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Abstract

As AT systems shift from tools to collaborators, a central question is how the skills of humans
relying on them change over time. We study this question mathematically by modeling the
joint evolution of human skill and Al delegation as a coupled dynamical system. In our model,
delegation adapts to relative performance, while skill improves through use and decays under
non-use; crucially, both updates arise from optimizing a single performance metric measuring
expected task error. Despite this local alignment, adaptive Al use fundamentally alters the global
stability structure of human skill acquisition. Beyond the high-skill equilibrium of human-only
learning, the system admits a stable low-skill equilibrium corresponding to persistent reliance,
separated by a sharp basin boundary that makes early decisions effectively irreversible under
the induced dynamics. We further show that Al assistance can strictly improve short-run
performance while inducing persistent long-run performance loss relative to the no-Al baseline,
driven by a negative feedback between delegation and practice. We characterize how Al quality
deforms the basin boundary and show that these effects are robust to noise and asymmetric trust
updates. Our results identify stability, not incentives or misalignment, as the central mechanism
by which AT assistance can undermine long-run human performance and skill.
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1 Introduction

AT systems are increasingly used to support cognitive tasks such as writing, coding, and education
[2, 15, 3L [16]. A key reason for this growing reliance is their ability to deliver immediate performance
gains: improving accuracy, speed, or output quality over a short horizon [3], 16, I5]. Accordingly,
much of the current discourse treats Al use as a one-step decision, evaluated primarily through its
short-term impact on task performance. Moreover, Al performance is often uneven across instances,
alternating between strong and weak outputs even within the same task [6]. While such variability
shapes users’ immediate experiences, it remains unclear whether long-run effects are driven by
stochastic performance fluctuations or by more structural features of repeated reliance.

Crucially, repeated use of Al tools turns users into learners: agents whose future performance
depends on how current task execution shapes underlying skill. However, when such tools are
used repeatedly, their impact has been shown to extend beyond immediate performance. Emerging
longitudinal studies suggest that sustained Al use can alter users’ underlying abilities, leading to
reduced independent performance, over-dependence, or skill atrophy once assistance is reduced or
removed [13, 3, 2, [§, [I]. For example, writers who rely on Al assistance exhibit weaker recall of
their own text, reduced lexical diversity, and diminished sense of ownership, with these deficits
persisting even after access to the Al is withdrawn [I3]. Related field experiments in coding and
mathematics similarly find that Al assistance improves immediate performance and throughput, but
leads to diminished human skill acquisition [I] and worse post-test performance once the assistance
is removed [3} [16]. Moreover, empirical studies report substantial heterogeneity in outcomes across
different subjects, with some users benefiting from Al assistance while others stagnate or regress
[29, [16] 32].

These findings point to a fundamental tension. Al assistance is often adopted because it improves
short-term task performance, and these gains are likely to grow as Al systems become more capable.
Yet repeated reliance may reshape human capability in ways that are invisible to one-step evaluations
and short-run benchmarks. This raises a central question: How do repeated Al use and growing
capability shape human skill and performance over time, and when do short-term gains become
long-term losses?

Much of the existing literature is empirical, documenting patterns of reliance and skill change in
specific tasks. To our knowledge, the long-term effects of repeated Al assistance on human ability
have not been studied in a mathematical framework. Existing learning and decision-theoretic models
can be applied in restricted settings, but they do not capture the interaction between short-term
reliance, evolving human capability, and increasing Al strength.

Related work. Work on Al-assisted learning documents substantial short-term gains in productiv-
ity and output quality alongside declines in retention, transfer, or post-test performance once assis-
tance is removed, with heterogeneous effects across learners with distinct reliance [13] 3] [16] 29] 30].
A recent survey [8] reports a negative relationship between the frequency of Al usage and cognitive
load. These findings are often interpreted through behavioral and human—automation lenses, includ-
ing cognitive offloading, automation bias, and incentive-driven task substitution [211, 20 27], but
remain largely descriptive and do not model long-run dynamics.

Separately, mathematical models of human learning, ranging from learning-forgetting curves
and stochastic approximation to Bayesian updating, reinforcement learning, and reinforced urn
processes, capture error-driven improvement and use-it-or-lose-it decay under fixed task execution



[7, 19, 12, [1T), 25 22]. In the absence of delegation, such models typically admit a unique stable
learning equilibrium. Classical results in stochastic approximation show that many such learning
rules track limiting ordinary differential equations whose global behavior governs convergence [4],
but these analyses do not account for settings with adaptive delegation or the joint evolution of
human skill and AI reliance under a shared performance objective.

Related work on performative prediction and feedback loops studies how deployed models reshape
data distributions [23], I7], focusing on model learning under distribution shift rather than the
evolution of human skill under adaptive reliance.

Our contributions. We provide a mathematical framework for studying the long-term effects of
AT assistance on human performance. Our key abstraction models repeated Al use as a coupled
dynamical system in which performance-driven delegation decisions shape the future evolution of
human skill. A central feature is that delegation and skill updates are locally aligned, both optimize
the same instantaneous objective, yet interact to produce qualitatively different global learning
dynamics. Our main contributions are:

e A unified dynamical model of Al-assisted learning. We formulate repeated Al delegation and
human learning as a coupled dynamical system driven by a single performance objective.
Despite local alignment, delegation adapts to relative performance and skill evolves through
use and non-use, the resulting global dynamics differ qualitatively from human-only learning.

e New equilibria under Al assistance. In contrast to human-only settings without Al assis-
tance, which admit a unique high-skill equilibrium with no delegation, we prove that Al
assistance introduces additional equilibria, including a stable low-skill equilibrium correspond-
ing to persistent delegation and an interior saddle point whose skill matches that of the Al
(Theorem [3.1)).

e Geometry and irreversibility. We show that the stable manifold of the interior saddle point
forms a one-dimensional global basin boundary separating the state space into exactly two
basins of attraction, yielding path dependence and irreversible learning outcomes (Theorem .
This irreversibility does not arise from decay alone, which is reversible in human-only learning,
but from the interaction between skill dynamics and adaptive delegation.

e Short-run gains, long-run losses. We prove that Al assistance can strictly improve performance
in the short run while inducing persistent long-run performance loss relative to the no-Al
baseline, even when evaluation is based solely on task performance and the Al is highly capable
but imperfect (Theorem (3.4)).

e Mechanism of degradation. We identify a negative feedback mechanism in which higher initial
delegation reduces practice, lowers skill, and induces further delegation through performance-
driven updates. We show that this feedback strengthens as Al quality improves (Lemma .

o Fffect of Al quality. We characterize how Al capability deforms the basin boundary, showing
a monotonic dependence on Al quality (Theorem . Improving Al capability expands the
low-skill basin and can dramatically extend the duration of short-term performance gains,
even as it exacerbates long-run skill degradation (Figure .



e Frtensions. We show that the qualitative phase structure of the dynamics, including multiple
equilibria, basin boundaries, and irreversibility, persists under jagged Al performance, noisy
or asymmetric delegation updates, and alternative performance objectives (Sections [4f and .

Together, our results show that improving Al capability can amplify short-term gains while inducing
persistent long-run losses in both human skill and task performance, even under fully rational,
performance-driven behavior. These effects arise from the global dynamics induced by adaptive
delegation, not from incentive misalignment.

2 Model

We study a repeated task-execution scenario in which a user chooses between performing a task
independently or delegating it to Al and receives performance feedback on the resulting output.
When such feedback is observed repeatedly, the user acquires an evolving internal capability; we
therefore model the user as a learner with a time-varying skill parameter. Performance feedback
is provided by an external evaluator, which in the repeated-feedback regime effectively plays the
role of a teacher. This setting isolates the effects of endogenous delegation under Al assistance.
We focus on error-driven learners [25], 9], whose updates, covering both skill and delegation, are
governed by observed performance loss. Accordingly, we begin by specifying the performance loss
that drives the learning dynamics.

Skill representation. We represent task-specific ability as a latent scalar parameter that governs
performance quality on the task. This parameter summarizes task-specific performance relative
to the target. For analytical convenience, we represent skill as a scalar 6 € [0, 1], where § = 1
corresponds to optimal task performance. This scalar representation provides a minimal summary
of task-specific performance and can be viewed as a projection of richer latent skill spaces often
modeled geometrically in machine learning. Such geometric abstractions are common in settings
such as semi-supervised learning and deep generative models [26], 14, 28]. Let 6(¢) € [0, 1] denote
the learner’s skill at time ¢. Let 0, € [0, 1] denote the AD’s effective skill, defined as the expected
performance of the AI under the task loss. Importantly, this parameter does not assume that
AT performance is stable or deterministic. In practice, Al systems are often jagged, producing
highly accurate outputs on many instances while occasionally making severe errors [6]. As shown in
Section {4}, such variability admits a performance-equivalent deterministic representation under the
expected loss.

Performance loss. Task performance is evaluated by an external evaluator against a fixed target.
We represent task-specific ability by a scalar skill parameter 6 € [0, 1], where § = 1 corresponds
to optimal task performance. Let 6(t) denote the learner’s skill at time ¢, and let 6, denote the
AT’s effective skill, defined as its expected performance under the task loss. Let X (t) € {0,1}
be the delegation indicator, where X (t) = 1 corresponds to delegating the task to AI. We define
the instantaneous performance loss as £(6(t), X (t)) := (1 — X (#))(1 — 0(t))%2 + X (¢)(1 — 6,)?. Let
p(t) € [0,1] denote the delegation level, i.e., Pr[X(¢t) = 1] = p(¢). The expected instantaneous
performance loss is

(0(1),p(t) = (1 = p(t)(1 = 0(t)* + p(t)(1 — 0a)*. (1)



When (1-6(t))? > (1—6,)?, increasing delegation strictly improves short-run performance, creating
an incentive to rely on Al

Skill update. The learner’s skill 6(¢) € [0, 1] evolves in response to observed performance loss and
decays under non-use. To model bounded skill dynamics, we adopt a standard multiplicative-update
metric, F'(0) = ﬁ, which induces updates proportional to #(1 — 6) and is widely used in learning
and evolutionary dynamics [I8]. Conditioned on the realized delegation decision X (), minimizing
the instantaneous loss £(6(t), X (¢)) induces the learning drift

g = F(0(1) ™" 9pL(0(t), X (1)),

corresponding to replicator-style (MWU) dynamics. When the task is delegated to AI (X (¢) = 1),
the learner does not practice and skill decays toward a default level 8, € [0, 1] [10, 25]. We model

this as a decay drift
dy = X (1) F(0(1)) ™" 0u(6(t) — 0a)*.

Combining learning and decay yields the stochastic update
0t +1) = 0(t) = —n (9: + Ady),

where 1 > 0 is the learning rate and A > 0 controls the relative strength of decay.
Taking expectations and noting Pr[X (¢) = 1] = p(t) gives

E[0(t +1) —0(2) [ 6()] = 2n0(t)(1 — 0(2)) (1 — p(£))(1 — 0(2)) + Ap(t)(6a — 0(1))) -

As delegation increases, the expected skill update transitions from improvement toward the task
optimum to decay toward the default level.

Delegation update. We assume that the learner can estimate its own performance loss and
the Al-induced loss under the task objective. Accordingly, the delegation level p(t) € [0, 1] adapts
to minimize the expected performance loss ¢(6(t),p(t)). Since p(t) is a probability, we model its
evolution using a multiplicative update. Taking a gradient step on £(0(t),p(t)) yields

p(t+1) = p(t) = —k - 20F (p(t)) " 0pL(6(2), p(1)) = & - 2np(t) (1 = p(2)) (1 = 0(t))* — (1 — ba)?) ,

where k > 0 controls the relative adaptation rate of delegation. When the AI outperforms the
learner, i.e., (1 — 0(t))? > (1 — 6,)?, delegation increases; otherwise it decreases. This captures the
empirically observed tendency of lower-skill users to rely more heavily on AT assistance [3, [30].

