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Abstract

In GMM estimation it is well known that if the number of moment conditions grows with the sample
size, GMM asymptotics differ from the standard case with moment size fixed as the sample size tends to
infinity. The present work explores infinite dimensional GMM estimation under various conditions on
the moment conditions and the weight matrix. Our approach employs a partial sum process formed by
the moment conditions to represent high dimensional moments and an invariance principle to capture the
infinite dimensional asymptotics as the moment size grows. Next, the GMM weight matrix is assumed
to converge to one of two kernels at the limit: a continuous kernel or the Dirac delta function. Com-
bining these different conditions enables development of a large sample theory for most efficient GMM
estimation. The effects of permuting the moment conditions on GMM efficiency are also explored. The
resulting theory is applied to weak instrumental variable estimation and the Angrist and Krueger (1991)
data are re-analyzed in an empirical application of the new methods.
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1 Introduction

Structural estimation using many moment conditions has long been popular in several areas of applied
economic research. For example, Angrist and Krueger (1991) in a now classic paper of labor economics
estimated the monetary return to education using the instruments formed by an individual’s birth year and
quarter coupled with their interactions involving other relevant variables. In empirical finance, Jagannathan,
Skoulakis, and Wang (2002) employed generalized method of moments (GMM) estimation formed by many
moment conditions in estimating asset pricing models. In such applications, efficient estimation of the
structural parameters is a useful primary goal. It is critical, for instance, in the determination of an education
policy to estimate the returns to education as precisely as possible in learning the role of education in the
labor market. Likewise, it is a central interest of financial analysts and investors to better understand the
mechanisms of asset pricing and the differing returns from different assets.

In spite of this popularity, structural parameter estimation using standard GMM and instrumental vari-
able (IV) techniques can be misleading as Phillips (1989); Staiger and Stock (1997); Chao and Swanson
(2005) and much later research have pointed out. The strength, number (s,,) and stochastic properties of the
moment conditions as well as the weight matrix used in defining the GMM distance all have roles in the
limit behavior of standard GMM estimation. If even one of these components behaves irregularly, standard
GMM asymptotics can fail. For example, if identically and independently distributed (iid) IVs are irrelevant
or weak with numbers proportional to the sample size, two-stage least squares (2SLS) is asymptotically
biased. The existing literature has provided various approaches to estimation in seeking to resolve the many
issues associated with weakness and multiple moment conditions. For example, Nagar (1959) and Donald
and Newey (2001) suggested removing bias and asymptotic bias by using bias-corrected 2SLS (bc-2SLS);
and Anderson and Rubin (1949) and Anderson (2005) suggested limited information maximum-likelihood
(LIML) estimation as an alternative approach to bias reduction. But their efficiency and mean squared error
levels coupled with methods of improving these and allowing for infinite dimensional cases have not been
systematically investigated in the literature.

The present study aims to provide in such irregular settings a systematic approach to infinite dimensional
GMM (id-GMM). Just as in standard GMM analysis, efficient estimation remains an important element in
id-GMM analysis. But as yet the literature has not tackled this aspect of the subject in depth. To achieve this
goal and deal with the complexity of efficiency analysis in id-GMM we employ representations involving
function space inner products associated with integral transforms that enable a systematic study of asymp-

totic efficiency. This approach which involves discretization in finite samples was developed recently in



related work (Cho and Phillips, 2025) that dealt exclusively with Brownian motion and Brownian Bridge
kernel covariance functions that apply in some particular cases.

The following discussion outlines the general approach taken in the present paper. We first assume that
the moment conditions for GMM can be used to define a corresponding partial sum process. The number
of moment conditions s,, is assumed to be proportional to the sample size n and the moment conditions are
organized to satisfy an invariance principle with the partial sum process weakly converging by functional
limit theory to a Wiener process (e.g., Phillips and Solo, 1992; de Jong and Davidson, 2000; Ibragimov
and Phillips, 2008). This approach differs from that taken in Cho and Phillips (2025) who study GMM
estimation with moment conditions that explicitly form a particular Gaussian process as s, tends to infinity.
We distinguish the two infinite dimensional GMM (id-GMM) estimations by naming the first extended
infinite dimensional GMM (xid-GMM) and the latter ordinary infinite dimensional GMM (0id-GMM). The
asymptotic theory turns out to be substantially different between xid-GMM and oid-GMM estimations.

The limit theory for xid-GMM estimation is established by supposing two general types of weight ma-
trices for the moment conditions under certain conditions. Specifically, we suppose xid-GMM is conducted
under either strong or weak moments, noting that many empirical applications employ moments that are
considered to be weak, while classical GMM asymptotics assume strong moments. In addition, the weight
matrix is assumed to converge as s,, — oo either to a continuous kernel or to the Dirac delta function. In the
first case, an arbitrary positive-definite continuous kernel limit function is assumed for the weight matrix,
important practical examples of which include the Brownian motion kernel (BMK), the Brownian bridge
kernel (BBK), segmented BMK or BBK kernels (Phillips and Jiang, 2025), and the squared exponential
kernel (SEK). In the second case, the weight matrix is assumed to have the limiting form of the Dirac delta
function, which is the kernel of the identity integral operator. The latter is motivated by the case where the
instrumental variables (IVs) in GMM are iid. If s, is fixed and finite, the optimal weight matrix in that case
is the identity matrix, and the Dirac delta function is its infinite dimensional analogue.

The limit behavior of xid-GMM depends critically on the weight matrix. We select the two limiting
forms of weight matrices because they are instrumental in determining GMM asymptotics and provide
cornerstone extreme cases that enable the development of separate limit theory for xid-GMM relevant to
empirical work. Specifically, the 2SLS or GMM environments employed in earlier work can be regarded
as a variant of xid-GMM driven by the Dirac delta function. For example, the unweighted GMM examined
by Han and Phillips (2006) is GMM with a weight matrix converging to the Dirac delta function; and
Chao and Swanson (2005) and Newey and Windmeijer (2009) examine standard 2SLS and the continuous

updating estimator (CUE) formed by homoskedasticity/heteroskedasticity consistent weight matrix under



weak moment conditions. We can view the limits of the weight matrices as variants of the Dirac delta
function in the sense that the limits are not continuous even for standard data. If the weight matrix converges
to the Dirac delta function or its variants and the moment size grows proportional to the sample size, xid-
GMM is not necessarily consistent for the unknown parameter as Chao and Swanson (2005), Han and
Phillips (2006), and Newey and Windmeijer (2009) discuss. However, if the weight matrix converges to
a continuous kernel, this outomce reverses. Even when the moment size grows proportional to the sample
size, xid-GMM is asymptotically unbiased and normal under strong and weak moment conditions as we
demonstrate below.

We further explore mechanisms to improve efficient estimation. Out of many weight matrices con-
verging to continuous kernels, we aim at choosing a weight matrix that delivers an improved xid-GMM.
Our approach notes that information matrix equality is attained if the kernel function used to compute the
asymptotic covariance matrix of an xid-GMM is the Dirac delta function, although its discontinuity prevents
practical implementation. Instead, we explore an xid-GMM that is driven by a continuous kernel which is
asymptotically close to the Dirac delta function. Although the efficiency of the xid-GMM designed in this
manner may not reach the efficiency level attained by the Dirac delta function, its efficiency improves as
Sn,m — oo and does so without inducing asymptotic bias. The environmental setting for this approach is
discussed in the paper and a similar approach is explored for bc-2SLS. This technique seeks to take advan-
tage of the good features of both approaches while reducing exposure to their respective disadvantages.

Further enhancement of xid-GMM estimation is possible to improve its efficiency. If the moment condi-
tion dimension s, is large, the moments can be permuted in a vast number of ways, with each permutation
producing different estimates even for the same weight matrix. Using these different estimates we may de-
fine another estimator, which we term permuted xid-GMM (pxid-GMM), and develop a procedure for which
pxid-GMM is asymptotically more efficient than each individual xid-GMM. Our procedure also tackles the
computational challenge involved in the inversion large matrices multiple times in xid-GMM estimation
by using truncated Neumann series expansions which lead to a substantial improvement in computational
efficiency.

The paper is organized as follows. Section 2 motivates xid-GMM and examines the limit theory under
the two types of moment conditions and the two types of weight matrices employed. The pxid-GMM
estimator is defined and analyzed in Section 3. Section 4 focuses on 2SLS with weak IVs and examines
bc-2SLS. Section 5 discusses the use of the Neumann series expansion in computation and Section 6 reports
the findings from simulations that explore the properties of the estimators defined in Sections 2-4. Section

7 applies the methodology to the empirical data provided by Angrist and Krueger (1991), and Section 8



concludes. An Online Supplement contains proofs, technical material, and additional empirical results.

For ease of reference we introduce some notation. For an arbitrary function f(-) and j = 1,2, ..., we
use (&’ /da?) f(z) for (& /dz’) f(x)|s—z. Euclidean distance is denoted || - ||, L,(A) is the Lebesgue L,
space over A, and I(-) is the indicator function. The notations C(?)(A) and C(A) denote the families of twice
continuously differentiable functions and continuous functions defined on A. Integral operators are shown
in boldface, and (a(-), b(-)) is the Ly inner product of a(-) and b(-), so that (a(-),b(-)) := [ a(u)b(u)du. If
A(-) € R% and B(-) € R®, then [A(-), B(-)] denotes the Gramian matrix of A(-) and B(-), viz., the matrix
of inner products between the elements of A(-) and B(-), so that [A(-), B(-)] is an a x b matrix with (7, j)-th
element (A;(-), B;(-)). Remaining notation is defined as it is introduced in the paper and for convenience is

collected in a Glossary at the end of the Online Supplement in Section A.4.

2 Extended id-GMM Estimation

Standard finite dimensional GMM is an extremum estimator constructed by minimizing the GMM distance
qn() = Gn()liglén() with Qn() = n@m()7 (D

where n is the sample size and there is assumed to be a unique vector 6, € © satisfying the moment
condition E[G,(6,)] = 0, where © is a convex and compact parameter space that is a subset of R? (d € N).

The sample moment vector G',(+) in (1) is given by
_ 1< _
Gn() =~ ;Un(wt, D and  Gu(-) = nGa(-),

with Uy, (wy, -) : © — R® continuously differentiable on © with probability 1, and where S, € RS isa
symmetric, positive-definite matrix for each n. Here, {w; € R" : t = 1,2,...,n} is a sequence of strictly
stationary and ergodic random variables defined on a complete probability space. We let @L denote the
GMM estimator, viz., 0,, := arg mingee dn(0), and call the dimension s of G,,(-) the size of the moment
conditions.

Typically, the moment size s is invariant to the sample size n, although this is not always the case in
practical work. Theory often provides a large number of possible moment conditions and practical imple-
mentations of GMM can reveal the potential for additional conditions in large datasets. Hansen (1982) and
Bates and White (1985) among many others examine the asymptotic behavior of the GMM estimator for the

case where X, is a consistent covariance estimator for ¥, say. If ¥, is the covariance matrix of Uy, +(6,) and

H,X7'H! is positive definite, under standard conditions the GMM estimator is asymptotically normal and



efficient with limit distribution /7(8,, — 6.) ~ N (0, (H, ST H.)™1), where U,, ,(-) abbreviates U, (w, -)
and H, := E[VyU, +(6)].

The formulation in the present paper allows the moment size to depend on the sample size, so that
s = sp. Similarly indexed as being sample size dependent in dimension are ¥, , = cov(U, (6.)) and
H, . = E[VgU,(6.)]. We assume that s, — oo diverges proportionally to 7, so that s,, = s,n + o(n)
for some s, > 0. Estimation in this context is referred to as infinite dimensional GMM (id-GMM). A
number of earlier studies examine econometric models under similar divergence conditions in addition to the
examples below (e.g., Carrasco and Florens, 2000; Ledoit and Wolf, 2003; Shi, 2016). Our work is motivated
particularly by the popular econometric approach 2SLS, but allows for weak IVs and IV dimension that tends
to infinity, which we call weak infinite dimensional 2SLS (wid-2SLS).

Example (wid-2SLS). In a standard linear structural model 2SLS has the following general form
é\y(f) = (Xlz<igls))712/X)71X/2(§7(18))7lzly7

where y is an n-vector of observations of a dependent variable y; € R, Z is an n X s matrix of IVs z; € R?,
X is the n x d observation matrix of d explanatory variables x; € R%, and iﬁf) 18 a consistent estimator of
a positive-definite matrix ¥, Let ut =y — o0, be the structural equation disturbance and suppose that
{wy := (2}, 25, us)" € RITSTL . ¢ = 1,2,... n} is a sequence of iid observations. Under this condition
and setting Gp,(0) = n~1Z'(y — X6) and &, = S, 2SLS is in standard GMM form, minimizes gy (-),
and satisfies 65 5 0, with asymptotic distribution \/ﬁ(éﬁf) —0,) ~ N[0, (P'(2)~1P)~1], where
P := E[zx}].

The GMM framework for 2SLS estimation may be extended to accommodate high dimensional and
weak instruments by setting s = s,, with s,,/n — s, > 0 and using local-to-zero conditions on instrument
relevance so that E[z.z] = O(n_%), the latter implying that the s, x d matrix E[z;z] has an increasing
number of rows all of whose elements tend to zero at the special rate O(n_%) as n — oo. Angrist and
Krueger (1995), Donald and Newey (2001), and Hahn, Hausman, and Kuersteiner (2001) explore empirical
settings and models with large numbers of instruments, and Staiger and Stock (1997) consider models with
a finite number of weak instruments having the special setting of O(nfé) relevance as n — oo. The latter
setting is made primarily for asymptotic convenience and many other formulations are possible. In fact,
weak IV with the specific moment matrix formulation of the order O(n_%) is an example of a more general
problem that arises in econometric modeling in the presence of a weak regression signal (Phillips, 2016).

A large literature has emerged following this early work on modified 2SLS and IV estimation under
such extensions. Chao and Swanson (2005), Han and Phillips (2006), and Newey and Windmeijer (2009),
among many others, explore the asymptotic properties of 2SLS in such circumstances. The primary lesson
to emerge from these works is that the standard GMM estimator is typically inconsistent for the parameter
of interest unless special conditions apply and that other procedures, conditions, or modifications to GMM
are generally needed to achieve consistency. However, even in the absence of consistency when instrument
relevance is of order O(n~'/2), IV estimation still carries information about the parameter of interest and
has limit theory that reflects what would in a Gaussian error setting be an exact finite sample distribution, as



explained in (Phillips, 1989).!

As implied by the above research and as the following analysis shows, wid-2SLS entails quite different
asymptotic behavior from standard GMM estimation. The analysis given below provides conditions for wid-
2SLS to be consistent for the parameter of interest and to have an asymptotic normal distribution. Further,
it provides an environment under which wid-2SLS is asymptotically most efficient. For this purpose the
analysis provides a novel perspective on limit behavior by way of a stochastic integral representation. [

The limit behavior of id-GMM is influenced by the limiting properties of G,,(6,). Many variants are
possible and the present work focuses on the case, where /nGy,(0,) is weakly correlated and its partial
sum process converges to a stochastic integral. For such a case, more extensive analysis is required than
that conducted by Cho and Phillips (2025), who suppose the moment conditions form a specific Gaussian
process weakly. We refer to the current case as extended id-GMM (xid-GMM), whereas id-GMM in Cho
and Phillips (2025) is referred to as ordinary id-GMM (0id-GMM).

Other approaches have been pursued in the literature that are relevant to parameter estimation which
employs high dimensional moment equalities. Grenander (1981) developed a theory of abstract inference
in a function space setting that relates to the current approach taken here. Carrasco and Florens (2000)
work with a model that falls into the id-GMM estimation category. They note the associated covariance
operator does not generally satisfy Picard’s (1910) condition for the existence of a linear inverse operator
at the limit, and they instead obtain limiting properties by way of Tikhonov regularization using spectral
decomposition. Shi (2016) uses a different approach to parameter estimation by maximizing a constrained
empirical likelihood and selecting informative moment conditions under circumstances that are similar to
the current study. Donald and Newey (2001), Bai and Ng (2010), and Belloni, Chen, Chernozhukov, and
Hansen (2012) also explore parameter estimation with high dimensional moment conditions with a focus on
linear structural models. Donald and Newey (2001) assume s2 = o(n) and select the set of instruments by
mean squared error. Bai and Ng (2010) assume s,, = o(n) and estimate parameters by exploiting a specific
data structure. Belloni et al. (2012) select ‘informative’ IVs by means of Lasso to estimate the unknown
parameter by 2SLS under the condition that log(s,,) = o(n% ).

The following assumption provides a data generating process (DGP) framework that governs the data

properties and structures for xid-GMM estimation.

Assumption 1. (i) (Q, F,P) is a complete probability space on which the strictly stationary and ergodic
sequence {wy € RP : t =1,2,... n} is defined;

'In the unidentified structural equation case, the exact distribution involves a rational function of central Wishart distribution
components, whereas in the weak O(n_l/ 2) IV case, the exact distribution involves a rational function of non-central Wishart
distribution components, for which the exact distribution is given in Phillips (1980). The central limit theory that delivers the weak
IV asymptotics in the specific O(n’l/ 2) setting then follows precisely as proved in (Phillips, 1989, Lemma 2.3), and as assumed
in Staiger and Stock (1997).



(ii) for each n € N, Uy, : RP x © +— R*" defines the component elements of the moment conditions
such that for each n and 0 € O, U,(-,0) is a measurable function, and for each w € Qy € F,
Un(w(w), ) € C?(0) and P(w € Q) = 1;

(iii) for each n, there is a unique 6, € © such that 0, is invariant to n, E[U,(0.)] = 0, and i;l is
symmetric and positive definite uniformly in n, where © C R? (d € N) is compact and convex, and
Upt(:) == Un(wﬁ ),

(iv) for eachn, Hm*E;lHA* is positive definite, where H,, . == E[V U, (w¢, 0)]; and

(v) Sn/n = s. + o(1) for some fixed s, > 0. O

As in standard cases, the limit distribution of the xid-GMM estimator @\n is determined by the limit

behavior of the triplet (Gp (65 ), S, VoGy(6s)) by way of the linearized approximation of GMM by Taylor

expansion as

~ _ ~ _ -1 _ ~ o~

(@, — 6,) = — vgan(e*)zglvgan(e*)} [vgan(e*)z;lan(e*)} +op(1), 2)

where G, (6,) := /nGp(0,). To characterize the limit behavior of xid-GMM, we translate the components
of the triplet to a form in which they are stochastic processes defined on the unit interval or unit square.

We first translate the weight matrix ig ! by mapping the elements into the unit square. Given that in is

an s, X s, matrix, it is possible to partition the unit square into s2 small squares and place the values of f]n

at the crossing points so that a two-dimensional cadlag function can be defined on [0, 1]? as follows:

.

0, ifu; € [0, =] orug € [0, -],
50 1fu1€[si %) uQE[Si i )andj,z—12 n—1,
Gn(ug,ug) = S iy =1, uy € [Si , ljl) andi=1,2,...,5,, 3)
i,({’s"), ifu; € [Si :—n) =1l,andj =1,2,...,s,,and
L iﬁf”’sn), ifu; =1,and ug = 1,
where iﬁf ) is the j-th row and i-th column element of Sn. Note that on(-,0) is a cadlag function on
[0,1]% such that G,,(-, o) has a jump at each increment of (-, 5/s,) or (i/sy,0), where i,j = 1,2,..., 5.

