result

shows that even under the canonical monomial cost function C(q) = 1
k qk , such a guarantee is impossi-

ble: no choice of a markup and a fixed fee can ensure a constant-factor approximation for non-regular

distributions.

Proposition 5.1. For any ε > 0, there exists an instance with a non-regular buyer’s value distribution

F and a monomial cost function C(q) = 1
k qk for some k > 1, such that for every choice of fixed fee T and

markup parameter β, the (T,β)-mechanism attains at most an ε-fraction of the optimal profit. Moreover,

the exponent k of the cost function goes to infinity as ε→ 0.

Proposition 5.1 demonstrates that a single combination of a markup and a fixed fee is insufficient

to recover any constant fraction of the optimal profit when the buyer’s value distribution is non-regular,

even under the simplest nontrivial form of cost functions. Specifically, the result holds for cost functions

of the form C(q) = 1
k qk even when k →∞. This finding is somewhat counterintuitive: as k →∞, the

monomial cost converges to the unit-supply case, for which the result of Myerson (1981) implies that a

posted pricing mechanism, which is a strict subclass of two-part tariffs, is revenue-optimal for any value

distribution. Indeed, this intuition is valid in the regular case, as established by Proposition 4.1, which

shows that the two-part tariff mechanism becomes revenue-optimal as k→∞. However, this correspon-

dence breaks down in the non-regular case. The technical reason is that the worst-case distribution may

also change as k increases, preventing the environment from converging to the unit-supply setting. This

serves as an indication of the hardness introduced by non-linear environments.
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This limitation of two-part tariff mechanisms arises because the seller cannot engage in effective

price discrimination across buyer types associated with different ironing intervals when constrained to

a single fixed fee. To address this issue, we introduce a broader class of mechanisms parameterized by a

size s, and show that for any non-regular distribution with s ironing intervals, a menu with at most s +1

entries achieves a constant fraction of the optimal profit.

Definition 2. [Menu of Two-Part Tariffs] A mechanism with a menu of size s consists of s entries. Each

entry is specified by a triplet (Ti ,βi ,Li), where Ti is the fixed fee, βi represents the markup factor, and Li is

the maximum purchasable quantity under that option. Upon choosing entry i , the buyer pays Ti to gain

the right to purchase up to Li units, each priced at βi +1 times the production cost. The buyer then selects

the entry that maximizes his utility, or opts out of the mechanism if no option yields non-negative utility.

It is clear that this family of mechanisms strictly generalizes the mechanisms considered earlier. The

following theorem demonstrates that we can achieve the same approximation ratio with this stronger

family of mechanisms.

Theorem 2. Suppose the cost function C(q) satisfies m ≤ ηC ′(q) for all q ≥ 0. Then for any value distri-

bution F with s ironing intervals, there exists a menu of two-part tariffs of size at most s +1 that applies a

uniform markup β =m across all menu entries while assigning distinct fixed fees corresponding to differ-

ent capacity levels that guarantees at least a m
(m+1)1+1/m fraction of the optimal profit – i.e.,

MenuProfit ≥ m

(m+1)1+1/m ⋅π
∗.

Moreover, if C also satisfies the elasticity upper bound η(q) ≤ M for all q ≥ 0, then the guarantee im-

proves to

MenuProfit ≥ m

(m+1)1+1/m
M +1

M
⋅π∗.

Remark 5.1. The mechanism from Theorem 2 employs a uniform markup across all menu entries. Hence,

it can be interpreted as follows: the mechanism offers multiple levels of capacity constraints. Whenever the

buyer reaches the capacity limit of the current level, he may either pay an additional fixed fee to unlock the

next level or remain at the current level, while always paying the same fixed markup β.

Similarly, we can apply Theorem 2 to the monomial cost functions. For this family, we obtain the

same approximation ratio as in the regular case, albeit requiring a larger menu size.

Corollary 5.1. Let the cost function be C(q) = 1
k qk for some k > 1. For any value distribution F with s

ironing intervals, there exists a menu of two-part tariffs of size at most s+1 that applies a uniform markup

β = k−1 across all menu entries while assigning distinct fixed fees corresponding to different capacity levels,

that achieves at least a fraction of 1
k1/(k−1) of the optimal profit. That is to say,

MenuProfit ≥ 1

k
1

k−1

⋅π∗.
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We now sketch the main ideas behind the proof of Theorem 2. The argument follows the same over-

all structure as in the regular case. Again we consider the monomial cost functions where C(q) = 1
k qk

for some k > 1. Given any non-regular distribution F , suppose its ironed virtual value function ϕ̃(v)
contains s ironing intervals {[li ,ri ]}s

i=1. We first derive an upper bound on the optimal profit, and then

show that a menu of two-part tariffs can approximate this benchmark up to a constant factor.

As in the regular case, the first step is to derive a suitable upper bound on the optimal profit for non-

regular distributions. Using analogous arguments, and carefully accounting for the presence of ironed

(flat) regions of the virtual value function, we obtain the following bound:

π∗ ≤ (1− 1

k
)

s

∑
i=1
∫

ri

ri−1

f (v)(W (ri−1)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶

fixed fee

+C(q(min{v, li}))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

markup

−
i−1

∑
j=1
∫

r j

r j−1

q(min{t , l j})d t

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
information rent for IC

)d v.

The value space is thus partitioned into s +1 intervals. Within each interval, the contribution to the

optimal profit decomposes into components that can be interpreted as revenue from a fixed fee and from

a markup, mirroring the structure of the regular case. This decomposition naturally suggests designing

a menu of size approximately s, with menu options tailored to the intervals.

The main technical challenge lies in ensuring incentive compatibility across intervals, namely, guar-

anteeing that types in each interval select the menu option intended for them. The additional term rela-

tive to the regular case plays a crucial role in addressing this issue. It can be interpreted as an information

rent that must be given up to prevent types from deviating to options designed for other intervals. By re-

ducing the fixed fee by this amount and imposing a capacity constraint at q(li) for each menu option,

we are able to construct a menu of two-part tariffs that approximates the benchmark profit.

In the following, we address the necessary menu size for non-regular distributions, demonstrating

that a menu of size Ω(s) in Theorem 2 is, in fact, unavoidable. The following theorem establishes that

to obtain any constant approximation of the optimal profit, a menu of sizeΩ(s) is required, even with a

simple monomial cost function C(q) = 1
k qk .

Theorem 3. For any K > 1, there exists an instance with a non-regular buyer’s value distribution F with

K ironing intervals and a monomial cost function C(q) = 1
K qK , such that any menu of two-part tariffs of

size s can achieve at most an O(s)
K fraction of the optimal profit.

The complete proofs of the results in this section are deferred to Appendix E.

6 Approximation Guarantees in the Multi-Product Case

In this section, we consider a more general framework with n ≥ 1 product lines. We assume that the

products have a production cost function C for each, and the buyer’s values for different product lines

v1, . . . , vn are drawn independently from F1, . . . ,Fn , respectively, where each of the above distributions

has a finite support and a corresponding probability mass function fi (see also Remark 6.1). Define

F ∶= F1× . . .Fn and let T ∶= Supp(F). For v = (v1, . . . , vn) ∈ T , define f (v) ∶=Πn
i=1 fi(v i).
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A mechanism M(v) = (x(v), p(v)) consists of: (i) an allocation rule x(v) = (x1(v), . . . , xn(v)), which

maps the buyer’s type v ∈ T to a vector (x1(v), . . . , xn(v)) ∈ Rn
≥0, where xi(v) is the number of allocated

units of product i ; and (ii) a pricing rule p(v), which maps v ∈ T to a non-negative price. The buyer’s

utility under the mechanism M for a true type v and a reported type v ′ is∑n
i=1 v i xi(v ′)−p(v ′). We focus

on truthful mechanisms. The incentive-compatibility constraints require that:

n

∑
i=1

v i xi(v)−p(v) ≥
n

∑
i=1

v i xi(v ′)−p(v ′) ∀v, v ′ ∈ T.

The (ex post) individual rationality constraints require that:

n

∑
i=1

v i xi(v)−p(v) ≥ 0∀v ∈ T.

The following result provides approximation guarantees for the multi-product setting. The proof

follows an outline similar to Cai et al. (2016). Namely, we use a partial Lagrangian corresponding to the

seller’s profit maximization problem and analyze the solutions of its dual via a flow framework. However,

the presence of a cost function imposes additional technical challenges. Another challenge arises since

the approach of Cai et al. (2016) involves approximation by a mechanism that sells the product lines

separately and a mechanism that bundles the product lines. Although the former has a clear analogue in

our setting, it is not immediately clear what the analogue should be for selling a bundle of product lines.

In fact, the pricing of the bundle in our setting turns out to be a two-part tariff with zero markup over the

production cost of each product.

The approximation guarantee with a continuum of products in every product line are more modest

than those of Cai et al. (2016) where every product line contains only one product, but they still offer

positive constants.

We define the following benchmarks. Let SREV be the optimal profit for selling the n product lines

separately and BREV be the profit for selling the grand bundle consisting of q(v i) units of product line i

(for every 1 ≤ i ≤ n) for the total price of∑n
i=1 C(q(v i))+ Med(∑n

i=1 W (v i))
2 , where Med is the median.

Theorem 4. A simple menu of separate product lines and grand bundles guarantees:

π∗ ≤ 4SREV+4BREV. (8)

Note that the mechanism for selling the grand bundle described in Theorem 4 is incentive-compatible,

since after paying an access fee of
Med(∑n

i=1 W (v i))
2 , the quantities and prices of the products correspond

to selling the product lines separately in an incentive-compatible mechanism. In other words, upon pay-

ing the access fee, the buyer gains the opportunity to purchase all the products for their production costs

with no additional markup.

Remark 6.1. In this paper, we focus on a discrete setting. However, Theorem 4 also holds for continu-

ous distributions F1, . . . ,Fn (see Cai et al. (2016) for a connection between the discrete and the continu-

ous frameworks).
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Remark 6.2. If the cost function C and each of the distributions F1, . . . ,Fn satisfy the conditions from either

of Theorem 1 or Proposition 4.1, then Theorem 4 immediately implies that we can get a constant-factor

approximation of the optimal profit using two-part tariffs for any number of goods n ≥ 1. Similarly, if the

conditions of either of Theorem 2 or Corollary 5.1 are satisfied, then a menu of two-part tariffs achieves

constant-factor approximation guarantees for any number of goods.

7 Extensions to Nonlinear Buyer Values

The model of Section 2 assumes that the buyer’s gross value for quantity q is linear in q , namely v q . In

this section, we extend Theorem 1 to buyers with multiplicatively separable values, v U(q), for which

the problem reduces to the linear case by a change of variables and the guarantee carries over essentially

unchanged. We then turn to general supermodular values u(v, q): we describe what is known, formulate

a conjecture, and explain why the general case is a challenging open problem. Proofs are deferred to

Appendix G.

Suppose first that the buyer with type v derives gross value v U(q) from quantity q , so that his utility

from receiving q at payment p is v U(q)−p.

Assumption 1. The function U ∶ R≥0 → R≥0 is strictly increasing, unbounded from above, continuous,

concave, in C 2((0,∞)), with U(0) = 0.

Assumption 2. The function C ∶ R≥0 → R≥0 is strictly increasing, convex, in C ∈C 1([0,∞))∩C 2((0,∞)),
with C(0) = 0.

This environment reduces to the linear one by measuring quantity in units of the buyer’s utility. Set-

ting q̃ ∶=U(q) and defining the induced cost function C̃(q̃) ∶= C(U−1(q̃)), the buyer’s gross value be-

comes the linear expression v q̃ , and a two-part tariff in the original units is a two-part tariff in the new

units. Since U is strictly increasing and concave, C̃ is strictly increasing and convex; under the elasticity

condition (Eq. (9) below), it is strictly convex, so the mechanism design problem is exactly the one stud-

ied in Section 2, with C̃ in place of C . The only remaining ingredient is to express the bounded-elasticity

condition (cf. Definition 1) for the induced cost in terms of the primitives (C ,U); a direct computation

(Lemma G.1 in the appendix) shows that the marginal-cost elasticity of C̃ equals the ratio appearing in

the following statement.