Dynamics. The update rules above define a discrete-time stochastic process. Following standard
stochastic-approximation arguments [4], we show that, as the step size n — 0, the expected
trajectories of this process are well approximated by the following system of ordinary differential
equations:

0=01-0)((1—p)(1—0)+Ap6s—0)),

p=rp(l=p)((1-0)—(1-06)). 2
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Figure 1: Plots illustrating the outcomes of ODE and effects of AT skill, with default settings of
(0a, K, A) = (0.5,3,2).

A complete derivation and an analysis of the stochastic trajectories are provided in Section
Importantly, both # and p evolve to locally minimize the same instantaneous performance loss,
so the system exhibits no incentive misalignment. Despite this local alignment, the resulting
global dynamics differ qualitatively from human-only learning, giving rise to multiple equilibria and
path-dependent outcomes. Throughout the analysis, we compare the long-run behavior of across
different initial conditions (6p, pp) and against the no-Al baseline . Unless otherwise stated, we
consider the regime 0,00 € [04,1]. Without loss of generality, we normalize 6; = 0, yielding the
simplified system

6=0(1—0)((1—p)(1—0)— Apb),
p=rp(l—p)((1-06)>—(1-106,)°).

Analysis of the general case is deferred to Section [5.3

(3)

Comparison with no-Al case. When the initial delegation level is py = 0, we have p(t) = 0,
yielding a one-dimensional skill dynamics

6=0(1—6)1-0),

—

1)

which corresponds to learning without AI assistance. This ODE converges to a unique globally
stable equilibrium at # = 1, consistent with classical learning models [19, 4]. This agreement serves
as a sanity check for .

Figure visualizes the phase spaces with and without Al assistance. The introduction of
adaptive delegation substantially alters the dynamics, partitioning the state space [0, 1]? into multiple
behavioral regions separated by the nullclines 6=0andp=0.

Remark 2.1 (Usability of the model). We provide an explicit procedure for estimating the
parameters 6, x, and A from data in Section [8] together with a worked numerical example.

3 Theoretical results

We analyze the qualitative long-run behavior of the learning dynamics , with a focus on how
adaptive delegation reshapes learning outcomes. Our results proceed in three steps: (i) we charac-
terize the fixed points introduced by Al assistance, (ii) we show that the resulting saddle structure



partitions the state space into two basins of attraction, and (iii) we quantify the resulting tradeoff
between short-run performance gains and long-run losses.

Throughout, we study the flow of ODE on the interior (0,1)2. A standard stochastic-
approximation argument implies that the discrete-time process from Section [2] tracks this ODE
in the small-step regime. Basic well-posedness facts (forward invariance and global existence) are
stated and proved in Section 5.3

We begin by comparing with the no-Al baseline . Adaptive delegation changes the
fixed-point structure: in addition to the high-skill equilibrium, the system admits a stable low-skill
equilibrium corresponding to persistent delegation.

Theorem 3.1 (Equilibria of ODE ) Let 04, k, A be the parameters of ODE . When 0, €
(0,1), the ODE system exhibits two stable nodes (sinks): a high-skill equilibrium at (6°°,p*>) = (1,0)
and a low-skill equilibrium (6°°,p>) = (0,1); two unstable nodes (sources) at (0,0) and (1,1); and
an additional interior saddle point (87, p") = (6,, ﬁ).
The key observation is that Al assistance introduces an additional stable low-skill equilibrium (0, 1),
in contrast to the no-Al baseline , which admits a unique stable high-skill equilibrium #*° = 1.
The key qualitative change is the emergence of an additional stable equilibrium at (0, 1), which
has no analog in the no-Al baseline . The interior saddle point mediates this shift, producing
a phase portrait with competing long-run outcomes. This provides a dynamical explanation for
heterogeneous effects of Al assistance across learners reported in recent empirical studies [13] [16].

As 6, — 0, the saddle (A7, p) approaches the low-skill equilibrium (0, 1); as 6, — 1, it approaches
(1,0). Thus, AT quality directly shifts the global geometry of learning.

The remaining question is which initial conditions converge to the low-skill equilibrium. This is
determined not by local improvement, but by which side of the saddle’s stable manifold the learner
starts on.

Theorem 3.2 (Two basins divided by saddle point). Let ,,k, A be the parameters of ODE
. Let (pt, 07) be the interior saddle point guaranteed by Theorem . There exists a monotonically
increasing differentiable function 1 : (0,1) — (0,1) that extends continuously to [0, 1] with 1(0) =0
and ¥(1) = 1, whose graph coincides with the one-dimensional stable manifold of (07, p") within
(0,1)2. The curve p = () partitions the state space [0,1]? into two distinct basins of attraction:

e For any initial state with py > 1(0y) (higher delegation), the learner converges to the low-skill
equilibrium (0, 1).

e For any initial state with py < 1(0y) (lower delegation), the learner converges to the high-skill
equilibrium (1,0).

Note that the stable manifold of the saddle point serves as a boundary that partitions the state space
into exactly two basins of attraction. In particular, a slight increase in the initial delegation level pg
can shift the system from py < 1(0y) to pg > 1(6p), causing the learner to converge to the low-skill
equilibrium. Thus, adaptive delegation creates a feedback loop: increased delegation reduces practice,
which lowers skill and in turn increases future delegation through performance-driven updates.
Although each update is locally aligned with the same performance objective, their interaction
alters the global stability structure. In particular, the low-skill outcome is not explained by decay
alone, which is reversible when p = 0, but by the coupling between decay and adaptive delegation.
Figure [1b| visualizes the stable manifold #(-) and the two basins of attraction.



The monotonicity of ¥ with respect to 6 indicates that Al delegation is more risky for early-stage
learners: even small initial levels of delegation can place them in the low-skill basin, from which
recovery requires sustained reductions in delegation. For example, when 6y = 0.2, a slight initial
delegation with py > 0.07 pushes the learner into the low-skill basin. Moreover, since the stable
manifold terminates at (1,1), we have ¥(f) < 1 for any # < 1. This implies that even highly skilled
learners may face the risk of skill degradation under sufficiently heavy reliance on Al

To enable actionable predictions of whether a learner lies in the low-skill basin, we propose a
piecewise-polynomial approximation (-) of the basin boundary; see Equation and Figure [4afin
Section

Effects of AI quality on the basin boundary. We next ask whether a better Al can reduce
the risk of skill degradation for learners. To address this, we propose the following theorem that
characterize how the basin boundary v varies with AT skill 6,,.

Theorem 3.3 (Effects of 6, on ). For all 8 € (0,1), ¥(0) is monotonically decreasing in 0,
and continuously differentiable with respect to 6,. Moreover, for any (6o, po) € (0,1)2, there exists
0, € (0,1) such that po = g, (0o).

Theorem [3.3] implies that increasing Al skill shifts the basin boundary downward, expanding the
set of initial conditions that converge to the low-skill equilibrium. Equivalently, as 6, grows, the
threshold of “safe” delegation becomes more stringent.

Figure [l illustrates this dependence. For low Al quality (e.g., 6, = 0.01), the low-skill basin
is small. For very high Al quality (e.g., 6, = 0.99), the high-skill basin is small, corresponding to
near-complete task replacement.

As 0, increases from 0 to 1, the interior saddle point moves continuously, approaching (0, 1) as
0, — 0 and (1,0) as 6, — 1. This motion induces a shifting threshold of safe delegation: beyond
the boundary p = ¢(0), trajectories are drawn into the low-skill basin.

A key implication is that no learner is inherently safe as Al capability increases: for sufficiently
large 6,, any interior initial condition may fall into the low-skill basin. Sustained practice therefore
remains necessary even when Al systems are highly capable. Providing early-stage learners with
access to near-solution-level assistance can be particularly risky, since it increases delegation precisely
when the learner’s skill is still forming.

These predictions are consistent with recent evidence [32), 3]. In particular, settings closer to
“feedback”-style assistance tend to show weaker learning losses than settings closer to “solution”-style
assistance, which aligns with our model’s dependence on effective AT skill.

A further implication is that the timing of access matters: introducing Al after partial skill
acquisition can lead to different outcomes than introducing it from the outset, even with the same
total exposure. This non-commutativity is evidenced in [I3], where participants who trained without
LLMs and were later granted access (termed as “Brain-to-LLM”) outperformed those who received
immediate access, both in quotation accuracy and in self-reported essay ownership. These findings
support a dynamic view of delegation, in which AI tools interact with the learner’s evolving state
rather than acting as context-free substitutes for effort. In addition, we study how the basin
boundary varies with other parameters, namely x and A, thereby validating the robustness of the
convergence behavior under Al assistance. See Section for the corresponding results.

We next translate these asymptotic predictions about skill into consequences for task performance
over time.
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Figure 2: Plots illustrating the instantaneous performance loss across time with and with Al, and
how the crossing point varies with respect to Al skill 6,, with default settings of (64, k, A, 0o, po) =
(0.5,3,2,0.4,0.3).

3.1 Analyzing performance loss across time

Although AT assistance may lead to long-run skill degradation, it can reduce instantaneous perfor-
mance loss in the short run. This effect is particularly pronounced for early-stage learners with
0y < 0, for whom the instantaneous loss £(6y, pg) is monotonically decreasing in the delegation
level pg. As discussed in Section [1], related experiments find that Al assistance improves immediate
performance, but that this advantage may diminish or even reverse as interaction time increases
[3, 13]. For example, in essay-writing tasks, the average accuracy of the LLM-assisted group is
consistently higher than that of the brain-only group in the first section, while the brain-only group
achieves higher average accuracy by the third section; see Figure 41 in [I3]. These observations raise
a natural question: can the performance gains from Al assistance persist over time?

To answer this question, we first define the difference in instantaneous performance loss over
time between the Al-assisted and no-Al settings. For an initial state (6o, po) € (0,1)2, let 6(t; 6o, po)
and p(t; 6p, po) denote the learner’s skill and delegation level at time ¢, respectively. In particular,
0(t; 0p,0) corresponds to the learner’s skill at time ¢ in the absence of Al, yielding a performance
loss of (1 — (t;6,0))%. We define the performance gap at time t as

Gy(t) = L(0(t; 60, p0), p(t; 00, p0)) — (1 — O(t; 60, 0))2,

which is the difference in instantaneous performance loss at time ¢ between an Al-assisted learner
with initial state (6p, po) and a no-Al learner with initial skill fy. A negative value Gy(t) < 0 means
that delegation yields lower loss at time ¢ than learning without AI. We ask whether G4(t) < 0 can
hold for all ¢ > 0.

Theorem 3.4 (Short-term gains, long-term losses). Let 0,,k, A be the parameters of ODE
[B). Given an initial state (6o, po) € (0,1)% with 6y < 04, let t. :=1inf {t > 0: Vt' >t, G,(t') > 0}
denote the crossing time after which AI delegation incurs higher loss than the no-Al baseline. Then
te < 00. Moreover, t. = 0 when 6y > 6, and 0(tc;00,0) < 0, when Oy < 0.

This result shows that Al assistance yields a short-term performance gain but leads to persistent
performance loss after a crossing time t.; see Figure for an illustration. The crossing time .
reflects a balance between two competing effects: (1) a performance gain induced by delegating to
an AT with higher skill than the learner, i.e., 6, > 0(t; 09, po) for t < t., and (2) a performance loss

10



induced by skill degradation due to delegation, i.e., 6(t; 0y, po) < 0(t; 6y, 0) for all ¢ > 0, as guaranteed
by Lemma Notably, the long-run loss reflects both decay under non-use and foregone learning
opportunities during delegation, effects that are not internalized under myopic, performance-driven
updates. This mechanism yields what is often called the cognitive debt phenomenon [13]: short-term
performance gains from Al delegation are eventually outweighed by structurally foregone practice
under adaptive delegation.

