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We study mechanism design for a sophisticated agent with non-expected utility (EU)
preferences. We show that the revelation principle holds if and only if all types are EU
maximizers: if at least one type is a non-EU maximizer, randomizing over dynamic
mechanisms generates a strictly larger set of implementable allocations than using static
mechanisms. Moreover, dynamic stochastic mechanisms can fully extract the private
information of any type who doesn’t have uniformly quasi-concave preferences without
providing that type any rent. Full-surplus extraction is possible in a broad variety of
non-EU environments, but impossible for types with concave preferences.

1 Introduction
The revelation principle is a cornerstone of mechanism design, establishing that for
agents with expected utility (EU) preferences, there is no loss of generality in restrict-
ing attention to static, direct, incentive-compatible mechanisms. So, a designer gains
nothing by using more complex, dynamic mechanisms. While it is well-known that
this principle fails for naive agents with non-expected utility (non-EU) preferences, its
validity for sophisticated agents—who correctly anticipate their future behavior—has
remained an open question. This paper addresses this gap by studying mechanism
design with sophisticated agents whose preferences over lotteries satisfy the reduction
compound axiom, are continuous, but are not necessarily described by expected utility.
We thank seminar audiences in the Becker Friedman Summer Conference, Chicago, NBER general
equilibrium conference, Princeton, Toronto, Yale, as well as Yoram Halevy, Collin Raymond, and Pietro
Ortoleva for very helpful comments.
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Our paper develops a general mechanism design framework allowing for any finite set
of types and any finite set of outcomes.1 Our first result provides a complete character-
ization of the environments in which the revelation principle holds.2 We show that the
principle is not merely a useful tool for settings with EU preferences, but it is intrinsi-
cally linked to the independence axiom defining such preferences. Specifically, Theorem 1
states that the revelation principle holds if and only if the preferences of all types can
be described by expected utility maximization. So, whenever a single type has non-EU
preferences, the set of allocations implementable through general dynamic mechanisms
becomes strictly larger than what can be achieved with static direct mechanisms.

Given that the revelation principle holds only in expected utility frameworks, we
study what allocations a designer can implement with dynamic mechanisms in settings
beyond expected utility. We show that the classic constructive approach of analyzing a
“canonical” class of mechanisms is impractical, as the mechanisms needed to implement
some allocations may require an arbitrarily large number of steps.3 As an alternative, we
develop a geometric approach. Instead of constructing a canonical class of mechanisms,
we characterize the set of all implementable allocations by studying its fundamental
geometric properties. The approach is based on constructing an operator that captures
how new allocations can be generated through two principles: screening and random-
ization. Screening allows the designer to construct new implementable allocations by
letting agents self-select between existing ones, while randomization ensures the set of
implementable allocations is a convex set. Our approach characterizes the set of all
implementable allocations as the smallest fixed point of this operator, allowing a com-
plete analysis without needing to explicitly construct the stochastic dynamic mechanisms
needed for implementation.

Using this geometric approach, Theorem 2 establishes that a one can screen mixture-
averse agents at no cost: an allocation is implementable in a dynamic mechanism as long
as it satisfies the incentive constraints of the EU type(s). That is, the constraints of
all the types whose preferences are not uniformly quasi-concave (NQC) can be com-
pletely ignored. Examples of such preferences are risk-averse dual utility (Yaari, 1987),
rank-dependent utility (Quiggin, 1991), or reference dependent preferences (Kőszegi and
Rabin, 2006). In particular, when all types have NQC preferences, any allocation can
1While finite, the sets of types and outcomes can be arbitrarily large.
2In this paper, we refer to “the revelation principle” as in its classic sense: the result establishing that
static, direct mechanisms suffice to capture all implementable allocations.

3In the example of Section 3.1 the set of implementable allocations strictly grows with the number of
stages in the mechanism.
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be implemented. This implies that sophisticated agents with NQC preferences earn no
information rents from their private information.

To illustrate, we apply our main results to the classic problem of a monopolist screen-
ing a buyer with an unknown valuation. In the standard EU framework, the seller is
constrained: they must either offer a low price to sell to all types or a high price to sell
only to the high-valuation type, leaving this type with a significant information rent.
Our findings provide a very different result when the high-valuation buyer has NQC
preferences. In such environments, the seller can design a dynamic mechanism that sells
the object to each type at a price equal to their true valuation, thereby extracting the
entire social surplus and driving the high-type’s information rent to zero. This outcome
is achieved by confronting the non-EU type with a sequence of choices between safe
outcomes and lotteries that they find particularly unappealing due to their aversion to
randomization–—a temptation they can avoid only by effectively revealing their type.
Maybe surprisingly, the designer does not need to know the way in which the agent’s
preferences deviate from EU, as he can elicit that information as well at no cost.

As a way to complement our Theorem 2, we study preferences with a concave rep-
resentation, such as cautious utility, maxmin utility, or risk-loving Yaari preferences.
Unlike NQC preferences, concave preferences constrain the designer’s screening power,
allowing these types to (sometimes) retain positive information rents. For concave pref-
erences, Proposition 2 characterizes a lower bound on the equilibrium utility of each
type as a value determined only by the allocations assigned to other types (but not their
preferences).

We then extend our analysis to multi-agent settings. We show that the revelation
principle holds if and only if each type of each agent has preferences described by ex-
pected utility. Moreover, we show that in environments in which all types of all agents
have NQC preferences, any feasible allocation can be implemented. Finally, we discuss
the extension of our framework to preferences over acts a la Anscombe and Aumann
(1963).

Together, our results highlight the impact of relaxing the EU assumption in mecha-
nism design. These findings suggest that the economic principle that private information
induces informational rent depend crucially on the kind of time-consistency of the agent’
types. While types with NQC preferences receive no information rent, types with a con-
cave preferences sometimes retain some information rent.
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Literature review This paper relates to several strands of the literature on mecha-
nism design with non-expected utility (non-EU) preferences. An old question is how a
designer can leverage the dynamic inconsistencies that arise in non-EU settings (Green,
1987; Karni and Schmeidler, 1991), particularly in environments in which the agents’
preferences are known. There is, for example, a literature which explores dynamic gam-
bling behavior under cumulative prospect theory preferences both theoretically as well
as empirically (see e.g. Barberis, 2012; Ebert and Strack, 2015, 2018; Gan, 2022).

In environments with uncertainty about the agents’ preferences (or types), dynamic
mechanisms can serve as screening devices. For example, Bose and Daripa (2009) shows
that dynamic contracts can outperform static ones when agents have ambiguity aversion.
Our results show that the screening advantage of dynamic mechanisms extends to any
non-EU setting with continuous preferences.

Another strand of the literature has studied non-expected utility preferences while
exogenously restricting the space of mechanisms. A common restriction is to limit at-
tention to static and often non-randomized mechanisms. This approach has been used
to study the design of auctions (Gershkov, Moldovanu, Strack, and Zhang, 2022; Eisen-
huth, 2019), insurance contracts (Gershkov, Moldovanu, Strack, and Zhang, 2023), and
financial securities (Gershkov, Moldovanu, Strack, and Zhang, 2025). Another line of
research compares the performance of existing mechanisms, such as different auction
formats, under non-EU preferences (Lange and Ratan, 2010; Rosato and Tymula, 2019;
von Wangenheim, 2021; Balzer et al., 2020; Balzer and Rosato, 2022). This compara-
tive approach is closely related to applications but can not address the broader design
question of identifying optimal dynamic mechanisms.

Most closely related to our paper is the work by Ahn and Zhang (2025), who focus
on a setting with quasi-linear utilities in money, in which the type determines willingness
to pay for a good, and the agent has biseparable known risk preferences. They establish
that if, either the agent is time-consistent and evaluates compound lotteries according
to a recursive utility function, or is time-inconsistent and reduces compound lotteries,
the designer can implement any allocation that fully insures the agent while extracting
all surplus using transfers in a dynamic mechanism. In addition, they establish an
elegant and surprising link between the case of recursive utility and personal equilibrium:
the designer is always weakly better off if the agent is time-inconsistent and personal
equilibrium is used as the solution concept.4

4See Remark 6 for a more detailed discussion.
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2 Model
There is a single agent (he) whose type θ is drawn from a finite set Θ = {1, . . . , |Θ|}.
Each type θ ∈ Θ has potentially different preferences. There is a finite set of outcomes
Ω = {1, . . . , |Ω|} such that |Ω| ≥ 3.5 Denote by ∆Ω the set of probability distributions
over Ω.

2.1 Preferences

Each type θ ∈ Θ has a complete, transitive, and continuous preference �θ over the set of
lotteries L = ∆Ω. We assume that the agent’s preferences satisfy reduction of compound
lotteries. So, the agent is indifferent between compound lotteries and one-shot lotteries
that induce the same distribution over outcomes. We assume there is some outcome
ω ∈ Ω that is the least preferred outcome for each type and mixing any lottery with
that outcome makes the lottery less attractive.6

A common assumption in the literature is that preferences satisfy the independent
axiom:

Definition 1 (Independence). Type θ’s preference satisfies independence if for all lot-
teries p, q, r ∈ L with p � q we have λp+ (1− λ)r �θ λq + (1− λ)r for each λ ∈ (0, 1).

Under continuus preferences, the independence axiom is equivalent to assuming an
expected utility representation which means that there exists a value function vθ : L → R
representing the agent’s preference which satisfies

vθ(p) =
∑
ω∈Ω

p(ω) vθ(δω) .

We consider a general framework that allows for preferences that violate the indepen-
dence axiom. This include environments in which the agent has a known risk attitude
5To ensure our setting is non-trivial, we assume there are at least three outcomes. If |Ω| = 2, all
monotone preferences are expected utility (EU) preferences; thus, we cannot study non-expected utility
preferences without assuming |Ω| ≥ 3. Since each infinite set of outcomes includes a finite set of
outcomes, our results directly extend to settings with infinite outcomes.

6Formally, if δω ∈ L is the degenerate lottery associated with the outcome ω then p ≿θ δω for each
lottery p ∈ L and p �θ δω if p has full support. Moreover, if p �θ δω, then p �θ λp+ (1− λ)δω �θ δω
for each λ ∈ (0, 1). The existence of the outcome ω is not needed for Theorem 1. Moreover, the
existence of outcome ω is a weak assumption in most applications. For instance, if there is an ex-
post participation constraint common to the types this assumption is automatically satisfied (with the
outside option serving as ω).
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(e.g., rank-dependent utility), but their preferences over deterministic outcomes depend
on their private type θ.7 Conversely, it includes environments in which the agent’s risk
attitudes or degree of time-inconsistency depend on their private type, while their pref-
erences over deterministic outcomes are known. Finally, the agent’s type may determine
both their risk attitudes and their preferences over deterministic outcomes.

Finally, other than including ω, we make no assumption on the space of outcomes.
The set can be single dimensional, or multi-dimensional specifying dimensions like qual-
ity, quantity, or transfer given to a type. A multi-dimensional type θ could encode rich
preferences over the various dimensions of the outcome.

2.2 Mechanisms

The agent’s type θ is private information. We analyze the designer’s ability to learn the
agent’s type and characterize the set of lotteries that can be implemented in an incentive
compatible manner for each type of agent. We consider general dynamic stochastic
mechanisms that the designer uses for screening the agent:

Definition 2 (Mechanism). A (dynamic) mechanism is a tuple (T,A,m) consisting of
the number of periods T , the possible actions A, and a mapping m : AT × [0, 1]T → L

determining how the outcome is selected.

In each period t ∈ {1, . . . , T} the mechanism first reveals a random number rt ∈ [0, 1]

to the agent. Afterwards, the agent chooses an action at from the set A.8 After T

periods the mechanism ends, and a stochastic outcome m(a, r) ∈ L is selected based
on the sequence of actions a1, . . . , aT and the realized random numbers r1, . . . , rT .9 The
random numbers r1, . . . , rT , are, without loss of generality, independently drawn from
the uniform distribution on [0, 1].
7The model studied in most of the literature assumes that the agent has known EU (typically risk-
neutral) preferences and the agent’s type determines their preferences over non-random allocations.

8As all types agree on the worst outcome ω, fixing the set A throughout the periods is without loss. To
see this observe that one can always take A to be the union of all possible sets of actions At that can
appear in any period and punish any action a /∈ At by assigning the worst possible outcome ω with
probability one.