Proposition 7.1 (Generalization of Theorem 1 to v U(q)). Let U satisfy Assumption 1 and let C satisfy

Assumption 2. Suppose there exist constants M ≥m > 0 such that:4

m ≤ ηC ′(q)−ηU ′(q)
ηU(q)

≤ M ∀q ≥ 0, (9)

where ηU(q) ∶= qU ′(q)/U(q) and ηU ′(q) ∶= qU ′′(q)/U ′(q). Then for every regular value distribution F ,

4Here we allow M =∞; if this is the case, we interpret (M +1)/M as 1.
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the universal markup β ∶=m admits a fixed fee T = T (F) such that

π(T,β) ≥ m

(m+1)1+1/m ⋅
M +1

M
⋅π∗.

Two special cases illustrate the condition. For linear values, U(q) = q , the ratio in Eq. (9) collapses to

ηC ′(q) and the proposition recovers Theorem 1. At the other extreme, when the buyer’s value is strictly

concave in q and the seller’s cost is linear—the case alluded to informally in Section 2—the ratio be-

comes −ηU ′/ηU , so the proposition applies whenever the curvature of the value function itself is suitably

bounded: the concavity of demand plays the role that the convexity of cost plays in the baseline model.

When both U and C are monomial, the condition holds with equality throughout and the guarantee

takes a closed form.

Corollary 7.1 (Monomial values and monomial costs). Suppose U(q) = qα for someα ∈ (0,1] and C(q) =
1
k qk for some k > 1, with k >α. Then the universal markup β ∶= (k−α)/α achieves, for every regular value

distribution F , a fraction (k/α)−α/(k−α) of the optimal profit.

Beyond separability. For a general supermodular gross value u(v, q), concave in q , the relevant new

primitive is the elasticity of the marginal utility with respect to the type, σ(v, q) ∶= v uqv(v, q)/uq(v, q),
which is identically 1 for separable values; a constant elasticity σ is equivalent to u(v, q) = vσU(q) and

reduces to the separable case by reparametrizing the type, so Proposition 7.1 effectively covers that situ-

ation. The open case is a σ that varies between bounds σ <σ. We conjecture that two-part tariffs with a

universal markup continue to guarantee a distribution-free constant fraction of the optimal profit, with

the elasticity floor m of Theorem 1 deflated to mσ/σ—so that, as in the rest of the paper, the guarantee

approaches 1 as costs become highly convex, at a rate dampened by the heterogeneity of the type re-

sponse. Much of the machinery supports this: the markup still acts as a type contraction confined to an

explicit band by the σ-bounds, the envelope decomposition of the tariff profit carries over with a gener-

alized virtual utility in place of ϕ(v)q , and the optimal profit admits an upper bound of the same form.

The difficulty is that the two sides of the comparison are governed by different ends of the elastic-

ity band: the benchmark is largest when the buyer’s information rent is small (σ near σ), while the tariff

guarantee must withstand rents that are large (σ nearσ). Near the participation threshold the two result-

ing virtual weights come apart, and because σ(v, q)may vary with the quantity, an adversary can make

the rent small at the quantities served by the optimal mechanism yet large at the quantities induced by

the tariff—no single value of σ governs both sides. The entry fee collects additional profit from precisely

the threshold types, but combining it with the markup profit uniformly across distributions appears to

require either a structural link between the values of σ at different quantities or a genuinely different

benchmark. We leave this as an open problem; the fact that the conjectured guarantee is exact at σ = σ
suggests it should hold at least when σ/σ is close to one.
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8 Related Work

Our work relates to several streams of literature. The foundational works of Mussa and Rosen (1978) and

Maskin and Riley (1984) study monopoly pricing with quality discrimination, establishing the framework

for analyzing nonlinear pricing under private information.

Simple mechanisms. There is an extensive literature on simple, approximately optimal mechanisms

for settings with indivisible goods, including single-item auctions (e.g., Hartline and Roughgarden, 2009;

Jin et al., 2019), multi-item monopolist pricing (e.g., Hart and Nisan, 2012; Li and Yao, 2013; Rubinstein

and Weinberg, 2015; Babaioff et al., 2020), and more general multi-item auction environments (e.g.,

Chawla et al., 2010; Cai and Huang, 2013; Yao, 2014; Cai et al., 2016; Chawla and Miller, 2016; Cai and

Zhao, 2017; Babaioff et al., 2022; Cai et al., 2022, 2023). Related results for nonlinear agents consider dif-

ferent environments (Feng et al., 2023): while their model considers nonlinear agents with unit-demand

allocations and non-linear utility of the form U(v q −p), we study agents with utility U(v, q)−p under

general allocations. Consequently, the two models are not directly comparable. Caragiannis et al. (2020)

study a related multi-buyer setting with concave valuation functions; under shortsighted buyers and

regularity of the distributions of marginal values, they show that linear pricing achieves a logarithmic

approximation to the optimal revenue. In contrast, we establish constant-factor guarantees for two-part

tariffs in a single-buyer setting with convex production costs. Our guarantees hold for regular value dis-

tributions; moreover, when distributions are non-regular, we show that menus of two-part tariffs recover

constant-factor approximations. To our knowledge, this provides the first approximation guarantees for

nonlinear pricing with general value distributions and convex production costs.

Two-part tariffs have been extensively studied in industrial organization and applied microeconomics.

Wilson’s 1993 monograph on nonlinear pricing (Wilson, 1993) provides a comprehensive treatment, with

applications spanning utilities, telecommunications, and service industries. Oi (1971) establishes early

theoretical foundations, and Rochet and Stole (2002) analyze nonlinear pricing in competitive settings.

In contrast to this classical literature, our work provides the first approximation guarantees for broad

classes of value distributions and cost functions, bridging the gap between theoretical optimality and

practical simplicity. Related approximation results for revenue maximization also appear in multi-item

monopolist pricing and auction settings with indivisible goods, where two-part tariffs and their sequen-

tial variants are shown to approximate optimal revenue (Cai and Zhao, 2017). Beyond mechanism de-

sign, Iyer et al. (2025) study a principal–agent model in which the agent can commit to an action and

the principal may reject the realized outcome; they show that a menu of two-part tariffs is optimal for

the principal.

Optimal multi-item mechanisms can require unbounded menu sizes even with independent values,

as shown in (Daskalakis et al., 2017). Our work contributes to understanding when simple menus suffice.

The duality approach we build upon was developed by Cai et al. (2016), providing a unified framework

for Bayesian mechanism design that accommodates multiple agents and arbitrary objectives.
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Nonlinear pricing with finite or limited information. A complementary line of work examines nonlin-

ear pricing under explicit informational restrictions on the menu rather than parametric restrictions on

its functional form. Bergemann et al. (2012) introduce a quantization framework for multi-dimensional

nonlinear pricing in which the seller is constrained to offer a finite menu of n bundles, and connect

the resulting welfare loss to classical results from the theory of vector quantization. Bergemann et al.

(2021b) substantially extend this framework: for a buyer with preferences over a d-dimensional variety

of goods and a seller restricted to a menu of n bundles, they characterize necessary conditions for the

optimal menu under both welfare- and revenue-maximizing objectives, and apply the Lloyd–Max algo-

rithm from information theory to compute the optimal quantization of the menu. Their work and ours

pose the same conceptual question of how should a seller restrict the complexity of the price schedule

when the optimal mechanism is intractable, but along orthogonal axes of simplicity. They restrict the

cardinality of the menu while allowing each bundle to be priced arbitrarily; we restrict the menu to a

two-part tariff (and, for non-regular distributions, to small menus of two-part tariffs) while allowing the

buyer to choose any quantity from a continuum.

Cost-based and prior-free nonlinear pricing. A closely related strand of recent work studies cost-based

nonlinear pricing from a prior-free perspective. Bergemann et al. (2023) analyze a monopolist offering

a quantity- or quality-differentiated product when the demand distribution is unknown and show that

the worst-case ratio of expected profit to expected social surplus is maximized by setting the markup

over marginal cost equal to the elasticity of the marginal cost function. Bergemann et al. (2025) de-

velop and substantially extend this analysis in a procurement environment: when the buyer has no prior

over the supplier’s cost, mechanisms that share a constant fraction of the buyer’s utility with the seller

guarantee a constant fraction of the efficient social surplus across all cost realizations, and the opti-

mal sharing rule can be characterized in closed form. Bergemann et al. (2026), with a different focus

but a closely related toolkit, consider a monopolist selling multiple products who can engage in both

second- and third-degree price discrimination via market segmentation, and characterize consumer-

optimal segmentations from a consumer-surplus perspective.

The methodological connection to our results is striking. The prior-free benchmark of Bergemann

et al. (2023) prescribes a markup equal to the marginal cost elasticity, which for a monomial cost function

C(q) = qk/k coincides with the universal markup β = k −1 that we identify in Proposition 4.1. Indeed,

both analyses isolate the elasticity of the marginal cost function as the primitive that pins down the op-

timal markup. The two approaches differ along three substantive dimensions. First, the benchmark:

Bergemann et al. (2023) and Bergemann et al. (2025) measure the seller’s (or buyer’s) profit against the

efficient social surplus and seek a guarantee that holds for every demand (or cost) distribution, whereas

we measure expected profit against the optimal mechanism designed for a known distribution, and seek

a guarantee that holds for every distribution within a regularity class. Second, the role of the fixed fee:

the prior-free benchmark in Bergemann et al. (2023) is achieved with a pure cost-plus markup and no

fixed fee, while in our Bayesian environment the fixed fee is essential to extract the information rent of

the marginal type, and its calibration depends explicitly on the distribution. Third, the scope: the prior-
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free analysis applies to general convex costs but delivers a surplus-share guarantee, while our Bayesian

analysis applies to costs with bounded marginal-cost elasticity but delivers a profit guarantee against the

Bayesian optimum and extends to non-regular distributions, multiple products, and generalized nonlin-

ear values (see Section 7 above). Taken together, the two literatures suggest that the cost-elasticity-based

markup is a robust object that arises as the optimal simple instrument under markedly different infor-

mational assumptions about the demand side.

Connection to bilateral trade and intermediary pricing. We consider the problem of a seller who faces

uncertain demand for a variety of products. In this setting, there is only one-sided private information.

We believe that the tools developed here could also apply to bilateral trade with two-sided asymmetric

information Myerson and Satterthwaite (1983); Rochet (1985); Green and Honkapohja (1983). Hagerty

and Rogerson (1987) provided the first version of a robust trading mechanism in the bilateral trade en-

vironment. Recent work on constant approximation involves (Blumrosen and Mizrahi, 2016; Brustle

et al., 2017; Deng et al., 2022; Fei, 2022; Hartline and Wang, 2025) for the gains from trade and (Blum-

rosen and Dobzinski, 2016; Kang et al., 2022; Cai and Wu, 2023; Liu et al., 2023) for the welfare. The work

of Zhang (2022) makes a distinction between bilateral trade with and without an intermediary. In the

framework of bilateral trade with an intermediary and unit demand, Loertscher and Niedermayer (2007)

and Loertscher and Niedermayer (2012) investigate the shape of the optimal, possibly nonlinear, fee of

the transaction price. We leave the applicability of our methodology for studying simple bilateral trade

pricing mechanisms as an interesting direction for future research.

9 Conclusion

We have studied the approximation guarantees of simple two-part tariffs for nonlinear pricing with con-

vex production costs. Our main contributions establish both the power and the limitations of simplicity

in mechanism design. While most of the paper focuses on convex marginal costs and a buyer’s utility that

is linear in the type, Proposition 7.1 extends the guarantee to multiplicatively separable value functions,

and we conjecture in Section 7 that a similar guarantee extends to general supermodular values.

For the special case of Pareto distributions with monomial costs, we derived explicit optimal param-

eters and showed that two-part tariffs are indeed optimal.

For general regular distributions with cost functions of bounded elasticity, we proved that two-part

tariffs with appropriately chosen markups achieve approximation ratios that depend only on the elas-

ticity bounds. For monomial cost functions, these ratios approach one as cost convexity increases; for

general convex cost functions with elasticity uniformly bounded away from zero, a similar conclusion

holds when the lower bound on the elasticity grows large. Our analysis shows that when production cost

is highly convex—characteristic of capacity-constrained or congested systems—simple two-part tariffs

capture nearly all of the profit attainable by complex optimal mechanisms.