Effects of AI quality on the performance crossing time. We next study how the crossing
time t. varies with AI skill ,. This question is of practical interest to learners, for example, those
who aim to ensure that the period of performance gains covers the duration of a course when grades
are prioritized over skill acquisition.

To address this question, we visualize how the crossing time t. varies with 6, in Figure The
plot shows that the duration of performance gains can be substantially prolonged as Al quality
improves. When 6, < 6y = 0.4, we have t. = 0, since the no-Al learner consistently outperforms
the Al-assisted learner in this regime. In contrast, when 6, increases to a high capability level
(e.g., O, = 0.78), in the plotted example, the crossing time can increase sharply from ¢, = 1.482 to
t. = 3.954. This occurs because multiple solutions to Gy(t) = 0 appear, as illustrated in Figure
Intuitively, a learner without AI requires substantially more time to surpass a highly capable Al
through independent learning, thereby extending the period during which Al assistance yields a
performance advantage.

Higher Al capability can dramatically extend the window of short-run gains while expanding the
low-skill basin (Theorem . As a result, improvements in Al quality can increase the misalignment
between optimizing short-term performance and optimizing long-term skill. This tension underscores
the risks of incorporating highly capable Al into learning processes and the need to redesign learner
incentives and reward structures.

3.2 Overview of the proofs

We summarize the key proof ideas underlying each main theorem; full proofs are deferred to
Section Bl

To Theorem The first step is to solve equations 6 = p = 0, yielding four corner equilibria

in {0,1}2 and a unique interior equilibrium (67, pT), located at the intersection of the two interior

nullclines (1 —p)(1 —60) — Apf =0 and (1 — 6)? — (1 — 6,)? = 0. To analyze stability, we study the
g0 a,,é]

59]5 app .

For a corner equilibrium (0°°,p*°) € {0,1}2, the Jacobian is diagonal: J = diag(agé, Opp), where
890 = (1 —20) (1 —p™)(1 — 6°) — Ap®0>), and dpp = k(1 — 2p™) ((1 - %)% — (1 —6,)?).
When 6> = p>, both 90 and Opp are positive, so both eigenvalues of J are positive. Thus, (0, 0)
and (1,1) are unstable sources. In contrast, when §°° # p™, one eigenvalue is zero and the other
one is negative, so the corresponding corner equilibria are (non-hyperbolic) stable s.inks. ‘
0pt 0,0
Opp 0
9,0 = —% <0, 9pp = —2kp' (1 — p")fa(1 — 6,) < 0. Thus, the Jacobian has one positive and

one negative eigenvalue, and (HT, pT) is a saddle point.

eigenvalues of the Jacobian matrix J = {

Finally, for the interior equilibrium (81, p'), the Jacobian takes the form J = [ ] , Where
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To Theorem and Theorem The key is to understand why higher initial delegation
Po, lower initial skill 8y, and greater Al skill 6, increase susceptibility to long-run skill degradation,
shaping the low-skill basin in Theorem and its deformation with 6, (Theorem . To address
this question, we establish the following lemma, which identifies a negative coupling between skill
and delegation. This lemma is the main monotonicity principle driving both the basin geometry
and the performance results.

Lemma 3.5 (Negative coupling between skill and delegation). Let 0,, x, and A be the
parameters of ODE (3). For anyt > 0, 6(t) is non-increasing and p(t) is non-decreasing as functions
of each of the following variables: the initial delegation pg, the initial skill gap 1 — 6y, and 8,.

Ast — oo, the lemma implies that the limiting skill level #°° is non-increasing in the initial delegation
po, the initial skill gap 1 — 6y, and the Al skill 6,, supporting the monotonic basin structure in our
theory. Technically, we exploit the system’s monotonicity to lift local saddle stability to a global
partition of the phase space.

Beyond its technical role, Lemma [3.5[ implies that among learners with identical initial skills, the
one with a higher delegation level will have lower skill at any point in time. This provides a theoretical
explanation for the negative correlation between delegation level and human understanding, coding
proficiency, and cognitive load reported in [I], [§], and predicts that this effect strengthens as Al
quality improves.

To Theorem The key insight is that once the no-Al learner’s skill reaches 6(t;60y,0) > 6,, it
will thereafter consistently outperform the Al-assisted learner. This follows from Lemma [3.5] which
guarantees that 0(t; 6y, po) < 6(t;0p,0) for all ¢ > 0, and from the definition of ¢. as the first time at
which 60(t; 6p,0) reaches ,. Together, these observations yield the properties of the crossing time .
established in Theorem [3.4]

4 Model extensions and robustness

Recall that ODE is a minimal dynamical system introduced for analytical tractability. This
raises a natural question: does the qualitative phase structure persist in more general settings?
To address this, we consider several extensions of the system and examine how they reshape the
basins of attraction, thereby validating the robustness of our analytical results. Key results are
summarized below, with full derivations and figures in Section

Jagged Al and effective skill. Recall that Al performance is often jagged across instances in
practice [0]. Let s € [0,1] denote the random per-instance skill of a jagged Al and let p, denote
a distribution over AI skill on [0, 1]. For instance, one may consider a two-point case: s = 1 with
probability ¢ and s = 8y with probability 1 —q. When ¢ is close to 1, this represents a highly capable
but occasionally failing Al.

Consequently, the update of the delegation level becomes:

p=rp(l—p) (1= 0)* — Esup, [(1 — 5)%]) - (5)

To analyze the effect of the jagged Al on basins, we define the effective skill §a as the deterministic
skill that matches expected squared task error: (1 —6,)* = E[(1 — s)?]. This definition ensures that
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a jagged Al and a deterministic Al with ability é\a are equivalent under the performance metric
governing delegation decisions in our model. In the two-point case, this yields

(=002 = (1= q)(1 =002 B =1—/T—q(1-0p).
As a result, the phase structure and basin geometry derived in Section [3| remain unchanged under
jagged AL Since Eqp, [(1 = 8)%] > (1 — Egup, [s])?, randomness in Al skill increases the effective

expected loss of delegation relative to a deterministic Al with the same mean skill, enlarging the
high-skill basin.

Noisy update of delegations. ODE assumes accurate beliefs about the Al-induced per-
formance loss (1 — 6,)? when updating delegation, which may not hold in practice. For instance,
humans may overestimate AI skill due to surface fluency [6]. Let 6, € [0,1] denote the skill level
that the learner believes the AI to have. This misperception affects the delegation update through
the loss term used when evaluating delegation decisions, leading to

p=rp(l—p)((1-p) ((1 —0)* — (1 - 5a)2) +p((1=0)°—(1-10.)%), (6)

where the learner evaluates delegation using the perceived loss (1 — 9:a)2, while realized outcomes
depend on the true loss (1 — 6,)?. Then overestimating AI skill (i.e., 6, > 6,) increases reliance on
Al enlarging the low-skill basin.

Asymmetric update of delegations. ODE assumes a uniform update rate s for the
delegation level, regardless of whether the learner outperforms the Al (i.e., (1 — 0)% < (1 —6,)?) or
vice versa. This corresponds to a risk-neutral learner, whereas learners in practice often exhibit
asymmetric responses to positive and negative evidence [33] 5]. For example, a learner may reduce
delegation more aggressively upon realizing that the Al performs worse.

To capture this behavior, we introduce a risk-aversion factor o > 0 that controls the update
rate when the learner outperforms the Al Let [z]; := max{xz,0} for z € R, and let f(p) :=
kp(1—p) ((1 —0)% — (1 — 6,)?) denote the default delegation update in ODE (B). We then derive
the following asymmetric update rule for the delegation level:

p=[f@)+ —a[-f) (7)

When o > 1, negative evidence about Al performance is weighted more heavily than positive
evidence, causing delegation to decrease faster once the learner outperforms the Al. Geometrically,
this asymmetry shifts the stable manifold outward, enlarging the high-skill basin. Consequently, this
extension can be interpreted as an intervention policy for senior learners with 6y > 6,, encouraging
vigilance against over-reliance on Al without restricting access outright.

In addition, we consider an extension with an alternative performance loss in Section [7.4] These
extensions show that multiple equilibria, basin boundaries, and long-run degradation are not artifacts
of particular modeling choices, but structurally stable consequences of adaptive Al delegation.

5 Omitted details for ODE from Section

In this section, we first derive a dynamics from the learning procedure, and then show that the
dynamics tracks to ODE . Finally, we prove some basic properties of ODE , which are omitted
in the main body. Table [I| summarizes notations used in this paper.
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Table 1: Used notations

Symbol Domain Description
1 [0,1] Target skill
04 [0,1] Default skill
0a [0,1] AT skill
0o [0,1] Initial skill of learner
o(t) [0,1] Learner skill at time ¢
0(t; 00, p0) [0,1] Learner skill at time ¢ with initial state (6o, po)
Do [0,1] Initial delegation level of learner
p(t) [0,1] Delegation level at time ¢
p(t;00,p0) [0,1] Delegation level at time ¢ with initial state (6o, po)
A R>o Decay rate
K R>o Delegation rate
(6,0 [0,1]> = Rxg Distance between two skills @ and 6’
£(6,p) [0,1)> = Rxg Instantaneous performance loss w.r.t. skill § and delegation levels p
P(0) [0,1] = [0,1] Mapping for the stable manifold of saddle point from 6 to a delegation level
Go(t) R>o — R Performance gap between with and without AI at time ¢
te R>o Maximum crossing time for performance loss

5.1 Deriving dynamics under Al assistance

Let X (t) € {0,1} denote the action of the learner at round ¢, where X (¢) = 0 represents that the
learner does the task by itself and X (¢) = 1 represents that the learner delegates the task to Al Let
p(t) € [0, 1] denote the probability of X (¢) =1 at round ¢. Let 6(¢) € denote the skill of the learner
at round t. Recall that 64,0, € [0, 1] denote the default skill and AT skill, respectively.

The mechanism of learning with Al assistance is: At round ¢,

e (Task completion stage) Learner delegates the task to AI with probability p(t), which sets
X(t) = 1; and does the task by itself with probability 1 — p(t), which sets X (¢) = 0.

e (Evaluation stage) Learner submits the output to the teacher. The teacher gives a loss ¢; to

the learner, where
bi=01-X(1)1 - 9(t))2 +X(t)-(1— QG)Q.

e (Update of skill) If X (¢) = 0, the learner skill (intrinsically) updates towards the target 1
according to the loss ¢ = (1 — 6(t))?:

O(t +1) := 0(t) + 200(t)(1 — 6(t))°
Otherwise, if X (¢) = 1, the learner skill decays towards 6, due to non-practice:

Ot +1) := 0(t) + 20A0(t) (1 — 0(t)) (04 — O(t)).

¢ (Update of delegation level) If X (¢) = 0, assume that the learner has an accurate belief
(1 —6,)? on the loss of Al’s output. Otherwise, if X (¢) = 1, assume that the learner has an
accurate belief (1 — 6(t))? on the loss of its output. Together with the obtained loss /;, the
learner updates its delegation level as follows:

pt+1) :=p(t) + k- 2np(t)(1 — p(t)) (1 = 6())* — (1 — 6,)%) .
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In summary, we derive the following stochastic dynamics under Al assistance:

X(t) ~ Bern(p(t)),
B(t+ 1) = 6(t) + 2n8()(L — O(D)[(1 — X(D)(1 - 6(1) + A - X (1) - (B4 — 6(t))] (8)
p(t+1) = p(t) + - 2qp(t) (1 — p()[(L — (1)) — (1~ 6,)°).

