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Abstract

We study the design of efficient dynamic recommendation systems, such as Al shopping
assistants, in which a platform interacts with a user over multiple rounds to identify the most
suitable product among those offered by advertisers. Advertisers have multi-dimensional
private information: their private value from a purchase and private information about
the user’s preferences. In each round, the platform displays recommendations; the user
learns product characteristics of the shown items and then chooses whether to purchase,
exit without purchasing, or submit a new query. These actions generate a stream of feed-
back—purchase, exit, and follow-up queries—that is informative about the user’s preferences
and can be used both to refine future recommendations and to design contingent transfers.
We introduce a class of data-driven dynamic team mechanisms that condition payments on
realized user feedback. Our main result shows that data-driven dynamic team mechanisms
achieve periodic ex-post implementation of the efficient allocation rule. We then develop
variants that guarantee participation and deliver budget surplus, and provide conditions

under which these properties can be jointly attained.
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1 Introduction

1.1 Motivation

The rise of artificial intelligence (AI) is fundamentally reshaping how consumers discover and
evaluate products online. Conversational recommendation systems, such as Al-powered shop-
ping assistants, are emerging as a new interface between consumers and digital marketplaces,
offering an experience that goes far beyond traditional keyword-based search. Major platforms
have already deployed such assistants, including Amazon’s Rufus (Amazon, 2025; Mehta, 2024)
and Google’s Al-assisted shopping features (Google, 2025). OpenAl launched ChatGPT’s In-
stant Checkout in 2025 (OpenAl, 2025), enabling direct purchases within conversational Al
interfaces.! Rather than presenting a static list of sponsored links, these systems engage users
over multiple rounds: the platform proposes options, the user inspects product characteris-
tics, and subsequent responses—purchases, feedback, follow-up queries, or exit—shape the next
round of recommendations. This dynamic interaction fundamentally changes the economics of
attention allocation and creates new challenges for mechanism design.

In traditional online advertising, platforms auction users’ attention to advertisers through
mechanisms such as the generalized second-price auction (Edelman et al., 2007; Varian, 2007).
The rise of Al shopping assistants introduces qualitatively new features that these classical
frameworks do not address. First, the interaction is inherently dynamic: the user’s choice
set evolves over multiple rounds as recommendations are made and refined based on observed
behavior. Second, advertisers possess multidimensional private information: not only their
willingness to pay for a conversion but also proprietary signals about user preferences gleaned
from their own data sources. Third, the interaction itself generates a rich stream of behavioral
data, such as clicks, queries, dwell times, and purchase decisions, that progressively reveals the
payoff-relevant state (the user’s underlying preferences) that was initially unknown to all parties.

These features create a fundamental tension in the design of efficient recommendation sys-

2 Efficiency requires

tems that seek to maximize total surplus for advertisers and the user.
aggregating dispersed information, as advertisers may possess valuable signals about user pref-
erences from past interactions or third-party data. At the same time, advertisers have incentives
to misreport this information to bias recommendations in their favor. Classical impossibility
results by Jehiel et al. (2006) show that with multidimensional information and interdependent
values, efficient implementation is generically impossible using standard message-driven mech-
anisms, in which both allocations and transfers depend solely on agents’ reports. This raises
a central question: how can a platform dynamically elicit truthful information from strategic
advertisers while aggregating advertiser and platform information, as well as user preferences,
to maximize total social welfare?

Our key insight is that the dynamic nature of conversational Al provides a natural way

to overcome this impossibility. Behavioral signals generated during the interaction, such as

'OpenAl also introduced The Agentic Commerce Protocol, which allows interested merchants and developers
to build their own integrations with the systems.

2While our main model emphasizes product recommendations that maximize joint surplus between advertisers
and the user, an alternative interpretation is that the platform first identifies the product that best matches the
user’s needs and then selects among competing sellers for that product, who differ in prices, fees, or delivery
terms. See Section 6 for further discussion.



purchases, exits, follow-up queries, and other forms of feedback, are informative about the user’s
preferences and can be incorporated into the payment scheme. By conditioning transfers on
realized user feedback, the platform can exploit information revealed after the recommendation
decision to better align advertisers’ incentives with social efficiency. Building on the data-driven
approach to mechanism design developed by Bergemann et al. (2025) for static environments,
we show how the sequential evolution of the conversation and the resulting feedback data can

be leveraged to implement efficient outcomes in dynamic settings.

1.2 Framework and Results

We study a dynamic recommendation problem in which a platform interacts with a user over
multiple rounds, selecting products from a set of n advertisers to recommend. In each period,
the platform makes a recommendation, the user observes the product’s characteristics, and then
chooses whether to purchase, exit, or continue with a follow-up query according to a known
action rule that depends on the history of recommended products, the current recommendation,
and the user’s taste. Advertisers have two-dimensional private types: a preference type, reflect-
ing their value from a purchase, and a signal, capturing their private information about the
user’s underlying taste parameter. We allow both components of private information to evolve
dynamically as the interaction unfolds. The platform’s objective is to dynamically aggregate
advertisers’ values with user preferences to maximize expected total surplus.

We seek to implement the efficient recommendation policy in periodic ex-post equilibrium,
following Bergemann and Véliméki (2010), Athey and Segal (2013), and Liu (2018). This
requires truthful reporting to be optimal for each agent after every history—comprising past
recommendations, user actions, the evolution of the conversation, and any additional information
acquired by advertisers—regardless of other agents’ private histories, provided others report
truthfully. This equilibrium concept is well suited to our setting, as it does not require agents
to form beliefs about others’ private information or to engage in complex Bayesian reasoning
over time. It is also robust to inefficient information acquisition by advertisers, who have no
incentive to engage in costly learning about other advertisers’ types or the platform’s proprietary
conversational data.

Our main contribution is the introduction of data-driven dynamic team mechanisms. These
mechanisms combine the construction of dynamic team mechanisms of Athey and Segal (2013)
with data-driven Vickrey-Clarke-Groves (VCG) mechanisms of Bergemann et al. (2025) de-
veloped for static settings to our dynamic setting with interdependent values by conditioning

3 Specifically, each advertiser re-

payments on realized user feedback and overall outcomes.
ceives a transfer that depends on an estimate of the user’s taste parameter constructed from
signals observed in the continuation of the conversation. The key insight is that when user
feedback provides an unbiased signal of the underlying preference state, conditioning payments
on this feedback allows the mechanism to ensure each agent becomes the residual claimant of
the expected continuation social surplus under the posterior beliefs obtained by combining the

information held by all advertisers and the platform. Our main implementation result, Theorem

3These contributions, in turn, build on classical papers by Vickrey (1961); Clarke (1971); Groves (1973);
Holmstrém (1979).