For non-regular distributions, we established that simple two-part tariffs can fail catastrophically,

extracting only an arbitrarily small fraction of the optimal profit in carefully constructed examples. How-
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ever, we proved that menus of two-part tariffs with a number of entries equal to the number of ironing

intervals for the virtual value function plus one achieve constant-factor approximations, where the con-

stant depends only on the elasticity bounds. This result shows that the required complexity grows only

with the intrinsic non-regularity of the distribution—measured by the amount of ironing needed—rather

than with the full complexity of the optimal mechanism.

Our multi-product extension bounded the optimal profit by a constant multiple of the profit from

selling the products separately and from bundling them together, showing that simple mechanism for-

mats capture essentially all attainable profit even in multi-dimensional settings in which optimal mech-

anisms may be exponentially complex. Under additional assumptions on each item’s value distribution,

as discussed above for the single-item framework, the mechanism can be further simplified to either (i)

selling each product separately using two-part tariffs or a menu of them, or (ii) selling the bundle using

a two-part tariff; the better of the two achieves a constant fraction of the optimal profit.

These results provide a rigorous justification for the widespread use of simple pricing schemes in

practice. Although optimal mechanisms may in principle yield higher profit, we show that the gap be-

tween simple and optimal mechanisms shrinks under natural economic and informational conditions.

Complexity matters less when production costs are highly convex, when value distributions are regular,

or when non-regularities are limited.

The gap between simple and optimal mechanisms is both quantifiable and often small in practical

regimes. This helps explain why firms across diverse industries employ two-part tariffs despite the avail-

ability of sophisticated mechanism design theory: the additional profit from fully optimal mechanisms

may not justify the costs of implementation, communication, or potential behavioral frictions faced by

consumers under complex pricing schedules.

For practitioners, our results suggest that two-part tariffs are near-optimal when cost functions ex-

hibit high elasticity, corresponding to large values of the power parameter in monomial cost structures.

The markup should be chosen based on the elasticity bounds, while the fixed fee should be set to extract

surplus from marginal buyers without inducing excessive exclusion. For non-regular demand distribu-

tions, a small menu of options suffices—rather than a fully continuous pricing schedule.
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A Additional Discussion About The Model

Further properties of simple mechanisms. Consider a two-part tariff specified by a fixed fee T and

a markup β, and let xT,β(v) denote its allocation rule. When the fixed fee or the markup is clear from

context, we may omit the corresponding subscript.

First, suppose there is no fixed fee. The buyer then solves:

max
q≥0
(vq −(1+β)C(q)) = (1+β) ⋅max

q≥0
( v

1+βq −C(q)) .

By the definition of q(⋅), the optimal purchase quantity is, therefore:

q( v

1+β).

When a fixed fee T is present, the buyer participates if and only if his utility at least T . Define

z(v) = zβ(v) ∶= v q( v

1+β)−(1+β)C(q( v

1+β))

to be the buyer’s utility in the absence of the fixed fee. Notice that z(v) is non-decreasing, which can

be checked by simple derivation. The allocation rule induced by the two-part tariff (T,β) can then be

written as:

xT,β(v) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 if z(v) < T,

q( v
1+β) if z(v) ≥ T.

Finally, by the first-order condition (5), for every simple mechanism (T,β) there exists a cutoff τ2 =
τ2(T,β) such that xT,β(v) = 0 for all v < τ2, while for all v ≥ τ2 the allocation satisfies

C ′(xT,β(v)) =
v

1+β . (10)

Therefore, the expected profit of a simple mechanism (T,β) is:

π(T,β) = Pr[z(v) ≥ T ] ⋅T +β ⋅E[C(x(v)) ⋅ Iz(v)≥T ]. (11)

Additional discussion about elasticity. Consider the elasticity of the cost C (q) with respect to the

quantity q :

ηC =
dC(q)

d q

C(q)
q

=
dC(q)
C(q)

d q
q

= d log(C (q))
d log(q)

Formally, it is the ratio of the percentage change of cost C (q) induced by a percentage change in the

quantity q . The notion of elasticity is used in economics as it is unit-free. That is, the elasticity of the

cost function is independent of how input and output are measured. It is also the (double) logarithmic

derivativeof C (q) with respect to q . The cost elasticity measures returns to scale, as it can be rewritten
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as the ratio of marginal cost to average cost:

ηC =
d C(q)

d q

C(q)
q

= Marginal Cost

Average Cost

Similarly, we can define the elasticity of the marginal cost function C ′ (q):

ηC ′ =
dC ′(q)

d q

C ′(q)
q

= C ′′ (q)q

C ′ (q) .

With a monomial cost function C(q) = 1
k qk (k > 1), the cost elasticity and the marginal cost elasticity are

tightly connected:

ηC ′ = ηC −1.

The notion of marginal cost elasticity is closely related to the notion of supply elasticity. A competitive

firm (i.e., a firm supply in a competitive equilibrium) expands its supply until the marginal cost is equal

to the competitive equilibrium (unit) price p of the product:

C ′ (q) = p. (12)

Thus, its supply function is the inverse of the marginal cost function:

q = (C ′)−1 (p)

Differentiating the above first-order condition (12) with respect to p yields:

1 =C ′′ (q) d q

d p
⇒ d q

d p
= 1

C ′′ (q) ,

and thus the elasticity of supply, denoted by εS , can be written as:

εS =
d q

d p

p

q
= 1

C ′′ (q)
C ′ (q)

q
= 1

ηC ′
.

Therefore, the elasticity of supply with respect to price is the reciprocal of the marginal cost elasticity.

Consequently, the assumption ηC ′(q) ∈ [m, M] for all q > 0 is equivalent to the assumption that

εS(q) ∈ [ 1
M , 1

m ] ∀q > 0,

i.e., that the firm’s supply elasticity is uniformly bounded away from 0 and∞. Intuitively, a large marginal-

cost elasticity ηC ′ corresponds to a sharply rising marginal-cost curve and hence to a relatively inelastic

supply, while a small ηC ′ corresponds to a gently rising marginal cost and a relatively elastic supply.

For the monomial cost function C(q) = 1
k qk , the elasticity of the marginal cost is the constant ηC ′ ≡

28



k −1, so the corresponding supply elasticity is the constant εS ≡ 1/(k −1). The quadratic-cost case k = 2,

often used as a benchmark in the applied literature, corresponds to a unit-elastic supply, εS ≡ 1. The

limiting case k → 1+ corresponds to perfectly elastic supply (εS →∞), in which the firm is essentially

price-taking at a constant marginal cost; the limiting case k →∞ corresponds to perfectly inelastic sup-

ply (εS → 0), in which the firm can produce only at a single quantity.

This reciprocal relationship has two consequences worth noting. First, the approximation guarantee

of Theorem 1 can be restated entirely in terms of supply elasticities: writing ε ∶= 1/M and ε ∶= 1/m for the

bounds on εS(q), the universal markup is β = 1/ε and the approximation ratio is:

1+ε
ε
⋅ (1+1/ε)−(1+ε).

For a monomial cost function, this reduces to (1+1/εS)−εS , a particularly transparent function of the sup-

ply elasticity alone. Second, since supply elasticities (rather than marginal-cost elasticities) are the object

most commonly estimated in the empirical industrial-organization literature, this restatement allows the

quantitative bounds in our main theorem to be anchored directly to empirically-measured primitives.

B Proofs from Section 3

We begin this section with the following observation.

Observation B.1. For a cost function C(q) = 1
k qk (k > 1) and F the Pareto distribution with parameter

λ > k
k−1 supported on [1,∞), we have:

π∗ = (k −1

k
)(λ−1

λ
)

k/(k−1) λ

λ− k
k−1

.

Proof of Observation B.1. We have:

π∗ = Ev∼F [W (ϕ(v)+)] =
k −1

k
Ev∼F

⎡⎢⎢⎢⎣
(λ−1

λ
v)

k
k−1
⎤⎥⎥⎥⎦

= (k −1

k
)(λ−1

λ
)

k/(k−1)
λ∫

∞

v=1
v

k
k−1
−λ−1d v

= (k −1

k
)(λ−1

λ
)

k/(k−1) λ
k

k−1 −λ
v

k
k−1
−λ ∣v=∞v=1 = (

k −1

k
)(λ−1

λ
)

k/(k−1) λ

λ− k
k−1

,

where the integration step uses the assumption λ > k
k−1 .

Proof of Proposition 3.2. Define ζk−1 ∶= 1
1+β and z(v) ∶= x(v)v −(1+β)C(x(v)). Assume first T = 0. Let
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us compute the expected profit in a two-part tariff with a markup β:

π =βE[C(x(v))] =βE[ 1

k
ζk v

k
k−1 ]

= λβζ
k

k ∫
∞

v=1
v

k
k−1
−λ−1d v = βζ

k(1+β) ⋅
λ

k
k−1 −λ

v
k

k−1
−λ ∣v=∞v=1

= ζ1−ζk−1

k

λ

λ− k
k−1

.

Derivation shows that it is optimal for the seller to take ζk−1 = 1/k (i.e., β = k −1). This choice yields,

together with Observation B.1:

π(T = 0,β = k −1)
π∗

= ζ

((λ−1)/λ)k/(k−1)
1−ζk−1

k −1
= 1

k1+1/(k−1) ⋅
1

((λ−1)/λ)k/(k−1) →k→∞ 0,

which proves the first part.

For a general T , note that we have (see Equation 6) x(v) = ζv
1

k−1 , and therefore:

z(v) = x(v)v −(1+β)C(x(v)) = x(v)v −ζ−(k−1)C(x(v)) = k −1

k
ζv

k
k−1 .

Hence, we have:

v = ( k/ζ
k −1

z(v))
k−1

k

.

Note that it is unreasonable to choose T < z(v = 1), as it is possible to increase the pointwise profit

by increasing such T . For T ≥ z(v = 1), we get:

Pr[z(v) ≥ T ] ⋅T = (1−F(v(z = T )))T = ( k

ζ(k −1))
−λ k−1

k

T 1−λ k−1
k .

Since λ > k
k−1 , the optimal fixed fee for every fixed β is T = z(v = 1) = k−1

k ζ(β).5

In particular, when β = 0, the resultant expected profit is k−1
k . Together with Observation B.1, we

deduce:

π(T = k−1
k ,β = 0)
π∗

=
k−1

k

k−1
k (

λ−1
λ
)k/(k−1) λ

λ− k
k−1

= ( λ

λ−1
)

k/(k−1)λ− k
k−1

λ
→

k→ λ
λ−1

+ 0,

as needed.

For the last bullet, consider a posted-price mechanism offering x units for a posted price-per-unit of

p. The expected profit is:

Pr[v ≥ p](px −C(x)) ≤ (1−F(p))W (p) = (1− 1

k
)(1−F(p))pk/(k−1).

5Note also that the component of the expected profit coming from the markup is weakly decreasing in T .
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The last expression is (1− 1
k )p

k/(k−1)−λ for p ≥ 1 and is (1− 1
k )p

k/(k−1) for p < 1. In any case, it is upper-

bounded by 1− 1
k . Thus, the expected profit of a posted-price mechanism is upper-bounded by 1− 1

k .6

Observation B.1 completes the proof.

C Proofs from Section 4

C.1 Positive results: Proof of Theorem 1

To start with, we first complete the proof of Lemma 4.2.

Proof of Lemma 4.2. First fix x ≥ y > 0. The lower elasticity bound gives

log
C ′(x)
C ′(y) = ∫

x

y

C ′′(t)
C ′(t) d t ≥m∫

x

y

d t

t
=m log

x

y
.

Thus
C ′(x)
C ′(y) ≥ (

x

y
)

m

.

Taking x = q(v) and y = q(v/s), and using C ′(q(z)) = z, gives

s = C ′(q(v))
C ′(q(v/s)) ≥ (

q(v)
q(v/s))

m

.

Hence q(v/s) ≥ s−1/m q(v).
It remains to prove the cost-share bounds. Let q = q(v), so C ′(q) = v . For 0 < t ≤ q , the upper

elasticity bound gives

log
C ′(q)
C ′(t) = ∫

q

t

C ′′(u)
C ′(u) du ≤M log

q

t
,

and therefore C ′(t) ≥C ′(q)(t/q)M . Integrating,

C(q) = ∫
q

0
C ′(t)d t ≥C ′(q)∫

q

0
( t

q
)

M

d t = vq

M +1
.