5.2 Dynamics tracks to ODE (2)

We show that as the step size n — 0, the stochastic trajectory of Dynamics converges to the
solution of the ODE . We first derive the expected dynamics of the discrete system.

Lemma 5.1 (Expected discrete dynamics). The expected evolution of the stochastic system
(8), conditional on the current state (0(t),p(t)), is given by the deterministic map:

E[0(t+1) [ F] = 0(t) +200(t)(1 — 6(2))[(1 — p(t))(1 = 0(t)) + A - p(t) - (6a — 0())],
p(t+1) = p(t) + s - 2qp(t) (1 = p(t))[(1 = 0(t))* — (1 — 6a)°].

Proof. Let F; denote the filtration generated by the history up to time ¢. Note that the update for

p(t + 1) is deterministic given F;. The update for 6(¢ 4+ 1) depends on the random variable X (t).

Since X (t) ~ Bern(p(t)), we have E[X (t) | ;] = p(t). Because the update rule for §(¢ + 1) is affine
in X (t), we can compute the conditional expectation by substituting X (¢) with its mean p(t):

9)

E[6(t +1) [ Ft] = 0(t) + 2n6()(1 — 0(8)[(1 — E[X(@)])(1 — 6(2)) + AE[X (#)](6a — 6(2))]
= 0(t) +2n0()(1 — 0())[(1 — p(#))(1 — 6(2)) + Ap(t)(64 — 6(2))]-

This yields the system @ O

By standard results in stochastic approximation [4, [12], as n — 0, the trajectory of the stochastic
process concentrates around the solution of the ODE defined by the drift fields in @D, which is
exactly ODE .

5.3 ODE is well-posed and converges

We show that ODE admits a solution from any initial condition and has no cycles, providing a
foundation for the analysis in Section

Theorem 5.2 (Existence of a solution and convergence). Let 6,,k, A be the parameters of
ODFE . Then for any initial state (8p,po) € [0,1]2, the following properties hold:

e ODE has a unique solution (p(t),0(t)) € [0,1] x (0,1) defined for all t > 0;
e There always exists (0°°,p>) € [0,1] x (0,1) such that lim;_,o(p(t),0(t)) = (p°, ).

Proof. We write z = (6, p) € R? and denote by F : R? — R? the vector field given by the right-hand
side of the system, so that the ODE can be written concisely as

&= F(x).
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Local existence and uniqueness. Each component of F' is a polynomial in (6, p), obtained as
a product of factors of the form 6, (1 — ), (64— 0), p, (1 — p) and fixed parameters in [0, 1]. In
particular, F' is C™ on R?, hence locally Lipschitz.

By the Picard-Lindel6f theorem for autonomous systems in R?, for every initial condition z° € R?
there exists a unique mazimal solution x : [0, Tipax) — R? with Tipax > 0 such that z(0) = 2° and
x(t) = F(x(t)) for all t € [0, Tnax)-

Lemma 5.3 (Logistic barrier lemma). Let g : [0, Tiax) — R be continuous, and consider the
scalar nonautonomous ODE

g(t) =y —y®) gt), € [0, Timax)-

Suppose 1 : [0, Tymax) — R is a C solution with y(0) € [0,1]. Then

y(t) € [0,1] for all t € [0, Tinax)-
Proof. Define

S :={t €]0,Tmax) : y(s) € [0,1] for all s € [0,¢]},

and let 7 :=sup S. Since y(0) € [0, 1] and y is continuous, we have 0 € S so S # ) and 7 € (0, Tinax)-
By continuity of y, we have y(t) € [0, 1] for all ¢ € [0, 7] and y(7) € [0, 1]. We claim that 7 = Tiyax.
Suppose, for contradiction, that 7 < Tax.
Case 1: y(1) € (0,1). Then, by continuity, there exists ¢ > 0 such that the solution is defined
on 1,7 +¢| and y(t) € (0,1) C [0,1] for all t € [r,7 +¢]. Thus y(t) € [0,1] for all ¢t € [0,7 + €],
contradicting the definition of 7 as the supremum of S.

Case 2: y(r) € {0,1}. Without loss of generality assume y(7) = 0; the case y(7) = 1 is identical.
Consider the scalar ODE

{t) = ft,2(0), [t 2) = 2(1 = 2)g(t),
with initial condition z(7) = 0. The map f is continuous in (t,z) and, for each fixed ¢, it
is a polynomial in z, hence locally Lipschitz in z on R. By the Picard-Lindel6f theorem for
nonautonomous scalar ODEs, there exists a unique solution z(¢) in a neighborhood of 7 with
z(1) =0.

Note that the constant function z(¢) = 0 is a solution, since f(¢,0) = 0 for all ¢. Our original
function y(t) also solves the same ODE and satisfies y(7) = 0. By uniqueness of solutions through
(7,0), we must have y(t) = 0 on some interval [r, 7 + €] for ¢ > 0. In particular, y(¢) € [0, 1] for all
t € [0,7 + €], again contradicting the definition of 7.

We have reached a contradiction in both cases, so our assumption 7 < T, was false. Hence
T = Tmax and therefore y(t) € [0,1] for all ¢ € [0, Trax)- O

Invariance of [0, 1] for each coordinate. Each coordinate of z(t) can be rewritten in the form

y(t) = y() (1 —y(t) 9(t),
with g(t) continuous. Thus each coordinate satisfies the hypotheses of Lemma Since the initial
condition lies in [0, 1], we conclude

0(t),p(t) € 10,1] for all t € [0, Tinax)-

Hence [0,1)? is positively invariant.
Since f(t,y) = y(1 —y)g(t) is a polynomial in y, it is locally Lipschitz in y, uniformly on compact
sets, ensuring the uniqueness needed in Lemma [5.3

16



Global existence (Tiax = +00). We now upgrade local solutions to global ones. By Step 2, if
2(0) € [0,1] then z(¢) € [0, 1] for all t € [0, Tinax). The set [0,1]2 is compact, and F is continuous,
hence
M := sup [[F(x)] < oc.
z€[0,1]2

Therefore any solution starting in [0, 1]? is bounded and has bounded derivative:
lz(®) < V2 and [i@)] = [Fa@)]| < M for all ¢ € [0, Tinax)-

We invoke the Coddington-Levinson theorem for ODEs: for an ODE & = F'(z) with F' locally
Lipschitz, a maximal solution z : [0, Tihax) — R? can only have Tjay < oo if either

L. [|z(t)|| = oo as t T Tiax, OF

2. z(t) approaches a point where F' is not locally Lipschitz (equivalently, the vector field is
undefined or blows up).

In our setting, neither can happen:
e |lz(t)| is uniformly bounded on [0, Tinay), since z(t) € [0,1]?;
e F is a polynomial vector field, hence smooth (and therefore locally Lipschitz) on all of R2.

Thus Thax cannot be finite, and we must have Ty, = +00.

Putting everything together, we have shown:

e for each initial condition z(0) € [0,1]? there exists a unique solution z(t) to # = F(x) defined
on [0, 00);

e this solution satisfies z(¢) € [0, 1]? for all ¢ > 0.
This proves both parts (1) and (2) of the theorem. O

We then extend Theorem to ODE (2). The key difference is that the low-skill equilibrium shifts
to (64,1). The proof is identical to that of Theorem

Theorem 5.4 (Equilibria of ODE ) Let 04,04, k, A be the parameters of ODE . When
04 € (0,1) and 0, € (64,1), the ODE system exhibits two stable nodes (sinks): a high-skill equilibrium
at (0%°,p>) = (1,0) and a low-skill equilibrium (0°°,p>°) = (04,1); three unstable nodes (sources) at
(0,0), (1,0) and (1,1); and an additional interior saddle point (81, p") = (6,, Wﬁga_ed)).

5.4 Analysis of stochastic variant of ODE (3

The analysis of ODE relies on the limit 7 — 0. In practice, finite step sizes and noisy feedback
introduce stochasticity. To study how randomness affects convergence, we consider the following
stochastic differential equation (SDE):

aa(t) = 6(t)(1 — 0(1) (1 - (1)) (1 — 6(1)) — Ap(1)6(1) ) dt,

(10)
dp(t) = kp(t)(1 = p(®) (((1 = 0)? = (1 = 02)?) dt + o AW} ),
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Figure 3: Heatmap of the probability of converging to the high-skill equilibrium (1,0) for SDE ([10)
as a function of the initial state (6y, po), with default settings of (04, k, A, o) = (0.5,3,2,0.1). Green
indicates probability 0, and red indicates probability 1.

where ¢ > 0 controls the noise level and W, is a standard Brownian motion. When ¢ = 0, this
reduces to ODE .

Figure [3| shows how the probability of converging to the high-skill equilibrium (1,0) varies with
the initial state (6g,po) € (0,1)2. We observe that the heatmap closely matches the basin structure
in Figure [1b| for the ODE, exhibiting a sharp transition in convergence probability. This supports
the robustness of our conclusions in Section Bl

6 Omitted proofs and results from Section

In this section, we provide proofs for the results in Section [3|and show how to derive an approximation
of the stable manifold .

6.1 Proof of Theorem equilibrium of ODE (3)

Theorem 6.1 (Restatement of Theorem . Let 04, Kk, A be the parameters of ODE (3]).
When 6, € (0,1), the ODE system exhibits two stable nodes (sinks): a high-skill equilibrium at
(0°°,p>°) = (1,0) and a low-skill equilibrium (0°°,p>) = (0, 1); two unstable nodes (sources) at (0,0)
and (1,1); and an additional interior saddle point (6%, p) = (6,, ﬁ)

Proof. To establish the equilibria and their stability properties, we first identify the fixed points of
the system and then analyze the Jacobian matrix of the linearized system around these points.

Existence of equilibria. The equilibria are the solutions to the system of algebraic equations
#=0and p=0:

0(1—0)((1-p)(1—0)—Apd) =0, (11)
kp(l—p) (1 —0)—(1-6,)%) =0. (12)

From the factors #(1 — 0) in and p(1 — p) in (12), we immediately identify the four corner
equilibria in the domain {0, 1}

(6,p) € {(0,0),(0,1), (1,0), (1, 1)}.
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To find the interior equilibrium (7, pf) € (0,1)?, we require the non-trivial factors to vanish:
(1-6)* = (1-6a)* =0, (13)
(1—p)(1—0)— Apf =0. (14)

Since 6,60, € [0, 1], Equation implies 1 — § = 1 — ,, yielding the unique skill solution 67 = 6,.
Substituting 87 = 6, into and solving for p yields:

(1_p)(1_90):Ap0a g 1_9a:p(1_9a+A9a).

Thus, the unique interior equilibrium is

0= ()

Stability analysis. We analyze the linear stability via the Jacobian matrix J of the system. Let
f(0,p) = 0 and g(0,p) = p. The Jacobian is given by

_|Opf Opf
J<9,p>—[aeg aj;g].

Corner equilibria. At the corner points where (6,p) € {0,1}2, the off-diagonal terms vanish (i.e.,
Opf =0 and dpg = 0). The Jacobian becomes diagonal:

J = diag(Ag, Ap),
where the eigenvalues are given by the partial derivatives evaluated at the equilibrium (6°°, p>):
Ao = (1 260%) (1 — p™)(1 - 6%) — Ap™6%),
Ap = k(1 —2p) ((1—60%)* = (1—0,)%).
We examine two cases:
1. Sources (0 = p*°):
e At (0,0): g =1>0and A\, = k(1 — (1 —6,)?) > 0. Both eigenvalues are positive.
e At (1,1): g =A >0and A\, = k(1 —0,)? > 0. Both eigenvalues are positive.
Thus, (0,0) and (1,1) are unstable nodes.
2. Sinks (6 # p*>°):

e At (1,0): \g=0and \, = —r(1 — (1 — 6,)?) < 0. The negative ), implies exponential
decay in the delegation direction (transverse stability). Along the invariant boundary
p = 0, the skill dynamics reduce to § = 6(1 — )2, which is positive for § € (0,1). This
implies that # monotonically increases toward 1. Thus, (1,0) is asymptotically stable.

e At (0,1): \p =0 and )\, = —r(1 — 6,)% < 0. The negative )\, implies exponential decay
toward full delegation. Along the invariant boundary p = 1, the skill dynamics reduce
to = —A0?(1 — 0), which is negative for # € (0,1). This implies that § monotonically
decays toward 0. Thus, (0, 1) is asymptotically stable.
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Thus, the high-skill equilibrium (1,0) and low-skill equilibrium (0, 1) are stable nodes.