9Observe, as the mechanism selects a lottery, it implicitly uses some randomization device to select the
final outcome ω ∈ Ω. This final randomization is independent of behavior and the randomization in
all previous stages.
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2.3 Equilibrium

Fix a T -round mechanism (T,A,m). For each t ∈ {1, . . . , T}, write Ht = At−1 × [0, 1]t

for the histories at time t (past actions and random draws up to the current draw rt).
Let H =

⋃
1≤t≤T Ht denote the set of non-terminal histories. A strategy for type θ is a

mapping10

σθ : H → A .

Each strategy σθ induces a distribution of outcomes P(σθ) ∈ L. For any given time t,
let P(at, σθ | ht−1) ∈ L denote the probability distribution of outcomes under strategy
σθ, when the history at time t is ht−1 ∈ Ht, the agent chooses action at at time t, and
the agent follows strategy σθ in subsequent periods.

As the agent’s preferences are not restricted to EU preferences he might be time-
inconsistent, and a strategy that the time-0 self finds optimal might not be optimal for
future selves. Any mechanism thus induces an intra-personal game where different selves
can be regarded as different players.

Definition 3 (Subgame Perfect Equilibrium). A strategy profile σ = (σθ)θ∈Θ is a sub-
game perfect equilibrium of the mechanism (T,A,m) if for each type θ ∈ Θ, each period
0 < t ≤ T , and each history ht−1 ∈ Ht,

P
(
σθ(ht−1, rt), σθ | ht−1

)
�θ P

(
at, σθ | ht−1

)
for all at ∈ A.

That is, the strategy must be sequentially rational: optimal at every history, assum-
ing the agent follows the strategy in subsequent periods.11

As we restricted attention to finite games (and only a single player moves at each
node) at least one pure strategy subgame perfect equilibrium exists for every mechanism
and it can be obtained using backward induction. Throughout, we will use subgame
perfect equilibrium as a solution concept for the intra-personal game induced by the
mechanism and refer to it simply as equilibrium.
10Strategies are required to be deterministic mappings from histories to actions. Since the random

draws rt ∈ [0, 1] are observed by the agent before choosing at, any mixed strategy can be replicated
by conditioning the action on rt. To see this, fix any history ht−1 and let C ⊆ [0, 1] be the set of values
of rt that lead to the same path. The agent can partition C into subsets—one for each action—with
relative measures matching the desired mixing probabilities.

11This solution concept requires optimality when comparing only to pure actions, as opposed to mixtures
of actions. Note, that the agent is still able to mix in our framework by conditioning on the outcome
of the randomization device, if doing so is an equilibrium. A solution concept in which the agent
compares mixtures of actions would require commitment power: given the realization of a mixture,
the agent would need to commit to avoid engaging in additional randomization.
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Remark 1. Subgame perfect equilibrium assumes that the agent is sophisticated. That
is, each type θ correctly predicts her behavior in future stages of the mechanism. More-
over, it assumes that the agent cannot deviate from the equilibrium by committing to
future suboptimal behavior.

2.4 Implementable Allocations

Fix a T -round mechanism (T,A,m). The vector (p1, p2, . . . , p|Θ|) ∈ L|Θ| is an allocation
implemented by that mechanism if there exists an equilibrium σ of (T,A,m) such that
pθ = P(σθ) for each type θ. Write IMPT ⊆ L|Θ| for the set of allocations that can be
implemented by T -round mechanisms and write

IMP := closure

(⋃
T∈N

IMPT

)

for the set of all allocations that are (approximately) implementable with mechanisms
of finite length.

Remark 2. Observe, the definition of IMP concerns only the possibility of implemen-
tation in equilibrium, omitting any individually rational constraints. If outside options
are present, then, as the agent is sophisticated and anticipates their future behavior,
the designer can implement only the lotteries in IMP that satisfy individually rational
constraints.

3 Characterization of Implementable Allocations
This section presents our main results. We first discuss direct mechanisms, incentive
compatibility, and their relation to the set of implementable allocations IMP. Our first
result establishes an equivalence between the revelation principle and expected utility
maximization. Our second result provides a full characterization of IMP for cases in
which some agent has strictly quasi-convex preferences.

A direct mechanism is a mechanism with a single stage in which the set of actions
equals the set of types and there is no randomization before the agent reports their type.

Definition 4 (Direct Mechanism). A mechanism is direct if T = 1, A = Θ, and m(θ, ·)
is constant for all θ ∈ Θ.
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As a direct mechanism selects a stochastic outcome, it can randomize after the
agent reports a type. A direct mechanism can be described by a profile of lotteries
(p1, . . . , p|Θ|), in which pθ ∈ L is the lottery implemented if the agent reports type θ. A
direct mechanism is incentive compatible (IC) if, for each type θ ∈ Θ, the agent prefers
the lottery pθ obtained by reporting truthfully to any lottery pθ̂ obtained by reporting
a different type θ̂.

Definition 5 (Incentive Compatibility). For each type θ ∈ Θ, write

ICθ :=
{
(pθ′)θ′∈Θ ∈ L|Θ| : pθ �θ pθ′ for each θ′ ∈ Θ

}
.

for the set of allocations for which truthful reporting is optimal for type θ.

So, an allocation p is incentive compatible—and therefore implementable by an IC
direct mechanism—if and only if it belongs to

⋂
θ∈Θ ICθ. Notice, by randomizing over

different IC direct mechanisms, any allocation in the convex hull of
⋂

θ∈Θ ICθ can also
be implemented. As a result, we have the following inclusion:

⋂
θ∈Θ

ICθ ⊆ conv

(⋂
θ∈Θ

ICθ

)
⊆ IMP.

The standard approach in mechanism design for characterizing implementable allo-
cations relies on the revelation principle. This principle states that—under expected
utility preferences—there is no loss of generality in restricting attention to incentive
compatible direct mechanisms.

Proposition 1 (The revelation principle Myerson, 1979). If each type θ ∈ Θ has expected
utility preferences then ⋂

θ∈Θ

ICθ = IMP.

The revelation principle is a major simplification as it first allows one to restrict
attention to static mechanisms, and second allows one to restrict attention to a fixed
strategy profile, e.g., truthful reporting.

Since Myerson’s seminal work in 1979, it has remained an open question whether a
result analogous to the revelation principle holds for non-EU preferences, and whether, in
such settings, attention can be restricted to a substantially simpler class of mechanisms
without loss of generality. We will answer both of these questions below:
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Theorem 1. The following statements are equivalent:
(i) Each type θ ∈ Θ has EU preferences.

(ii) IMP = ∩θ∈ΘICθ .

Observe that the implication (i) ⇒ (ii) is precisely Myerson’s Revelation Principle.
The converse (ii) ⇒ (i) shows that expected utility (EU) preferences are not merely
sufficient but, in fact, necessary for the revelation principle to hold: if even a single type
fails to have EU preferences, there exists an allocation that is implementable by some
mechanism but cannot be achieved by any direct mechanism.

The proof of the converse is based on linking the revelation principle to the inde-
pendence axiom. Consider first the case with two types. Since the designer can always
randomize over implementable allocations, the set IMP must be convex. So, for the
revelation principle to hold, the set IC1 ∩ IC2 must be convex. This intersection defines
an “agreement” preference relation ≿∗ over the set of lotteries so that p ≿∗ q if and
only if (p, q) ∈ IC1 ∩ IC2. Note that this agreement preference ≿∗ may be incomplete.
The convexity of IC1 ∩ IC2 implies that ≿∗ satisfies a strong version of independence.12

We next establish that strong independence is preserved under taking complements and
unions. In addition, we establish that ICc

1 ∩ ICc
2 satisfies strong independence. Together

these properties allow us to show that if either ≿1 or ≿2 fails to satisfy independence,
then ≿∗ fails strong independence.13 Consequently, ≿1 and ≿2 each satisfy indepen-
dence, and the von Neumann-Morgenstern theorem implies that both types must have
EU preferences.

The extension to the n-type case follows directly from the binary-type case. If there
exists a type with non-EU preferences, the binary-type argument yields a mechanism
for two types that implements an allocation outside the set of incentive-compatible
12The strong version of independence requires that for any lotteries p, q, r and α ∈ (0, 1), we have p ≿∗ q

if and only if αp+ (1− α)r ≿∗ αq + (1− α)r. Dubra, Maccheroni, and Ok (2004) establish that any
preference relation that is continuous and satisfies independence (but not necessarily completeness)
(i) satisfies the strong version of independence and (ii) is represented by the intersection of some
expected utility preferences. Note that our conclusion is stronger: if in addition ≿∗ is defined by the
set IC1 ∩ IC2, then ≿1 and ≿2 each has an expected utility representation. We thank Pietro Ortoleva
for pointing out the connection between Theorem 1 and the results of Dubra, Maccheroni, and Ok
(2004).

13In more detail: Since strong independence is closed under unions, we get that (IC1∩IC2)∪(ICc
1∩ ICc

2)
satisfies strong independence. Taking the complement yields that (IC1 ∩ ICc

2) ∪ (IC1 ∩ ICc
2) satisfies

strong independence. Finally, we observe that continuity implies any segment from a point (p, q)
to a point (r, r) must be completely contained either in (IC1 ∩ ICc

2) or in (ICc
1 ∩ IC2). As a result,

(IC1 ∩ ICc
2) and (ICc

1 ∩ IC2) each satisfies strong independence. By taking the respective unions, we
conclude that IC1 and IC2 both satisfy (strong) independence.
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allocations. So, by extending this mechanism to n types the resulting allocation violates
the revelation principle for the n-type case as well.

Remark 3. The continuity of preferences is crucial for Theorem 1 to hold. To see this,
consider preferences in which the agent assigns a value to each lottery equal to the worst
outcome in its support, e.g. v(p) = minω∈supp p u(ω) for some u : Ω → R. It is not hard to
show that the revelation principle holds despite the types not having EU preferences.14

Given that the revelation principle does not hold beyond the expected utility frame-
work, a natural question is what allocations can then be implemented beyond static
mechanisms. Our next result shows that if a type lacks EU preferences and instead has
strictly quasi-convex preferences, then the designer can implement any allocation that
would be implementable if that agent’s type were publicly observable.

Definition 6. The preference �θ is uniformly not quasi-concave (NQC), if for each pair
of distinct lotteries p, q ∈ L such that p ∼θ q �θ δω there exists some λ ∈ (0, 1) such
that λp+ (1− λ)q ≺ p .

Let NQC ⊆ Θ denote the set of types with uniformly not quasi-concave preferences.
We note that if a type θ has strictly quasi-convex preferences, then θ ∈ NQC.15 However,
the set of NQC preferences is strictly larger as it only requires some mixture to violate
quasi-concavity (instead of all mixtures) and it furthermore requires such violations only
for pairs of lotteries such that the agent is indifferent and which in addition dominate the
outside option δω. Non quasi-concavity captures a dislike of some probabilistic mixtures
of lotteries. For expected utility the agent is indifferent over probabilistic mixtures over
lotteries, i.e., αp + (1 − α)q ∼θ p for all p, q ∈ L with p ∼ q and α ∈ (0, 1). Many
other commonly studied preferences such as Quadratic Preferences, Rank-Dependent
Utility, Reference Dependent Preferences, or Cumulative Prospect Theory are (strictly)
quasi-convex and thus satisfy NQC under natural assumptions such as risk aversion.16

Recall that EU ⊆ Θ denoted the set of types with EU preferences. The following
result provides a characterization of the set of implementable allocations.17

14To see that the revelation principle holds, note that ICθ is convex as min supp p1 ≥ min supp p2 and
min supp q1 ≥ min supp q2 implies that min(supp p1 ∪ supp q1) ≥ min(supp p2 ∪ supp q2). This implies
that ∩θICθ is convex and hence randomizing over incentive compatible mechanisms does not enlarge
the set of implementable allocations.

15Type θ preferences are quasi-convex if for any two different lotteries p, q ∈ L with p ∼θ q it holds that
αp+ (1− α)q �θ q for all α ∈ (0, 1). Strict quasi-convexity holds if the inequality is strict.

16See Section A in the Appendix and also the discussion of quasi-convexity in Dillenberger and Segal
(2024) for details.

17We follow the notational convention that
⋂

θ∈∅ ICθ := L|Θ|.
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Theorem 2. Suppose that Θ = EU∪NQC. The set of implementable allocations satisfies

IMP =
⋂

θ∈EU

ICθ.