1, shows that data-driven dynamic team mechanisms achieve periodic ex-post implementation
of the efficient allocation rule.

We also study variants of our mechanisms that ensure participation and weak budget sur-
plus at the outset of the interaction. First, in Proposition 1, we show how to modify transfers
to guarantee ex-ante individual rationality and no subsidy: before advertisers receive private
information about user tastes, their expected payoff from participation exceeds that of their
outside option, and the mechanism does not pay agents more in expectation than their contri-
bution to user welfare. This is achieved through an appropriate choice of the “free term” in the
Groves-type transfer, analogous to the pivot mechanism in static settings (Clarke, 1971). Sec-
ond, we construct pivotal adjustments to the data-driven dynamic team mechanism that ensure
participation and budget surplus at the outset ex-post with respect to advertisers’ initial types
and the platform’s initial context (Proposition 2). Finally, Corollary 1 shows that when the
platform’s initial context is sufficient for the unknown user taste relative to the information held
by advertisers, participation and budget surplus can be jointly satisfied ex-post at the outset of

the interaction.

1.3 Related Literature

This paper contributes to several strands of the mechanism design literature, including effi-
ciency in dynamic mechanism design, mechanism design with interdependent values, advertising
auctions, and the emerging literature on auctions and mechanism design with applications to

generative Al

Dynamic Mechanism Design. The literature on efficient dynamic mechanism design has
developed powerful tools for implementing efficient allocations over time when agents receive
private information dynamically. Foundational contributions by Bergemann and Vélimaki (2010)
and Athey and Segal (2013) extend VCG mechanisms to dynamic environments through the
dynamic pivot mechanism and the team mechanism, respectively, in settings with private values
and independent types. Bergemann and Valiméaki (2019) provide a comprehensive survey of
this literature. Our work extends these frameworks to environments with interdependent values,
where agents hold private information not only about their own preferences but also about a

common payoff-relevant state.

Efficiency in Mechanism Design with Interdependent Values. The literature on effi-
cient implementation in settings with interdependent values and multi-dimensional types con-
tains several well-known impossibility results when both the allocation and transfers condition
only on messages reported by the agents to the mechanism (Maskin, 1992; Dasgupta and Maskin,
2000; Jehiel and Moldovanu, 2001; Jehiel et al., 2006).

To overcome the implementation impossibility, several papers propose contingent transfer
schemes. Riordan and Sappington (1988) showed how a principal can implement the first-best
in a setting with an ex-post signal correlated with the agent’s private type using a lottery
mechanism akin to Crémer and McLean (1988) surplus extraction mechanisms. Mezzetti (2004)

showed that these impossibilities can be circumvented by employing two-stage mechanisms,



whereby agents report their private types in the first stage, based on which the allocation is
determined. Agents are then assumed to observe their ex-post payoffs and report them in the
second stage. Finally, transfers are determined using a generalized VCG scheme based on the
reported utilities.

Liu (2018) develops efficient mechanisms for dynamic environments with interdependent
values. The core results show how a designer can exploit correlations between an agent’s current
type and other agents’ future types to construct lottery payments that replicate dynamic team
payments in expectation. The paper also identifies unbiased estimation of agents’ ex-post payoffs
as a sufficient condition for implementation. We propose a related mechanism in our applied
setting by focusing on estimating the payoff of a non-strategic user, using the natural flow of
information generated during the conversation. We show how we can utilize such estimates and
other realized outcomes to align incentives.

Bergemann et al. (2025) recently introduced the concept of data-driven mechanism design in
a static setting, showing how conditioning payments on additional information, such as estimated
click-through rates in online advertising auctions, can achieve implementation when standard
message-driven mechanisms fail. Our paper extends this framework to dynamic environments
and demonstrates how the sequential revelation of information through user behavior can be

leveraged to maintain incentive compatibility over multiple rounds.

Advertising Auctions and Digital Markets. The economics of online advertising has been
extensively studied since the seminal analyses of generalized second-price auctions by Edelman
et al. (2007) and Varian (2007). More recent work examines topics such as auto-bidding (Balseiro
et al., 2021), reserve price optimization (Ostrovsky and Schwarz, 2023), and the welfare prop-
erties of alternative auction formats in advertising markets. The rise of Al-generated content
and conversational interfaces has spurred new research on mechanism design for large language
models (Diitting et al., 2024), token auctions for coordinating multiple LLM agents, and adver-
tising within Al-generated content (Feizi et al., 2025; Soumalias et al., 2024; Dubey et al., 2024;
Hajiaghayi et al., 2024). Banchio et al. (2024) study the optimal timing of ad placement for
conversational Al assistants.

Our work complements this emerging literature by developing a dynamic mechanism design
framework for Al shopping assistants that accounts for both the sequential nature of interaction
and informational externalities across advertisers. In particular, we focus on efficient product
recommendations in environments where advertisers hold private information about user pref-

erences.

Recommender Systems and Platform Economics. There is a growing literature on the
economics of recommender systems, examining their effects on consumer search (Dinerstein et al.,
2018), supplier competition (Fletcher et al., 2023), and market concentration (Calvano et al.,
2025). The algorithmic design of recommendation systems has implications for welfare that
depend critically on whether systems are designed to be “customer-centric” or to serve platform
objectives (De Corniere and Taylor, 2019; Hagiu and Jullien, 2011). Our model provides a
framework for thinking about how to align the incentives of platforms, advertisers, and consumers

in dynamic recommendation environments.



Consumer Search and Information Design. Finally, our paper connects to the litera-
ture on consumer search (Weitzman, 1979; Armstrong and Zhou, 2011) and information design
(Kamenica and Gentzkow, 2011; Bergemann and Morris, 2019). The sequential nature of con-
versational Al naturally creates a search problem for users, while the platform’s control over
recommendations can be viewed through the lens of information design. Our framework bridges
these literatures by explicitly modeling the dynamic interaction between information revelation

through recommendations and information acquisition through user feedback.

1.4 Outline

The remainder of the paper is organized as follows. Section 2 introduces a simplified version
of the dynamic model to illustrate the construction of our mechanisms. Section 3 presents
the full dynamic model. Section 4 defines data-driven dynamic team mechanisms, introduces
our implementation concept, and states the main implementation result. Section 5 studies
participation and budget properties. Section 6 discusses limitations and open questions, and

concludes.