Interior saddle point. At the interior equilibrium (0*, pT)7 the diagonal terms vanish because the
condition for equilibrium (Equations and ) sets the terms multiplying 6(1 — €) and p(1 — p)
to zero. The Jacobian simplifies to:

sy [ 3]

dp 0O
Evaluating the partial derivatives at (A1, p?):

62(1 — 6,)
pt
Ogp = _2KpT(1 _pT)Ha(l - ea) <0.

9,0 = — <0,

The determinant of the Jacobian is det(.J) = —(9,0)(dpp). Since both off-diagonal terms are negative,
their product is positive, making the determinant negative:

det(J) < 0.

A negative determinant implies one positive and one negative eigenvalue. Therefore, the interior
equilibrium (07, p') is a saddle point. O

6.2 Proof of Theorem two basins divided by saddle point

Theorem 6.2 (Restatement of Theorem [3.2)). Let 0,,x, A be the parameters of ODE (3).
Let (pt,07) be the interior saddle point guaranteed by Theorem . There exists a monotonically
increasing differentiable function ¢ : (0,1) — (0,1) that extends continuously to [0, 1] with 1(0) =0
and ¥(1) = 1, whose graph coincides with the one-dimensional stable manifold of (07, p") within
(0,1)2. The curve p = 1 (0) partitions the state space [0,1]? into two distinct basins of attraction:

e For any initial state with po > ¥(0y) (higher delegation), the learner converges to the low-skill
equalibrium (0, 1).

e For any initial state with po < ¥(0y) (lower delegation), the learner converges to the high-skill
equilibrium (1,0).

Proof. The proof proceeds in two steps: first, we establish the existence of the separatrix i using
the local geometry of the saddle point; second, we use the monotonicity property (Lemma [3.5) to
characterize the global basins of attraction defined by this curve.

Existence and properties of the stable manifold. From Theorem the interior equilibrium
(67, p') is a hyperbolic saddle point. By the Stable Manifold Theorem for planar system [24], there
exists a unique one-dimensional stable manifold W*(67, p) passing through (81, p!) tangent to the
stable eigenvector. Let this manifold be represented locally as a curve. Since the vector field is
smooth and the boundaries of [0,1]? are invariant, W* extends to the boundaries of the domain.
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Partitioning the basins of attraction. The curve p = () divides the interior of the state
space into two connected components: the set Spigh = {(6,p) : p < ¥(6)} and the set Siow = {(6,p) :
p > 9(0)}. Consider an initial state (6p,po) on the curve, i.e., pg = 1(6y). By definition of the
stable manifold, the trajectory converges to the saddle point (8, pf).

Now consider an initial state (6y,po) € Siow, meaning pg > 1(6p). Let (6o, p;) be a reference
point on the manifold such that p{, = ¥(6y). Since py > pj, Lemma implies that for all t > 0,
the delegation level satisfies p(t; 6y, po) > p(t; 6o, p) and the skill satisfies 6(¢; 0y, po) < 0(¢; 6o, pp)-
The reference trajectory on the manifold converges to the saddle (Af,p'). Because the actual
trajectory starts with strictly higher delegation, it cannot cross the invariant manifold and converge
to the saddle point (67, pf). Since the only stable attractors in the system are (1,0) and (0,1) by
Theorem [3.1] and it must converge to an equilibrium by Theorem it must converge to the
low-skill equilibrium (0, 1) such that 6% =0 < 67,

By a symmetric argument, for any initial state (6y, po) € Shigh Where py < 9(6p), Lemma
implies the learner maintains lower delegation and higher skill relative to the manifold trajectory,
forcing convergence to the high-skill equilibrium (1,0). Thus, ¢ is the separatrix dividing the two
basins of attraction.

Monotonicity of the stable manifold ¢». We prove that v(6) is monotonically increasing by
contradiction. Suppose, for the sake of contradiction, that 1 is not monotonically increasing. Then
there must exist two skill levels 6; < 6, such that ¥ (61) > 1(62). By the continuity of 1, we can
select a delegation level p such that 1(03) < p < 1(01). Now consider two initial states at this same
delegation level p but different skill levels:

e State A = (01,p). Since p < 1)(61), state A lies below the separatrix. It follows from the above
analysis that it must converge to the high-skill equilibrium (1,0).

e State B = (62,p). Since p > ¥(62), state B lies above the separatrix. It follows from the
above analysis that it must converge to the low-skill equilibrium (0, 1).

This implies that state A (with lower initial skill 6;) achieves a better outcome than state B
(with higher initial skill 85), holding delegation constant. However, Lemma states that 0(t) is
non-decreasing in the initial skill gap —(1 — 6p), meaning higher initial skill should lead to higher
(or equal) limiting skill. State B having higher initial skill but converging to lower limiting skill
(0°° = 0) than State A (6°° = 1) is a direct contradiction. Therefore, 1/(f) must be monotonically
increasing.

Extension of ¢ to the boundary. It remains to show that the separatrix 1 extends continuously
to the corners, i.e., limp_,0 () = 0 and limy_,; ¥(#) = 1. The stable manifold W* is an invariant
set. Since trajectories cannot cross, the closure of W* must contain the limit sets of its trajectories
in backward time.

Consider the limit as § — 0. Note that points on the boundary segment {0} x (0, 1) are not
equilibria; the flow on this boundary satisfies p = kp(1 — p)(1 — (1 — 6,)?) > 0. Thus, any trajectory
starting on the interior of the left boundary converges to the low-skill sink (0,1) and originates
from the source (0,0). If the separatrix approached a point (0, p*) with p* > 0, then by continuity
of flow, a neighborhood of points near (0, p*) would follow the boundary flow toward (0,1). This
contradicts the definition of the separatrix as the boundary of the high-skill basin. Specifically, if
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limg_,0 ¢ (6) = p* > 0, we could pick an initial condition (e, p* — J) in the high-skill basin (below 1))
that is arbitrarily close to the boundary flow converging to the low-skill sink. This discontinuity is
impossible in the smooth vector field. Therefore, the only possible limit point is the source (0, 0).
A symmetric argument applies to the right boundary 6 = 1: points on {1} x (0, 1) flow toward
the high-skill sink (1,0) (since p < 0), preventing the separatrix from attaching anywhere except

the source (1,1). Thus, 1 connects (0,0) to (1,1) through the saddle.
O

6.3 Proof of Theorem effects of 6, on v

Theorem 6.3 (Restatement of Theorem [3.3)). For all0 € (0,1), 1(6) is monotonically decreasing
in 0, and continuously differentiable with respect to ,. Moreover, for any (8, po) € (0,1)%, there
exists 0, € (0,1) such that po = g, (00).

Proof. We prove the properties of the separatrix 1y, sequentially.

Monotonicity with respect to 6,. We show that for any fixed 6 € (0, 1), ¥, (6) is decreasing
in 0,. Let 0,1 < 0,2 be two distinct Al skill levels. Let 1; and 12 denote the corresponding
separatrices. Suppose, for the sake of contradiction, that there exists some 6* € (0,1) such that
V2(6*) > 11 (6*). Since the functions are continuous and connect (0,0) to (1,1) (Theorem [3.2)), we
can select a test point (0%, po) in the state space such that:

1/)1(9*) < po < 1/)2(9*)

Now, consider the long-run convergence of a learner starting at (60*,pg) under the two different Al
regimes:

e Regime 1 (6,1): Since pg > 1 (6*), the initial state lies in the Low-Skill Basin (above the
separatrix). By Theorem the learner converges to the low-skill equilibrium: 67° = 0.

e Regime 2 (6,2): Since py < 12(6*), the initial state lies in the High-Skill Basin (below the
separatrix). By Theorem the learner converges to the high-skill equilibrium: 65° = 1.

Comparing the outcomes, we have 65° > 07°. However, Lemma states that for any time ¢, the
skill §(t) is non-increasing in 6,. Taking the limit ¢ — oo, this implies that increasing the AT skill
from 6,1 to 0,2 must result in 65° < 67°. The result 05° =1 > 0 = 0{° is a direct contradiction.
Therefore, the assumption must be false, and it must hold that 12(0) < 11(0) for all 6 € (0,1).

Differentiability. The vector field defined by ODE (]3] is C'**°-smooth with respect to the parameter
0,. Since the saddle point (67, p') is hyperbolic for all 6, € (0,1), the Stable Manifold Theorem with
parameters [24] guarantees that the local stable manifold varies smoothly (is C!) with respect to 6,.
Since the global separatrix 1y, is obtained by backward integration of the local manifold—and the
flow of the ODE is smooth with respect to parameters—the global function y, (6) is continuously
differentiable with respect to 6.
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Sweeping Property. We show that for any point (6p, po), there exists a 6, such that the separatrix
passes through it. We analyze the geometric limits of the saddle point (87, p') as 6, approaches the
boundaries:

e Limit 6, — 1: The saddle point (A7, p!) converges to the high-skill corner (1,0). The
stable manifold connecting (0,0) to the saddle collapses toward the #-axis (p = 0). Thus,

limg, 1 19, (60) = 0.

e Limit 6, — 0: The saddle point converges to the low-skill corner (0,1) (since p! — 1). The
stable manifold connects the source (0,0) to the saddle (0,1) and effectively fills the upper
triangle, pushing the boundary toward p = 1. Thus, limg, 0 %y, (60) = 1.

Since 1)y, (Ap) is a continuous function of , and its range includes the interval (0, 1) as 6, varies, the
Intermediate Value Theorem implies that for any pg € (0, 1), there exists a value 6, € (0,1) such

that Qf)ea (90) = Po- O

6.4 Proof of Theorem short-term gain, long-term losses

Theorem 6.4 (Restatement of Theorem . Let 0,,k, A be the parameters of ODE .
Given an initial state (6g, po) € (0,1)% with Oy < O, let t. :=inf {t > 0: V¢ >t, Gy(t') > 0} denote
the crossing time after which Al delegation incurs higher loss than the no-Al baseline. Then t. < co.
Moreover, t. = 0 when 6y > 6, and 0(tz;00,0) < 0, when Oy < 0,.

Proof. We first express the performance gap Gy(t) by expanding the loss term ¢(6,p) = (1 — p)(1 —
0)% + p(1 — 0,)%

Go(t) = [(1 = p(t; 60, p0)) (1 — 0(t; 60, po))* + p(t; 60, po) (1 — 0a)] — (1 — 6(t; 60,0))
= (1= p(t;00,p0)) [(1 — O(t; 00, p0))* — (1 — 6(t;60,0))*] + p(t; 60, p0) [(1 — 0a)? — (1 — O(t;60,0))?] .