In the same manner, we can also map the unit square to the values in f]; 1 and assume that its limit shape
converges to a kernel £(+, o) with convergence rate s;;" for some r > 0. More specifically, if we let £, (-, o)
be a function defined on the unit square obtained by mapping the unit square to the values in ffl ! and form
B, = [b"($>’ bn(%), .., bp(1)) and C,, := [cn(i),cn(%), ..., ¢cn(1)], then for some r > 0 and a

well-defined kernel £(-, o), we can create the following finite sample representation and limiting form

1
or n nlCn = / / U1 fn(ulau2)cn(u2)duldu2
Sn



1 1
_ /0 /0 b(ur )& (ur, uz)c(uz)durdus + op(1), 4)

Here, we let b, () := b(|n(-)|/n) and ¢, () := ¢(|n(-)]/n) with b(-) and ¢(-) being continuous functions
on [0, 1]. This formulation handles the complexity involved in the inversion f]; ! and makes it more readily
available for asymptotic analysis, as explained in Cho and Phillips (2025). For example, when f)n is based
on a Brownian motion kernel (BMK) or Brownian bridge kernel (BBK), Lemma 1 (i.a) of Cho and Phillips
(2025) shows that £(+, o) is characterized by the generalized derivative 6" (- — o), where d(-) is the Dirac delta
function.” Furthermore, the double integral in (4) can be rewritten as an inner product involving an integral
transform operator of [0, 1]2. That is, if we let Z,, and = be the integral transform operators with kernels
&n(+,0) and &(-, o), respectively, viz., fncn fo En (-, uz)cn (ug)dus and Ec( fo )e(uz)dus,

then

// ()6 (1, 1) (t12)duin iz, = (b(-), Epen()) and

// (u1)€(ur, u2)c(uz)durdug = (b(-), ZEc(+)).

With this notation, (4) above can be rewritten as s, "B/, 51C,, = 577 (bn(-), Encn()) = (b(-), Ee(-)) +
op(1).

For the present study, we assume two extreme cases for the limiting kernel &(+, o). First, let £(-, ) be
a continuous kernel on the unit square; and second, let £(-,0) = §(- — o). These two limiting kernels are
selected deliberately, as now explained.

Picard (1910) provided necessary and sufficient conditions for the existence of an inverse operator. But
most kernels of interest do not satisfy the Picard conditions and regularization approaches are typically used
to address this challenge. Carrasco and Florens (2000) and Kirsch (1996), for example, regularize i; 1
and examine the properties of the resulting estimators. The continuity condition here precludes the use of
regularization. The second kernel is motivated by the assumption that the moment conditions are iid. In this
framework, the covariance matrix of the associated moment conditions is diagonal for each n, and for finite
Sn, the optimal GMM is defined by estimating using the identity matrix for the weight matrix. The infinite
dimensional version of the identity matrix is the Dirac delta function, motivating d(- — o) as the kernel of the
GMM distance, so that unweighted GMM can be viewed as GMM driven by the Dirac delta function. As
we demonstrate below, the limit behavior of xid-GMM is substantially different under each weight matrix

condition. Specifically, it turns out that xid-GMM is consistent and asymptotically normal if a continuous

2The intuition for this limiting kernel is that BMK is the covariance kernel of an integrated process, so that the inverse kernel is
associated with an ‘anti-integrated process’, viz., a differential, c.f., Carrasco, Florens, and Renault (2007).



kernel is employed, whereas it is not necessarily consistent under the Dirac delta function but its asymptotic
variance is the smallest. In other words, if a continuous kernel is employed for xid-GMM, its efficiency level
turns out to be bounded from below by the asymptotic covariance matrix driven by the Dirac delta function,
meaning that a substantial degree of efficiency can be expected by letting £(-, o) be a continuous function
close to §(- — o). The two kernels are selected to exploit these features and are relevant in practical work as
shown in the empirical application of Cho and Phillips (2026).

These conditions are collected in the following assumption.

Assumption 2. (i) 7,(-,0) is positive definite for each n; and
(ii) for any cadlag functions b, (-) and ¢, (-) converging to b(-) € C([0,1]) and c(-) € C([0,1]) weakly
or uniformly on [0, 1], there is an r > 0 such that 57" (Enbn(-), cn()) = (Eb(-), c(-)) + op(1), with
limiting operator = satisfying either of the following conditions:
(ii.a) an integral transform operator Z with a continuous kernel £(-, o),
(ii.b) an integral transform operator 2 with £(+,0) = §(- — o). O

We next transform G/, (6,) into a cadlag function defined on [0, 1]. We define

0, ifuel0,L),
gn(u) == Gn;(0.), ifue[l ) j=1,2,... s, —1;and )

Ghs,(0y), ifu=1,

where G, j(0.) is the j-th row element of G,,(f) € R*". Note that G,,(6.) has s,, rows, and the above
function g,,(-) is defined by translating G,,(f) into a function defined on the unit interval. If the moment
condition /nG,, j(0s) is weakly correlated with v/nGy, i(6.) (j # 4), \/ngn(-,0.) may form a stochastic
differential in the limit instead of a continuous Gaussian process as assumed in oid-GMM. Specifically, we
suppose that \/ng,(-) is separated into two components with a central limit theorem (CLT) applying to one

and a functional central limit theorem (FCLT) applying to the other. Thus, for some u,, and 7, ; € R, let

. SnJ

1 L) _ )
= Y GO =} = v [ G0 )T

sn(-) 1=

and suppose that u,, satisfies a CLT and that s,,(-) converges weakly to a Brownian motion B,(-), with

Mn(u) = nny, ifue L, 25 =12, s, — L (6)
Nen, fu=1
The formulation (6) can be obtained by noting that the zero moment condition E[U,, +(6)] = 0 may

hold because different j’s satisfy the moment condition separately, or because the same moment condition

10



is shared by each j. For example, in the context of 2SLS, if we let the j-th IV of z; be denoted 2; ;, it can
be partitioned into two pieces: z:; = Z;; + E[z ;] by letting 2, j := (2¢; — E[2¢;]), so that éw-(e*) =
n=3 Sy Fejur + E[zm}n_% > 4 ut, and we let 7, ; and 1, be E[z; ;] and n"z >y ug, respectively.
For the second term on the right side, its asymptotic distribution can be obtained by application of a suitable
CLT. But a CLT does not apply to the first term because the moment conditions differ for each j. We
instead suppose that s, : {9(-) = mn(-)u, } forms a stochastic differential in the limit that corresponds to the
differential of a Brownian motion, dB(-). In view of this structure the analysis of xid-GMM differs from
0id-GMM assuming that g, (-) asymptotically forms a continuous Gaussian stochastic process. As it turns
out, the limit distribution of xid-GMM is determined by s,, : {g(-) = mn()un}.

We now formulate the score function VoG, (6) to facilitate derivation of the limit theory. As earlier,
VoG (6y) is written in terms of a set of functions defined on the unit interval. For j = 1,2,...,s, and
i =1,2,...,d, let HY" be the j-th row and i-th column element of VyGr(6,) € R*»*4 and for each

i=1,2,...,d, define

0 ifu €0, i ;
an(u) = HT(LJ’Z)’ if u S [SL, Jsil),] == 1727 y Sn, 17
HED iy =

and let Hy,(-) := [Hp1(-), Hp2(:), ..., Hpa(+)]'. As in the construction of gy, (-), Hy, ;(-) has a jump at each
increment in j/s,, where j = 1,2,..., 5.
This formulation enables (2) to be represented in terms of Gramian matrices. Specifically, letting A,, :=

[E,Hy (), Ho())] and dy, = [EnHy(+), Gn(-)], the xid-GMM can be rewritten as follows:’

—1 —~ ~
[ VoG (0.)5 V)G (6, )} [vgan(a*)zglc;n(e*) +op(1)

nHy ( ) Hy, ()]_I[Ean()vgn()] + OIF’(l) = _Aglgn + OIP’(l)v (7

-

meaning that the limit distribution of c/9\n is delivered through the limits of A,, and élvn From (7), asymptotics
of xid-GMM are evidently affected by those of H,,(-). Correspondingly, the next step allows two forms of

asymptotic behavior for H,(-), according to whether strong or weak moment conditions apply.

*In deriving (7) it is implicitly assumed that the primary component of the Hessian matrix V3, (0.) is determined by
VoG (0.5, VG (64), and the other term is asymptotically negligible. See Assumption 3 (ii) given below.
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2.1 Strong Moment Conditions

Starting with a strong moment condition for H,,(-), the following representation of the centered and scaled

score function is used in examining A,, := [éan(), H,(+)]. For some v € [0, 3], k£ > 0, and p,, ; € RY,
n (1 -
5 (L0 10) 00
STL STL
uniformly in j = 1,2,.... In case V(;C_Jnvj(ﬁ*) itself does not converge uniformly in j, (8) allows for the

convergence rate to be adjusted by scaling with s/ for some rate «.

This assumption is effective in practice in various circumstances. For example, in the 2SLS analysis
considered in Section 4, we suppose that the endogenous variable x; is associated with an instrument z; so
that z; = z{¢p, + vy with ¢,, = O(1). Then, if for each j, E[z; ;] = 0 without loss of generality, it follows
that

n

1 n Sn 1 n Sn Sn 1
n Z 2t j Tt — Z Elzt,j2t 6] ne = n Z (Zt,j Z Zt,0Pn0 — Z Elet,j2t0)0ne | + n Z 2t,jVts
t=1 (=1 (=1

t=1 (=1 t=1

where ¢,, ;, denotes the /-th row element of ¢,,. Here, for some « and v, if we suppose ZZ;I Elzt j2t 0] ne =

O(s%) and the right side is Op(s2*n"2), then

nfl |1 1 &
\s/q’; (S?: {n Zztvj”’“} T ZE[Zt,jzt,f]éf)n,é) = Op(1),

t=1 " oe=1
for each j = 1,2, . ... From this result, (8) follows by letting VoG, j(6.) :=n~ 1 D1 | 2 jz¢ and pyp, j =
S > 1 Elze izt ] dn ¢ This approach effectively extends the moment condition between z; and z; when

the moment size is fixed: that is, if s,, = s and ¢,, = ¢, the condition can equivalently be rewritten as

vn (i Z 2T — E[ztz£]¢> = Op(1),
t=1

which holds by virtue of a CLT under mild regularity conditions. Under our DGP condition we let s,, be
proportional to n and scale the moment conditions appropriately by s and s/ to facilitate ransformation
into a limiting stochastic process.

Now assume that the formulation in (8) weakly converges to a stochastic process by rewriting it using

H,(-). Specifically, let
) 1
)= o [ (L) = ) ) ©)
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and suppose that a,,(-) weakly converges to a Brownian motion B,(-), where

0, ifuel0,1),
pn () := P, ifu€ [i’%)’jzlvz“'?sn_l;
Hns,, ifu=

Different DGPs and model conditions imply different results here. If v < 3, then (9) implies that (s, " H, (-)—
tn(-)) = op(1) uniformly on [0, 1], so that s,," H,,(-) uniformly converges to the limit of 1, (-), meaning
that the limit of A4,, can be delivered by continuous mapping. On the other hand, if v = %, s, "Hy(-) does
not necessarily converge to the limit of y,,(-) from the fact that s, " H,,(-) — pn(-) = Op(1). Depending on
the kernel of Z, the limit of A, is also different. If £(-, o) is continuous, the limit of A,, can still be obtained
by continuous mapping, but that is not the case for the limiting kernel (- — o), as detailed below.

Next, we discuss regularity conditions for d,, := [éan(), gn(+)], whose asymptotic behavior is de-
termined by the interactions between H.,(-) and gy (-) through Z,,. As for A,,, if £(-,0) is continuous, the
limit of Elvn is delivered by continuous mapping, but more care is required for the Dirac delta function case.
Before developing asymptotic behavior for the components A,, and dy, we formally state the assumptions
employed so far.

Assumption 3. (i) For some v € [0,3] and k > 0, \/ns;" (s, "Hy (") — pn(-)) = Op(1) uniformly on

[0, 1], where pu,(-) : [0,1] — RY and for some nonzero u(-) and x(-) € Lo([0,1]) and for some

B >0, () = u() + 50" x();
(ii) $,°V3q.(0,) = Ay, + op(s7,7%F); and

n
(iii) [Eu(-), u(+)] is positive definite. O
Here, Assumption 3 (ii) supposes that the primary term of ngn(Q*) is determined by A,, and the remainder
is asymptotically negligible, so that the asymptotic approximation in (2) is effective. In addition, if {(-,0) =
6(- = o), then [Ep(-), p(-)] = [u(-), u(-)] in Assumption 3 (iii).

Assumption 4. Define the (1 + d)-vector stochastic process Uy (-) := (sp(+), an(+)").
(i) For some p(-) € Lo([0,1]) and for some o > 3, () = s,%p(-);
(ii) For a normal random variable U ~ N(0,02) and (1 + d)-vector standard Wiener process Wj(),
there is a positive definite ¥y € ROTD*+d) gych that

2]

and for some oy, € R1T9, E[fo(') dBy(uw)U] = opy fo(.) du. O

I By (u)
U

u

)Y, fo() dW(u) ] 7

Prior literature provides primitive conditions for the weak convergence in Assumption 4 (ii) (e.g., Phillips

and Solo, 1992; de Jong and Davidson, 2000). Here, if &/ and W;(-) are independent, we simply have
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o, = 0. For later purposes, partition By(+) as (Bs(+), Ba(+)")'.

Assumptions 2, 3, and 4 help determine the large sample properties of the components constituting
xid-GMM under strong moment conditions, which we call strong xid-GMM (sxid-GMM) in contrast to
the xid-GMM formed by weak moment conditions as given below. We classify the Assumptions into two
groups: Group A for a continuous kernel (-, o); and Group B for the Dirac delta kernel {(-,0) = §(- — o).
Before proceeding with the asymptotic development of sxid-GMM, it is convenient to simplify notation
by defining the inner products associated with the relevant stochastic differentials. If W is an integral
transform operator with a symmetric kernel ¢ (-, o), write the associated inner product (¥dB(-), dB(-)) :=

fol fol Y(u1, ug)dB(u1)dB(uz) and denote the j-th row element of [¥ H (-), dB(-)] by

/1 /1 Hj(U1)¢(U1,U2)dU1dB(U2).
0 JoO

The following lemma provides the limit behavior of some key statistics under Groups A and B, notably the
GMM distance function ¢, (-) and the two Gramians d,, := [éan(), gn(-)] and A,, = [éan(), H, ("))
Lemma 1. Given Assumptions 1, 2 (i), 3, and 4,
(i) if Assumption 2 (ii.a) also holds,
(@) 5717 4a(6.) ~ (2dB,(-), dBy(");
(b) 2 "dp ~ [Ep(-), dBs(-)];
ok P _
(¢) sy A, 5 A, = [Bp(), ()]s
(ii) if Assumption 2 (ii.b) also holds,
(a) 55 7"qn(0s) LA o= RlEiR’l, where Ry := [1,014];
1, o
(b) (1) ifv =0, then s " "dp ~ 7o + [u(), dBs()], where 7y == \/5:[dBa(-), dBs ()];
PR
(2) ifv € (0,3, then s? TR = T
. ok P
(c) (1) ifv €0,5), then s," 2 A, = Ag := [u(-), u(-));
(2) ifv =3, then s;""2r A, 5 Ap =T, 4+ Ac, where Y := 5,[dBy(-), dBa(-)]. O
Remark.
() (EdBs(-),dBs(+)) exists if and only if £(-,0) € L?([0,1]?) (e.g., Kwapien and Woyczynski, 1987).
Therefore, (EdB;(+), dBs(+)) exists as (-, 0) € C([0,1]2) (e.g., Wang, 1975).

(ii) The limits in Lemma | depend on the support set dimension of &(+, o). For example, under Group A,
the dimension is 2, whereas the dimension is 1 under Group B. For this reason gy, (6.) converges to a
constant under Group B, but it is asymptotically central chi-squared under Group A since its limit is
an inner product involving dBs(+). This feature implies that the J-test for overidentifying restrictions
needs to be employed by incorporating the dimension of (-, o). Likewise, d,, is asymptotically normal
with nonzero location parameter or converges to a constant under Group B, but it is asymptotically

normal with zero location parameter under Group A.
(iii) Y4 + A is positive definite by Assumptions 3 and 4. O

We are now in a position to provide the limit distribution of the sxid-GMM for Groups A and B.
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Theorem 1. Given Assumptions 1, 2 (i), 3, and 4,

()

(ii)

if Assumption 2 (ii.a) also holds, séJmn%(gn —0,) ~ N(0, A 1B, A1), where B, = o2[Zu(),
EpC));
if Assumption 2 (ii.b) also holds,

(a) ifv =0, then séﬁ%ﬁ(én —0,) ~ N (s, 02A7Y), where s := — AT 7y;

(b) ifv € (0,3), then séﬂ&ﬁn%(@t —04) 5 s, and

(c) ifv = % then sﬁn%(é\n —0,) N = —AJTITS. d

Remark.

®

(ii)
(iii)
(iv)

)

sxid-GMM is asymptotically normal with zero location under Group A, implying that the estimator is
asymptotically unbiased. This result contrasts with those obtained using the Dirac delta function under
Group B, wherein its limit distribution is asymptotically normal with nonzero mean or it converges to a
constant. This property implies that using a continuous kernel is useful in obtaining an asymptotically
unbiased sxid-GMM.

Given that k > 0, sxid-GMM is super-consistent under Group A.

Theorem 1 (i) follows as a corollary of Lemma 1 (i), and we apply Itd isometry to obtain B,.

In the context of 2SLS defined with weak Vs, Chao and Swanson (2005) estimated the kernel using a
weight matrix that is optimal when a finite number of IVs are employed. They discovered the presence
of an asymptotic bias in this case. They further examined the limit behavior of bias corrected 2SLS
(bc-2SLS) and LIML to remove the bias. Theorem 1 (ii) demonstrates that a similar bias emerges
even under the strong moment condition. From this property, estimating the kernel using the weight
matrix assuming a finite number of IVs can be interpreted as use of a kernel similar to the Dirac delta
function. Han and Phillips (2006) and Newey and Windmeijer (2009) also reported asymptotic bias
in their work on GMM.

Although sxid-GMM driven by the Dirac delta function is asymptotically biased, we can exploit the
kernel to obtain a more efficient estimator without such bias. In particular, the asymptotic covariance
matrix in Theorem 1 (ii.a) achieves the information matrix equality, which implies a formulation in
which a more efficient unbiased estimator may be constructed by using a continuous kernel that is
close in the limit to the Dirac delta function but still continuous; see Section 3.1. O

We next examine testing overidentifying restrictions using sxid-GMM under Group A conditions. From

the results in Theorem 1, parameter estimation using a continuous kernel is more useful than one with a

limiting Dirac delta function kernel. In developing methodology for testing over-identifying restrictions

under Group A conditions we consider the following specific hypotheses: foreacht =1,2,.. .,

Ho : forsome 8, € ©, E[U, (6+)] =0 versus #; : foreach § € ©, E[U,, .(0)] # 0.

Our primary interest is in the J-test developed by Sargan (1958) and later extended to GMM by Hansen

(1982), who examined the limit behavior of the GMM distance under each hypothesis. Lemma 1 (i.a)

assumes the unknown parameter 6, and provides the corresponding limit behavior of GMM distance in

different environments. We now replace 6, with gn and derive the limit behavior of the GMM distance.
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First note that

—~ 1 ~ —~ ~
Qn(en) = Qn(e*) - iﬁ(en o 9*)/v36n(0*)\/ﬁ(9n - 9*) + OP(Hen - 9*"2)7 (10)
and hence ¢, (6r) = qn(6y) — %S%Jnﬁglgn + op(||Bn — 6512). since $n2V2qn(0s) = A, + op(shT2);
see Assumption 3 (ii). The limit behavior of each element on the right side is given in Lemma 1 (i), so the
null limit behavior of the GMM distance follows straightforwardly. For this purpose, let IL, be the integral
operator with the following kernel: 7,(-,0) := £(-,0) — 3A(-)’ A A(), where A(-) := Epu(-). The next

result gives the null limit behavior of the J-test.

Theorem 2. Given Assumptions 1, 2 (i, ii.a), 3, 4, and H,, S_I_an(é\n) ~ (IT,dBs(-), dBs(+)). O

n
Remark.

(1) The null limit distribution of the J-test is asymptotically chi-squared with noncentrality determined
by the continuous kernel of II,. Here, I, differs from = because the kernel is modified to allow
parameter estimation error.

(i) Given that the kernel IL, is not straightforward to estimate, there may be difficulty using standard
simulations to obtain the null distribution of the J-test. Instead, we can apply a resampling approach.
For example, in the 2SLS framework, we can construct a resampled residual, say 2%, by multiplying
iid standard normal random variates to the structural errors @ := y — X @\n and let 7° := X §n + b,
Using (3%, X, Z), the J-test can be computed, giving J%, and the process repeated successively to
obtain the null distribution of the J-test via the empirical distribution of J°. If the J-test diverges
under the alternative, the p-value of the .J-test estimated by the percentage of the J® greater than the
original J-test decreases to zero as n tends to infinity.