Similarly, the lower elasticity bound gives

log
C ′(q)
C ′(t) ≥m log

q

t
,

so C ′(t) ≤C ′(q)(t/q)m . Integrating again,

C(q) ≤C ′(q)∫
q

0
( t

q
)

m

d t = vq

m+1
.

Substituting q = q(v) proves the desired cost-share inequalities.

6Note that setting x = p = 1 achieves the upper bound.
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We now complete the proof of Theorem 1.

Proof of Theorem 1. Assume throughout this proof that:7

m ≤ ηC ′(q) ≤M , ∀q > 0.

We prove a slightly more general statement. Fix any markup β ≥ 0, set τ ∶= 1+β, and choose the fixed fee

T ∶= τW (v0

τ
) , v0 ∶= inf{v ∶ϕ(v) ≥ 0},

where v0 is the lowest type with nonnegative virtual value. We show that:

π(T,β) ≥ M +1

M
⋅ β

(1+β)1+1/m ⋅π
∗.

The claimed guarantee follows by setting β =m.

The optimal profit benchmark. Regularity implies that ϕ(v) ≥ 0 precisely on the upper tail v ≥ v0. By

Fact 3.1,

π∗ =∫
v

v0

f (v)W (ϕ(v))d v.

The cost-share statement in Lemma 4.2 implies:

C(q(x)) ≥ 1

M +1
xq(x), ∀x.

Hence:

W (x) = xq(x)−C(q(x)) ≤ M

M +1
xq(x).

Applying this with x =ϕ(v), and using ϕ(v) ≤ v together with monotonicity of q(⋅), gives:

π∗ ≤ M

M +1 ∫
v

v0

f (v)ϕ(v)q(v)d v. (13)

It is useful to name the remaining integral:

B ∶= ∫
v

v0

f (v)ϕ(v)q(v)d v

This is the virtual-value benchmark against which we compare the tariff profit. The preceding dis-

play says

π∗ ≤ M

M +1
B. (14)

7If only the lower bound is available, we set M ∶= +∞, M/(M +1) ∶= 1, and the proof remains valid.
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Rewriting tariff profit as virtual surplus. First ignore the entry fee. A type-v buyer then chooses a

quantity solving

max
q≥0
{vq −τC(q)} = τmax

q≥0
{v

τ
q −C(q)} ,

and hence chooses q(v/τ). The corresponding utility before paying the entry fee is τW (v/τ). Since

T = τW (v0/τ) and W (⋅) is monotone, exactly the types v ≥ v0 participate.

The seller’s expected profit is therefore:

π(T,β) = (1−F(v0))τW (v0

τ
)+β∫

v

v0

f (v)C(q(v

τ
))d v. (15)

Using

C(q(v

τ
)) = v

τ
q(v

τ
)−W (v

τ
) ,

we rewrite (15) as:

π(T,β) = (1−F(v0))τW (v0

τ
)+ β

τ
∫

v

v0

f (v)vq(v

τ
)d v

−β∫
v

v0

f (v)W (v

τ
)d v. (16)

The last integral is the only term that still needs to be rewritten. By Lemma 4.1, followed by the change

of variables u = t/τ,

W (v

τ
) =W (v0

τ
)+ 1

τ
∫

v

v0

q( t

τ
)d t .

Integrating both sides with respect to f (v)d v over the participating types gives:

∫
v

v0

f (v)W (v

τ
)d v = (1−F(v0))W (

v0

τ
)+ 1

τ
∫

v

v0

f (v)∫
v

v0

q( t

τ
)d t d v

= (1−F(v0))W (
v0

τ
)+ 1

τ
∫

v

v0

q( t

τ
)∫

v

t
f (v)d v d t

= (1−F(v0))W (
v0

τ
)+ 1

τ
∫

v

v0

(1−F(t))q( t

τ
)d t . (17)

Here the second equality swaps the order of integration over the region {(t , v) ∶ v0 ≤ t ≤ v ≤ v}, and the

last equality uses ∫ v
t f (v)d v = 1−F(t).

Substituting (17) into (16), and then using τ = 1+β and f (v)ϕ(v) = f (v)v −(1−F(v)) gives:

π(T,β) = (1−F(v0))τW (v0

τ
)+ β

τ
∫

v

v0

f (v)vq(v

τ
)d v

−β(1−F(v0))W (
v0

τ
)− β

τ
∫

v

v0

(1−F(v))q(v

τ
)d v

= (τ−β)(1−F(v0))W (
v0

τ
)+ β

τ
∫

v

v0

( f (v)v −(1−F(v)))q(v

τ
)d v

= (1−F(v0))W (
v0

τ
)+ β

τ
∫

v

v0

f (v)ϕ(v)q(v

τ
)d v. (18)
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We now compare (18) to the benchmark B . Dropping the nonnegative first term, and using the scal-

ing statement in Lemma 4.2, we obtain:

π(T,β) ≥ β
τ
∫

v

v0

f (v)ϕ(v)q(v

τ
)d v ≥ β

τ1+1/m ∫
v

v0

f (v)ϕ(v)q(v)d v = β

τ1+1/m B ,

where the second inequality uses ϕ(v) ≥ 0 for v ≥ v0. Combining this lower bound with (14) gives:

π(T,β) ≥ M +1

M
⋅ β

(1+β)1+1/m ⋅π
∗.

It remains to choose the markup. Set

g(β) ∶= β

(1+β)1+1/m .

Then:

g ′(β) = (1+β)−2−1/m (1− β
m
) ,

so g is maximized at β =m, with

g(m) = m

(m+1)1+1/m .

Therefore the universal choice β =m gives:

π(T,m) ≥ M +1

M
⋅ m

(m+1)1+1/m ⋅π
∗

and completes the proof.

C.2 Tightness Results: Proof of Proposition 4.1

The positive result of 1
k1/(k−1) is straighforward. By substituting m =M = k−1 into Theorem 1, we then get

the ratio.

In the following, we show this ratio is tight for regular distributions and power functions. Fixing

any η > 0, the proof proceeds in three steps. First, we construct a family of hard instances in quantile

space. Second, we verify that the induced distribution has the claimed support and regularity properties.

Finally, we show that, for a suitable choice of the construction parameters, every two-part tariff extracts

at most a

k−1/(k−1)+η

fraction of the optimal profit.

C.2.1 Construction of the hard instance

Let

p ∶= k

k −1
.
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For the monomial cost C(q) = qk/k, the welfare-maximizing quantity and the corresponding wel-

fare are

q(v) ∶= argmax
q≥0

{vq −C(q)} = v1/(k−1) and W (v) ∶=max
q≥0
{vq −C(q)} = k −1

k
v p .

We specify the hard instance through its upper-quantile revenue curve. Fix an integer n ≥ 2 and a

parameter ε ∈ (0,1/2). Define upper-quantile breakpoints

q0 ∶= 0, qi ∶= εp(n−i) (i = 1, . . . ,n),

so that

0 = q0 < q1 <⋯< qn = 1.

Define a step function φ ∶ [0,1]→R+ by

φ(q) = εi−1 for q ∈ (qi−1, qi ], i = 1, . . . ,n.

The function φ represents the virtual value as a function of the upper quantile.

Let

R(q) ∶= ∫
q

0
φ(t)d t , v(q) ∶= R(q)

q
(q > 0),

and let F = Fn,ε be the distribution whose upper-quantile function is v ; equivalently, V = v(U) for U ∼
Unif[0,1]. By construction, R(q) = qv(q) is the revenue curve of F .

C.2.2 Regularity

We first verify that the distribution constructed above has the claimed support and regularity properties.

Since φ is nonincreasing, the revenue curve R is concave. Hence the induced distribution F is regular.

It remains to describe the support and density of F . On the first block (0, q1], we have R(q) = q , and

hence v(q) ≡ 1. Thus F has an atom of mass q1 at v = 1. For every i ≥ 2, the function R is affine on

(qi−1, qi ]with slope εi−1. Therefore, there exists Bi such that

R(q) = εi−1q +Bi for q ∈ (qi−1, qi ].

Equivalently,

v(q) = εi−1+ Bi

q
for q ∈ (qi−1, qi ].

Moreover,

Bi =R(qi−1)−εi−1qi−1 = qi−1(v(qi−1)−εi−1) > 0,

because v(qi−1) is the average of slopes of R on [0, qi−1], all of which are at least εi−2 > εi−1.
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It follows that v is continuous on (0,1], strictly decreasing on (q1,1], and constant on (0, q1]. Write

vi ∶= v(qi), i = 1, . . . ,n, ℓ ∶= vn = v(1).

Since 0 <φ ≤ 1, and φ /≡ 1 for n ≥ 2, we have

0 < ℓ =R(1) < 1.

Thus F is supported on the interval [ℓ,1], has one atom at v = 1, and is continuous on [ℓ,1).
For i ≥ 2 and v ∈ [vi , vi−1), the inverse map is

q = Bi

v −εi−1
.

Hence, on this interval,

F(v) = 1− Bi

v −εi−1
, f (v) = Bi

(v −εi−1)2 > 0.

The virtual value on this interval is

ϕ(v) = v − 1−F(v)
f (v) = v − Bi

v −εi−1
⋅ (v −ε

i−1)2
Bi

= εi−1.

As v increases, the corresponding block index i weakly decreases, and therefore εi−1 weakly increases.

Thus the virtual value is monotone on the continuous part of the support.

C.2.3 Two-part tariff upper bound

We first compute the optimal profit for this instance. Since φ(q) ≥ 0 is the virtual value at upper quantile

q , Fact 3.1 gives

π∗ =∫
1

0
W (φ(q))d q = k −1

k ∫
1

0
φ(q)p d q.

Let

S ∶= ∫
1

0
φ(q)p d q.

Then

π∗ = k −1

k
S.

We next upper-bound the profit of an arbitrary two-part tariff (T,β). The argument proceeds by

parameterizing any tariff by its markup β and the upper-quantile cutoff q of participating types. For

each fixed cutoff q , we first optimize over the markup. We then show that, for every fixed markup, the

best cutoff is attained at one of the breakpoints q1, . . . , qn . It remains only to bound the profit of tariffs

whose cutoffs are among these breakpoints.

For a type with value v , the consumption choice under markup β is

q( v

1+β) .
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The buyer’s gross utility before paying the entry fee is

(1+β)W ( v

1+β) .

This quantity is increasing in v , so any fixed fee induces a cutoff rule: the participating types are the top

quantiles of the distribution. Let q ∈ (0,1] denote the upper-quantile cutoff, so that v(q) is the lowest

participating value. For fixed β and cutoff q , the largest fixed fee consistent with participation of the

cutoff type is

T = (1+β)W (v(q)
1+β ) .

Therefore every tariff with markup β and participation cutoff q has profit at most the profit obtained

with this maximal entry fee.

Define

U(q) ∶= q v(q)p , H(q) ∶= ∫
q

0
v(t)p d t .

Using

W (z) = k −1

k
zp and C(q(z)) = 1

k
zp ,

the corresponding upper bound on profit is

Π(β, q) = k −1

k
(1+β)1−pU(q)+ β

k(1+β)p
H(q). (19)

Indeed, the first term is the entry-fee revenue, and the second term is the usage markup revenue net of

production cost.

Let

z ∶= (1+β)−1 ∈ (0,1], A(q) ∶= (k −1)U(q)+H(q).

For a fixed cutoff q , optimizing over the markup β ≥ 0 is equivalent to optimizing over z ∈ (0,1]. In terms

of z, (19) becomes

Π(β, q) = 1

k
zp−1(A(q)− zH(q)).

Notice that A(q) and H(q) are constants when q is fixed. The first-order condition with respect to z is

(p −1)A(q)−pzH(q) = 0.

Since p = k/(k −1), this gives the unconstrained maximizer

z∗(q) = A(q)
kH(q) .