Theorem 2 states that, while incentive compatibility constraints of each EU type can-
not be ignored, all the incentive compatibility constraints of all types whose preferences
are NQC can be fully ignored. Consequently, the non-EU types receive no information
rents. This shows that the economic principle of agent receiving rents for their private
information crucially relies on the assumption of expected utility preferences.

The intuition behind Theorem 2 is that for types with NQC preferences, the designer
can leverage their aversion to randomization by presenting options that tempt them to
stop early for an inferior lottery to avoid the uncertainty of later stages in the mechanism.
By iteratively applying this process, the designer can drive down their continuation
value and implement any lottery, all while still distinguishing each non-EU type without
affecting those with expected utility preferences. A sketch of the proof is provided in
Section 5.1.

Example 1. To illustrate the generality of our setup we provide an example in which
the agent’s type is 3-dimensional θ = (π, u, γ) ∈ Θ and encodes private information,
about their physical payoffs π : Ω → R, their utility function u : ∆(R) → R, and the
degree of time-inconsistency, encoded in the loss aversion parameter γ ≥ 1. Given these
primitives a choice-acclimating personal equilibrium was defined by Kőszegi and Rabin
(2006) as the choice resulting from maximizing the value function

vθ(p) =
∑
ω∈Ω

p(ω)

(
u(π(ω)) +

∑
ω̃∈Ω

p(ω̃) mγ (u(π(ω))− u(π(ω̃)))

)
,

where mγ(x) = min{x, γx}. The induced preference is not uniformly quasi-concave for
any γ > 1 and for γ = 1 the preference corresponds to expected utility preferences with
utility u. Even though neither the physical payoffs, nor the utility function, nor the loss
aversion parameter are known to the designer our Theorem 2 implies that for all types
with γ > 1 the designer can construct a screening mechanism which assigns any lottery
to that type. This result holds despite the fact that we make no assumptions on the
underlying space of outcomes and the corresponding payoffs.18

18In particular, we do not assume that the outcome space is single-dimensional, that the preferences over
outcomes admit a single-dimensional representation, we did not make any type of super-modularity,
or (linear) separability assumption.
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Remark 4 (Robustness and Prior Independent Implementation). An important feature
of our characterization is that it does not rely on any knowledge of the distribution
over types. Our notion of implementation is robust: a mechanism that gives type θ the
lottery pθ ∈ L does so for every prior belief over Θ. In particular, any mechanism we
construct that implements a given allocation p also implements p under any other prior.
The designer therefore never has to specify a prior, and misspecifying it does not affect
what can be implemented.

Remark 5 (Relation to Crémer and McLean). Our results are conceptually related to
those of Crémer and McLean (1988). In both frameworks, the designer can implement
the same set of allocations as if types were publicly observable, allowing full surplus
extraction and eliminating information rents, so any individually rational allocation is
implementable. The source of incentives, however, is fundamentally different. Crémer
and McLean rely on (i) monetary transfers that can be arbitrarily large, (ii) multiple
agents with correlated types, and (iii) precise knowledge of the type distribution. By
contrast, our mechanisms do not require large transfers or multiple agents, but require
arbitrarily complex dynamic mechanisms. Incentives arise not from correlation-based
punishments, but from punishments and temptations generated by the dynamic incon-
sistency of non-EU preferences. Surplus extraction is thus independent of the prior, but
requires the agent to reason through complex dynamic decision problems.

3.1 Mechanism Design with Money

We next apply our result to the standard setting in which the the outcome consists of a
physical part x ∈ X and a transfer π ∈ Π ⊂ R. Each type θ has preferences over the set
of lotteries ∆(X ×Π). The quasi-linearity assumption corresponds to assuming that for
each type θ the agent’s value depends only on the distribution of the random variable
v(θ, x)− π. An immediate corollary of our result is the following:19

Corollary 1 (Full-Surplus Extraction). Suppose Θ = NQC. For every fixed physical
allocation x : Θ → X, and every ϵ > 0 there exists a mechanism that implements an
allocation p with maxθ |δx(θ) − p(θ)| ≤ ϵ such that the expected transfer satisfies

E [π] ≥ E [v(θ, x(θ))]− ϵ .

19While we state the result for simplicity for deterministic physical allocation rules x it holds exactly
the same for randomized physical allocation rules.
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In addition, v(θ, x)−π ≥ 0 holds and the agent participates voluntarily in the mechanism.

Thus, by the above result the designer can push the utility of any agent with not
uniformly quasi-concave preferences down to make the participation constraint bind.
Whenever the designer prefers to receive more money from the agent over less money
they will thus reduce the agent’s utility from participating in the mechanism to zero.
This means that the agent receives no-information rents despite the fact that the agent’s
type is private information. This shows that information rents are tightly linked with
expected utility preferences and it is not clear that agents will receive information rents
when they have non-EU preferences. Intuitively, for agents with non-EU preferences the
principal can leverage their time-inconsistency against them in such a way that they
receive no rent at all.

Remark 6. The above result relates to recent work by Ahn and Zhang (2025). They
consider quasi-linear multiplicatively separable preferences over deterministic outcomes,
uθ(δ(x,π)) = θx − π, with a fixed known risk preference from the class of biseparable
risk preferences. They show that all allocations x, π : Θ → R satisfying a full-insurance
condition π = θx(θ) and a monotonicity condition can be implemented. Thus, in such
environments, all surplus can be extracted.20

Remark 7 (Welfare and Revenue Maximization). Corollary 1 has far reaching im-
plications for welfare and revenue maximization. In settings where it holds, it will
be revenue maximizing for the designer to choose a welfare maximizing allocation rule
x⋆ ∈ argmaxx v(x, θ) as she has to leave no surplus to the agent. Thus, there is no conflict
between revenue and social surplus maximization. Furthermore, the optimal allocation
will be close to deterministic in the sense that the probability P[x = x⋆(θ)] > 1− ϵ.
20These results are not directly comparable: Corollary 1 does not assume risk preferences are known, nor

does it assume multiplicative separability of θ and x, but it restricts attention to uniformly not quasi-
concave preferences. Ahn and Zhang consider known risk preferences and assume quasi-linearity and
multiplicative separability, but work with the class of biseparable preferences, which is not comparable
to uniformly not quasi-concave preferences. The results also consider different sets of allocations: Ahn
and Zhang show that full surplus extraction is possible for allocations satisfying full insurance, while
our Corollary 1 shows that full surplus extraction is possible for all allocations. Finally, the present
paper focuses on time-inconsistent preferences, while Ahn and Zhang also establish an analogous full-
surplus extraction result for recursive preferences by establishing an elegant and novel mathematical
connection between the two solution concepts.
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4 Illustration: Monopolistic Screening
We next illustrate how the seller can screen the agent without paying information rents
using the classic problem of monopolistic screening. A seller of an indivisible object
faces a single buyer, whose value for the object equals their type θ. The seller chooses a
mechanism which determines a price ω to offer to the buyer. Each type has an outside
option with value zero. So, once the mechanism concludes and a price ω is determined,
the buyer decides whether to purchase or not. Type θ’s payoff when the price equals ω

is thus given by max{θ − ω, 0} .21

Corollary 2. Suppose that Θ = NQC. For every ϵ > 0, there exists a (dynamic)
mechanism in which all types buy the good at a price equal to their value θ with probability
at least 1− ϵ, and which thus yields a revenue of at least E[θ](1− ϵ).

When the agent has EU preferences the seller cannot do better than to simply post
a deterministic price, and as a result, he cannot extract all surplus. In contrast, if
preferences are not uniformly quasi-concave, the seller can use a dynamic mechanism to
extract almost all surplus, i.e. selling to the agent the object for a price equal to their
willingness-to-pay. Thus, the agent receives no rent for her private information despite
her sophistication.

A Graphical Analysis of an Example To graphically illustrate how a dynamic
mechanism can implement these prices, let us consider a concrete example in which type
1 of the buyer values the object at b1 = 50, while type 2 values it at b2 = 100. The seller
offers the buyer one of three different prices, 100, 50, or 0. Assume that both types have
Yaari’s risk-averse preferences Yaari (1987) with distortion mapping g(x) = x2. Since
type 1 only profits from a zero price, a lottery p = (p(100), p(50), p(0)) ∈ L yields utility

v1(p) = 50 · p(0)2

to type 1 over the set of lotteries.22 For lottery p, type 2’s utility is:

v2(p) = 50 ·
(
p(0)2 + (p(50) + p(0))2

)
.

21Notice, the buyer’s option to purchase or not ensures that the mechanism is ex-post individual rational
after any price realization. Equivalently, one could define a larger set of outcomes describing both,
the allocation and the price while imposing individual rationality constraints.

22Notice, any utility function that satisfies first-order stochastic dominance with respect to the type 1’s
profit leads to equivalent preferences.
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The left and middle panels of Figure 4.1 show the indifference curves for both types in
the simplex L. Notice, as type 1 is indifferent between two of the outcomes, only type 2
has strictly quasi-convex preferences. Moreover, the preferences of type 1 are equivalent
to expected utility.

ω = 100

ω = 50

ω = 0 ω = 100

ω = 50

ω = 0 ω = 100

ω = 50

ω = 0

p1

Figure 4.1. Left panel: Indifference curves for type 1. Center panel: Indifference curves for
type 2. Right panel: Sets D2[p1] (red) and conv(D2[p1])\D2[p1] (blue) for p1 = (0.2, 0.6, 0.2).

Failure of the Revelation Principle Write D := IC1∩ IC2 for the set of allocations
that can be implemented with direct mechanisms. For each lottery p1 assigned to type
1, write

D2[p1] :=
{
p2 : (p1, p2) ∈ D

}
for type 2’s slice of D at lottery p1. That is, D2[p1] is the set of lotteries p2 that type 2

can receive in a direct mechanism, provided type 1 receives p1. The right panel of Figure
4.1 illustrates the set D2[p1] for the lottery p1 = (0.25, 0.25, 0.5) as the area shaded in
light red. As type 1 needs to prefer p1 over p2, only the lotteries p2 that lie below type
1’s indifference curves (displayed as dashed blue lines) can be implemented. Similarly,
as type 2 needs to prefer p2 over p1 only outcomes which lie above type 2’s indifference
curves (displayed as dashed red lines) can be implemented. The blue area describes the
points in the convex hull of D2[p1] that are not in D2[p1].

Observe that, as D2[p1] is a strict subset of conv(D2[p1]), from which it follows that
D 6= conv(D). Thus the revelation principle does not hold. Intuitively, by flipping a coin
before asking the agent to report their type one can extend the set of implementable
lotteries, as for non-expected utility preferences:

p2 �2 p1 and p′2 �2 p1 6=⇒ αp2 + (1− α)p′2 �2 p1 .
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Implementable Allocations We now provide a complete characterization of the set
of allocations that are implementable in equilibrium. Observe that Theorem 2 states
that

IMP = IC1 =
{
(p1, p2) : p1 �1 p2

}
.

Below we provide an informal argument that establishes this result in the context of the
example. Fix p = (0.25, 0.25, 0.5), write p′ for the upper lottery such that v2(p) = v2(p

′),
and let p denote the midpoint between lotteries p and p′. Write q for the lottery satisfying
both v2(p) = v2(q) and v1(q) = v1(p), as illustrated in the left panel of Figure 4.2.

ω = 100

ω = 50

ω = 0

p

p′

p

q

q′ (p, q)
(p, p̄) p

(p, p′)

q

1

1
2 2

chance
p

p′

ω = 100

ω = 50

ω = 0

p
Figure 4.2. Left panel: Lotteries used in mechanism M . Center panel: Extensive form
of mechanism M (blue lines indicate type 1’s choices and red lines show type 2’s choices).
Right panel: Lotteries p2 such that (p1, p2) can be implemented with 10-step mechanisms for
p1 = (0.25, 0.25, 0.5), with lighter colors indicating more steps needed.

We will show that—although type 2 may strictly prefer p over q—each allocation
(p, q) ∈ IC1 is implementable. To see this, consider the following mechanism M : The
seller presents the agent with two menus: A stochastic menu A and a fixed menu B.
Menu A includes lottery p and there is 50% chance of including also lottery p′. Menu
B solely offers lottery q. The extensive form of this mechanism is shown in the middle
panel of Figure 4.2.

We now argue that (p, q) can be implemented by a subgame perfect equilibrium of
this mechanism M .23 Consider the strategy profile depicted in the center panel of Figure
4.2, where blue lines indicate type 1’s choices and red lines show type 2’s decisions. The
superscript vectors at non-terminal nodes represent the expected lottery outcomes for
each type given their continuation strategies.