2 Illustrative Example

In this section, we first present a simplified static version of the model and then extend it
to two periods to highlight the paper’s main conceptual contributions in a simple setting. The
discussion is intentionally informal to streamline the exposition. A formal dynamic mechanism

design model is introduced in the next section.

A one-shot environment. A user seeks a product and queries an Al shopping assistant. Two
advertisers offer differentiated products described by characteristic vectors v; € R¥, i = 1,2. The
outside option has characteristic vector normalized to zero. The user’s taste is summarized by
w € Q C R* and her consideration set initially contains only the outside option. A recommen-
dation adds a product to the consideration set, after which the user observes its characteristics.
Advertiser ¢ obtains payoff 0; if her product is purchased, where 6; is private information. Ad-
vertisers and the platform share a common prior F' € A(Q2) over w. Each advertiser i and the

platform observe noisy signals
Si =w+ e, Sy =w+ep,

where noise terms are potentially correlated. Let us collect the noise term in a profile e.
In a single round, the platform recommends one product and the user either purchases or

exits. The user purchases product 7 if and only if
<’Yi7 w> > 0.

Let
Yi(w) = Ly, w)>0

denote this decision rule, and also the realized purchase outcome.



The platform chooses recommendation probabilities x = (z1, z2) to maximize expected total
surplus,
2
i=1
where S collects all signals. Let x* denote the efficient (deterministic) rule.

After the recommendation, user feedback generates an estimator
Ww=w+ €p1($7y)7

observed by the platform and verifiable by advertisers before transfers, where €, is mean zero

and independent of €. That is, @ is an unbiased estimator,
E@ | w,z,y] = w,

and it is independent of agents’ signal profile S conditionally on the payoff-relevant state w.
To implement the efficient allocation, we use the data-driven VCG mechanism introduced
by Bergemann et al. (2025). Fix an advertiser i and let j # ¢. The mechanism uses the efficient

allocation rule and assigns payment
pi = — (i, W)y — (05 + (75, ©0))y; + ¢i(05,S;, 55)

to advertiser 7, for an arbitrary function ¢;. Theorem 1 of Bergemann et al. (2025) implies that
truthful reporting constitutes an ex-post equilibrium. To see this directly, the expected payoft
/

of agent ¢ under a report (0!, S.,s,) when the true profile is (6, S, s) equals, up to an additive

term independent of the agent’s report,

2
SB[ + (1)) (@) @ (01,04, il 5) | S = 5],
j=1
which is maximized by truthful reporting because z* maximizes expected total surplus. Hence,
the efficient allocation is implemented. The free terms ¢; can be used to ensure participation
and budget properties. Consider the pivotal-style payments
¢ = glggE[(ej + (75, @)) yj(w) | Si = 5,8 = 54},

and
¢; = min E[(Hj + (1, @)) yj(w) | Si = 51,8 = S—z}-

SiESZ'
Under ¢T, advertiser ’s participation constraint holds in expectation given the combined infor-
mation held by the advertisers and the platform, while under ¢~ she never receives more than
her marginal contribution to user surplus in expectation. When the information of advertiser ¢

is redundant, the two coincide and both properties hold simultaneously. An ex-ante version,

b =E[(6 + (3, 2) ;).



ensures ex-ante participation and no subsidy simultaneously. We show these statements formally

in the context of our dynamic model in Section 5.

Two rounds. Suppose now the user may submit a follow-up query after the first recommen-
dation. Let

Yq(i,w) € (0,1)

denote the probability that the user continues with a follow-up query after being recommended
product ¢. We assume that the user is less likely to continue searching when the recommended

product better matches her preferences. Formally,

<’7i7w> > <7j7w> = yq(i,w) < yq(jaw)>

so products that yield higher utility to the user lead to a lower probability of further search.

A purchase in period 1 occurs with probability

(1 - yQ(i7 w))]l(%',w}ZO’

while otherwise either the interaction continues or the user selects the outside option. In period
2, after observing both products, the user selects her preferred option or the outside alterna-
tive. Purchase or exit are terminal actions; if either occurs in period 1, the interaction ends
immediately.

After period 1, the platform observes an estimator wy. If the interaction continues, a second
estimator sy is generated at the end of period 2.

The platform’s objective is to maximize expected total surplus across both periods. In this
simple example, the second product will be recommended in period 2 whenever the interaction
continues, independently of reports. Thus, the only allocative decision concerns which product

to recommend first. Recommending product ¢ in period 1 yields expected surplus
E[(6: + ()il ) + g0 @) 65 + (50D (o) | S = 5],

where j # i. The first term captures surplus if product i is purchased immediately, while the
second term captures continuation surplus if the user proceeds to period 2 and then purchases
product j. The monotonicity of y, implies that better matches in period 1 reduce the likelihood
of continuation but increase the likelihood of immediate trade. It follows that, since the second-
period recommendation is fixed, the efficient first-period recommendation is the product ¢ that
maximizes the above expected total surplus conditional on signals S = s.

A dynamic extension of the data-driven VCG mechanism, based on the dynamic team mech-

anism of Athey and Segal (2013), assigns in each period
pit = — (Vi We)yit — (05 + (75, 01))yjt + die(-),

so each agent is a residual claimant on realized flow surplus. (Periodic) ex-post implementation

follows from unbiasedness by an analogous argument, which we develop in our general dynamic



model in Theorem 1.

Toward the general model. The full model extends this example along several dimensions.
We allow for an arbitrary finite set of advertisers and an arbitrary horizon of interaction between
the user and the Al assistant. Over time, the platform gradually learns about the user’s pref-
erences from the sequence of recommendations, follow-up queries, purchases, and exits. Early
rounds may therefore serve an exploratory role, as the platform trades off immediate surplus
against the value of information for future recommendations.

At each point in the interaction, the user’s choice set consists of the products recommended so
far and the outside option. In every round, the user may purchase one of the available products,
exit without purchase, or submit a follow-up query and continue the conversation. Each such
action generates feedback data that are informative about the underlying taste parameter. The
platform uses this evolving information both to improve subsequent recommendations and to
construct estimators of user preferences that enter contingent transfers.

On the mechanism side, we generalize the data-driven dynamic team mechanisms introduced
above. Allocations in each period depend only on the information available at the time of
recommendation, while transfers may condition on the feedback observed over the course of
the interaction. The formal analysis in the next section shows that this structure permits
periodic ex-post implementation of the efficient dynamic recommendation policy in a rich class

of environments.

3 Dynamic Model

3.1 Set-up

The mechanism design environment consists of a finite set of advertisers, N = {1,...,n},
whom we also refer to as agents, and a (non-strategic) user who seeks to purchase a product.
The platform interacts with both advertisers and the user over multiple rounds (time periods).

