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Abstract
In GMM estimation it is well known that if the number of moment conditions grows with the sample
size, GMM asymptotics differ from the standard case with moment size fixed as the sample size tends to
infinity. The present work explores infinite dimensional GMM estimation under various conditions on
the moment conditions and the weight matrix. Our approach employs a partial sum process formed by
the moment conditions to represent high dimensional moments and an invariance principle to capture the
infinite dimensional asymptotics as the moment size grows. Next, the GMM weight matrix is assumed
to converge to one of two kernels at the limit: a continuous kernel or the Dirac delta function. Com-
bining these different conditions enables development of a large sample theory for most efficient GMM
estimation. The effects of permuting the moment conditions on GMM efficiency are also explored. The
resulting theory is applied to weak instrumental variable estimation and the Angrist and Krueger (1991)
data are re-analyzed in an empirical application of the new methods.
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1 Introduction

Structural estimation using many moment conditions has long been popular in several areas of applied

economic research. For example, Angrist and Krueger (1991) in a now classic paper of labor economics

estimated the monetary return to education using the instruments formed by an individual’s birth year and

quarter coupled with their interactions involving other relevant variables. In empirical finance, Jagannathan,

Skoulakis, and Wang (2002) employed generalized method of moments (GMM) estimation formed by many

moment conditions in estimating asset pricing models. In such applications, efficient estimation of the

structural parameters is a useful primary goal. It is critical, for instance, in the determination of an education

policy to estimate the returns to education as precisely as possible in learning the role of education in the

labor market. Likewise, it is a central interest of financial analysts and investors to better understand the

mechanisms of asset pricing and the differing returns from different assets.

In spite of this popularity, structural parameter estimation using standard GMM and instrumental vari-

able (IV) techniques can be misleading as Phillips (1989); Staiger and Stock (1997); Chao and Swanson

(2005) and much later research have pointed out. The strength, number (sn) and stochastic properties of the

moment conditions as well as the weight matrix used in defining the GMM distance all have roles in the

limit behavior of standard GMM estimation. If even one of these components behaves irregularly, standard

GMM asymptotics can fail. For example, if identically and independently distributed (iid) IVs are irrelevant

or weak with numbers proportional to the sample size, two-stage least squares (2SLS) is asymptotically

biased. The existing literature has provided various approaches to estimation in seeking to resolve the many

issues associated with weakness and multiple moment conditions. For example, Nagar (1959) and Donald

and Newey (2001) suggested removing bias and asymptotic bias by using bias-corrected 2SLS (bc-2SLS);

and Anderson and Rubin (1949) and Anderson (2005) suggested limited information maximum-likelihood

(LIML) estimation as an alternative approach to bias reduction. But their efficiency and mean squared error

levels coupled with methods of improving these and allowing for infinite dimensional cases have not been

systematically investigated in the literature.

The present study aims to provide in such irregular settings a systematic approach to infinite dimensional

GMM (id-GMM). Just as in standard GMM analysis, efficient estimation remains an important element in

id-GMM analysis. But as yet the literature has not tackled this aspect of the subject in depth. To achieve this

goal and deal with the complexity of efficiency analysis in id-GMM we employ representations involving

function space inner products associated with integral transforms that enable a systematic study of asymp-

totic efficiency. This approach which involves discretization in finite samples was developed recently in
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related work (Cho and Phillips, 2025) that dealt exclusively with Brownian motion and Brownian Bridge

kernel covariance functions that apply in some particular cases.

The following discussion outlines the general approach taken in the present paper. We first assume that

the moment conditions for GMM can be used to define a corresponding partial sum process. The number

of moment conditions sn is assumed to be proportional to the sample size n and the moment conditions are

organized to satisfy an invariance principle with the partial sum process weakly converging by functional

limit theory to a Wiener process (e.g., Phillips and Solo, 1992; de Jong and Davidson, 2000; Ibragimov

and Phillips, 2008). This approach differs from that taken in Cho and Phillips (2025) who study GMM

estimation with moment conditions that explicitly form a particular Gaussian process as sn tends to infinity.

We distinguish the two infinite dimensional GMM (id-GMM) estimations by naming the first extended

infinite dimensional GMM (xid-GMM) and the latter ordinary infinite dimensional GMM (oid-GMM). The

asymptotic theory turns out to be substantially different between xid-GMM and oid-GMM estimations.

The limit theory for xid-GMM estimation is established by supposing two general types of weight ma-

trices for the moment conditions under certain conditions. Specifically, we suppose xid-GMM is conducted

under either strong or weak moments, noting that many empirical applications employ moments that are

considered to be weak, while classical GMM asymptotics assume strong moments. In addition, the weight

matrix is assumed to converge as sn → ∞ either to a continuous kernel or to the Dirac delta function. In the

first case, an arbitrary positive-definite continuous kernel limit function is assumed for the weight matrix,

important practical examples of which include the Brownian motion kernel (BMK), the Brownian bridge

kernel (BBK), segmented BMK or BBK kernels (Phillips and Jiang, 2025), and the squared exponential

kernel (SEK). In the second case, the weight matrix is assumed to have the limiting form of the Dirac delta

function, which is the kernel of the identity integral operator. The latter is motivated by the case where the

instrumental variables (IVs) in GMM are iid. If sn is fixed and finite, the optimal weight matrix in that case

is the identity matrix, and the Dirac delta function is its infinite dimensional analogue.

The limit behavior of xid-GMM depends critically on the weight matrix. We select the two limiting

forms of weight matrices because they are instrumental in determining GMM asymptotics and provide

cornerstone extreme cases that enable the development of separate limit theory for xid-GMM relevant to

empirical work. Specifically, the 2SLS or GMM environments employed in earlier work can be regarded

as a variant of xid-GMM driven by the Dirac delta function. For example, the unweighted GMM examined

by Han and Phillips (2006) is GMM with a weight matrix converging to the Dirac delta function; and

Chao and Swanson (2005) and Newey and Windmeijer (2009) examine standard 2SLS and the continuous

updating estimator (CUE) formed by homoskedasticity/heteroskedasticity consistent weight matrix under
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weak moment conditions. We can view the limits of the weight matrices as variants of the Dirac delta

function in the sense that the limits are not continuous even for standard data. If the weight matrix converges

to the Dirac delta function or its variants and the moment size grows proportional to the sample size, xid-

GMM is not necessarily consistent for the unknown parameter as Chao and Swanson (2005), Han and

Phillips (2006), and Newey and Windmeijer (2009) discuss. However, if the weight matrix converges to

a continuous kernel, this outomce reverses. Even when the moment size grows proportional to the sample

size, xid-GMM is asymptotically unbiased and normal under strong and weak moment conditions as we

demonstrate below.

We further explore mechanisms to improve efficient estimation. Out of many weight matrices con-

verging to continuous kernels, we aim at choosing a weight matrix that delivers an improved xid-GMM.

Our approach notes that information matrix equality is attained if the kernel function used to compute the

asymptotic covariance matrix of an xid-GMM is the Dirac delta function, although its discontinuity prevents

practical implementation. Instead, we explore an xid-GMM that is driven by a continuous kernel which is

asymptotically close to the Dirac delta function. Although the efficiency of the xid-GMM designed in this

manner may not reach the efficiency level attained by the Dirac delta function, its efficiency improves as

sn, n → ∞ and does so without inducing asymptotic bias. The environmental setting for this approach is

discussed in the paper and a similar approach is explored for bc-2SLS. This technique seeks to take advan-

tage of the good features of both approaches while reducing exposure to their respective disadvantages.

Further enhancement of xid-GMM estimation is possible to improve its efficiency. If the moment condi-

tion dimension sn is large, the moments can be permuted in a vast number of ways, with each permutation

producing different estimates even for the same weight matrix. Using these different estimates we may de-

fine another estimator, which we term permuted xid-GMM (pxid-GMM), and develop a procedure for which

pxid-GMM is asymptotically more efficient than each individual xid-GMM. Our procedure also tackles the

computational challenge involved in the inversion large matrices multiple times in xid-GMM estimation

by using truncated Neumann series expansions which lead to a substantial improvement in computational

efficiency.

The paper is organized as follows. Section 2 motivates xid-GMM and examines the limit theory under

the two types of moment conditions and the two types of weight matrices employed. The pxid-GMM

estimator is defined and analyzed in Section 3. Section 4 focuses on 2SLS with weak IVs and examines

bc-2SLS. Section 5 discusses the use of the Neumann series expansion in computation and Section 6 reports

the findings from simulations that explore the properties of the estimators defined in Sections 2-4. Section

7 applies the methodology to the empirical data provided by Angrist and Krueger (1991), and Section 8
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concludes. An Online Supplement contains proofs, technical material, and additional empirical results.

For ease of reference we introduce some notation. For an arbitrary function f(·) and j = 1, 2, . . ., we

use (dj/dxj)f(x̄) for (dj/dxj)f(x)|x=x̄. Euclidean distance is denoted ∥ · ∥, Lp(A) is the Lebesgue Lp

space overA, and I(·) is the indicator function. The notations C(2)(A) and C(A) denote the families of twice

continuously differentiable functions and continuous functions defined on A. Integral operators are shown

in boldface, and (a(·), b(·)) is the L2 inner product of a(·) and b(·), so that (a(·), b(·)) :=
∫
a(u)b(u)du. If

A(·) ∈ Ra and B(·) ∈ Rb, then [A(·), B(·)] denotes the Gramian matrix of A(·) and B(·), viz., the matrix

of inner products between the elements ofA(·) andB(·), so that [A(·), B(·)] is an a× bmatrix with (i, j)-th

element (Ai(·), Bj(·)). Remaining notation is defined as it is introduced in the paper and for convenience is

collected in a Glossary at the end of the Online Supplement in Section A.4.

2 Extended id-GMM Estimation

Standard finite dimensional GMM is an extremum estimator constructed by minimizing the GMM distance

q̄n(·) := Ḡn(·)′Σ̂−1
n Ḡn(·) with qn(·) := nq̄n(·), (1)

where n is the sample size and there is assumed to be a unique vector θ∗ ∈ Θ satisfying the moment

condition E[Ḡn(θ∗)] = 0, where Θ is a convex and compact parameter space that is a subset of Rd (d ∈ N).

The sample moment vector Ḡn(·) in (1) is given by

Ḡn(·) :=
1

n

n∑
t=1

Un(wt, ·) and Gn(·) := nḠn(·),

with Un(wt, ·) : Θ 7→ Rs continuously differentiable on Θ with probability 1, and where Σ̂n ∈ Rs×s is a

symmetric, positive-definite matrix for each n. Here, {wt ∈ Rr : t = 1, 2, . . . , n} is a sequence of strictly

stationary and ergodic random variables defined on a complete probability space. We let θ̂n denote the

GMM estimator, viz., θ̂n := argminθ∈Θ q̄n(θ), and call the dimension s of Gn(·) the size of the moment

conditions.

Typically, the moment size s is invariant to the sample size n, although this is not always the case in

practical work. Theory often provides a large number of possible moment conditions and practical imple-

mentations of GMM can reveal the potential for additional conditions in large datasets. Hansen (1982) and

Bates and White (1985) among many others examine the asymptotic behavior of the GMM estimator for the

case where Σ̂n is a consistent covariance estimator for Σ∗, say. If Σ∗ is the covariance matrix of Un,t(θ∗) and

H∗Σ
−1
∗ H ′

∗ is positive definite, under standard conditions the GMM estimator is asymptotically normal and
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efficient with limit distribution
√
n(θ̂n − θ∗)⇝ N (0, (H∗Σ

−1
∗ H ′

∗)
−1), where Un,t(·) abbreviates Un(wt, ·)

and H∗ := E[∇θUn,t(θ∗)].

The formulation in the present paper allows the moment size to depend on the sample size, so that

s = sn. Similarly indexed as being sample size dependent in dimension are Σn,∗ = cov(Un,t(θ∗)) and

Hn,∗ = E[∇θUn,t(θ∗)]. We assume that sn → ∞ diverges proportionally to n, so that sn = s∗n + o(n)

for some s∗ > 0. Estimation in this context is referred to as infinite dimensional GMM (id-GMM). A

number of earlier studies examine econometric models under similar divergence conditions in addition to the

examples below (e.g., Carrasco and Florens, 2000; Ledoit and Wolf, 2003; Shi, 2016). Our work is motivated

particularly by the popular econometric approach 2SLS, but allows for weak IVs and IV dimension that tends

to infinity, which we call weak infinite dimensional 2SLS (wid-2SLS).

Example (wid-2SLS). In a standard linear structural model 2SLS has the following general form

θ̂(s)n := (X ′Z(Σ̂(s)
n )−1Z ′X)−1X ′Z(Σ̂(s)

n )−1Z ′y,

where y is an n-vector of observations of a dependent variable yt ∈ R, Z is an n× s matrix of IVs zt ∈ Rs,
X is the n× d observation matrix of d explanatory variables xt ∈ Rd, and Σ̂

(s)
n is a consistent estimator of

a positive-definite matrix Σ(s). Let ut := yt − x′tθ∗ be the structural equation disturbance and suppose that
{wt := (x′t, z

′
t, ut)

′ ∈ Rd+s+1 : t = 1, 2, . . . , n} is a sequence of iid observations. Under this condition
and setting Ḡn(θ) = n−1Z ′(y − Xθ) and Σ̂n = Σ̂

(s)
n , 2SLS is in standard GMM form, minimizes q̄n(·),

and satisfies θ̂(s)n
P→ θ∗ with asymptotic distribution

√
n(θ̂

(s)
n − θ∗) ⇝ N [0, (P ′(Σ(s))−1P )−1], where

P := E[ztx′t].
The GMM framework for 2SLS estimation may be extended to accommodate high dimensional and

weak instruments by setting s = sn with sn/n → s∗ > 0 and using local-to-zero conditions on instrument
relevance so that E[ztx′t] = O(n−

1
2 ), the latter implying that the sn × d matrix E[ztx′t] has an increasing

number of rows all of whose elements tend to zero at the special rate O(n−
1
2 ) as n → ∞. Angrist and

Krueger (1995), Donald and Newey (2001), and Hahn, Hausman, and Kuersteiner (2001) explore empirical
settings and models with large numbers of instruments, and Staiger and Stock (1997) consider models with
a finite number of weak instruments having the special setting of O(n−

1
2 ) relevance as n → ∞. The latter

setting is made primarily for asymptotic convenience and many other formulations are possible. In fact,
weak IV with the specific moment matrix formulation of the order O(n−

1
2 ) is an example of a more general

problem that arises in econometric modeling in the presence of a weak regression signal (Phillips, 2016).
A large literature has emerged following this early work on modified 2SLS and IV estimation under

such extensions. Chao and Swanson (2005), Han and Phillips (2006), and Newey and Windmeijer (2009),
among many others, explore the asymptotic properties of 2SLS in such circumstances. The primary lesson
to emerge from these works is that the standard GMM estimator is typically inconsistent for the parameter
of interest unless special conditions apply and that other procedures, conditions, or modifications to GMM
are generally needed to achieve consistency. However, even in the absence of consistency when instrument
relevance is of order O(n−1/2), IV estimation still carries information about the parameter of interest and
has limit theory that reflects what would in a Gaussian error setting be an exact finite sample distribution, as
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explained in (Phillips, 1989).1

As implied by the above research and as the following analysis shows, wid-2SLS entails quite different
asymptotic behavior from standard GMM estimation. The analysis given below provides conditions for wid-
2SLS to be consistent for the parameter of interest and to have an asymptotic normal distribution. Further,
it provides an environment under which wid-2SLS is asymptotically most efficient. For this purpose the
analysis provides a novel perspective on limit behavior by way of a stochastic integral representation. □

The limit behavior of id-GMM is influenced by the limiting properties of Ḡn(θ∗). Many variants are

possible and the present work focuses on the case, where
√
nḠn(θ∗) is weakly correlated and its partial

sum process converges to a stochastic integral. For such a case, more extensive analysis is required than

that conducted by Cho and Phillips (2025), who suppose the moment conditions form a specific Gaussian

process weakly. We refer to the current case as extended id-GMM (xid-GMM), whereas id-GMM in Cho

and Phillips (2025) is referred to as ordinary id-GMM (oid-GMM).

Other approaches have been pursued in the literature that are relevant to parameter estimation which

employs high dimensional moment equalities. Grenander (1981) developed a theory of abstract inference

in a function space setting that relates to the current approach taken here. Carrasco and Florens (2000)

work with a model that falls into the id-GMM estimation category. They note the associated covariance

operator does not generally satisfy Picard’s (1910) condition for the existence of a linear inverse operator

at the limit, and they instead obtain limiting properties by way of Tikhonov regularization using spectral

decomposition. Shi (2016) uses a different approach to parameter estimation by maximizing a constrained

empirical likelihood and selecting informative moment conditions under circumstances that are similar to

the current study. Donald and Newey (2001), Bai and Ng (2010), and Belloni, Chen, Chernozhukov, and

Hansen (2012) also explore parameter estimation with high dimensional moment conditions with a focus on

linear structural models. Donald and Newey (2001) assume s2n = o(n) and select the set of instruments by

mean squared error. Bai and Ng (2010) assume sn = o(n) and estimate parameters by exploiting a specific

data structure. Belloni et al. (2012) select ‘informative’ IVs by means of Lasso to estimate the unknown

parameter by 2SLS under the condition that log(sn) = o(n
1
2 ).

The following assumption provides a data generating process (DGP) framework that governs the data

properties and structures for xid-GMM estimation.

Assumption 1. (i) (Ω,F ,P) is a complete probability space on which the strictly stationary and ergodic
sequence {wt ∈ Rp : t = 1, 2, . . . , n} is defined;

1In the unidentified structural equation case, the exact distribution involves a rational function of central Wishart distribution
components, whereas in the weak O(n−1/2) IV case, the exact distribution involves a rational function of non-central Wishart
distribution components, for which the exact distribution is given in Phillips (1980). The central limit theory that delivers the weak
IV asymptotics in the specific O(n−1/2) setting then follows precisely as proved in (Phillips, 1989, Lemma 2.3), and as assumed
in Staiger and Stock (1997).
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(ii) for each n ∈ N, Un : Rp × Θ 7→ Rsn defines the component elements of the moment conditions
such that for each n and θ ∈ Θ, Un(·, θ) is a measurable function, and for each ω ∈ Ω0 ∈ F ,
Un(wt(ω), ·) ∈ C(2)(Θ) and P(ω ∈ Ω0) = 1;

(iii) for each n, there is a unique θ∗ ∈ Θ such that θ∗ is invariant to n, E[Un(θ∗)] = 0, and Σ̂−1
n is

symmetric and positive definite uniformly in n, where Θ ⊂ Rd (d ∈ N) is compact and convex, and
Un,t(·) := Un(wt, ·);

(iv) for each n, Hn,∗Σ̂
−1
n H ′

n,∗ is positive definite, where Hn,∗ := E[∇θUn(wt, θ∗)]; and
(v) sn/n = s∗ + o(1) for some fixed s∗ > 0. □

As in standard cases, the limit distribution of the xid-GMM estimator θ̂n is determined by the limit

behavior of the triplet (Ḡn(θ∗), Σ̂n,∇θḠn(θ∗)) by way of the linearized approximation of GMM by Taylor

expansion as

√
n(θ̂n − θ∗) = −

[
∇θḠn(θ∗)Σ̂

−1
n ∇′

θḠn(θ∗)
]−1 [

∇θḠn(θ∗)Σ̂
−1
n G̃n(θ∗)

]
+ oP(1), (2)

where G̃n(θ∗) :=
√
nḠn(θ∗). To characterize the limit behavior of xid-GMM, we translate the components

of the triplet to a form in which they are stochastic processes defined on the unit interval or unit square.

We first translate the weight matrix Σ̂−1
n by mapping the elements into the unit square. Given that Σ̂n is

an sn × sn matrix, it is possible to partition the unit square into s2n small squares and place the values of Σ̂n

at the crossing points so that a two-dimensional càdlàg function can be defined on [0, 1]2 as follows:

σ̂n(u1, u2) :=



0, if u1 ∈ [0, 1
sn
] or u2 ∈ [0, 1

sn
],

Σ̂
(j,i)
n , if u1 ∈ [ jsn ,

j+1
sn

), u2 ∈ [ isn ,
i+1
sn

), and j, i = 1, 2, . . . , sn − 1,

Σ̂
(sn,i)
n , if u1 = 1, u2 ∈ [ isn ,

i+1
sn

), and i = 1, 2, . . . , sn,

Σ̂
(j,sn)
n , if u1 ∈ [ jsn ,

i+1
sn

), u2 = 1, and j = 1, 2, . . . , sn, and

Σ̂
(sn,sn)
n , if u1 = 1, and u2 = 1,

(3)

where Σ̂
(j,i)
n is the j-th row and i-th column element of Σ̂n. Note that σ̂n(·, ◦) is a càdlàg function on

[0, 1]2 such that σ̂n(·, ◦) has a jump at each increment of (·, j/sn) or (i/sn, ◦), where i, j = 1, 2, . . . , sn.

In the same manner, we can also map the unit square to the values in Σ̂−1
n and assume that its limit shape

converges to a kernel ξ(·, ◦) with convergence rate s−rn for some r ≥ 0. More specifically, if we let ξn(·, ◦)

be a function defined on the unit square obtained by mapping the unit square to the values in Σ̂−1
n and form

Bn := [bn(
1
sn
), bn(

2
sn
), . . . , bn(1)]

′ and Cn := [cn(
1
sn
), cn(

2
sn
), . . . , cn(1)]

′, then for some r ≥ 0 and a

well-defined kernel ξ(·, ◦), we can create the following finite sample representation and limiting form

1

s2+rn
B′
nΣ̂

−1
n Cn =

1

srn

∫ 1

0

∫ 1

0
bn(u1)ξn(u1, u2)cn(u2)du1du2
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=

∫ 1

0

∫ 1

0
b(u1)ξ(u1, u2)c(u2)du1du2 + oP(1). (4)

Here, we let bn(·) := b(⌊n(·)⌋/n) and cn(·) := c(⌊n(·)⌋/n) with b(·) and c(·) being continuous functions

on [0, 1]. This formulation handles the complexity involved in the inversion Σ̂−1
n and makes it more readily

available for asymptotic analysis, as explained in Cho and Phillips (2025). For example, when Σ̂n is based

on a Brownian motion kernel (BMK) or Brownian bridge kernel (BBK), Lemma 1 (i.a) of Cho and Phillips

(2025) shows that ξ(·, ◦) is characterized by the generalized derivative δ′′(·−◦), where δ(·) is the Dirac delta

function.2 Furthermore, the double integral in (4) can be rewritten as an inner product involving an integral

transform operator of [0, 1]2. That is, if we let Ξn and Ξ be the integral transform operators with kernels

ξn(·, ◦) and ξ(·, ◦), respectively, viz., Ξ̂ncn(·) :=
∫ 1
0 ξn(·, u2)cn(u2)du2 and Ξc(·) :=

∫ 1
0 ξ(·, u2)c(u2)du2,

then ∫ 1

0

∫ 1

0
bn(u1)ξn(u1, u2)cn(u2)du1du2 = (bn(·), Ξ̂ncn(·)) and∫ 1

0

∫ 1

0
b(u1)ξ(u1, u2)c(u2)du1du2 = (b(·),Ξc(·)).

With this notation, (4) above can be rewritten as s−rn B′
nΣ̂

−1
n Cn = s−rn (bn(·), Ξ̂ncn(·)) = (b(·),Ξc(·)) +

oP(1).

For the present study, we assume two extreme cases for the limiting kernel ξ(·, ◦). First, let ξ(·, ◦) be

a continuous kernel on the unit square; and second, let ξ(·, ◦) = δ(· − ◦). These two limiting kernels are

selected deliberately, as now explained.

Picard (1910) provided necessary and sufficient conditions for the existence of an inverse operator. But

most kernels of interest do not satisfy the Picard conditions and regularization approaches are typically used

to address this challenge. Carrasco and Florens (2000) and Kirsch (1996), for example, regularize Σ̂−1
n

and examine the properties of the resulting estimators. The continuity condition here precludes the use of

regularization. The second kernel is motivated by the assumption that the moment conditions are iid. In this

framework, the covariance matrix of the associated moment conditions is diagonal for each n, and for finite

sn, the optimal GMM is defined by estimating using the identity matrix for the weight matrix. The infinite

dimensional version of the identity matrix is the Dirac delta function, motivating δ(·−◦) as the kernel of the

GMM distance, so that unweighted GMM can be viewed as GMM driven by the Dirac delta function. As

we demonstrate below, the limit behavior of xid-GMM is substantially different under each weight matrix

condition. Specifically, it turns out that xid-GMM is consistent and asymptotically normal if a continuous

2The intuition for this limiting kernel is that BMK is the covariance kernel of an integrated process, so that the inverse kernel is
associated with an ‘anti-integrated process’, viz., a differential, c.f., Carrasco, Florens, and Renault (2007).
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kernel is employed, whereas it is not necessarily consistent under the Dirac delta function but its asymptotic

variance is the smallest. In other words, if a continuous kernel is employed for xid-GMM, its efficiency level

turns out to be bounded from below by the asymptotic covariance matrix driven by the Dirac delta function,

meaning that a substantial degree of efficiency can be expected by letting ξ(·, ◦) be a continuous function

close to δ(· − ◦). The two kernels are selected to exploit these features and are relevant in practical work as

shown in the empirical application of Cho and Phillips (2026).