Through backward induction, we can verify this is an equilibrium: Type 1 selects
Menu A to secure lottery p. Type 2, when presented with Menu A, chooses p′ if available
23Notice, that there are multiple equilibria in mechanism M . However, uniqueness of equilibria can be

achieved by a small perturbation of lotteries p′ and q.
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and p otherwise. However, due to mixture aversion, type 2 prefers Menu B over the
stochastic Menu A, even though type 1 derives higher utility from every lottery that
appears in Menu A with positive probability. The mechanism thus achieves separation
by exploiting type 2’s aversion to the uncertainty of Menu A. Thus, we constructed a
mechanism implementing (p, q).

We now explain how this method can be used to further expand the set of imple-
mentable lotteries. Write q′ for the lottery on the upper indifference curve satisfying
q′ ∼2 q (see left panel of Figure 4.2). By applying the same construction as above
but with q′ in place of q, we obtain a mechanism M ′ that implements the allocation
(p, q′). Write q for the midpoint between q and q′. We can now construct a mecha-
nism that implements the allocation (p, q) by mixing between mechanisms M and M ′.
Specifically, consider a two-period mechanism that first randomly selects—with equal
probability—whether to run mechanism M or M ′. When following the equilibrium
strategies described above, this compound mechanism implements the desired lottery
profile (p, q), as type 1 receives p in both mechanisms while type 2’s expected lottery is
the average of q and q′.

By using an iterative process that constructs T + 1-round mechanisms from these
T -round mechanisms, one can show that each allocation (p1, p2) such that p1 �1 p2 can
be implemented. For instance, consider the lottery p1 = (0.25, 0.25, 0.5). The right
panel of Figure 4.2 illustrates all lotteries p2 such that (p1, p2) can be implemented with
mechanisms involving 10 steps. In the limit, IMP = {(p1, p2) : p1 �1 p2} as stated by
Theorem 2.

5 The Geometric Approach
This section develops a geometric approach to characterize the geometric properties of the
set of implementable allocations IMP. This geometric approach generalizes the logic of
the previous illustrative example and allows us to reduce finding the set of implementable
allocations into a fixed point problem and is at the core our characterization.

Screening First, consider the screening operation. Suppose the designer has access
to a set of implementable allocations Q ⊆ L|Θ| in T -period mechanisms. If so, the
designer can construct a T+1 period mechanism offering a menu of T -period continuation
mechanisms, each implementing an allocation in Q and allow the agent to select her
preferred option. Suppose the designer offers the menu of mechanisms, (Mθ)θ∈Θ, where
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each mechanism Mθ induces the allocation pθ ∈ Q. If for every type θ, selecting Mθ

yields a better outcome than selecting any other Mθ′ (i.e., pθθ �θ pθ
′

θ ), then each type
θ chooses Mθ, resulting in the allocation p∗ where p∗θ = pθθ for each type θ. Thus, by
adding a screening step the designer expands the set of implementable allocations from
Q to Γ(Q) which is defined by

Γ(Q) :=
{
p∗ ∈ L|Θ| | ∃{pθ}θ∈Θ ⊆ Q s.t. ∀θ, θ′, p∗θ = pθθ and pθθ �θ p

θ′

θ

}
.

Randomization The second operation the designer has access to is randomization:
By randomizing over different mechanisms implementing allocations in Q, the designer
can implement any allocation in the convex hull of Q.

For all Q ⊆ L|Θ| define an operator

Φ(Q) := conv(Γ(Q)).

as the set of all allocations implementable by a mechanism that first randomizes over
menus of mechanisms implementing allocations in Q and then lets the agent choose from
the realized menu.

Write Q0 for set of allocations that are implementable by singleton menus which offer
only a single lottery.24 We can now characterize the set of implementable allocations by
iteratively applying this operator.25

Lemma 1. For each T ∈ N, IMPT = ΦT (Q0). Moreover, the set IMP is the closure of
the smallest fixed point of Φ containing Q0.

Lemma 1 shows that the set of allocations implementable by T -period mechanisms
satisfies IMPT = ΦT (Q0). Moreover, the implementable allocations are characterized by
the smallest fixed point of Φ that includes Q0.

5.1 Sketch of Proof for Theorem 2

The geometric approach is the backbone of the proof for Theorem 2. We begin by
recalling a necessary condition known in classic EU setups.

Lemma 2. If type θ has expected utility preferences, then IMP ⊆ ICθ.
24That is Q0 :=

{
p ∈ L|Θ| : ∃q ∈ L s.t. ∀θ ∈ Θ, pθ = q

}
.

25Denote by ΦT , the T -iteration of the operator Φ.
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So, all implementable allocations must be incentive compatible for all EU types.
This follows from the dynamic consistency inherent in expected utility maximization.
If θ is dynamically consistent, then each equilibrium outcome must satisfy incentive
compatibility for type θ at each decision node in the mechanism. If this were not the
case, type θ would have a profitable deviation from their equilibrium strategy.

5.1.1 Screening Two Types

We now turn to sufficient conditions for implementation. We begin with the case in
which the designer screens between two types. The following lemma shows sufficient
conditions for a NQC type to be punished as hard as possible.

Lemma 3. Assume |Θ| = 2. If type 1 has NQC preferences and p, q are two distinct
lotteries such that q ≿2 p, and p ∼1 q, then (δω, q) ∈ IMP.

The proof constructs coefficients (λt) and sequences (pt), (qt) similar in spirit to the
construction from Section 4 illustrated in Figure 4.2. Starting with p0 = p and q0 = q

the sequences satisfy the following conditions: (i) for each t, pt ∼1 qt; (ii) for each t,
pt ∼1 λt−1pt−1 + (1− λt−1)qt−1; and (iii) limt→∞(pt, qt) = (δω, δω).

For each T ∈ N, we construct a mechanism MT . At each step, when t ≤ T periods
remain, the agent faces two choices: to stop and receive a randomly preselected lottery
in {pt, qt} or to continue, allowing chance to select a new offer from the set {pt−1, qt−1}.
By carefully selecting the probabilities used by chance, the mechanism tempts type 1

to accept the current offer at each period—even though both pt−1 and qt−1 strictly rank
above pt and qt. Moreover, we show that in some equilibria, type 2 receives her favorite
lottery among {p0, q0}. As the sequences converge to the “worst” lottery δω, these
mechanisms can punish type 1 as severely as desired, without affecting the allocation to
type 2.

Lemma 4. Suppose that |Θ| = 2. If type 1 has NQC preferences, then IC2 ⊆ IMP.

Lemma 4 uses the punishments from Lemma 3 as building blocks that, combined with
the geometric properties of IMP, show that each allocation in IC2 is implementable. An
analogous argument applies when type 2 has NQC preferences, yielding IC1 ⊆ IMP.
Together, these inclusions imply Theorem 2 for the two-type case.
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5.1.2 Screening an Arbitrary Number of Types

The proof of Theorem 2 for more than two types proceeds by induction over the number
of types. Consider the induction step from k to k + 1 types. Suppose that Θ = NQC

and fix an arbitrary full support allocation p ∈ L|Θ|. By the induction hypothesis,
the designer is able to construct two mechanisms with the following properties: The
first mechanism, M−2, implements some desired allocation (p1, p3, . . . , pk+1) for types
(1, 3, . . . , k + 1), i.e., for all types excluding type 2. The second mechanism, M−1, im-
plements a desired allocation (p2, p3, . . . , pk+1) for types (2, 3, . . . , k + 1) , i.e., all types
excluding type 1. Each of these mechanisms can be extended to all types, thereby allocat-
ing some lottery qθ to the excluded type θ. That is, M−2 implements (p1, q2, p3, . . . , pk+1)

and M−1 implements (q1, p2, p3, . . . , pk+1). The key is that, while types 1 and 2 may have
strict preferences between these two mechanisms, types θ ∈ {3, . . . , k+1} are indifferent
between M−2 and M−1.

The main idea is now to construct a dynamic “1-stage” mechanism that is used
to select between the continuation mechanisms M−1,M−2 and the mechanism which
just gives a singleton menu where all types get the outcome ω for sure. As θ > 2 are
indifferent M−1,M−2 and strictly prefer the outcome from either over the outside option
ω we can ignore their incentives. This construction thus induces an auxiliary screening
problem in which types 1 and 2 choose among three outcomes: playing M−2, playing
M−1, or receiving ω with certainty. If the lotteries pθ, qθ, δω are linearly independent,
then type θ ∈ {1, 2} has preferences that satisfy NQC in this auxiliary environment. As
a result, the original problem with k + 1 types is reduced to an auxiliary problem with
just types 1 and 2 and our result in the two type case establishes the result.

The rest of the proof carefully deals with the case where these lotteries are not
independent or some types have EU preferences.

6 Extensions

6.1 Full Implementation

Throughout this paper, our analysis has focused on partial implementation, in which an
allocation is considered implementable if it can be sustained by at least one subgame
perfect equilibrium. A stronger solution concept is full implementation, which demands
that all subgame perfect equilibria of a mechanism result in the desired allocation,
ensuring the outcome is robust to equilibrium selection.
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Write IMPT
F for the set of fully implementable allocations using T step mechanisms.

Write IMPF = closure
(⋃

T∈N IMPT
F

)
for the set of all allocations that are (approxi-

mately) fully implementable with mechanisms of finite length.
Theorems 1 and 2 do not directly extend to full implementation.26 Nevertheless, the

geometric approach can be adapted to full implementation, thereby characterizing all
the allocations that are fully implementable. (See Appendix C.4). Using this approach,
we show that Theorem 2 extends to full implementation, provided preferences of two
types are differently enough. Consider the case of two types. Say the preferences of
Type 1 and 2 are strongly different if for each full-support lottery p there exist some
full-support lotteries q and q′ such that q′ �1 p �1 q and q �2 p �2 q′. The following
result shows this condition is sufficient to obtain an analogous conclusion to Theorem 2.

Theorem 3. Suppose that Θ = {1, 2} and Θ = EU ∪ NQC. If preferences are strongly
different, then IMPF =

⋂
θ∈EU ICθ.

6.2 Multiple Agents

So far we assumed that there is only a single agent. In this section we extend our results
to the multi-agent case. Suppose, we have n agents, and denote the possible types of
agent i ∈ {1, . . . , n} = N by Θi. Throughout this section we will use superscripts to
denote agents and subscripts to denote types. The outcome

ω = (ω1, . . . , ωn) ∈ Ω1 × Ω2 × . . .× Ωn = Ω

is a vector such that agent i’s preferences depend only on the distribution of ωi. We de-
note by ΩF ⊆ Ω the closed set of outcomes which are jointly feasible, and Ωi = ∪ω∈ΩFωi.
For example, in a multi-agent single-object allocation problem Ωi = {0, 1} indicates
whether or not agent i receives an object and ΩF = {ω ∈ Ω:

∑n
i=1 ω

i ≤ m} captures
that at most m objects can be allocated to the agents. As another example consider a
social choice (or voting) setting, here all agents would receive the same allocation, i.e.
ΩF = {ω ∈ Ω: ω1 = . . . = ωn} and Ω1 = . . . = Ωn.

We denote by F ⊆ ×n
i=1(L

i)|Θ
i| the set of vectors of marginal distributions which can

26If all types have the same preferences, then the only allocations that are fully implementable are those
in which all types receive the same lottery.
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be implemented by some random mapping from type profiles to feasible outcomes

F =
⋃

m:Θ→∆(ΩF )

(
E[mi(θ) | θi = ηi]

)
i∈N,ηi∈Θi .

We fix a common prior µ ∈ ∆(Θ) over type profiles θ = (θ1, . . . , θn) such that the
types of different agents are drawn independently. Each mechanism leads to an allocation
which is a vector of probability distributions (p1, p2, . . . , pn) ∈ (L1)|Θ

1| × . . . × (Ln)|Θ
n|,

where pi = (piθi)θi∈Θi
.

Mechanisms A mechanism is now a dynamic game in which agents sequentially take
actions, and past actions of other agents as well as nature might or might not be ob-
servable. Without loss we can look at mechanisms in which agents move in ascending
order, each agent i gets revealed a random number rit before they take an action ait from
the set Ai. Let A = (A1 × . . .× An) be vectors of actions taken by the agents.