Time is discrete and indexed by t € {1,...,T}, where T' < co.

Payoffs. Each advertiser i € N offers a single product that is fixed throughout the interaction.
Product i is characterized by a finite-dimensional vector of observable attributes ~; € R¥. The
user’s preferences are summarized by a taste parameter w € Q) = R’i. If the user purchases

product 7, she derives utility
<7i7 w) :

We assume there is an outside option with characteristic vector 79 = 0 € R, which yields
zero utility. Hence, product utilities are interpreted relative to the outside option. Advertiser
i receives a payoff 0;; € ©; C Ry if the user purchases product ¢ in period t, where ©; is
measurable. Let us denote by ©; = [[;c ©it the product space.

In each period ¢t > 1, the platform chooses whether to recommend a product and, if so, which

product to recommend. The set of feasible allocations is the simplex

X, = AN U{0}),



where x;; denotes the probability of recommending product i € N and xzy; denotes the probability

of making no recommendation in period t. We denote the realized recommendation by
r € R=NU{0},

where r; = 0 corresponds to no recommendation.

In each period t > 1, after observing the recommendation, the user chooses whether to
purchase one of the products she has observed up to that point, permanently exit the plat-
form, or make no purchase and continue with a follow-up query; these choices may be made

probabilistically. The set of pure actions available to the user is
A=NU{0}U{q},

where ¢ denotes the action of submitting a follow-up query and 0 denotes exit. The corresponding

set of mixed actions is

Y =A(A).

An outcome history o; is the sequence of realized recommendations and user actions up to
period t:

Oy = (7”1,(11,. . .,Tt_l,at_l,rt,(lt) € Ot7

where the set of feasible histories is

OtERt XAt.

We write rf € R? for the sequence of recommendations up to ¢ and a® € A? for the corresponding
sequence of user actions.

Given an action sequence a’ € AT, advertiser i’s total ex-post payoff is

T

Z git ]lat:ia
t=1

and the user’s total ex-post utility is

User search behavior. We model the user’s search behavior via a commonly known action
rule. Given a past outcome history o;—1 € O;_1, a current recommendation r; € R, and the

user’s taste parameter w € 2, the user’s (mixed) action is governed by a map
yt:(’)t_lxRxQ—>Y.

We write yi(0¢—1,7¢,w) for the probability that the user purchases product i in period ¢,
yot(0t—1, 7, w) for the probability of exit, and yg¢(0¢—1, r, w) for the probability of submitting a

follow-up query. We impose the following minimal restrictions.

Assumption 1 (Properties of the user’s action rule). The sequence {y;}l_, satisfies:

10



1. Purchase and exit are terminal actions. With a slight abuse of notation,

(NU {0}) ﬁatil 7é (Z) = y()t(Ot_l,Y’t,OJ) =1.

2. Choice among observed products. The user may only purchase products that have been
recommended so far:

yit(oi_1,m,w) >0 = iecrl
3. Finite termination. Define the (random) termination time
r=inf{t >1:a; € NU{0}},
with the convention inf ) = T. The interaction terminates almost surely:

P(r < 00) = 1.

The assumption accommodates a wide range of user search behaviors. For example, the
user may exhibit perfect recall, retaining all previously recommended products and ultimately
selecting the most preferred option from the resulting consideration set. Alternatively, the user
may exhibit imperfect recall, placing greater weight on more recently displayed products. An
extreme case of this behavior is one in which, whenever a purchase occurs, the user selects only
the most recently recommended product. Our framework allows for all of these interpretations.

Given an outcome history o;_1, taste parameter w, and allocation x; € Xy, the probability

that product ¢ is purchased in period ¢ is

Zit(00-1,0,20) = > Yit(00-1,74, W) Tyt
rER

Accordingly, the expected flow payoff in period ¢ is
Ot - zit (041, w, T¢)

for advertiser ¢, and
n

Z<’Yz‘aw> - 2it(0t—1, w, )

i=1

for the user.

Information. We allow advertisers’ values from purchase to evolve stochastically over time.

There is a common prior Gy € A(O1). Further, there is a commonly known stochastic kernel
Git(- | o, 0it) € A(Oi411)

that governs the evolution of advertiser i’s value in the next period as a function of the current
outcome history o; and current value ;.

The profile of product characteristics v = (71, . . ., 7) is commonly known among advertisers.

11



The user observes her taste parameter w, whereas the advertisers and the platform are uncertain

about it. At the outset, advertisers and the platform share a common prior
Fy € A(Q)

over w.
We allow both the platform and advertisers to possess private information about w. Each

advertiser ¢ is endowed with an initial signal
Si1 =w + €1,

with realization s;1 € S;1 C Rk, where the noise terms €;; may be correlated across advertisers.
Such signals may represent, for example, third-party purchase data or information collected from
interactions on the advertiser’s own tool, interface, or website.

The platform may also hold private information about user tastes beyond the common prior,
obtained for instance from past interactions with similar users or from contextual information

at the start of the interaction. We represent this by an initial platform signal
Sp1 =w + €1,
with realization s,; € Sp1 C RF, where ep1 may be correlated with {€;1 }ien. We denote by
S1 = (Sp1,S11,---,Sn01)

the period-1 profile of signals, and by s; the corresponding profile of realizations; we follow this
notational convention for each period ¢. We further denote by S_,; the corresponding profile
excluding the information held by the platform.

As the interaction progresses, additional information about w is revealed through user be-
havior. At the beginning of each period ¢, the platform observes the user’s response and obtains
a signal

Spt(0t—1) = w + €pe(04-1),

for every outcome history 0,1 € O;—1. We assume that €,;(0;—1) is independent across periods

t and histories o;_1,* and satisfies
Elept(0t—1) | w, 00—1] = 0.

The distribution of €, (0;—1) may depend on the outcome history. For instance, early responses
may be more informative than later responses, which primarily refine previously acquired infor-
mation. We assume that the signal in period ¢ is obtained at the beginning of the period, once
the previous round has concluded with an action of the user. The signal therefore represents
feedback generated by the user’s interaction with the recommendation. Importantly, we assume
such feedback is obtained also after the final interaction with the user.

We also allow advertisers to obtain additional information about the user’s preferences as the

4In particular, it is independent of the period-1 noise terms.