These conditions are collected in the following assumption.

Assumption 2. (i) σ̂n(·, ◦) is positive definite for each n; and
(ii) for any càdlàg functions bn(·) and cn(·) converging to b(·) ∈ C([0, 1]) and c(·) ∈ C([0, 1]) weakly

or uniformly on [0, 1], there is an r ≥ 0 such that s−rn (Ξ̂nbn(·), cn(·)) = (Ξb(·), c(·)) + oP(1), with
limiting operator Ξ satisfying either of the following conditions:
(ii.a) an integral transform operator Ξ with a continuous kernel ξ(·, ◦);
(ii.b) an integral transform operator Ξ with ξ(·, ◦) = δ(· − ◦). □

We next transform Ḡn(θ∗) into a càdlàg function defined on [0, 1]. We define

gn(u) :=


0, if u ∈ [0, 1

sn
),

Ḡn,j(θ∗), if u ∈ [ jsn ,
j+1
sn

), j = 1, 2, . . . , sn − 1; and

Ḡn,sn(θ∗), if u = 1,

(5)

where Ḡn,j(θ∗) is the j-th row element of Ḡn(θ) ∈ Rsn . Note that Ḡn(θ∗) has sn rows, and the above

function gn(·) is defined by translating Ḡn(θ∗) into a function defined on the unit interval. If the moment

condition
√
nḠn,j(θ∗) is weakly correlated with

√
nḠn,i(θ∗) (j ̸= i),

√
ngn(·, θ∗) may form a stochastic

differential in the limit instead of a continuous Gaussian process as assumed in oid-GMM. Specifically, we

suppose that
√
ngn(·) is separated into two components with a central limit theorem (CLT) applying to one

and a functional central limit theorem (FCLT) applying to the other. Thus, for some ũn and ηn,j ∈ R, let

sn(·) :=
1

√
sn

⌊(·)sn⌋∑
j=1

{G̃n,j(θ∗)− ηn,j ũn} =
√
sn

∫ (·)

0
{g̃n(u)− ηn(u)ũn}du,

and suppose that ũn satisfies a CLT and that sn(·) converges weakly to a Brownian motion Bs(·), with

ηn(u) :=


0, if u ∈ [0, 1

sn
),

ηn,j , if u ∈ [ jsn ,
j+1
sn

), j = 1, 2, . . . , sn − 1;

ηsn , if u = 1.

(6)

The formulation (6) can be obtained by noting that the zero moment condition E[Un,t(θ∗)] = 0 may

hold because different j’s satisfy the moment condition separately, or because the same moment condition
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is shared by each j. For example, in the context of 2SLS, if we let the j-th IV of zt be denoted zt,j , it can

be partitioned into two pieces: zt,j = z̄t,j + E[zt,j ] by letting z̄t,j := (zt,j − E[zt,j ]), so that G̃n,j(θ∗) =

n−
1
2
∑n

t=1 z̄t,jut + E[zt,j ]n−
1
2
∑n

t=1 ut, and we let ηn,j and ũn be E[zt,j ] and n−
1
2
∑n

t=1 ut, respectively.

For the second term on the right side, its asymptotic distribution can be obtained by application of a suitable

CLT. But a CLT does not apply to the first term because the moment conditions differ for each j. We

instead suppose that s
− 1

2
n {g̃(·)− ηn(·)ũn} forms a stochastic differential in the limit that corresponds to the

differential of a Brownian motion, dBs(·). In view of this structure the analysis of xid-GMM differs from

oid-GMM assuming that g̃n(·) asymptotically forms a continuous Gaussian stochastic process. As it turns

out, the limit distribution of xid-GMM is determined by s
− 1

2
n {g̃(·)− ηn(·)ũn}.

We now formulate the score function ∇θḠn(θ∗) to facilitate derivation of the limit theory. As earlier,

∇θḠn(θ∗) is written in terms of a set of functions defined on the unit interval. For j = 1, 2, . . . , sn and

i = 1, 2, . . . , d, let H(j,i)
n be the j-th row and i-th column element of ∇′

θḠn(θ∗) ∈ Rsn×d, and for each

i = 1, 2, . . . , d, define

Hn,i(u) :=


0 if u ∈ [0, 1

sn
);

H
(j,i)
n , if u ∈ [ jsn ,

j+1
sn

), j = 1, 2, . . . , sn − 1;

H
(sn,i)
n , if u = 1,

and letHn(·) := [Hn,1(·), Hn,2(·), . . . ,Hn,d(·)]′. As in the construction of gn(·), Hn,i(·) has a jump at each

increment in j/sn, where j = 1, 2, . . . , sn.

This formulation enables (2) to be represented in terms of Gramian matrices. Specifically, letting Ān :=

[Ξ̂nHn(·), Hn(·)] and d̃n := [Ξ̂nHn(·), g̃n(·)], the xid-GMM can be rewritten as follows:3

√
n(θ̂n − θ∗) = −

[
∇θḠn(θ∗)Σ̂

−1
n ∇′

θḠn(θ∗)
]−1 [

∇θḠn(θ∗)Σ̂
−1
n G̃n(θ∗)

]
+ oP(1)

= −[Ξ̂nHn(·), Hn(·)]−1[Ξ̂nHn(·), g̃n(·)] + oP(1) = −Ā−1
n d̃n + oP(1), (7)

meaning that the limit distribution of θ̂n is delivered through the limits of Ān and d̃n. From (7), asymptotics

of xid-GMM are evidently affected by those of Hn(·). Correspondingly, the next step allows two forms of

asymptotic behavior for Hn(·), according to whether strong or weak moment conditions apply.

3In deriving (7) it is implicitly assumed that the primary component of the Hessian matrix ∇2
θ q̄n(θ∗) is determined by

∇θḠn(θ∗)Σ̂
−1
n ∇′

θḠn(θ∗), and the other term is asymptotically negligible. See Assumption 3 (ii) given below.
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2.1 Strong Moment Conditions

Starting with a strong moment condition for Hn(·), the following representation of the centered and scaled

score function is used in examining Ān := [Ξ̂nHn(·), Hn(·)]. For some ν ∈ [0, 12 ], κ ≥ 0, and µn,j ∈ Rd,

√
n

sνn

(
1

sκn
∇θḠn,j(θ∗)− µn,j

)
= OP(1), (8)

uniformly in j = 1, 2, . . . . In case ∇θḠn,j(θ∗) itself does not converge uniformly in j, (8) allows for the

convergence rate to be adjusted by scaling with sκn for some rate κ.

This assumption is effective in practice in various circumstances. For example, in the 2SLS analysis

considered in Section 4, we suppose that the endogenous variable xt is associated with an instrument zt so

that x′t = z′tϕn + v′t with ϕn = O(1). Then, if for each j, E[zt,j ] = 0 without loss of generality, it follows

that

1

n

n∑
t=1

zt,jxt −
sn∑
ℓ=1

E[zt,jzt,ℓ]ϕn,ℓ =
1

n

n∑
t=1

(
zt,j

sn∑
ℓ=1

zt,ℓϕn,ℓ −
sn∑
ℓ=1

E[zt,jzt,ℓ]ϕn,ℓ

)
+

1

n

n∑
t=1

zt,jvt,

where ϕn,ℓ denotes the ℓ-th row element of ϕn. Here, for some κ and ν, if we suppose
∑sn

ℓ=1 E[zt,jzt,ℓ]ϕn,ℓ =

O(sκn) and the right side is OP(s
ν+κ
n n−

1
2 ), then

√
n

sνn

(
1

sκn

{
1

n

n∑
t=1

zt,jxt

}
− 1

sκn

sn∑
ℓ=1

E[zt,jzt,ℓ]ϕn,ℓ

)
= OP(1),

for each j = 1, 2, . . .. From this result, (8) follows by letting ∇θḠn,j(θ∗) := n−1
∑n

t=1 zt,jxt and µn,j :=

s−κn
∑sn

ℓ=1 E[zt,jzt,ℓ]ϕn,ℓ. This approach effectively extends the moment condition between xt and zt when

the moment size is fixed: that is, if sn = s and ϕn = ϕ, the condition can equivalently be rewritten as

√
n

(
1

n

n∑
t=1

ztx
′
t − E[ztz′t]ϕ

)
= OP(1),

which holds by virtue of a CLT under mild regularity conditions. Under our DGP condition we let sn be

proportional to n and scale the moment conditions appropriately by sνn and sκn to facilitate ransformation

into a limiting stochastic process.

Now assume that the formulation in (8) weakly converges to a stochastic process by rewriting it using

Hn(·). Specifically, let

an(·) :=
√
sn

∫ (·)

0

√
n

sνn

(
1

sκn
Hn(u)− µn(u)

)
du, (9)
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and suppose that an(·) weakly converges to a Brownian motion Ba(·), where

µn(u) :=


0, if u ∈ [0, 1

sn
),

µn,j , if u ∈ [ jsn ,
j+1
sn

), j = 1, 2, . . . , sn − 1;

µn,sn , if u = 1.

Different DGPs and model conditions imply different results here. If ν < 1
2 , then (9) implies that (s−κn Hn(·)−

µn(·)) = oP(1) uniformly on [0, 1], so that s−κn Hn(·) uniformly converges to the limit of µn(·), meaning

that the limit of Ān can be delivered by continuous mapping. On the other hand, if ν = 1
2 , s−κn Hn(·) does

not necessarily converge to the limit of µn(·) from the fact that s−κn Hn(·)− µn(·) = OP(1). Depending on

the kernel of Ξ, the limit of Ān is also different. If ξ(·, ◦) is continuous, the limit of Ān can still be obtained

by continuous mapping, but that is not the case for the limiting kernel δ(· − ◦), as detailed below.

Next, we discuss regularity conditions for d̃n := [Ξ̂nHn(·), g̃n(·)], whose asymptotic behavior is de-

termined by the interactions between Hn(·) and g̃n(·) through Ξ̂n. As for Ān, if ξ(·, ◦) is continuous, the

limit of d̃n is delivered by continuous mapping, but more care is required for the Dirac delta function case.

Before developing asymptotic behavior for the components Ān and d̃n, we formally state the assumptions

employed so far.

Assumption 3. (i) For some ν ∈ [0, 12 ] and κ ≥ 0,
√
ns−νn (s−κn Hn(·) − µn(·)) = OP(1) uniformly on

[0, 1], where µn(·) : [0, 1] 7→ Rd, and for some nonzero µ(·) and χ(·) ∈ L2([0, 1]) and for some
β > 0, µn(·) = µ(·) + s−βn χ(·);

(ii) s−2
n ∇2

θ q̄n(θ∗) = Ān + oP(s
r+2κ
n ); and

(iii) [Ξµ(·), µ(·)] is positive definite. □

Here, Assumption 3 (ii) supposes that the primary term of ∇2
θ q̄n(θ∗) is determined by Ān and the remainder

is asymptotically negligible, so that the asymptotic approximation in (2) is effective. In addition, if ξ(·, ◦) =

δ(· − ◦), then [Ξµ(·), µ(·)] = [µ(·), µ(·)] in Assumption 3 (iii).

Assumption 4. Define the (1 + d)-vector stochastic process ℓn(·) := (sn(·), an(·)′)′.
(i) For some ρ(·) ∈ L2([0, 1]) and for some α > 1

2 , ηn(·) = s−αn ρ(·);
(ii) For a normal random variable U ∼ N (0, σ2u) and (1 + d)-vector standard Wiener process Wℓ(·),

there is a positive definite Σℓ ∈ R(1+d)×(1+d) such that[
ℓn(·)
ũn

]
⇝

[ ∫ (·)
0 dBℓ(u)

U

]
:=

[
Σℓ
∫ (·)
0 dWℓ(u)

U

]
,

and for some σℓu ∈ R1+d, E[
∫ (·)
0 dBℓ(u)U ] = σℓu

∫ (·)
0 du. □

Prior literature provides primitive conditions for the weak convergence in Assumption 4 (ii) (e.g., Phillips

and Solo, 1992; de Jong and Davidson, 2000). Here, if U and Wℓ(·) are independent, we simply have
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σℓu = 0. For later purposes, partition Bℓ(·) as (Bs(·),Ba(·)′)′.

Assumptions 2, 3, and 4 help determine the large sample properties of the components constituting

xid-GMM under strong moment conditions, which we call strong xid-GMM (sxid-GMM) in contrast to

the xid-GMM formed by weak moment conditions as given below. We classify the Assumptions into two

groups: Group A for a continuous kernel ξ(·, ◦); and Group B for the Dirac delta kernel ξ(·, ◦) = δ(· − ◦).

Before proceeding with the asymptotic development of sxid-GMM, it is convenient to simplify notation

by defining the inner products associated with the relevant stochastic differentials. If Ψ is an integral

transform operator with a symmetric kernel ψ(·, ◦), write the associated inner product (ΨdB(·), dB(·)) :=∫ 1
0

∫ 1
0 ψ(u1, u2)dB(u1)dB(u2) and denote the j-th row element of [ΨH(·), dB(·)] by∫ 1

0

∫ 1

0
Hj(u1)ψ(u1, u2)du1dB(u2).

The following lemma provides the limit behavior of some key statistics under Groups A and B, notably the

GMM distance function qn(·) and the two Gramians d̃n := [Ξ̂nHn(·), g̃n(·)] and Ān = [Ξ̂nHn(·), Hn(·)].

Lemma 1. Given Assumptions 1, 2 (i), 3, and 4,
(i) if Assumption 2 (ii.a) also holds,

(a) s−1−r
n qn(θ∗)⇝ (ΞdBs(·), dBs(·));

(b) s
1
2
−r−κ

n d̃n ⇝ [Ξµ(·), dBs(·)];
(c) s−r−2κ

n Ān
P→ Ar := [Ξµ(·), µ(·)];

(ii) if Assumption 2 (ii.b) also holds,
(a) s−1−r

n qn(θ∗)
P→ σ2s := R1Σ

2
ℓR

′
1, where R1 := [1, 01×d];

(b) (1) if ν = 0, then s
1
2
−r−κ

n d̃n ⇝ τs + [µ(·), dBs(·)], where τs :=
√
s∗[dBa(·), dBs (·)];

(2) if ν ∈ (0, 12 ], then s
1
2
−r−ν−κ

n d̃n → τs;

(c) (1) if ν ∈ [0, 12), then s−r−2κ
n Ān

P→ Ae := [µ(·), µ(·)];
(2) if ν = 1

2 , then s−r−2κ
n Ān

P→ Af := Υs +Ae, where Υs := s∗[dBa(·), dBa(·)]. □

Remark.

(i) (ΞdBs(·), dBs(·)) exists if and only if ξ(·, ◦) ∈ L2([0, 1]2) (e.g., Kwapien and Woyczynski, 1987).
Therefore, (ΞdBs(·), dBs(·)) exists as ξ(·, ◦) ∈ C([0, 1]2) (e.g., Wang, 1975).

(ii) The limits in Lemma 1 depend on the support set dimension of ξ(·, ◦). For example, under Group A,
the dimension is 2, whereas the dimension is 1 under Group B. For this reason qn(θ∗) converges to a
constant under Group B, but it is asymptotically central chi-squared under Group A since its limit is
an inner product involving dBs(·). This feature implies that the J-test for overidentifying restrictions
needs to be employed by incorporating the dimension of ξ(·, ◦). Likewise, d̃n is asymptotically normal
with nonzero location parameter or converges to a constant under Group B, but it is asymptotically
normal with zero location parameter under Group A.

(iii) Υs +Ae is positive definite by Assumptions 3 and 4. □

We are now in a position to provide the limit distribution of the sxid-GMM for Groups A and B.
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Theorem 1. Given Assumptions 1, 2 (i), 3, and 4,

(i) if Assumption 2 (ii.a) also holds, s
1
2
+κ

n n
1
2 (θ̂n − θ∗) ⇝ N (0, A−1

r BrA
−1
r ), where Br := σ2s [Ξµ(·),

Ξµ(·)];
(ii) if Assumption 2 (ii.b) also holds,

(a) if ν = 0, then s
1
2
+κ

n n
1
2 (θ̂n − θ∗)⇝ N (ψs, σ

2
sA

−1
e ), where ψs := −A−1

e τs;

(b) if ν ∈ (0, 12), then s
1
2
−ν+κ

n n
1
2 (θ̂n − θ∗)

P→ ψs; and

(c) if ν = 1
2 , then sκnn

1
2 (θ̂n − θ∗)

P→ ψf := −A−1
f τs. □

Remark.

(i) sxid-GMM is asymptotically normal with zero location under Group A, implying that the estimator is
asymptotically unbiased. This result contrasts with those obtained using the Dirac delta function under
Group B, wherein its limit distribution is asymptotically normal with nonzero mean or it converges to a
constant. This property implies that using a continuous kernel is useful in obtaining an asymptotically
unbiased sxid-GMM.

(ii) Given that κ ≥ 0, sxid-GMM is super-consistent under Group A.
(iii) Theorem 1 (i) follows as a corollary of Lemma 1 (i), and we apply Itô isometry to obtain Br.
(iv) In the context of 2SLS defined with weak IVs, Chao and Swanson (2005) estimated the kernel using a

weight matrix that is optimal when a finite number of IVs are employed. They discovered the presence
of an asymptotic bias in this case. They further examined the limit behavior of bias corrected 2SLS
(bc-2SLS) and LIML to remove the bias. Theorem 1 (ii) demonstrates that a similar bias emerges
even under the strong moment condition. From this property, estimating the kernel using the weight
matrix assuming a finite number of IVs can be interpreted as use of a kernel similar to the Dirac delta
function. Han and Phillips (2006) and Newey and Windmeijer (2009) also reported asymptotic bias
in their work on GMM.

(v) Although sxid-GMM driven by the Dirac delta function is asymptotically biased, we can exploit the
kernel to obtain a more efficient estimator without such bias. In particular, the asymptotic covariance
matrix in Theorem 1 (ii.a) achieves the information matrix equality, which implies a formulation in
which a more efficient unbiased estimator may be constructed by using a continuous kernel that is
close in the limit to the Dirac delta function but still continuous; see Section 3.1. □

We next examine testing overidentifying restrictions using sxid-GMM under Group A conditions. From

the results in Theorem 1, parameter estimation using a continuous kernel is more useful than one with a

limiting Dirac delta function kernel. In developing methodology for testing over-identifying restrictions

under Group A conditions we consider the following specific hypotheses: for each t = 1, 2, . . .,

H0 : for some θ∗ ∈ Θ, E[Un,t(θ∗)] = 0 versus H1 : for each θ ∈ Θ, E[Un,t(θ)] ̸= 0.

Our primary interest is in the J-test developed by Sargan (1958) and later extended to GMM by Hansen

(1982), who examined the limit behavior of the GMM distance under each hypothesis. Lemma 1 (i.a)

assumes the unknown parameter θ∗ and provides the corresponding limit behavior of GMM distance in

different environments. We now replace θ∗ with θ̂n and derive the limit behavior of the GMM distance.
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First note that

qn(θ̂n) = qn(θ∗)−
1

2

√
n(θ̂n − θ∗)

′∇2
θ q̄n(θ∗)

√
n(θ̂n − θ∗) + oP(∥θ̂n − θ∗∥2), (10)

and hence qn(θ̂n) = qn(θ∗) − 1
2s

2
nd̃

′
nĀ

−1
n d̃n + oP(∥θ̂n − θ∗∥2), since s−2

n ∇2
θ q̄n(θ∗) = Ān + oP(s

r+2κ
n );

see Assumption 3 (ii). The limit behavior of each element on the right side is given in Lemma 1 (i), so the

null limit behavior of the GMM distance follows straightforwardly. For this purpose, let Πr be the integral

operator with the following kernel: πr(·, ◦) := ξ(·, ◦) − 1
2λ(·)

′A−1
r λ(◦), where λ(·) := Ξµ(·). The next

result gives the null limit behavior of the J-test.

Theorem 2. Given Assumptions 1, 2 (i, ii.a), 3, 4, and H0, s−1−r
n qn(θ̂n)⇝ (ΠrdBs(·), dBs(·)). □

Remark.

(i) The null limit distribution of the J-test is asymptotically chi-squared with noncentrality determined
by the continuous kernel of Πr. Here, Πr differs from Ξ because the kernel is modified to allow
parameter estimation error.

(ii) Given that the kernel Πr is not straightforward to estimate, there may be difficulty using standard
simulations to obtain the null distribution of the J-test. Instead, we can apply a resampling approach.
For example, in the 2SLS framework, we can construct a resampled residual, say ûb, by multiplying
iid standard normal random variates to the structural errors û := y −Xθ̂n and let ŷb := Xθ̂n + ûb.
Using (ŷb, X, Z), the J-test can be computed, giving Jbn, and the process repeated successively to
obtain the null distribution of the J-test via the empirical distribution of Jbn. If the J-test diverges
under the alternative, the p-value of the J-test estimated by the percentage of the Jbn greater than the
original J-test decreases to zero as n tends to infinity.

(iii) Although not examined here, Donald, Imbens, and Newey (2003) explored another T -test for over-
identifying restrictions when the GMM distance converges to a constant as in Lemma 1 (ii.a). If the
GMM distance does not converge to a constant, it is not necessary to use the T -test.

(iv) Under the alternative, the J-test diverges and is not discussed further. □

2.2 Weak Moment Conditions

This section explores the large sample properties of xid-GMM under weak moment conditions for ∇θG̃n(θ∗).

In this case we use the terminology weak xid-GMM (wxid-GMM). The asymptotic behavior of wxid-GMM

is obtained in a similar manner to sxid-GMM, but allowing for weak moments and with other conditions as

in sxid-GMM. The modification affects Hn(·) and using a similar formulation as in (9), we now have

ãn(·) :=
√
sn

∫ (·)

0

√
n

sνn

(
1

sκn
H̃n(u)− µn(u)

)
du (11)

converging weakly to a Brownian motion B̃a(·), where H̃n(·) :=
√
nHn(·). This condition is imposed by

extending the fixed moment size condition as in the case of sxid-GMM. Thus, in the 2SLS setting below (8),
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if sn = s and ϕn = n−1/2ϕ, the weak instrument condition is characterized as

1√
n

n∑
t=1

ztx
′
t − E[ztz′t]ϕ = OP(1),

by applying a CLT to n−
1
2
∑n

t=1 ztv
′
t. We relax this condition by letting sn be proportional to n and translate

−n−
1
2
∑n

t=1 zt,(·)xt and −
∑sn

ℓ=1 E[zt,(·)zt,ℓ]ϕn,ℓ to H̃n(·) and µn(·), respectively so that the weak moment

conditions can be transformed to a stochastic process ãn(·) by discounting them appropriately using sνn and

sκn. This assumption parallels the formulation in (9) and, in view of the weak moments, we suppose an

FCLT applies to the partial sum process driven by H̃n(·) instead of Hn(·). Otherwise the same regularity

conditions are maintained as for sxid-GMM.

The limit behavior of wxid-GMM follows by expansion, similar to sxid-GMM. Specifically, from (7)

θ̂n − θ∗ = −[Ξ̂nH̃n(·), H̃n(·)]−1[Ξ̂nH̃n(·), g̃n(·)] + oP(1) = −Ã−1
n d̈n + oP(1),

where Ãn := [Ξ̂nH̃n(·), H̃n(·)] and d̈n := [Ξ̂nH̃n(·), g̃n(·)] and the asymptotic behavior of these compo-

nents follow as for Ān and d̃n. For a rigorous derivation of the limit distribution of wxid-GMM the following

modified assumptions are employed.

Assumption 5. (i) For some ν ∈ [0, 12 ] and κ ≥ 0,
√
ns−νn (s−κn H̃n(·) − µn(·)) = OP(1) uniformly on

[0, 1], where µn(·) : [0, 1] 7→ Rd, and for some nonzero µ(·) and χ(·) ∈ L2([0, 1]) and for some
β > 0, µn(·) = µ(·) + s−βn χ(·);

(ii) s−2
n ∇2

θqn(θ∗) = Ãn + oP(s
r+2κ
n ); and

(iii) [Ξµ(·), µ(·)] is positive definite. □

Next, define ℓ̃n(·) := (sn(·), ãn(·)′)′, which is a (1 + d)-vector of component stochastic processes.

Assumption 6. (i) For some ρ(·) ∈ L2([0, 1]) and for some α > 1
2 , ηn(·) = s−αn ρ(·)

(ii) for a normal random variable U ∼ N (0, σ2u) and (1 + d)-vector standard Wiener process W̃ℓ(·),
there is a positive definite Σ̃ℓ ∈ R(1+d)×(1+d) such that[

ℓ̃n(·)
ũn

]
⇝

[ ∫ (·)
0 dB̃ℓ(u)

U

]
:=

[
Σ̃ℓ
∫ (·)
0 dW̃ℓ(u)

U

]
,

and for some σ̃ℓu ∈ R1+d, E[
∫ (·)
0 dB̃ℓ(u)U ] = σ̃ℓu

∫ (·)
0 du. □

Assumptions 5 and 6 replace the earlier Assumptions 3 and 4 and are influenced by the introduction of H̃n(·)

in the definition of ãn in (11). Using these new conditions we obtain in an analogous way the following

limit theory that applies under the Group A condition.