(iii) Although not examined here, Donald, Imbens, and Newey (2003) explored another 7T'-test for over-
identifying restrictions when the GMM distance converges to a constant as in Lemma 1 (ii.a). If the
GMM distance does not converge to a constant, it is not necessary to use the 7'-test.

(iv) Under the alternative, the J-test diverges and is not discussed further. ]

2.2 Weak Moment Conditions

This section explores the large sample properties of xid-GMM under weak moment conditions for Vg G (0).
In this case we use the terminology weak xid-GMM (wxid-GMM). The asymptotic behavior of wxid-GMM
is obtained in a similar manner to sxid-GMM, but allowing for weak moments and with other conditions as

in sxid-GMM. The modification affects H,(-) and using a similar formulation as in (9), we now have
~ Oyn (1~
an(-) == +/sn - S—HHn(u) — pn(u) | du (11)
0 n n

converging weakly to a Brownian motion Bq(-), where H,,(-) := \/nH,(-). This condition is imposed by

extending the fixed moment size condition as in the case of sxid-GMM. Thus, in the 2SLS setting below (8),
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if s, = sand ¢, = n~Y 2, the weak instrument condition is characterized as
Z 2z — Elzezy)d = Op(1),

by applying a CLT to n"z > 1 ztv;. Werelax this condition by letting s, be proportional to n and translate
—n"3 Yoty 2y and = Y0 Elzy ) 2t6]dn e to H,(+) and pin(+), respectively so that the weak moment

conditions can be transformed to a stochastic process ay,(-) by discounting them appropriately using s2 and

sk, This assumption parallels the formulation in (9) and, in view of the weak moments, we suppose an
FCLT applies to the partial sum process driven by fln() instead of H,(-). Otherwise the same regularity
conditions are maintained as for sxid-GMM.

The limit behavior of wxid-GMM follows by expansion, similar to sxid-GMM. Specifically, from (7)
On — 0, = —[éan(), Hn()]_l[éan()aEn(ﬂ +op(1) = _Egldn + op(1),

where A, = [E,H,(-), Ho(-)] and dy, := [E,Hn(-), G ()] and the asymptotic behavior of these compo-
nents follow as for A,, and givn For a rigorous derivation of the limit distribution of wxid-GMM the following
modified assumptions are employed.

Assumption 5. (i) For some v € [0,%] and k > 0, \/ns," (s “KHu(-) — pn(+)) = Op(1) uniformly on
[0, 1], where pn(-) : [0,1] — Rd, and for some nonzero u(-) and x(-) € L2([0,1]) and for some
B >0, pn() = p() + 50" x();
(ii) $,°V3qn(0,) = A, + op(s72); and
(iii) [Eu(-), u(+)] is positive definite. O

Next, define £, () := (sn(-), @n(-)")’, which is a (1 4 d)-vector of component stochastic processes.

Assumption 6. (i) For some p(-) € La([0,1]) and for some o > &, n,(-) = s,%p(-)
(ii) for a normal random variable U ~ N(0,02) and (1 + d)-vector standard Wiener process Wj(),
there is a positive definite ¥y € ROTD*(+d) guch that

]

and for some &y, € R1T4, E[fo(') dBe(w)U] = &4, fo(.) du. O

fo(') dBy(u)

U U

O fo() AW, (u) ] 7

Assumptions 5 and 6 replace the earlier Assumptions 3 and 4 and are influenced by the introduction of H, n(+)
in the definition of @, in (11). Using these new conditions we obtain in an analogous way the following

limit theory that applies under the Group A condition.

1 ~
Corollary 1. Given Assumptlons 1, 2 (i, ii.a), 5, and 6, sn—m(ﬁn —0,) ~ N(0,A 1B, A1), where

B, := 52[Eu(-), Ep(-)] and 52 = RiX2R). O
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Remark.

@)

(i)

(iii)

(iv)

v)

(vi)

The major difference between Theorem 1 (i) and Corollary 1 is that the convergence rate of wxid-
GMM is slower than that of sxid-GMM by +/n.

The same approach to the limit theory applies to wxid-GMM when defined under the Group B condi-
tion and is therefore omitted.

The primary lesson of Corollary 1 matches that of Theorem 1 (i): viz., if wxid-GMM is defined using
a continuous kernel, it is asymptotically unbiased and normally distributed, whereas if wxid-GMM is
defined by the Dirac delta function it is asymptotically biased.

The asymptotics in Corollary 1 differ from the non-Gaussian asymptotics of weak 2SLS estimation
when the moment size is finite. Staiger and Stock (1997) assumed a fixed moment size and gave
asymptotics for 2SLS following Phillips’s (1989) approach. In that work the limit theory is not normal
and reflects the weak information by way of an internal CLT (in place of convergence in probability of
sample moments of the endogenous variables and instruments) that leads to a replication of the exact
finite sample theory of an IV or GMM procedure under Gaussianity in the underlying data (Phillips,
1980) . In contrast, Corollary 1 assumes the moment size tends to infinity, which enables consistent
estimation of the integral transform of the population mean process of n~1/2 oy xtz; () viz., ().
Then asymptotics for §n are obtained quite differently from when the moment size is fixed. In par-
ticular, we have s 2 A, = A, + op(1) = [Eu(-), u(-)] + op(1) and 2 [ZEp(-), dBs(-)] ~
N(0, B,), so that séﬂi(@l —0,) = —sé+ﬁggldﬁ v N(0, A7 1B A Y), where By(+) is the first-row
element of By(+).

The result in Corollary 1 also differs from earlier studies with many weak moment conditions. Chao
and Swanson (2005) compared standard wid-2SLS with bias-corrected wid-2SLS (wid-bc-2SLS) and
LIML and showed that standard wid-bc-2SLS is consistent for the unknown parameter under weaker
conditions. Han and Phillips (2006) explored limit theory of unweighted GMM driven by many weak
moment conditions and demonstrated consistency and asymptotic normality when the moment size
grows slower than the sample size. Along the same lines, Newey and Windmeijer (2009) studied
CUE with a heteroskedasticity consistent weight matrix and established asymptotic normality under
weak moment conditions, again with moment size growing slower than the sample size. Corollary
1 assumes a weight matrix converging to a continuous kernel in quite a different manner from these
earlier studies to establish asymptotic normality: in this result the weak moment conditions are trans-
formed to a stochastic process that follows functional limit theory and moment size is allowed to grow
at the same rate as the sample size.

Section 4 provides further details, specifically examining wid-2SLS driven by the Dirac delta and
continuous kernels which enables comparison with bias-corrected wid-2SLS estimation. O

We next discuss the limit behavior of the J-test under the Group A condition. For this purpose, using

(10), we obtain that g, (6,,) = g, (6:) — 352d., A7, d,, + 0p(||6,, — 6.]|%), similar to the strong moment case.

n-n*mn

The limit behavior of d’n and ﬁn is identical to that of Jn and A4,,, and the asymptotic behavior of ¢, (6.) is

the same as for the strong moment case because it does not involve fIn() Instead, it is defined only by =,

and g, (-). Hence, Theorem 2 can be applied even to the weak moment case.
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3 Asymptotically Efficient xid-GMM

This section considers asymptotically most efficient xid-GMM using the results in Section 2.

3.1 Asymptotically Most Efficient Estimation

In view of the parallel relationship between sxid- and wxid-GMMs, we focus on the first without loss of
generality in the following discussion. Primary interest lies in finding an asymptotically most efficient sxid-
GMM driven by a continuous kernel such that the condition in Theorem 1 (i) holds. When employed with a
continuous kernel sxid-GMM estimation is asymptotically unbiased and Theorem 1 (i) applies.

From Theorem 1 (i) the asymptotic covariance matrix of 57%*“\/5(5,1 —0,)is A7'B. A1, and the in-
formation matrix equality holds for efficiency when for some ¢ > 0, B, = cA,. Given that H (-) is arbitrary,
if the continuous kernel of = is close to §(- — o), B, can be made arbitrarily close to cA,. This property
follows from Theorem 1 (ii.a). If the kernel function is the Dirac delta function, the asymptotic covariance
matrix of the sxid-GMM satisfies the information matrix equality, but in that case it is asymptotically biased.
That is, acov[sé+n\/ﬁ(5n —0,)] = A;1B.AZ! with B, = 02 A,. Thus, if sxid-GMM is estimated using a
continuous kernel close to the Dirac delta function, B, ~ O'?AT and A, =~ A, meaning that the efficiency
of the sxid-GMM with a continuous kernel improves although it is still bounded from below by o2 A_ 1.
There are many continuous kernels close to the Dirac delta function. For example, if we let £(-, o) be a ridge

function such as the following squared exponential kernel (SEK):

£(,0357%) = \/2279@ (—(' 2_55)2) )

then £(+, o; s2) approaches 6(- — o) as s? reduces to zero.* Therefore, if 52 is selected close to zero, we can

gain efficiency from sxid-GMM while ensuring it is asymptotically unbiased. The above findings leads to

the following formal result.

Corollary 2. Given Assumptions 1 and 2 (i, ii.a),
(i) if Assumptions 3 and 4 also hold and v = 0, then the asymptotic efficiency of sxid-GMM is bounded
below by 02 AZ'; and

(ii) if Assumptions 5 and 6 also hold and v = 0, then the asymptotic efficiency of wxid-GMM is bounded
below by G2 A L. O
Remark.
(i) The proof of Corollary 2 (i) is in the Supplement, where it is shown that A 1B, A 1 — 024! is
positive semi-definite. Corollary 2 (ii) holds by analogy.

“In addition to SEK, there are other ridge functions that are flat along the diagonal. For example, the Matérn, exponential,
~y-exponential, and rational quadratic kernels all belong to this class (see Rasmussen and Williams, 2005, Chapter 4).
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(i) Although Corollary 2 gives bounds on asymptotic efficiency, we cannot allow a continuous kernel
to be too close to the Dirac delta function in finite samples. The reason is the existence of a trade
off between the asymptotic variance and bias when n is finite. For example, as s approaches zero
for £(-,0;5%), the magnitude of A, !B, A-! decreases, but the bias of sxid-GMM increases. The
Supplement provides evidence of this linkage between efficiency and bias in simulation exercises.

(iii)) We emphasize that Corollary 2 holds under the maintained conditions. In particular, Corollary 2
supposes the ordering of the moment conditions is fixed when computing xid-GMM. If the moment
conditions are ordered differently, a different xid-GMM estimate is obtained and its efficiency level
can differ from the original xid-GMM. The next section shows how this feature of GMM can be
exploited to define another estimator with improved properties by permuting the moment conditions.

g

3.2 Permuted xid-GMM

Corollary 2 shows that xid-GMM can attain good efficiency asymptotically. This section introduces another
estimator called permuted xid-GMM (pxid-GMM) that is even more efficient. As in Section 3.1, we first
restrict attention to sxid-GMM under the environment defined in Theorem 1 (i) and then extend results to
wxid-GMM by analogy.

The xid-GMM estimator has a continuous kernel and this accommodates moment permutation. For
a continuous kernel, permuting the moment conditions typically produces a different xid-GMM estimate.
Specifically, suppose @ is an s, X s, permutation matrix and the moment conditions are permuted by

application of () to the moment conditions, thereby defining another GMM distance leading to
() = G’n(-)'Q/f};lQGn(-), with 53’; = argraniélq_ﬁ(-),
€

giving the new estimate 6%. In 2SLS for example, we have 8, = (X'ZQ'S1QZ'X) ' X' 2Q'S1QZ'y.
Then the number of permutations in total is ¢,, := s,!, and §£ typically differs with each permutation.
These differences can be used to define a more efficient estimator. To motivate the approach in a
straightforward way, let ¢,, = ¢ be constant. Combine the c estimates linearly to define another estimator:
On(w) = Z;Zl wpgﬁ with weights w, > 0 satisfying Z;Zl wp = 1. Then, optimal weights are obtained
by minimizing the asymptotic mean-square error (AMSE) (e.g., Taniguchi and Tresp, 1997; Hansen, 2009),
giving w, := argmin,~ow'Yw subject to w't. = 1, where w := (w1, ws, . .., w.)" with ¢, being a c-vector

of ones, and matrix

@) @) @) |

. @) w(@P?) @)
(c1) (¢:2) (c,0)

_tr(Qa ) tr(Qg ) tr(Q§ ) |




in which Q(%p D is the p-th block-row and ¢-th block-column matrix of the cd x c¢d asymptotic covariance

1 ~ N
matrix 25 := acov[s%+nnw[(9}L —0,),(62—6,),...,(65 —6,))]. In this formulation, w = 3 for sxid-

GMM by Theorem 1 (i), and o = 0 for wxid-GMM by Corollary 1. In addition, the objective function is
1 _ _ _

the AMSE of 52 "n® (0, (w) — 64), viz., limy 00 $-72502%E[(0, (w) — 65 )/ (P (w) — 6,)]. The following

theorem provides the optimal weight estimator, the optimized AMSE, and the asymptotic covariance matrix

estimator of 0,,(@y,).

Theorem 3. Given the conditions in Theorem I (i) or Corollary 1, if both Q05 and Y are positive definite,
(i) we =Y e /(X 10e);
(ii) W Yw, = (LY 1)L and
1

(iii) acov[sZJmnw(On(w*) —0.)] = (LX) 2 YT @ 1g) (T e © 1), O

Theorem 3 implies that f,,(w,) may be more efficient than each individual xid-GMM estimator, taking
advantage of the fact that the asymptotic covariance matrix of 8,,(w.) depends on c. When c is large, this
asymptotic covariance matrix can be reduced relative to that of the original xid-GMM estimator, as indicated

in the following corollary, where L1 and U; are strictly lower and upper triangular matrices of ones.

Corollary 3. Given the conditions in Theorem 3, if Q3 = . @ U + L1 @ A+ U1 ® N for a positive-definite
and symmetric matrix ¥ € R¥% and A € R such that (A + N') is positive semi-definite,
(i) we = 2tc;
(ii) w,Yw, = Ltr(¥) + (1 — L)tr(A);
(iii) acov]sz = (Bu(ws) — 6.)] = 10 + 11— 1)(A + A); and

T c

(iv) 2W — (A + A') is positive definite. O
Remark.

(1) The block-symmetric covariance matrix condition in Corollary 3 implicitly assumes that the moment

conditions are iid with respect to the moment condition index. Specifically, ¥ denotes QPP .

0
avar[sé+ﬁnw (@Z —0,)]forp=1,2,...,c, and A denotes Qg)’q) = avar[s%+ﬁnw(§ﬁ —0,), séﬂinw
(0% — 0.)] for p,q = 1,2,...,c with p # g. Under the iid condition, Qg;,q) = A or A. Using these,
we represent 25as [ @ U + L1 @ A+ Uy @ A

(i) Corollary 3 (i) implies that the optimal weight is equal for each permutation.

(iii) According to Corollary 3 (iii), the asymptotic covariance matrix of 6, (w.) is determined by three
factors: ¢, A, and U. When c tends to infinity, the asymptotic covariance matrix of ,,(w.) converges
to %(A + A’), implying that 6,,(w.) becomes more efficient than each xid-GMM with the asymptotic
covariance matrix W. The implication is that the efficiency of 6,,(w,) is further improved by letting ¢
be substantially large. O

Corollary 3 is now exploited to define a new pxid-GMM estimator more efficient than each individual
xid-GMM. We first note that as n increases indefinitely, c,, also continues to rise, so that analyzing all po-

tential xid-GMM estimates is extremely challenging. Even for s,, as small as 10, s,,! = 3,628, 800, which
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is already too large to consider all permutations of the s,, moment conditions. We therefore analyze samples
formed by independent draws of the xid-GMM estimates. Denote these samples {(9?; :p=1,2,...,m},
where m denotes a sufficiently large sample size selected by the researcher. Before applying a random
sampling procedure, we note that each 79\?1 is asymptotically normally distributed around 6, with an asymp-
totic covariance matrix W as given by Theorem 1 (i) or Corollary 1. For example, U generically denotes
A1B.A ! for the sxid-GMM. By letting £(-, o) be continuous and close to §(- — o), we can make the
magnitude of ¥ moderately sized by virtue of Corollary 2. If the sampling procedure is further implemented
in a manner to satisfy the condition in Corollary 3, we may then estimate 6, more efficiently by the simple

average
_ 1 <~
On = — > o
p=1
Here, the optimal weight is %Lm from Corollary 3 (i). If m is sufficiently large, 8, is close to 6, by the law

of large numbers, and its asymptotic covariance matrix should be %(A + A’) by Corollary 3 (iii). We call

the resulting estimate 0,, the pxid-GMM.

4 Weak Infinite Dimensional and Bias-Corrected 2SLS Estimators

This section considers the limit behavior of wid-2SLS driven by the Dirac delta function and by a continuous
kernel. The potential use of this procedure in applications is considerable and it is examined in relation to the
earlier development in Section 2.2. Attention is also given to bc-2SLS and permuted wid-2SLS (pwid-2SLS)

procedures.

4.1 wid-2SLS driven by the Dirac delta function

We first examine wid-2SLS estimation driven by the Dirac delta function and later compare it with wid-2SLS

driven by a continuous kernel. To fix ideas the following DGP condition is assumed.

Assumption 7. (i) For an iid sequence {(y, x}, 2}, ug, v}) € RUFdtsnt(+d) -y — 1 9 n}, 4 =
xi0s + ug and x, = zym, + v), where y € R, x4 € RY v, € RY and 6, € RY;
(ii) zt == (2¢15 .-, 2t,5,) € R is independent of (uy,v})’, where 7, € R >4 and 1, = n_%qﬁn such
that ¢,, € R*"*? is O(1) without being o(1); and
(iii) for some s, > 0, s, /n = s, + o(1). ]

This DGP condition is typically assumed in wid-2SLS analysis (e.g., Chao and Swanson, 2005). The linear

relationship in Assumption 7 (i) is written in observation form as

y=X0,+u, and X =Zm,+V,
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where we let Z := (z1,...,2,), X = (21,...,20), v = (Y1, -, yn)s uw = (u1,...,uy),and V :=
(U1, 0p)"

The framework above relates closely to standard models for 2SLS estimation. But the DGP does not
satisfy the regularity conditions for ordinary 2SLS analysis because the number of IVs tends to infinity
as n increases. So standard 2SLS analysis and limit theory do not apply. Prior literature has tackled some
aspects of 2SLS in this setting. First, Angrist and Krueger (1995), Donald and Newey (2001), and Hahn et al.
(2001) among others have considered increasing numbers of I'Vs, although under strong moment conditions.
Second, Phillips (1989) and Choi and Phillips (1992) studied IV estimation under lack of identification and
partial identification. Staiger and Stock (1997) examined I'V estimation under a local-to-zero condition as in
Assumption 7 (ii), but with no allowance for the number of instruments to grow to infinity. Third, Chao and
Swanson (2005), Han and Phillips (2006), Newey and Windmeijer (2009) assumed many weak IVs with
dimension growing to infinity. Broadly speaking, they showed that GMM is not consistent for the structural
parameter and/or suggested other procedures that are consistent or provide regularity conditions under which
GMM is consistent for the parameter of interest. Anatolyev (2019) has surveyed recent developments of
2SLS with many weak IVs.

Under the framework of Assumption 7 we provide the limit distributions of the statistics relevant to
estimation by wid-2SLS. Our analysis begins with the relevant stochastic processes. 2SLS is a special case
of GMM, but it is convenient to define new notation using that of Section 2.2. First, let ﬁm and Wy, ; be the
i-th column elements of ﬁ’ and w],, where P, :=n"12'X € R**4 and @, := n~ ' Z'u € R¥»*1, Next let

(]?’m, Wni) = \/ﬁ(ﬁm, Wy,;) and ¢, := n~1Z'y € R*"*!. Then

b, = —(P.S ') Y (=P)' S8, = 0, — (P.S'P,) " (=B,)'S L i,
Second, we provide a useful stochastic process representation of 2SLS. Let H,, ;; be the j-th row and i-th
column elements of (—P,) and fin,; be the j-th column of i, where p,, := —E[2:2{]¢,,. With this notation,

define the following stochastic processes:

=
—
=
IS
m
=)
—_
~—

Hyi(u) =19 Hyji ifue [Sj—n, (j:;l)),j =1,2,...,8, — 1;and

Hmn,ia ifu=1,

gn(u) = Wy j, ifue [sj—n, +1)),j:1,2,...,sn—1;and

Wy, ifu=1,
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0, ifuel0,);
pni(W) =8 pnga,  ifue [£,95)) 5 =12 s, —1;and

Sn

Hn,spyis ifu=1

Next, let Hy () = [Hu1(-)s s HoaC)'s () = 1 ()s oo pna )y [Ha () Ga()] = [VHA(),

_ 1 :
vngn(+)]’, and define @, :== n~2 > ;" | u;. Then construct the stochastic process

0, ifuel0,);

M(u) =4 n;, ifuc [%,(j%nl)),jzl,&...,sn—l;and
Ns,, fu=1,

where 7; := E[z ;]. It follows that in functional notation 0, =0, + [EnHy(-), Ho ()] EnHa (), Gn ().