12
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Figure 1: Timeline of the interaction with the user.

interaction unfolds. For example, after observing a recommendation, a user may engage with
the advertiser’s integrated tool or visit the advertiser’s website before returning to the platform
with a follow-up query, thereby generating further information for the advertiser. Formally, at
the beginning of period ¢, given outcome history o;_1, advertiser i observes a signal S;;(0;—1)
with a structure analogous to the signals defined above, with realization s;; € S;; C RE. In
particular, we assume €;(0¢—1) may be correlated with ey (0;—1). This formulation captures the
preceding example as well as richer information structures, such as cases in which users revisit
previously viewed products to make comparisons. We denote the corresponding profile of signals
of the platform and advertisers by S; and its realization by s;.

Finally, we assume that the information structure (i.e., the underlying random variables) is
commonly known, while the signal realizations s;; are the private information of advertiser 3.
By contrast, both the signals and realizations observed by the platform are publicly revealed.?

We summarize information up to period ¢ by the information history
I = (S1,81,..-,S¢, 8¢),
and denote the corresponding space by Z;. The public information history is
IP = (Sp1,Sp1y- -+ » Spts Spt)s

with corresponding space ZF. Given I; and the prior Fy, agents form a posterior Fy(- | I}).

Finally, the type space of advertiser 4 in period t is
Eit = Git X Sit-

Let 2t = [[;,cy it and E = Hthl =; be the corresponding product spaces.
The timeline of the interaction, including type reports discussed in the next section, is

visualized in Figure 1. We summarize key notation in Table 1.

3.2 Efficiency

We focus on the efficient outcome, which dynamically aggregates agents’ private preferences

and information, while allowing for residual uncertainty about the payoff-relevant state w.

®Below, we study periodic ex-post implementation, where agents evaluate expected payoffs with respect to
the combined information held by advertisers and the platform. Moreover, we allow the platform to condition
transfers on information revealed in future periods. Public revelation of platform information is without loss for
our implementation objectives; Bergemann et al. (2025) discuss this point further.
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Table 1: Summary of Notation

Symbol

Description

ie N={1,...,n}
te{l,...,T}

v; € RF

weNC R’j_

0it € Oy

x € Xy = A(N U{0})
ry € R=NU{0}

a; € Ay = NU{0} U{q}
oy € Oy = Rt x A
Ye(0i—1,7¢,w)

-

Sit, Sit

Spt, Spt

I, €7,

Ir e1?

&it € Eit = Oy X Sy
my € M,

hy € Hy

Set of advertisers (agents)

Time period (possibly infinite horizon)

Observable characteristic vector of product 4

User taste parameter

Advertiser i’s value from a purchase in period ¢
Set of feasible recommendation lotteries in period ¢
Realized recommendation in period ¢

User action set (purchase, exit, or follow-up query)
Outcome history up to period ¢

User action rule in period ¢

(Random) termination time of the interaction
Advertiser i’s signal and realization in period ¢
Platform signal and realization in period ¢

Full information history up to period ¢

Public information history up to period ¢

Type space of advertiser i in period ¢

Report history up to and including period ¢
Public history up to period ¢

Definition 1 (Efficient allocation). A sequence of allocation rules
x*= {270y x Op_1 xT; — X},

is an efficient allocation rule if it solves

T n
DD (i + (i) > (011,71, w) ey (01,001, 11)

t=1 =1 rtER

max E
{$t}f:1

11,91] .

The social program admits a recursive representation. Let W; (0, 0,1, I;) denote the maximal

expected continuation surplus from period ¢t onward given (0, 04—1, I;), and set Wy = 0. Then

$t70t—17[t] }

By Bellman’s optimality principle, the solution sets of the recursive and original formulations

n

> (O + (i w))zin(01-1,w, x1) + Wig1 (011, 01, Tri1)

Tt €Xt P

Wt(gt, Oot—1, It) = max { E

coincide.

4 Implementation with Data-Driven Dynamic Team Mechanisms

In this section, we formulate the mechanism design problem and define our implementation
concept. We then introduce the main class of mechanisms analyzed in this paper: the class of
data-driven dynamic team mechanisms. Finally, we show that every mechanism in this class

implements the efficient allocation.
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4.1 Mechanisms and Implementation

Our goal is to implement the efficient allocation rule x*. We restrict attention to direct
public mechanisms and focus on truth-telling equilibria. In each period ¢, each agent ¢ submits
a report

&ir € Bi-

Based on the profile of reports & € =, together with the history of reports, realized outcomes,
and public information, the mechanism determines the allocation x; and enforces transfers p;.

The report history in period t consists of all reports submitted up to and including period t:

me = (&1, &)-

We denote the corresponding space of report histories by M;. The overall public history in
period t is

hy =041 UTP Umy_gq,

with associated space of feasible histories H;.

Data-driven mechanisms. We now formally define the class of mechanisms we consider.
Following the data-driven approach of Bergemann et al. (2025), we assume allocations may
depend only on the information available at the beginning of period ¢, while transfers may
additionally depend on information revealed after the allocation has been determined: both the
realized outcomes and information about user tastes obtained as the conversation unfolds.

One interpretation is that the platform settles transfers at the end of the interaction with the
user, in which case all period-t transfers are computed and enforced using the full information
available at that time. Alternatively, the platform may enforce transfers at the beginning of the
next round of interaction. In the exposition below, we adopt the latter convention: the platform
observes new information at the beginning of each period and enforces transfers at that stage.

Adapting our main results to the former timing assumption is straightforward.

Assumption 2 (Estimator). For each period t < 7 and each outcome history oy € Oy, the
platform and advertisers observe the realization of a random variable (o) € 2, interpreted as
an estimator of the state. The realization is observed after the period-t recommendation and
user action (r,a) are realized (i.e., after o, is formed), but before the period-t transfers are

determined.

Thus, while allocations depend only on reports and information available at the beginning
of the period, transfers may additionally condition on the realized outcome in that period and

on an estimate of the payoff-relevant state obtained after the outcome is realized.

Definition 2 (Data-driven direct revelation mechanism). A data-driven direct revelation mech-

anism is a tuple (x,p), where
X:{xt:Etth%Xt}thl and p:{pt:EtthxRxAxQ%R”}thl
denote the sequences of allocation and transfer functions, respectively.
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As above, we compress notation and write

zit(& b w) = Y Yir(0p-1,7,w) - (e, he)

rt € R

for the probability that product ¢ is purchased in period t.

Implementation concept. Following Bergemann and Viliméki (2010), Athey and Segal
(2013), and Liu (2018), we focus on periodic ex-post implementation of the efficient policy x*.
Under this notion, truthful reporting must be optimal for each agent after every history and for
every realization of the agent’s current type, provided all other agents report truthfully. Agents
evaluate payoffs in expectation using the true type profile and beliefs formed from the full history

of signals about the state. To define this concept formally, let

‘/it(gta ht7It) = ma_x { E [9” ’ Zit(&;tag—ita ht7w>

— pit(Eyy E—ity hay ey ar, @(01)) + Vier1 (Ee1s Pers Le1) | 2e(0), &, htaft} }

denote the continuation value for agent ¢ in period .