Corollary 1. Given Assumptions 1, 2 (i, ii.a), 5, and 6, s
1
2
+κ

n (θ̂n − θ∗) ⇝ N (0, A−1
r B̃rA

−1
r ), where

B̃r := σ̃2s [Ξµ(·),Ξµ(·)] and σ̃2s := R1Σ̃
2
ℓR

′
1. □
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Remark.

(i) The major difference between Theorem 1 (i) and Corollary 1 is that the convergence rate of wxid-
GMM is slower than that of sxid-GMM by

√
n.

(ii) The same approach to the limit theory applies to wxid-GMM when defined under the Group B condi-
tion and is therefore omitted.

(iii) The primary lesson of Corollary 1 matches that of Theorem 1 (i): viz., if wxid-GMM is defined using
a continuous kernel, it is asymptotically unbiased and normally distributed, whereas if wxid-GMM is
defined by the Dirac delta function it is asymptotically biased.

(iv) The asymptotics in Corollary 1 differ from the non-Gaussian asymptotics of weak 2SLS estimation
when the moment size is finite. Staiger and Stock (1997) assumed a fixed moment size and gave
asymptotics for 2SLS following Phillips’s (1989) approach. In that work the limit theory is not normal
and reflects the weak information by way of an internal CLT (in place of convergence in probability of
sample moments of the endogenous variables and instruments) that leads to a replication of the exact
finite sample theory of an IV or GMM procedure under Gaussianity in the underlying data (Phillips,
1980) . In contrast, Corollary 1 assumes the moment size tends to infinity, which enables consistent
estimation of the integral transform of the population mean process of n−1/2

∑n
t=1 xtz

′
t,(·), viz., µ(·).

Then asymptotics for θ̂n are obtained quite differently from when the moment size is fixed. In par-

ticular, we have s−2κ
n Ãn = Ar + oP(1) = [Ξµ(·), µ(·)] + oP(1) and s

1
2
−κ

n d̈n ⇝ [Ξµ(·), dB̃s(·)] ∼
N (0, B̃r), so that s

1
2
+κ

n (θ̂n− θ∗) = −s
1
2
+κ

n Ã−1
n d̈n ⇝ N (0, A−1

r B̃rA
−1
r ), where B̃s(·) is the first-row

element of B̃ℓ(·).
(v) The result in Corollary 1 also differs from earlier studies with many weak moment conditions. Chao

and Swanson (2005) compared standard wid-2SLS with bias-corrected wid-2SLS (wid-bc-2SLS) and
LIML and showed that standard wid-bc-2SLS is consistent for the unknown parameter under weaker
conditions. Han and Phillips (2006) explored limit theory of unweighted GMM driven by many weak
moment conditions and demonstrated consistency and asymptotic normality when the moment size
grows slower than the sample size. Along the same lines, Newey and Windmeijer (2009) studied
CUE with a heteroskedasticity consistent weight matrix and established asymptotic normality under
weak moment conditions, again with moment size growing slower than the sample size. Corollary
1 assumes a weight matrix converging to a continuous kernel in quite a different manner from these
earlier studies to establish asymptotic normality: in this result the weak moment conditions are trans-
formed to a stochastic process that follows functional limit theory and moment size is allowed to grow
at the same rate as the sample size.

(vi) Section 4 provides further details, specifically examining wid-2SLS driven by the Dirac delta and
continuous kernels which enables comparison with bias-corrected wid-2SLS estimation. □

We next discuss the limit behavior of the J-test under the Group A condition. For this purpose, using

(10), we obtain that qn(θ̂n) = qn(θ∗)− 1
2s

2
nd̈

′
nÃ

−1
n d̈n+ oP(∥θ̂n− θ∗∥2), similar to the strong moment case.

The limit behavior of d̈n and Ãn is identical to that of d̃n and Ān, and the asymptotic behavior of qn(θ∗) is

the same as for the strong moment case because it does not involve H̃n(·). Instead, it is defined only by Ξ̂n

and g̃n(·). Hence, Theorem 2 can be applied even to the weak moment case.
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3 Asymptotically Efficient xid-GMM

This section considers asymptotically most efficient xid-GMM using the results in Section 2.

3.1 Asymptotically Most Efficient Estimation

In view of the parallel relationship between sxid- and wxid-GMMs, we focus on the first without loss of

generality in the following discussion. Primary interest lies in finding an asymptotically most efficient sxid-

GMM driven by a continuous kernel such that the condition in Theorem 1 (i) holds. When employed with a

continuous kernel sxid-GMM estimation is asymptotically unbiased and Theorem 1 (i) applies.

From Theorem 1 (i) the asymptotic covariance matrix of s
1
2
+κ

n
√
n(θ̂n − θ∗) is A−1

r BrA
−1
r , and the in-

formation matrix equality holds for efficiency when for some c > 0, Br = cAr. Given thatH(·) is arbitrary,

if the continuous kernel of Ξ is close to δ(· − ◦), Br can be made arbitrarily close to cAr. This property

follows from Theorem 1 (ii.a). If the kernel function is the Dirac delta function, the asymptotic covariance

matrix of the sxid-GMM satisfies the information matrix equality, but in that case it is asymptotically biased.

That is, acov[s
1
2
+κ

n
√
n(θ̂n − θ∗)] = A−1

e BeA
−1
e with Be = σ2sAe. Thus, if sxid-GMM is estimated using a

continuous kernel close to the Dirac delta function, Br ≈ σ2sAr and Ar ≈ Ae, meaning that the efficiency

of the sxid-GMM with a continuous kernel improves although it is still bounded from below by σ2sA
−1
e .

There are many continuous kernels close to the Dirac delta function. For example, if we let ξ(·, ◦) be a ridge

function such as the following squared exponential kernel (SEK):

ξ(·, ◦; s2) = 1√
2πs2

exp

(
−(· − ◦)2

2s2

)
,

then ξ(·, ◦; s2) approaches δ(· − ◦) as s2 reduces to zero.4 Therefore, if s2 is selected close to zero, we can

gain efficiency from sxid-GMM while ensuring it is asymptotically unbiased. The above findings leads to

the following formal result.

Corollary 2. Given Assumptions 1 and 2 (i, ii.a),
(i) if Assumptions 3 and 4 also hold and ν = 0, then the asymptotic efficiency of sxid-GMM is bounded

below by σ2sA
−1
e ; and

(ii) if Assumptions 5 and 6 also hold and ν = 0, then the asymptotic efficiency of wxid-GMM is bounded
below by σ̃2sA

−1
e . □

Remark.

(i) The proof of Corollary 2 (i) is in the Supplement, where it is shown that A−1
r BrA

−1
r − σ2sA

−1
e is

positive semi-definite. Corollary 2 (ii) holds by analogy.

4In addition to SEK, there are other ridge functions that are flat along the diagonal. For example, the Matérn, exponential,
γ-exponential, and rational quadratic kernels all belong to this class (see Rasmussen and Williams, 2005, Chapter 4).
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(ii) Although Corollary 2 gives bounds on asymptotic efficiency, we cannot allow a continuous kernel
to be too close to the Dirac delta function in finite samples. The reason is the existence of a trade
off between the asymptotic variance and bias when n is finite. For example, as s2 approaches zero
for ξ(·, ◦; s2), the magnitude of A−1

r BrA
−1
r decreases, but the bias of sxid-GMM increases. The

Supplement provides evidence of this linkage between efficiency and bias in simulation exercises.
(iii) We emphasize that Corollary 2 holds under the maintained conditions. In particular, Corollary 2

supposes the ordering of the moment conditions is fixed when computing xid-GMM. If the moment
conditions are ordered differently, a different xid-GMM estimate is obtained and its efficiency level
can differ from the original xid-GMM. The next section shows how this feature of GMM can be
exploited to define another estimator with improved properties by permuting the moment conditions.

□

3.2 Permuted xid-GMM

Corollary 2 shows that xid-GMM can attain good efficiency asymptotically. This section introduces another

estimator called permuted xid-GMM (pxid-GMM) that is even more efficient. As in Section 3.1, we first

restrict attention to sxid-GMM under the environment defined in Theorem 1 (i) and then extend results to

wxid-GMM by analogy.

The xid-GMM estimator has a continuous kernel and this accommodates moment permutation. For

a continuous kernel, permuting the moment conditions typically produces a different xid-GMM estimate.

Specifically, suppose Q is an sn × sn permutation matrix and the moment conditions are permuted by

application of Q to the moment conditions, thereby defining another GMM distance leading to

q̄pn(·) := Ḡn(·)′Q′Σ̂−1
n QḠn(·), with θ̂pn := argmin

θ∈Θ
q̄pn(·),

giving the new estimate θ̂pn. In 2SLS for example, we have θ̂pn = (X ′ZQ′Σ̂−1
n QZ ′X)−1X ′ZQ′Σ̂−1

n QZ ′y.

Then the number of permutations in total is cn := sn!, and θ̂pn typically differs with each permutation.

These differences can be used to define a more efficient estimator. To motivate the approach in a

straightforward way, let cn = c be constant. Combine the c estimates linearly to define another estimator:

θ̄n(ω) :=
∑c

p=1 ωpθ̂
p
n with weights ωp ≥ 0 satisfying

∑c
p=1 ωp = 1. Then, optimal weights are obtained

by minimizing the asymptotic mean-square error (AMSE) (e.g., Taniguchi and Tresp, 1997; Hansen, 2009),

giving ω∗ := argminω≥0 ω
′Υω subject to ω′ιc = 1, where ω := (ω1, ω2, . . . , ωc)

′ with ιc being a c-vector

of ones, and matrix

Υ :=


tr(Ω

(1,1)

θ̂
) tr(Ω

(1,2)

θ̂
) · · · tr(Ω

(1,c)

θ̂
)

tr(Ω
(2,1)

θ̂
) tr(Ω

(2,2)

θ̂
) · · · tr(Ω

(2,c)

θ̂
)

...
...

. . .
...

tr(Ω
(c,1)

θ̂
) tr(Ω

(c,2)

θ̂
) · · · tr(Ω

(c,c)

θ̂
)

 ,
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in which Ω
(p,q)

θ̂
is the p-th block-row and q-th block-column matrix of the cd × cd asymptotic covariance

matrix Ω
θ̂
:= acov[s

1
2
+κ

n nϖ[(θ̂1n − θ∗)
′, (θ̂2n − θ∗)

′, . . . , (θ̂cn − θ∗)
′]′]. In this formulation, ϖ = 1

2 for sxid-

GMM by Theorem 1 (i), and ϖ = 0 for wxid-GMM by Corollary 1. In addition, the objective function is

the AMSE of s
1
2
+κ

n nϖ(θ̄n(ω)− θ∗), viz., limn→∞ s1+2κ
n n2ϖE[(θ̄n(ω)− θ∗)

′(θ̄n(ω)− θ∗)]. The following

theorem provides the optimal weight estimator, the optimized AMSE, and the asymptotic covariance matrix

estimator of θ̄n(ω̂n).

Theorem 3. Given the conditions in Theorem 1 (i) or Corollary 1, if both Ω
θ̂

and Υ are positive definite,
(i) ω∗ = Υ−1ιc/(ι

′
cΥ

−1ιc);
(ii) ω′

∗Υω∗ = (ι′cΥ
−1ιc)

−1; and

(iii) acov[s
1
2
+κ

n nϖ(θ̄n(ω∗)− θ∗)] = (ι′cΥ
−1ιc)

−2(ι′cΥ
−1
∗ ⊗ Id)Ωθ̂(Υ

−1ιc ⊗ Id). □

Theorem 3 implies that θ̄n(ω∗) may be more efficient than each individual xid-GMM estimator, taking

advantage of the fact that the asymptotic covariance matrix of θ̄n(ω∗) depends on c. When c is large, this

asymptotic covariance matrix can be reduced relative to that of the original xid-GMM estimator, as indicated

in the following corollary, where L1 and U1 are strictly lower and upper triangular matrices of ones.

Corollary 3. Given the conditions in Theorem 3, if Ω
θ̂
= Ic⊗Ψ+L1⊗Λ+U1⊗Λ′ for a positive-definite

and symmetric matrix Ψ ∈ Rd×d and Λ ∈ Rd×d such that (Λ + Λ′) is positive semi-definite,
(i) ω∗ =

1
c ιc;

(ii) ω′
∗Υω∗ =

1
c tr(Ψ) + (1− 1

c )tr(Λ);

(iii) acov[s
1
2
+κ

n nϖ(θ̄n(ω∗)− θ∗)] =
1
cΨ+ 1

2(1−
1
c )(Λ + Λ′); and

(iv) 2Ψ− (Λ + Λ′) is positive definite. □

Remark.

(i) The block-symmetric covariance matrix condition in Corollary 3 implicitly assumes that the moment
conditions are iid with respect to the moment condition index. Specifically, Ψ denotes Ω

(p,p)

θ̂
:=

avar[s
1
2
+κ

n nϖ(θ̂pn−θ∗)] for p = 1, 2, . . . , c, and Λ denotes Ω(p,q)

θ̂
:= avar[s

1
2
+κ

n nϖ(θ̂pn−θ∗), s
1
2
+κ

n nϖ

(θ̂qn − θ∗)] for p, q = 1, 2, . . . , c with p ̸= q. Under the iid condition, Ω(p,q)

θ̂
= Λ or Λ′. Using these,

we represent Ω
θ̂

as Ic ⊗Ψ+ L1 ⊗ Λ + U1 ⊗ Λ′.
(ii) Corollary 3 (i) implies that the optimal weight is equal for each permutation.

(iii) According to Corollary 3 (iii), the asymptotic covariance matrix of θ̄n(ω∗) is determined by three
factors: c, Λ, and Ψ. When c tends to infinity, the asymptotic covariance matrix of θ̄n(ω∗) converges
to 1

2(Λ + Λ′), implying that θ̄n(ω∗) becomes more efficient than each xid-GMM with the asymptotic
covariance matrix Ψ. The implication is that the efficiency of θ̄n(ω∗) is further improved by letting c
be substantially large. □

Corollary 3 is now exploited to define a new pxid-GMM estimator more efficient than each individual

xid-GMM. We first note that as n increases indefinitely, cn also continues to rise, so that analyzing all po-

tential xid-GMM estimates is extremely challenging. Even for sn as small as 10, sn! = 3, 628, 800, which
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is already too large to consider all permutations of the sn moment conditions. We therefore analyze samples

formed by independent draws of the xid-GMM estimates. Denote these samples {θ̂pn : p = 1, 2, . . . ,m},

where m denotes a sufficiently large sample size selected by the researcher. Before applying a random

sampling procedure, we note that each θ̂pn is asymptotically normally distributed around θ∗ with an asymp-

totic covariance matrix Ψ as given by Theorem 1 (i) or Corollary 1. For example, Ψ generically denotes

A−1
r BrA

−1
r for the sxid-GMM. By letting ξ(·, ◦) be continuous and close to δ(· − ◦), we can make the

magnitude of Ψ moderately sized by virtue of Corollary 2. If the sampling procedure is further implemented

in a manner to satisfy the condition in Corollary 3, we may then estimate θ∗ more efficiently by the simple

average

θ̄n :=
1

m

m∑
p=1

θ̂pn.

Here, the optimal weight is 1
m ιm from Corollary 3 (i). If m is sufficiently large, θ̄n is close to θ∗ by the law

of large numbers, and its asymptotic covariance matrix should be 1
2(Λ + Λ′) by Corollary 3 (iii). We call

the resulting estimate θ̄n the pxid-GMM.

4 Weak Infinite Dimensional and Bias-Corrected 2SLS Estimators

This section considers the limit behavior of wid-2SLS driven by the Dirac delta function and by a continuous

kernel. The potential use of this procedure in applications is considerable and it is examined in relation to the

earlier development in Section 2.2. Attention is also given to bc-2SLS and permuted wid-2SLS (pwid-2SLS)

procedures.

4.1 wid-2SLS driven by the Dirac delta function

We first examine wid-2SLS estimation driven by the Dirac delta function and later compare it with wid-2SLS

driven by a continuous kernel. To fix ideas the following DGP condition is assumed.

Assumption 7. (i) For an iid sequence {(yt, x′t, z′t, ut, v′t)′ ∈ R1+d+sn+(1+d) : t = 1, 2, . . . , n}, yt =
x′tθ∗ + ut and x′t = z′tπn + v′t, where yt ∈ R, xt ∈ Rd, vt ∈ Rd, and θ∗ ∈ Rd;

(ii) zt := (zt,1, . . . , zt,sn)
′ ∈ Rsn is independent of (ut, v′t)

′, where πn ∈ Rsn×d and πn = n−
1
2ϕn such

that ϕn ∈ Rsn×d is O(1) without being o(1); and
(iii) for some s∗ > 0, sn/n = s∗ + o(1). □

This DGP condition is typically assumed in wid-2SLS analysis (e.g., Chao and Swanson, 2005). The linear

relationship in Assumption 7 (i) is written in observation form as

y = Xθ∗ + u, and X = Zπn + V,
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where we let Z := (z1, . . . , zn)
′, X := (x1, . . . , xn)

′, y := (y1, . . . , yn)
′, u := (u1, . . . , un)

′, and V :=

(v1, . . . , vn)
′.

The framework above relates closely to standard models for 2SLS estimation. But the DGP does not

satisfy the regularity conditions for ordinary 2SLS analysis because the number of IVs tends to infinity

as n increases. So standard 2SLS analysis and limit theory do not apply. Prior literature has tackled some

aspects of 2SLS in this setting. First, Angrist and Krueger (1995), Donald and Newey (2001), and Hahn et al.

(2001) among others have considered increasing numbers of IVs, although under strong moment conditions.

Second, Phillips (1989) and Choi and Phillips (1992) studied IV estimation under lack of identification and

partial identification. Staiger and Stock (1997) examined IV estimation under a local-to-zero condition as in

Assumption 7 (ii), but with no allowance for the number of instruments to grow to infinity. Third, Chao and

Swanson (2005), Han and Phillips (2006), Newey and Windmeijer (2009) assumed many weak IVs with

dimension growing to infinity. Broadly speaking, they showed that GMM is not consistent for the structural

parameter and/or suggested other procedures that are consistent or provide regularity conditions under which

GMM is consistent for the parameter of interest. Anatolyev (2019) has surveyed recent developments of

2SLS with many weak IVs.

Under the framework of Assumption 7 we provide the limit distributions of the statistics relevant to

estimation by wid-2SLS. Our analysis begins with the relevant stochastic processes. 2SLS is a special case

of GMM, but it is convenient to define new notation using that of Section 2.2. First, let P̂n,i and ŵn,i be the

i-th column elements of P̂ ′
n and ŵ′

n, where P̂n := n−1Z ′X ∈ Rsn×d and ŵn := n−1Z ′u ∈ Rsn×1. Next let

(P̃ ′
n,i, w̃n,i)

′ :=
√
n(P̂ ′

n,i, ŵn,i)
′ and ĉn := n−1Z ′y ∈ Rsn×1. Then

θ̂n = −(P̂ ′
nΣ̂

−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ĉn = θ∗ − (P̂ ′

nΣ̂
−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ŵn.

Second, we provide a useful stochastic process representation of 2SLS. Let Hn,j,i be the j-th row and i-th

column elements of (−P̂n) and µn,j be the j-th column of µ′n where µn := −E[ztz′t]ϕn. With this notation,

define the following stochastic processes:

Hn,i(u) :=


0, if u ∈ [0, 1

sn
) ;

Hn,j,i, if u ∈ [ jsn ,
(j+1)
sn

), j = 1, 2, . . . , sn − 1; and

Hn,n,i, if u = 1,

gn(u) :=


0, if u ∈ [0, 1

sn
) ;

ŵn,j , if u ∈ [ jsn ,
(j+1)
sn

), j = 1, 2, . . . , sn − 1; and

ŵn,n, if u = 1,
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µn,i(u) :=


0, if u ∈ [0, 1

sn
) ;

µn,j,i, if u ∈ [ jsn ,
(j+1)
sn

), j = 1, 2, . . . , sn − 1; and

µn,sn,i, if u = 1

Next, let Hn(·) := [Hn,1(·), . . . ,Hn,d(·)]′, µn(·) := [µn,1(·), . . . , µn,d(·)]′, [H̃n(·)′, g̃n(·)]′ := [
√
nHn(·)′,

√
ngn(·)]′, and define ũn := n−

1
2
∑n

t=1 ut. Then construct the stochastic process

ηn(u) :=


0, if u ∈ [0, 1

sn
) ;

ηj , if u ∈ [ jsn ,
(j+1)
sn

), j = 1, 2, . . . , sn − 1; and

ηsn , if u = 1,

where ηj := E[zt,j ]. It follows that in functional notation θ̂n = θ∗ + [Ξ̂nH̃n(·), H̃n(·)]−1[Ξ̂nH̃n(·), g̃n(·)].

These stochastic processes are key components in deriving the limit distribution of wid-2SLS. Our

methodology is parallel to Section 2.2. Specifically, for some ν ∈ [0, 12 ] and κ ≥ 0, we let

ℓ̃n(·) :=

 sn(·)

ãn(·)

 :=
1

√
sn

⌊(·)sn⌋∑
j=1

 w̃n,j − ηj ũn

s−νn n
1
2 (−s−κn P̃n,j − µn,j)


=

√
sn

∫ (·)

0

 g̃n(u)− ηn(u)ũn

s−νn n
1
2 (s−κn H̃n(u)− µn(u))

 du,
and suppose that for a positive-definite Σ̃ℓ ∈ R(1+d)×(1+d) and (1 + d)-variate Wiener process W̃ℓ(·) :=

(W̃s(·), W̃a(·)′)′ ∈ R1+d,

ℓ̃n(·)⇝
∫ (·)

0
dB̃ℓ(u) :=

∫ (·)

0

 dB̃s(u)

dB̃a(u)

 = Σ̃ℓ

∫ (·)

0
dW̃ℓ(u) := Σ̃ℓ

∫ (·)

0

 dW̃s(u)

dW̃a(u)

 .
In addition, we also suppose that ũn ⇝ U ∼ N (0, σ2u) such that for some σ̃ℓu ∈ R1+d, E[

∫ (·)
0 dB̃ℓ(u)U ] =

σ̃ℓu
∫ (·)
0 du and that [µ(·), µ(·)] is positive definite. If B̃ℓ(·) and U are independent, σ̃ℓu = 0.

These conditions parallel those in Assumptions 5 and 6. Specifically, Assumptions 5 (i) and 6 (ii)

are explicitly assumed; and the other conditions in Assumptions 5 and 6 hold by the virtue of the linear

model formulation of 2SLS. First, from the definitions of µn(·), we can suppose that β in Assumption 3 is

sufficiently large so that µn(·) is almost identical to µ(·). Second, the Hessian matrix s−2
n ∇2

θqn(θ∗) = Ãn

by virtue of the linear model condition.

We next make an assumption concerning the probability limit of σ̂n(·, ◦). When σ̂n(·, ◦) is defined

by Σ̂n as in (3), we suppose that sup(u1,u2) |ξ̂n(u1, u2) − I(u1 = u2)|
P→ 0. For example, Bickel and
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Levina’s (2008) regularized covariance matrix estimator achieves this consistently by letting their tuning

parameter α be proportional to the sample size. For this case, Assumption 2 (ii.b) holds by letting r = 0,

so that Ξ̂n converges to the identity operator. Then, for any a(·) and b(·) ∈ L2([0, 1]), (Ξ̂na(·), b(·)) =

(a(·), b(·)) + oP(1). This condition is assumed because 2SLS is constructed by inverting the covariance

matrix of the moment condition. If the IVs here are iid with zero means and unit variances, their covariance

matrix is the identity matrix for each finite n. The optimal 2SLS using a fixed number of IVs is therefore

defined by estimating the identity matrix. The wid-2SLS driven by the Dirac delta function at the limit is

motivated by this property. Although it is not assumed here that the IVs are necessarily iid with zero means

and unit variances, estimating the Dirac delta function for iid IVs is parallel to estimating the identity matrix

in the context of a finite number of IVs.

These conditions are collected together as follows.

Assumption 8.

(i) σ̂n(·, ◦) is positive definite for each n;

(ii) sup(u1,u2) |ξ̂n(u1, u2)− I(u1 = u2)|
P→ 0;

(iii) for some nonzero ρ(·), µ(·) and χ(·) ∈ L2([0, 1]) and for some α > 1
2 and β > 0, ηn(·) = s−αn ρ(·)

and µn(·) = µ(·) + s−βn χ(·);
(iv) Ae := [µ(·), µ(·)] and Ãf := s∗[dB̃a(·), dB̃a(·)] +Ae are positive definite;
(v) for some γ <∞, s−1

n

∑sn
i=1 E[z2t,i] → γ; and

(vi) for a positive definite Σ̃ℓ, ℓ̃n(·)⇝
∫ (·)
0 dB̃ℓ(u) := Σ̃ℓ

∫ (·)
0 dW̃ℓ(u) and ũn ⇝ U ∼ N (0, σ2u) such that

for some σ̃ℓu ∈ R1+d, E[
∫ (·)
0 dB̃ℓ(u)U ] = σ̃ℓu

∫ (·)
0 du. □

Assumption 8 (iv) is imposed to assure invertibility of Ae and Ãf , and Ãf exists as a constant matrix by

ergodicity. Assumption 8 (v) is imposed to assure regular behavior of the asymptotic bias. The asymptotic

behavior of wid-2SLS follows by applying Theorem 1 (ii). We have the following result.