These stochastic processes are key components in deriving the limit distribution of wid-2SLS. Our

methodology is parallel to Section 2.2. Specifically, for some v € [0, %] and k > 0, we let

. 5a (") s

ACES = It

_ = 2 L
an(") noi=1 | st (=8, Pag — fing)

n

_ \/57/(') gn(u) — nn(u)ty du
0 | sy 03 (s Ha(u) = pin(w)) |

and suppose that for a positive-definite £, € R1+Dx(1+d) and (1 + d)-variate Wiener process Wg(~) =
(Ws(), Wa(")') € RM,

_ O O dBw) | o O AR O | dWs(u)
En(.)w/o dB,(u) ._/O o _zg/o A )._zg/o o

In addition, we also suppose that i, ~» U ~ N(0,2) such that for some 74, € R1*4, E| fo(.) dBy(u)U] =
O fo(.) du and that [u(-), u(-)] is positive definite. If By(-) and I/ are independent, &g, = 0.

These conditions parallel those in Assumptions 5 and 6. Specifically, Assumptions 5 (i) and 6 (ii)
are explicitly assumed; and the other conditions in Assumptions 5 and 6 hold by the virtue of the linear
model formulation of 2SLS. First, from the definitions of s, (-), we can suppose that S in Assumption 3 is
sufficiently large so that p,(-) is almost identical to 4(-). Second, the Hessian matrix s;,2V2g,(0x) = A,
by virtue of the linear model condition.

We next make an assumption concerning the probability limit of 7, (-,o). When ,(-,0) is defined

by S, as in (3), we suppose that SUP (4 up) ]gn(ul,ug) — (w1 = ug)| % 0. For example, Bickel and
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Levina’s (2008) regularized covariance matrix estimator achieves this consistently by letting their tuning
parameter « be proportional to the sample size. For this case, Assumption 2 (ii.b) holds by letting r = 0,
so that Z,, converges to the identity operator. Then, for any a(-) and b(-) € L2([0,1]), (Ena(:),b(-)) =
(a(-),b(-)) + op(1). This condition is assumed because 2SLS is constructed by inverting the covariance
matrix of the moment condition. If the IVs here are iid with zero means and unit variances, their covariance
matrix is the identity matrix for each finite n. The optimal 2SLS using a fixed number of IVs is therefore
defined by estimating the identity matrix. The wid-2SLS driven by the Dirac delta function at the limit is
motivated by this property. Although it is not assumed here that the I'Vs are necessarily iid with zero means
and unit variances, estimating the Dirac delta function for iid I'Vs is parallel to estimating the identity matrix
in the context of a finite number of I'Vs.

These conditions are collected together as follows.

Assumption 8.

(i) o,(-,0) is positive definite for each n;

. . P

(i) SUD(yy ) 1€ (U1, ug) — T(ur = ug)| = 0;

(iii) for some nonzero p(-), u(-) and x(-) € L*([0,1]) and for some o > L and B > 0, 9, (-) = s,,%p(")
and pin() = () + 52X (); i

(iv) Ae := [p(-), pu(-)] and Af = 5,[dBa(-), dB,(-)] + Ac are positive definite;

(v) for some vy < 0o, s, Y E[zm] — 7, and

(vi) for a positive definite ¥, 0, fo ) ng =3 fo(.) dVNVg(u) and Uy, ~ U ~ N(0,02) such that
for some &g, € R4, E[fo( ) ng( U] = o4y fo(‘) du. O

Assumption 8 (iv) is imposed to assure invertibility of A, and A > and A ¢ exists as a constant matrix by
ergodicity. Assumption 8 (v) is imposed to assure regular behavior of the asymptotic bias. The asymptotic
behavior of wid-2SLS follows by applying Theorem 1 (ii). We have the following result.
Corollary 4. Given Assumptions 7 and 8,
(i) ifv =0, SL+H(§ — 0. )~ N (s, 52AZY), where 1y = —A7'7, and 52 = Rlig ", such that
7o 1= /5:[dB, (), dBs()];
(ii) ifv € (0,1), 52 (B, — 0.) 5 s and
(iii) ifv = 3, s (9 — 0, )—H’/;f = —gfl?s. O

Given the DGP and model conditions in Assumptions 7 and 8, we can apply Theorem 1 (ii) to obtain
Corollary 4. The only difference lies in the fact that the convergence rate of the wid-2SLS is adjusted
to accommodate the weak IV condition, making the convergence rate of wid-2SLS slower than that of
sxid-GMM by +/n. In view of the similarity between the two results we do not prove Corollary 4 in the

Supplement.
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There are differing viewpoints on asymptotic bias. First, we can view the asymptotic bias in terms
of the joint distribution of H,,(-) and gy (-). To illustrate, consider the condition in Corollary 4 (iii) with
= 0. Note that 6,, — 6, = —(P.S-1P,) "} (=P,)' S @,. Here, s; P, S-1P, = [E,H,(-), Ha(-)] and
nHy (1) — Hp(-) = op(1) by Assumption 8 (ii), so that

[ =

by applying Lemma 1 (ii.c.2). Similarly,

= 5 (= Po) S B = 5,1 (= Pa) S B0 = [Ha (4,50 ()] + 0p(1) = T 2= /5, [dBa(-), dBi ()
by applying Lemma 1 (ii.b.2), implying that 8,, — 6, = —Z,;ldn LN —KJII?S =: {bvf. Unless [dga(-), dgs()]
= 0, asymptotic bias does not vanish and is traced back to the joint asymptotic distribution of ﬁn() and
Gn(-). If the joint limit distribution is viewed in terms of the joint distribution of dB(-) and dBq(-), then
asymptotic independence occurs iff [dBq(-), dBs(-)] = 0.

To take a second viewpoint of the asymptotic bias, the probability limit of [f[n( ), gn(+)] is the prob-
ability limit of [Hy,(-) — pun(-), n(-)] because [1n(-), n(-)] % 0. In other words, 7, is related to the
asymptotic covariance between n"2 Yot (—xez; — pi) and n-2 > iy ztiuz. Therefore, it follows that
Ts = —(limp—yoo st D00y E[zf JDE[uwve] = —vE[usvy] using Assumptions 7 (ii) and 8 (v) and the fact that
Ty = O(rf%) and zy = 7,z + v;. Therefore, 7, = 0 iff E[u,v;] = 0. Hence, 2SLS has asymptotic bias

when E[usv¢] # 0.

4.2 wid-bc-2SLS

This section examines bc-2SLS in the framework of Section 4.1 and its performance is compared with wid-
2SLS driven by a continuous kernel. Conditions under which bc-2SLS is asymptotically most efficient are
also explored.

We first examine the weak infinite dimensional bias corrected 2SLS (wid-bc-2SLS) estimator.” In earlier
work Donald and Newey (2001) and Chao and Swanson (2005) examined 2SLS and bc-2SLS under many
weak IV conditions. Similarly, our primary interest is in removing the biases that are evident in Corollary 4

and obtaining the limit distribution of the wid-bc-2SLS. We define the wid-bc-2SLS estimator as

9 -1 9
‘9n = — <P,;LGlpn - (;) '-Yanx,n> <(_Pn)/znlcn - <7;L> ’Yn(_mn)> )

>Nagar (1959) introduced bias corrected k-class and 2SLS (k = 1) estimators, exploring their finite sample properties by means
of moment expansions.
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where an = n1X'X, My, =7 X"y, and 7y, = (spn) Y00 SR zfz Using y = X0, + u, it

follows that

-1
60— (Ps1B, - () 4.0 Bysta, () s
(n +) = n&n In n Tndéza,n (—Pn) n Wn n 'Yn( 5n)

= — (A — 8P Q00) " Hdn — 2 0 (=50)), (12)

where 5, := n~! X'u. This definition differs slightly from that in Chao and Swanson (2005). We remove
the asymptotic bias by estimating y by -y, and ¥J is not necessarily equal to unity. Different values for ¢} are
used for each environment considered in Corollary 4 (i to iii).

Before proceeding, some regularity conditions are imposed for wid-bc-2SLS and the following notation
is introduced. First, we apply the law of large numbers to ﬁmn and s,,. This application is standard for
many data with finite moments. Further, we assume that ~,, is consistent for ~y at a rate greater than /n.
Next, we let ¢, j; be the j-th row and i-th column element of ¢,, € R***? and extend this to define the

following function:

0, ifuefo,L);
Oni(W) == 9 P ji, ifue [i, %)] =1,2,...,8, — 1;and
an,sn,ia ifu=1.

We further let ¢y, (+) := [¢n1("), - - -, ¢n.a(+)]" and suppose, for some nonzero ¢(-) and ¢(-) € L*([0, 1]) and
B’ > 0,that ¢, (-) = () +sn p /go(-). This condition is imposed because ¢(-) affects the limit distribution of
wid-2SLS. Finally, set k,, := n=2 Yo (upvy — 0yy), where oy, = E[ugvy], and assume that k,, ~ K~y

N(0,%2) and so asymptotically normal. In addition, for v € [0, ] and x > 0, define

ln(-) == in() | = ls
n = V

. L kD ~ ~ ~

L()sn ] Wn,j = Tn,jUn

L ~
§, 12 (=8, " Prj = finj)

ﬁ

0 gn(u) - nn(u)an
- e | s (7 ) i) i,
0
1 -~ ~ ~ ~
Sp 2 (s, Hp(u) — pn(u)) (Gn(uw) — nn(w)tn) — 7s/\/5%
and suppose that for a positive-definite 3, € RUI+24)x(1424) and (1 4 2d)-variate Wiener process Wy(-) €
RIH2d 7 (1) ~» fo(.) dBy(u) == 3 fo(.) dWy(u) and for some ¥y, € RUF2)x(1+d) E[fo(') dBy(u) M) =

Son fo(.) du, where H := (U,K’)’. This supposition corresponds to Assumption 8 (vi), but additionally
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requires that ZL Jsn] {sg”n% (=855 Prj — pin i) (W j — 1jin) — Ts/+/S«} is asymptotically normal jointly
with the other components. For later purposes, By(-) is partitioned as By(-) = (Bs(-), Ba(-), Be(-)) €
R+2¢_ These conditions are collected in the following assumption.

Assumption 9.

(i) an = nlx'x 5 Qm = Elxa)] and Sp = n X 'u x5 Eluz:], and for some v > 0,
Tn (5~n) L Y Z = +op(n 5);
(ii) Ay := (A — Q) is positive definite;
(iii) for some nonzero ¢(-) and p(-) € L?([0,1]) and B’ > 0, ¢n(-) = ¢(-) + sn” o(-); and
(iv) for Izositive-c{fzﬁnite matrices 3y € RUT2DxA+2) gpq 532 ¢ RUFDxA+d) 7 () oy fo(.) d.l.ég(u)
=Y fo(')dW(u) and hy, = (U, k) ~ H = (U,K') ~q N(0,%2) such that for some S, €
R(1+2d)x(1+d) EU‘O() ng(u)’H’] _ igh f(]() du. 0

The limit theory for wid-bc-2SLS is now given according to the settings of Corollary 4. First, partition

3, and X7 as follows

Tou(1x1)  Osk (1xd) )

. . T, Ouk (1xd
Yo = | Gau(dx1) Zak (dxd) and >k = (1x1) ) (1) ;
(1+2d)x(1+d) 3 () x(4d) | Oy (dx1) X (dxd)

Oeu (dx1) Dk (dxd)

and define 322 := 52[b(-),b()] + /ExoR1X2RE + /5. R3X2R, 0 + s, R3%2 R}, where 62 := R %2R),
b(-) == () + 8:790(-), 0 := [b(),1], Ry := [1,01x24), and R3 := [0dx (14d)» Laxa)- The following result
collects the asymptotic theory under various conditions characterizing the respective DGPs.
Theorem 4. Given Assumptions 7, 8 (i to v),
1y, ~
(i) if Assumptions 8 (vi) and 9 (i) also hold, v = 0, and 9 = %—i—/ﬁ, then 3%+H(9n —0,) ~ N(0,52A41Y);
1y, ~
(ii) if Assumption 9 also holds, v € ( 1), and 9 = 1 + v + K, then s%+ﬁ(0n —0,) ~ N(0,52A4Y);
(iii) if Assumption 9 also holds, v = 2, and9 =1+ /i, and
1 B ..
(a) if k=0, 53 (0n — 0.) ~ N (0, Ay T HL AL Y);
1 - ~ ~ ..
(b) if k> 052 " (0 — 0.) ~ N(0, A7 HyATY), where Hy, := 32 + \/5:y(06ak + 630)) +
s*’y(zck + Egk) + s*’yQZi. ]
Remark.
(1) Under Theorem 4 (i and ii), wid-bc-2SLS satisfies the information matrix equality and is therefore
asymptotically most efficient as implied by Corollary 2.
(i) Under Theorem 4 (iii), the limit distribution of the wid-bc-2SLS depends on the parameters vy and
sx. Although consistent for 6,, it is not necessarily more efficient than other consistent estimators, as
confirmed by simulation evidence in Section 6.

(iii)) Theorem 4 shows that wid-bc-2SLS is asymptotically normal, which is established by deriving the
weak limits of the components that comprise wid-bc-2SLS. For example, under Theorem 4 (iii.a),

1
s2 (0 — 0,)
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~ o~ ~ 1 ~ o~ _ 1 R _
= _(nsglpézglpn - ’Yan,n)_l(S% {nsgl(_Pn),ZglfU\n —Ts} — 8a{Vn(—5n) — Ts})
1

= *(gn - 'Ynﬁm,n)_l(sé (dn —Ts) — A (Y (=5n) — 7))

~ . N U . . 1
We show that A, — v, Qe —> Ay, 82 (dn — 7) ~ [(-), dBs()] + /52 Be(1), and $2 (vn(—50) —
7s) ~ Y{s.[6(-), dBs(-)] + /5-K}. Combining these limits delivers the limit distribution. O

4.3 wid-2SLS with a Continuous Kernel and Permuted wid-2SLS

This section examines pwid-2SLS estimation in the framework of Section 4.1. We start by considering

wid-2SLS with a continuous kernel and use the following conditions.

Assumption 10.

(i) o, (+,0) is positive definite uniformly in n;
(ii) for a continuous kernel &(-, 0), SUp(y, ) |An(u1,u2) — &(ug,ug)| 5o
(iii) for some nonzero p(-), u(-) and x(-) € L*([0,1]) and for some o > L and B > 0, 9, (-) = s;,%p(")
and pn(-) = p() + 527 x();
(iv) Ay := [Bu(-), u(-)] is positive definite; and
(v) for a positive definite S, Uy (+) ~ X fo(‘) de(u) and Uy, ~ U ~ N(0,02). O

Assumption 10 adjusts the conditions in Assumption § to reflect use of a continuous kernel. Assumptions 10
@, ii, iii, iv and v) correspond to Assumptions 2 (i, ii.a), 3 (i, iii), and 4 (i, ii), respectively. The other condi-
tions in Assumptions 3 and 4 are straightforwardly satisfied by the DGP and model conditions. Assumption
10 (ii) also implies that » = 0.

In view of this correspondence, the limit theory of wid-2SLS with a continuous kernel is obtained

from Corollary 1. Let 6, be the wid-2SLS estimator, viz., 6, := —(P,S-1P,)"1(=P,)'S-12,, so that

0, =0, — (13,'1537; 1P Y(=P,) f],; 1%,,. We use different notation here from 6, in Section 4.1 to emphasize

that 6,, is driven by a continuous kernel. Note also that

~ ~

s 2720 P S, Py = 572 n[Bn Ho (), Ho ()] = 8725 [BnHn (), Ho ()] = 552 A4, = A, + op(1),

n n

by Lemma 1 (i.c). In addition, S;Q_Hnﬁflflglﬁn = sg”[énﬁn(),ﬁn()] = s, "d,, and Lemma 1 (i.b)

n

1, -
implies that 52 "d,, ~~ [Zp(-), dBs(-)]. Using these results the limit distribution of wid-2SLS is as follows.

1ip . ~ -
Corollary 5. Given Assumptions 7 and 10, sfﬁ”(@n —0,) ~ N(0,A 1B A Y, where B, = 52[Eu(-),

s

Eu(-)] and 5% := R1§J§R’1. O

Corollary 5 follows directly from Corollary 1. Further, Corollary 2 (ii) implies that if £(-, o) is a continuous

kernel close to §(-—o), the efficiency of §,, improves, and its level is bounded from below by &2 [14(-), p(-)] .
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We next examine pwid-2SLS estimation. Our main interest is in constructing a more efficient estimator
using the wid-2SLS procedure driven by a continuous kernel when its limit distribution is non-degenerate,
viz., under the environment of Corollary 5. We let m be the permutation size and suppose that each per-
mutation is conducted by sampling the IVs with replacement. That is, given the set of the instruments
{z; : 7 =1,2,...,s,}, we sample the IVs from {z;; : j = 1,2,...,s,} with replacement thereby
leading to a new permuted instrument z;’ := (2/;, ..., 2(,,)’, in which the component z{ ; is the j-th instru-
ment that is drawn in the permutation. We permute the same set of instruments, so that only the ordering
of the instruments is changed. The same permuted order of the instruments is applied to every individual
t=1,2,...n,defining ZP := (21,...,2h), PP = n=1X'ZP, and & := n~1ZP'y. With this permutation
each new wid-2SLS is given as 6, := —(PY'S-1PP)~1(—PP)Y'S-1¢. Proceeding in this way, indepen-
dently permuting the instruments, computing the estimates 6% forp =1,2,...,m, and averaging, leads to

the pwid-2SLS estimator given by
_ 1 ..
O = — > .
p=1
In this scheme, the same permutation order may replicate because of random resampling with replacement

to produce permutations. The procedure and conditions are formally represented as follows.

Assumption 11.

(i) Foreacht, {z :j=1,2,..., sy} is iid with respect to j;

(ii) the IVs are randomly sampled from {z,; : j = 1,2,...,s,} with replacement to define 2} =
(Z,(1)s -+ Z,(s0)) s

(iii) the IV matrix is defined as ZP := (21,..., 2h)" by applying the same instrumental order as given in
(ii) to everyt =1,2,...,n; and

(iv) forpand ¢ = 1,2,...,m (p # q), the random sampling procedure to define ZP := (z7,... 2h) i
independent of the random sampling procedure to define Z9 := (2{,...,2})". (I

We now apply Corollary 3 to show that pwid-2SLS estimation is more efficient than wid-2SLS under
the maintained assumptions. Let ag = E[u%zf ;) and ¢1 := [Ep(-), 1]. The limit theory for pwid-2SLS is
given in the following result.

Corollary 6. Given Assumptions 7, 10, and 11,

1
PREY

(i) 52" " (On — 0,) ~ N(0, LA B ATV + (1= L)o2 AN GG A and
(i) (A;7'By AT — 02 ATNGICLAY) s positive definite. O

Corollary 6 follows by verifying the conditions in Corollary 3. In particular, we show that ¥ and A in
Corollary 3 are A;'B, A and JgA; 1¢1¢] A1, respectively, which in turn implies that if m is sufficiently

large then pwid-2SLS is more efficient than wid-2SLS, as Corollary 6 (ii) assures.
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5 Neumann Series Expansion

This section examines a Neumann series expansion applied to implement xid-GMM. When the number
of moment conditions s,, rises and becomes large, computation of the inverse matrix i; 1 can become
challenging. In such cases a Neumann series expansion can be useful.