Since pg > 0, Lemma implies that for all ¢ > 0, the delegation level remains positive, p(t; 6y, po) >
0, and the Al-assisted skill is no more than the baseline skill:

0(t; 00, o) < 0(t;60,0).
Consequently, the first bracketed term (skill loss difference) is non-negative for all ¢ > 0:

(1 - 0(t: 60, po))? — (1 — 6(;60,0))? > 0. (15)

Case 1: 0y > 6,. If the learner starts with skill superior to the AI, then 0(¢;6y,0) > 6y > 0, for
all ¢ > 0. This implies (1 —60,)% > (1 —0(t; 6, 0))%. Since p(t; 0o, po) > 0 and the skill difference
is positive, every term in the expression for Gy(t) is non-negative, and the second term is strictly
positive. Thus, Gy(t) > 0 for all ¢ > 0, implying t. = 0.

Case 2: 0y < 0,. The baseline skill 8(t; 6, 0) evolves according to § = 6(1 — 6)2, which strictly
increases from 6y to 1. Since 0y < 0, < 1, by the Intermediate Value Theorem, there exists a unique
finite time ¢* > 0 such that 6(t*;6y,0) = 6,. For any time t > t*, we have 6(t;0y,0) > 6,, which
implies:

(1 —6,)% — (1 —6(t;60,0))% > 0.
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Combining this with and the fact that p(¢; 6p, po) > 0, we conclude that Gy(t) is a sum of strictly
positive terms for all ¢ > ¢t*. The crossing time is defined as t. := inf{t > 0 : V¢’ > ¢, Gy(t') > 0}.
Since G¢(t) > 0 holds for all ¢ > ¢*, it follows that t. < ¢* < co. Finally, because G/(t) becomes
strictly positive whenever 6(¢; 6y, 0) > 6,, any period where the Al provides a benefit (Gy(t) < 0)
must occur while the baseline skill is still below the AI skill. Therefore, at the crossing time, the
baseline skill satisfies 6(t.;6p,0) < ,. O

6.5 Proof of Lemma (3.5 negative coupling between skill and delegation

Lemma 6.5 (Restatement of Lemma |3.5)). Let 6,, x, and A be the parameters of ODE .
For any t > 0, 0(t) is non-increasing and p(t) is non-decreasing as functions of each of the following
variables: the initial delegation pg, the initial skill gap 1 — 0y, and 0,.

Proof. We prove the lemma using mathematical induction on the Euler-discretized system. Let
n > 0 be a sufficiently small step size. The system evolves according to the map M : [0, 1]? — [0, 1]?
defined by:

Or+1 = Po(Ok, pi) =0k + 1 - 0(1 — 01) [(1 — pr)(1 — 6k) — Apgby]
Pt = Pp(O,pr) = pr + 1 kpe(L —pg) [(1—0,)* — (1 —6,)7] .

We define the partial order < on the state space such that (6, p) < (0,p) if and only if:

9<6 and p>p.

Monotonicity of the update map. We first show that the map M preserves this order. That
is, if (8, p) < (8,p), then (®y(8, p), @,(8,p)) < (Po(d, ), ®,(8, p)). This requires checking the partial
derivatives of the update functions.

Skill update ®y. The function ® is differentiable on [0,1]2. By the Mean Value Theorem, there
exists a point £ = (&g, &,) on the line segment connecting (6, p) and (0, p) such that:

0 — 0> - 0Py A 0Py

20(0.9) - @a(t.5) = Vao(e) - () = 00 - 0+ 6 - )

We evaluate the signs of the partial derivatives for sufficiently small 7:

. % =1+ ng—g. Since f and its derivative are bounded on the compact set [0, 1]2, for small 7,

this term is strictly positive (> 0).

o (ag;f ): 7727]; =n-0(1—0)[—(1—6)— Af]. Since 6, A > 0, this derivative is strictly non-positive
<0).

Substituting these signs back into the MVT equation:
e Term 1: %(5) >0and ( —0) >0 = Product is > 0.

e Term 2: 8{%"(5) <0 and (p—p) <0 (since p > p) = Product is > 0.
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Thus, the sum is non-negative:

A~

(I)G(eaﬁ) - @g(e,p) >0 = (1)9(971)) < (I)g(é,ﬁ)

Delegation update ®,. Similarly, applying the Mean Value Theorem to ®,, there exists a point ¢ on
the segment such that:

B,(0.9) - ,(0.9) = ZLO - 0) + S5 ).

Evaluating the derivatives:

. acpp

=1+ 7769 For small 7, this is strictly positive (> 0).

) 8;;” = 7709 =n-kp(l —p)[—2(1 — 0)]. This derivative is strictly non-positive (< 0).

Analyzing the terms:

e Term 1: %(C) <0and (0 —0) >0 = Product is < 0.

e Term 2: 851;1’ (¢)>0and (p—p) <0 = Product is <0.

Thus, the sum is non-positive:
®y(0,9) — Pp(0,p) 0 = P(0,5) < B,(0.p).

Combining the above analysis, we have proved that M preserves the order <.

Inductive proof. We now apply the order-preserving property of the map M to the specific
variables.
Case A: initial delegation py. Let two learners have states (6o, po) and (6o, po) with py > po.

e Base Case: (0y,po) < (6o, po) holds immediately.

e Inductive Step: Assume (0, pi) = (01, pr). By the monotonicity of M proven above, the next
state satisfies (041, pr+1) = (0k+1,pk+1)

Case B: initial skill gap 1 — 0o. Let two learners have states (g, po) and (é@,po) where
By < Ho.

e Base Case: (0p,po) =< (0o, po) holds immediately.
e Inductive Step: By the monotonicity of M, the order is preserved.

Case C: AI skill 6,. Let system 1 have 6, and system 2 have 0, with 6, > 6,. Here, the
update maps M; and M differ slightly. Specifically, in the delegation update ®,, the drift term
involves —(1 — 6,)2. Since 0, > 0,, we have —(1 — 0,)% > —(1 — 6,)%. Thus, for any fixed state
(0,p), we have ®,(6,p;0,) > D, (0, p; éa)

e Base Case: (0y,po) = (é07]50)-
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Figure 4: Plots illustrating the closeness between the stable manifold ¢ (-) and its approximation 1;,
with default parameter settings (6,,x, A) = (0.5, 3,2).

e Step 1: 01 = 0, (skill update independent of 0, given same state), but p; > p; due to the
parameter difference. Thus (61, p1) < (61, p1).

e Inductive Step: Assume (Qk,pk) = (9k,ﬁk). Apply the map M; to the LHS: pri1 =
O, (0, 0k 00) > Pp(Ok, pr;6s) (Parameter monotonicity). Then use State monotonicity:
Dy (Ok, pr; 0a) = Pp(Ok, Pr; 0a) = Pry1. Similarly for skill: 041 = Po(Ok, pr) < Po(Ok, Pr) =
0x+1. Thus, the order is preserved.

Taking n — 0, the discrete order preservation implies the continuous trajectories satisfy the
monotonicity properties. ]

6.6 Approximation of the stable manifold of the saddle point

In this section, we construct an explicit approximation 1; to the stable manifold ¢ (Eq. ) to
enable actionable predictions. Figure [4a| plots ¢ under different parameter choices and shows that it
closely tracks .

We construct J(Q) by approximating the global stable manifold as a composite of three locally
valid functions: a linear segment near the saddle point derived from the stable eigenvector, and
two power-law segments near the corners (0,0) and (1,1) derived from the local eigenvalues. We
determine the transition points 8; and 6, by enforcing continuity of both the function and its first

derivative (C! continuity).

1. Linear approximation at the saddle. We first linearize the system around the saddle point
(67, p"). The Jacobian matrix J evaluated at the saddle is given by:

S [Jn J12:| _ [a@é ape']
Jor Ja Opp  Opp)]

At the saddle, we have 9,p = 0, so Jaa = 0. The other entries are:
i = (1= 200 [(1 = p(1 = 6") = ApleT] +01(1— o[~ (1 - pF) - Ap]
= — 0T (1 —0")(1 —pf + Ap')
Jig = 60T(1— 0N [—(1—0") — A0 = —0T(1 — 6T)(1 — 6T(1 — A))

Jor = = 2mpt(1 = ph) (1 07) = — 0201 - 6T
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The characteristic equation for eigenvalues A is A2 — Ji1 A — JiaJo1 = 0. The stable eigenvalue A, is
the negative root. The associated eigenvector vs = [1, mT]T satisfies (Ji1 — \s) + Jiam! = 0. Solving
for the slope m' yields the expression:

s —Ju —Ju — Jh +4J12do

T
m! = =
J12 2J12

Thus, near the saddle, the manifold is approximated by the line:
Umia(0) = p' +mT (0 — o).

2. Power-law approximation at (0,0). Near the origin (0,0), we approximate the dynamics by
keeping only the lowest-order linear terms. For 6 =~ 0,p =~ 0:

0~ 0(1)(1—0)=0.
P rp(1)(1 = (1= 0)%) = kp(1 = (1 - 67)%).
We define the ratio of the growth rates as 8, := 22 = k(1 — (1 — ")2). The differential equation

6/ —
describing the trajectory shape is filg = % B4 Integrating this yields the power law form:

Yrete(0) = Cy - 07

3. Power-law approximation at (1,1). Near the corner (1,1), we transform variables to
r=1-—60and y =1— p, where x,y ~ 0. The dynamics become:

=0~ —0(1—0)(—Apf) ~ Az. (since § — 1,p — 1).
y=-p~—kp(l—p)(—(1- QG)Q) ~ ky(l— HT)2.
We define the ratio of decay rates as 3, := % = K(liw. The trajectory shape satisfies % = 3L
Integrating yields y = C,2%". Transforming back to original coordinates, we get:

1- wright(a) = C’/‘(l - G)ﬁr = wright(e) =1- Cr(l - g)ﬂr

4. Smooth pasting at breakpoints. We determine the breakpoints 6; and 6, by matching the
linear segment 1,iq to the power laws e and ¥right-

o Left Breakpoint 6;: We require Yiest(0;) = ¥mia(6;) and )4 (0;) = 9} ,4(61). The derivative
condition gives:

/Bl

G ™" = mf (C 0/") =ml = glli/’midwz) =ml.

Substituting the linear form tp,;q(6;) = pt + mf(6; — 61):
Bi(p" +mte, — miot) = mie,.
Rearranging terms to solve for 6;:

Bi(p" — m'oT)

Bipt —miohy =mle,(1 - 8) = 6,= mi( = B)
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condition for the right segment is:

&
1-6

w;ight(e) =-C.3-(1 - H)Br_l(_l) =

Setting this equal to m' at 6,

Br
1-6,

Substituting miq(0-) = p’ +mT (6, — 07):

Br(1—p' —m'0, +mioh) =

Rearranging terms to solve for 6,

Co(1—

(1 - wmid<er>) -

Right Breakpoint 6,: Similarly, we match the function and derivative at 6,. The derivative

Br
1-6

0)"r = (1 — Yrigne (0))-

m'.

mi(1—6,).

Br(1 — pl+ mTHT) — Bomte, =m! —mle,

mi0.(1 - 8,) =m — B,(1 - p' + mfoh)
0. — mt — B.(1 — pf + mfeoh)
" mi(1 - B,)
To ensure 0; < 6, < 0,, we let
. Bi(pt — mio) ) mt — B,.(1 = pt +mfoh)
0= o, = ———2}, and 0, := 1
; := min{6", i = B) }, an min{1, =3, )m
In summary, the approximation 1; is:
(Pt +mb- (0 —60)- ()7 f0<0<h
P(0) :=< pt +mt- (6 —07) if 0, <6 <0, (16)
1— (1= pm(6r) - ({50)%  if 6, <6< 1.

6.7 Effects of parameters on the stable manifold

Beyond Theorem [3.3] we also study how x and A affect the stable manifold. Figure [5] shows the
resulting variation in the basin boundary as x and A change. We observe that changing x does not
affect the saddle location, whereas changing A shifts the saddle along the line § = 6,,.

Lemma 6.6 (Effects of x on stable manifold). Fiz 0,.