Corollary 4. Given Assumptions 7 and 8,

(i) if ν = 0, s
1
2
+κ

n (θ̂n − θ∗) ⇝ N (ψ̃s, σ̃
2
sA

−1
e ), where ψ̃s := −A−1

e τ̃s and σ̃2s := R1Σ̃
2
ℓR

′
1, such that

τ̃s :=
√
s∗[dB̃a(·), dB̃s(·)];

(ii) if ν ∈ (0, 12), s
1
2
−ν+κ

n (θ̂n − θ∗)
P→ ψ̃s; and

(iii) if ν = 1
2 , sκn(θ̂n − θ∗)

P→ ψ̃f := −Ã−1
f τ̃s. □

Given the DGP and model conditions in Assumptions 7 and 8, we can apply Theorem 1 (ii) to obtain

Corollary 4. The only difference lies in the fact that the convergence rate of the wid-2SLS is adjusted

to accommodate the weak IV condition, making the convergence rate of wid-2SLS slower than that of

sxid-GMM by
√
n. In view of the similarity between the two results we do not prove Corollary 4 in the

Supplement.
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There are differing viewpoints on asymptotic bias. First, we can view the asymptotic bias in terms

of the joint distribution of H̃n(·) and g̃n(·). To illustrate, consider the condition in Corollary 4 (iii) with

κ = 0. Note that θ̂n − θ∗ = −(P̂ ′
nΣ̂

−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ŵn. Here, s−1

n P̂ ′
nΣ̂

−1
n P̂n = [Ξ̂nHn(·), Hn(·)] and

Ξ̂nHn(·)−Hn(·) = oP(1) by Assumption 8 (ii), so that

Ãn := s−1
n nP̂ ′

nΣ̂
−1
n P̂n = [H̃n(·), H̃n(·)] + oP(1)

P→ Ãf := s∗[dB̃a(·), dB̃a(·)] + [µ(·), µ(·)],

by applying Lemma 1 (ii.c.2). Similarly,

d̈n := s−1
n n(−P̂n)′Σ̂−1

n ŵn = s−1
n (−P̃n)′Σ̂−1

n w̃n = [H̃n(·), g̃n(·)] + oP(1)
P→ τ̃s :=

√
s∗[dB̃a(·), dB̃s(·)],

by applying Lemma 1 (ii.b.2), implying that θ̂n−θ∗ = −Ã−1
n d̈n

P→ −Ã−1
f τ̃s =: ψ̃f . Unless [dB̃a(·), dB̃s(·)]

= 0, asymptotic bias does not vanish and is traced back to the joint asymptotic distribution of H̃n(·) and

g̃n(·). If the joint limit distribution is viewed in terms of the joint distribution of dB̃s(·) and dB̃a(·), then

asymptotic independence occurs iff [dB̃a(·), dB̃s(·)] = 0.

To take a second viewpoint of the asymptotic bias, the probability limit of [H̃n(·), g̃n(·)] is the prob-

ability limit of [H̃n(·) − µn(·), g̃n(·)] because [µn(·), g̃n(·)]
P→ 0. In other words, τ̃s is related to the

asymptotic covariance between n−
1
2
∑n

t=1(−xtzt,i − µi) and n−
1
2
∑n

t=1 zt,iut. Therefore, it follows that

τ̃s = −(limn→∞ s−1
n

∑sn
i=1 E[z2t,i])E[utvt] = −γE[utvt] using Assumptions 7 (ii) and 8 (v) and the fact that

πn = O(n−
1
2 ) and xt = π′nzt + vt. Therefore, τ̃s = 0 iff E[utvt] = 0. Hence, 2SLS has asymptotic bias

when E[utvt] ̸= 0.

4.2 wid-bc-2SLS

This section examines bc-2SLS in the framework of Section 4.1 and its performance is compared with wid-

2SLS driven by a continuous kernel. Conditions under which bc-2SLS is asymptotically most efficient are

also explored.

We first examine the weak infinite dimensional bias corrected 2SLS (wid-bc-2SLS) estimator.5 In earlier

work Donald and Newey (2001) and Chao and Swanson (2005) examined 2SLS and bc-2SLS under many

weak IV conditions. Similarly, our primary interest is in removing the biases that are evident in Corollary 4

and obtaining the limit distribution of the wid-bc-2SLS. We define the wid-bc-2SLS estimator as

θ̃n := −
(
P̂ ′
nΣ̂

−1
n P̂n −

(
sϑn
n

)
γnΩ̂xx,n

)−1(
(−P̂n)′Σ̂−1

n ĉn −
(
sϑn
n

)
γn(−m̂n)

)
,

5Nagar (1959) introduced bias corrected k-class and 2SLS (k = 1) estimators, exploring their finite sample properties by means
of moment expansions.
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where Ω̂xx,n := n−1X ′X , m̂n := n−1X ′y, and γn := (snn)
−1
∑sn

i=1

∑n
t=1 z

2
t,i. Using y = Xθ∗ + u, it

follows that

(θ̃n − θ∗) = −
(
P̂ ′
nΣ̂

−1
n P̂n −

(
sϑn
n

)
γnΩ̂xx,n

)−1(
(−P̂n)′Σ̂−1

n ŵn −
(
sϑn
n

)
γn(−ŝn)

)
= −(Ãn − sϑ−1

n γnΩ̂xx,n)
−1(d̈n − sϑ−1

n γn(−ŝn)), (12)

where ŝn := n−1X ′u. This definition differs slightly from that in Chao and Swanson (2005). We remove

the asymptotic bias by estimating γ by γn, and ϑ is not necessarily equal to unity. Different values for ϑ are

used for each environment considered in Corollary 4 (i to iii).

Before proceeding, some regularity conditions are imposed for wid-bc-2SLS and the following notation

is introduced. First, we apply the law of large numbers to Ω̂xx,n and ŝn. This application is standard for

many data with finite moments. Further, we assume that γn is consistent for γ at a rate greater than
√
n.

Next, we let ϕn,j,i be the j-th row and i-th column element of ϕn ∈ Rsn×d and extend this to define the

following function:

ϕn,i(u) :=


0, if u ∈ [0, 1

sn
) ;

ϕn,j,i, if u ∈ [ jsn ,
j+1
sn

), j = 1, 2, . . . , sn − 1; and

ϕn,sn,i, if u = 1.

We further let ϕn(·) := [ϕn,1(·), . . . , ϕn,d(·)]′ and suppose, for some nonzero ϕ(·) and φ(·) ∈ L2([0, 1]) and

β′ > 0, that ϕn(·) = ϕ(·)+s−β
′

n φ(·). This condition is imposed because ϕ(·) affects the limit distribution of

wid-2SLS. Finally, set kn := n−
1
2
∑n

t=1(utvt − σuv), where σuv := E[utvt], and assume that kn ⇝ K ∼d

N (0,Σ2
k) and so asymptotically normal. In addition, for ν ∈ [0, 12 ] and κ ≥ 0, define

ℓ̈n(·) :=


sn(·)

än(·)

c̈n(·)

 :=
1

√
sn

⌊(·)sn⌋∑
j=1


w̃n,j − ηn,j ũn

s−νn n
1
2 (−s−κn P̃n,j − µn,j)

s−νn n
1
2 (−s−κn P̃n,j − µn,j)(w̃n,j − ηn,j ũn)− τ̃s/

√
s∗



=
√
sn

∫ (·)

0


g̃n(u)− ηn(u)ũn

s−νn n
1
2 (s−κn H̃n(u)− µn(u))

s−νn n
1
2 (s−κn H̃n(u)− µn(u))(g̃n(u)− ηn(u)ũn)− τ̃s/

√
s∗

 du,
and suppose that for a positive-definite Σ̈ℓ ∈ R(1+2d)×(1+2d) and (1 + 2d)-variate Wiener process Ẅℓ(·) ∈

R1+2d, ℓ̈n(·) ⇝
∫ (·)
0 dB̈ℓ(u) := Σ̈ℓ

∫ (·)
0 dẄℓ(u) and for some Σ̈ℓh ∈ R(1+2d)×(1+d), E[

∫ (·)
0 dB̈ℓ(u)H′] =

Σ̈ℓh
∫ (·)
0 du, where H := (U ,K′)′. This supposition corresponds to Assumption 8 (vi), but additionally
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requires that
∑⌊(·)sn⌋

j=1 {s−νn n
1
2 (−s−κn P̃n,j −µn,j)(w̃n,j − ηj ũn)− τ̃s/

√
s∗} is asymptotically normal jointly

with the other components. For later purposes, B̈ℓ(·) is partitioned as B̈ℓ(·) ≡ (B̈s(·), B̈a(·)′, B̈c(·)′)′ ∈

R1+2d. These conditions are collected in the following assumption.

Assumption 9.

(i) Ω̂xx,n := n−1X ′X
P→ Ωxx := E[xtx′t] and ŝn := n−1X ′u

P→ E[utxt], and for some γ > 0,
γn := (snn)

−1
∑sn

i=1

∑n
t=1 z

2
t,i = γ + oP(n

− 1
2 );

(ii) Äg := (Ãf − γΩxx) is positive definite;
(iii) for some nonzero ϕ(·) and φ(·) ∈ L2([0, 1]) and β′ > 0, ϕn(·) = ϕ(·) + s−β

′
n φ(·); and

(iv) for positive-definite matrices Σ̈ℓ ∈ R(1+2d)×(1+2d) and Σ2
h ∈ R(1+d)×(1+d), ℓ̈n(·) ⇝

∫ (·)
0 dB̈ℓ(u)

:= Σ̈ℓ
∫ (·)
0 dẄ(u) and hn := (ũn, k

′
n)

′ ⇝ H := (U ,K′)′ ∼d N (0,Σ2
h) such that for some Σ̈ℓh ∈

R(1+2d)×(1+d), E[
∫ (·)
0 dB̈ℓ(u)H′] = Σ̈ℓh

∫ (·)
0 du. □

The limit theory for wid-bc-2SLS is now given according to the settings of Corollary 4. First, partition

Σ̈ℓh and Σ2
h as follows

Σ̈ℓh
(1+2d)×(1+d)

=


σ̈su (1×1) σ̈sk (1×d)

σ̈au (d×1) Σ̈ak (d×d)

σ̈cu (d×1) Σ̈ck (d×d)

 and Σ2
h

(1+d)×(1+d)

=

 σ2u (1×1) σuk (1×d)

σku (d×1) Σ2
k (d×d)

 ,
and define Σ̈2

s := σ̈2s [b(·), b(·)] +
√
s∗ϱR̈1Σ̈

2
ℓ R̈

′
3 +

√
s∗R̈3Σ̈

2
ℓ R̈

′
1ϱ

′ + s∗R̈3Σ̈
2
ℓ R̈

′
3, where σ̈2s := R̈1Σ̈

2
ℓ R̈

′
1,

b(·) := µ(·) + s∗γϕ(·), ϱ := [b(·), 1], R̈1 := [1, 01×2d], and R̈3 := [0d×(1+d), Id×d]. The following result

collects the asymptotic theory under various conditions characterizing the respective DGPs.

Theorem 4. Given Assumptions 7, 8 (i to v),

(i) if Assumptions 8 (vi) and 9 (i) also hold, ν = 0, and ϑ = 1
2+κ, then s

1
2
+κ

n (θ̃n−θ∗)⇝ N (0, σ̃2sA
−1
e );

(ii) if Assumption 9 also holds, ν ∈ (0, 12), and ϑ = 1
2 + ν + κ, then s

1
2
+κ

n (θ̃n − θ∗)⇝ N (0, σ̈2sA
−1
e );

(iii) if Assumption 9 also holds, ν = 1
2 , and ϑ = 1 + κ, and

(a) if κ = 0, s
1
2
n (θ̃n − θ∗)⇝ N (0, Ä−1

g HhÄ
−1
g );

(b) if κ > 0, s
1
2
+κ

n (θ̃n − θ∗) ⇝ N (0, Ã−1
f HhÃ

−1
f ), where Hh := Σ̈2

s +
√
s∗γ(ϱσ̈sk + σ̈′skϱ

′) +

s∗γ(Σ̈ck + Σ̈′
ck) + s∗γ

2Σ2
k. □

Remark.

(i) Under Theorem 4 (i and ii), wid-bc-2SLS satisfies the information matrix equality and is therefore
asymptotically most efficient as implied by Corollary 2.

(ii) Under Theorem 4 (iii), the limit distribution of the wid-bc-2SLS depends on the parameters γ and
s∗. Although consistent for θ∗, it is not necessarily more efficient than other consistent estimators, as
confirmed by simulation evidence in Section 6.

(iii) Theorem 4 shows that wid-bc-2SLS is asymptotically normal, which is established by deriving the
weak limits of the components that comprise wid-bc-2SLS. For example, under Theorem 4 (iii.a),

s
1
2
n (θ̃n − θ∗)
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= −(ns−1
n P̂ ′

nΣ̂
−1
n P̂n − γnΩ̂xx,n)

−1(s
1
2
n{ns−1

n (−P̂n)′Σ̂−1
n ŵn − τ̃s} − s

1
2
n{γn(−ŝn)− τ̃s})

= −(Ãn − γnΩ̂xx,n)
−1(s

1
2
n (d̈n − τ̃s)− s

1
2
n (γn(−ŝn)− τ̃s)).

We show that Ãn − γnΩ̂xx,n
P→ Äg, s

1
2
n (d̈n − τ̃s) ⇝ [µ(·), dB̈s(·)] +

√
s∗B̈c(1), and s

1
2
n (γn(−ŝn) −

τ̃s)⇝ γ{s∗[ϕ(·), dB̈s(·)] +
√
s∗K}. Combining these limits delivers the limit distribution. □

4.3 wid-2SLS with a Continuous Kernel and Permuted wid-2SLS

This section examines pwid-2SLS estimation in the framework of Section 4.1. We start by considering

wid-2SLS with a continuous kernel and use the following conditions.

Assumption 10.

(i) σ̂n(·, ◦) is positive definite uniformly in n;

(ii) for a continuous kernel ξ(·, ◦), sup(u1,u2) |ξ̂n(u1, u2)− ξ(u1, u2)|
P→ 0;

(iii) for some nonzero ρ(·), µ(·) and χ(·) ∈ L2([0, 1]) and for some α > 1
2 and β > 0, ηn(·) = s−αn ρ(·)

and µn(·) = µ(·) + s−βn χ(·);
(iv) Ar := [Ξµ(·), µ(·)] is positive definite; and
(v) for a positive definite Σ̃ℓ, ℓ̃n(·)⇝ Σ̃ℓ

∫ (·)
0 dW̃ℓ(u) and ũn ⇝ U ∼ N (0, σ2u). □

Assumption 10 adjusts the conditions in Assumption 8 to reflect use of a continuous kernel. Assumptions 10

(i, ii, iii, iv and v) correspond to Assumptions 2 (i, ii.a), 3 (i, iii), and 4 (i, ii), respectively. The other condi-

tions in Assumptions 3 and 4 are straightforwardly satisfied by the DGP and model conditions. Assumption

10 (ii) also implies that r = 0.

In view of this correspondence, the limit theory of wid-2SLS with a continuous kernel is obtained

from Corollary 1. Let θ̈n be the wid-2SLS estimator, viz., θ̈n := −(P̂ ′
nΣ̂

−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ĉn, so that

θ̈n = θ∗−(P̂ ′
nΣ̂

−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ŵn. We use different notation here from θ̂n in Section 4.1 to emphasize

that θ̈n is driven by a continuous kernel. Note also that

s−2−2κ
n nP̂ ′

nΣ̂nP̂n = s−2κ
n n[Ξ̂nHn(·), Hn(·)] = s−2κ

n [Ξ̂nH̃n(·), H̃n(·)] = s−2κ
n Ãn = Ar + oP(1),

by Lemma 1 (i.c). In addition, s−2−κ
n nP̂ ′

nΣ̂
−1
n ŵn = s−κn [Ξ̂nH̃n(·), g̃n(·)] = s−κn d̈n, and Lemma 1 (i.b)

implies that s
1
2
−κ

n d̈n ⇝ [Ξµ(·), dB̃s(·)]. Using these results the limit distribution of wid-2SLS is as follows.

Corollary 5. Given Assumptions 7 and 10, s
1
2
+κ

n (θ̈n − θ∗) ⇝ N (0, A−1
r B̃rA

−1
r ), where B̃r := σ̃2s [Ξµ(·),

Ξµ(·)] and σ̃2s := R1Σ̃
2
ℓR

′
1. □

Corollary 5 follows directly from Corollary 1. Further, Corollary 2 (ii) implies that if ξ(·, ◦) is a continuous

kernel close to δ(·−◦), the efficiency of θ̈n improves, and its level is bounded from below by σ̃2s [µ(·), µ(·)]−1.
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We next examine pwid-2SLS estimation. Our main interest is in constructing a more efficient estimator

using the wid-2SLS procedure driven by a continuous kernel when its limit distribution is non-degenerate,

viz., under the environment of Corollary 5. We let m be the permutation size and suppose that each per-

mutation is conducted by sampling the IVs with replacement. That is, given the set of the instruments

{zt,j : j = 1, 2, . . . , sn}, we sample the IVs from {zt,j : j = 1, 2, . . . , sn} with replacement thereby

leading to a new permuted instrument zpt := (zpt,1, . . . , z
p
t,sn)

′, in which the component zpt,j is the j-th instru-

ment that is drawn in the permutation. We permute the same set of instruments, so that only the ordering

of the instruments is changed. The same permuted order of the instruments is applied to every individual

t = 1, 2, . . . n, defining Zp := (zp1 , . . . , z
p
n)′, P̂

p
n := n−1X ′Zp, and ĉpn := n−1Zp′y. With this permutation

each new wid-2SLS is given as θ̈pn := −(P̂ p′n Σ̂−1
n P̂ pn)−1(−P̂ pn)′Σ̂−1

n ĉpn. Proceeding in this way, indepen-

dently permuting the instruments, computing the estimates θ̈pn for p = 1, 2, . . . ,m, and averaging, leads to

the pwid-2SLS estimator given by

θ̄n :=
1

m

m∑
p=1

θ̈pn.

In this scheme, the same permutation order may replicate because of random resampling with replacement

to produce permutations. The procedure and conditions are formally represented as follows.

Assumption 11.

(i) For each t, {zt,j : j = 1, 2, . . . , sn} is iid with respect to j;
(ii) the IVs are randomly sampled from {zt,j : j = 1, 2, . . . , sn} with replacement to define zpt :=

(zt,(1), . . . , zt,(sn))
′;

(iii) the IV matrix is defined as Zp := (zp1 , . . . , z
p
n)′ by applying the same instrumental order as given in

(ii) to every t = 1, 2, . . . , n; and
(iv) for p and q = 1, 2, . . . ,m (p ̸= q), the random sampling procedure to define Zp := (zp1 , . . . , z

p
n)′ is

independent of the random sampling procedure to define Zq := (zq1, . . . , z
q
n)′. □

We now apply Corollary 3 to show that pwid-2SLS estimation is more efficient than wid-2SLS under

the maintained assumptions. Let σ2q := E[u2t z2t,j ] and ζ1 := [Ξµ(·), 1]. The limit theory for pwid-2SLS is

given in the following result.

Corollary 6. Given Assumptions 7, 10, and 11,

(i) s
1
2
+κ

n (θ̄n − θ∗)⇝ N (0, 1
mA

−1
r B̃rA

−1
r + (1− 1

m)σ2qA
−1
r ζ1ζ

′
1A

−1
r ); and

(ii) (A−1
r B̃rA

−1
r − σ2qA

−1
r ζ1ζ

′
1A

−1
r ) is positive definite. □

Corollary 6 follows by verifying the conditions in Corollary 3. In particular, we show that Ψ and Λ in

Corollary 3 are A−1
r B̃rA

−1
r and σ2qA

−1
r ζ1ζ

′
1A

−1
r , respectively, which in turn implies that if m is sufficiently

large then pwid-2SLS is more efficient than wid-2SLS, as Corollary 6 (ii) assures.
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5 Neumann Series Expansion

This section examines a Neumann series expansion applied to implement xid-GMM. When the number

of moment conditions sn rises and becomes large, computation of the inverse matrix Σ̂−1
n can become

challenging. In such cases a Neumann series expansion can be useful.

First, note that if sn is large and the maximum eigenvalue of s−1
n Σ̂n is less than unity, then we have

(
s−1
n Σ̂n

)−1
=
(
I −

(
I − s−1

n Σ̂n

))−1
=

∞∑
h=0

(
Isn − s−1

n Σ̂n

)h
(13)

by Neumann expansion. Rewriting the binomial on the right side of (13) for each h gives

(
Isn − s−1

n Σ̂n

)h
=

h∑
ℓ=0

(−1)ℓ
(
h

ℓ

)(
s−1
n Σ̂n

)ℓ
, (14)

where (s−1
n Σ̂n)

0 := Isn . Next, we represent the associated statistics in integral transform form. For

this purpose let Σ̂(·,j1)
n and Σ̂

(jℓ−1,◦)
n be the j1-th column and jℓ−1-th row, respectively, so that we can let

σ̂n(·, ◦) := Σ̂
(·,◦)
n . With this formulation, we can construct a recursive system in which for ℓ ∈ {1, 2, 3, . . .},

σ̂n,ℓ(·, ◦) =
∫ 1

0
σ̂n,ℓ−1(·, u)σ̂n(u, ◦)du,

such that σ̂n,0(·, ◦) := s−1
n I(· − ◦). If so, it follows that for ℓ ∈ {1, 2, 3, . . .}, σ̂n,ℓ(·, ◦) := s

−(ℓ+1)
n Σ̂ℓn.

Using this recursive system the GMM distance can be obtained without computing Σ̂−1
n directly. For

each ℓ ∈ {1, 2, 3, . . .}, σ̂n,ℓ(·, ◦) is a kernel of an integral transformation operator. We let Σ̂n,ℓ be the integral

transformation equipped with this kernel. Then, for the same Bn and Cn as defined in Section 4.1 and for

ℓ ∈ {1, 2, 3, . . .},

1

s2n
B′
n

1

sℓ+1
n

Σ̂ℓnCn =

∫ 1

0

∫ 1

0
bn(u1)σ̂n,ℓ(u1, u2)cn(u2)du1du2 = (Σ̂n,ℓbn(·), cn(·)),

implying that

1

s2n
B′
ns

−1
n

(
s−1
n Σ̂n

)−1
Cn =

∞∑
h=0

h∑
ℓ=0

(
h

ℓ

)
(−1)ℓ

sℓ+3
n

B′
nΣ̂

ℓ
nCn =

∞∑
h=0

h∑
ℓ=0

(−1)ℓ
(
h

ℓ

)
(Σ̂n,ℓbn(·), cn(·)), (15)

where the second equality follows from (13) and (14). From the definition of Ξ̂n, viz., s−2
n B′

nΣ̂
−1
n Cn =

(Ξ̂nbn(·), cn(·)), the kernel of Ξ̂n must be
∑∞

h=0

∑h
ℓ=0(−1)ℓ

(
h
ℓ

)
σ̂n,ℓ(·, ◦). Therefore, for h = 0, 1, . . ., if

we let Ξ̂n,h be an integral transform operator with kernel ξ̂n,h(·, ◦) :=
∑h

ℓ=0(−1)ℓ
(
h
ℓ

)
σ̂n,ℓ(·, ◦), then Ξ̂n

becomes an integral transform operator with kernel ξ̂n(·, ◦) =
∑∞

h=0 ξ̂n,h(·, ◦) such that s−2
n B′

nΣ̂
−1
n Cn =
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(Ξ̂nbn(·), cn(·)) =
∑∞

h=0(Ξ̂n,hbn(·), cn(·)).

We now formally state the following additional condition to incorporate this procedure into xid-GMM

estimation with the next theorem giving the operator representation in consequence.

Assumption 12. The maximum eigenvalue of s−1
n Σ̂n is less than unity uniformly in n. □

Theorem 5. Given Assumptions 1, 2, and 12,
(i) qn(θ∗) =

∑∞
h=0(Ξ̂n,hg̃n(·), g̃n(·));

(ii) Ān =
∑∞

h=0[Ξ̂n,hHn(·), Hn(·)] in probability; and
(iii) d̃n =

∑∞
h=0[Ξ̂n,hHn(·), g̃n(·)]. □

6 Simulations

Our simulations have three main goals: (i) to corroborate the limit theory for wxid-GMM by studying find-

ings for wid-2SLS and wid-bc-2SLS; (ii) to compare wid-bc-2SLS with wid-2SLS driven by a continuous

kernel, with a key focus on their respective efficiency levels; and (iii) to examine the use of a Neumann

series expansion as an approximation in the practical implementation of wid-2SLS.