First, note that if s,, is large and the maximum eigenvalue of s,; 1§)n is less than unity, then we have

(05) = (1= (1-518)) =3 (1 - 58, 13

by Neumann expansion. Rewriting the binomial on the right side of (13) for each h gives

([Sn — sglin)h - g%(—l)f (Z) <s;1§n)£, (14)

where (s, 1§]n)0 := I,,. Next, we represent the associated statistics in integral transform form. For
this purpose let i%] V) and i%"l’o) be the j;-th column and j,_1-th row, respectively, so that we can let

On(-y0) = (). With this formulation, we can construct a recursive system in which for ¢ € {1,2,3, ...},
1
Ftl2) = [ Fnma (0,
0

such that 3, 0(+, o) := s, 'I(- — o). If so, it follows that for £ € {1,2,3,...}, 5, 4(-,0) := s_(“l)Zf
Using this recursive system the GMM distance can be obtained without computing E; ! directly. For

eachl € {1,2,3,...},7,(-, ) is akernel of an integral transformation operator. We let img be the integral

transformation equipped with this kernel. Then, for the same B,, and (), as defined in Section 4.1 and for

0e{1,2,3,...},

Bﬁl ”1 540, = / / (1), (U1, ua)en (uz)durdus = (Zi,6bn (), cnl-)),

TL

implying that
1 -1 oo h oo h B\~
?B;SEI (3512n> Cn :ZZ < ) £+3 B/ ZZ n = ZZ(_1)£<€> (En,fbn(')acn('))a (15)
n h=0 £=0 h=0 £=0

where the second equality follows from (13) and (14). From the definition of &,,, viz., s, 2B’ Y0, =
(Enbn(-), cn(-)), the kernel of Z,, must be Yo Z?:O(—l)ﬁ (2)8,174(-, o). Therefore, for h = 0,1, ..., if
we let én » be an integral transform operator with kernel En n(s,0) = ZZL 0(—1)€(h) O+, 0), then =,

becomes an integral transform operator with kernel fn o) =2 120 fn n(+, ) such that s, 2B’ “1c,
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(Enbn()sen() = S5Zo(Ennbn(),n()):

We now formally state the following additional condition to incorporate this procedure into xid-GMM
estimation with the next theorem giving the operator representation in consequence.
Assumption 12. The maximum eigenvalue of s,, 1§]n is less than unity uniformly in n. O

Theorem 5. Given Assumptions 1, 2, and 12,

(i) q_n(Q*) = Z;ﬁ:\g(én,hgn()agn())’
(ii) 4n =37 ['AE'”’hH"(')’ n(+)] in probability; and
(iii) dn =35~ o[EnnHn () gn()]: =

6 Simulations

Our simulations have three main goals: (i) to corroborate the limit theory for wxid-GMM by studying find-
ings for wid-2SLS and wid-bc-2SLS; (ii) to compare wid-bc-2SLS with wid-2SLS driven by a continuous
kernel, with a key focus on their respective efficiency levels; and (iii) to examine the use of a Neumann
series expansion as an approximation in the practical implementation of wid-2SLS.

The following DGP framework is employed. We let d = 1, ¢, « = ¢, := (1,1,..., 1), and vy = w; for

every t, so that

n
1
Yt = Tptbe +up  and  zyy = —\/ﬁ E 2t + ug,
j=1

where (27, ut)’ ~ N (0, In4+1), 2t := (2t,1,.--,2tn), and so for t # 7 and j # i, (25, 2r:) ~ N(0, I2).
Then, v = oo for an arbitrary continuous function p(-). Further, v := lim,, 0o ™' Y1) E[27;] = 1. Here,
n=: > i1 zt,i has unit variance and is defined by a local-to-zero parameter with convergence rate n_%, SO
that m, ., = nféLn. By this condition, u, = —t,, and Assumption 8 (iii) holds by letting x(-) = —1 on
[0, 1] with 8 = oo for an arbitrary continuous function x(-). We also set §, = 1 in the simulations. Note
that v; = u; in the DGP, so that E[u;v;] = 1, and s,, = n, which implies s, = 1.

The wid-bc-2SLS is defined as

O = —(Br S5 Py = 10fan) M (—F0) 'S80 — (1))

by noting that s,n~! = 1, where ]3n = n"'2'X, ¢, = n1 2, ﬁmn = n"'X'X, and m,, =
n~'X'y. Under the current DGP, for each j, E[2f;] = 1, so that n=' "7 | E[2f,] = 1 and 7, :=
(spn)~t PRI P zg ; is super-consistent for v = 1. In addition, we let ﬁn,j and W, ; be the j-th row
element of ﬁn and @, := n~'Z'u, respectively and further let (ﬁnd’ Wy, ;) = \/ﬁ(ﬁn,j, Wy, ;). Further,
Op = 0y — (PSP — 1aQ00) "L (=B S @ — Yo (=50))s 80 1= 0L X"ty Qg — Q= 2, and

Sn £ by ergodicity and since E[m%t] = 2 and E[z, yus] = 1. Therefore, gn A 0.
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We start by considering the asymptotic distribution of wid-bc-2SLS. Let k,, := n"3 Z?Zl(u% —1) ~

K ~ N(0,2), and following some lengthy algebra find that

3
T 1 -1 -1 AW
) _ L0s) g O . o | P
W=t S| Ry [~ [ = s 1| [ e |
= .
! (—=Poj + 1), +1 -1 1 6 W (u)

with E[ [ dBy(w)K] = [0,0,—2]' [\ du. From this weak limit it follows that » = L and x = 0. We
then apply Theorem 4 (iii.a) to obtain the limit distribution of 6,,. First, u(-) = —1and ¢(-) = 1, so that
b(-) == u(-) + s.vp(-) = 0 as s, = 1 and v = 1, implying that o = 0 and ¥? = 6. Next, X, = —2 and

together we have Hj, = %2 + \/5.7(05sk + 67,0") + s:7(Ze + 2

C

) + s:7°X% = 4. Further, let 5, be
Bickel and Levina’s (2008) regularized covariance matrix estimator obtained by setting their parameter c to
be proportional to n. This implies that Assumption § (i) holds and that én asymptotically converges to an
identity integral transform operator. With this setting it follows that P’ S~1P, = n=1P/S-1P, 5 3, so that
ﬁéiglﬁn—%ﬁm,n F 1as fynﬁm,n L vQe = 1-2 = 2. Therefore, Ag = 1and \/ﬁ(gn—l) ~ N(0,4).

Now consider estimating the unknown parameter 6, by applying Neumann series expansion. If the
inverse operator is approximated by a Neumann series, another level of bias is introduced. If & is finite,
the finite sample behavior of the wid-bc-2SLS can be poor; but we can compensate by adjusting the bias

correction term in 6,, as follows

k k

1
an,k = (Z(én,th()v Hn()) - ’Vn,kﬁxx,n> <Z(§”’th()’ Cn()) - ’Yn,kﬁln> y

h=0 h=0

and vy, = (1 — (1 — 1/n)*+1). If k — oo, Yn,e — Yn, SO that gnk approaches 6,, and we have

[

k -1/
O = 0 + (Z(émhﬂn(-),ﬂn(-))—%,kﬁm,n> (Z( n,th<->,gn<->>—vn,k§n>.

h=0 h=0

Under the current DGP, Zi:o(én,th(‘)v Hy,(4)) = 3vnk + op(1), an 52, and Zﬁzo(émhfln(),
gn(-)) = Yok + op(1), so that the finite sample bias introduced by Neumann series expansion is asymp-
totically removed. Here, Zﬁzo(én,th(-), H,(") — %,kﬁm,n = Yn i + op(1), implying that the inverse
converges to unity in probability as n tends to infinity.

In addition to wid-bc-2SLS, we consider another wid-2SLS driven by a continuous kernel. If the kernel
&n(+,0) converges to a continuous kernel, Corollary 5 implies that wid-2SLS is asymptotically unbiased

and normal. We compare its finite sample performance with wid-bc-2SLS. For this purpose, we let 0, =
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—(ﬁéénﬁn)_l (—ﬁn)’ Enan, where En is an n X n matrix such that its ¢-th row and j-th column element is
identical to min[%, %] This BMK kernel converges to the continuous function min|[-, o] on the unit square
as n tends to infinity.

The asymptotic variance of 6, is obtained from Corollary 5. That is, acov[\/n(f, — 6,)] = 1.20 from
the fact that A, = L = [V [' min[z,y|dzdy, B, = 202 = o2 [/(J} min[z, y]dz)?dy, and o = 1, which
is obtained from the square root of the global covariance matrix of Zn(l) This level of asymptotic variance
ensures that the wid-2SLS is more efficient than the wid-bc-2SLS. As is affirmed in the Supplement by
simulation, the asymptotic variance further decreases by employing SEK with s? close to zero. Although
we cannot directly apply Corollary 2 (ii) to the current DGP from the fact that v differs from 0, this behavior
reveals that if the kernel function is continuous and close to the Dirac delta function, a more efficient wid-
2SLS is obtained.

Finally, we estimate the unknown parameter by permuting the moment conditions. Given BMK, 0,
is not independent of the moment order. There are a total of n! possible permutations, which is too large
for practical implementation. Instead, m = 5,000 independent permutations of the moment orders are
employed leading to the sample average 6,, = m ™! Z?:l 0. Since the moment order choices are iid the
optimal weight becomes % for each permutation by Corollary 3 (i), justifying the use of the mean 6,,.

Under the current DGP the asymptotic variance of the pwid-2SLS estimate can be computed analytically.

We note that avar[/n(65 — 6,)] = 1.20; and for p # ¢, acov[\/n(65 — 6,), v/n(6L — 6,)] = 1.00. This

result follows by noting that

. . 1 1
acov[v/n(6f — 6,),v/n(09 —6,)] = AL /0 . -/0 min[u, v] min[u’, v'JE[dWP (v)dWI ()| dudu’ A,

1 2
=9 </ min[u, U]dudu) =1, (16)
0

where the last equality follows from the fact that A, = %, 02 = 1, and E[dBP(v)dB4(v')] = dvdv' under

the current DGP. Applying Corollary 6 (i) gives acov[y/n(f, — 6,)] = £1.20 + (1 — 1)1.00 = 1.00004
with m = 5,000. If m further increases to infinity, avar[\/n (0, — 6.)] — 1.

For the present simulations we used n. € {200, 500, 1, 000, 1,500} and k£ € {10, 50, 100, 200, 500, oo}
for §n7k and for k = oo, gnk is defined as §n The number of replications were 3,000 and 15,000 for §n7k
and (57“ O,,, 0,,), respectively. The simulation results are reported in Tables 1 and 2. Table 1 reports the
sample averages of \/n(6,, — 6,.), (6, — 6.), vn(8,, — 6,), and \/ﬁ(gnk — 0, for each k, and Table 2
reports their sample variances. The results are summarized as follows

(i) As n increases, the finite sample distributions of /7(6,, — 6,) approach A/(0, 4), the sample variance
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(i)

(iii)

(iv)

v)

(vi)

of \/ﬁ(gn — 0.) approaches 4, and bias approaches zero. But when n is small, the finite sample bias
can be relatively large and the variance can be quite different from the asymptotic variance.

For k € {10, 50, 100, 200, 500}, the overall distribution of \/ﬁ(gnk —6,) differs from that of \/n(6,, —
0.), and the variance varies depending on k.

More efficient estimation is achieved by selecting k carefully when n is small. For example, when
n = 200, the sample variance of \/ﬁ(gnk — 6,) is smallest when k& = 100, although its bias is slightly
greater than that with n = 500. Hence, the efficiency of the wid-bc-2SLS depends on k& when n is
relatively small. On the other hand, if n is large, the sample variance of \/ﬁ(gnk — 0,.) decreases and
converges to that of \/ﬁ(gn — 0,) as k increases. Consequently, the latter is more efficient than the
former. The sample variance of \/ﬁ(gnk —0,) is always greater than that of \/72(6,, — 6, ) for n. = 500,
1,000, and 1, 500; and, further, the finite sample bias approaches zero as k increases, meaning that
Yn,k Temoves the finite sample bias. This feature is also apparent in distributional shape. Figure 1
shows the empirical distributions of \/ﬁ(gn 1 — 0,), revealing how it approaches that of \/71(6,, — 6,)
as k increases. We let n = 500 and increase k£ from 50 to 100, 200, and 500. With £ = 500 the
empirical distribution of \/ﬁ(gnk — 6,) is almost identical to that of /7(6,, — 6,) and also almost
identical to that of (0, 4).

If £ is small, the bias becomes large as n increases. For example, when k = 10, the sample average
of \/ﬁ(gnk — #,) with n = 500 is more negatively valued than that with n = 300. This behavior
arises from the observation that v, ,, converges to zero as n — oo for fixed k, so that the asymptotic
bias cannot be removed by increasing only n. The asymptotic bias of the wid-2SLS estimator is
more easily passed on to gnk when k is small, meaning that for large n, k also needs to be large for
improved performance.

We also compare v/71(6,, — 6,) with \/n(6,, — ). From the last third and second columns of Table
1, both estimators are distributed around zero, but the sample mean of \/ﬁ(Gn — 6,) is closer to
zero than that of \/n(6,, — 6,), implying that the finite sample bias of \/n(6,, — 6,) disappears more
rapidly. Furthermore, the sample variance of \/7(6,, — 6, ) is always smaller than that of /7(6,, —6,.).
The asymptotic variance of \/ﬁ(én — 6,) is 1.20, which is close to the values in the second last
column of Table 2. As the sample size increases, the sample variance approaches 1.20. This fact
implies that the wid-2SLS driven by a continuous kernel is more efficient than the wid-bc-2SLS. In
the Supplement, we also conduct simulations using SEK with various s2’s and observe that the sample
variance approaches 1.00 as s? gets close to zero.

We compare the pwid-2SLS (6,,) with the other procedures. Most of all, the sample average of
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vn(6, — 6.) is close to zero and converges to zero as n increases, implying that the pwid-2SLS

is asymptotically unbiased. Further, the magnitude of the bias is smaller than the other estimators for

large n. In addition, the sample variance of v/n(f,, — 6.) is noticeably smaller than the others. This
behavior corroborates Corollary 3 (iv). ]
Although they are not reported here, simulations with other kernels were conducted similar to those in

the present section. Simulation results are reported in the Supplement for BMK, BBK, and SEKSs kernels
with various s2’s and the Dirac delta function. The findings from these simulation exercises together confirm

the properties and limit theory of wid-2SLS and pwid-2SLS estimation.

7 Empirical Application

This section reports an application of xid-GMM and wid-2SLS estimation to the empirical data in the study
of Angrist and Krueger (1991), providing further empirical evidence on the returns to human capital in
education. The literature on human capital and the relationship between education and its monetary return
has been a popular applied research topic with the links between education and wage being a central issue.
For example, Mincer (1958) provides a theory that describes a linear relationship between log wage and
education; and Angrist and Krueger (1991) estimate a structural relationship between the variables using
2SLS. Here we report findings from the use of wid-2SLS estimation to the same empirical data.

We briefly review the well-known work of Angrist and Krueger (1991) to make the discussion here self
contained. Their empirical investigation uses 5% samples of the US census data and notes that variation in
education is created by compulsory school attendance laws because individuals born in the first quarter of
year have shorter overall school attendance. This variation is used to construct instruments in the estimation
of a monetary return equation by 2SLS. Specifically, they specify the following return equation based on
Mincer (1958)

wy = Eox + Eree + dim + U, (17)

where wy denotes the weekly log wage (wage); x; is schooling years (educ); d; denotes other exogenous co-
variates, viz., d; = (birthy ., . .. ,bl.rl‘hng)/ ; and birth . denotes the birth year dummy for the tM_individual;
and c =1,2,...,9. There are 10 birth years in each cohort, so 9 dummies are used. There are 11 covariates
in total on the right side of (17) including the constant (const), and x; is the only endogenous variable, so
that its coefficient &1, measures the return to education. In addition, they construct the IV z; using the ex-
ogenous variables (const, d;)’ and the season of birth (seas), viz., zx = (1,d;, seas; 1, . .., seas; 30)', Where

seasy,; is defined as birth, ; x grtr, ; with j = 1,2,...,10, and grir, ; denotes the quarter of birth of the
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t"-individual with 4 = 1,2, and 3. Overall there are 40 IVs including the exogenous variables. We call this
monetary return equation the basic model.

Using the three data sets constructed by the individuals belonging to 1920-1929, 1930-1939, and 1940—
1949 cohorts, Angrist and Krueger (1991) estimated the basic model by ordinary least squares (OLS) and
2SLS and compared the estimation results, finding that individuals compelled to attend school for a shorter
time than others earn lower wages as a result of their education shortfall. They also find that the returns to
education estimated by 2SLS are statistically indistinguishable from those by OLS.® Angrist and Krueger
(1991) estimated another model in parallel to the basic model by letting the regressor d; include race dum-
mies, a dummy for residence in an SMSA, a marital status dummy, and eight region-of-residence dummies.
We call the model with these exogenous variables the extended model. Using this extended model, the
authors obtained empirical results similar to those of the basic model.

The empirical findings of Angrist and Krueger (1991) motivated other research. For example, Staiger
and Stock (1997) pointed out that their results were obtained using weak IVs, so that estimating the structural
coefficient by 2SLS can be misleading; and instead used LIML estimation with the same data (see Anderson
and Rubin, 1949; Anderson, 2005) in view of its improved properties under weak instrumentation. In other
work, Donald and Newey (2001) and Chao and Swanson (2005) employed wid-bc-2SLS estimation to allow
for the use of many weak IVs in estimation.

For our empirical illustration, we apply pwid-2SLS to the same data. The findings are contained in Table
3 based on estimation obtained as follows. First, OLS and 2SLS replicate Angrist and Krueger (1991): for
the 3 cohorts and both basic and extended models, the structural coefficient was estimated by OLS and
2SLS; and 90% and 95% confidence intervals (CIs) given below the estimates were obtained by applying
the residual bootstrap (e.g., Efron and Tibshirani, 1993), using 5,000 bootstrap iterations. Second, LIML
and wid-bc-2SLS are obtained following Staiger and Stock (1997) and Chao and Swanson (2005). Again,
90% and 95% Cls are provided by the residual bootstrap. Third, we provide the pwid-2SLS along with its
90% and 95% Cls, and in estimation we employ the two continuous kernels BMK and BBK. Specifically, we
randomly draw 5,000 different permutation orders with replacement and obtain 5,000 wid-2SLS estimates
from each kernel. We compute the pwid-2SLS by averaging the 5,000 estimates, as discussed earlier in the
paper. In addition, 90% and 95% Cls are obtained by bootstrapping 5,000 samples for each kernel.

The findings are summarized as follows.

(i) For the 1920-1929 cohort, we observe that the OLS, 2SLS, LIML, wid-bc-2SLS, and two pwid-2SLS

8 Angrist and Krueger (1991) provide more details on the data in the following URL: http://economics.mit .edu/
faculty/angrist/datal/data/angkrul991.
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(i)

(iii)

(iv)

estimators produce similar estimates. In addition, the 90% and 95% Cls of both pwid-2SLS estimators
are narrower than those of LIML and wid-bc-2SLS. Further, the 90% and 95% ranges of both pwid-
2SLS estimators are narrower than those of the LIML and wid-bc-2SLS.

For the 1930-1939 cohort, both pwid-2SLS estimators produce estimates greater than OLS, 2SLS,
LIML, and wid-bc-2SLS; and they are also similar to each other. In particular, both pwid-2SLS
estimates are greater than OLS by 35.20% for the basic model and by 44.44% for the extended model;
and the ClIs of both pwid-2SLS estimators are narrower than those of LIML and wid-bc-2SLS. In
addition, the 90% and 95% ranges of both pwid-2SLS estimators are narrower than those of LIML
and wid-bc-2SLS.

For 1940-1949 cohort, different results are observed between the basic and extended models. For
the basic model, the OLS, 2SLS, LIML, and wid-bc-2SLS produce similar estimation results, but
both pwid-2SLS estimators produce smaller coefficients than the others. In addition, both pwid-2SLS
estimators produce narrower Cls than LIML and wid-bc-2SLS. For the extended model, OLS differs
from the others, and 2SLS and wid-bc-2SLS produce similar results smaller than OLS. LIML is much
smaller than OLS, and both pwid-2SLS estimators produce the smallest estimates. Further, the size of
the ClIs and ranges are in the order of wid-bc-2SLS, the two wid-2SLSs, and LIML from the smallest
to the largest.