Definition 3 (Periodic ex-post implementation). A data-driven mechanism (x,p) permits pe-

riodic ex-post implementation if, for all i € N, t > 1, hy € Hy, & € Z¢, and I; € Iy,
it € argmax { E [eit  zip(Ely> E—it I, w)
EgtEEit

— pit(&yy E—ity has ey ar, @(01)) + Vi1 (Ses1s Pusrs 1) | @e(s), &b e, It} }

4.2 Data-Driven Dynamic Team Mechanisms

To achieve periodic ex-post implementation of the efficient allocation, we consider the fol-

lowing class of mechanisms.

Definition 4 (Data-driven dynamic team mechanism). A direct revelation mechanism (x*, p)
is a data-driven dynamic team mechanism if, for every agent ¢ € N, period ¢, report profile

& € Z¢, and public history h; € Hy, transfers take the form

Pit(§es hey e, 00, @) = — (30, D) Lay=i — > (051 + (15, @) Laymj + i (§it),
J#i

for some arbitrary function ¢g.

Observe that transfers in the data-driven dynamic team mechanism take a particularly simple
form. An estimate of the user’s taste parameter is substituted into the transfer formula, and the

core component of the payment is nonzero if and only if a purchase occurs. The Groves-type
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term ¢;; can then be used to ensure individual rationality and revenue properties, which we
analyze in the next section.

At this point, we have not specified how the estimator of the state is constructed, a question
to which we now turn. In particular, realizations of the conversation in future periods can be
used to align incentives. Consider the realization of the feedback signal of the platform in the
next period:

W= Spt+1,

6

where s, is the realization of S,¢41(0;).” Accordingly, the estimator is given by

w(or) = Spr1(0r).

By construction of the signal structure, such estimators satisfy two key properties. First,
they are conditionally independent of the prior information history I; given the outcome history

o and the true state w. Second, they are unbiased:
El©(or) | o1, w] = w

for all o; € O and w € . Our main result below holds for any estimator satisfying these two
properties.

Importantly, the platform need not acquire any external data: future realizations of the
conversation within the current environment are sufficient to align incentives. Moreover, the
component of transfers that depends on the estimate of the state w is nonzero only when a
purchase occurs. If we assume that one additional round of feedback follows a purchase before
the user exits the platform, conditioning the estimator on this feedback exploits the full amount

of feedback information available within the current conversation for incentive alignment.

Assumption 3 (Unbiased estimator). The sequence of estimators @ = {W(0¢) }o,c0,, t>1 intro-

duced in Assumption 2 satisfies:

1. For any t, outcome history oy, and information history I, the estimator W(oy) is condi-

tionally independent of Iy given o; and w; and
2. For any t, outcome history o, and state w, E[W(oy) | o, w] = w.

Theorem 1 (Implementation with the data-driven dynamic team mechanism). Under Assump-

tions 1-3, every data-driven dynamic team mechanism permits periodic ex-post implementation.

The implementation result follows by an argument analogous to that of Athey and Segal
(2013) for dynamic team mechanisms in private-value environments, combined with the insight
of Bergemann et al. (2025) developed for static settings. By conditioning transfers on an unbi-
ased estimator of the payoff-relevant state w, constructed from user feedback, and on realized
outcomes, the mechanism ensures that in each period an agent’s expected payment equals the

social externality induced by her report. Consequently, each agent becomes a residual claimant

SRecall the platform observes feedback data after each round, including 7. Hence, this expression is well-
defined.
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of the expected social surplus generated by the current allocation and its continuation value.
Because agents revert to truthful reporting in all future periods, any deviation affects only the
current-period allocation. Truthful reporting is therefore optimal precisely because the allocation

rule is efficient.

Proof of Theorem 1. Fix an agent ¢ € N, a period t > 1, a public history h; € H;, a type profile
& € Z¢, and an information history I; € Z;. Consider an arbitrary one-shot deviation in period
t to a (possibly non-truthful) report &/, € Z;;, while all other agents report truthfully in all
periods and agent i reports truthfully in all subsequent periods. By the principle of optimality,
it suffices to show that no such deviation can be profitable.

Let z7(-) denote the efficient period-t allocation rule evaluated at the report profile (£,,&_;t)
and history hy, i.e. z}(-) = x7 (&, E—it, he) € Xy Given xf(+) and the user action rule, define the
induced probability that product j is purchased in period ¢ as

2jt (&g E—ity I, w) = Zyjt(ot—lﬂ“taw) 7,1(Eigs E—its ot

rER

All conditional expectations below are taken with respect to the probability measure induced
by the true environment, the efficient policy z*, and the deviation &}, at time ¢, conditional on
(7 (+), he, &, It). We suppress this conditioning whenever it is clear.

Under a data-driven dynamic team mechanism, the period-t transfer to agent ¢ is

pit = = (71, 0(00)) Lagmi = (B¢ + (77 0(00))) Lay=j + Sie (-ir).
i#i

Taking conditional expectations yields

Elpit] = — E[(7:,@(00)) La,=i] = Y El0jila,=j] — > E[(;,@(00)) Lay=j] + die(€-ir). (1)
J#i J#

By Lemma 1, for every j € N (including j = i),

E[(vj, B(01)) La,=5] = E[{vj, w) 252 (&iy, =it he,w)] -

Moreover, by definition of zj; and the action rule, E[1,,—;] = E[z;¢(&};, {—it, ht, w)]. Substituting

these identities into (1) gives

n

[0z — pa] =B | > (050 + (v w)) 2t (> Eits hey ) | — dia(Ein),
j=1

Thus, up to the additive constant —¢;({—st), agent i’s expected current payoff equals the ex-
pected soctal flow surplus generated in period t by the allocation zy (&), §—it, ht).

Because we consider a one-shot deviation at time ¢ and truthful play thereafter, the continu-
ation allocation from period ¢ 4 1 onward is efficient and does not depend on &}, except through
the realized outcome history o; induced in period ¢. Under these assumptions, the continuation

value of agent ¢ under truthful reporting in future periods and the stream of unbiased estimators
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equals, up to an additive function independent of the reports of the focal agent,

E[Wit1(0t41, 08, Iey1)] - (2)

Indeed, the expected continuation value is given by the expectation of the sum of future flow
utilities. In each period, given truthful reporting and properties of estimators, Lemma 2 shows

the expected flow utility in period s > ¢ is given by

n

E 2(9]5 + <7_]7w>) st(é-’isyé-*’i&hsaw) )

j=1

again up to addition of a function independent of the reports of the focal agent. Summing over
such flow payoffs yields (2).