The following DGP framework is employed. We let d = 1, ϕn,∗ = ιn := (1, 1, . . . , 1)′, and vt = ut for

every t, so that

yt = xn,tθ∗ + ut and xn,t :=
1√
n

n∑
j=1

zt,j + ut,

where (z′t, ut)
′ ∼ N (0, In+1), zt := (zt,1, . . . , zt,n)

′, and so for t ̸= τ and j ̸= i, (zt,j , zτ,i)′ ∼ N (0, I2).

Then, α = ∞ for an arbitrary continuous function ρ(·). Further, γ := limn→∞ n−1
∑n

i=1 E[z2t,i] = 1. Here,

n−
1
2
∑n

i=1 zt,i has unit variance and is defined by a local-to-zero parameter with convergence rate n−
1
2 , so

that πn,∗ = n−
1
2 ιn. By this condition, µn = −ιn, and Assumption 8 (iii) holds by letting µ(·) ≡ −1 on

[0, 1] with β = ∞ for an arbitrary continuous function χ(·). We also set θ∗ = 1 in the simulations. Note

that vt ≡ ut in the DGP, so that E[utvt] = 1, and sn = n, which implies s∗ = 1.

The wid-bc-2SLS is defined as

θ̃n := −(P̂ ′
nΣ̂

−1
n P̂n − γnΩ̂xx,n)

−1((−P̂n)′Σ̂−1
n ĉn − γn(−m̂n))

by noting that snn−1 = 1, where P̂n := n−1Z ′X , ĉn := n−1Z ′y, Ω̂xx,n := n−1X ′X , and m̂n :=

n−1X ′y. Under the current DGP, for each j, E[z2t,j ] = 1, so that n−1
∑n

j=1 E[z2t,j ] ≡ 1 and γn :=

(snn)
−1
∑n

j=1

∑n
t=1 z

2
t,j is super-consistent for γ = 1. In addition, we let P̂n,j and ŵn,j be the j-th row

element of P̂n and ŵn := n−1Z ′u, respectively and further let (P̃n,j , w̃n,j)′ :=
√
n(P̂n,j , ŵn,j)

′. Further,

θ̃n = θ∗ − (P̂ ′
nΣ̂

−1
n P̂n − γnΩ̂xx,n)

−1((−P̂n)′Σ̂−1
n ŵn − γn(−ŝn)), ŝn := n−1X ′u, Ω̂xx,n

P→ Ωxx = 2, and

ŝn
P→ 1 by ergodicity and since E[x2n,t] = 2 and E[xn,tut] = 1. Therefore, θ̃n

P→ θ∗.
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We start by considering the asymptotic distribution of wid-bc-2SLS. Let kn := n−
1
2
∑n

t=1(u
2
t − 1) ⇝

K ∼ N (0, 2), and following some lengthy algebra find that

ℓ̈n(·) := s
− 1

2
n

⌊(·)sn⌋∑
j=1


w̃n,j

(−P̃n,j + 1)

(−P̃n,j + 1)w̃n,j + 1

⇝
∫ (·)

0
dB̈ℓ(u) :=


1 −1 −1

−1 3 1

−1 1 6


1
2 ∫ (·)

0


dẄ1(u)

dẄ2(u)

dẄ3(u)

 ,

with E[
∫ (·)
0 dB̈ℓ(u)K] = [0, 0,−2]′

∫ (·)
0 du. From this weak limit it follows that ν = 1

2 and κ = 0. We

then apply Theorem 4 (iii.a) to obtain the limit distribution of θ̃n. First, µ(·) ≡ −1 and ϕ(·) ≡ 1, so that

b(·) := µ(·) + s∗γϕ(·) ≡ 0 as s∗ = 1 and γ = 1, implying that ϱ = 0 and Σ̈2
s = 6. Next, Σ̈ck = −2 and

together we have Hh = Σ̈2
s +

√
s∗γ(ϱσ̈sk + σ̈′skϱ

′) + s∗γ(Σ̈ck + Σ̈′
ck) + s∗γ

2Σ2
k = 4. Further, let Σ̂n be

Bickel and Levina’s (2008) regularized covariance matrix estimator obtained by setting their parameter α to

be proportional to n. This implies that Assumption 8 (i) holds and that Ξ̂n asymptotically converges to an

identity integral transform operator. With this setting it follows that P̂ ′
nΣ̂

−1
n P̂n = n−1P̃ ′

nΣ̂
−1
n P̃n

P→ 3, so that

P̂ ′
nΣ̂

−1
n P̂n−γnΩ̂xx,n

P→ 1 as γnΩ̂xx,n
P→ γΩxx = 1·2 = 2. Therefore, Äg = 1 and

√
sn(θ̃n−1)⇝ N (0, 4).

Now consider estimating the unknown parameter θ∗ by applying Neumann series expansion. If the

inverse operator is approximated by a Neumann series, another level of bias is introduced. If k is finite,

the finite sample behavior of the wid-bc-2SLS can be poor; but we can compensate by adjusting the bias

correction term in θ̃n as follows

θ̃n,k :=

(
k∑

h=0

(Ξ̂n,hHn(·), Hn(·))− γn,kΩ̂xx,n

)−1( k∑
h=0

(Ξ̂n,hHn(·), cn(·))− γn,km̂n

)
,

and γn,k := γn(1− (1− 1/n)k+1). If k → ∞, γn,k → γn, so that θ̃n,k approaches θ̃n and we have

θ̃n,k = θ∗ +

(
k∑

h=0

(Ξ̂n,hHn(·), Hn(·))− γn,kΩ̂xx,n

)−1( k∑
h=0

(Ξ̂n,hHn(·), gn(·))− γn,kŝn

)
.

Under the current DGP,
∑k

h=0(Ξ̂n,hHn(·), Hn(·)) = 3γn,k + oP(1), Ω̂xx,n
P→ 2, and

∑k
h=0(Ξ̂n,hHn(·),

gn(·)) = γn,k + oP(1), so that the finite sample bias introduced by Neumann series expansion is asymp-

totically removed. Here,
∑k

h=0(Ξ̂n,hHn(·), Hn(·)) − γn,kΩ̂xx,n = γn,k + oP(1), implying that the inverse

converges to unity in probability as n tends to infinity.

In addition to wid-bc-2SLS, we consider another wid-2SLS driven by a continuous kernel. If the kernel

ξn(·, ◦) converges to a continuous kernel, Corollary 5 implies that wid-2SLS is asymptotically unbiased

and normal. We compare its finite sample performance with wid-bc-2SLS. For this purpose, we let θ̈n :=
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−(P̂ ′
nB̂nP̂n)

−1(−P̂n)′B̂nĉn, where B̂n is an n× n matrix such that its i-th row and j-th column element is

identical to min[ in ,
j
n ]. This BMK kernel converges to the continuous function min[·, ◦] on the unit square

as n tends to infinity.

The asymptotic variance of θ̈n is obtained from Corollary 5. That is, acov[
√
n(θ̈n − θ∗)] = 1.20 from

the fact that Ar = 1
3 =

∫ 1
0

∫ 1
0 min[x, y]dxdy, Br = 2

15σ
2 = σ2

∫ 1
0 (
∫ 1
0 min[x, y]dx)2dy, and σ2 = 1, which

is obtained from the square root of the global covariance matrix of ℓ̃n(1). This level of asymptotic variance

ensures that the wid-2SLS is more efficient than the wid-bc-2SLS. As is affirmed in the Supplement by

simulation, the asymptotic variance further decreases by employing SEK with s2 close to zero. Although

we cannot directly apply Corollary 2 (ii) to the current DGP from the fact that ν differs from 0, this behavior

reveals that if the kernel function is continuous and close to the Dirac delta function, a more efficient wid-

2SLS is obtained.

Finally, we estimate the unknown parameter by permuting the moment conditions. Given BMK, θ̈n

is not independent of the moment order. There are a total of n! possible permutations, which is too large

for practical implementation. Instead, m = 5, 000 independent permutations of the moment orders are

employed leading to the sample average θ̄n = m−1
∑m

p=1 θ̈
p
n. Since the moment order choices are iid the

optimal weight becomes 1
m for each permutation by Corollary 3 (i), justifying the use of the mean θ̄n.

Under the current DGP the asymptotic variance of the pwid-2SLS estimate can be computed analytically.

We note that avar[
√
n(θ̈pn − θ∗)] = 1.20; and for p ̸= q, acov[

√
n(θ̈pn − θ∗),

√
n(θ̈qn − θ∗)] = 1.00. This

result follows by noting that

acov[
√
n(θ̈pn − θ∗),

√
n(θ̈qn − θ∗)] = A−1

r

∫ 1

0
· · ·
∫ 1

0
min[u, v] min[u′, v′]E[dWp(v)dWq(v′)]dudu′A−1

r

= 9

(∫ 1

0
min[u, v]dudv

)2

= 1, (16)

where the last equality follows from the fact that Ar = 1
3 , σ2 = 1, and E[dB̃p(v)dB̃q(v′)] = dvdv′ under

the current DGP. Applying Corollary 6 (i) gives acov[
√
n(θ̄n − θ∗)] =

1
m1.20 + (1 − 1

m)1.00 = 1.00004

with m = 5, 000. If m further increases to infinity, avar[
√
n(θ̄n − θ∗)] → 1.

For the present simulations we used n ∈ {200, 500, 1, 000, 1, 500} and k ∈ {10, 50, 100, 200, 500,∞}

for θ̃n,k and for k = ∞, θ̃n,k is defined as θ̃n. The number of replications were 3,000 and 15,000 for θ̃n,k

and (θ̃n, θ̈n, θ̄n), respectively. The simulation results are reported in Tables 1 and 2. Table 1 reports the

sample averages of
√
n(θ̃n − θ∗),

√
n(θ̈n − θ∗),

√
n(θ̄n − θ∗), and

√
n(θ̃n,k − θ∗) for each k, and Table 2

reports their sample variances. The results are summarized as follows

(i) As n increases, the finite sample distributions of
√
n(θ̃n− θ∗) approach N (0, 4), the sample variance
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of
√
n(θ̃n − θ∗) approaches 4, and bias approaches zero. But when n is small, the finite sample bias

can be relatively large and the variance can be quite different from the asymptotic variance.

(ii) For k ∈ {10, 50, 100, 200, 500}, the overall distribution of
√
n(θ̃n,k−θ∗) differs from that of

√
n(θ̃n−

θ∗), and the variance varies depending on k.

(iii) More efficient estimation is achieved by selecting k carefully when n is small. For example, when

n = 200, the sample variance of
√
n(θ̃n,k−θ∗) is smallest when k = 100, although its bias is slightly

greater than that with n = 500. Hence, the efficiency of the wid-bc-2SLS depends on k when n is

relatively small. On the other hand, if n is large, the sample variance of
√
n(θ̃n,k − θ∗) decreases and

converges to that of
√
n(θ̃n − θ∗) as k increases. Consequently, the latter is more efficient than the

former. The sample variance of
√
n(θ̃n,k−θ∗) is always greater than that of

√
n(θ̃n−θ∗) for n = 500,

1, 000, and 1, 500; and, further, the finite sample bias approaches zero as k increases, meaning that

γn,k removes the finite sample bias. This feature is also apparent in distributional shape. Figure 1

shows the empirical distributions of
√
n(θ̃n,k − θ∗), revealing how it approaches that of

√
n(θ̃n − θ∗)

as k increases. We let n = 500 and increase k from 50 to 100, 200, and 500. With k = 500 the

empirical distribution of
√
n(θ̃n,k − θ∗) is almost identical to that of

√
n(θ̃n − θ∗) and also almost

identical to that of N (0, 4).

(iv) If k is small, the bias becomes large as n increases. For example, when k = 10, the sample average

of
√
n(θ̃n,k − θ∗) with n = 500 is more negatively valued than that with n = 300. This behavior

arises from the observation that γn,k converges to zero as n → ∞ for fixed k, so that the asymptotic

bias cannot be removed by increasing only n. The asymptotic bias of the wid-2SLS estimator is

more easily passed on to θ̃n,k when k is small, meaning that for large n, k also needs to be large for

improved performance.

(v) We also compare
√
n(θ̈n − θ∗) with

√
n(θ̃n − θ∗). From the last third and second columns of Table

1, both estimators are distributed around zero, but the sample mean of
√
n(θ̈n − θ∗) is closer to

zero than that of
√
n(θ̃n − θ∗), implying that the finite sample bias of

√
n(θ̈n − θ∗) disappears more

rapidly. Furthermore, the sample variance of
√
n(θ̈n−θ∗) is always smaller than that of

√
n(θ̃n−θ∗).

The asymptotic variance of
√
n(θ̈n − θ∗) is 1.20, which is close to the values in the second last

column of Table 2. As the sample size increases, the sample variance approaches 1.20. This fact

implies that the wid-2SLS driven by a continuous kernel is more efficient than the wid-bc-2SLS. In

the Supplement, we also conduct simulations using SEK with various s2’s and observe that the sample

variance approaches 1.00 as s2 gets close to zero.

(vi) We compare the pwid-2SLS (θ̄n) with the other procedures. Most of all, the sample average of
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√
n(θ̄n − θ∗) is close to zero and converges to zero as n increases, implying that the pwid-2SLS

is asymptotically unbiased. Further, the magnitude of the bias is smaller than the other estimators for

large n. In addition, the sample variance of
√
n(θ̄n − θ∗) is noticeably smaller than the others. This

behavior corroborates Corollary 3 (iv). □

Although they are not reported here, simulations with other kernels were conducted similar to those in

the present section. Simulation results are reported in the Supplement for BMK, BBK, and SEKs kernels

with various s2’s and the Dirac delta function. The findings from these simulation exercises together confirm

the properties and limit theory of wid-2SLS and pwid-2SLS estimation.

7 Empirical Application

This section reports an application of xid-GMM and wid-2SLS estimation to the empirical data in the study

of Angrist and Krueger (1991), providing further empirical evidence on the returns to human capital in

education. The literature on human capital and the relationship between education and its monetary return

has been a popular applied research topic with the links between education and wage being a central issue.

For example, Mincer (1958) provides a theory that describes a linear relationship between log wage and

education; and Angrist and Krueger (1991) estimate a structural relationship between the variables using

2SLS. Here we report findings from the use of wid-2SLS estimation to the same empirical data.

We briefly review the well-known work of Angrist and Krueger (1991) to make the discussion here self

contained. Their empirical investigation uses 5% samples of the US census data and notes that variation in

education is created by compulsory school attendance laws because individuals born in the first quarter of

year have shorter overall school attendance. This variation is used to construct instruments in the estimation

of a monetary return equation by 2SLS. Specifically, they specify the following return equation based on

Mincer (1958)

wt = ξ0∗ + ξ1∗xt + d′tη∗ + Ut, (17)

where wt denotes the weekly log wage (wage); xt is schooling years (educ); dt denotes other exogenous co-

variates, viz., dt = (birtht,1, . . . , birtht,9)′; and birtht,c denotes the birth year dummy for the tth-individual;

and c = 1, 2, . . . , 9. There are 10 birth years in each cohort, so 9 dummies are used. There are 11 covariates

in total on the right side of (17) including the constant (const), and xt is the only endogenous variable, so

that its coefficient ξ1∗ measures the return to education. In addition, they construct the IV zt using the ex-

ogenous variables (const, d′t)
′ and the season of birth (seas), viz., zt = (1, d′t, seast,1, . . . , seast,30)′, where

seast,j is defined as birtht,j × qrtrt,i with j = 1, 2, . . . , 10, and qrtrt,i denotes the quarter of birth of the
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tth-individual with i = 1, 2, and 3. Overall there are 40 IVs including the exogenous variables. We call this

monetary return equation the basic model.

Using the three data sets constructed by the individuals belonging to 1920–1929, 1930–1939, and 1940–

1949 cohorts, Angrist and Krueger (1991) estimated the basic model by ordinary least squares (OLS) and

2SLS and compared the estimation results, finding that individuals compelled to attend school for a shorter

time than others earn lower wages as a result of their education shortfall. They also find that the returns to

education estimated by 2SLS are statistically indistinguishable from those by OLS.6 Angrist and Krueger

(1991) estimated another model in parallel to the basic model by letting the regressor dt include race dum-

mies, a dummy for residence in an SMSA, a marital status dummy, and eight region-of-residence dummies.

We call the model with these exogenous variables the extended model. Using this extended model, the

authors obtained empirical results similar to those of the basic model.

The empirical findings of Angrist and Krueger (1991) motivated other research. For example, Staiger

and Stock (1997) pointed out that their results were obtained using weak IVs, so that estimating the structural

coefficient by 2SLS can be misleading; and instead used LIML estimation with the same data (see Anderson

and Rubin, 1949; Anderson, 2005) in view of its improved properties under weak instrumentation. In other

work, Donald and Newey (2001) and Chao and Swanson (2005) employed wid-bc-2SLS estimation to allow

for the use of many weak IVs in estimation.

For our empirical illustration, we apply pwid-2SLS to the same data. The findings are contained in Table

3 based on estimation obtained as follows. First, OLS and 2SLS replicate Angrist and Krueger (1991): for

the 3 cohorts and both basic and extended models, the structural coefficient was estimated by OLS and

2SLS; and 90% and 95% confidence intervals (CIs) given below the estimates were obtained by applying

the residual bootstrap (e.g., Efron and Tibshirani, 1993), using 5,000 bootstrap iterations. Second, LIML

and wid-bc-2SLS are obtained following Staiger and Stock (1997) and Chao and Swanson (2005). Again,

90% and 95% CIs are provided by the residual bootstrap. Third, we provide the pwid-2SLS along with its

90% and 95% CIs, and in estimation we employ the two continuous kernels BMK and BBK. Specifically, we

randomly draw 5,000 different permutation orders with replacement and obtain 5,000 wid-2SLS estimates

from each kernel. We compute the pwid-2SLS by averaging the 5,000 estimates, as discussed earlier in the

paper. In addition, 90% and 95% CIs are obtained by bootstrapping 5,000 samples for each kernel.

The findings are summarized as follows.

(i) For the 1920-1929 cohort, we observe that the OLS, 2SLS, LIML, wid-bc-2SLS, and two pwid-2SLS

6Angrist and Krueger (1991) provide more details on the data in the following URL: http://economics.mit.edu/
faculty/angrist/data1/data/angkru1991.
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estimators produce similar estimates. In addition, the 90% and 95% CIs of both pwid-2SLS estimators

are narrower than those of LIML and wid-bc-2SLS. Further, the 90% and 95% ranges of both pwid-

2SLS estimators are narrower than those of the LIML and wid-bc-2SLS.

(ii) For the 1930-1939 cohort, both pwid-2SLS estimators produce estimates greater than OLS, 2SLS,

LIML, and wid-bc-2SLS; and they are also similar to each other. In particular, both pwid-2SLS

estimates are greater than OLS by 35.20% for the basic model and by 44.44% for the extended model;

and the CIs of both pwid-2SLS estimators are narrower than those of LIML and wid-bc-2SLS. In

addition, the 90% and 95% ranges of both pwid-2SLS estimators are narrower than those of LIML

and wid-bc-2SLS.

(iii) For 1940-1949 cohort, different results are observed between the basic and extended models. For

the basic model, the OLS, 2SLS, LIML, and wid-bc-2SLS produce similar estimation results, but

both pwid-2SLS estimators produce smaller coefficients than the others. In addition, both pwid-2SLS

estimators produce narrower CIs than LIML and wid-bc-2SLS. For the extended model, OLS differs

from the others, and 2SLS and wid-bc-2SLS produce similar results smaller than OLS. LIML is much

smaller than OLS, and both pwid-2SLS estimators produce the smallest estimates. Further, the size of

the CIs and ranges are in the order of wid-bc-2SLS, the two wid-2SLSs, and LIML from the smallest

to the largest.

(iv) Although we report estimation results for the 1940-1949 cohort in Table 3, the estimates need some

care in interpretation. First, Staiger and Stock (1997) rejected the overidentification hypothesis using

the Basmann-LIML test and concluded that the model specifications are unrealistic for the data, so that

the estimates of the basic and extended models cannot provide an accurate indication of the structural

relationship between the variables in this case. Second, Table 3 demonstrates that the estimates are

indeed affected by the asymptotic bias induced by the model misspecification. The 2SLS, LIML, and

wid-bc-2SLS estimates are smaller than OLS by at least 25% for the extended model, while estimates

from the basic model are not so different from OLS although they are still smaller than OLS. Finally,

the asymptotic bias is evident from both pwid-2SLS estimates: when compared to OLS, the return

to education is estimated to be smaller than OLS by more than 63% for both basic and extended

models. These findings help to reinforce doubts concerning the validity of the models for the 1940-

1949 cohort. □
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8 Conclusion

If the number of moment conditions grows to infinity proportional to the sample size, GMM asymptotics

differ from the standard case where the number of moment conditions is constant. In particular, the new

limit depends on the stochastic properties of the moment conditions and the weight matrix used to define the

GMM distance. The present work provides new GMM asymptotics to address high dimensionality in which

partial sums formed by the moment conditions satisfy an invariance principle. The moment conditions may

be strong or weak and the GMM weight matrix may converge either to a continuous kernel or the Dirac

delta function. The limit distribution of xid-GMM is obtained in this setting and shown to be normal and

unbiased if the weight matrix converges to a continuous kernel.

A further innovation enables improvement in xid-GMM asymptotic efficiency. In the case where xid-

GMM estimation is driven by a continuous kernel in the limit, a new estimator is developed called pxid-

GMM obtained by permuting the moment conditions and averaging the resulting xid-GMM estimates. If

the different estimates are based on randomly sampling and permuting the moment order, the asymptotic

efficiency of the resulting estimator improves as the random sample size increases. In the 2SLS framework,

this property is confirmed in simulations. For computing the inverse matrices of high dimension that arise

in practical work, a Neumann series expansion is found to be a useful device to simplify calculations. All

these methods are illustrated in an empirical application estimating the monetary return to education using

the US census data sets in Angrist and Krueger (1991), showing the effect of efficient GMM estimation in

applied work with many weak moment conditions.
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n\ Estimators k = 10 k = 50 k = 100 k = 200 k = 500 k = ∞
√
n(θ̈n − θ∗)

√
n(θ̄n − θ∗)

200 −2.9476 −0.9008 −0.6599 −0.7224 −0.1682 −0.4551 −0.0701 −0.0751

500 −3.3566 −0.7509 −0.5252 −0.3614 −0.2968 −0.2389 −0.0282 −0.0369

1, 000 −4.4116 −0.9275 −0.5499 −0.3709 −0.1959 −0.2370 −0.0348 −0.0246

1, 500 −5.0503 −0.9960 −0.5207 −0.3834 −0.2093 −0.1449 −0.0346 −0.0233

Table 1: SAMPLE BIASES OF WID-BC-2SLS, WID-2SLS, AND PERMUTED WID-2SLS. Each cell reports
the finite sample bias of

√
n(θ̃n,k − θ∗) that is obtained by implementing 3,000 independent experiments.

If k = ∞, the cell reports the sample variance of
√
n(θ̃n − θ∗) that is obtained by implementing 15,000

independent experiments. Here, k is the degree of Neumann’s series expansion, and if k = ∞, the inverse
matrix of Σ̂n is directly used as the weight matrix. Finally, the cells in the last two columns report the sample
averages of

√
n(θ̈n−θ∗) and

√
n(θ̄n−θ∗) obtained by 15,000 independent experiments, respectively, where

θ̈n and θ̄n are the wid-2SLS and pwid-2SLS driven by BMK.

n\ Estimators k = 10 k = 50 k = 100 k = 200 k = 500 k = ∞
√
n(θ̈n − θ∗)

√
n(θ̄n − θ∗)

200 45.442 10.438 6.6285 14.117 375.16 59.092 1.2556 1.0500

500 12.434 5.2559 4.9139 5.0342 4.6732 4.6000 1.2158 1.0097

1, 000 9.7545 5.0122 4.5818 4.5868 4.5088 4.3848 1.2118 1.0205

1, 500 8.9147 4.7059 4.2674 4.1417 4.1790 4.0493 1.1946 1.0070

Table 2: SAMPLE VARIANCE OF WID-BC-2SLS, WID-2SLS, AND PERMUTED WID-2SLS. Each cell
reports the finite sample bias of

√
n(θ̃n,k − θ∗) that is obtained by implementing 3,000 independent exper-

iments. If k = ∞, the cell reports the sample variance of
√
n(θ̃n − θ∗) that is obtained by implementing

15,000 independent experiments. Here, k is the degree of Neumann’s series expansion, and if k = ∞,
the inverse matrix of Σ̂n is directly used as the weight matrix. Finally, the cells in the last two columns
report the sample variances of

√
n(θ̈n− θ∗) and

√
n(θ̄n− θ∗) obtained by 15,000 independent experiments,

respectively, where θ̈n and θ̄n are the wid-2SLS and pwid-2SLS driven by BMK.