Let H be the product σ–algebra on complete histories H = (A× [0, 1]n)T . For each
period t and agent i we let Hi

t be a σ-algebra on H describing the events that agent i

can distinguish at the time of choosing ait.27

Definition 7. A mechanism is a tuple (T,A,H,m) consisting of the number of periods
T , the possible actions A = A1 × . . . × An and an information structure Hi for each
agent, and a mapping m : H → Ln determining how the outcome is selected.

The main change in defining mechanisms for the many-agent setting is that we must
now specify the information available to each agent at each history in which they make
a decision.

Strategies A strategy σi for agent i of type θi is a mapping σi
θi : H → Ai and a

strategy profile is a collection σ = (σ1, . . . , σn).28 Given a mechanism (T,A,H,m), the
prior µ, and a strategy profile σ, the random draws and outcome function m induce, for
27Formally, for each agent i, an information structure is a filtration (Hi

t)
T
t=0 of sub-σ–algebras of H

such that agent i always knows her own past actions and random numbers and Hi
t never contains

information about actions or random numbers after period t, i.e. for every t σ
(
ai≤t, r

i
≤t

)
⊆ F i

t ⊆
σ
(
a≤t, r≤t

)
.

28Strategies are required to be deterministic mappings from histories to actions. This restriction is
without loss of generality: since agent i observes rit before choosing ait at period t, any desired
randomization over actions can be implemented by a pure strategy that conditions the action choice
on rit. Formally, for histories in Ht we require σi

θi(·) to be Hi
t-measurable (i.e. constant on information

sets of agent i at time t).
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each type profile θ, a distribution of outcomes for each agent i; we write P i(σ | θ) for
this distribution. For any agent i, type θi, period t, history hi

t ∈ Ht, and action ait ∈ Ai,
let

P i(ait, σ | hi
t, θ

i) ∈ Li

denote the (conditional) distribution of outcomes for type θi of agent i when the current
history is h, he chooses ait at time t, all other types and future play follow σ, and beliefs
at h are obtained from µ and σ. For histories which in equilibrium have zero probability
P i(ait, σ | hi

t, θ
i) can be a probability distribution consistent with that history. We call

any P satisfying the above requirements a consistent belief system.29

Definition 8 (Perfect Bayesian equilibrium). A strategy profile σ is a perfect Bayesian
equilibrium of the mechanism (T,A,H,m) if there exists a consistent belief system P
such that for every i ∈ N , θi ∈ Θi, t, hi ∈ H i

t and every action ait ∈ Ai,

P i
(
σi
θi(h), σ | hi, θi

)
�i

θi P i
(
ait, σ | hi, θi

)
.

That is, at every history and for every type, the prescribed action is sequentially
rational given the beliefs and continuation strategies, and the beliefs are obtained from
the prior and σ by Bayes’ rule whenever possible.

We denote by ICi
θi the set of allocations that satisfy the IC constraint of type θi of

agent i and have the following for the multi-agent case:

Theorem 4 (The Multi-Agent Case).
(i) The revelation principle holds if and only if Θi ⊂ EU for all i.

(ii) Suppose Θi ⊆ NQC for all i, then IMP = F .

Thus, the revelation principle holds in a multi-agent setting if and only if all types
of all agents have EU preferences. Furthermore, the incentive constraints of types who
do not have uniformly quasi-concave preferences can be fully ignored.

Logic of the Proof Part (i) follows from Theorem 1: any violation of the revelation
principle for a single agent implies a violation of the revelation principle in the multi-
agent setting.
29Formally, a belief system assigns to each agent i, type θi, and information set at time t a probability

distribution over opponents’ types and histories in that set; Pi(ait, σ | h, θi) is the induced distribution
over outcomes given these beliefs and continuation play. Beliefs are required to be obtained from µ
and σ by Bayes’ rule whenever the denominator is non-zero; off-path beliefs can be arbitrary subject
to consistency with the information structure.
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For part (ii), we need to construct a multi-agent mechanism implementing any full-
support allocation p ∈ F . By Theorem 2, for each agent i there exists an individual
mechanism M i that implements pi provided that agent i learns nothing about the types
and behavior of other agents. These individual mechanisms can in general not be com-
bined into a joint mechanism as the allocation given to some agent might not be jointly
feasible with the allocation given to the other agents. However, it follows from the as-
sumption that p is in F that the average outcomes (p1, . . . , pn) can be implemented in a
joint mechanism. In the individual mechanism M i, type θi receives piθi only on average:
chance moves may lead to paths assigning different lotteries, and some of these realized
lotteries may preclude feasibility. For instance, if one path of play assigns an object to
agent 1 with certainty, that object cannot be allocated to agent 2.

The additional condition needed to ensure feasibility is that the outcome assigned to
each type in their single agent mechanism is non-random, i.e. does not depend on the
realization of ri. In Proposition 4 in the Appendix we explicitly construct a multi-agent
mechanism in this much smaller class of mechanisms which do not randomize on path,
that can implement any full-support allocation p ∈ F . This construction uses the fact
that off-path arbitrary allocations are implementable by Theorem 2.

Remark 8. Theorem 4 holds unchanged if one uses any solution concept that imposes
further restrictions on “off-path” beliefs (like trembling-hand perfect equilibrium instead
of perfect Bayesian equilibrium) as in the mechanisms we construct the only way agent
i ends up at an “off path history” is if they deviate themselves.

As an interesting application of Theorem 4 consider the multi-agent allocation prob-
lem with convex preferences studied in Dillenberger and Segal (2024). In that paper
the planner wants to allocate different goods to n individuals, who have quasi-convex
preferences. The authors characterize ex-ante Pareto efficient random allocations and
show that for each triplet of objects at most one agent has a positive probability of
receiving all three of them. While Dillenberger and Segal assume that the agents’ pref-
erences are known, our Theorem 4 shows that the ex-ante efficient allocation can always
be implemented in some dynamic mechanism, even if the designer does not know agents’
preferences and must elicit them in an incentive compatible way.

6.3 Concave Preferences

Our main results establishes that for any type with non-uniformly quasi-concave pref-
erences the designer can completely ignore their incentive constraints and implement
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arbitrary allocations. A natural question is what role the NQC assumption plays which
requires that for every pair of lotteries where the agent is indifferent there is some viola-
tion quasi-concavity. This section consider the case where preferences are quasi-concave
and thus for no pair of lotteries there is any violation of quasi-concavity.30 More re-
strictively than quasi-concavity we will consider preference relation ≿θ such that there
is some concave utility function vθ : L → R representing them.31 So, types with such
concave preferences prefer the mixture over two lotteries over the lottery itself. For ex-
ample, EU, risk-loving Yaari preferences, as well as Maxmin and cautious utility belong
to this class (we defined the later two below). Below, we provide two prominent classes
of non-EU preferences that admit a concave representation.32

Maxmin Preferences A prominent example of concave preferences is the class of
maxmin preferences. Following Maccheroni (2002), a type θ has maxmin preferences if
there exists a closed set U ⊂ R|Ω| of utility functions defined on the outcome space Ω

such that, for any lottery p,
vθ(p) = min

u∈U
Ep[u(ω)].

So, the agent is uncertain about how to evaluate different outcomes when choosing
between lotteries. She considers many possible expected utility evaluations and selects
the worst-case scenario.

Cautious Utility Preferences Fix a collection U of pairs (π, u), in which π : Ω → R
describes the monetary equivalent payment of each outcome in Ω and u : R → R is a
monetary utility function with finite local risk-aversion.33 A utility function over lotteries
v : L → R describes cautious preferences (Cerreia-Vioglio, Dillenberger, and Ortoleva,
2024) with respect to U if it satisfies

v(p) = min
(π,u)∈U

u−1

(∑
ω∈Ω

p(ω) u(π(ω))

)
.

30Of course there are preferences which do not fall in either class where for some pairs of lotteries such
that quasi-concavity is violated, but other pairs where it is not violated.

31That is there is vθ such that vθ(p) ≥ vθ(q) if and only if p ≿θ q.
32Under certain conditions, a given quasi-concave preference relation has a concave representation.

Lemma C.11 shows that maxmin preferences and cautious preferences have a concave representation.
33That is, we require that −u′′(s)

u′(s) is finite.
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that is, under cautious utility preferences, the value of each lottery is given by the
minimum certainty equivalent among the set U .34

In the rest of this section, we assume that each type has a concave representation
and that vθ(δω) > vθ(δω) for each type θ and each outcome ω 6= ω. To describe our
next result, we introduce some notation. Assuming type θ has utility vθ : L → R, write
bθ(p) :=

∑
ω∈Ω p(ω)vθ(δω) and define the set

Bθ :=
{
(pθ)θ∈Θ ∈ L|Θ| : vθ(pθ) ≥ max

θ′∈Θ
bθ(pθ′)

}
.

Proposition 2. If each vθ is concave, then IMP ⊆ ∩θ∈ΘBθ.

Proposition 2 bounds the set of implementable allocations for the case under which
type θ has a concave utility representation.35 So, the mapping bθ identifies the maximum
possible punishment that can be assigned to type θ in any mechanism, regardless of the
preferences of other agents. Intuitively, as concave preferences imply a preference for
mixtures, neither mixing nor the screening operator allows the designer to decrease the
value assigned to θ below the value dictated by bθ(·). More precisely, to show that
screening cannot decrease the punishment, we show that Bθ is a convex set. To show
that screening cannot decrease the punishment, we show that Γ(Bθ) = Bθ and this
implies the result by our characterization of the set of implementable allocations as the
smallest convex set which is a fixed point of Γ.

An immediate corollary from Proposition 2 is the following bound on the designer’s
power to screen such types.

Corollary 3. If each vθ is concave, then for each lottery p−θ there is some pθ such that
(pθ, p−θ) /∈ IMP.

Corollary 3 clarifies that with concave preferences the incentive constraints of the
agent always put some limit on the space of allocations the designer can achieve: For
every allocation p−θ assign to types other than θ type θ must obtain a rent of at least
maxθ′∈Θ bθ(pθ′) which is strictly positive.
34In Cerreia-Vioglio et al. (2011), utility functions have domain Rk, in which the first dimension is money

and the other dimensions represent non-montery goods, such as mugs, pens, etc. Our framework
uses the mapping π : Ω → R to capture the monetary equivalent of such comes. Notice, max-min
preferences coincide with cautious preferences when all monetary utility functions are risk-neutral.

35Lemma C.12 provides sufficient conditions for the inclusion of Proposition 2 to hold with equality.
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As an illustration we below adapt the first example in Cerreia-Vioglio, Dillenberger,
and Ortoleva (2024) (p. 2070) to a screening environment with 3 outcomes with subjec-
tive value. The example illustrates an environment at which (i) dynamic mechanisms do
not dominate randomization of static mechanisms; and (ii) the conclusion from Theorem
2 does not hold.

1

2

3 1

2

3

p

Figure 6.1. Example 2 (α = 1): Indifference curves for agent 2 and set IMP2[p].

Example 2. Consider the set of outcomes Ω = {1, 2, 3} and two types. Type 1 has
EU preferences defined by v1(p) = p(2) + p(3). Type 2 has maxmin preferences with
respect to a set of utility functions U = {(0, 1 + α, α), (0, α, 1 + α)} for some parameter
α > 0. So, the type strictly prefers outcomes 2 and 3 than outcome 1 but is unsure about
how to rank outcomes 2 and 3. The resulting value function for type 2 over lotteries is
v2(p) = α (p(2)+ p(3))+min{p(2), p(3)} with worst punishment b2(p) = α (p(2)+ p(3)).
Figure 6.1 illustrates the utility curves for α = 1.

Lemma C.13 in the Appendix proves that the upper bound on the implementable
set IMP established in Proposition 2 is binding:

IMP = conv(IC1 ∩ IC2) = B1 ∩ B2 .

Figure 6.1 illustrates the slice of IC1 ∩ IC2 in dark blue (resp. the slice of IMP in light
blue) at a reference lottery p = (0.25, 0.25, 0.5) provided to type 1. Observe that, as
pointed out by Corollary 3 the set IMP is a proper subset of IC1 and the conclusion of
Theorem 2 fails.

Remark 9. The extreme case of Example 2 with parameter α = 0 fails the assumption
requiring that the worst outcome ω satisfies v2(δω) > v2(δω) for each ω 6= ω. In such
case, type 2 is indifferent between all the deterministic allocations, and as a result type
2 can guarantee themselves no rent, i.e., IMP = IC1.
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6.4 Preferences over Acts

An alternative framework proposed in Anscombe and Aumann (1963) considers prefer-
ences over acts.36 There is a finite set of states S and a finite set of consequences X. We
denote by Ω the set of functions from S to X which we call acts. Each type θ ∈ Θ has
a complete, transitive, and continuous preference �θ over the set ∆Ω. We assume there
is some act ω ∈ Ω such that mixing any lottery preferred over δω with that act makes
the lottery less attractive.