To check that this maximizer is feasible, note that v(t) ≥ v(q) for all t ≤ q . Hence

H(q) = ∫
q

0
v(t)p d t ≥ qv(q)p =U(q).
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Therefore

A(q) = (k −1)U(q)+H(q) ≤ kH(q),

so z∗(q) ∈ (0,1] and therefore corresponds to a feasible markup β∗(q) = 1/z∗(q)−1. Let G(q) denote

the maximum approximation ratio among two-part tariffs with upper-quantile cutoff q . Substituting

z∗(q) gives

G(q) ∶= sup
β≥0

Π(β, q)
π∗

= A(q)p

kp H(q)p−1S
=
((k −1)U(q)+H(q))p

kp H(q)p−1S
. (20)

We next show that, for every fixed markup, the best cutoff is attained at one of the breakpoints.

Claim C.1. For every fixed β ≥ 0, the function q ↦ Π(β, q) attains its maximum over (0,1] at one of the

points q1, . . . , qn .

Proof. On the first block (0, q1], we have v(q) ≡ 1. Hence

U(q) =H(q) = q,

and therefore (19) reduces to

Π(β, q) = q [k −1

k
(1+β)1−p + β

k(1+β)p
] .

The bracketed term is nonnegative and does not depend on q . Thus Π(β, q) is increasing in q on this

block, and the maximum over (0, q1] is attained at q1.

Now fix i ≥ 2 and q ∈ (qi−1, qi ]. We have

v(q) = εi−1+ Bi

q
, v ′(q) = −Bi

q2
.

Therefore

U ′(q) = d

d q
(qv(q)p)

= v(q)p +qpv(q)p−1v ′(q)

= v(q)p−1(εi−1− Bi

(k −1)q ) ,

where we used p = k/(k −1). Also,

H ′(q) = v(q)p .

Differentiating (19) gives

k(1+β)p ∂qΠ(β, q) = v(q)p−1((k −1+kβ)εi−1− Bi

q
) .

The prefactor v(q)p−1 is positive, and the term in parentheses is strictly increasing in q . Hence ∂qΠ(β, q)
changes sign at most once on (qi−1, qi ], from negative to positive. Thus Π(β, ⋅) has no strict interior

maximum on this block, and its maximum over the block is attained at an endpoint.
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Combining all blocks proves the claim.

Now any two-part tariff is bounded above by someΠ(β, q). Therefore, by Claim C.1,

sup
T,β

π(T,β)
π∗

≤ sup
β≥0

max
i∈[n]

Π(β, qi)
π∗

≤max
i∈[n]

G(qi).

It remains to estimate G(qi).
Let

c ∶= q1 = εp(n−1).

Throughout, on(1) denotes a quantity that tends to 0 as ε → 0 for fixed n, uniformly over all relevant

i ∈ {1, . . . ,n}.
Recall that S = ∫ 1

0 φ(q)p d q . Using the definition of φ on each quantile block, we get

S = q1+
n

∑
i=2

εp(i−1)(qi −qi−1)

= c +
n

∑
i=2

εp(i−1)εp(n−i)(1−εp)

= c(n−(n−1)εp).

(21)

Next define

λi ∶=
vi

εi−1
, i = 1, . . . ,n.

Since v1 = 1, we have λ1 = 1. For i = 1, . . . ,n−1, the slope of R on (qi , qi+1] is εi . Therefore

R(qi+1) =R(qi)+εi(qi+1−qi).

Using vi =R(qi)/qi and qi /qi+1 = εp , we get

vi+1 =
R(qi+1)

qi+1

= R(qi)+εi(qi+1−qi)
qi+1

= qi

qi+1
vi +εi (1− qi

qi+1
)

= εp vi +εi(1−εp).

Dividing by εi , we obtain

λi+1 = 1+εp−1(λi −ε). (22)

For fixed n, this recursion implies

λi = 1+on(1)
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uniformly over i = 1, . . . ,n. Hence

U(qi) = qi v p
i = ε

p(n−i)(εi−1λi)
p = cλp

i = c(1+on(1)) (23)

uniformly in i .

We now estimate H(qi). For i ≥ 2, write

∆Hi ∶=H(qi)−H(qi−1).

For q ∈ [qi−1, qi ], we have

v(q) = εi−1+ Bi

q
, Bi = qi−1(vi−1−εi−1).

Substitute q = qi y , where y ∈ [εp ,1]. Using qi−1/qi = εp and vi−1 = εi−2λi−1, we obtain

v(qi y) = εi−1+ qi−1(vi−1−εi−1)
qi y

= εi−1+ ε
p(εi−2λi−1−εi−1)

y

= εi−1(1+ ε
p−1(λi−1−ε)

y
) .

Therefore

∆Hi =∫
qi

qi−1

v(q)p d q = c J Ai (ε), Ai ∶=λi−1−ε,

where

J A(ε) ∶= ∫
1

εp
(1+ Aεp−1

y
)

p

d y.

Claim C.2. Uniformly for A in any compact subset of (0,∞),

J A(ε) = 1+(k −1)Ap +o(1) as ε→ 0.

Proof. Set

θ ∶= Aεp−1.

With the substitution y = θ/t , we obtain

J A(ε) = θ∫
A/ε

θ

(1+ t)p

t 2
d t .

Integrating by parts,

J A(ε) = (1+θ)p −εp (1+ A

ε
)

p

+pθ∫
A/ε

θ

(1+ t)p−1

t
d t .
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The first term is 1+o(1), uniformly for A in compact subsets of (0,∞). The second term is

εp (1+ A

ε
)

p

= (A+ε)p = Ap +o(1),

again uniformly on compact subsets.

It remains to estimate the integral term. On [θ,1], the factor (1+ t)p−1 is uniformly bounded above

by 2p−1. Hence

θ∫
1

θ

(1+ t)p−1

t
d t ≤ 2p−1θ∫

1

θ

d t

t
= 2p−1θ log

1

θ
= o(1),

where the last equality follows from θ = Aεp−1→ 0. On [1, A/ε],

(1+ t)p−1 = t p−1+O(t p−2),

uniformly. Hence

θ∫
A/ε

1

(1+ t)p−1

t
d t = θ∫

A/ε

1
t p−2 d t +θ∫

A/ε

1
O(t p−3)d t

= Ap

p −1
+o(1).

The error term is o(1): if p < 2 the integral of t p−3 is bounded; if p = 2 it contributes O(ε log(1/ε)); and if

p > 2 it contributes O(ε).
Therefore

pθ∫
A/ε

θ

(1+ t)p−1

t
d t = p

p −1
Ap +o(1) = k Ap +o(1).

Combining the estimates gives

J A(ε) = 1− Ap +k Ap +o(1) = 1+(k −1)Ap +o(1),

as claimed.

Since Ai = λi−1−ε = 1+on(1) uniformly in i , all Ai ’s lie in a fixed compact subset of (0,∞) for suffi-

ciently small ε. Thus Claim C.2 implies

∆Hi = c(k +on(1)) uniformly for i = 2, . . . ,n.

Since H(q1) = q1 = c, we get

H(qi) = c +
i

∑
j=2

∆H j = c(ki −(k −1)+on(1)) (24)

uniformly over i = 1, . . . ,n.
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Endpoint ratios. Combining (23) and (24), we have

(k −1)U(qi)+H(qi) = c(ki +on(1)),

Recall from (20) that

G(qi) =
((k −1)U(qi)+H(qi))

p

kp H(qi)p−1S
.

Also, by (21), S = c(n+on(1)). Therefore, uniformly over i = 1, . . . ,n,

G(qi) =
i p

n(ki −(k −1))p−1 +on(1). (25)

Define

g(x) ∶= xp

(kx −(k −1))p−1 , x ≥ 1.

Then
d

d x
log g(x) = p

x
− k(p −1)

kx −(k −1)

= p(k −1)(x −1)
x(kx −(k −1))

≥ 0.

Thus g is increasing on [1,∞). By the uniformity of (25),

max
1≤i≤n

G(qi) =
1

n
max
1≤i≤n

i p

(ki −(k −1))p−1 +on(1)

= 1

n

np

(kn−(k −1))p−1 +on(1)

= ( n

kn−(k −1))
p−1

+on(1)

= ( n

kn−(k −1))
1/(k−1)

+on(1).

Consequently,

sup
T,β

π(T,β)
π∗

≤ ( n

kn−(k −1))
1/(k−1)

+on(1).

Finally,

rk,n ∶= (
n

kn−(k −1))
1/(k−1)

decreases to k−1/(k−1) as n→∞. Choose n large enough so that

rk,n ≤ k−1/(k−1)+ η
2

.

Then choose ε > 0 small enough that the on(1) term above is at most η/2. For this choice of n and ε, the
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constructed distribution satisfies

sup
T,β

π(T,β)
π∗

≤ k−1/(k−1)+η.

Removing the top atom. Theorem 1 remains valid for a regular distribution that is absolutely contin-

uous below its top value but has an atom at that value. Thus the construction above already estab-

lishes tightness in this slightly enlarged class. To obtain an instance satisfying our maintained absolute-

continuity assumption, replace the first segment R0(q) = q , q ∈ [0, q1], by

Rξ(q) = (1+ξ)q −
ξ

q1
q2,

and leave the rest of the revenue curve unchanged. For all sufficiently small ξ > 0, the new curve remains

concave and simply spreads the top atom over [1,1+ξ]with a positive density. As ξ→ 0, the optimal profit

and the maximum profit achievable by a two-part tariff converge to those in the construction above.

Hence the same bound holds with an arbitrarily small additional loss.

This proves the theorem.

D The Role of the Lower Bound on the Elasticity: Proof of Proposition 4.2

Proof of Proposition 4.2. Fix ε > 0. Note that we have by the first-order condition 5 that q(v) = log v for

v ≥ 1. Thus, W (v) = v log v − v + 1 for v ≥ 1. In particular, W (v) is continuous and strictly increasing

for v ≥ 1.

Fix a sufficiently small δ > 0 (we shall later let it tend to 0). Define a distribution F(v) ∶= Fδ(v) ∶=
G(W (v)) ∶= Gδ(W (v)) by G(W ) = 0 for W < δ and G(W ) = min{1, 1

1−
√
δ
(1− δ

W )} for W ≥ δ. Then

Supp(F) = {v ∶W (v) ∈ [δ,
√
δ]} ⊆ [1,2].

We have for v = 1+o(1):

0.25(v −1)2 ≤W (v) ≤ v(v −1)−(v −1) = (v −1)2 Ô⇒
√

W (v)+1 ≤ v ≤ 2
√

W (v)+1. (26)

In particular, note that:

Supp(F) = {v ∶W (v) ∈ [δ,
√
δ]} ⊆ [1+δ0.5,1+2δ0.25]. (27)

Moreover:

ϕ(v) = v − 1−F(v)
f (v) = v −

1− 1
1−
√
δ
(1− δ

W (v))
δ

1−
√
δ

W ′(v)
W 2(v)

= v −W (v)
(1−
√
δ)W (v)−(W (v)−δ)

δ log v

= v −
W (v)(

√
δ−W (v))

√
δ log v

.
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The derivative with respect to v inside Supp(F) is (note that 0 ≤W (v) ≤
√
δ and q(v) = log v):

1−
(
√
δq(v)−2W (v)q(v)) log v −W (v)(

√
δ−W (v))(1/v)

√
δ log2 v

≥ 1−
(
√
δ−2W (v)) log2 v
√
δ log2 v

= 2W (v)√
δ
≥ 0,

which implies that F is regular.

We shall show that for every ε > 0 there exists δ > 0 s.t. the distribution F = Fδ yields π(T,β)
π∗
≤ ε for

every T,β.

A simple derivation shows that the expression zβ(v) ∶= v q( v
1+β)−(1+β)C(q( v

1+β)), for every fixed

v , is decreasing with respect to β. Therefore, the expected profit attributed to the fixed fee T satisfies for

T ∈ [δ,
√
δ]:

T Pr[z(v) ≥ T ] ≤ T Pr[W (v) ≥ T ] = (1− 1

1−
√
δ
)T + δ

1−
√
δ
≤ δ

1−
√
δ

. (28)

Note that the above inequality actually holds for any T ≥ 0, since T Pr[z(v) ≥ T ] ≤ δ ≤ δ

1−
√
δ

for 0 ≤
T < δ, and T Pr[z(v) ≥ T ] = 0 for T >

√
δ.