43



Data 1920-1929 Cohort 1930-1939 Cohort 1940-1949 Cohort

Estimations \ Models Basic Extended Basic Extended Basic Extended

OLS 0.080 0.070 0.071 0.063 0.057 0.052

90% CI [0.080, 0.081] [0.069, 0.071] [0.070, 0.072] [0.063, 0.064] [0.057, 0.058] [0.057, 0.058]

95% CI [0.079, 0.081] [0.069, 0.071] [0.070, 0.072] [0.062, 0.064] [0.051, 0.053] [0.051, 0.053]

2SLS 0.077 0.067 0.089 0.081 0.055 0.039

90% CI [0.053, 0.103] [0.042, 0.093] [0.061, 0.113] [0.056, 0.119] [0.031, 0.081] [0.014, 0.067]

95% CI [0.047, 0.108] [0.037, 0.098] [0.052, 0.104] [0.046, 0.110] [0.025, 0.086] [0.009, 0.072]

LIML 0.076 0.066 0.093 0.084 0.054 0.029

90% CI [0.033, 0.119] [0.023, 0.108] [0.055, 0.133] [0.046, 0.123] [0.000, 0.107] [-0.032,0.086]

95% CI [0.020, 0.128] [0.014, 0.118] [0.047, 0.142] [0.038, 0.131] [-0.014,0.119] [-0.047,0.098]

wid-bc-2SLS 0.076 0.066 0.094 0.085 0.055 0.037

90% CI [0.046, 0.108] [0.036, 0.097] [0.058, 0.121] [0.049, 0.115] [0.027, 0.084] [0.008, 0.070]

95% CI [0.040, 0.113] [0.029, 0.103] [0.052, 0.128] [0.043, 0.122] [0.021, 0.264] [0.002, 0.076]

pwid-2SLS (BMK) 0.073 0.071 0.096 0.091 0.010 0.019

90% CI [0.073, 0.074] [0.071, 0.072] [0.096, 0.097] [0.091, 0.091] [0.009, 0.011] [0.018, 0.019]

95% CI [0.073, 0.074] [0.071, 0.072] [0.096, 0.097] [0.091, 0.092] [0.009, 0.011] [0.018, 0.019]

pwid-2SLS (BBK) 0.074 0.071 0.097 0.091 0.012 0.019

90% CI [0.073, 0.074] [0.071, 0.072] [0.096, 0.097] [0.091, 0.091] [0.011, 0.013] [0.019, 0.020]

95% CI [0.073, 0.074] [0.071, 0.072] [0.096, 0.097] [0.091, 0.092] [0.011, 0.013] [0.019, 0.020]

Table 3: STRUCTURAL PARAMETER ESTIMATION. This table shows the empirical estimation results from
the basic and extended models. We use the same data as used by Angrist and Krueger (1991) and report
the estimated coefficient of the schooling years in the model along with their confidence intervals. Six
estimators are reported: the OLS, 2SLS, LIML, wid-bc-2SLS and two pwid-2SLS estimators driven by
BMK and BBK.
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(a) k = 50 (b) k = 100

(c) k = 200 (d) k = 500

Figure 1: EMPIRICAL DISTRIBUTIONS OF WID-2SLS. For k = 50, 100, 200, 500, each figure shows the
empirical distribution of

√
n(θ̃n,k − θ∗) that is obtained by implementing 3,000 independent experiments

and letting n be 500. For comparison purpose, the distribution function of N (0, 4) is also drawn. Here, k
is the degree of Neumann’s series expansion, and if k = ∞, the inverse matrix of Σ̂n is directly used as the
weight matrix.
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This Online Supplement is an Appendix that provides proofs of the results in the paper, includ-

ing the lemmas. Additional simulation results and empirical findings are reported here; and

notation used and defined throughout the main paper is collected in a Glossary at the end of this

supplement in Section A.4.

A Appendix

A.1 Proofs of the Main Claims

We let in := i/sn and jn := j/sn for notational simplicity.

Proof of Lemma 1: (i.a) First note that s−2−r
n qn(θ∗) = s−rn (Ξ̂ng̃n(·), g̃n(·)) = (Ξg̃n(·), g̃n(·)) + oP(1) by

Assumption 2 (ii.a). Next observe that

(Ξg̃n(·), g̃n(·))

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {g̃n (in)− ηn (in) ũn + ηn (in) ũn} {g̃n (jn)− ηn (jn) ũn + ηn (jn) ũn}

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {g̃n (in)− ηn (in) ũn} {g̃n (jn)− ηn (jn) ũn}

+
2

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {g̃n (in)− ηn (in) ũn} ηn (jn) ũn +
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) ηn (in) ηn (jn) ũ
2
n

=: An +Bn + Cn.

The limit behavior of An, Bn, and Cn is examined in turn. First,

snAn =

sn∑
i=1

sn∑
j=1

ξ (in, jn) s
− 1

2
n {g̃n (in)− ηn (in) ũn} s

− 1
2

n {g̃n (jn)− ηn (jn) ũn}

⇝
∫ 1

0

∫ 1

0
ξ(u, v)dBs(u)dBs(v) = (ΞdBs(·), dBs(·)),

by Assumption 4. This fact implies that An = OP(s
−1
n ).

1



Second, if for some α > 1
2 , ηn(·) = s−αn ρ(·), then

s
1
2
+α

n Bn =
2

sn

sn∑
i=1

sn∑
j=1

ξ (in, jn) s
− 1

2
n {g̃n (in)− ηn (in) ũn} sαnηn(jn)ũn

⇝ 2

∫ 1

0

∫ 1

0
ξ(u, v)ρ(v)dBs(u)dv U = 2(Ξρ(·)U , dBs(·)), and

s2αn Cn =
s2αn
s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) ηn(in)ηn(jn)ũ
2
n ⇝

∫ 1

0

∫ 1

0
ξ(u, v)ρ(u)ρ(v)dudv U2 = (Ξρ(·)U , ρ(·)U),

implying that Bn = OP(s
− 1

2
−α

n ) and Cn = OP(s
−2α
n ). Thus, if α > 1

2 , s−1−r
n qn(θ∗) = snAn + oP(1) ⇝

(ΞdBs(·), dBs(·)). This proves (i.a).

(i.b) First, s−r−κn d̃n = s−κn [ΞHn(·), g̃n(·)] + oP(1) by Assumption 2 (ii.a), and

s−κn [ΞHn(·), g̃n(·)]

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {s−κn Hn(in)− µn(in) + µn(in)} {g̃n (jn)− ηn (jn) ũn + ηn (jn) ũn}

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {s−κn Hn(in)− µn(in)} {g̃n (jn)− ηn (jn) ũn}

+
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn)µn(in) {g̃n (jn)− ηn (jn) ũn}

+
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn) {s−κn Hn(in)− µn(in)}ηn (jn) ũn +
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn)µn(in)ηn (jn) ũn

=: An +Bn + Cn +Dn.

We examine the limit behavior of An, Bn, Cn, and Dn in turn. First,

√
n

s−1+ν
n

An =
1

sn

sn∑
i=1

sn∑
j=1

ξ (in, jn)

√
n

sνn
{s−κn Hn(in)− µn(in)} {g̃n (jn)− ηn (jn) ũn} = OP(1),

by Assumptions 3 and 4, which implies that An = OP(s
−1+ν
n n−

1
2 ) = oP(1) from the fact that ν ∈ [0, 12 ].

Second,

s
1
2
nBn =

1

s
3/2
n

sn∑
i=1

sn∑
j=1

ξ (in, jn)µn(in) {g̃n (jn)− ηn (jn) ũn}

⇝
∫ 1

0

∫ 1

0
ξ(u, v)µ(u)dBs(v) = [Ξµ(·), dBs(·)],

2



implying that Bn = OP(s
− 1

2
n ) = oP(1). Third, from the assumption ηn(·) = s−αn ρ(·),

√
n

s
− 1

2
+ν−α

n

Cn =
1

s
3/2
n

sn∑
i=1

sn∑
j=1

ξ (in, jn)

√
n

sνn
{s−κn Hn(in)− µn(in)}sαnηn (jn) ũn

⇝
∫ 1

0

∫ 1

0
ξ(u, v)ρ(v)dBa(u),

by Assumptions 3 and 4, implying that Cn = OP(s
− 1

2
+ν−α

n n−
1
2 ), which is oP(1) from the fact that ν ∈

[0, 12 ]. Furthermore, Assumptions 3 and 4 imply that

sαnDn =
1

s2n

sn∑
i=1

sn∑
j=1

ξ (in, jn)µn(in)s
α
nηn (jn) ũn ⇝

∫ 1

0

∫ 1

0
ξ(u, v)µ(u)ρ(v)dudv U = [Ξµ(·), ρ(·)U ],

implying that Dn = OP(s
−α
n ). From this, if α > 1

2 , s
1
2
−r−κ

n d̃n = sαnBn + oP(1) ⇝ [Ξµ(·), dBs(·)]. This

proves (i.b).

(i.c) We also note that s−r−2κ
n Ān = s−r−2κ

n [Ξ̂nHn(·), Hn(·)] = s−2κ
n [ΞHn(·), Hn(·)] + oP(1) by

Assumption 2 (ii.a). Focusing on the right side, we have

s−2κ
n [ΞHn(·), Hn(·)]

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn){s−κn Hn(in)− µn(in) + µn(in)}{s−κn Hn(jn)− µn(jn) + µn(jn)}′

=
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn){s−κn Hn(in)− µn(in)}{s−κn Hn(jn)− µn(jn)}′

+
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn)µn(in){s−κn Hn(jn)− µn(jn)}′

+
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn){s−κn Hn(in)− µn(in)}µn(jn)′ +
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn)µn(in)µn(jn)
′

= An +Bn + Cn +Dn,

and examine the limit behavior of each component in turn. First,

ns1−2ν
n An =

1

sn

sn∑
i=1

sn∑
j=1

ξ(in, jn)

√
n

sνn
{s−κn Hn(in)− µn(in)}

√
n

sνn
{s−κn Hn(jn)− µn(jn)}′

⇝
∫ 1

0

∫ 1

0
ξ(u, v)dBa(u)dBa(v)′

3



by Assumption 4. Therefore, An = OP(n
−1s2ν−1

n ). Given that ν ∈ [0, 12 ], An = oP(1). Second,

√
n

s
ν− 1

2
n

Bn =
2

s
3/2
n

sn∑
i=1

sn∑
j=1

ξ(in, jn)

√
n

sνn
µn(in){s−κn Hn(jn)− µn(jn)}′ ⇝ 2

∫ 1

0

∫ 1

0
ξ(u, v)µ(u)dBa(v)′du,

by Assumptions 3, implying that Bn = OP(n
− 1

2 s
ν− 1

2
n ). As ν ∈ [0, 12 ], Bn = oP(1). The same proof also

holds for Cn by symmetry. Finally,

Dn =
1

s2n

sn∑
i=1

sn∑
j=1

ξ(in, jn)µn(in)µn(jn)
′ =

∫ 1

0

∫ 1

0
ξ(u, v)µn(u)µn(v)

′dudv = [Ξµ(·), µ(·)] + oP(1),

implying that Dn = [Ξµ(·), µ(·)] + oP(1). It follows that s−r−2κ
n Ān = s−2κ

n [ΞHn(·), Hn(·)] + oP(1) =

[Ξµ(·), µ(·)] + oP(1). This proves (i.c).

(ii.a) Note that s−1−r
n qn(θ∗) = (Ξg̃n(·), g̃n(·)) + oP(1) by Assumption 2 (ii.a) and the fact that

ξ(in, jn) = I(in = jn). Next,

(Ξg̃n(·), g̃n(·)) =
1

sn

sn∑
i=1

{g̃n (in)− ηn (in) ũn + ηn (in) ũn}2

=
1

sn

sn∑
i=1

{g̃n (in)− ηn (in) ũn}2 +
2

sn

sn∑
i=1

ηn (in) {g̃n (in)− ηn (in) ũn} ũn +
1

sn

sn∑
i=1

η2n (in) ũ
2
n

= An +Bn + Cn,

and examine the limit behavior of each component in turn. First,

An =
1

sn

sn∑
i=1

{g̃n (in)− ηn (in) ũn}2 ⇝
∫ 1

0
(dBs(u))2 = (dBs(·), dBs(·))

by Assumption 4, so that An = OP(1). Second, from the fact that ηn(·) = s−αn ρ(·), we have

s
1
2
+α

n Bn =
2

√
sn

sn∑
i=1

sαnηn (in) ũn {g̃n (in)− ηn (in) ũn}⇝ 2

∫ 1

0
ρ(u)UdBs(u) = (dBs(·), ρ(·)U),

which implies that Bn = OP(s
− 1

2
−α

n ). Next, note that

s2αn Cn = s−1+2α
n

sn∑
i=1

η2n(in)ũ
2
n ⇝

∫ 1

0
ρ2(u)U2du = (ρ(·)U , ρ(·)U),

so that Cn = OP(s
−2α
n ). Hence, given α > 0, it follows that s−1−r

n qn(θ∗) = An + oP(1)
P→ σ2s as required

for (ii.a).

(ii.b) We prove (ii.b.1) and (ii.b.2) together. Note that s−r−κn d̃n = s−κn [ΞHn(·), g̃n(·)] + oP(1) by
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Assumption 2 (ii.b), and since ξ(in, jn) = I(in = jn) we have

s−κn [ΞHn(·), g̃n(·)] =
1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in) + µn(in)} {g̃n (in)− ηn (in) ũn + ηn (in) ũn}

=
1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in)} {g̃n (in)− ηn (in) ũn}+
1

sn

sn∑
i=1

µn(in) {g̃n (in)− ηn (in) ũn}

+
1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in)}ηn (in) ũn +
1

sn

sn∑
i=1

µn(in)ηn (in) ũn

= An +Bn + Cn +Dn,

and examine the limit behavior of each component in turn. First, by Assumptions 3 and 4

√
n

sνn
An =

1

sn

sn∑
i=1

√
n

sνn
{s−κn Hn(in)− µn(in)} {g̃n (in)− ηn (in) ũn}⇝ [dBa(·), dBs(·)],

which implies An = OP(s
ν
nn

− 1
2 ) = oP(1) if ν ∈ [0, 12). Second,

s
1
2
nBn =

1
√
sn

sn∑
i=1

µn(in) {g̃n (in)− ηn (in) ũn}⇝ [µ(·), dBs(·)],

which implies Bn = OP(s
− 1

2
n ) = oP(1). Third, from the fact that ηn(·) = s−αn ρ(·),

√
n

s
− 1

2
+ν−α

n

Cn =
1

√
sn

sn∑
i=1

√
n

sνn
{s−κn Hn(in)− µn(in)}sαnηn (in) ũn ⇝ [dBa(·), ρ(·)U ]

by Assumptions 3 and 4, implying that Cn = OP(s
− 1

2
+ν−α

n n−
1
2 ) = oP(1) if ν ∈ [0, 12). In addition,

Assumptions 3 and 4 imply that

sαnDn =
1

sn

sn∑
i=1

µn(in)s
α
nηn (in) ũn ⇝ [µ(·), ρ(·)U ],

so that Dn = OP(s
−α
n ). Hence, if α > 1

2 and ν = 0, s
1
2
−r−κ

n d̃n =
√
sn(An + Bn) + oP(1) ⇝

τs + [µ(·), dBs(·)], proving (ii.b.1). If α > 1
2 and ν ∈ (0, 12), s

1
2
−r−ν−κ

n d̃n = s
1
2
−ν

n An + oP(1)
P→

τs :=
√
s∗[dBa(·), dBs(·)]. When ν = 1

2 , An = OP(1), Bn = OP(s
− 1

2
n ), Cn = OP(s

−α
n n−

1
2 ), and

Dn = OP(s
−α
n ). It follows from α > 1

2 that s−r−κn d̃n = An + oP(1)
P→ τs. Therefore, if ν ∈ (0, 12 ],

s
1
2
−r−ν−κ

n d̃n
P→ τs. This proves (ii.b.2).

(ii.c) We prove (ii.c.1) and (ii.c.2) together. Note that s−r−2κ
n Ān = s−2κ

n [ΞHn(·), Hn(·)] + oP(1) by
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Assumption 2 (ii.b) and focus on the right side. We have

s−2κ
n [ΞHn(·), Hn(·)] =

1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in) + µn(in)}{s−κn Hn(in)− µn(in) + µn(in)}′

=
1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in)}{s−κn Hn(in)− µn(in)}′ +
1

sn

sn∑
i=1

µn(in){s−κn Hn(in)− µn(in)}′

+
1

sn

sn∑
i=1

{s−κn Hn(in)− µn(in)}µn(in)′ +
1

sn

sn∑
i=1

µn(in)µn(in)
′

= An +Bn + Cn +Dn,

and examine the limit behavior of each component in turn. First,

n

s2νn
An =

1

sn

sn∑
i=1

√
n

sνn
{s−κn Hn(in)− µn(in)}

√
n

sνn
{s−κn Hn(in)− µn(in)}′ ⇝ [dBa(·), dBa(·)],

by Assumption 4, so that An = OP(n
−1s2νn ). If ν ∈ [0, 12), An = oP(1); and if ν = 1

2 , An = OP(1).

Second, √
n

s
− 1

2
+ν

n

Bn =
1

√
sn

sn∑
i=1

µn(jn)

√
n

sνn
{s−κn Hn(in)− µn(in)}′ ⇝

∫ 1

0
µ(v)dBa(u)′,

by Assumptions 3, implying that Bn = OP(n
− 1

2 s
− 1

2
+ν

n ) = oP(1), if ν ∈ [0, 12). The same proof holds for

Cn by symmetry. Finally,

Dn =
1

sn

sn∑
i=1

µn(in)µn(in)
′ =

∫ 1

0
µn(u)µn(u)

′du = [µ(·), µ(·)] + oP(1).

Therefore, if ν ∈ [0, 12), it follows that s−r−2κ
n Ān = s−2κ

n [ΞHn(·), Hn(·)] + oP(1) = [µ(·), µ(·)] + oP(1).

This proves (ii..c.1). If ν = 1
2 , An = s∗[dBa(·), dBs(·)] + oP(1) = Υs + oP(1) by noting that sn/n =

s∗+o(1);Bn = oP(1); Cn = oP(1); andDn = [µ(·), µ(·)]+oP(1), so that s−r−2κ
n Ān = An+Dn+oP(1) =

Υs + [µ(·), µ(·)] + oP(1), proving (ii.c.2). This completes the proof. ■

Proof of Theorem 1: (i) Using Lemma 1 (i.b and i.c), we have s
1
2
+κ

n n
1
2 (θ̂n−θ∗)⇝ −A−1

r [Ξµ(·), dBs(·))].

Here, [Ξµ(·), dBs(·)] is an integral transform of the increments of Brownian motion and is therefore normal.

Using Itô isometry, it follows that E [[Ξµ(·), dBs(·)][Ξµ(·), dBs(·)]′] = σ2sE[[Ξµ(·), Ξµ(·)]] =: Br, and so

[Ξµ(·), dBs(·)] ∼ N (0, Br). Therefore, s
1
2
+κ

n n
1
2 (θ̂n − θ∗)⇝ N (0, A−1

r BrA
−1
r ).

(ii.a) Using Lemmas 1 (ii.b.1) and (ii.c.1), note that s
1
2
+κ

n n
1
2 (θ̂n − θ∗)⇝ −A−1

e {τs + [µ(·), dBs(·)]} =

ψs −A−1
e [µ(·), dBs(·)]. Here, [µ(·), dBs(·)] ∼ N (0, σ2sAe), so that s

1
2
+κ

n n
1
2 (θ̂n − θ∗)⇝ N (ψs, σ

2
sA

−1
e ).

(ii.b) Using Lemmas 1 (ii.b.2) and (ii.c.1) shows that s
1
2
−ν+κ

n n
1
2 (θ̂n − θ∗)

P→ ψs.

(ii.c) Using Lemmas 1 (ii.b.2) and (ii.c.2) gives sκnn
1
2 (θ̂n − θ∗)

P→ −A−1
f τs = ψf , which completes the

6



proof. ■

Proof of Theorem 2: Apply a second-order Taylor expansion of qn(·) around θ∗ giving

qn(θ̂n) = qn(θ∗)−
1

2

√
n(θ̂n − θ∗)

′∇θḠn(θ∗)Σ̂
−1
n ∇′

θḠn(θ∗)
√
n(θ̂n − θ∗) + oP(∥θ̂n − θ∗∥2). (A.1)

Using (A.1), we have

s−1−r
n qn(θ̂n) = s−1−r

n qn(θ∗)−
1

2
s

1
2
+κ

n
√
n(θ̂n − θ∗)

′s−r−2κ
n Āns

1
2
+κ

n
√
n(θ̂n − θ∗) + oP(1),

and Lemma 1 (i.a), Theorem 1, and Lemma 1 (i.c) imply that s−1−r
n qn(θ∗)⇝ (ΞdBs(·), dBs(·)), s

1
2
+κ

n
√
n(θ̂n

−θ∗) ⇝ −A−1
r [Ξµ(·), dBs(·)] and s−r−2κ

n Ān
P→ Ar. Hence, s−1−r

n qn(θ̂n) ⇝ (ΞdBs(·), dBs(·)) −
1
2 [Ξµ(·), dBs(·)]

′A−1
r [Ξµ(·), dBs(·)], which is identical to (ΠrdBs(·), dBs(·)). This completes the proof.

■
Proof of Corollary 1: The proof is straightforward from Theorem 1 (i) and omitted. ■

Proof of Corollary 2: (i) Given the conditions, we show that Q = A−1
r BrA

−1
r − σ2sA

−1
e is positive semi-

definite. Note that Q = A−1
r (Br − σ2sArA

−1
e Ar)A

−1
r and first show that Br − σ2sArA

−1
e Ar is positive

semi-definite. By the definitions of Br, Ar, and Ae,

Br − σ2sArA
−1
e Ar = σ2s

(
[Ξµ(·),Ξµ(·)]− [Ξµ(·), µ(·)][µ(·), µ(·)]−1[µ(·),Ξµ(·)]

)
= σ2s

(
[λ(·), λ(·)]− [λ(·), µ(·)][µ(·), µ(·)]−1[µ(·), λ(·)]

)
= σ2s [Υλ(·), λ(·)],

where λ(·) := Ξµ(·) and Υ is the integral operator with kernel υ(·, ◦) := δ(·, ◦)− µ(·)′[µ(·), µ(·)]−1µ(◦).

The last equality holds by noting that

Υλ(·) =
∫ 1

0
υ(·, u)λ(u)du =

∫ 1

0
(δ(·, u)− µ(·)′[µ(·), µ(·)]−1µ(u))λ(u)du

=

∫ 1

0
δ(·, u)λ(u)du−

∫ 1

0
λ(u)µ(u)′du[µ(·), µ(·)]−1µ(·) = λ(·)− [λ(·), µ(·)][µ(·), µ(·)]−1µ(·),

so that [Υλ(·), λ(·)] = [λ(·), λ(·)]− [λ(·), µ(·)][µ(·), µ(·)]−1[µ(·), λ(·)]. We also note that

[Υλ(·), λ(·)] =[λ(·), λ(·)]− [λ(·), µ(·)][µ(·), µ(·)]−1[µ(·), λ(·)]

− [λ(·), µ(·)][µ(·), µ(·)]−1[µ(·), λ(·)]

+ [λ(·), µ(·)][µ(·), µ(·)]−1[µ(·), µ(·)][µ(·), µ(·)]−1[λ(·), µ(·)] = [Υλ(·),Υλ(·)]

since Ae := [µ(·), µ(·)] is positive definite. Further, [Υλ(·),Υλ(·)] is positive semi-definite, so that
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[Υλ(·),Υλ(·)] = TT′ for some matrix T (e.g., Abadir and Magnus, 2012, p. 219). It follows that

Q = σ2sA
−1
r [Υλ(·), λ(·)]A−1

r = σ2sA
−1
r [Υλ(·),Υλ(·)]A−1

r = σ2sA
−1
r TT′A−1

r = σ2s(A
−1
r T)(A−1

r T)′,

as A−1
r is symmetric. Hence, Q is positive semi-definite, which implies that the asymptotic efficiency of the

sxid-GMM is bounded below by σ2sA
−1
e .

(ii) The proof follows by analogy. ■

Proof of Theorem 3: The proof is straightforward and omitted. ■

Proof of Corollary 3: (i, ii, and iii) The proofs follow from Theorem 3 by noting that Υ−1ιc = (tr(Ψ) +

(c− 1)tr(Λ))−1ιc.

(iv) By Assumption 9 Ω
θ̂
> 0. Then, setting

D :=

 Ψ Λ′

Λ Ψ

 ,
D is positive definite, and so for any x ∈ R2d, x′Dx > 0. Partition x = (x′1,−x′1)′ such that x1 ∈ Rd.