Therefore, agent i’s expected total payoff from period ¢ onward can be written as

E0itLa,—i — pit + Vi1 (e, e, L))
n

=E|> (05 + (17, w)) 2je(Es Eivs hayw) | + E[Weg1(r41, 00, Tri1)] - (3)
i=1

up to an additive term that does not depend on the report of the focal agent.

But by definition of the efficient allocation rule x} (equivalently, by the Bellman recursion
for Wy), for every realized (6, 0,1, It) the policy x (&, §—it, ht) maximizes exactly the expected
period-t social flow surplus plus the expected continuation surplus, given the information avail-
able at the beginning of period ¢. Therefore, no report &/, can yield a strictly larger value of the

above objective than truthful reporting &;. O

5 Participation and Budget Surplus using Pivotal Mechanisms

The implementation result holds for any choice of the Groves term ¢;. In this section, we
design this term in the spirit of the pivotal mechanism (Clarke, 1971) to ensure participation and
budget surplus at the outset of the conversation. Focusing on these constraints at the initial stage
is natural in our setting, as advertisers plausibly commit to participating in the recommendation
environment before the interaction with the user unfolds and before subsequent feedback is
realized. We study participation and budget surplus both ex ante, prior to the realization of
advertisers’ information about user tastes, and ex-post with respect to this information at the

outset of the conversation.

5.1 Ex-Ante Properties

We begin with ex-ante properties. We say a data-driven dynamic mechanism (x, p) is ez-ante
individually rational if each advertiser obtains a non-negative expected value from participating
in the mechanism in the truthful periodic ex-post equilibrium. The mechanism satisfies ex-ante
no subsidy if no agent receives an expected payoff exceeding the contribution of the agent to the

welfare of the user.
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Definition 5 (Ex-ante individual rationality). Data-driven mechanism (x,p) is ex-ante indi-

vidually rational if for any advertiser i € N,7

E[Vii(&, )] = 0.
Definition 6 (Ex-ante no subsidy). Data-driven mechanism (x,p) gives no subsidy ex-ante if
for any advertiser i € N,
T
Z (pit (&, bty 1, ag, W(0r)) + (Vi w) Lap=i) | = 0.
t=1

E

We define the following adjustments to the data-driven dynamic team mechanism resembling
the pivot mechanism. Fix an advertiser ¢ € N, initial information I; € Z;, and profile of

advertiser values 0_;1 € ©_;1. We define the social problem excluding agent i:

T
ZZ(ejt‘*'Wj’w» Z Yt (011,78, W) Tryt (O—it, 001, It) | 11,041,

t=1 j#i mER

Wfi(efu,fl) = max E

{eeexy Y,

where X; " = A((N\{i})U{0}). Note that, while we exclude advertiser i’s payoffs, we condition
on the advertiser’s initial information in the history I;.

We consider Groves terms in the data-driven dynamic team mechanism that satisfy

T
> i =K [Wy (01, 1)] .
=1

Let us denote any such sequence of terms by ¢. We obtain the following result.

Proposition 1 (Ex-ante participation and no subsidies). Under Assumptions 1-3, the data-
driven dynamic team mechanism with Groves adjustment ¢ is individually rational and gives no

subsidies ex-ante.

Proof. Fix an arbitrary advertiser ¢ € N. Under the Groves adjustment ¢, the total ex-ante

expected payoff of the advertiser is:
E Vi (&1, 1)) = E[Wi(61, )] = E (W (0-a, )] >0,
which follows since for any 61 and I,
Wi(61,I) > W (051, Ih),

since the inclusion of product ¢ cannot decrease the expected social surplus when the same initial

information about user tastes is used to compute the optimal allocation. Thus, the mechanism

"We slightly abuse notation in this expression by suppressing the redundant dependence on the public history
h1. The expectation is taken with respect to the initial types of the advertisers and the initial context observed
by the platform.
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is ex-ante individually rational. The no subsidy condition follows since, for any #_;; and I,

T
SN O+ (v w) D yie(or-1,mw) @k (0—ir, 001, 1) | T, 0-in | < Wi (0-i1, Th),
t=1 j#i rt€R

by construction, where x* denotes the efficient allocation in the environment including agent
i. O
5.2 Ex-Post Properties at the Outset

We now turn to ex-post properties at the outset.

Definition 7 (Ex-post individual rationality at the outset). Data-driven mechanism (x,p) is
ex-post individually rational at the outset if for any advertiser ¢ € N, types £ € =1, and initial

information I,

Vii(&, 1) > 0.

Definition 8 (Ex-post no subsidy at the outset). Data-driven mechanism (x, p) gives no subsidy

ex-post at the outset if for any advertiser ¢ € N, types £ € =1, and initial information I,

T

E Z (it &ty Pty o5 ag, W(or)) + (Vis w) Lay=i) | 01, 11| > 0.
=1

We define the following pivotal adjustments to the data-driven dynamic team mechanism.
Fix an advertiser ¢ € N, reports £ € =1, and initial information I;. We now consider Groves

terms in the data-driven dynamic team mechanism that satisfy, with a slight abuse of notation,
Z@Zﬁt = sup W, “(0-i1, (Si1,si1), (S—i1, 5-i1))
- (Si1,5i1)

and

(Si1,841)

T
Z¢i_t: inf W (0_i1, (Si1, 8i1)s (S—i1, 5-i1))-
—1

Denote any corresponding Groves adjustments by ¢ and ¢, respectively. We obtain the

following result.

Proposition 2 (Participation and subsidies ex-post at the outset). Under Assumptions 1-3, the
data-driven dynamic team mechanism with Groves adjustment ¢+ gives no subsidies ex-post at

the outset. With the Groves adjustment ¢~ , it is ex-post individually rational at the outset.