For 0 € (0,60,), ¥(0) is monotonically

decreasing in k and continuously differentiable with respect to k. For 6 € (6,4, 1), ¥(6) is monotonically
increasing in k and continuously differentiable with respect to k.

Proof. The lemma establishes the behavior of the stable manifold 1 (6) (separatrix) as the delegation
speed parameter x varies. We treat differentiability and monotonicity separately.
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Figure 5: Plots illustrating the relationship between the basin boundary v (-) and model parameters
Oa, K, A, with default setting (0,,x, A) = (0.5, 3,2).

1. Differentiability. The vector field defined by ODE is C*°-smooth with respect to all state
variables and the parameter . Since the interior equilibrium (67, p') is a hyperbolic saddle point
for all kK > 0 (Theorem , the Stable Manifold Theorem with parameters guarantees that the
local stable manifold varies smoothly (C') with respect to x. Since the global separatrix () is the
backward extension of this local manifold, and the flow is smooth, 1(0) is continuously differentiable
with respect to k.

2. Monotonicity via vector field comparison. We prove the monotonicity by comparing the
slopes of the trajectories under two different parameters k; < k2. Let Fi(6,p) = (0,p,) denote the
vector field, where:

ezf(eap)v pR:H'g(Hap)a
with g(0,p) = p(1 — p)[(1 — 0)? — (1 — 6,)?]. Note that f is independent of x, and g captures the
sign of the delegation drift. The slope of the vector field at any point (6, p) where f # 0 is given by:

_dp _px _ 9(6:p)
o 6 0,

Case 1: Region 0 € (0,0,). In this region, the skill is below the Al skill, so (1—8)% > (1—0,)?,
implying g(0,p) > 0. The separatrix 1) connects the source (0,0) to the saddle (0, p!). Along this
curve, 6 is increasing, so 8 = f(6,p) > 0. Since g > 0 and f > 0, the slope m is positive. Comparing
K1 < K9:

m(6,p; K)

K
m(0,p; ko) = ﬁm(@p; k1) > m(0,p; k1).

The vector field for ky is strictly “steeper” (points more upward) than for k; everywhere in this
region. Consider a point z = (g, po) lying exactly on the separatrix ¢; for k1. Under the flow of
K1, the trajectory v (t) starting at z converges to the saddle. Under the flow of k3, the trajectory
~v2(t) starting at z has a strictly larger slope at every point than ;. Geometrically, this implies 7,
must rise above ;. Since 7 eventually hits the saddle, the steeper trajectory 72 must pass “above”
the saddle (i.e., to the left of the stable manifold of the saddle in the local linearization), entering
the basin of attraction of the low-skill equilibrium (0, 1). For z to be in the low-skill basin of kg, it
must lie above the separatrix 1y. Thus, pg > 12(0y). Since py = 11(6p), we have 11 (0y) > 12(6p).
Therefore, 1(0) is monotonically decreasing in x on (0, 6,).
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Case 2: Region 0 € (6,,1). In this region, (1 — 6)? < (1 — 6,)?, implying g(#,p) < 0. The
separatrix connects the saddle to the source (1,1) (in backward time), or equivalently, trajectories
flow from the saddle towards the high-skill sink (1,0). However, technically ¢ is defined as the
stable manifold. In this region, 1 separates flow to (0,1) and (1,0).

Consider the slope again. Note that g(6,p) is negative, which means delegation is being
suppressed. Increasing x makes p more negative. Consider a point z on the separatrix v (for
k1). Under k1, it flows to the saddle. Under k2, the downward push is stronger. The trajectory
starting at z will drop below the trajectory of k. Since the k1 trajectory hits the saddle, the ko
trajectory (being lower) will pass “below” the saddle, entering the basin of attraction of the high-skill
equilibrium (1,0). For z to be in the high-skill basin of kg, it must lie below the separatrix 1.
Thus, po < ¥2(6p). Since pg = 11(0y), we have 11(0p) < 12(0y). Therefore, 1(0) is monotonically
increasing in x on (6,4, 1). O

Lemma 6.7 (Effects of A on stable manifold). For 6 € (0,1), 1(0) is monotonically decreasing
in A and continuously differentiable with respect to A.

Proof. We analyze the dependence of the stable manifold ¢ (6) on the drift parameter A.

Differentiability. The vector field of ODE is smooth (C°°) with respect to the state variables
(6, p) and the parameter A. The interior equilibrium (8, p) depends smoothly on A (specifically,
pl(A) = ﬁ). Since the equilibrium remains a hyperbolic saddle for all A > 0, the Stable
Manifold Theorem with parameters [24] guarantees that the local stable manifold varies smoothly
(C1) with respect to A. By the smoothness of the flow extending the local manifold to the global
separatrix, 1(f) is continuously differentiable with respect to A.

Monotonicity via trajectory comparison. We prove that 1(6) decreases as A increases by
establishing a monotonicity property for the trajectories and using a basin-of-attraction argument.

Let A; < Ag. Consider two systems starting from the same initial state (6g, pp). Comparing the
drift functions:

e The delegation update p = g(6, p) is independent of A.
e The skill update § = f(0,p; A) satisfies:

0

8% = —0*1—-0)p<0 forb,pec(0,1).
Since a higher A strictly reduces the skill growth rate, the system forms a monotone dynamical
system with respect to this parameter. Specifically, similar to Lemma [3.5] strictly lower skill growth
leads to lower future skill 6(¢), which in turn induces higher delegation p(t). Thus, for any finite
t > 0, the solutions satisfy:

0(t; Ag) < O(t; A1) and  p(t; Ag) > p(t; Aq).

Taking the limit ¢ — oo, the equilibria reached must satisfy the same ordering: 0°°(Ay) < 0°(Ay).

Let 91 and 15 be the separatrices for A; and As respectively. We claim 1)5(6) < 11(0) for all
6 € (0,1). Suppose, for contradiction, that there exists some 6* such that ¢2(6*) > 11(6*). We can
choose an initial delegation py such that 11 (6*) < pg < 12(0*). Consider the asymptotic outcome of
a learner starting at (6*,po) under both regimes:
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Figure 6: Plots illustrating how the basins vary under different model extensions, with default
parameter settings (64, %, A) = (0.5,3,2).

e Under A;: Since pg > 1(6%), the state is in the low-skill basin (above the separatrix). The
learner converges to the low-skill equilibrium (6°° = 0).

e Under Aj: Since pg < 12(0*), the state is in the high-skill basin (below the separatrix). The
learner converges to the high-skill equilibrium (6*° = 1).

This implies °(Ag) =1 > 0 = 0°(A;). However, this contradicts the trajectory monotonicity,
which requires 0°°(Ag) < 6°°(A;). Therefore, the assumption is false, and it must hold that
¥9(0) < 1(0). Thus, ¥(0) is monotonically decreasing in A. O

7 Omitted details from Section (4

In this section, we provide detailed derivations of ODEs for the extensions in Section [d] In addition,
we present an extension with an alternative performance objective in Section [7.4l Figure [6] plots the
basins of attraction under different model extensions.

7.1 Derivation of ODE for jagged Al

With a jagged AI, the main difference is that the performance loss by Al’s output is random.
Consequently, the mechanism of learning in Section [5.1] extends to be:

¢ (Task completion stage) Learner delegates the task to AI with probability p(t), which sets
X(t) = 1; and does the task by itself with probability 1 — p(t), which sets X (¢) = 0.

¢ (Evaluation stage) Learner submits the output to the teacher. The teacher gives a loss ¢,
to the learner. If the output is done by the learner itself, ¢, = (1 — 6(t))2. Otherwise, if the
output is done by Al ¢; = (1 — s4)2, where s; ~ ju, is a random Al skill drawn from .. Then

Go=(1— X)L —0(t)%+ X () - (1—s0)%

e (Update of skill) If X (¢) = 0, the learner skill (intrinsically) updates towards the target 1
according to the loss ¢ = (1 — 6(t))?:

O(t + 1) := 0(t) + 200(t)(1 — 0(1))?
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Otherwise, if X (¢) = 1, the learner skill decays towards 6, due to non-practice:
O(t+1) :=0(t) +2nA0(t)(1 — 0(t)) (64 — 0(1)).

¢ (Update of delegation level) If X (¢) = 0, assume that the learner has an accurate belief
Es[(1 — s)?] on the expected performance loss of Al's output. Otherwise, if X (¢) = 1, assume
that the learner has an accurate belief (1 — #(¢))? on the loss of its output. Together with the
obtained loss ¢;, the learner updates its delegation level as follows:

p(t+1) = p(t) + - 20p(t)(1 — p(t)) [(1 — X (1)) ((1 - 6(£))* — Es[(1 — )%])
+X() ((L-01)* = (1—s)?)].
In summary, we derive the following stochastic dynamics under Al assistance:
X(t) ~ Bern(p(t)),
St ~ Ha,
0t +1) = 0(t) +2n0()(1 — 0())[(1 — X(£))(1 = 0(t)) + A - X(¢) - (60 — 0(2))]
p(t+1) = p(t) + k- 20p(t)(1 = p()) [(1 = X (1)) (1 = 6(1))* = Es[(L — 5)°])
X)) ((L-01)*— (1—s)?)].

The key difference from Dynamics is the introduction of the random variable s; and the resulting
modification to the update rule for p.

Like in Section [5.2] we then track this stochastic dynamics to its expectation. Since the
randomness of s; is independent from (X (t),60(t),p(t)), we have that

Ex ) [p(t+1) [ 6(2), p(1)]

= Exq [Es [p(t + 1) [ 0(t), p(t), X (t)]] (Law of iterated expectations)
= Ex [p(t) + 2nrp(t)(1 — p(t)) ((1 — 0(t))? — E,,[(1 — st)Q])] (Linearity of expectation)
= p(t) + 2nkp(t)(1 — p(t)) ((1 — 6(t))? — E,,[(1 — st)Q]) . (Independence from X (t))

As the step size 7 — 0, this expected dynamics tracks to ODE .

7.2 Derivation of ODE @ for noisy update of delegations

With an inaccurate belief ga, the main difference is on the update of the delegation level when the

learner does the task by its own, i.e., if X(¢) = 0, the learner has an accurate belief (1 — 6,)? on the
loss of Al’s output. Otherwise, if X (t) = 1, we still assume that the learner has an accurate belief
(1 —6(t))? on the loss of its output. Together, the learner updates its delegation level as follows:

p(t+1) = p(t) + - 20p(t) (1 = p(6)) [(1 = X (1)) (1 = 0()* = (1 = .)%)
+ X ((1-01)* = (1—0)7)].
Then its corresponding expected dynamics is:
E[p(t+1) | (6(t), p(t))] = p(t) + & - 2np(t)(1 = p(t)) [(1 - p(t)) ((1 —0(t))” — (1~ 5a)2)
+p(t) (1 -6(1)° = (1 - 6)°) ].

As the step size 7 — 0, this expected dynamics tracks to ODE @
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7.3 Derivation of ODE for asymmetric update of delegations

With a risk-averse factor o > 0, the update for the delegation level extends to be: If (1 — 0(¢))? <
(1 —6,)?, the step size is ka rather than . This corresponds to the following dynamics:

Pt +1) = p(t) + & - 2np(t) (1 = p(t)) [[(1 = 6(1)* — (L = 6a)%]+ — al(1 — 6a) — (1 = 0(1))°] 4] -

As the step size n — 0, this dynamics tracks to ODE (7).

7.4 Extension with alternative performance loss

Another extension considers the case in which the teacher penalizes the learner upon detecting that
an output was generated by Al, serving as an intervention to reduce Al reliance [31]. To study this
effect, let ¢ € [0, 1] denote the probability that Al-generated output is detected, and assume that
upon detection the performance loss of Al output is |1 — 6,|. This alternative loss exceeds (1 — 0,)?
and thus acts as an explicit penalty for Al delegation.