To simplify notation we denote by ℓp,s ∈ ∆(X) the lottery over consequences induced
by lottery p ∈ ∆(Ω) in state s, i.e.,

ℓp,s(x) =
∑
ω∈Ω

p(ω)1{ω(s) = x}.

We say that a state s ∈ S is a “null state” for the preference ≿θ if for all lotteries
p, p′ ∈ ∆(Ω) that yield the same distribution over consequences ℓp,s′ = ℓp′,s′ in every
state s′ 6= s type θ is indifferent, i.e. p ∼θ p

′.37 We impose that each type’s preferences
are state independent, which requires that for all non-null states s, t and all lotteries
over consequences d, d′ ∈ ∆(X) we have

(ℓp,−s, d) �θ (ℓp,−s, d
′) ⇒ (ℓp,−t, d) �θ (ℓp,−t, d

′),

for every p ∈ ∆(Ω).38,39

Type θ has (state-independent) EU preferences if there exists a prior µ ∈ ∆(S) and
a utility function u : X → R such that their preferences are represented by the value
function

vθ(p) =
∑
s∈S

µ(s)
∑
x∈X

ℓp,s(x) u(x) .

As before we denote by EU/NQC the set of types which have expected utility/not uni-
formly quasi-concave preferences. We then have the following immediate generalization
of Theorem 1 and Theorem 2.

Proposition 3. Suppose all types have state independent preferences.
36We thank Yoram Halevy for suggesting this extension to us.
37See for example Savage (1954); Karni, Schmeidler, and Vind (1983).
38This is the standard state-independence condition in state-dependent expected utility models (see

Karni and Schmeidler, 2016).
39We note that ∆(Ω) can be identified with ∆(X)S by considering the lotteries ℓp,s in each state and

we will thus identify those spaces with each other.

29



(i) IMP = ∩θ∈ΘICθ if and only if all types have EU preferences.
(ii) IMP = ∩θ∈EUICθ if Θ ⊆ EU ∪ NQC.

(iii) IMP ⊆ ∩θ∈ΘBθ if all types have concave preferences.

7 Discussion
Our analysis highlights a fundamental tension in mechanism design in settings beyond
expected utility maximization. Standard results, such as the revelation principle rely
on the assumption of EU preferences. Our results suggest that without constraints on
preferences, the predictions of optimal mechanism design become extreme and poten-
tially unrealistic as they predict dynamic mechanisms of a complexity rarely observed
in practice. To obtain insights in non-EU environments, one could either exclude many
commonly studied preferences such as rank dependent utility or impose structural restric-
tions on the set of admissible mechanisms. We discuss three such potential restrictions
below:

An immediate natural restriction would be to exclude randomized mechanisms and
only allow the designer to choose a deterministic mechanism. This restriction has lit-
tle bite, as either the agent themself could randomize or one could use the inherent
randomness of other agents to obtain a randomization device even in non-randomized
mechanisms. Thus, even when restricting to non-randomized mechanisms full surplus
extraction will often be possible when dynamic mechanisms are allowed.

A more economically restrictive assumption is to focus only on static mechanisms a
restriction commonly used in the analysis of auctions, insurance, and securities. Limiting
attention to static mechanisms generally prevents full surplus extraction. However, a
major drawback of this approach is that it rules out dynamic mechanisms, such as
ascending or descending price auctions, which are used in practice and one might want
to study.

Another approach would be to compare existing mechanisms—such as different auc-
tion formats—under non-EU preferences and analyze which of them performs better.
This approach is appealing as it offers a clear connection to applications but has the
downside that it forgoes the design aspect of mechanism design, which is to identify
optimal mechanisms from a broad set.

Each of these approaches has downsides. In our view, an interesting question for
future research is whether there exist natural restrictions that do not rule out dynamic
mechanisms yet still lead to realistic mechanisms being optimal under a specific class of
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non-EU preferences.
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A Appendix: Quasi-Convex Preferences

A.1 Examples of Quasi-convex Preferences

Quasi-convexity is satisfied by a wide range of commonly studied preferences and we
will provide some examples below.

Rank-Dependence A prominent generalization of EU is rank-dependent utility (RDU)
as proposed in Quiggin (1991). For outcomes Ω that are (without loss) ordered according
to type θ’s preference, e.g. vθ(δ1) ≤ vθ(δ2) ≤ . . . ≤ vθ(δ|Ω|), type θ has rank dependent
preferences if there exists a function ϕ : [0, 1] → [0, 1] such that

vθ(p) = vθ(δ1) +

|Ω|∑
ω=2

ϕ

(∑
ω′≥ω

p(ω′)

)[
vθ(δω)− vθ(δω−1)

]
. (1)

Rank dependent preferences reduce to expected utility preferences in case ϕ(x) = x.
Whenever RDU preferences are risk-averse ϕ is convex and preferences are thus quasi-
convex.

Cumulative Prospect Theory Another special case of RDU preferences are cumu-
lative prospect theory preferences as defined in Tversky and Kahneman (1992). Again
risk-aversion of the agent implies convexity of the preference functional.

Dual Utility Dual utility proposed by Yaari (1987) corresponds to the special case of
rank dependent preferences given in (1) in which vθ(δω) = πω, where π1 ≤ π2 ≤ . . . ≤ π|Ω|

are the payoffs associated with each state. An agent with RDU preferences is risk averse
if and only if ϕ is convex and πω → vθ(δω) is concave.

Quadratic Utility Quadratic utility was proposed in Machina (1982) and further
analyzed in Chew et al. (1991). Again assume that (πω)ω are the payoffs associated
with each state. The agent has quadratic utility if there exists a symmetric function
ϕ : R → R such that

vθ(p) =
∑
ω,ω̃∈Ω

ϕ(πω, πω̃) p(ω) p(ω̃)

It is immediate that if ϕ is positive definite than the quadratic utility functional is
convex.

1



Reference Dependent Preferences Reference dependent preferences as defined by
Kőszegi and Rabin (2006) require that

vθ(p) =
∑
ω∈Ω

p(ω)

[
vθ(δω) +

∑
ω̃∈Ω

p(ω̃)ϕ
(
vθ(δω)− vθ(δω̃)

)]

where ϕ is strictly increasing, continuous, twice differentiable (except potentially at
0), ϕ(0) = 0, ϕ′(π) < ϕ′(−π) and ϕ′′(π) ≤ 0 ≤ ϕ′′(−π) for π > 0. The case where
ϕ(π) = 1π>0π+1π<0λπ was explicitly studied in Kőszegi and Rabin (2006). Masatlioglu
and Raymond (2016) establish that it corresponds to a special case of Yaari utility with
distortion function p 7→ αp2 + (1− α)p and is a strictly quasi-convex preference.40

B Appendix: The Geometric Approach
The geometric approach identifies the set of implementable allocations using the operator
Φ. Write

IMP∞ :=
⋃
T∈N

IMPT

for the set of allocations that are implementable in a finite number of steps. Recall that
IMP := closure (IMP∞).41

Proof of Lemma 1. We prove the first statement by induction on T . For the base
case T = 1, a one-shot mechanism is a randomization of menus of lotteries. As each
type obtains a favorite lottery from the menu, IMP1 = conv(Γ(Q0)) = Φ(Q0).

For the inductive step, fix T ≥ 2 and suppose IMPT−1 = ΦT−1(Q0). Any allocation
p∗ ∈ IMPT is implemented by a mechanism offering a menu of mechanisms with out-
comes in IMPT−1, allowing for randomization. Thus, IMPT = Φ(IMPT−1). Conversely,
any allocation in Φ(IMPT−1) can be implemented by randomizing over menus of mech-
anisms that implement allocations from IMPT−1. Hence, Φ(IMPT−1) = IMPT . By the
induction hypothesis, IMPT = Φ(IMPT−1) = Φ(ΦT−1(Q0)) = ΦT (Q0).

We show IMP∞ is a fixed point of Φ. Note, monotonicity of the operator ϕ implies
40More broadly, reference dependent preferences are quasi-convex if and only if the preference satisfies

“induced reference lottery bias” that is if the agent chooses p from the choice set D then he chooses p
from the choice set αp+(1−α)D where he gets with probability α the lottery p and with probability
(1− α) her choice (see Proposition 8 in Freeman (2013)).

41For the sake of exposition, the main results are established in terms of the closure of IMP∞, as in
some environments the set is not closed.
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IMPT = Φ(IMPT−1) ⊆ Φ(IMP∞) for each T ≥ 1. So IMP∞ ⊆ Φ(IMP∞). Conversely,
Φ(IMP∞) =

⋃
T∈N Φ(IMPT ) =

⋃
T∈N IMPT+1 ⊆ IMP∞. Thus, IMP∞ = Φ(IMP∞).

Finally, we show minimality of IMP∞. Let Q be a fixed point of Φ such that Q0 ⊆
Q. Monotonicity of Φ implies IMP1 = Φ(Q0) ⊆ Φ(Q) = Q. So, by using induction,
IMPT+1 = Φ(IMPT ) ⊆ Φ(Q) = Q for each T . Therefore, IMP∞ ⊆ Q.

B.1 The Auxiliary Environment

In some of the proofs, it will be convenient to define an auxiliary environment in which
each outcome corresponds to an allocation that is implementable by some mechanism.
So, in this auxiliary setting, types have preferences over lotteries of allocations, deter-
mined by their component lotteries.

Let {p1, . . . , pK} be a finite set of K allocations, in which each pk = (pkθ)θ∈Θ is an allo-
cation that is implementable by some mechanism Mk. The auxiliary environment gener-
ated by the allocations p1, . . . , pK induces an auxiliary outcome space Ω∗ := {p1, . . . , pK}
in which a realization of the allocation pk implies that each type θ receives lottery pkθ .
In this sense, compound lotteries over the auxiliary lottery space L∗ := ∆(Ω∗) induce
lotteries over L := ∆(Ω). More specifically, for each type θ, each compound lottery
µ ∈ L∗ induces a lottery

∑K
k=1 µ(k) p

k
θ ∈ L, in which µ(k) is the probability assigned to

allocation pk. The preferences ≿∗
θ of type θ over L∗ are defined using the reduction of

compound lotteries. That is,

µ �∗
θ ν ⇔

K∑
k=1

µ(k) pkθ �θ

K∑
k=1

ν(k) pkθ .

Moreover, since each allocation pk ∈ {p1, . . . , pK} is implementable by some mecha-
nism Mk, then each mechanism M∗ in the auxiliary environment and each equilibrium
thereof induces a composed mechanism in the original environment. Such mechanism
is defined by its sequential composition: depending on the behavior of the agent, the
mechanism M∗ selects an allocation pk which is implemented via the sub-mechanism
Mk. The resulting allocation for each type is the distribution over outcomes induced by
the sub-mechanism Mk that is selected by M∗.

Remark 10. Fix an auxiliary environment Ω∗ = {p1, . . . , pK}. The lottery mapping of
type θ, Fθ : L

∗ → L given by µ →
∑K

k=1 µ(k) p
k
θ is injective if and only if p1θ, . . . , pKθ are

linearly independent.
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Remark 11. If ω is the common worst punishment in the original environment, then
δ⃗ω := (δω, . . . , δω) ∈ Ω∗, is a worst common punishment in the auxiliary environment.

If the lotteries that θ receive under Ω∗ are not linearly independent, then there are
different lotteries in L∗ that represent the same lottery in the original environment. The
following lemma characterizes type preferences over L∗ in auxiliary environments when
the lotteries are linearly independent and when they satisfy a linear relation.

Lemma B.1. Fix an auxiliary environment Ω∗ = {δ⃗ω, p, q} with allocations p = (pθ)θ∈Θ

and q = (qθ)θ∈Θ.
(i) If type θ has NQC preferences over L and the lotteries {δω, pθ, qθ} are linearly

independent, then type θ has NQC preferences over L∗.
(ii) If pθ = λ δω+(1−λ) qθ with λ ∈ [0, 1], then θ has EU preferences over L∗ in which

µ ≿∗
θ ν if and only if µ(q) + (1− λ)µ(p) ≥ ν(q) + (1− λ) ν(p).