Moreover, the expected profit attributed to the markup is:

βE[C(q( v

1+β)) ⋅1z(v)≥T ] ≤βE[C(q( v

1+β))] =
βδ

1−
√
δ
∫

W=
√
δ

W=max{W (v=1+β),δ}

C(q( v(W )
1+β ))

W 2
dW. (29)

Note that by (26), unless β = β(δ) ≤ 2δ0.25 = o(1), the two-part tariff yields expected profit of 0. We

get from (26) that for 1+β ≤ v ≤W −1(
√
δ):

C(q( v
1+β))

W 2(v) = v −1−β
(1+β)W 2(v) ≤

v −1

W 2(v) ≤
2

W 1.5(v) . (30)

From (26), (28), (29), and (30), we get that for every β > 0:

π ≤ δ

1−
√
δ
(1+2β∫

W=
√
δ

W=W (v=1+β)
W −1.5dW ) ≤ δ

1−
√
δ
(1+ 4β√

W (v = 1+β)
) ≤ δ

1−
√
δ
(1+ 8β

β
) =O(δ),

(31)

while for β = 0:

π ≤ δ

1−
√
δ
=O(δ). (32)

To easily lower-boundπ∗, consider the direct revelation mechanism (x(v), p(v)), with x(v) = p(v) =
0 for 0 ≤ v < 1, and x(v) = 0.5log v , p(v) = 0.5(v −1) for v ≥ 1. This mechanism is IC and IR since for any

t ≥ 1 and v ≥ 1: v x(t)−p(t) = 0.5(v log t − t +1), which attains its global maximum for a fixed v at t = v ,

and the maximum value is non-negative when v ≥ 1. The profit of this mechanism for any v ∈ Supp(F) is:
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0.5+0.5v − v0.5 ≥ (v −1)2
8

− (v −1)3
16

≥ (v −1)2
16

. (33)

From (26) and (33):

π∗ ≥ δ

1−
√
δ
∫

W=
√
δ

W=δ

0.5+0.5v(W )− v(W )0.5

W 2
dW ≥ δ

1−
√
δ
∫

W=
√
δ

W=δ

(v −1)2
16(v −1)4 dW

= δ

16(1−
√
δ) ∫

W=
√
δ

W=δ

1

(v −1)2 dW ≥ δ

64(1−
√
δ) ∫

W=
√
δ

W=δ

1

W
dW = δ

64(1−
√
δ)

log
1√
δ
=Ω(δ∣ logδ∣).

Since π =O(δ) = o(δ∣ logδ∣)when δ→ 0+ for any β =β(δ), we are done.

E Proofs from Section 5

E.1 Negative results: The necessity of a menu

In this section, we complete the proofs of Proposition 5.1 and Theorem 3.

Proof of Proposition 5.1. Let s = k be a sufficiently large number, and suppose the cost function is given

by C(q) = 1
k qk . We begin by constructing a discrete distribution, which we will later extend to a contin-

uous one.

Consider the discrete distribution F supported on the set {vi}k
i=1, where each value is defined as

vi = (1
ε
)(k−1)i

. The probability mass function of F is given by

Pr
v∼F
[v = vi ] =

εki

C
,

where C is the appropriate normalization constant.

We begin by computing the optimal profit for this instance. To establish a lower bound on the op-

timal profit, we construct a specific mechanism and analyze its performance. In this mechanism, the

buyer may choose an index i ∈ [k], receiving a quantity of (1
ε
)i

while paying 1
2 (

1
ε
)ki

to the seller, or

alternatively, choose to opt out.

Suppose the buyer’s value is vi . The utility from selecting an index j is given by

(1

ε
)
(k−1)i+ j

− 1

2
(1

ε
)

k j

.

It is straightforward to verify that this expression is maximized when j = i , yielding a positive utility. Con-

sequently, a buyer with value vi will optimally choose index i . The seller’s total profit in this mechanism

is therefore
k

∑
i=1

(1

2
(1

ε
)

ki

− 1

k
(1

ε
)

ki

) ⋅ ε
ki

C
=Θ( k

C
) .
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This implies that the optimal profit is at least of the same order. In what follows, we derive an upper

bound on the profit achievable by any two-part tariff mechanism. Consider a mechanism that charges a

fixed fee T and a markup β. It is evident that its total profit cannot exceed the sum of two components:

the profit of a two-part tariff mechanism that charges a fixed fee T but no markup, and the profit of a

mechanism that charges no fixed fee but applies a markup of β. Therefore, we can analyze these two

components separately and compute the maximum profit extractable either from the fixed fee or from

the markup.

We first analyze the profit generated from the surcharge. Suppose the mechanism charges a markup

of 1+β. In this case, the profit when the buyer’s value is v is given by

βC (q ( v

β+1
)) = β

k
( v

β+1
)

k
k−1

.

Taking the derivative with respect to β, we obtain

( v

β+1
)

k
k−1 (1− β

β+1
⋅ k

k −1
) .

It follows that the profit is maximized when β = k −1. In this case, the optimal profit from the sur-

charge is:

k −1

k
(v

k
)

k
k−1

.

Therefore, the optimal profit from the surcharge can be computed as follows:

k −1

k

k

∑
i=1

( 1

kε(k−1)i )
k

k−1 ⋅ Pr
v∼F
[v = vi ] =

k −1

k
( 1

k
)

k
k−1

k

∑
i=1

(1

ε
)

ki

⋅ ε
ki

C

= k −1

k
( 1

k
)

1
k−1 1

C
=Θ( 1

C
).

which is at most O(1)
k fraction of the optimal profit, as k−1

k (
1
k )

1
k−1 → 1 when k goes to infinity.

Now consider the profit generated from the fixed fee. To maximize this component, the optimal

mechanism sets the markup to 0 and selects the fixed fee that maximizes total profit. Observe that

W (vi) = (1− 1

k
)(1

ε
)

ki

.

Hence,

W (vi)
⎛
⎝

k

∑
j=i

Pr
v∼F
[v = v j ]

⎞
⎠
=O( 1

C
)

for any i ∈ [k]. This implies that the maximum profit extractable from setting the fixed fee at W (vi) is

at most an O(1)
k fraction of the optimal profit. Since the optimal fixed fee, when the markup is 0, must

correspond to one of the values W (vi) for some i ∈ [k], the claim follows by taking the limit as k→∞.

To convert this into a continuous distribution, we simply mix a small probability of a uniform distri-
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bution into the current discrete distribution. Specifically, consider a new distribution where

v ∼ F, v =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

U[vi , vi +∆] with probability (1−∆) ⋅ εki

C ,

U[v1, vk] with probability ∆.

By taking ∆→ 0, the argument continues to hold.

Proof of Theorem 3. We adopt the same construction as in the proof of Proposition 5.1. Specifically, we

consider the following distribution:

v ∼ F, v =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

U[vi , vi +ε] with probability (1−εK 3) ⋅ ε
K i

C
,

U[v1, vK ] with probability εK 3
,

where vi = (1
ε
)(K−1)i

, and ε→ 0 is sufficiently small. Our first goal is to show that this distribution admits

at least K −1 ironing intervals.

Observe that for any i ∈ [K ], the revenue curve R satisfies

R(1−F(vi +ε)) = (vi ±Θ(ε))(
K

∑
j=i+1

εK j

C
±Θ(εK 3))

= ε
K+i +o(εK+i)

C
,

whereas

R(1−F(vi)) = vi(
K

∑
j=i

εK j

C
±Θ(εK 3)) (34)

= ε
i +o(εi)

C
. (35)

It follows that the set {(1−F(vi),R(1−F(vi)))}K
i=1 corresponds to the local maxima of the revenue

curve R, where the point (1−F(v1),R(1−F(v1))) is both the global maximum and the rightmost among

them. Between each consecutive pair of these points, R increases almost linearly from 1−F(vi + ε) to

1−F(vi), and then gradually decreases toward R(1−F(vi−1)) as it approaches 1−F(vi−1).
Notice that

R(1−F(vi))
1−F(vi)

= vi

represents the slope of the line connecting the point (1−F(vi),R(1−F(vi))) to the origin (0,0). Since

this slope decreases as the x-coordinate 1−F(vi) increases, it follows that, when constructing the convex

hull of R, one must connect these adjacent points in order of increasing i . Consequently, the convex hull

consists of K − 1 linear segments, implying that the ironed virtual value function of this distribution

contains at least K −1 ironing intervals.

47



As established in the proof of Proposition 5.1, the optimal profit attainable under this distribution sat-

isfies:

π∗ =Ω(K

C
) .

In the following, we show that any menu of two-part tariffs of size k can achieve a revenue of at most
O(k)

K . By the same argument as before, the profit derived from the markup component is at most O( 1
C ).

Now consider each entry j ∈ [k] in the menu. Let S j denote the set of buyer values that select entry

j , and let T j denote the corresponding fixed fee. Observe that, in the absence of a fixed fee, the buyer’s

maximum achievable utility is upper bounded by:

W (vi) = (1− 1

K
)(1

ε
)

K ⋅i
.

For each buyer value vi ∈ S j , if the buyer chooses entry j , his utility without the fixed fee must exceed T j

in order to satisfy the incentive compatibility constraint. Let i j =minS j be the smallest index in the set

S j . It then follows that

T j ≤ (1− 1

K
)(1

ε
)

K ⋅i j

.

Therefore, the total profit from the fixed fee corresponding to entry j is upper bounded by:

∑
i∈S j

Pr
v∼F
[v ∈ [vi , vi +ε]]T j ≤ ∑

i∈S j

Pr
v∼F
[v ∈ [vi , vi +ε]](1− 1

K
)(1

ε
)

K ⋅i j

= (1− 1

K
) ∑

i∈S j

εK ⋅i

C
(1

ε
)

K ⋅i j

= (1− 1

K
) 1+O(εK )

C

= O(1)
C

.

The second equality follows from the fact that the indices in each set S j are integers and mutually dis-

joint, with i j being the smallest among them. Summing over all entries in the menu, we obtain that the

total profit of any mechanism with menu size s is upper bounded by O(s)
C , whereas the optimal profit is

at least Ω(K )C . This completes the proof.

E.2 Positive results: Proof of Theorem 2

In the following, we present the proof of Theorem 2. We start with the following lemma that will be used

in the proof.

Lemma E.1. Given any distribution F , define ϕ̃(v) to be the ironed virtual value. Then:

ϕ̃(v) ≤ v.
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Proof. Consider the revenue curve R(q). For any value v , let its corresponding (inverse) quantile be

q = 1−F(v), and conversely, let v(q) denote the value associated with quantile q . The revenue from

posting a price v(q) is then given by

R(q) = q ⋅ v(q) = v(1−F(v)).

Define R̃ to be the convex hull of function R. It is clear that

R̃′(q) =ϕ(v(q)).

For any x, let q = 1−F(x) be its corresponding (inverse) quantile. If x does not belong to any iron

interval, it follows that

ϕ̃(x) =ϕ(x) = x − 1−F(x)
f (x) ≤ x.

Otherwise, suppose q is in the ironed interval [q1, q2]. It follows that:

ϕ̃(x) = R̃′(q)

= R̃(q2)− R̃(q1)
q2−q1

= R(q2)−R(q1)
q2−q1

= q2 ⋅ v(q2)−q1 ⋅ v(q1)
q2−q1

≤ q2 ⋅ x −q1 ⋅ x
q2−q1

= x.

where the inequality follows form the fact that v(q) is decreasing in the interval [q1, q2] and v(q) = x.

We are now ready to prove Theorem 2.8

Proof of Theorem 2. Fix a markup β > 0, and write

τ ∶= 1+β.

Let

r0 ∶= inf{v ∶ ϕ̃(v) ≥ 0}.

We only need to consider the region v ≥ r0, where the ironed virtual value is non-negative. Let

{[γ
h

,γh]}s
h=1

be the ironing intervals of ϕ̃. Discard the ironing intervals that lie entirely below r0. On the remaining

8Again, if only the lower bound on the elasticity is available, we set M ∶= +∞ and M/(M +1) ∶= 1.
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region, form consecutive blocks by pairing each remaining ironing interval with the non-ironed segment

immediately before it, and by adding a final non-ironed tail if one is present. Thus we obtain intervals

[ri−1,ri ], i = 1, . . . , N ,

with N ≤ s+1. For each block, choose ℓi ∈ [ri−1,ri ]∪{∞} so that [ri−1,ℓi ] is non-ironed, while, if ℓi < ri ,

the terminal segment [ℓi ,ri ] is one of the remaining ironing intervals. If the final block is a non-ironed

tail, we set rN = ℓN =∞. Define

ai(v) ∶=min{v,ℓi},

with the convention that min{v,∞} = v . Thus v ↦ q(ai(v)) is increasing on the non-ironed part of

block i and constant on the ironing interval, if such an interval is present.