Under this model, the mechanism of learning in Section extends to be:

e (Task completion stage) Learner delegates the task to Al with probability p(t), which sets
X(t) = 1; and does the task by itself with probability 1 — p(¢), which sets X (¢) = 0.

e (Evaluation stage) Learner submits the output to the teacher. The teacher gives a loss ¢,
to the learner. If the output is done by the learner itself, ¢; = (1 — 6(¢))2. Otherwise, if the
output is done by Al the teacher successfully detects with probability ¢, which sets Y'(¢) = 1.
IfY(t) =1, £ = |1 — 0,]; while if Y(¢) =0, ¢, = (1 — 6,)%. Then

b= (1— X(O)(1 - 6(1)* + X(1) - (1~ Y (1)1~ 62 + Y ()[1 — )

e (Update of skill) If X (¢) = 0, the learner skill (intrinsically) updates towards the target 1
according to the loss ¢ = (1 — 6(t))?:

O(t +1) := 0(t) +2n0(t)(1 — (t))*
Otherwise, if X (¢) = 1, the learner skill decays towards 6, due to non-practice:

O(t + 1) := 0(t) + 20A0(t)(1 — 0(£)) (0 — O(t)).

¢ (Update of delegation level) If X (¢) = 0, assume that the learner has an accurate belief
(1 —q)(1 —0,)% + q|1 — 64| on the expected performance loss of Al’s output. Otherwise, if
X (t) = 1, assume that the learner has an accurate belief (1 — 6(¢))? on the loss of its output.
Together with the obtained loss /¢, the learner updates its delegation level as follows:

Pt +1) = p(t) + - 2p(E)(1 — p(t) [(1 = X (1)) (1 = 6(1))* — (1 — g)(1 — 6)” — g|1 — )
+X() (L= 0(0)> — (1= Y(O))(1 ~ 6.)> = Y()]L — b)) ]
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In summary, we derive the following stochastic dynamics under Al assistance:

X(t) ~ Bern(p(t)),

Y (t) ~ Bern(q),
0(t+1) = 0(t) +200(t)(1 — 0()[(1 — X (&)1 —60(t)) + A - X(2) - (64 — 0(2))]
p(t+1) = p(t) + - 2np(t) (1 — p(t) [(1 = X (1)) (1 = 6(1))* — (1 — ¢)(1 — 6a)* — g|1 — ba])

+X(1) (1=01)* = (1= Y (1) (1~ 0a)* = Y (1)1 — ba) ].

The key difference from Dynamics is the introduction of the random variable Y (¢) and the
resulting modification to the update rule for p.
Like in Section we then track this stochastic dynamics to its expectation. We have that

Ex @),y [P (t+1) | O(t

), p(t)
=Ex@) [Ey@lpt+1)]0

(1

—(

p(t)]
(t),p(t), X (¢)]] (Law of iterated expectations)
(

= Ex( [p(t) + # - 20p(t) (1 — p(t)) [(1 = X (1)) (1 = 0())* = (1 = a)(1 = 0a)* — |1 — bal)
+X() (L—0()*—(1—q)(1—0,)*>—q|1 —0,])]] (Linearity of expectation)

= p(t) + 2nrp(t) (1 — p(t)) (1 = 0(£))* = (1 = @)(1 — 0a)® = q|1 = 6a]) . (Independence from X (t))

As the step size n — 0, this dynamics tracks to ODE

p=rp(l—p) (1=0)* = (1—q)(1—0a)* — g1 —064]). (17)

Intuitively, increasing ¢ raises the expected cost of delegating to Al by making Al usage more likely
to incur a harsher loss, thereby weakening the incentive to delegate and shifting trajectories toward
sustained practice. Figure [6c| illustrates this effect. This demonstrates the effectiveness of such
penalties as an intervention mechanism.

8 Usability of our model

We demonstrate the usability of our framework by providing an explicit procedure for deriving
parameters 0., k, A, together with a worked numerical example.

Consider an experimental setup in which a learner decides whether to delegate tasks to Al or
perform them independently over T sections. For each section ¢, the following data are observed:
an indicator X (t) € {0,1}, where X (¢) = 1 denotes delegation to AI; an evaluation loss ¢; € [0, 1]
for the learner’s output as assessed by an teacher; and an evaluation loss ¢, € [0, 1] for the output
generated by Al alone. Here, all loss values are normalized to lie in [0, 1]. We note that such data
have been collected in [I3] and are partially reported in Figure 41 of that paper.

In addition, applying our model requires access to the learner’s delegation level p(t) € [0, 1],
which can be collected by querying learners about their willingness to delegate to Al prior to each
section.

Deriving Al skill. Using the evaluation losses {/,+}7_;, we estimate the (effective) AI skill as

1 T
O, =1— TZ@—

t=1
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Deriving the learning rate. Let
A={te[T): X(t) =0} ={t1,ta,... .t}

be the set of sections in which the learner performs the task independently. Using the observed
losses ¢, we estimate the learner’s skill at time ¢t € A by

0(t) :=1— /1.
For two consecutive sections t;,t;11 € A such that ¢;41 = t; + 1, our model implies
O(t+1) = 0(t) +n0(t)(1 — 6(t))*
Hence, we estimate the learning rate at time ¢; as

_ 0 +1) —0(t))
T () (1 0(t))?

Let B:={t€ A:t+ 1€ A} denote the set of such consecutive self-practice sections. Averaging
over B yields the learning-rate estimate

1
n= M-
P

Deriving the delegation rate. For t € B, using the observed losses /¢, £, and reported delegation
levels p(t), p(t+1), our model implies p(t+1) = p(t)+n K p(t)(1 —p(t)) (¢r — £qt) . Thus, we estimate
the delegation rate at time ¢ by

p(t+1) —p(t)
npt) (L —p(t) (b — La)

Averaging over B gives the delegation-rate estimate

1
RZZEZF%.

teB

Rt 1=

Deriving the decay rate. For t; € A\ ({tm} U B), the learner delegates tasks to AI between
sections t; and t;1, during which skill decay occurs. Using a first-order approximation, we obtain
O(tjr1) = 0(t;) +n0(t;) (1 —0(t;)) (1 —6(t;)) — (tj41 —t; — 1)AG(t;)) . Solving for A yields the

estimate
. n0t) (1= 0(t5))? — (0(t;+1) — O(ty))
7T 0t (1= 0(t)(tje1 —t; — 1O;) |

Averaging over all such ¢; gives the decay-rate estimate

1
AN Gon), 2 A

t;€e A\({tm}UB)
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Table 2: An illustrative example of the procedure for deriving the parameters 6,, s, and A.

t Decision X(t) 4 Loy p(t) 6(t)
1 Manual 0 0.36 0.04 0.20 0.40
2 Manual 0 0.25 0.04 0.25 0.50
3 Delegate 1 — 0.04 035 —
4 Delegate 1 — 0.04 045 —
5 Manual 0 0.30 0.04 0.40 0.45

Working example. To illustrate this procedure, we simulate a short trajectory (T = 5) of a
learner interacting with a high-performing Al. The data is presented in Table
Step 1: Deriving Al skill 6,. The Al loss is consistent at £, = 0.04. The implied skill is:

0, =1-+0.04=1-0.2 =0.80.
Step 2: Deriving learning rate n. We observe consecutive manual practice at ¢t = 1, 2.
e Skill growth: 6(2) — 6(1) = 0.50 — 0.40 = 0.10.
e Theoretical growth term: 6(1)(1 — 6(1))? = 0.4(0.6)? = 0.144.
e Estimate: n = 0.10/0.144 ~ 0.694.
Step 3: Deriving delegation rate k. Using the transition from ¢t =1 to t = 2:
e Change of delegation level: p(2) — p(1) = 0.25 — 0.20 = 0.05.
e Performance gap: {1 — £, = 0.36 — 0.04 = 0.32.
e Denominator term: np(1)(1 —p(1))(gap) = 0.694 - 0.2 - 0.8 - 0.32 ~ 0.0355.
e Estimate: x = 0.05/0.0355 ~ 1.41.

Step 4: Deriving decay rate A. We observe a manual session at t = 5 following a delegation block
(t =3,4).

e Delegation duration: £k =5 —2 — 1 = 2 steps.
e Observed change: 0(5) — 0(2) = 0.45 — 0.50 = —0.05.
Expected growth (had they not delegated): n0(2)(1 — 0(2))? = 0.694 - 0.5 - 0.25 ~ 0.0868.

Numerator (Growth - Change): 0.0868 — (—0.05) = 0.1368.
e Denominator term: knf(2)%(1 —6(2)) =2-0.694 - 0.25- 0.5 ~ 0.1735.

Estimate: A = 0.1368/0.1735 ~ 0.79.
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Prediction of convergence. With parameters 6, = 0.8,k = 1.41, A = 0.79, we calculate the precise
location of the saddle point and the separatrix. At ¢t = 5, the learner’s state is (fyg = 0.45, pg = 0.4).
Using these information, we can also predict the convergence behavior of the learner.

First, we compute the saddle point (6%, p!):

4 1-0.8 0.2

6T = 0.8, = — ~ 0.24.
P I T (107908 ~ 0.832

Next, we derive the shape parameters for the stable manifold approximation {/; The tangent slope
at the saddle is m' ~ 0.46. The left-branch exponent is §; = 1.41(1 — (0.2)?) ~ 1.35. Computing the
breakpoint 6; yields §; = 67 = 0.8, meaning the first branch of the piecewise function applies to
the learner’s current state #yp = 0.45. Substituting these values into 1, we determine the critical

delegation threshold:
~ 0.45 " 0.45\3°
¥(0.45) = p () ~ 0.24 <08> ~ 0.11.

At t =5, the learner’s delegation level is pg = 0.40, which is strictly higher than the critical threshold
Perit = 0.11. Thus, the learner locates inside the low-skill basin. Consequently, we predict that
despite having moderate initial skill, the learner is over-reliant on the Al relative to their learning
trajectory and will eventually converge to the low-skill equilibrium (6 — 0,p — 1).

9 Conclusions, limitations, and future work

We study the impact of Al on learning through a dynamical system that captures how short-term
delegation decisions shape long-run human skill. By coupling delegation and skill updates through
a shared objective of instantaneous loss minimization, the framework reveals a structural source of
heterogeneous Al effects. Our results characterize when skill converges to a low-skill equilibrium
stabilized by persistent delegation, show that this degradation intensifies as Al capability increases,
and establish that performance gains from Al assistance are transient rather than cumulative.
Together, these findings provide a mechanistic account of cognitive debt observed in recent empirical
work: Al assistance can improve short-term performance while reducing long-run skill by diminishing
practice. These results do not imply that Al is inherently harmful; rather, its long-run effects
depend on how delegation evolves relative to opportunities for practice.

From a policy perspective, our findings highlight the importance of sustaining practice and
redesigning incentives, such as delaying high-quality Al assistance, rewarding independent problem
solving, or valuing learning trajectories, to align short-term performance with long-term skill
development as Al capability advances.

Our analysis focuses on a minimal, deterministic dynamical system capturing average-case
behavior. This abstraction enables sharp theoretical results but omits several real-world factors.
First, we do not model post-delegation verification or corrective behavior, which may partially
mitigate skill degradation. Second, the dynamics abstract away stochasticity from noisy Al outputs,
learner exploration, or evaluation variance. Third, we consider a single task with a one-dimensional
skill representation; in practice, learning spans multiple tasks with transfer and substitution effects,
and Al may accelerate some skills while eroding others. Extending the framework to stochastic,
multi-task, or partially observed settings that incorporate verification and strategic effort allocation
is an important direction for future work.
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