Proof. First we show (i). Write δ∗ω for the lottery in the auxiliary environment L∗

assigning probability one to the allocation δ⃗ω. Fix two distinct lotteries µ, ν ∈ L∗ such
that µ ∼∗

θ ν �∗
θ δ∗ω. Write pµ := µ(δω) δω + µ(p) pθ + µ(q) qθ for the lottery induced

by µ and write pν := ν(δω) δω + ν(p) pθ + ν(q) qθ for the lottery induced by ν. So,
pµ ∼θ pν �θ δω. Since {δω, pθ, qθ} are linearly independent and µ 6= ν, it follows that
pµ 6= pν . Since type θ has NQC preferences over L, there is some λ ∈ (0, 1) such that
pµ �θ λpµ + (1− λ)pν , or equivalently, µ �∗

θ λµ+ (1− λ)ν. Therefore, type θ has NQC
preferences over L∗.

Now we show (ii). Fix µ ∈ L∗. By reduction of compound lotteries, the lottery
induced for type θ on L equals

µ(δω) δω + µ(p) pθ + µ(q) qθ =
(
µ(δω) + λµ(p)

)
δω +

(
µ(q) + (1− λ)µ(p)

)
qθ

= (1− U(µ)) δω + U(µ) qθ.

where U(µ) := µ(q) + (1 − λ)µ(p). Since the assumption on the worst outcome ω, it
follows that µ ≿∗

θ ν if and only if U∗(µ) ≥ U∗(ν), as desired.
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C Appendix: Omitted Proofs

C.1 Proof for Theorem 1

Definition 9. A set Q ⊆ L2 satisfies strong independence if for all lotteries p, q, r ∈ L

and all α ∈ (0, 1), the following holds:
(p, q) ∈ Q if and only if

(
αp+ (1− α)r, αq + (1− α)r

)
∈ Q.

Lemma C.1. Assume |Θ| = 2. If ∩θICθ = IMP, then IMP satisfies strong independence.

Proof of Lemma C.1. Fix p, q, r ∈ L and α ∈ (0, 1) and write p = αp+ (1− α)r and
q = αq + (1− α)r. First assume that (p, q) ∈ IMP. Observe that IMP is convex, as any
convex combination of implementable allocations can be implemented by randomizing
over the respective mechanisms. Since (r, r) ∈ IMP, it follows that (p, q) ∈ IMP.

Observe, the set IMP = IC1 ∩ IC2 defines a preference relation ≿∗ over the set of
lotteries L so that

p ≿∗ q if and only if (p, q) ∈ IC1 ∩ IC2.

Notice, since the preference relation of each type is transitive, the preference ≿∗ is
transitive as well. Moreover, since IMP = IC1 ∩ IC2 is convex and closed, the preference
relation ≿∗ satisfies the independence axiom and the continuity axiom. Hence, Lemma 1
in Dubra, Maccheroni, and Ok (2004) implies that IC1∩IC2 satisfies strong independence.

Lemma C.2. Fix a set Q ⊆ L2 and a set Q′ ⊆ L2.
(i) If Q and Q′ each satisfies strong independence, then Q∩Q′ and Q∪Q′ each satisfies

strong independence.
(ii) If Q satisfies strong independence, then the complement L2\Q satisfies strong

independence.
(iii) If Q satisfies strong independence, then the transpose {(p, q) : (q, p) ∈ Q} satisfies

strong independence.
(iv) If Q satisfies strong independence, then the interior of Q satisfies strong indepen-

dence.

Proof of Lemma C.2. First we show (i). Let Q1, Q2 ⊆ L2 be sets that satisfy strong
independence. Fix lotteries p, q, r ∈ L and α ∈ (0, 1). Let p := αp + (1 − α)r and
q := αq+(1−α)r. If (p, q) ∈ Q1∩Q2, then (p, q) ∈ Q1 and (p, q) ∈ Q2. Since Q1 satisfies
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strong independence, (p, q) ∈ Q1. Similarly, since Q2 satisfies strong independence,
(p, q) ∈ Q2. This implies (p, q) ∈ Q1∩Q2. Conversely, if (p, q) ∈ Q1∩Q2, then (p, q) ∈ Q1

and (p, q) ∈ Q2. Since Q1 satisfies strong independence, (p, q) ∈ Q1. Similarly, since Q2

satisfies strong independence, (p, q) ∈ Q2. This implies (p, q) ∈ Q1 ∩Q2. Thus, Q1 ∩Q2

satisfies strong independence.
Now we show (ii). Let Q ⊆ L2 be a set with strong independence. Fix lotteries

p, q, r ∈ L and α ∈ (0, 1). Let p := αp+(1−α)r and q := αq+(1−α)r. If (p, q) ∈ L2\Q,
then (p, q) /∈ Q. Since Q satisfies strong independence, it follows that (p, q) /∈ Q, which
implies (p, q) ∈ L2\Q. Conversely, if (p, q) ∈ L2\Q, then (p, q) /∈ Q. Since Q satisfies
strong independence, it follows that (p, q) /∈ Q, which implies (p, q) ∈ L2\Q. Thus,
L2\Q satisfies strong independence.

We now show (iii). Let Q̃ = {(p, q) : (q, p) ∈ Q} for the transpose of Q. Fix
lotteries p, q, r ∈ L and α ∈ (0, 1]. Let p = αp + (1 − α)r and q = αq + (1 − α)r.
If (p, q) ∈ Q̃, then (q, p) ∈ Q. Since Q satisfies strong independence, (q, p) ∈ Q,
which implies (p, q) ∈ Q̃. Conversely, if (p, q) ∈ Q̃, then (q, p) ∈ Q. Since Q satisfies
strong independence, (q, p) ∈ Q, which implies (p, q) ∈ Q̃. Therefore, Q̃ satisfies strong
independence.

Lastly, we show (iv). Write int(Q) for the interior of Q. Fix lotteries p, q, r ∈ L and
α ∈ (0, 1). Write p := αp+(1−α)r and q := αq+(1−α)r. For ϵ > 0, write Bϵ(p, q) for
the ϵ-ball around (p, q) in L2. First, assume (p, q) ∈ int(Q). Then there exists ϵ > 0 such
that Bϵ(p, q) ⊆ Q. Since Q satisfies strong independence, we have Bαϵ(p, q) ⊆ Q. Thus,
(p, q) ∈ int(Q). Conversely, assume (p, q) ∈ int(Q). Then, there exists ϵ > 0 such that
Bαϵ(p, q) ⊆ Q. Since Q satisfies strong independence, we have Bϵ(p, q) ⊆ Q. Therefore,
(p, q) ∈ int(Q).

6



IC1 ∩ IC2

ICc
1 ∩ ICc

2

ICc
1 ∩ IC2 IC1 ∩ ICc

2

Figure C.1. Illustration of the proof of Lemma C.3. Geometrically, if IMP = IC1 ∩ IC2

satisfies strong independence, then it has a conic structure. As a result, ICc
1∩ ICc

2 also satisfies
strong independence. Moreover, since IC1 and IC2 are closed, it follows that IC1 ∩ ICc

2 and
ICc

1 ∩ IC2 must also satisfy strong independence.

Lemma C.3. Assume |Θ| = 2. If IC1 ∩ IC2 satisfies strong independence then IC1 and
IC2 each satisfies strong independence.

Proof of Lemma C.3. Write ICc
θ := L2 \ ICθ for the complement of ICθ. By Lemma

C.1, IMP = IC1 ∩ IC2 satisfies strong independence. Hence, to show that both IC1 and
IC2 satisfy strong independence, it suffices to show that both IC1 ∩ ICc

2 and ICc
1 ∩ IC2

also satisfy strong independence. (See Lemma C.2 (i).)
To show this, note that the interior of IC1 ∩ IC2 satisfies strong independence. (See

Lemma C.2 (iv)). Furthermore, (p, q) is in the interior of IC1 ∩ IC2 if and only if p �1 q

and q �2 p, which is equivalent to (q, p) ∈ ICc
1∩ ICc

2. Thus, ICc
1∩ ICc

2 also satisfies strong
independence. (See Lemma C.2 (iii)). As a result, Q := (IC1∩ ICc

2)∪ (ICc
1∩ IC2)—which

is the complement of (IC1 ∩ IC2) ∪ (ICc
1 ∩ ICc

2)— satisfies strong independence. (See
Lemma C.2 (ii).)

Assume, by way of contradiction, that IC1∩ICc
2 does not satisfy strong independence.

Then—without loss of generality—there exist lotteries p, q, r ∈ L and some α ∈ (0, 1)

such that (p, q) ∈ IC1 ∩ ICc
2 but (p, q) /∈ IC1 ∩ ICc

2, where p := αp + (1 − α)r and
q := αq+(1−α)r. Notice, since Q satisfies strong independence, it follows that (p, q) ∈ Q.
Thus, (p, q) ∈ ICc

1 ∩ IC2. For each β ∈ (0, 1), define

p(β) := βp+ (1− β)r and q(β) := βq + (1− β)r.

and define
α∗ := sup

{
α ∈ [0, 1] : (p(α), q(α)) ∈ IC2 ∩ ICc

1

}
.

Because preferences are continuous, the sets IC1 and IC2 are closed, and thus α∗ ∈ (0, 1).
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Moreover, by construction, (p(α∗), q(α∗)) can be arbitrarily approximated by points
in IC2 ∩ ICc

1 (for values of α ≤ α∗ approaching α∗) and by points in ICc
2 ∩ IC1 (for

values of α > α∗ approaching α∗). Since IC1 and IC2 are closed sets, it follows that
(p(α∗), q(α∗)) ∈ IC1 ∩ IC2, leading to a contradiction. As a result, IC1 ∩ ICc

2 satisfies
strong independence, as desired.

Lemma C.4. Assume |Θ| = 2. The following statements are equivalent:
(i) The set of implementable allocations satisfy IMP = ∩θICθ.

(ii) The set ∩θICθ satisfies strong independence.
(iii) Each set ICθ satisfies strong independence.
(iv) The preferences of each type θ satisfy independence.
(v) Each type θ has EU preferences.

Proof. The part (i) ⇒ (ii) follows from Lemma C.1. Part (ii) ⇒ (iii) follows from
Lemma C.3. Part (iii) ⇒ (iv) follows directly from the definition of strong independence.
Fix p, q, r ∈ L and α ∈ [0, 1]. If ICθ satisfies strong independence, then (p, q) ∈ ICθ if
and only if (αp+(1−α)r, αq+(1−α)r) ∈ ICθ if and only if p �θ q ⇔ αp+(1−α)r �θ

αq + (1 − α)r, which is the independence axiom for �θ. Part (iv) ⇒ (v) follows from
the Von Neumann-Morgenstern theorem. Finally, part (v) ⇒ (i) follows from Myerson’s
revelation principle.

Proof of Theorem 1. Lemma C.4 establishes the result for the case |Θ| = 2. It suffices
to show the result for |Θ| > 2. We show the result by contradiction. Assume without
loss that type 1 has non-expected utility preferences. Then, Lemma C.4 implies that
there exists a mechanism M for types 1 and 2 that implements an outcome (p̃1, p̃2) ∈
{(p2, p2), (p2, p1)}, even though p1 �1 p2 and p2 �2 p1. Fix this mechanism M. For
i ∈ {3, . . . , |Θ|}, let pi be defined as

pi =

p1 if p1 �i p2

p2 else
.

Furthermore, let p̃i be the outcome for type i (for i ∈ {3, . . . , |Θ|}) in some subgame
perfect equilibrium of M (now understood as a mechanism involving all types, where
(p̃1, p̃2) are determined as above). Let p̃ be the overall outcome profile (p̃1, . . . , p̃|Θ|).
Notice that while the profile p̃ is implemented by M, it cannot be implemented in any
direct mechanism, since p1 �1 p2 (and type 1 receives p̃1 = p2 in p̃). Therefore, the
revelation principle does not hold.
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C.2 Proof for Theorem 2 for Two Types

Proof of Lemma 2. Suppose type θ has EU preferences. Fix an allocation (pθ)θ∈Θ ∈
IMP that is implemented by some mechanism in a subgame-perfect equilibrium. Since
type θ has EU preferences, decisions the equilibrium must be dynamically consistent for
type θ. So, if pθ ≺θ pθ′ for some θ′ 6= θ, then type θ can profitably deviate by mimicking
the equilibrium strategy of type θ′. Thus, it must be that pθ ≿θ pθ′ for all θ′. Therefore,
(pθ)θ∈Θ ∈ ICθ and IMP ⊆ ICθ.