The optimal profit benchmark. By the ironed-virtual-surplus characterization of the optimal mecha-

nism,

π∗ =∫
∞

r0

f (v)W (ϕ̃(v))d v.

The cost-share statement in Lemma 4.2 gives

C(q(z)) ≥ 1

M +1
zq(z), W (z) = zq(z)−C(q(z)) ≤ M

M +1
zq(z).

Therefore,

π∗ ≤ M

M +1 ∫
∞

r0

f (v)ϕ̃(v)q(ϕ̃(v))d v.

For v ∈ [ri−1,ℓi ], we have ϕ̃(v) =ϕ(v) ≤ v = ai(v). When ℓi < ri and v ∈ [ℓi ,ri ], the ironed virtual value

is constant on the ironing interval, and Lemma E.1 gives ϕ̃(v) = ϕ̃(ℓi) ≤ ℓi = ai(v). Since q is monotone,

π∗ ≤ M

M +1

N

∑
i=1
∫

ri

ri−1

f (v)ϕ̃(v)q(ai(v))d v. (36)

Define

B ∶=
N

∑
i=1
∫

ri

ri−1

f (v)ϕ̃(v)q(ai(v))d v.

Then (36) says

π∗ ≤ M

M +1
B. (37)

We are only left to approximate B .

The menu mechanism and its implemented allocation. We now construct the menu and identify the

allocation it induces. For each block i , create one menu entry (Ti ,β,Li). All entries use the same markup

β; the capacity of entry i is

Li ∶= q(ℓi

τ
) ,
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with the convention that Li =∞when ℓi =∞. Its fixed fee is

Ti ∶= τW (ri−1

τ
)−

i−1

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t . (38)

This menu has N ≤ s+1 entries. The fee is non-negative because, by Lemma 4.1,

Ti =∫
ri−1

0
q( t

τ
)d t −

i−1

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t

=∫
r0

0
q( t

τ
)d t +

i−1

∑
j=1
∫

r j

r j−1

(q( t

τ
)−q(

a j (t)
τ
))d t ≥ 0.

The first equality uses τW (ri−1/τ) = ∫ ri−1
0 q(t/τ)d t , which follows from Lemma 4.1 after the change of

variables t = τu. The final inequality follows because a j (t) =min{t ,ℓ j} ≤ t and q is monotone.

Ignoring the fixed fee Ti , a buyer of value v who selects entry i solves

max
0≤q≤Li

{vq −τC(q)},

The unconstrained maximizer is q(v/τ). Since Li = q(ℓi /τ) and q is increasing, the quantity purchased

from entry i is

xi(v) =min{q(v

τ
) , q(ℓi

τ
)} = q(min{v,ℓi}

τ
) = q(ai(v)

τ
) .

Let Ui(v) be the utility from choosing entry i . For type ri−1, the capacity constraint of entry i does not

bind, since ri−1 ≤ ℓi . Hence the gross utility before paying the fixed fee is

max
q≥0
{ri−1q −τC(q)} = τW (ri−1

τ
) .

Recalling the definition of the fixed fee,

Ti = τW (ri−1

τ
)−

i−1

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t ,

we have

Ui(ri−1) = τW (ri−1

τ
)−Ti

=
i−1

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t .

(39)

Moreover, within a fixed entry the fee and capacity do not vary with the type. Thus the envelope theo-

rem gives

U ′i (v) = xi(v) = q(ai(v)
τ
)
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wherever the derivative is defined. Hence, for any type v ,

Ui(v) =Ui(ri−1)+∫
v

ri−1

U ′i (t)d t

=
i−1

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t +∫

v

ri−1

q(ai(t)
τ
)d t .

This lets us compare adjacent entries globally. For i <N , entry i gives type ri utility

Ui(ri) =
i

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t .

Applying (39) to entry i +1, whose left endpoint is ri gives

Ui+1(ri) = τW (ri

τ
)−Ti+1

=
i

∑
j=1
∫

r j

r j−1

q(
a j (t)
τ
)d t .

Thus adjacent entries cross at the block boundary ri .

Moreover, the block thresholds are ordered, so ℓi ≤ ℓi+1. Hence

ai(v) =min{v,ℓi} ≤min{v,ℓi+1} = ai+1(v),

and the monotonicity of q implies xi(v) ≤ xi+1(v) for all v . Therefore Ui+1(v)−Ui(v) is increasing in v .

Since this difference is zero at ri , types below ri weakly prefer entry i to entry i +1, while types above ri

weakly prefer entry i +1 to entry i .

Iterating this adjacent-crossing argument, every type v ∈ [ri−1,ri ] weakly prefers entry i to all other

entries. For types below r0, the same comparison shows that entry 1 weakly dominates all later entries.

Moreover, U1(r0) = 0, and for v < r0,

U1(v) = ∫
v

r0

q(a1(t)
τ
)d t ≤ 0.

Thus types below r0 opt out. Overall, the menu implements the allocation

xβ(v) = q(ai(v)
τ
) for v ∈ [ri−1,ri ].

Expected profit from the menu mechanism. Let Pβ denote the expected payment collected by the

menu. Since the implemented allocation xβ is monotone and types below r0 opt out, revenue equiva-

lence gives

Pβ =∫
∞

r0

f (v)ϕ(v)xβ(v)d v.
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Using the block representation of xβ, this becomes

Pβ =
N

∑
i=1
∫

ri

ri−1

f (v)ϕ(v)q(ai(v)
τ
)d v.

We now replace the virtual value by the ironed virtual value. On each non-ironed segment, ϕ(v) = ϕ̃(v).
On an ironing interval [ℓi ,ri ], notice that ai(v) = ℓi , so the implemented allocation is constant:

q(ai(v)
τ
) = q(ℓi

τ
) .

Hence

∫
ri

ℓi

f (v)ϕ(v)q(ai(v)
τ
)d v

= q(ℓi

τ
)∫

ri

ℓi

f (v)ϕ(v)d v.

By the definition of the ironed virtual value, ironing preserves total virtual surplus on each ironing inter-

val:

∫
ri

ℓi

f (v)ϕ(v)d v =∫
ri

ℓi

f (v)ϕ̃(v)d v.

Multiplying by the constant allocation on the interval gives

∫
ri

ℓi

f (v)ϕ(v)q(ai(v)
τ
)d v =∫

ri

ℓi

f (v)ϕ̃(v)q(ai(v)
τ
)d v.

Combining the non-ironed and ironed parts of all blocks yields

Pβ =
N

∑
i=1
∫

ri

ri−1

f (v)ϕ̃(v)q(ai(v)
τ
)d v. (40)

The general scaling statement in Lemma 4.2 gives

q( z

τ
) ≥ τ−1/m q(z) ∀z ≥ 0.

Using this inequality and ϕ̃(v) ≥ 0 on the active region,

Pβ ≥ τ−1/m
N

∑
i=1
∫

ri

ri−1

f (v)ϕ̃(v)q(ai(v))d v = τ−1/mB. (41)

We next compare, pointwise in the buyer’s type, the payment collected by the menu and the profit

kept by the seller. Fix v ∈ [ri−1,ri ], and write

xi(v) = q(ai(v)
τ
)
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for the quantity purchased from entry i . The payment collected from this type is

pi(v) ∶= Ti +τC(xi(v)),

because the buyer pays the fixed fee and then pays markup τ = 1+β on production cost. The seller’s

profit from the same type is this payment minus the production cost:

πi(v) ∶= pi(v)−C(xi(v)) = Ti +βC(xi(v)).

We claim that πi(v) ≥ (β/τ)pi(v) pointwise. Indeed,

πi(v)−
β

τ
pi(v) = Ti +βC(xi(v))−

β

τ
(Ti +τC(xi(v)))

= (1− β
τ
)Ti =

Ti

τ
≥ 0,

where the inequality uses Ti ≥ 0.

Integrating this pointwise inequality over the implemented allocation gives

Profit =
N

∑
i=1
∫

ri

ri−1

f (v)πi(v)d v ≥ β
τ

N

∑
i=1
∫

ri

ri−1

f (v)pi(v)d v = β
τ

Pβ. (42)

Combining (37), (41), and (42), we conclude that

Profit ≥ β
τ
⋅τ−1/mB ≥ M +1

M
⋅ β

(1+β)1+1/m ⋅π
∗.

This proves the one-parameter guarantee.

Finally, the function

g(β) = β

(1+β)1+1/m

is maximized at β =m. This gives

Profit ≥ M +1

M
⋅ m

(m+1)1+1/m ⋅π
∗,

as needed.
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F Theorem 4 Proof

Proof. Define T+ ∶= T ∪{∅} and extend x, p, f to T+ by f (∅) = p(∅) = xi(∅) = 0 for 1 ≤ i ≤ n. The seller

aims to solve the following maximization problem over x, p:9

max ∑
v∈T

f (v) ⋅(p(v)−
n

∑
i=1

C(xi(v)))

s.t.
n

∑
i=1

v i xi(v)−p(v) ≥
n

∑
i=1

v i xi(v ′)−p(v ′) ∀v ∈ T, v ′ ∈ T+

xi(v) ≥ 0 ∀1 ≤ i ≤ n, v ∈ T

Similarly to Cai et al. (2016), we write the partial Lagrangian corresponding to the seller’s optimiza-

tion problem:

L(λ, x, p) ∶= ∑
v∈T

f (v) ⋅(p(v)−
n

∑
i=1

C(xi(v)))

+ ∑
v∈T,v ′∈T+

λ(v, v ′) ⋅ [
n

∑
i=1

v i xi(v)−p(v)−(
n

∑
i=1

v i xi(v ′)−p(v ′))]

= ∑
v∈T

p(v) ⋅ [ f (v)+ ∑
v ′∈T

λ(v ′, v)− ∑
v ′∈T+

λ(v, v ′)]

+
n

∑
i=1
∑
v∈T

xi(v) ⋅ [ ∑
v ′∈T+

v iλ(v, v ′)− ∑
v ′∈T

v ′
i
λ(v ′, v)]

−
n

∑
i=1
∑
v∈T

f (v)C(xi(v)).

The dual of the seller’s maximization problem is as follows:

min
λ

max
x≥0,p

L(λ, x, p)

s.t. λ(v, v ′) ≥ 0 ∀v ∈ T, v ′ ∈ T+.

Similarly to Cai et al. (2016), we call a feasible solution λ of the dual problem useful if

maxx≥0,p L(λ, x, p) <∞. Note that each λ that is not useful can be ignored when solving the dual mini-

mization problem. From Cai et al. (2016), we have the following.

Lemma F.1. A solution λ of the dual problem is useful if and only if we have for every v ∈ T : f (v) +
∑v ′∈T λ(v ′, v)−∑v ′∈T+ λ(v, v ′) = 0.

In other words, the useful solutions exactly correspond to valid flows in a network with a node per

type v ∈ T , sink∅ and source s s.t. there is a flow of weight f (v) from s to every v ∈ T and a flow of weight

λ(v, v ′) from every v ∈ T to every v ′ ∈ T+.

9Allowing v ′ ∈ T+ simultaneously captures incentive compatibility and individual rationality.
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For every 1 ≤ i ≤ n, define the virtual value for item i by Φi(v) ∶= v i − 1
f (v)∑v ′∈T λ(v ′, v) ⋅ (v ′i − v i).

The proof of the following lemma is similar to the proof of Theorem 2 from Cai et al. (2016). For com-

pleteness, we also present it here.

Lemma F.2. For a useful solution λ of the dual problem and a truthful mechanism M = (x, p), it holds

that:

∑
v∈T

f (v)p(v) ≤
n

∑
i=1
∑
v∈T

f (v)xi(v)Φi(v).

Moreover, for a profit-maximizing mechanism M∗ = (x∗, p∗) and an optimal solutionλ∗ of the dual prob-

lem, equality holds.