Then, x′Dx = x′1(2Ψ− (Λ + Λ′))x1 > 0, so that 2Ψ− (Λ + Λ′) > 0. This completes the proof. ■

Proof of Corollary 4: The proof directly follows from Theorem 1 (ii.a, ii.b, and ii.c). ■

Proof of Theorem 4: (i) Using (12), we have

s
1
2
+κ

n (θ̃n − θ∗) = −(s−2κ
n Ãn − sϑ−1−2κ

n γnΩ̂xx,n)
−1(s

1
2
−κ

n d̈n − s
ϑ− 1

2
−κ

n γn(−ŝn))

= −(s−2κ
n Ãn − s

− 1
2
−κ

n γnΩ̂xx,n)
−1(s

1
2
−κ

n d̈n − γn(−ŝn)),

letting ϑ = 1
2 + κ. Lemma 1 (ii.c.1) implies that s−2κ

n Ãn
P→ Ae, and Assumption 9 (i) implies that

γnΩ̂xx,n
P→ γΩxx. Therefore,

s−2κ
n Ãn − s

− 1
2
−κ

n γnΩ̂xx,n
P→ Ae. (A.2)

Next, Lemma 1 (ii.b.1) implies that s
1
2
−κ

n d̈n ⇝ τ̃s+[µ(·), dB̃s(·)], and γn(−ŝn)
P→ τ̃s as shown in the proof

of (ii), so that

s
1
2
−κ

n d̈n − γn(−ŝn)⇝ τ̃s + [µ(·), dB̃s(·)]− τ̃s = [µ(·), dB̃s(·)]. (A.3)

Finally, combining (A.2) and (A.3) gives s
1
2
+κ

n (θ̃n − θ∗) = (s−2κ
n Ãn − s

− 1
2
−κ

n γnΩ̂xx,n)
−1(s

1
2
−κ

n d̈n −

γn(−ŝn))⇝ −A−1
e [µ(·), dB̃s(·)]; and since [µ(·), dB̃s(·)] ∼ N (0, σ̃2sAe), it follows that s

1
2
+κ

n (θ̃n − θ∗)⇝

N (0, σ̃2sA
−1
e ). This proves (i).
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(ii) Using (12), note that

s
1
2
+κ

n (θ̃n − θ∗) = −(s−2κ
n Ãn − sϑ−1−2κ

n γnΩ̂xx,n)
−1sνn(s

1
2
−ν−κ

n d̈n − s
ϑ− 1

2
−ν−κ

n γn(−ŝn))

= −(s−2κ
n Ãn − s

− 1
2
+ν−2κ

n γnΩ̂xx,n)
−1sνn(s

1
2
−ν−κ

n d̈n − γn(−ŝn)),

since ϑ = 1
2 + ν + κ. Here, Lemma 1 (ii.c.1) implies that s−2κ

n Ãn
P→ Ae because r = 0 by Assumption 8

(ii). Further, s
− 1

2
+ν−2κ

n = o(1) as ν ∈ (0, 12), and γnΩ̂xx,n = OP(1) by Assumption 9. Therefore, it follows

that

s−2κ
n Ãn − s

− 1
2
+ν−2κ

n γnΩ̂xx,n
P→ Ae. (A.4)

Now examine the asymptotic behavior of sνn(s
1
2
−ν−κ

n d̈n − γn(−ŝn)). From the definition of d̈n, it follows

that

sνn(s
1
2
−ν−κ

n d̈n − γn(−ŝn)) = sνn(s
1
2
−ν−κ

n d̈n − τ̃s)− sνn(γn(−ŝn)− τ̃s) =: An +Bn,

and the limit behavior of the components is examined in turn. First, consider An and note that

s−κn d̈n = [s−κn H̃n(·)− µn(·), g̃n(·)] + [µn(·), g̃n(·)] + oP(1) =: Cn +Dn,

Now s−νn n
1
2Cn = [s−νn n

1
2 (s−κn H̃n(·)− µn(·)), g̃n(·)]

P→ τ̃s/
√
s∗, and Assumption 9 (iv) implies that

√
sn

∫ (·)

0

(√
n

sνn

{
H̃n(u)

sκn
− µn(u)

}
g̃n(u)− τ̃s/

√
s∗

)
du⇝

∫ (·)

0
dB̈c(u),

so that s
1
2
n (s−νn n

1
2Cn − τ̃s/

√
s∗)⇝ B̈c(1). In other words, Cn = sνnn

− 1
2 τ̃s/

√
s∗ + OP(s

− 1
2
+ν

n n−
1
2 ). Next,

note that s
1
2
n [µn(·), g̃n(·)]⇝ [µ(·), dB̈s(·)], so that Dn = OP(s

− 1
2

n ). Combining these two factors,

An = sνn(s
1
2
−ν−κ

n d̈n − τ̃s) = s
1
2
−ν

n (Cn − sνnn
− 1

2 τ̃s/
√
s∗) + s

1
2
nDn = s

1
2
nDn + oP(1), (A.5)

using the assumption that sn/n = s∗ + o(1) and ν ∈ (0, 12).

Next consider Bn. By Assumption 9 (i) we have τ̃s = −γσuv and so

γn(−ŝn)− τ̃s = (γn − γ)((−ŝn)− (−σuv)) + (γn − γ)(−σuv) + γ((−ŝn)− (−σuv))

= γ((−ŝn)− (−σuv)) + oP(n
− 1

2 ).

Further,

s
1
2
n ((−ŝn)− (−σuv)) = −(sn/n)

1
2ϕ′nŵn − s

1
2
n (n

−1V ′U − σuv)

using that fact that ŝn = n−1X ′u and X ′U = n−
1
2ϕ′nZ

′U + V ′u by Assumption 8. Here, note that
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(sn/n)
1
2ϕ′nŵn = (sn/n)s

1
2
n [ϕn(·), g̃n(·)] ⇝ s∗[ϕ(·), dB̈s(·)] and s

1
2
n (n−1V ′U − σuv) = (sn/n)

1
2
√
n(n−1

V ′U − σuv)⇝
√
s∗K. That is,

s
1
2
n ((−ŝn)− (−σuv))⇝ −s∗[ϕ(·), dB̈s(·)]−

√
s∗K, (A.6)

implying that ((−ŝn) − (−σuv)) = OP(s
− 1

2
n ), so that Bn = −sνn(γn(−ŝn) − γ(−σuv)) = OP(s

ν− 1
2

n ) =

oP(1) because ν ∈ (0, 12). It follows that

sνn(s
1
2
−ν−κ

n d̈n−γnŝn) = sνn(s
1
2
−ν−κ

n d̈n−τ̃s)−sνn(γn(−ŝn)−τ̃s) = s
1
2
nDn+oP(1)⇝ [µ(·), dB̈s(·)]. (A.7)

Finally, combining (A.4) and (A.7) gives s
1
2
+κ

n (θ̃n−θ∗)⇝ −A−1
e [µ(·), dB̈s(·)]; and since [µ(·), dB̈s(·)]

∼ N (0, σ̈2sAe), it follows that s
1
2
+κ

n (θ̃n − θ∗)⇝ N (0, σ̈2sA
−1
e ), giving the desired result.

(iii) We prove (iii.a) and (iii.b) together. Using (12), note that

s
1
2
+κ

n (θ̃n − θ∗) = (s−2κ
n Ãn − sϑ−1−2κ

n γnΩ̂xx,n)
−1(s

1
2
−κ

n d̈n − s
ϑ− 1

2
−κ

n γn(−ŝn))

= (s−2κ
n Ãn − s−κn γnΩ̂xx,n)

−1(s
1
2
−κ

n d̈n − s
1
2
nγn(−ŝn))

letting ϑ = 1 + κ. First, Lemma 1 (ii.c.2) implies that s−2κ
n Ãn

P→ Ãf , and Assumption 9 (i) implies that

γnΩ̂xx,n
P→ γΩxx. Therefore, if κ = 0,

s−2κ
n Ãn − s−κn γnΩ̂xx,n

P→ Ãf − γΩxx =: Äg. (A.8)

If κ > 0,

s−2κ
n Ãn − s−κn γnΩ̂xx,n

P→ Ãf . (A.9)

Second, note that

s
1
2
−κ

n d̈n − s
1
2
nγn(−ŝn) = s

1
2
n (s

−κ
n d̈n − τ̃s)− s

1
2
n (γn(−ŝn)− τ̃s) =: An +Bn.

Here, in (ii) asymptotic approximations of An and Bn were already derived without specifying the value of

ν. Note from (A.5) that if ν = 1
2 ,

An := s
1
2
n (s

−κ
n d̈n − τ̃d) = (sn/n)

1
2 s

1
2
n (s

− 1
2

n n
1
2Cn − τ̃s/

√
s∗) + s

1
2
nDn ⇝

√
s∗B̈c(1) + [µ(·), dB̈s(·)].

Furthermore, Assumption 9 (i) implies that γn(−ŝn) − τ̃s = γ((−ŝn) − (−σuv)) + oP(n
− 1

2 ), and (A.6)

10



implies that Bn :=
√
sn(γn(−ŝn)− τ̃s)⇝ −s∗γ[ϕ(·), dB̈s(·)]−

√
s∗γK. Therefore,

s
1
2
−κ

n d̈n − s
1
2
nγn(−ŝn)⇝

√
s∗B̈c(1) + [µ(·), dB̈s(·)] + γs∗[ϕ(·), dB̈s(·)] + γ

√
s∗K

= [µ(·) + s∗γϕ(·), dB̈s(·)] +
√
s∗(B̈c(1) + γK)

= [b(·), dB̈s(·)] +
√
s∗B̈c(1) +

√
s∗γK (A.10)

by the definition of b(·). Finally, combine (A.8), (A.9), and (A.10) to complete the proof. If κ = 0, (A.8)

and (A.10) imply that s
1
2
n (θ̃n − θ∗) ⇝ −Ä−1

g {[b(·), dB̈s(·)] +
√
s∗B̈c(1) +

√
s∗γK}. In addition, note that

[b(·), dB̈s(·)] ∼ N (0, σ̈2s [b(·), b(·)]) using Itô isometry, B̈c(1) ∼ N (0, R̈3Σ̈
2
ℓ R̈

′
3), and cov[[b(·), dB̈s(·)], B̈c(1)] =

[b(·), 1] R̈1Σ̈
2
ℓ R̈

′
3, because

cov[[b(·),dB̈s(·)], B̈c(1)] = E[[b(·), dB̈s(·)]B̈c(1)] = E[[b(·), dB̈s(·)], [1, dB̈c(·)]]

= E
[∫ 1

0
b(u)dB̈s(u)

∫ 1

0
dB̈c(u)′

]
=

∫ 1

0
b(u)E[dB̈s(u)dB̈c(u)′] =

∫ 1

0
b(u)duR̈1Σ̈

2
ℓ R̈

′
3.

Therefore, cov[[b(·), dB̈s(·)]+
√
s∗B̈c(1)] = σ̈2s [b(·), b(·)]+

√
s∗ϱR̈1Σ̈

2
ℓ R̈

′
3+

√
s∗R̈3Σ̈

2
ℓ R̈

′
1ϱ

′+ s∗R̈3Σ̈
2
ℓ R̈

′
3,

which is defined as Σ̈2
s. Next, derive the covariance between [b(·), dB̈s(·)] +

√
s∗B̈c(1) and

√
s∗γK′

E[([b(·), dB̈s(·)] +
√
s∗B̈c(1))(

√
s∗γK′)] =

√
s∗γ

∫ 1

0
b(u)E[dB̈s(u)K′] + s∗γ

∫ 1

0
E[dB̈c(u)K′]

=
√
s∗γ

∫ 1

0
b(u)duσ̈sk + s∗γΣ̈sk =

√
s∗γϱσ̈sk + s∗γΣ̈sk.

By analogy, we have E[(√s∗γK)([b(·), dB̈s(·)] +
√
s∗B̈c(1))′] =

√
s∗γσ̈

′
skϱ

′ + s∗γΣ̈
′
sk, and it follows that

[b(·), dB̈s(·)]+
√
s∗B̈c(1)+

√
s∗γK ∼ N (0, Σ̈2

s+
√
s∗γ(ϱσ̈sk+σ̈

′
skϱ

′)+s∗γ(Σ̈sk+Σ̈′
sk)+s∗γ

2Σ2
k). (A.11)

Since the asymptotic covariance matrix is defined as Hh, we have
√
sn(θ̃n − θ∗) ⇝ N (0, Ä−1

g HhÄ
−1
g ). If

κ > 0, (A.9), (A.10) and (A.11) imply that

√
sn(θ̃n − θ∗)⇝ −Ã−1

f {[b(·), dB̈s(·)] +
√
s∗B̈c(1) +

√
s∗γK} ∼ N (0, Ã−1

f HhÃ
−1
f ),

which completes the proof. ■

Proof of Corollary 4: As indicated in the paper, Theorem 1 (ii) can be used to obtain the required result

after adjusting convergence rates. So the proof is omitted. ■

Proof of Corollary 5: The proof follows directly from Corollary 1 and is therefore omitted. ■

Proof of Corollary 6: We prove (i) and (ii) together. First let Ωθ̈ := acov[(s
1
2
+κ

n (θ̈1n−θ∗)′, . . . , s
1
2
+κ

n (θ̈mn −

11



θ∗)
′)′] and show that Ωθ̈ satisfies the conditions in Corollary 4. Note that if p = q,

acov[(s
1
2
+κ

n (θ̈pn − θ∗)
′, s

1
2
+κ

n (θ̈qn − θ∗)
′)′] = A−1

r B̃rA
−1
r (A.12)

by Corollary 5. On the other hand, if p ̸= q, we have

acov[(s
1
2
+κ

n (θ̈pn − θ∗)
′, s

1
2
+κ

n (θ̈qn − θ∗)
′)′] = σ2qA

−1
r ζ1ζ

′
1A

−1
r , (A.13)

as is now shown. First note that

θ̈pn − θ∗ = −(P̂ p′n Σ̂−1
n P̂ pn)

−1(−P̂ pn)′Σ̂−1
n ŝpn = −[Ξ̂nH̃

p
n(·), H̃p

n(·)]−1[Ξ̂nH̃
p
n(·), g̃pn(·)] = −(Ãpn)

−1d̈pn,

where ŝpn := Zp′u, and H̃p
n(·) and g̃pn(·) are the functions defined using the permuted IVs. In addition, let

Ãpn := [Ξ̂nH̃
p
n(·), H̃p

n(·)] and d̈pn := [Ξ̂nH̃
p
n(·), g̃pn(·)]. Applying Lemma 1 (i.c) and (i.b) we have s−2κ

n Ãpn
P→

Ar and s
1
2
−κ

n d̈pn ⇝ [Ξµ(·), dB̃ps(·)], so that s
1
2
+κ

n (θ̈pn − θ∗) ⇝ −A−1
r [Ξµ(·), dB̃ps(·)] ∼ N [0, A−1

r B̃rA
−1
r ],

where B̃ps(·) is the weak limit of
∫ (·)
0 g̃pn(u)du. Likewise,

s
1
2
+κ

n (θ̈qn − θ∗) = −(s−2κ
n Ãqn)

−1s
1
2
−κ

n d̈qn ⇝ −A−1
r [Ξµ(·), dB̃qs(·)] ∼ N [0, A−1

r B̃rA
−1
r ],

where B̃qs(·) is the weak limit of
∫ (·)
0 g̃qn(u)du. This implies

acov[(s
1
2
+κ

n (θ̈pn − θ∗)
′, s

1
2
+κ

n (θ̈qn − θ∗)
′)′] = A−1

r E[[Ξµ(·), dB̃ps(·)][Ξµ(·), dB̃qs(·)]′]A−1
r , and

E[[Ξµ(·), dB̃ps(·)][Ξµ(·), dB̃qs(·)]′] =
∫ 1

0
· · ·
∫ 1

0
ξ(u, v)µ(u)µ(u′)′ξ(u′, v′)E[dB̃ps(v)dB̃qs(v′)]dudu′.

We derive the last equation by focusing on E[dB̃ps(v)dB̃qs(v′)]. First note that if we let zpj := (zp1,j , z
p
2,j , . . . ,

zpn,j) and zqi := (zq1,i, z
q
2,i, . . . , z

q
n,i), then for each v and v′ ∈ (0, 1],

cov

 1
√
snn

⌊vsn⌋∑
j=1

zpjU,
1

√
snn

⌊v′sn⌋∑
i=1

zqiU

 =
1

snn

n∑
t=1

n∑
τ=1

E

utuτ ⌊vsn⌋∑
j=1

⌊v′sn⌋∑
i=1

zpt,jz
q
τ,i


=

1

snn

n∑
t=1

⌊vsn⌋∑
j=1

⌊v′sn⌋∑
i=1

E[u2t z
p
t,jz

q
t,i] = vv′snE[u2t z

p
t,jz

q
t,i],

since {(ut, zt)} is an iid sequence over t. Further, from the random sampling procedure in Assumption 11

(ii), zpt,j = zqt,i with probability 1/sn; and zpt,j ̸= zqt,i with probability 1 − 1/sn, so that E[u2t z
p
t,jz

q
t,i] =

s−1
n E[u2t z2t,j ] = s−1

n σ2q by applying Assumptions 7 (ii) and 11 (i) and the definition of σ2q . Hence,

cov

 1
√
snn

⌊vsn⌋∑
j=1

ZpjU,
1

√
snn

⌊v′sn⌋∑
i=1

Zqi U

 = vv′σ2q .

12



It follows that E[dB̃ps(v)dB̃qs(v′)] = σ2qdvdv
′ by noting that (snn)−

1
2
∑⌊(·)sn⌋

j=1 ZpjU =
√
sn
∫ (·)
0 g̃pn(v)dv

and (snn)
− 1

2
∑⌊(·)sn⌋

j=1 ZqjU =
√
sn
∫ (·)
0 g̃qn(v′)dv′. We now combine these results to show that

E[[Ξµ(·), dB̃ps(·)][Ξµ(·), dB̃qs(·)]′] = σ2q

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
ξ(u, v)µ(u)µ(u′)′ξ(u′, v′)dudu′dvdv′

= σ2q

∫ 1

0

∫ 1

0
ξ(u, v)µ(u)dudv

∫ 1

0

∫ 1

0
ξ(u′, v′)µ(u′)′du′dv′

= σ2q [Ξµ(·), 1][Ξµ(·), 1]′ = σ2qζ1ζ
′
1,

giving (A.13) as required.

Using (A.12) and (A.13), we have Ωθ̈ = Im⊗A−1
r B̃rA

−1
r +L1⊗σ2qA−1

r ζ1ζ
′
1A

−1
r +U1⊗σ2qA−1

r ζ1ζ
′
1A

−1
r ,

which satisfies the condition in Corollary 3 by letting Ψ = A−1
r B̃rA

−1
r and Λ = Λ′ = σ2qA

−1
r ζ1ζ

′
1A

−1
r .

Therefore,

acov[s
1
2
+κ

n (θ̄n − θ∗)] =
1

m
A−1
r B̃rA

−1
r +

(
1− 1

m

)
σ2qA

−1
r ζ1ζ

′
1A

−1
r ,

by Corollary 3 (iii). Furthermore, for each p, s
1
2
+κ

n (θ̈pn − θ∗) is asymptotically normal and centered at zero

by Corollary 5, implying that s
1
2
+κ

n (θ̄pn − θ∗) is asymptotically normal and centered at zero. These establish

Corollary 6 (i).

Finally, Corollary 3 (iv) implies that (2Ψ − Λ′ − Λ) is positive definite. Under the given conditions,

Ψ = A−1
r B̃rA

−1
r and Λ = Λ′ = σ2qA

−1
r ζ1ζ

′
1A

−1
r , so that (2Ψ−Λ′−Λ) = 2(A−1

r B̃rA
−1
r −σ2qA−1

r ζ1ζ
′
1A

−1
r )

is positive definite. This proves Corollary 6 (ii). ■

Proof of Theorem 5: (i) Given that qn(θ∗) = G̃n(θ∗)
′Σ̂−1
n G̃n(θ∗), let both Bn and Cn be G̃n(θ∗) in (15),

which then gives qn(θ∗) =
∑∞

h=0(Ξ̂n,hg̃n(·), g̃n(·)) using the definition of g̃n(·).

(ii) Since Ān = ∇θḠn(θ)Σ̂
−1
n ∇′

θḠn(θ∗), let both Bn and Cn in (15) be ∇′
θḠn(θ∗), and then Ān =∑∞

h=0(Ξ̂n,hHn(·), Hn(·)) by the definition of Hn(·).

(iii) Given that d̃n = ∇θḠn(θ)Σ̂
−1
n G̃n(θ∗), if we let Bn and Cn in (15) be ∇θḠn(θ) and G̃n(θ∗),

respectively, then d̃n =
∑∞

h=0(Ξ̂n,hHn(·), g̃n(·)). This complete the proof. ■

A.2 Supplementary Simulations

This section reports supplementary simulation findings. Under the DGP condition in Section 6 we first

examine the performance of wid-2SLS and pwid-2SLS with various continuous kernels and then assess the

performance of wid-2SLS with a Dirac delta kernel.
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A.2.1 wid-2SLS and pwid-2SLS with Various Kernels

This section reports simulations to assess the performance of wid-2SLS and pwid-2SLS driven by various

kernels. We use the same DGP and model condition as in Section 6 of the main paper and estimate the

unknown structural parameter θ∗ by wid-2SLS. Six kernels are employed. They are BMK, BBK, SEK with

s2 = 0.1, 0.01, 0.001, and the Dirac delta function by an approximating sequence as explained below. Figure

A.1 shows the functional shapes of the first five kernels. All of them are symmetric around the diagonal and

the SEKs are flat over the diagonal. As s2 decreases, the maximum value of the SEK increases and its

volume is more concentrated on the diagonal. This property ensures that SEK gets closer to the Dirac delta

function δ(·, ◦) as s2 → 0.

The sample bias and variance of the wid-2SLS estimator driven by each kernel are computed. The

number of replications is 15,000, and we observe how the sample bias and variance evolve as n increases,

using the sample average and sample variance of
√
n(θ̈n − θ∗), for n ∈ {200, 500, 1, 000, 1, 500}. The

sample bias and sample variance are reported in Tables A.1 and A.2, respectively. The asymptotic variances

are given in the bottom row of Table A.2 and obtained using the analytic asymptotic variance formula given

in Corollary 5.

The findings are summarized as follows.

(i) For each continuous kernel in Table A.1, the sample bias reduces as n increases. On the other hand,

the sample bias increases for the Dirac delta function, and the sample biases are approximately
√
n/3.

This corroborates Corollaries 4 (iii) and 5. Given that ν = 1
2 and κ = 0 for the current DGP, applying

Corollary 4 (iii) implies that (θ̈n − θ∗)
P→ ψ̃f , which is 1

3 as shown in Section A.2.2. From this, the

asymptotic bias of
√
n(θ̈n − θ∗) is close to

√
n/3.

(ii) For the SEKs, the sample bias from s2 = 0.001 is overall greater than the others. This behavior

follows from the fact that SEK approaches the Dirac delta function as s2 → 0. Therefore, for fixed n,

if s2 is too small, the sample bias increases, as discussed in the remark below Corollary 2.

(iii) For each continuous kernel in Table A.2, the sample variance converges to its limit as n increases.

The limit variance is smallest when using the SEK with s2 = 0.001, and it further decreases to 1.00

if we let s2 converge to 0. So the asymptotic variance is no smaller than 1.00. This variance can be

obtained by applying the Dirac delta function to the asymptotic covariance matrix formula.

(iv) From Table A.2, the sample variance is smallest when the Dirac delta function is used for wid-2SLS

estimation. But in this case the estimator suffers from bias. Also, the sample variance differs from

the limit variance, so that the asymptotic variance given in Corollary 5 does not apply for the Dirac

14



delta function kernel. Corollary 4 (iii) does not provide the asymptotic distribution of (θ̈n − θ∗ − ψ̃f )

for ν = 1
2 . In Section A.2.2, we analytically derive the limit variance for the current DGP, and the

derivation shows that the asymptotic variance is 0.50 given in (A.16), which is close to the sample

variance. □

We next estimate the unknown parameter by pwid-2SLS. As for wid-2SLS, the same six kernels are

used. The sample bias and sample variance of the pwid-2SLS estimator driven by each kernel are reported

in Tables A.3 and A.4. The number of experiments is 5,000, and we examine how the sample bias and

sample variance evolve as the sample sizes (n and m) increase. Here, the sample bias and sample variance

are those of
√
n(θ̄n − θ∗). We let m = 1, 000 or 2, 000 and consider {n ∈ 100, 200, 500, 1, 000}. Since the

IVs are iid with respect to the instrument index, the optimal weight of the pwid-2SLS is 1/m. In addition, we

provide the corresponding limit variances in the bottom row of Table A.4. These are obtained analytically

by letting n,m→ ∞, similar to (16).

The findings are summarized as follows.

(i) For each continuous kernel in Table A.3, the sample bias decreases as n increases. On the other

hand, the sample bias increases as n increases for the Dirac delta function, and the sample biases are

approximately
√
n/3. These features match those for wid-2SLS.

(ii) Focusing on the SEKs, the sample bias from s2 = 0.001 exceeds the others. As s2 → 0, the SEK

approaches the Dirac delta function. So, for fixed n as s2 reduces, the sample bias increases. This

also matches the findings for wid-2SLS driven by the SEK with s2 = 0.001.

(iii) Overall, the sample bias is smallest when employing the SEK with s2 = 0.10. In addition, increasing

m does not modify the results substantially, implying that letting m = 1, 000 is already too large to

obtain a marginally significant improvement.

(iv) For all the continuous kernels, the limit variances are unity. This level is the smallest variance level

that can be achieved by wid-2SLS. For each continuous kernel in Table A.4, the sample variance

converges to its limit as n increases.