Although we report estimation results for the 1940-1949 cohort in Table 3, the estimates need some
care in interpretation. First, Staiger and Stock (1997) rejected the overidentification hypothesis using
the Basmann-LIML test and concluded that the model specifications are unrealistic for the data, so that
the estimates of the basic and extended models cannot provide an accurate indication of the structural
relationship between the variables in this case. Second, Table 3 demonstrates that the estimates are
indeed affected by the asymptotic bias induced by the model misspecification. The 2SLS, LIML, and
wid-bc-2SLS estimates are smaller than OLS by at least 25% for the extended model, while estimates
from the basic model are not so different from OLS although they are still smaller than OLS. Finally,
the asymptotic bias is evident from both pwid-2SLS estimates: when compared to OLS, the return
to education is estimated to be smaller than OLS by more than 63% for both basic and extended
models. These findings help to reinforce doubts concerning the validity of the models for the 1940-
1949 cohort. O
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8 Conclusion

If the number of moment conditions grows to infinity proportional to the sample size, GMM asymptotics
differ from the standard case where the number of moment conditions is constant. In particular, the new
limit depends on the stochastic properties of the moment conditions and the weight matrix used to define the
GMM distance. The present work provides new GMM asymptotics to address high dimensionality in which
partial sums formed by the moment conditions satisfy an invariance principle. The moment conditions may
be strong or weak and the GMM weight matrix may converge either to a continuous kernel or the Dirac
delta function. The limit distribution of xid-GMM is obtained in this setting and shown to be normal and
unbiased if the weight matrix converges to a continuous kernel.

A further innovation enables improvement in xid-GMM asymptotic efficiency. In the case where xid-
GMM estimation is driven by a continuous kernel in the limit, a new estimator is developed called pxid-
GMM obtained by permuting the moment conditions and averaging the resulting xid-GMM estimates. If
the different estimates are based on randomly sampling and permuting the moment order, the asymptotic
efficiency of the resulting estimator improves as the random sample size increases. In the 2SLS framework,
this property is confirmed in simulations. For computing the inverse matrices of high dimension that arise
in practical work, a Neumann series expansion is found to be a useful device to simplify calculations. All
these methods are illustrated in an empirical application estimating the monetary return to education using
the US census data sets in Angrist and Krueger (1991), showing the effect of efficient GMM estimation in

applied work with many weak moment conditions.
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n\ Estimators | k=10 k=50 k=100 k=200 k=500 k=oc | n(l,—0,)| v, —0,)
200 —2.9476 —0.9008 —0.6599 —0.7224 —0.1682 | —0.4551 —0.0701 —0.0751
500 —3.3566 —0.7509 —0.5252 —0.3614 —0.2968 | —0.2389 —0.0282 —0.0369
1,000 —4.4116 —-0.9275 —-0.5499 -0.3709 —-0.1959 | —0.2370 —0.0348 —0.0246
1,500 —5.0503 —0.9960 —0.5207 —0.3834 —0.2093 | —0.1449 —0.0346 —0.0233

Table 1: SAMPLE BIASES OF WID-BC-2SLS, WiD-2SLS, AND PERMUTED WID-2SLS. Each cell reports
the finite sample bias of \/ﬁ(gnk — 0, ) that is obtained by implementing 3,000 independent experiments.
If £ = oo, the cell reports the sample variance of \/ﬁ(gn — 0,) that is obtained by implementing 15,000
independent experiments. Here, k is the degree of Neumann’s series expansion, and if £ = oo, the inverse
matrix of f)n is directly used as the weight matrix. Finally, the cells in the last two columns report the sample
averages of v/n(6, —6,) and /n(6, — 0,) obtained by 15,000 independent experiments, respectively, where
én and 0,, are the wid-2SLS and pwid-2SLS driven by BMK.

n\ Estimators | k=10 k=50 k=100 k=200 k=500 |k=oc | /n(b,—0,) | vn(0, —0,)
200 45.442 10.438  6.6285 14.117 375.16 | 59.092 1.2556 1.0500
500 12.434  5.2559  4.9139 5.0342 4.6732 | 4.6000 1.2158 1.0097
1,000 9.7545 5.0122  4.5818 4.5868 4.5088 | 4.3848 1.2118 1.0205
1,500 8.9147 4.7059  4.2674 4.1417 4.1790 | 4.0493 1.1946 1.0070

Table 2: SAMPLE VARIANCE OF WNID—BC—QSLS, WID-2SLS, AND PERMUTED WID-2SLS. Each cell
reports the finite sample bias of \/n(6, ;, — 6) that is obtained by implementing 3,000 independent exper-
iments. If k& = oo, the cell reports the sample variance of \/ﬁ(gn — 0,) that is obtained by implementing
15,000 independent experiments. Here, k is the degree of Neumann’s series expansion, and if & = oo,
the inverse matrix of f]n is directly used as the weight matrix. Finally, the cells in the last two columns
report the sample variances of v/n(6,, — 0,) and \/n(6,, — 6,) obtained by 15,000 independent experiments,
respectively, where 6,, and 0,, are the wid-2SLS and pwid-2SLS driven by BMK.

43



Data 1920-1929 Cohort 1930-1939 Cohort 1940-1949 Cohort
Estimations \ Models Basic Extended Basic Extended Basic Extended

OLS 0.080 0.070 0.071 0.063 0.057 0.052

90% CI [0.080, 0.081] [0.069, 0.071]{[0.070, 0.072] [0.063, 0.064]|[0.057, 0.058] [0.057, 0.058]

95% CI [0.079, 0.081] [0.069, 0.071]{[0.070, 0.072] [0.062, 0.064]|[0.051, 0.053] [0.051, 0.053]
2SLS 0.077 0.067 0.089 0.081 0.055 0.039

90% CI [0.053, 0.103] [0.042, 0.093]{[0.061, 0.113] [0.056, 0.119]|[0.031, 0.081] [0.014, 0.067]

95% CI [0.047, 0.108] [0.037, 0.098]{[0.052, 0.104] [0.046, 0.110]|[0.025, 0.086] [0.009, 0.072]
LIML 0.076 0.066 0.093 0.084 0.054 0.029

90% CI [0.033,0.119] [0.023, 0.108][0.055, 0.133] [0.046, 0.123]|[0.000, 0.107] [-0.032,0.086]

95% CI [0.020, 0.128] [0.014, 0.118][0.047, 0.142] [0.038, 0.131]|[-0.014,0.119] [-0.047,0.098]
wid-bc-2SLS 0.076 0.066 0.094 0.085 0.055 0.037

90% CI [0.046, 0.108] [0.036, 0.097]{[0.058, 0.121] [0.049, 0.115]|[0.027, 0.084] [0.008, 0.070]

95% CI [0.040, 0.113] [0.029, 0.103]{[0.052, 0.128] [0.043, 0.122]|[0.021, 0.264] [0.002, 0.076]
pwid-2SLS (BMK) 0.073 0.071 0.096 0.091 0.010 0.019

90% CI [0.073, 0.074] [0.071, 0.072]{[0.096, 0.097] [0.091, 0.091]|[0.009, 0.011] [0.018, 0.019]

95% CI [0.073, 0.074] [0.071, 0.072]{[0.096, 0.097] [0.091, 0.092]|[0.009, 0.011] [0.018, 0.019]
pwid-2SLS (BBK) 0.074 0.071 0.097 0.091 0.012 0.019

90% CI [0.073, 0.074] [0.071, 0.072]{[0.096, 0.097] [0.091, 0.091]|[0.011, 0.013] [0.019, 0.020]

95% CI [0.073, 0.074] [0.071, 0.072]{[0.096, 0.097] [0.091, 0.092]|[0.011, 0.013] [0.019, 0.020]

Table 3: STRUCTURAL PARAMETER ESTIMATION. This table shows the empirical estimation results from
the basic and extended models. We use the same data as used by Angrist and Krueger (1991) and report
the estimated coefficient of the schooling years in the model along with their confidence intervals. Six
estimators are reported: the OLS, 2SLS, LIML, wid-bc-2SLS and two pwid-2SLS estimators driven by
BMK and BBK.
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Figure 1: EMPIRICAL DISTRIBUTIONS OF WID-2SLS. For k£ = 50, 100, 200, 500, each figure shows the
empirical distribution of \/ﬁ(gmk — 0,) that is obtained by implementing 3,000 independent experiments
and letting n be 500. For comparison purpose, the distribution function of N'(0,4) is also drawn. Here, k
is the degree of Neumann’s series expansion, and if £ = oo, the inverse matrix of fln is directly used as the

weight matrix.
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A Appendix

A.1 Proofs of the Main Claims

We let i), :==i/s,, and j, := j/s, for notational simplicity.
Proof of Lemma 1: (i.a) First note that 52 7"¢,(0x) = 52" (Bngn(-), Gn(*)) = (Egn(-), Gn(-)) + op(1) by

n

Assumption 2 (ii.a). Next observe that

Sn Sn
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The limit behavior of A,,, B,,, and C,, is examined in turn. First,
Sn Sn 1 1
SnAn = Z Z § (iny jn) $n* {gn (in) = 1n (in) Un} sn? {gn (Jn) = M (Jn) tn}
i=1 j=1

1 1
W/O /0 € (u, v)dBs(w)dBs (v) = (EdBs(-), dBs(-)),

by Assumption 4. This fact implies that 4,, = Op(s,, ).



Second, if for some o > 1, 7, (+) = s, %p(-), then

iié (ins ) 52 4G (i) = M (i) i} 55770 ()
=1 j=1
1 1

=2 || 0p()dBs (ot = 2(Ep( U, dBy()), - and

2a¢ Sn
20 = Zqun,mn@n ()2~ / / € (u, v)plu)plv)dudoU® = (Ep( U, p(JU),

1,
implying that B, = Op(s, 2 ) and C,, = Op(s,,?*). Thus, if a > 3, s;,77"n(0) = s, An + 0p(1) ~
(EdBs(-),dBs(+)). This proves (i.a).

(i.b) First, s;,""d,, = s;,"[EH,(-), gn(-)] + op(1) by Assumption 2 (ii.a), and

S;H[EHn())gn()]

LN, o rar _ e o~ o~
:87 Z Z§ (Ma]n) {Snan(ln) - Nn(zn) + NH(ZN)} {gn (Jn) = (Jn) Un + Mn (]n) un}
no—1 j=1
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82 Z Zg ins Jn) Hn(in) {Gn (Gn) — Mn (Jn) Un}
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+7ZZ£ iny Jn) {85 " Hn(in) = pin(in) }1in (Jn) tUn + 2 ZZf iny Jin) b (in) 1 (Jn) Un
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= A,+ B, +C,+ D,.
We examine the limit behavior of A,,, B, Cy,, and D,, in turn. First,
Sn Sn
TJF,/ n o ZZ§ ZTMJ’/Z 7 Sn Hn(zn) - ,U,,-L(Zn)} {gn (.771) —Tin (]n) aTZ} = O]P’(l)7
i=1 j=1 n

by Assumptions 3 and 4, which implies that A,, = Op(s;H”n_%) = op(1) from the fact that v € [0, %]

Second,

Sn Sn

Sn n = 3/2 ZZ§ ins Jn) i (in) {Gn (Gn) — M (Jn) Un}
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W/O /0 € (u, ) () By (v) = [Ep(-), dBa(-)],



1

implying that B,, = Op(sy, ?) = op(1). Third, from the assumption 7,,(-) = s, “p(-),

Y, = 3/2 >_ 2 & linsjn) iy S Hn(in) = pn(in) } 70 (n) Un

1
—5tr—a
Sn2 Sn = 15=1 5n
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1 v—
by Assumptions 3 and 4, implying that C,, = Op(s;, > 2" an_%), which is op(1) from the fact that v €

, 5|. Furthermore, Assumptions 3 and 4 imply that
0,1]. Furth Assumptions 3 and 4 imply th
Sn  Sn
$nDn = — ZZ& (ins Jn) b (in) S0 (Jn) U NnW/ / (u, v)p(u)p(v)dudvtd = [Bpu(-), p(-)U],
5 i=1 j=1

r—Kr~

1_
implying that D,, = Op(s,®). From this, if o > 3, s2 “dp = By, 4 op(1) ~ [Ep(-), dBs(-)]. This
proves (i.b).

(i.c) We also note that s;" 284, = s ""28[2,H,(-), Ho())] = s72¢[BH, ("), Hu(-)] + op(1) by

Assumption 2 (ii.a). Focusing on the right side, we have
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and examine the limit behavior of each component in turn. First,
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by Assumption 4. Therefore, A, = Op(n~'s2/~1). Given that v € [0, 1], A,, = op(1). Second,

n

9 Sn Sn o ‘ . ‘ ‘ , 1 1 ,
S;ZBHZ&%ﬂ;;azmmfun(zn){sn 1.Gn) = mali)Y 2 [ [ €uv)ntuds, o)

1

by Assumptions 3, implying that B,, = Op(nfész_i). Asv € [0,1], B, = op(1). The same proof also
holds for C;, by symmetry. Finally,

Sn Sn

D= 5 303 i, judpnlin)inGin) = /0 /0 & 0)pin () (v) dudv = [Ep(-), p(-)] + op(1),

n =1 j=1
implying that D,, = [Eu(-), u(-)] + op(1). It follows that s," 2% A, = s, 2%[2H,(-), H,(-)] + op(1) =
[Ep(+), pu(+)] + op(1). This proves (i.c).
(ii.a) Note that s;17"q,(0x) = (Egn(-), gn(-)) + op(1) by Assumption 2 (ii.a) and the fact that
E(in, jn) = L(in = jn). Next,
(B35 () = D G i) — 2 i) T 0 () )
=1

L, . 2 e N I - D
= Z {9n (in) — 1 (in) un}2 +— Z M (1) {9n (1n) — 1 () Un } Un + — an (in) ui
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and examine the limit behavior of each component in turn. First,
O SN~ 12 ! 2
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by Assumption 4, so that A,, = Op(1). Second, from the fact that n,,(-) = s, “p(-), we have

Sn
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1
which implies that B, = Op(s,, 2 ). Next, note that
Sn 1
20, =S i)~ [ = (o o).
i=1

so that C,, = Op(s;,2*). Hence, given o > 0, it follows that s,, "¢, (0x) = A, + op(1) 5 o2 as required

n

for (ii.a).

(ii.b) We prove (ii.b.1) and (ii.b.2) together. Note that s;"*d, = s *[EHn(-),dn(-)] + op(1) by



Assumption 2 (ii.b), and since £ (i, jn) = 1(i,, = j5) We have
M (i) Un + 1 (in) Un }
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and examine the limit behavior of each component in turn. First, by Assumptions 3 and 4
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SV

(1)if v € [0, 3). Second,
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Zn {gn Zn) Tin (Zn) an} ~ [:u(')’dBS(')]v

1
s2 B =
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which implies B, = Op(sy, 2) = op(1). Third, from the fact that 1,,(-) = s;,%p(-),
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by Assumptions 3 and 4, implying that C;, = Op(sy, Satrs an_%) = op(l) ifv € [0,%). In addition,
Assumptions 3 and 4 imply that

81 i/‘n (n)spnin (in) wn ~ [u(-), p(-)U],
" i=1

syDp =
so that D, = Op(s,®). Hence, if « > 3 and v = 0, sé_r_nc’lvn = VSn(4n + By) + op(l) ~
7o + [1u(-), dBs()]. proving (ib.1). Tfa > Land v € (0,1), 52" 7"d, = s,%fyAn +op(l) B
When v = 1, A, = Op(1). By = Op(sn?). Cp = Op(s;%n3), and
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(ii.c) We prove (ii.c.1) and (ii.c.2) together. Note that 5" 28 A,



Assumption 2 (ii.b) and focus on the right side. We have
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and examine the limit behavior of each component in turn. First,
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by Assumption 4, so that A, = Op(n~'s?). If v € [0,3), A, = op(1); and if v = 1, 4, = Op(1).

Second,

1
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by Assumptions 3, implying that B,, = O]p(n_%sn = op(1), if v € |0, %) The same proof holds for

C,, by symmetry. Finally,

1
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n i 0

Therefore, if v € [0, §), it follows that s;," "2~ 4,, = s, 2%[EH,(-), Hy(-)] + op(1) = [u(-), u(-)] + op(1).
This proves (ii.c.]). If v = 3, A, = s,[dBa(-),dBs(-)] + op(1) = T4 + op(1) by noting that s, /n =
s«+0(1); By = op(1); Cy, = op(1); and D,, = [u(-), u(-)]+op(1), so that s, " 2% A,, = A,,+ D, +op(1) =
Ts + [(-), u(+)] + op(1), proving (ii.c.2). This completes the proof. [

Proof of Theorem 1: (i) Using Lemma 1 (i.b and i.c), we have sn%Jmn% (0, —0,) ~ —ANBu(-), dBs(-)].
Here, [Eu(-), dBs(+)] is an integral transform of the increments of Brownian motion and is therefore normal.
Using Itd isometry, it follows that E [Eu(-), dBs()][Eu(:), dBs())] = o2E[[Zu(-), Eu(-)]] =: B, and so
[Eu(-),dBs(-)] ~ N(0, B,). Therefore, s%ﬁﬁn%(gn —0.) ~ N(0,A71B.ATY).

(ii.a) Using Lemmas 1 (ii.b.1) and (ii.c.1), note that s%Jmn% (0, — 0,) ~ — A7 75 + [p(),dBs()]} =
Vs — A7V ("), dBy()). Here, [u(-), dBa(-)] ~ N (0,02 A, !

D=

, so that s2 Rn%(@l —0.) ~ N (s, 02A71).

TR (0, — 0,) S .

ST \_/

(ii.b) Using Lemmas 1 (ii.b.2) and (ii.c.1) shows that s3
(ii.c) Using Lemmas 1 (ii.b.2) and (ii.c.2) gives s’{;ni (Qn —0,) it —AJTITS = 1), which completes the



proof. |

Proof of Theorem 2: Apply a second-order Taylor expansion of ¢, (-) around 6, giving

~

~ 1 _ N _ ~ N
Gn(On) = qn(0:) — 5\/ﬁ(ﬁn - 0*)/v9Gn(9*)E;1v/9Gn(9*)\/ﬁ(0n —0.) + op(||0n — 9*||2)- (A.1)

Using (A.1), we have

11

S0 an(On) = 5.7 4n(0) — g VO — 0.)'s7 7 Ans S0~ 6.) + 0p (1),

and Lemma 1 (i.a), Theorem 1, and Lemma 1 (i.c) imply that s, =" q,,(04) ~ (EdBs(-), dBs(+)), s +H\/ﬁ(§n
—0,) ~ —A7YEu(),dBs(-)] and 5,72 A, 5 A,. Hence, s "qu(0n) ~ (BdBs(-), dBs(-)) —
2[Bu(), dBs(-)) A7 Epu(-), dBs(+)], which is identical to (IL,dBs(-), dBs(-)). This completes the proof.

[
Proof of Corollary 1: The proof is straightforward from Theorem 1 (i) and omitted. |

Proof of Corollary 2: (i) Given the conditions, we show that Q = A 1B, A1 — ¢2A! is positive semi-
definite. Note that Q = A~ (B, — 024, A1 A,)A ! and first show that B, — 02 A, A1 A, is positive
semi-definite. By the definitions of B,., A,, and A,

where A\(+) := Epu(-) and Y is the integral operator with kernel v (-, ) := §(-,0) — u(*)'[u(+), ()]t pu(o).
The last equality holds by noting that

1 1
TA() = / o) A(u)du = /0 (6 u) — s () ()] () A
/ (- ) M) — / Aw)(u) dulja(), ()] () = AC) — NG OV (] (),

s that [TAC), AC)] = AC), AT = A, 1O [0), O] (), AC)]. We also note that

I B, ONRC) mOITHAC), £G)] = [EAC), TAC)]

since Ac := [u(-), u(-)] is positive definite. Further, [XA(-), Y A(-)] is positive semi-definite, so that



[YA(), YA(-)] = TT for some matrix T (e.g., Abadir and Magnus, 2012, p. 219). It follows that

T

Q= a2 A YA, AC)AT = 2 AT YA, YAC)A ! = 02 AT TT A = 02(A ' T) (AT,

as A1 is symmetric. Hence, @ is positive semi-definite, which implies that the asymptotic efficiency of the
sxid-GMM is bounded below by 02 A 1.