That is, the expected virtual welfare is always at least as high as the expected seller’s income from the

buyer’s payments, and for the optimal M∗ and λ∗ we have an equality.

Proof of Lemma F.2. Let λ be a useful dual solution. We have by Lemma F.1:

L(λ, x, p) = ∑
v∈T

p(v) ⋅ [ f (v)+ ∑
v ′∈T

λ(v ′, v)− ∑
v ′∈T+

λ(v, v ′)]

+
n

∑
i=1
∑
v∈T

xi(v) ⋅ [ ∑
v ′∈T+

v iλ(v, v ′)− ∑
v ′∈T

v ′
i
λ(v ′, v)]−

n

∑
i=1
∑
v∈T

f (v)C(xi(v))

=
n

∑
i=1
∑
v∈T

xi(v) ⋅ [v i( ∑
v ′∈T

λ(v ′, v)+ f (v))− ∑
v ′∈T

v ′
i
λ(v ′, v)]−

n

∑
i=1
∑
v∈T

f (v)C(xi(v))

=
n

∑
i=1
∑
v∈T

xi(v)[ f (v)v i − ∑
v ′∈T

λ(v ′, v) ⋅(v ′
i − v i)]−

n

∑
i=1
∑
v∈T

f (v)C(xi(v))

=
n

∑
i=1
∑
v∈T

f (v)xi(v)Φi(v)−
n

∑
i=1
∑
v∈T

f (v)C(xi(v)).

That is, the partial Lagrangian equals the expected virtual welfare minus the expected production cost.

By the conditionλ ≥ 0 and the incentive compatibility constraints, we immediately deduce that L(λ, x, p) ≥
∑v∈T f (v)⋅(p(v)−∑n

i=1 C(xi(v))). By adding the expected production cost to both sides of the inequal-

ity, we exactly get the first part of our result. The second part follows from strong duality.

For 1 ≤ i ≤ n, let ϕ̃i be the ironed virtual value for item i ; let ri be

s.t. W (ri) =∑v∈T ∶ϕ̃i(v i)>0 fi(v i)W (ϕ̃i(v i)). Let r ≥ 0 be s.t. W (r) =W (r1)+ . . .+W (rn). Note that since

W is continuous, increasing and unbounded from above, such r1, . . . ,rn ,r exist.

Lemma F.3. There exists a useful λ s.t. for every 1 ≤ i ≤ n,

∑
v∈T

f (v)(xi(v)Φi(v)−C(xi(v))) ≤ ∑
v i ∈Supp(Fi)

fi(v i)(W (v i) Pr
ṽ−i∼F−i

[∃ j ≠ i ∶ ṽ j > v i ]+W (ϕ̃i(v i))).

Proof of Lemma F.3. Fix 1 ≤ i ≤ n. We get from Cai et al. (2016) that there exists a useful λ s.t. for every

v ∈ T with v i =max j v j , we have: Φi(v) ≤ ϕ̃i(v i) and Φ j (v) = v j for every j ≠ i .
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Fix v ∈ T . If v i =max j v j , we get:

xi(v)Φi(v)−C(xi(v)) ≤ xi(v)ϕ̃i(v i)−C(xi(v)) ≤W (ϕ̃i(v i)),

where the last transition is by definition of W . If v i <max j v j , we get:

xi(v)Φi(v)−C(xi(v)) = xi(v)v i −C(xi(v)) ≤W (v i).

Taking the expectation over v ∼ F completes the proof.

From Lemma F.3 and the definition of SREV, we get:

n

∑
i=1
∑
v∈T

f (v)xi(v)Φi(v)−
n

∑
i=1
∑
v∈T

f (v)C(xi(v))

≤
n

∑
i=1

∑
v i ∈Supp(Fi)

fi(v i)[W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ]+W (ϕ̃i(v i))]

≤
n

∑
i=1

∑
v i ∈Supp(Fi)

fi(v i)W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ]+
n

∑
i=1

∑
v i ∶ϕ̃i(v i)>0

fi(v i)W (ϕ̃i(v i))

=
n

∑
i=1

∑
v i ∈Supp(Fi)

fi(v i)W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ]+SREV

≤
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i>r

fi(v i)W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ]+
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i≤r

fi(v i)W (v i)+SREV.

Set:

Core ∶=
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i≤r

fi(v i)W (v i),

Tail ∶=
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i>r

fi(v i)W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ].

Bounding the tail. Fix some 1 ≤ i ≤ n. Note that if v j > v i for some j , then selling the product lines sep-

arately for the price of v i per unit when exactly q(v i) or 0 units of each product line must be purchased

yields the profit of at least W (v i). On the other hand, the expected profit of this mechanism is at most

the expected profit for optimally selling the product lines separately, which is W (r). Thus,

Tail =
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i>r

fi(v i)W (v i) Pr
v−i∼F−i

[∃ j ≠ i ∶ v j > v i ] ≤
n

∑
i=1

∑
v i ∈Supp(Fi)∶v i>r

fi(v i)W (r).

Note that the last expression is the profit for selling the product lines separately for price-per-unit of

r when only q(r) units of each product line can be purchased. Therefore, it is upper-bounded by the
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profit for optimally selling the product lines separately, namely W (r). Hence, we get:

Tail ≤W (r). (43)

Bounding the core. For every 1 ≤ i ≤ n, define the random variable Xi ∶=W (v i) ⋅ Iv i≤r . That is, Xi =
W (v i) if v i ≤ r and Xi = 0 otherwise. Define further X ∶= ∑n

i=1 Xi . By linearity of expectation, we have

E[X ] =Core. Let us bound the variance of X to prove a concentration result using Chebyshev’s inequality.

Since the Xi s are independent random variables, we have:

Var[X ] =
n

∑
i=1

Var[Xi ] =
n

∑
i=1

(E[X 2
i ]−E[Xi ]2) ≤

n

∑
i=1

E[X 2
i ]. (44)

Fix 1 ≤ i ≤ n. Note that for every t , selling q(t) units of product line i for price-per-unit of t leads to

expected profit of Pr[v i ≥ t]W (t), which is at most the optimal expected profit for product line i , namely

W (ri). Thus:

Pr[v i ≥ t]W (t) ≤W (ri). (45)

We use a technique similar to Lemma 9 from Cai et al. (2016) to bound the second moment of Xi . Let

Supp(Fi)∩[0,r ] = {a1, . . . , al}with a0 ∶= 0 ≤ a1 < a2 < . . . < al ≤ r . We get:

E[X 2
i ] =

l

∑
j=0

Pr
v i∼Fi

[v i = a j ] ⋅W (a j )2 =
l

∑
j=1

(W (a j )2−W (a j−1)2) ⋅
l

∑
h= j

Pr
v i∼Fi

[v i = ah]

=
l

∑
j=1

(W (a j )2−W (a j−1)2) ⋅ Pr
v i∼Fi

[v i ≥ a j ] ≤ 2
l

∑
j=1

W (a j )(W (a j )−W (a j−1)) Pr
v i∼Fi

[v i ≥ a j ]

≤(45) 2W (ri)
l

∑
j=1

(W (a j )−W (a j−1)) = 2W (ri)W (al) ≤ 2W (ri)W (r),

where the last transition is since W is increasing. Combining the above with Inequality 44 yields:

Var[X ] ≤ 2W (r)
n

∑
i=1

W (ri) = 2W (r)2, (46)

where the last transition is by the definition of r . From Chebyshev’s inequality and Inequality 46, we

have:

Pr
v∼F
[

n

∑
i=1

W (v i) <Core−2W (r)] ≤ Pr[X < E[X ]−2W (r)] ≤ Var[X ]
4W (r)2

≤ 1

2
. (47)

Consider the mechanism selling the bundle consisting of q(v i) units of product line i for every 1 ≤
i ≤ n for the price of ∑n

i=1 C(q(v i))+ Med(∑n
i=1 W (v i))

2 . Let us condition on the event that ∑n
i=1 W (v i) ≥

Core− 2W (r), which has probability ≥ 0.5 by Inequality 47. If for some realization of v the seller can

extract at least half of the surplus, then she gets at least Core−2W (r)
2 ;10 otherwise, the seller gets at least

the fixed fee, which is at least Core−2W (r)
2 . In either case, the expected seller’s profit is at least Core−2W (r)

4 .

10This case includes the scenario q(v1) = . . . = q(vn) = 0 in which∑n
i=1 W (v i) = 0 ≥Core−2W (r).
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Therefore: BREV ≥ Core−2W (r)
4 ; i.e., Core ≤ 4BREV+2W (r). Combining our bounds, we get:

n

∑
i=1
∑
v∈T

f (v)xi(v)Φi(v)−
n

∑
i=1
∑
v∈T

f (v)C(xi(v)) ≤ Tail+Core+SREV ≤

≤W (r)+(4BREV+2W (r))+SREV = 4SREV+4BREV.

Together with Lemma F.2, our theorem follows.

G Omitted Proofs from Section 7

Recall the change of variables q̃ ∶=U(q) and the induced cost function

C̃(q̃) ∶= C(U−1(q̃)). (48)

Lemma G.1. Let C̃ be defined by Eq. (48). Then for every q > 0,

ηC̃ ′(U(q)) =
ηC ′(q) − ηU ′(q)

ηU(q)
, (49)

where ηU(q) ∶= qU ′(q)/U(q) ∈ (0,1] is the elasticity of U , and ηU ′(q) ∶= qU ′′(q)/U ′(q) ≤ 0 is the elas-

ticity of U ′.

Proof. Differentiating Eq. (48) once and twice gives C̃ ′(q̃)U ′(q) =C ′(q), so C̃ ′(q̃) =C ′(q)/U ′(q), and

C̃ ′′(q̃) = C ′′(q)U ′(q) − C ′(q)U ′′(q)
U ′(q)3 .

Therefore

ηC̃ ′(U(q)) =
q̃ C̃ ′′(q̃)

C̃ ′(q̃) =
U(q)[C ′′(q)U ′(q)−C ′(q)U ′′(q)]

U ′(q)2 C ′(q)

= U(q)
q U ′(q) [

q C ′′(q)
C ′(q) −

q U ′′(q)
U ′(q) ]

= ηC ′(q)−ηU ′(q)
ηU(q)

.

Proof of Proposition 7.1. Because U is strictly increasing and concave, U−1 is strictly increasing and con-

vex; since C is strictly increasing and convex, the composition C̃ is also strictly increasing and convex.

Moreover, by Lemma G.1, ηC̃ ′ ≥m > 0, hence C̃ ′′ > 0 on (0,∞), which implies strict convexity of C̃ . More-

over, note that C̃(0) = 0 and C̃ ∈C 1([0,∞))∩C 2((0,∞)). Furthermore, the assumption ηC̃ ′ ≥m implies

through integrating that for a fixed q̃0 > 0 and q̃ →∞, C̃ ′(q̃) ≥ C̃ ′(q̃0)(q̃/q̃0)m →∞.

In q̃-coordinates, the buyer’s gross value is the linear expression v q̃ , and the two-part tariff T +(1+
β)C(q) becomes T +(1+β)C̃(q̃); the mechanism design problem is, therefore, the one studied in Sec-

tion 2 with C̃ in place of C . since U is a continuous strictly increasing bijection of [0,∞) onto itself,
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q ↦ q̃ is a bijection between the two choice problems, so every two-part tariff, and every mechanism

and its expected profit, coincide across the two formulations (in particular, π∗ is unchanged, and the

value distribution F – and hence its regularity – is untouched).

By Lemma G.1 and Eq. (9), the induced cost function satisfies ηC̃ ′(q̃) ∈ [m, M] for every q̃ > 0. Apply-

ing Theorem 1 to the linear-value environment with cost function C̃ completes the proof.

Proof of Corollary 7.1. With U(q) = qα, ηU ≡ α and ηU ′ ≡ α− 1. With C(q) = qk/k, ηC ′ ≡ k − 1. Plug-

ging into Eq. (49), ηC̃ ′ = ((k − 1)− (α− 1))/α = (k −α)/α =∶ A − 1, a constant, with A = k/α > 1. From

Proposition 7.1, we get an approximation guarantee of A−1/(A−1) = (k/α)−α/(k−α), as needed.
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