(v) Overall, the sample variance from the continuous kernels is smallest when using SEK with s2 =

0.001. In addition, increasing m does not modify the sample variance substantially.

(vi) From Table A.4, the sample variance is smallest when the Dirac delta function is used. Even so, this

procedure is not useful in practice due to its bias and its sample variance is quite different from the

limit variance. This finding is shared by wid-2SLS driven by the Dirac delta function. □
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A.2.2 wid-2SLS with the Dirac Delta Kernel

This section reports simulations to assess the performance of wid-2SLS driven by the Dirac delta kernel

under the same DGP and model condition as in Section 6 of the main paper. The DGP condition in Section

6 delivers the limit distribution of the statistics relevant to the wid-2SLS. As before, for each j, we let

P̂n,j and ŵn,j be the j-th row element of P̂n := n−1Z ′X and ŵn := n−1Z ′u, respectively and further let

(P̃n,j , w̃n,j)
′ :=

√
n(P̂n,j , ŵn,j)

′. Then, the following weak convergence holds

ℓ̃n(·) :=
1√
n

⌊(·)n⌋∑
j=1

 w̃n,j

(−P̃n,j + 1)

⇝ ∫ (·)

0

 dB̃s(u)

dB̃a(u)

 :=

 1 −1

−1 2


1
2 ∫ (·)

0

 dW̃s(u)

dW̃a(u)

 ,
(A.14)

where W̃s(·) and W̃a(·) are two independent Wiener processes, and the coefficient matrix of the stochastic

integral of [W̃s(·), W̃a(·)]′ in (A.14) is the square root of the limiting global covariance matrix of ℓ̃n(1).

This weak convergence also implies that ν = 1
2 and κ = 0 as before. The application of the invariance

principle here uses the fact that for i ̸= j, (−P̃n,i, w̃n,i)′ is asymptotically independent of (−P̃n,j , w̃n,j)′.

The asymptotic bias of wid-2SLS arises from the dependence of dB̃s(·) and dB̃a(·). Note that θ̂n =

θ∗− (P̂ ′
nΣ̂

−1
n P̂n)

−1(−P̂n)′Σ̂−1
n ŵn, wherein Σ̂n is Bickel and Levina’s (2008) regularized covariance matrix

estimator obtained by setting their parameter α to be proportional to n. This implies that Assumption 8 (i)

holds and that Ξ̂n asymptotically converges to an identity integral transform operator. With this setting it

follows that P̂ ′
nΣ̂

−1
n P̂n = (H̃n(·), H̃n(·)) + oP(1)

P→ 3 and, similarly, (−P̂n)′Σ̂−1
n ŵn = (H̃n(·), g̃n(·)) +

oP(1)
P→ −3

5

∫ 1
0 du−

2
5

∫ 1
0 du = −1. Thus, θ̂n − θ∗

P→1/3, giving the asymptotic bias of wid-2SLS as 1/3.

This asymptotic bias corresponds to ψ̃f in Corollary 4 (iii).

We next explore the sampling distribution of wid-2SLS. Although the limit theory was not given in

Corollary 4 (iii), it can be derived here specifically for the given DGP via the limit distribution of
√
n(θ̂n −

θ∗ − 1/3). To do so, we use a second-order approximation obtained by eliminating the correlation between

P̃n,i and w̃n,i and considering the limit distribution of P̃ 2
n,i. From the DGP conditions we have

m̃n(·) :=
1√
n

⌊(·)n⌋∑
j=1

 (P̃n,jw̃n,j − 1)

(P̃ 2
n,j − 3)

⇝ ∫ (·)

0

 dB̃pw(u)

dB̃pp(u)

 :=

 9 13.5

13.5 40.5


1
2 ∫ (·)

0

 dW̃1(u)

dW̃2(u)

 ,
(A.15)

where (W̃1(·), W̃2(·))′ is a vector of two independent Wiener processes. The matrix factor of the Wiener

integral in (A.15) is the square root of the global covariance matrix of m̃n(1). After some algebra, we have

for each j, E[(P̃n,jw̃n,j − 1)2] = 4 + o(1); and if i ̸= j, E[(P̃n,iw̃n,i − 1)(P̃n,jw̃n,j − 1)] = 5/n+ o(n−1).
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This yields n−1
∑n

i=1

∑n
j=1 E[(P̃n,iw̃n,i − 1)(P̃n,jw̃n,j − 1)] = 9 + o(1); and, similarly, the asymptotic

global variance of n−
1
2
∑n

j=1(P̃
2
n,j − 3) is found to be 40.5 and the global asymptotic covariance between

n−
1
2
∑n

i=1(P̃
2
n,j − 3), and n−

1
2
∑n

i=1(P̃n,jw̃n,j − 1) is found to be 13.5, giving (A.15). The asymptotic

distribution of wid-2SLS is obtained by combining these two properties. Thus

√
n(θ̂n − θ∗ − 1/3) = −(P̂ ′

nΣ̂
−1
n P̂n)

−1√n((−P̂n)′Σ̂−1
n ŵn + 1) +

√
n((P̂ ′

nΣ̂
−1
n P̂n)

−1 − 1/3)

⇝
1

3
B̃pw(1)−

1

9
B̃pp(1) ∼ N

(
0,

1

2

)
, (A.16)

using the fact that cov(B̃pw(1), B̃pp(1)) = 27/2. This asymptotic variance 1/2 is estimated by the sample

variances of the wid-2SLS and pwid-2SLS estimators that are reported in Tables A.2 and A.4.

To corroborate the limit theory N (0, 12) in (A.16) by simulation we generated independent data sets for

the given DGP conditions and computed
√
n(θ̂n−θ∗−1/3) using the formula for wid-2SLS and Neumann’s

series expansion in the computation. In addition, we computed

θ̂n,k :=

(
k∑

h=0

(Ξ̂n,hHn(·), Hn(·))

)−1( k∑
h=0

(Ξ̂n,hHn(·), cn(·))

)
,

and examined the finite sample distribution of
√
n(θ̂n,k − θ∗ − 1/3) by simulation for different levels of n

and k, where cn(·) is the càdlàg process constructed from ĉn := n−1Z ′y.

Simulations were conducted according to the following plan: (i) observations were generated and both
√
n(θ̂n − θ∗ − 1/3) and

√
n(θ̂n,k − θ∗ − 1/3) were calculated for sample sizes n ∈ {50, 100, 200, 300}

with k ∈ {10, 50, 100, 200}; and (ii) 3, 000 replications were used to obtain the empirical distribution of
√
n(θ̂n,k−θ∗−1/3) and 12, 000 were used for the distribution of

√
n(θ̂n−θ∗−1/3). The results are reported

in Tables A.5 and A.6. Table A.5 reports the sample averages of
√
n(θ̂n−θ∗−1/3) and

√
n(θ̂n,k−θ∗−1/3)

for each k, and Table A.6 reports their sample variance. The findings are as follows:

(i) For each k = 10, 50, 100, and 200, the finite sample biases of
√
n(θ̂n − θ∗ − 1/3) and

√
n(θ̂n,k −

θ∗ − 1/3) are very close to zero. In addition, the sample variances are also close to 1
2 .

(ii) Despite the numerical differences in Table A.5, the overall differences between the distributions and

the N (0, 12) limit are negligible. Figure A.2 shows the distributions of
√
n(θ̂n,k − θ∗ − 1/3) for each

n and N (0, 12), revealing that the finite sample distributions of
√
n(θ̂n,k − θ∗ − 1/3) differ little from

the limit theory even when k and n are moderately sized. So the distribution of θ̂n appears to be very

well approximated by that of θ̂n,k. □
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A.3 Supplementary Empirical Results

This section provides empirical analyses supplementing those reported in Section 7 of the main paper. As

Table 3 in the paper reports, estimation results are similar for pwid-2SLS estimation driven by BMK and

BBK kernels. We investigate this further here by considering the sampling distributions of the pwid-2SLS

estimators. As discussed in Section 7 of the paper, the moment condition orders are permuted randomly

5,000 times with replacement and each permutation used to estimate by wid-2SLS. Figure A.3 shows the

histogram of the distribution based on 5,000 estimates using the BMK kernel. For each cohort, the sample

average of the estimates are reported in Table 3 along with 90% and 95% ranges. Figure A.4 shows the

histogram of the distribution based on the 5,000 estimates using the BBK kernel. As evident in these figures,

the distributions are bell-shaped and are similar to each other.

To explore this similarity further we proceed to test whether the distributions of the pwid-2SLS esti-

mators driven by BMK and BBK are identical. For this purpose, we apply the two-sample Kolmogorov-

Smirnov (KS) test. Table A.7 reports the findings. For each cohort and for each model, we compute the

two-sample KS-test along with its p-value. The outcome of the test shows that the two empirical distri-

butions are identical in each case. Only for the basic model combined with 1940-1949 cohort data is the

p-value less than 1%. The other p-values exceed 5%, meaning that the hypothesis that the two distributions

are identical cannot be rejected for the 1920-1929 and 1930-1939 cohorts. The rejection for 1940-1949

cohort does not mean that the two empirical distributions differ substantially. In fact, Figure A.5 shows the

empirical distributions and the distributions are evidently close in each case. This outcome corroborates the

finding that BMK and BBK kernels do not yield significantly different estimates.
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n\ Kernels BMK BBK
SEK SEK SEK Dirac delta

(s2 = 0.10) (s2 = 0.01) (s2 = 0.001) function

200 −0.0701 −0.0994 −0.0271 0.1712 0.6955 4.7104

500 −0.0282 −0.0405 −0.0174 0.1029 0.4646 7.4373

1, 000 −0.0348 −0.0444 −0.0091 0.0590 0.3366 10.538

1, 500 −0.0346 −0.0379 −0.0063 0.0447 0.2792 12.908

Table A.1: SAMPLE BIAS OF WID-2SLS. Each cell reports the finite sample bias of
√
n(θ̈n − θ∗) obtained

by 15,000 independent experiments, where θ̈n is the wid-2SLS estimator driven by BMK, BBK, SEKs with
s2 = 0.10, s2 = 0.01, s2 = 0.001, and the Dirac delta function, δ(· − ◦).

n\ Kernels BMK BBK
SEK SEK SEK Dirac delta

(s2 = 0.10) (s2 = 0.01) (s2 = 0.001) function

200 1.2556 1.4499 1.0751 1.0032 0.8723 0.5272

500 1.2168 1.3552 1.0229 1.0057 0.9532 0.4987

1, 000 1.2118 1.3208 1.0388 1.0299 0.9739 0.5070

1, 500 1.1946 1.3508 1.0353 1.0219 0.9603 0.5063

acov[
√
n(θ̈n − θ∗)] 1.2000 1.2000 1.0251 1.0200 1.0071 1.0000

Table A.2: SAMPLE VARIANCE OF WID-2SLS. Each cell reports the sample variance of
√
n(θ̈n − θ∗)

obtained by 15,000 independent experiments, where θ̈n is the wid-2SLS estimator driven by BMK, BBK,
SEKs with s2 = 0.10, s2 = 0.01, s2 = 0.001, and the Dirac delta function, δ(· − ◦). The bottom line
contains the asymptotic variance analytically obtained by letting n→ ∞.
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m n\ Kernels BMK BBK
SEK SEK SEK Dirac delta

(s2 = 0.10) (s2 = 0.01) (s2 = 0.001) function

1,000

100 −0.0954 −0.1462 −0.0386 0.2273 0.9352 3.3235

200 −0.0635 −0.0965 −0.0245 0.1631 0.7228 4.6990

500 −0.0242 −0.0442 0.0000 0.1188 0.5001 7.4554

1, 000 −0.0476 −0.0613 −0.0307 0.0535 0.3363 10.521

2,000

100 −0.0783 −0.1296 −0.0212 0.2472 0.9377 3.3559

200 −0.0563 −0.0894 −0.0174 0.1706 0.7057 4.7118

500 −0.0936 −0.1137 −0.0694 0.0503 0.4772 7.4359

1, 000 0.0110 −0.0029 0.0281 0.1119 0.3287 10.549

Table A.3: SAMPLE BIAS OF PWID-2SLS. Each cell reports the finite sample bias of
√
n(θ̄n−θ∗) obtained

by 5,000 independent experiments, where θ̄n is the pwid-2SLS estimator. Six kernels are used for the
simulation: BMK, BBK, SEKs with s2 = 1.00, s2 = 0.10, s2 = 0.01, and the Dirac delta function, δ(·−◦).

m n\ Kernels BMK BBK
SEK SEK SEK Dirac delta

(s2 = 0.10) (s2 = 0.01) (s2 = 0.001) function

1,000

100 1.0983 1.1370 1.0579 0.8995 0.6577 0.5245

200 1.0073 1.0226 0.9898 0.9119 0.7495 0.5133

500 0.9725 0.9780 0.9660 0.9352 0.8736 0.4939

1, 000 1.0043 1.0067 1.0018 0.9861 0.9493 0.5022

2,000

100 1.1229 1.1623 1.0823 0.9189 0.6393 0.5004

200 1.0195 1.0350 1.0022 0.9234 0.7586 0.5169

500 1.0354 1.0410 1.0287 0.9965 0.8868 0.4973

1, 000 1.0042 1.0070 1.0008 0.9849 0.9358 0.5028

acov[
√
n(θ̄n − θ∗)] 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Table A.4: SAMPLE VARIANCE OF PWID-2SLS. Each cell reportsm× the sample variance of
√
n(θ̄n−θ∗)

obtained by 5,000 independent experiments, where θ̄n is the pwid-2SLS estimator. Six kernels are used for
the simulation: BMK, BBK, SEKs with s2 = 1.00, s2 = 0.10, s2 = 0.01, and the Dirac delta function,
δ(· − ◦). The bottom line contains the asymptotic variance analytically obtained by letting n and m→ ∞.
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n\ Estimators k = 10 k = 50 k = 100 k = 200 k = ∞

50 0.0149 −0.0174 −0.0002 0.0212 0.0124

100 −0.0276 −0.0306 0.0196 0.0286 0.0052

200 −0.0041 −0.0187 0.0117 0.0094 0.0091

300 −0.0042 −0.0130 0.0212 −0.0077 0.0031

Table A.5: SAMPLE BIAS OF WID-2SLS. Each cell reports the finite sample mean of
√
n(θ̂n,k − θ∗ − 1/3)

that is obtained by implementing 3,000 independent experiments. If k = ∞, the cell reports the sample
variance of

√
n(θ̂n − θ∗ − 1/3) that is obtained by implementing 12,000 independent experiments. Here, k

is the degree of Neumann’s series expansion, and if k = ∞, the inverse matrix of Σ̂n is directly used as the
weight matrix.

n\ Estimators k = 10 k = 50 k = 100 k = 200 k = ∞

50 0.5534 0.5191 0.5138 0.5299 0.5267

100 0.5396 0.5040 0.5196 0.5235 0.5206

200 0.5094 0.5139 0.5063 0.5438 0.5177

300 0.5089 0.4965 0.5252 0.5066 0.5088

Table A.6: SAMPLE VARIANCE OF WID-2SLS. Each cell reports the sample variances of
√
n(θ̂n,k − θ∗ −

1/3) that is obtained by implementing 3,000 independent experiments. If k = ∞, the cell reports the sample
variance of

√
n(θ̂n − θ∗ − 1/3) that is obtained by implementing 12,000 independent experiments. Here, k

is the degree of Neumann’s series expansion, and if k = ∞, the inverse matrix of Σ̂n is directly used as the
weight matrix.

Data 1920-1929 Cohort 1930-1939 Cohort 1940-1949 Cohort

Test \ Models Basic Extended Basic Extended Basic Extended

KS-test 0.026 0.014 0.023 0.015 0.036 0.019

p-value (%) 6.700 70.84 12.18 57.38 0.240 27.82

Table A.7: TWO-SAMPLE KS TESTS AND THEIR p-VALUES. This table shows the results obtained from
the two-sample KS test applied to the sample distributions of the wid-2SLS estimators driven by BMK and
BBK. For each cohort, we estimate the basic and extended models by wid-2SLS assuming BMK and BBK
kernels. In total, the moment conditions are permuted 5,000 times with replacement to obtain the sampling
distribution.
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(a) Brownian motion kernel (b) Brownian bridge kernel

(c) Squared exponential (s2 = 1.00) (d) Squared exponential (s2 = 0.10)

(e) Squared exponential (s2 = 0.01)

Figure A.1: KERNEL FUNCTIONS. These graphics show the functional shapes of the kernels used in the
additional simulations.
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(a) n = 50 (b) n = 100

(c) n = 200 (d) n = 300

Figure A.2: EMPIRICAL DISTRIBUTIONS OF WID-2SLS. For k = 50, 100, 200, 300, each figure shows
the empirical distribution of

√
n(θ̂n,k − θ∗ − 1/3) obtained from 3,000 replications. For comparison, the

distribution function of N (0, 12) is drawn. Here, k is the degree of Neumann’s series expansion, and for
k = ∞, the inverse matrix of Σ̂n is directly used as the weight matrix.
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(a) Basic, 1920-1929 cohort (b) Extended, 1920-1929 cohort
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(c) Basic, 1930-1939 cohort (d) Extended, 1930-1939 cohort
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(e) Basic, 1940-1949 cohort (f) Extended, 1940-1949 cohort

Figure A.3: DISTRIBUTIONS OF THE WID-2SLS ESTIMATOR DRIVEN BY BMK. This figure shows the
histograms of the estimated coefficients of the schooling years. For each cohort, we estimated the basic and
extended models by wid-2SLS driven by BMK. In total, the moment conditions are permuted 5,000 times
with replacement to obtain the sampling distribution, which is drawn as a histogram using 80 bins.
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(a) Basic, 1920-1929 cohort (b) Extended, 1920-1929 cohort
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(c) Basic, 1930-1939 cohort (d) Extended, 1930-1939 cohort
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(e) Basic, 1940-1949 cohort (f) Extended, 1940-1949 cohort

Figure A.4: DISTRIBUTIONS OF THE WID-2SLS ESTIMATOR DRIVEN BY BBK. This figure shows the
histograms of the estimated coefficients of the schooling years. For each cohort, we estimate the basic and
extended models by wid-2SLS driven by BBK. In total, the moment conditions are permuted 5,000 times
with replacement to obtain the sampling distribution, which is drawn as a histogram using 80 bins.
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(a) Basic, 1920-1929 cohort (b) Extended, 1920-1929 cohort

(c) Basic, 1930-1939 cohort (d) Extended, 1930-1939 cohort

(e) Basic, 1940-1949 cohort (f) Extended, 1940-1949 cohort

Figure A.5: EMPIRICAL DISTRIBUTIONS OF THE WID-2SLS ESTIMATORS DRIVEN BY BMK AND BBK.
This figure shows the empirical distributions of the estimated coefficients of the schooling years. For each
cohort, we estimated the basic and extended models by the wid-2SLS driven by BMK and BBK. In total,
the moment condition is permuted 5,000 times with replacement to obtain the empirical distribution.
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A.4 Glossary of Notation

Notation Explanation Notation Explanation

(q̄n(·), qn(·)) (Ḡn(·)′Σ̂−1
n Ḡn(·), nq̄n(·)) (Ḡn(·), Gn(·)) (n−1

∑n
t=1 Un(wt, ·), nḠn(·)

(n, sn) (sample size, moment size) s∗ limit of sn/n
θ̂n argminθ∈Θ q̄n(θ) G̃n(·)

√
nḠn(·)

Σ̂−1
n weight matrix Hn,∗ E[∇θUn(wt, θ∗)]

σ̂n(·, ◦) càdlàg representation of Σ̂n ξn(·, ◦) cádlág representation of Σ̂−1
n

δ(·) Dirac delta function ξ(·, ◦) limit of ξn(·, ◦)
Ξ̂n integral transform operator with ξn(·, ◦) Ξ integral transform operator with ξ(·, ◦)
gn(·) càdlàg representation of Ḡn(θ∗) g̃n(·)

√
ngn(·)

ηn(·) càdlàg representation of ηn ũn a random variable satisfying CLT
Hn(·) càdlàg representation of ∇′

θḠn(θ∗) (Ān, d̃n) ([Ξ̂nHn(·), Hn(·)], [Ξ̂nHn(·), g̃n(·)])
µn(·) càdlàg representation of µn µ(·) limit of µn(·)

ρ(·) limit of sαnηn(·) an(·) s
1
2
−ν

n n
1
2
∫ (·)
0 (s−κ

n Hn(u)− µn(u))du

sn(·) s
1
2
n

∫ (·)
0 (g̃n(u)− ηn(u)ũn)du ℓn(·) (sn(·), an(·)′)′

U weak limit of ũn Bℓ(·) BM and Bℓ(·) = (Bs(·),Ba(·)′)′

Wℓ(·) Wiener process Σℓ global covariance matrix of ℓn(1)
R1 [1, 01×d] σ2

s R1Σ2
ℓR

′
1

τs
√
s∗[dBa(·), dBs(·)] (Ae, Ar, Af ) ([µ(·), µ(·)], [Ξµ(·), µ(·)],Υs +Ae)

Υs s∗[dBa(·), dBa(·)] Br σ2
s [Ξµ(·),Ξµ(·)]

(ψs, ψf ) (−A−1
e τs,−A−1

f τs) πr(·, ◦) ξ(·, ◦)− 1
2
λ(·)′A−1

r λ(·)
Πr integral transform operator with πr(·, ◦) λ(·) Ξµ(·)

ãn(·) s
1
2
−ν

n n
1
2
∫ (·)
0 (s−κ

n H̃n(u)− µn(u))du H̃n(·)
√
nHn(·)

(Ãn, d̈n) ([Ξ̂nH̃n(·), H̃n(·)], [Ξ̂nH̃n(·), g̃n(·)]) ℓ̃n(·) (sn(·), ãn(·)′)′

W̃ℓ(·) Wiener process B̃ℓ(·) BM and B̃ℓ(·) = (B̃s(·), B̃a(·)′)′

Σ̃ℓ global covariance matrix of ℓ̃n(1) σ̃2
s R1Σ̃2

ℓR
′
1

B̃r σ̃2
s [Ξµ(·),Ξµ(·)] ξ(·, ◦, σ2) squared exponential kernel

Q permute matrix cn sn!

ω vector of weights θ̄n(ω)
∑cn

p=1 ωpθ̂
p
n

θ̂pn permuted GMM (P̂n, P̃n) (n−1Z′X,
√
nP̂n)

(ĉn, m̂n) (n−1Z′y, n−1X′y) (ŵn, ŝn, w̃n) (n−1Z′u, n−1X′u,
√
nŵn)

τ̃s
√
s∗[dB̃a(·), dB̃s(·)] Ãf s∗[dB̃a(·), dB̃s(·)] +Ae

(ψ̃s, ψ̃f ) (−A−1
e τ̃s,−Ã−1

f τ̃s) γn (snn)−1
∑sn

i=1

∑n
t=1 z

2
t,i

ϕn(·) càdlàg representation of ϕn(·) (ϕ(·), γ) limit of (ϕn(·), s−1
n

∑sn
i=1 E[z

2
t,i])

(Ω̂xx,n,Ωxx) (n−1X′X,E[xtx′t]) än(·) s
1
2
−ν

n n
1
2
∫ (·)
0 (s−κ

n H̃n(u)− µn(u))du

kn n− 1
2
∑n

t=1(utvt − E[utvt]) K weak limit of kn
ℓ̈n(·) (sn(·), än(·)′, c̈n(·)′)′ B̈ℓ(·) BM and B̈ℓ(·) = (B̈s(·), B̈a(·)′, B̈c(·)′)′

Σ̈ℓ global covariance matrix of ℓ̈n(1) Ẅℓ Wiener process
H (U ,K′)′ Äg Ãf − γΩxx

σ̈2
s R̈1Σ̈2

ℓ R̈
′
1 R̈1 [1, 01×2d]

R̈3 [0d×(1+d), Id×d] b(·) µ(·) + s∗γϕ(·)
ϱ [b(·), 1] θ̈n −(P̂ ′

nΣ̂
−1
n P̂n)−1(−P̂n)′Σ̂

−1
n ĉn

Σ̈ℓh global covariance matrix between ℓ̈n(1) and hn hn (ũn, k′n)
′

Σ2
h covariance matrix of H Σ2

k covariance matrix of K
σ̈sk global covariance matrix between sn(1) and kn Σ̈ck global covariance matrix between c̈n(1) and kn
σ2
q E[u2t z2t,j ] ζ1 [Ξµ(·), 1]

c̈n(·) s
1
2
−ν

n n
1
2
∫ (·)
0 (s−κ

n H̃n(u)− µn(u))(g̃n(u)− ηn(u)ũn)− τ̃s/s
1/2
8 du

Σ̈2
s σ̈2

s [b(·), b(·)] +
√
s∗ϱR̈1Σ̈2

ℓ R̈
′
3 +

√
s∗R̈3Σ̈2

ℓ R̈
′
1ϱ

′ + s∗R̈3Σ̈2
ℓ R̈

′
3

Hh Σ̈2
s +

√
s∗γ(ϱσ̈sk + σ̈′

skϱ
′) + s∗γ(Σ̈ck + Σ̈′

ck) + s∗γ2Σ2
k

Table A.8: NOTATION GLOSSARY. This table collects the notation used throughout the paper.
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