(i1) The proof follows by analogy. |
Proof of Theorem 3: The proof is straightforward and omitted. |

Proof of Corollary 3: (i, ii, and iii) The proofs follow from Theorem 3 by noting that Y1, = (tr(¥) +
(c— Dtr(A))Lee.
(iv) By Assumption 9 €5 > 0. Then, setting

v oA
AU

D=

D is positive definite, and so for any x € R??, 2/ Dz > 0. Partition 2 = (), —})" such that z; € RA.

Then, 2’ Dx = 2 (2¥ — (A + A’))x; > 0, so that 2¥ — (A + A’) > 0. This completes the proof. [ |
Proof of Corollary 4: The proof directly follows from Theorem 1 (ii.a, ii.b, and ii.c). |
Proof of Theorem 4: (i) Using (12), we have

%—i—n ~ ~ ~ 1 . 9—L_

si (On —0i) = _(ngﬂAn - Sg_l_zﬂ'Yanx,n)_l(erL_ndn —sn ° Yn(—3n))
1 1

= (5, %A — 507 "1 Quwn) (53 "dn — n(—50)),

letting ¥ = % + k. Lemma 1 (ii.c.1) implies that s 28 4, LN A., and Assumption 9 (i) implies that

’Ynﬁmm E) v§22. Therefore,

1, - P

s An — 502 Qe — Ac. (A.2)

1 g ~ ~ N )
Next, Lemma 1 (ii.b.1) implies that s3 ~d,, ~> Ts + [u(+), dBs(+)], and v, (—$,,) %, 7, as shown in the proof
of (i), so that
1, R _ ~ _ ~
si dn = Mn(=5n) ~ To + (), dBs(+)] = Ts = (), dBs(-)]. (A.3)

K

i, ~ ~ 1l o~ 1
Finally, combining (A.2) and (A.3) gives s%+ (O — 0.) = (5,2%An — 802 YnQuan) 2 (82 dy —
~ - 1y, ~
Y (—8n)) ~ —AZ1[u(-), dBs(-)]; and since [u(-), dBs(-)] ~ N(0,52A,), it follows that s2” (0, — 0x) ~
N(0,52A;1). This proves (i).



(i1) Using (12), note that

l+ ~ o ~ 1 ~ _ 1, .. 9—1_p_ -
372L H(en - 9*) = _(SHQKATL - Sz ! QK"}/anx,n) 13n(37% Y Hdn — Sn a7 H’Yn(_sn))
- ~ _l+ —92 ~ . 1_ ., . R
= _(SnMAn — 8 ? Y H'Ynﬂx:c,n) 155(5% Y Hdn — Yn(=5n)),

since ¥ = % + v + k. Here, Lemma 1 (ii.c.1) implies that s, 2“11” ﬂ A, because 7 = 0 by Assumption 8

i, ~
(ii). Further, s, 2 tv=2e _ o(l)asv € (0, %), and v,z n = Op(1) by Assumption 9. Therefore, it follows
that
~ 1., ~
s A, — 50 T Qe 5 A (A4)

1, e N N .
Now examine the asymptotic behavior of s%(s2 ' dy, — yn(—3,)). From the definition of d,,, it follows
that

vk 1o, e R _
Sp(sn ", — Yn(—3n)) = sp(sn T - Ts) = $p(m(=5n) — 7s) =: An + B,
and the limit behavior of the components is examined in turn. First, consider A,, and note that
SEHd.n = [Sﬁnﬁn() = (), gn ()] + [ (), gn ()] 4 0p(1) =: Cn + Dy,

Now s;”n%Cn = [s;”n%(s;“f[n(-) — tn(+))s Gn(4)] 5 Ts/+/5+» and Assumption 9 (iv) implies that

¢%/'(j:{H()—uaw}%wwwy¢a>m“»/ aB.(u)
0 n 0

K
sn

1
*§+V —

1 .
so that sﬁ(s;”n%Cn — Ts/+/3+) ~> Bc(1). In other words, C,, = s;’ln_%?s/\/ﬁ +Op(sp? n %). Next,
1 . _1
note that s3 [1n(+), gn ()] ~ [p(+), dBs(+)], so that D,, = Op(s, ?). Combining these two factors,

1o, e 1, _ 1 1
An = sy (sh mdn —Ts) =382 (Cp— s;’ln_%Ts/\/g) + 82Dy, = sg Dy, + op(1), (A.5)
using the assumption that s, /n = s, + o(1) and v € (0, 3).

Next consider B;,. By Assumption 9 (i) we have 7, = —y0y, and so

~

Yn(=5n) = Ts = (Y — V)((=38n) — (=ow)) + (Y — V) (—0w) + 7((=5n) — (—ow))

=7((=5n) = (=ow)) + op(n"2).

Further,
1
(=8n) = (—0uw)) = —(sn/n) 2,y — 52 (0 VU = 04)

Sl

S

using that fact that 5, = n~'X'u and X'U = n_%gb;lZ’U + V'u by Assumption 8. Here, note that



NI

(Sn/n)%¢;~bﬁ;n = (Sn/n)sé [¢n(>;§n<)] ~ 3*[¢()7d[58()] and 37%1 (nille - qu) = (sn/n)
V'U = ouy) ~ /5:K. That is,

Vn(n™!

Sl

((=8n) = (=0uww)) ~ —s:[9(), dBs()] = v/5:K, (A.6)

S

1
2

implying that ((—5,) — (—oww)) = Op(sn ?), so that B, = —s¥ (y(=5,) — Y(—0ow)) = OP(SZ

op(1) because v € (0, 3). It follows that

5 =

1, R 1

sy (sm dp—nSn) = sp(sA dp—T5) = 8% (Yn(=8n) —Ts) = 82 Dp+op(1) ~ [u(-),dBs(-)]. (A7)
g ~ 3 .
Finally, combining (A.4) and (A.7) gives sz’ (O —0,) ~ —AZ u(+), dBs(+)]; and since [p(-), dBs(-)]
i ~
~ N(0,52A,), it follows that szt (O — 04) ~ N(0,52A;1), giving the desired result.
(iii) We prove (iii.a) and (iii.b) together. Using (12), note that

l+ ~ o, ~ o ~ _ 1_ ... 9—1_ R
Sn H(Gn —0.) = (Sn%An - Sz ! QH’Yan,n) 1(3721 Hdn —sp ? H’Yn(_sn))

~ —~ 1_ ... 1
= (5;2’{1411 - Sr_LH’Yana:,n)_l(sfz Hdn - 372L7n(_3n)>

letting ¥ = 1 + k. First, Lemma 1 (ii.c.2) implies that s,; AL 54 #» and Assumption 9 (i) implies that

Yz n E) v4z. Therefore, if k = 0,
ok T kA P -
sn2 Ap =8, " Y Qawn — Af — Ve =1 Ay. (A.8)

If k >0,
9%k T _ AN P =
$n 2 Ay = 87, Y Quzn — Ag. (A.9)

Second, note that
1. 1 R 1 . 1 R _
Sn dp — Savn(—Sn) = sa (s, "dy — Ts) — 84 (Wn(—35n) — Ts) =: Ap + B,

Here, in (ii) asymptotic approximations of A,, and B,, were already derived without specifying the value of

v. Note from (A.5) thatif v = 1,
1 . 1 1 1 .. ..
Ay, = sﬁ(s;fidn — ?d) = (sn/n)%s%(sn2n%(jn — ?s/\/a) + 32D, ~ \/586(1) + [M()ast()]

~

Furthermore, Assumption 9 (i) implies that v, (—5,,) — 7s = Y((=5,) — (—ow)) + olp(n_%), and (A.6)

10



implies that By, := /5, (yn(—55) — 75) ~ —s.7[0(:), dBs(-)] — \/5x7K. Therefore,

1,

37% dn - 37%’%(_/8\71) ~ \/ch(l) + [M(')? st()] + 73*[(;5(‘)7 st()] + 7\/§IC
= [1() + 5790 (-), dBs ()] + V/5:(Be(1) +~K)
= [b(-), dBs()] + /5 Be(1) + V50K (A.10)

by the definition of b(-). Finally, combine (A.8), (A.9), and (A.10) to complete the proof. If k = 0, (A.8)
1 .. .. ..
and (A.10) imply that s7 (0, — 0.) ~» —A;{[b(:), dBs(-)] + /5:B.(1) + \/5.7K}. In addition, note that

[b(+), dBs ()] ~ N(0,52[b(-), b(-)]) using Itd isometry, B.(1) ~ N(0, R332 R}), and cov([[b(-), dBs ()], B.(1)] =
[b(-),1] R1 X2 R}, because

cov[[b(-),dBs ()], Be(1)] = E[[b(-), dBs(-)1Bc(1)] = E[[b(-), dBs(-)], [1, dB.(-)]]
1 .. 1 . / 1 . .. / . 1 .. . -.,
=E [/0 b(u)st(u)/O dl’)’c(u)] :/0 b(u)E[dBs(u)dB.(u)'] —/0 b(u)duR; >3 RY.
Therefore, cov([[b(-), dBs(-)] + /5:Bc(1)] = 72[b(-), b(-)] + /Sx0R1 X2 RS + /5. RS2 R, 0 + 5, R3S R,

which is defined as 332. Next, derive the covariance between [b(-), dBs(+)] + /52 B.(1) and /57K’

1

1
E{([b(), dB()] + /5B 1) (/57K)] = v/oay /0 b(u)E[d, (1)) + 5,7 /0 E[dB. (w)K]
1

= Voy [ Wudud+ .08 = Ve + 50 S
0
By analogy, we have E[(\/5:7K)([b(-), dBs(+)] + /5:8:(1))'] = /52750 + s:7%",, and it follows that
[b(:), dBs()]+/5:Be(1) ++/5:7K ~ N (0, £24/5:7(06 sk + 6410 ) +5:7(San+ X0 +5:7° 7). (A1)

Since the asymptotic covariance matrix is defined as Hy, we have /s, (6, — 65) ~ N(0, AQ_IH hAg_l). If

Kk > 0, (A.9), (A.10) and (A.11) imply that

V(O = 02) ~ —A7{[b(), dBs()] + V5Be(L) + syK} ~ N (0, A7 HR ALY,

which completes the proof. u

Proof of Corollary 4: As indicated in the paper, Theorem 1 (ii) can be used to obtain the required result

after adjusting convergence rates. So the proof is omitted. |

Proof of Corollary 5: The proof follows directly from Corollary 1 and is therefore omitted. |
1o, . 1o, .

Proof of Corollary 6: We prove (i) and (ii) together. First let (2;; := acov[(s?ﬁm(e}1 —0.),..., sﬁ+n(0;{l -

11



6.)")'] and show that 2 satisfies the conditions in Corollary 4. Note that if p = ¢,

acov[(s2 5 (B2 —0.), 52T — 0.))] = AT B, A (A.12)

by Corollary 5. On the other hand, if p # ¢, we have

acov[(sd (@ — 0., 53TV — 0.))] = 24T GGG AT, (A.13)

as is now shown. First note that

~

F — 0, = —(PYS1PY)y Y (- PPYSIYsh = —[E,HE(), HY () HELHE(), ()] = —(AR)~1ab,

where 5 := ZP'u, and HE(-) and g5 (-) are the functions defined using the permuted IVs. In addition, let

AP .= [E,HE(-), HE()] and &, := [2, HE(- ) 72(-)]. Applying Lemma 1 (i.c) and (i.b) we have s 2% A%, 5
1, _

A, and 52~ "db ~ [Ep(-), dBY(-)], so that s,% "6 = 0,) ~ —ATNEu(), dBE()] ~ N0, A7 B A,

where B2(-) is the weak limit of fo(.) gh(u)du. Likewise,
i . - 1. - -
P08 0.) = —(sy 2 AT sh " v — AT Ep(), dBI()) ~ N[0, AT B AT,
where BY(-) is the weak limit of N () 3¢ (w)du. This implies

acov|(s (0 — 0.) 53 (01— 0.))) = A7 'E[En(), dBY())[Eu(). dBIOVAL ", and

BB, BZONERC) BT = [+ [ € vytotal S0 LGB ) B ol
We derive the last equation by focusing on E[dBB% (v)dB2(v')]. First note that if we let 25 = (52 5
z, ;) and 2 i= (2,23, ..., 2 ;). then for each v and v' € (0, 1],

O SRS S 7 0 1 1 50 5
cov XU = — E |uu, z 2J
j t,j T
Snll j=1 Snlt UL et j=1 i=1
L sl 1)
= E Z Z E[ufzsztqz] =vv SNE[U?ZfJZgz]
=1 j=1 =1

since {(u¢, z¢)} is an iid sequence over t. Further, from the random sampling procedure in Assumption 11

(i), z7; = 2{; with probability 1/s,; and 2{; # 2{; with probability 1 — 1/s,, so that E[u72{ ;2{,] =

Sy 1E[ufz§ j] =5, 102 by applying Assumptions 7 (ii) and 11 (i) and the definition of og. Hence,

1 |[vsn | [v/sn ]
cov g ; g ziu :vv'ag.
\/Snn 4 NEND
]:1 =1

12



It follows that E[dBY(v)dBL(v')] = o2dvdv’ by noting that (s,n)~2 S50 20U = /5, [ gh(v)dv
and (s,n)"2 3 jL(:')IS"J ZiU = \/sn fo(') gr(v")dv'. We now combine these results to show that

E[[Zu(), dB?()][Ep(-), dBI()] = o / / / / € (u, 0) () Y € ', 0 Ydudlad dvdly!

—U//guv dudv//guv N du'do'

= o2 [Bu(), U[Eu(),1] = 07,

giving (A.13) as required.

Using (A.12) and (A.13), we have Q5 = [, @ A ' By A 1+ Li@o2 AT GG A U 002 A T GG AL
which satisfies the condition in Corollary 3 by letting ¥ = A-'B, A and A = A = 024, 1§1§1A; L
Therefore,

1y, 1 ~ 1
acov[sz (0, — 0,)] = AT BA <1 - m> oo AT GG AT

by Corollary 3 (iii). Furthermore, for each p, séﬂ(éﬁ — 0,) is asymptotically normal and centered at zero
by Corollary 5, implying that sé—w (6% — 6.) is asymptotically normal and centered at zero. These establish
Corollary 6 (i).

Finally, Corollary 3 (iv) implies that (2¥ — A’ — A) is positive definite. Under the given conditions,
U= A "B, A band A = A = 024, TG ¢ A so that (20 — A — A) = 2(A; 1B AT - 02 AT G A

is positive definite. This proves Corollary 6 (ii). |

Proof of Theorem 5: (i) Given that g, (6,) = Gp(65)'S; G (6,), let both B, and C,, be Gy, (6,) in (15),
which then gives ¢, (6) = > 0(._.” hgn(+), gn(+)) using the definition of gy (-).

(i) Since 4, = VG (0)S; VG (6,), let both B, and C,, in (15) be VG, (6.), and then A, =
5% (B nHu(-), Hu(-)) by the definition of H,,(-).

(iii) Given that d, = VG (0)X1Gn(6,), if we let B, and C,, in (15) be VG, (0) and G, (6,),
respectively, then d,, = $°°° ol 0(@ 1w Hy(+),gn(+)). This complete the proof. [
A.2 Supplementary Simulations

This section reports supplementary simulation findings. Under the DGP condition in Section 6 we first
examine the performance of wid-2SLS and pwid-2SLS with various continuous kernels and then assess the

performance of wid-2SLS with a Dirac delta kernel.
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A.2.1 wid-2SLS and pwid-2SLS with Various Kernels

This section reports simulations to assess the performance of wid-2SLS and pwid-2SLS driven by various
kernels. We use the same DGP and model condition as in Section 6 of the main paper and estimate the
unknown structural parameter 6, by wid-2SLS. Six kernels are employed. They are BMK, BBK, SEK with
52 =0.1,0.01,0.001, and the Dirac delta function by an approximating sequence as explained below. Figure
A.1 shows the functional shapes of the first five kernels. All of them are symmetric around the diagonal and
the SEKs are flat over the diagonal. As s2 decreases, the maximum value of the SEK increases and its
volume is more concentrated on the diagonal. This property ensures that SEK gets closer to the Dirac delta
function §(-, o) as s2 — 0.

The sample bias and variance of the wid-2SLS estimator driven by each kernel are computed. The
number of replications is 15,000, and we observe how the sample bias and variance evolve as n increases,
using the sample average and sample variance of /n(6, — 6,), for n € {200,500,1,000,1,500}. The
sample bias and sample variance are reported in Tables A.1 and A.2, respectively. The asymptotic variances
are given in the bottom row of Table A.2 and obtained using the analytic asymptotic variance formula given
in Corollary 5.

The findings are summarized as follows.

(i) For each continuous kernel in Table A.1, the sample bias reduces as n increases. On the other hand,
the sample bias increases for the Dirac delta function, and the sample biases are approximately /n/3.
This corroborates Corollaries 4 (iii) and 5. Given that v = % and x = 0 for the current DGP, applying
Corollary 4 (iii) implies that (én —6y) LN 12 ¢, which is % as shown in Section A.2.2. From this, the
asymptotic bias of /n(6, — 6,) is close to \/n/3.

(ii) For the SEKs, the sample bias from s> = 0.001 is overall greater than the others. This behavior
follows from the fact that SEK approaches the Dirac delta function as s> — 0. Therefore, for fixed n,
if 52 is too small, the sample bias increases, as discussed in the remark below Corollary 2.

(iii) For each continuous kernel in Table A.2, the sample variance converges to its limit as n increases.
The limit variance is smallest when using the SEK with s2 = 0.001, and it further decreases to 1.00
if we let s? converge to 0. So the asymptotic variance is no smaller than 1.00. This variance can be
obtained by applying the Dirac delta function to the asymptotic covariance matrix formula.

(iv) From Table A.2, the sample variance is smallest when the Dirac delta function is used for wid-2SLS
estimation. But in this case the estimator suffers from bias. Also, the sample variance differs from

the limit variance, so that the asymptotic variance given in Corollary 5 does not apply for the Dirac
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delta function kernel. Corollary 4 (iii) does not provide the asymptotic distribution of (6,, — 6, — 1; t)
for v = % In Section A.2.2, we analytically derive the limit variance for the current DGP, and the
derivation shows that the asymptotic variance is 0.50 given in (A.16), which is close to the sample

variance. OJ

We next estimate the unknown parameter by pwid-2SLS. As for wid-2SLS, the same six kernels are

used.

The sample bias and sample variance of the pwid-2SLS estimator driven by each kernel are reported

in Tables A.3 and A.4. The number of experiments is 5,000, and we examine how the sample bias and

sample variance evolve as the sample sizes (n and m) increase. Here, the sample bias and sample variance

are those of \/n(6, — 0,). We let m = 1,000 or 2,000 and consider {n € 100,200, 500, 1,000}. Since the

IVs are iid with respect to the instrument index, the optimal weight of the pwid-2SLS is 1/m. In addition, we

provide the corresponding limit variances in the bottom row of Table A.4. These are obtained analytically

by letting n, m — oo, similar to (16).

The findings are summarized as follows.

®

(i)

(iii)

(iv)

v)

(vi)

For each continuous kernel in Table A.3, the sample bias decreases as n increases. On the other
hand, the sample bias increases as n increases for the Dirac delta function, and the sample biases are
approximately /n/3. These features match those for wid-2SLS.

Focusing on the SEKs, the sample bias from s? = 0.001 exceeds the others. As s> — 0, the SEK
approaches the Dirac delta function. So, for fixed n as s? reduces, the sample bias increases. This
also matches the findings for wid-2SLS driven by the SEK with s? = 0.001.

Overall, the sample bias is smallest when employing the SEK with s> = 0.10. In addition, increasing
m does not modify the results substantially, implying that letting m = 1,000 is already too large to
obtain a marginally significant improvement.

For all the continuous kernels, the limit variances are unity. This level is the smallest variance level
that can be achieved by wid-2SLS. For each continuous kernel in Table A.4, the sample variance
converges to its limit as n increases.

Overall, the sample variance from the continuous kernels is smallest when using SEK with s? =
0.001. In addition, increasing m does not modify the sample variance substantially.