Proof. Fix an arbitrary agent i, types £; € Z; and initial information /1. Under the Groves

adjustment ¢, the expected transfer satisfies

T T
ZZ(Hjt"i‘('Yjaw»Zyjt<0t—1vrt7 ik, (0,001, 1) | 1,0 | < W (031, Ih) SZ 4

t=1 jti r€R

The claim regarding no subsidies follows.
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Further, we have

T
Wi(61, 1) > Wy (0_i1, 1) ZZ Girs

and the claim regarding individual rationality now also follows. O

It may be infeasible to satisfy the no-subsidy and individual rationality conditions simul-
taneously using a pivotal adjustment. In environments with interdependent values, a pivotal
mechanism may reward an agent for providing valuable information that improves the joint pre-
diction problem faced by the mechanism. When this informational contribution is sufficiently
large, the resulting informational rent can exceed the payment required to internalize the agent’s
allocative externality; see Bergemann et al. (2025) for a detailed discussion for the static setting.
Nevertheless, there is an important case in which this tension disappears. Suppose that the
platform’s initial context is sufficiently informative about the user’s taste parameter w that an
individual advertiser’s private information does not affect posterior beliefs, and hence does not

affect the efficient allocation:
Fl(‘|sp1v S*pl) = Fl('|sp1)-

In this case, advertiser 7 has zero informational impact on the continuation welfare of the remain-
ing agents. Formally, the continuation value for the environment without agent ¢ is invariant to

i’s report, so that

sup Wi (0_i1, (Si1, 8i1), (S_i1,8-41)) = _inf W (0_51, (Si1, 8i1), (S_i1, 5_41))-
(Si1,861) (Si1,s61)

Denoting the corresponding Groves terms by ¢, the following result then follows immediately.

Corollary 1 (Initial context is sufficient). Suppose Sp1 is sufficient for w with respect to S_p
and Assumptions 1-8 are satisfied. Then the data-driven dynamic team mechanism with Groves

adjustment ¢ is individually rational and gives no subsidies ex-post at the outset.

6 Discussion

This paper studies a tractable model of dynamic interaction between a conversational Al
shopping assistant and a user who seeks to purchase a product from a set of advertisers. Ad-
vertisers compete to be recommended and hold private information both about their conversion
values and about the user’s underlying preferences. We propose a class of data-driven dynamic
mechanisms that leverage the information revealed during the conversation to simultaneously
maximize expected social surplus and align advertisers’ incentives.

While our main exposition models advertisers as offering distinct products, the framework
also admits an alternative interpretation. The platform’s interaction with the user, namely,
determining which product best matches the user’s needs, may be driven purely by user welfare
and thus independent of advertiser incentives. Conditional on a product being selected, the
platform may then choose which seller to recommend for that product. Sellers offering the
same product may differ in price, delivery speed, fees, or return policies, generating a distinct

dimension of strategic interaction. A closely related example is Amazon’s Buy Box algorithm,
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which selects among competing sellers for the same product; see Lee and Musolff (2025) for an
economic analysis.

Our approach has several limitations that suggest directions for future research. First, for
tractability we assume the user is non-strategic and follows a commonly known action rule.
In practice, users may search strategically, and microfounding the action rule from an explicit
model of user optimization would be valuable. In canonical search models such as Weitzman
(1979), user behavior depends on the distribution of future rewards, which in our setting is
endogenous to the recommendation policy. Endogenizing user search would therefore introduce
a fixed-point problem between user behavior and efficient recommendations, which lies beyond
the scope of this paper.

Second, we focus on periodic ex-post implementation, which yields a robust implementa-
tion result independent of whether conversational data are public or proprietary. For other
objectives, such as revenue maximization, it would be natural to analyze how disclosure versus

non-disclosure of the history of the conversation affects incentives and market outcomes.
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A Derivations and Proofs

A.1 Proof Details for Theorem 1
Lemma 1. Suppose Assumptions 1-3 hold. Fix a period t, an advertiser j, a report profile

& € =4, a public history hy € Hy, and an information history Iy € Z;. Let

Zit(& b w) = Y yir(o 1, w) 25, (&, he).

rt€ER

Then
E[(vj,@(00)) Lay=5 | 21 (+), bty &ty 1) = E[{v5, w) 2je (&t b, w) | 27 (), hey ¢, 1] -

Proof. Let Gy = o(z;(+), ht, &, It). By the tower property,

E[(vj, @) Lai=; | Gt = E[E[(7},0) Lay=j | w, 06, Ge] | Gil -

Conditional on (w, o), 14,—; is measurable, hence

E[<7j7w>]lat:j ‘ w,ot,gt] = ]lat:j <f)/j’E[a ‘ w,ot,gt}).

By Assumption 3(i), E[@ | w, 04, Gi] = E[@ | w, 0], and by Assumption 3(ii), E[@ | w, 0] = w.
Therefore

E[(vj, @) Lai=j | Ge] = E[(7j, ) Lay=; | Gil-

Apply the tower property again, conditioning on (w, 041, 7¢):
E[(vj,w)la,=; | Gi] = E[(yj,w) Plar = j [ w, 00-1,7¢,G1) | Gi] -

By the action rule, P(a; = j | w,00—1,7¢,Gt) = yje(0i—1, 7, w). Taking expectations over ry

induced by zj(-) yields

E[]lat:j ’ W, 0t—1, gt] - Z yjt(ot—lartaw) ‘r:tt(gta ht) - th(gta htvw)a
rt€ER

and the claim follows. O

Lemma 2. Suppose Assumptions 1-8 hold. Fiz periods t < s < T, an advertiser j, a report
profile & € Z¢, a public history hy € Hy, and an information history I € Iy. Let (s, hs) denote
the (random) report and public histories in period s induced by truthful play from period t onward

under the mechanism with allocation rule x*. Define, for every realization of (s, hs,w),

Zjs f&hs;"d Z y]s Os5—1,Ts,W ) :53(557}7«9)'

rs€R

Then

E[<7)7 (Os)> ]las=j ‘ I’I(), htagtalt] = E[<7]7w> st(fs,hs,W) ‘ x;fk()v hta{talt] .

26



Proof. Let Gy = o(x}(+), ht, &, It). Let Gs = o(2%(+), hs, s, Is) denote the corresponding period-s
sigma-field under truthful play from period ¢ onward. By construction, G; C G;.

We first establish the identity conditional on Gs and then take conditional expectations with
respect to G;.

By Lemma 1, we have

E[(v;, @(0s)) La,=; | Gs] = E[{7j,w)2js(&s, hs, w) | Gs]-
Since G; C Gs, apply the tower property:
E[(vj, ©(0s)) La,=;j | Gi] = E[E[(7;,&(05))La,=; | Gs] | Gi] -
Substituting the period-s identity from Step 1 yields
E[(7;, ®(0s)) La,=j | Gi] = BIE[(v;,w)2js(Ess his,w) | Gs] | Ge] = E[(5, w)2js (s, hs, w) | Gel,

where the last equality uses that (v, w)z;s(s, hs, w) is Gs-measurable. This is exactly the claimed

equality with conditioning on (z(-), he, &, It). O
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