From Table A.4, the sample variance is smallest when the Dirac delta function is used. Even so, this
procedure is not useful in practice due to its bias and its sample variance is quite different from the

limit variance. This finding is shared by wid-2SLS driven by the Dirac delta function. U
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A.2.2 wid-2SLS with the Dirac Delta Kernel

This section reports simulations to assess the performance of wid-2SLS driven by the Dirac delta kernel
under the same DGP and model condition as in Section 6 of the main paper. The DGP condition in Section
6 delivers the limit distribution of the statistics relevant to the wid-2SLS. As before, for each j, we let
ﬁn,j and @n,j be the j-th row element of ﬁn =n"1Z'X and ©,, ;== n"1Zu, respectively and further let

(]gn s Wnj) = \/ﬁ(ﬁnm Wy, ;). Then, the following weak convergence holds

QL

e W v dBy(w) | | 1 -1 SO | dW(u)
0 WZ (=B +1) /o dB.(w) | | -1 2 /o AWVa(u) |

where Ws() and VNVQ() are two independent Wiener processes, and the coefficient matrix of the stochastic
integral of [17\75(), Wa()]’ in (A.14) is the square root of the limiting global covariance matrix of £, (1).
This weak convergence also implies that v = % and k = 0 as before. The application of the invariance
principle here uses the fact that for 7 # 7, (—]Sm, Wy,;) is asymptotically independent of (—ﬁn,j, Wn,5) .
The asymptotic bias of wid-2SLS arises from the dependence of dB,(-) and dB,(-). Note that b, =
0. — (ﬁ,@i; 1]3n)—1 (—ﬁn)’ i; L%, wherein 3,, is Bickel and Levina’s (2008) regularized covariance matrix
estimator obtained by setting their parameter « to be proportional to n. This implies that Assumption 8 (i)
holds and that @n asymptotically converges to an identity integral transform operator. With this setting it
follows that P.S-1P, = (Hy,(-), Hyu(+)) + op(1) % 3 and, similarly, (=P)S7 @, = (Ha(-),Gn() +
op(1) LA fo u— = fo du = —1. Thus, ,, — 0, E>1/3, giving the asymptotic bias of wid-2SLS as 1/3.
This asymptotic bias corresponds to ¢ ¢ in Corollary 4 (iii).
We next explore the sampling distribution of wid-2SLS. Although the limit theory was not given in
Corollary 4 (iii), it can be derived here specifically for the given DGP via the limit distribution of \/ﬁ(@\n —
0. — 1/3). To do so, we use a second-order approximation obtained by eliminating the correlation between

P, ; and wy,; and considering the limit distribution of ﬁg ;- From the DGP conditions we have

gy = LS [ @iy =0 ] /“ ABpow) | | 9 135 | /<~> AW (u)
nOI | (B2 -3) 0 | dByy(u) 135 405 | Jo | dWy(u)
(A.15)

where ()7\71 (), Wg())’ is a vector of two independent Wiener processes. The matrix factor of the Wiener
integral in (A.15) is the square root of the global covariance matrix of m,,(1). After some algebra, we have

for each j, E[(P,, jWn; — 1)%] = 4+ o(1); and if i # j, B[(Py Wi — 1)(Py W, — 1)] = 5/n + o(n™1).
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This yields n=1 >0 | > i1 E[(P,iWn; — 1)(PnjWnj — 1)] = 9 + o(1); and, similarly, the asymptotic
global variance of n"s 2?21(1337 I 3) is found to be 40.5 and the global asymptotic covariance between
n=z E:L:l(lggj — 3), and n=z Z?ﬂ(ﬁn,jwn,j — 1) is found to be 13.5, giving (A.15). The asymptotic

distribution of wid-2SLS is obtained by combining these two properties. Thus

Vi(ln — 0. = 1/3) = =(PyE; Bo) V(= Po) S5 0 + 1) + V(S Pa) ™ = 1/3)

15 15 1

using the fact that cov(gpw(l), gpp(l)) = 27/2. This asymptotic variance 1/2 is estimated by the sample
variances of the wid-2SLS and pwid-2SLS estimators that are reported in Tables A.2 and A.4.

To corroborate the limit theory A/(0, %) in (A.16) by simulation we generated independent data sets for
the given DGP conditions and computed /n (5n —60,—1/3) using the formula for wid-2SLS and Neumann’s

series expansion in the computation. In addition, we computed

k -1k
é\n,lc = <Z(§n,th()7Hn())> (Z(én,th()vcn())> 9

h=0 h=0

and examined the finite sample distribution of \/ﬁ(gnk — 0, — 1/3) by simulation for different levels of n
and k, where ¢, (-) is the cadlag process constructed from ¢,, := n~1Z'y.

Simulations were conducted according to the following plan: (i) observations were generated and both
Va0, — 6, —1/3) and \/ﬁ(ank — 0, — 1/3) were calculated for sample sizes n € {50,100, 200, 300}
with £ € {10, 50,100, 200}; and (ii) 3,000 replications were used to obtain the empirical distribution of
vn (@\n r—0+«—1/3) and 12, 000 were used for the distribution of \/n (§n —6,—1/3). The results are reported
in Tables A.5 and A.6. Table A.5 reports the sample averages of \/ﬁ(an —0,—1/3) and \/ﬁ(ank —0,—1/3)
for each k, and Table A.6 reports their sample variance. The findings are as follows:

(i) For each k = 10,50, 100, and 200, the finite sample biases of /n(, — 6, — 1/3) and \/ﬁ(QAnk -
6. — 1/3) are very close to zero. In addition, the sample variances are also close to %

(i) Despite the numerical differences in Table A.5, the overall differences between the distributions and
the A(0, 3) limit are negligible. Figure A.2 shows the distributions of \/ﬁ(gnk — 60, — 1/3) for each
n and (0, 1), revealing that the finite sample distributions of ﬁ(gnk — 0, — 1/3) differ little from
the limit theory even when k and n are moderately sized. So the distribution of gn appears to be very

well approximated by that of é\n k- U
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A.3 Supplementary Empirical Results

This section provides empirical analyses supplementing those reported in Section 7 of the main paper. As
Table 3 in the paper reports, estimation results are similar for pwid-2SLS estimation driven by BMK and
BBK kernels. We investigate this further here by considering the sampling distributions of the pwid-2SLS
estimators. As discussed in Section 7 of the paper, the moment condition orders are permuted randomly
5,000 times with replacement and each permutation used to estimate by wid-2SLS. Figure A.3 shows the
histogram of the distribution based on 5,000 estimates using the BMK kernel. For each cohort, the sample
average of the estimates are reported in Table 3 along with 90% and 95% ranges. Figure A.4 shows the
histogram of the distribution based on the 5,000 estimates using the BBK kernel. As evident in these figures,
the distributions are bell-shaped and are similar to each other.

To explore this similarity further we proceed to test whether the distributions of the pwid-2SLS esti-
mators driven by BMK and BBK are identical. For this purpose, we apply the two-sample Kolmogorov-
Smirnov (KS) test. Table A.7 reports the findings. For each cohort and for each model, we compute the
two-sample KS-test along with its p-value. The outcome of the test shows that the two empirical distri-
butions are identical in each case. Only for the basic model combined with 1940-1949 cohort data is the
p-value less than 1%. The other p-values exceed 5%, meaning that the hypothesis that the two distributions
are identical cannot be rejected for the 1920-1929 and 1930-1939 cohorts. The rejection for 1940-1949
cohort does not mean that the two empirical distributions differ substantially. In fact, Figure A.5 shows the
empirical distributions and the distributions are evidently close in each case. This outcome corroborates the

finding that BMK and BBK kernels do not yield significantly different estimates.
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SEK SEK SEK Dirac delta
n\ Kernels BMK BBK
(s> =0.10) (s> = 0.01) (s?> = 0.001) function
200 —0.0701 —0.0994 —0.0271 0.1712 0.6955 4.7104
500 —0.0282 —0.0405 —0.0174 0.1029 0.4646 7.4373
1,000 —0.0348 —0.0444 —0.0091 0.0590 0.3366 10.538
1,500 —0.0346 —0.0379 —0.0063 0.0447 0.2792 12.908

Table A.1: SAMPLE BIAS OF WID-2SLS. Each cell reports the finite sample bias of \/ﬁ(Gn — 6,.) obtained
by 15,000 independent experiments, where 6, is the wid-2SLS estimator driven by BMK, BBK, SEKs with
52 =0.10, s2 = 0.01, s = 0.001, and the Dirac delta function, 6(- — o).

SEK SEK SEK Dirac delta
n\ Kernels BMK BBK
(s2=0.10) (s2=0.01) (52 =0.001) function
200 1.2556 1.4499 1.0751 1.0032 0.8723 0.5272
500 1.2168 1.3552 1.0229 1.0057 0.9532 0.4987
1,000 1.2118 1.3208 1.0388 1.0299 0.9739 0.5070
1,500 1.1946 1.3508 1.0353 1.0219 0.9603 0.5063
acov[y/n(f, —6,)] | 1.2000  1.2000 1.0251 1.0200 1.0071 1.0000

Table A.2: SAMPLE VARIANCE OF WID-2SLS. Each cell reports the sample variance of \/ﬁ(en )
obtained by 15,000 independent experiments, where 0,, is the wid-2SLS estimator driven by BMK, BBK,
SEKs with s2 = 0.10, s2 = 0.01, s2 = 0.001, and the Dirac delta function, 0(- — o). The bottom line
contains the asymptotic variance analytically obtained by letting n — co.
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m 2\ Kemnels BMK BBK SEK SEK SEK Dirac delta
(s =0.10) (s> =0.01) (s =0.001) function
100 —0.0954 —0.1462 —0.0386 0.2273 0.9352 3.3235
1,000 200 —0.0635 —0.0965 —0.0245 0.1631 0.7228 4.6990
500 —0.0242 —0.0442 0.0000 0.1188 0.5001 7.4554
1,000 —0.0476 —0.0613 —0.0307 0.0535 0.3363 10.521
100 —0.0783 —0.1296 —0.0212 0.2472 0.9377 3.3559
2,000 200 —0.0563 —0.0894 —0.0174 0.1706 0.7057 4.7118
500 —0.0936 —0.1137 —0.0694 0.0503 0.4772 7.4359
1,000 0.0110 —0.0029 0.0281 0.1119 0.3287 10.549

Table A.3: SAMPLE BIAS OF PWID-2SLS. Each cell reports the finite sample bias of V/n(0,, — 0,) obtained
by 5,000 independent experiments, where 6, is the pwid-2SLS estimator. Six kernels are used for the
simulation: BMK, BBK, SEKs with s? = 1.00, s> = 0.10, s> = 0.01, and the Dirac delta function, §(- — o).

- 2\ Kemnels BMK BBK SEK SEK SEK Dirac delta
(s> =0.10) (s =0.01) (s2 =0.001) function
100 1.0983 1.1370 1.0579 0.8995 0.6577 0.5245
1,000 200 1.0073 1.0226 0.9898 0.9119 0.7495 0.5133
500 0.9725 0.9780 0.9660 0.9352 0.8736 0.4939
1,000 1.0043 1.0067 1.0018 0.9861 0.9493 0.5022
100 1.1229 1.1623 1.0823 0.9189 0.6393 0.5004
2,000 200 1.0195 1.0350 1.0022 0.9234 0.7586 0.5169
500 1.0354 1.0410 1.0287 0.9965 0.8868 0.4973
1,000 1.0042 1.0070 1.0008 0.9849 0.9358 0.5028
acov[y/n(f, —6.)] 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Table A.4: SAMPLE VARIANCE OF PWID-2SLS. Each cell reports m x the sample variance of \/n(6,, — 0..)
obtained by 5,000 independent experiments, where 6, is the pwid-2SLS estimator. Six kernels are used for
the simulation: BMK, BBK, SEKs with s* = 1.00, s> = 0.10, s* = 0.01, and the Dirac delta function,
d(- — o). The bottom line contains the asymptotic variance analytically obtained by letting n and m — oo.
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n\ Estimators k=10 k=150 k =100 k =200 k=00
50 0.0149 —0.0174 —0.0002 0.0212 0.0124
100 —0.0276 —0.0306 0.0196 0.0286 0.0052
200 —0.0041 —0.0187 0.0117 0.0094 0.0091
300 —0.0042 —0.0130 0.0212 —0.0077 0.0031

Table A.5: SAMPLE BIAS OF WID-2SLS. Each cell reports the finite sample mean of \/ﬁ(gnk —0,—1/3)
that is obtained by implementing 3,000 independent experiments. If & = oo, the cell reports the sample
variance of /n(6;, — 0, — 1/3) that is obtained by implementing 12,000 independent experiments. Here, k
is the degree of Neumann’s series expansion, and if £ = oo, the inverse matrix of X3, is directly used as the

weight matrix.

n\ Estimators k=10 k=50 k =100 k = 200 k=oco
50 0.5534 0.5191 0.5138 0.5299 0.5267
100 0.5396 0.5040 0.5196 0.5235 0.5206
200 0.5094 0.5139 0.5063 0.5438 0.5177
300 0.5089 0.4965 0.5252 0.5066 0.5088

Table A.6: SAMPLE VARIANCE OF WID-2SLS. Each cell reports the sample variances of \/ﬁ(gnk — 0, —
1/3) that is obtained by implementing 3,000 independent experiments. If & = oo, the cell reports the sample
variance of \/ﬁ(gn — 6, — 1/3) that is obtained by implementing 12,000 independent experiments. Here, k
is the degree of Neumann'’s series expansion, and if k¥ = oo, the inverse matrix of in is directly used as the
weight matrix.

Data 1920-1929 Cohort 1930-1939 Cohort 1940-1949 Cohort
Test \ Models Basic Extended Basic Extended Basic Extended

KS-test 0.026 0.014 0.023 0.015 0.036 0.019

p-value (%) 6.700 70.84 12.18 57.38 0.240 27.82

Table A.7: TWO-SAMPLE KS TESTS AND THEIR p-VALUES. This table shows the results obtained from
the two-sample KS test applied to the sample distributions of the wid-2SLS estimators driven by BMK and
BBK. For each cohort, we estimate the basic and extended models by wid-2SLS assuming BMK and BBK
kernels. In total, the moment conditions are permuted 5,000 times with replacement to obtain the sampling
distribution.
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0.0 0.0
(a) Brownian motion kernel (b) Brownian bridge kernel
1.0
1.0

0.0 0.0

(c) Squared exponential (s> = 1.00) (d) Squared exponential (s> = 0.10)

0.0

(e) Squared exponential (s> =0.01)

Figure A.1: KERNEL FUNCTIONS. These graphics show the functional shapes of the kernels used in the
additional simulations.
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Figure A.2: EMPIRICAL DISTRIBUTIONS OF WID-2SLS. For £ = 50, 100, 200, 300, each figure shows

~

the empirical distribution of /n(6,, ; — 6 — 1/3) obtained from 3,000 replications. For comparison, the
distribution function of N (0, %) is drawn. Here, k is the degree of Neumann’s series expansion, and for

k = oo, the inverse matrix of 3, is directly used as the weight matrix.
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Figure A.3: DISTRIBUTIONS OF THE WID-2SLS ESTIMATOR DRIVEN BY BMK. This figure shows the
histograms of the estimated coefficients of the schooling years. For each cohort, we estimated the basic and
extended models by wid-2SLS driven by BMK. In total, the moment conditions are permuted 5,000 times
with replacement to obtain the sampling distribution, which is drawn as a histogram using 80 bins.
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Figure A.4: DISTRIBUTIONS OF THE WID-2SLS ESTIMATOR DRIVEN BY BBK. This figure shows the
histograms of the estimated coefficients of the schooling years. For each cohort, we estimate the basic and
extended models by wid-2SLS driven by BBK. In total, the moment conditions are permuted 5,000 times
with replacement to obtain the sampling distribution, which is drawn as a histogram using 80 bins.
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Figure A.5: EMPIRICAL DISTRIBUTIONS OF THE WID-2SLS ESTIMATORS DRIVEN BY BMK AND BBK.
This figure shows the empirical distributions of the estimated coefficients of the schooling years. For each
cohort, we estimated the basic and extended models by the wid-2SLS driven by BMK and BBK. In total,
the moment condition is permuted 5,000 times with replacement to obtain the empirical distribution.
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A4 Glossary of Notation

Notation Explanation Notation Explanation

(@ (), an () (én(')liﬁlén(')vnqn(')) (Gn(-);Gn(+)) (n™ 1 327 Un(wt, ), nGn(:)

(n, $n) (sample size, moment size) Sx limit of s, /n

On argmingee qn(0) Gn(-) VnGn(-)

Sit weight matrix Ho « E[VoUn (wt, 0+)]

on(-,0) cadlag representation of S &n(-,0) cadlag representation of f]; 1

o(+) Dirac delta function £(+,0) limit of &5, (-, 0)

= integral transform operator with &, (-, o) = integral transform operator with £(-, o)

gn(*) cadlag representation of G, (6+) an (") vngn ()

0 cadlag representation of 7, Unp, a random variable satisfying CLT

Hy(+) cadlag representation of VG, (6x) (An,dn) ([éan(),Hn()L [éan()vgn()])

i (+) cadlag representation of i, w(-) limit of pin (+)

o) limit of 5577 () an(") 5270 [ (57" () — o (w)du
1

sn() 52 Jo ) @n(w) = 1 (u)iin)du () (sn (), an ()"

u weak limit of wy, Be() BM and B (-) = (Bs(+), Ba(:)")’

We(+) Wiener process e global covariance matrix of £, (1)

Ry [1,01x4] 0'3 Ry Z%R'l

Ts V5«[dBa(-), dBs(-)] (Ae, Ar, Af) (s O [Bu(), w()], Ts + Ae)

T, 5.[dBa (), dBa ()] B, o2(Ep(), Zu()]

(¥s, ) (A s, — AL ) wr(:,0) £(0) = AC)ATIAC)

11, integral transform operator with 7 (-, o) A(Y) Eu(-)

n () sz "2 f§7 (s Ha(u) = o (u))du Hi () ViH ()

(A dn) (Bn (). Hn ()], B (), () Bl (sn()an()Yy

We(+) Wiener process Be(+) BM and By(-) = (Bs(+), Ba(:)")’

5 0 global covariance matrix of Zn(l) G2 Ry if R

B, F212u(-), Bu()] £(+,0,02) squared exponential kernel

Q permute matrix Cn Sp!

w vector of weights O (w) P wplF,

4 permuted GMM (Pn, Pp) (n=12'X,\/nP,)

(Cn, Mn) (n=1Z'y,n 1 X'y) (W, Sn, Wn) (n=YZu,n~ 1 X u, /i)

7s Vs<ldBa(-), dBs ()] Ag sx[dBa(-), dBs ()] + Ae

(12;5, "Zf) (_Ae_l;s’ _g;l;s Tn (Sn”)_l 2521 ?:1 Zii

én(-) cadlag representation of ¢y, (-) (o(),7) limit of (¢ (-), sn* oy E[zf’z])

Qazin, Qaa) (07 XX, Efzea}]) in() s3 7m0 (s B ) — pn ()

kn n_% Sy (ueve — Elugvg]) K weak limit of k.,

bn() (sn(),d@n (), En (1)) By(-) BM and By () = (Bs(-), Ba(-)', Be()')’

b global covariance matrix of £, (1) We Wiener process

H U, Ky Ag Af =%z

52 Ry Z%R'l R [1,01%24d]

R [Oax (1+4d)> Laxd] b(-) B() + s«79(")

0 (b(-), 1] On —(Pr S5 P) "N (= Pa) S5 e

Yo global covariance matrix between £, (1) and by, by (Un, k)’

Ei covariance matrix of H Ei covariance matrix of

Ok global covariance matrix between sy, (1) and ky, i]ck global covariance matrix between ¢y, (1) and kyp,

oy Eluiz} ;] ! [En(),1]

én() 5873 [ (o Ha(w) — pin (1)) G () — 0 (w)in) — 7o 5K 2

32 821b(-),b()] + v/SxoR1 X3 RE + /5 R3S R o + s R3YF R

Hy, 32+ Ey (05 sk + 85,0") + 5ey(Bek + 5,) + 5.4252

Table A.8: NOTATION GLOSSARY. This table collects the notation used throughout the paper.

27