Proof of Lemma 3. Fix distinct lotteries, p, q such that q ≿2 p, and p ∼1 q. We
will show that there is some sequence of lotteries (pt)t∈N converging to δω such that
(pt, q) ∈ IMP∞ for each t.

If q ∼1 δω, then (δω, q) ∈ IC1 ∩ IC2 which implies (δω, q) ∈ IMP∞. Consider the case
in which p ∼1 q �1 δω. The proof is divided into two steps.

Step 1: Construction of lotteries. We construct two sequences of lotteries recur-
sively. Set p0 = p and q0 = q. Assume that ps and qs are defined. By continuity of
preferences, there is some λs ∈ [0, 1] such that

λ ps + (1− λ) qs ≿1 λs ps + (1− λs) qs for each λ ∈ [0, 1].

Write ps := λs ps + (1− λs) qs for each s ∈ N. Given ps, write ps+1 as the unique lottery
such that ps+1 ∼1 ps and ps+1 = αs+1 q0 + (1−αs+1) δω for some αs+1 ∈ [0, 1]. Similarly,
write qs+1 as the unique lottery such that qs+1 ∼1 ps and qs+1 = βs+1 p0 + (1− βs+1) δω

for some βs+1 ∈ [0, 1]. So, ps+1 ∼1 qs+1 ∼1 ps for each s ∈ N. Since p0 ∼1 q0 and p0 6= q0,
the lottery q0 is not a convex combination of δω and p0. Thus, for each s ∈ N, ps 6= qs.
Moreover, since type 1’s preferences are NQC, we have

qs+1 ∼1 ps+1 ∼1 ps ≺1 ps ∼1 qs.

Since all lotteries p1, p2, . . . are linear combinations of δω and q0, it follows that ps+1 ≺2 ps

and qs+1 ≺2 qs for each s ∈ N. Moreover, {αs}s∈N and {βs}s∈N are decreasing and
bounded below by 0, so their limits exist. Write p∗ := limT→∞(αT q0 + (1− αT )δω) and
q∗ := limT→∞(βTp0 + (1− βT )δω). Notice, by construction,

ptλ+ qt(1− λ) ≿1 pt+1 for each λ ∈ [0, 1] and each t ∈ N.

So, by continuity, p∗λ+q∗(1−λ) ≿1 p
∗ for each λ ∈ [0, 1]. This implies that, p∗ = q∗ = δω,
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as otherwise type 1 would not have NQC preferences.

Step 2: Implementation. Consider a T -stage mechanism MT described as follows.
Period t < T starts by generating a number rt ∈ [0, 1]. After observing rt the agent then
selects an action: to end the game or continue. If the agent chooses to end the game
and rt ≤ λT−t, the agent gets the lottery pT−t; if the agent chooses to end the game and
rt > λT−t, the agent gets the lottery qT−t; if the agent continues, the next period t + 1

begins. In the final period T , a random number rT ∈ [0, 1] is drawn. Irrespectively of
the realization of rT , the agent freely selects between lotteries p0 and q0.

It suffices to show that for each T ∈ N, the mechanism MT implements (pT , q0). First
we establish that it is optimal for type 1 to end the game in each period t < T , taking
pT−t when rt ≤ λT−t and taking qT−t when rt > λT−t. By the single period deviation
principle, it suffices to check if the agent has an incentive to deviate in a single period.
If the agent continues in a period t < T , he gets lottery pT−t−1 as they will end the
game in the next period. By construction, type 1 is indifferent between pT−t−1, pT−t,
and qT−t. So, it is optimal for type 1 to end the game in each period. Finally, as type
1 is indifferent between p0 and q0, accepting p0 when rT ≥ λ0 and accepting q0 when
rT > λ0 is optimal for type 1 in the last period. We now show that it is optimal for type
2 to continue the game at each t < T and to select lottery q0 on the last period. To see
this is optimal, note that ps+1 ≾2 ps and qs+1 ≾2 qs for each s. Hence, at any point in
time t type 2 prefers to continue to obtain q0 over the lottery obtained by ending the
game. Since q ≿2 p (i.e., q0 ≿2 p0), in the last period type 2 selects q0 over p0.

Proof of Lemma 4. Assume that type θ = 1 has NQC preferences. We show that
IC2 ⊆ IMP. We divide the proof into two steps. Write

Z :=
{
q ∈ L : ∃ p ∈ L s.t. q 6= p, q ≿2 p, q ∼1 p

}
.

The first step shows that conv(Z) contains all full-support lotteries. The second uses
step 1 and Lemma 3 to show the result.

Step 1: conv(Z) contains all full-support lotteries. Let q be a full-support lottery
such that q /∈ Z and write I1 := {p ∈ L : p ∼1 q} for the indifference curve of type 1
through q. We show that if p ∈ I1 and q 6= p, then p ∈ B. Since q 6= p and q ∼1 p, it
follows that p �2 q, as otherwise q ∈ Z. Consequently, p ∈ Z. Therefore, all but at most
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one point in each indifference curve I1 belongs to Z. Since preferences satisfy continuity,
it follows that Z is dense in L and thus conv(Z) contains all full-support lotteries.

Step 2: IC2 ⊆ IMP. By Lemma 3, if q ∈ B2, then there is some sequence of lotteries
(pt)t∈N converging to δω such that (pt, q) ∈ IMP∞ for each t. Since conv(Z) contains
all full-support lotteries and IMP∞ is a convex and closed set, it follows that for each
full-support lottery q, there is some sequence of lotteries (pt)t∈N converging to δω such
that (pt, q) ∈ IMP∞ for each t.

Fix full support lotteries p1, and p2 such that (p1, p2) ∈ IC2. Hence, there is some
sequence of lotteries (pt)t∈N converging to δω such that (pt, p2) ∈ IMP∞ for each t. In
particular, there is some k ∈ N such that p1 �1 pk and p2 ≿2 p1. Since (p1, p1) ∈ IMP∞,
the screening property implies that (p1, p2) ∈ IMP∞. Since IMP is the closure of IMP+

it follows that IC2 ⊂ IMP.

Lemma C.5. Assume |Θ| = 2. If both types have NQC preferences, then IMP = L2.

Proof. Fix an allocation (p1, p2) each with full support. By Lemma 4, there exist
sequences of lotteries (pt)t∈N and (qt)t∈N converging to δω such that (pt, p2) ∈ IMP∞

and (p1, qt) ∈ IMP∞ for each t ∈ N. Since p1 �1 δω and p2 �2 δω, there exists T ∈ N
such that p1 �1 pT and p2 �2 qT . Since (pT , p2) ∈ IMP∞ and (p1, qT ) ∈ IMP∞ with
p1 �1 pT and p2 �2 qT , the screening property implies that (p1, p2) ∈ IMP∞. Therefore,
IMP∞ = L2.

C.3 Proof for Theorem 2 for N types

Lemma C.6. If (pθ)θ∈Θ ∈ IMP for each allocation in which some type θ̂ satisfies
pθ̂(ω) = 0, then IMP = L|Θ|.

Proof. Fix an allocation (pθ)θ∈Θ where each pθ has full support. Since IMP is closed, it
suffices show that (pθ)θ∈Θ ∈ IMP. Let λ = 1−maxθ∈Θ pθ(ω). Since pθ has full support
for each θ, we have λ ∈ (0, 1). Write (p′θ)θ∈Θ for the unique allocation that satisfies
pθ = λp′θ + (1− λ)δω for each θ ∈ Θ. So,

p′θ(ω) =
1
λ

(
pθ(ω)− (1− λ)

)
= 1

λ

(
pθ(ω)−max

θ′∈Θ
pθ′(ω)

)
≥ 0.

By construction, p′θ(ω) = 0 for at least one θ ∈ Θ. Hence, by assumption (p′θ)θ∈Θ ∈ IMP.
Since (δω, . . . , δω) ∈ IMP and IMP is convex, it follows that (pθ)θ∈Θ ∈ IMP.
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Lemma C.7. If all types have NQC preferences, then IMP = L|Θ|.

Proof. We proceed by induction on the number of types |Θ|. The base case |Θ| = 2

follows from Lemma C.5. Assume that the statement holds for the case |Θ| = k. We
show that it holds for the case |Θ| = k + 1. By Lemma C.6, it suffices to show that
(pθ)θ∈Θ ∈ IMP for each allocation in which some type θ̂ ∈ Θ satisfies pθ̂(ω) = 0.

We show this for the case θ̂ = 1. (The other cases follow an analogous argument.) Fix
an allocation p = (pθ)θ∈Θ in which p1(ω) = 0. By the induction hypothesis, the allocation
(p1, p3, . . . , pk+1) is implementable in a setting with type set Θ\{2}. So, by extending this
mechanism to all types, there is some lottery q2 such that (p1, q2, p3, . . . , pk+1) ∈ IMP.

Fix ϵ > 0. Let p′2 be a full-support lottery at most ϵ distance from p2 such that
the set {δω, p′2, q2} is linearly independent. By the induction hypothesis, the alloca-
tion (p′2, p3, . . . , pk+1) is implementable in a setting with type set Θ \ {1}. So, by
extending the auxiliary environment to all types, there is some lottery q1 such that
(q1, p

′
2, p3, . . . , pk+1) ∈ IMP.

Consider an auxiliary environment with outcome set

Ω∗ :=
{
(δω, δω, . . .), (p1, q2, p3, . . . ), (q1, p

′
2, p3, . . . )

}
.

In this environment, each type θ ∈ {3, . . . , k + 1} obtains lottery pθ under the last
two allocations. Hence, they have monotone linear preferences and are indifferent be-
tween these two outcomes. Since {δω, p′2, q2} is linearly independent, type 2 has NQC
preferences over the outcomes. (See Lemma B.1.) We divide the analysis into two cases:

(i) If {p1, q1, δω} is linearly independent, type 1 has NQC preferences over the out-
comes in Ω∗ (see Lemma B.1). Since type 2 also has NQC preferences, Lemma C.5
implies that the allocation (p1, p

′
2) is implementable in the auxiliary environment.

Moreover, since all the other types have monotone linear preferences, it follows
that (p1, p

′
2, p3, . . . , pk+1) ∈ IMP.

(ii) If {p1, q1, δω} is linearly dependent, type 1 has linear preferences over Ω∗. (See
Lemma B.1.) Moreover, as p1(ω) = 0, it follows that q1 is a convex combination
of δω and p1. Hence p1 ≿1 q1. Since type 2 has NQC preferences, it follows that
(p1, p

′
2) is implementable in the auxiliary environment. (See Lemma 4). More-

over, since all the other types have monotone linear preferences, it follows that
(p1, p

′
2, p3, . . . , pk+1) ∈ IMP.
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Since ϵ > 0 is arbitrary and IMP is closed, we conclude that (p1, p2, . . . , pk+1) ∈ IMP,
as desired.

Lemma C.8. Assume Θ = NQC ∪ EU and fix θ̂ ∈ NQC. If p, q are lotteries such that
p ≿θ q for each θ ∈ EU, then (p′θ)θ∈Θ ∈ IMP, where

p′θ :=


p if θ ∈ EU

q if θ = θ̂,

δω if θ ∈ NQC, with θ 6= θ̂.

Proof. First, assume that {δω, p, q} are linearly independent. Consider the auxiliary
environment Ω∗ =

{
(δω, . . . , δω), (p, . . . , p), (q, . . . , q)

}
. Since {δω, p, q} are linearly inde-

pendent, Lemma B.1 implies that each type θ ∈ NQC has NQC preferences over L∗.
Moreover, since p ≿θ q for each θ ∈ EU, each type θ ∈ EU has linear preferences over
L∗ with p being the best outcome. So, by applying Lemma C.7 to the auxiliary envi-
ronment, there is some allocation p′θ∈Θ ∈ IMP such that p′

θ̂
= q, pθ = δω for each type

θ ∈ NQC\{θ̂}, and p′θ = p for each θ ∈ EU.
Now, consider the case in which the set {δω, p, q} is not linearly independent. We can

approximate p and q using sequences of lotteries (pk) and (qk) such that {δω, pk, qk} is
linearly independent for each k. Since IMP is closed, the limit (p′θ)θ∈Θ must also belong
to IMP.

Proof of Theorem 2. Observe, the case in which all types have NQC preferences fol-
lows directly from Lemma C.7. So consider the case |EU| ≥ 1. We will show that⋂

θ∈EU

ICθ ⊂ IMP.

Fix an allocation p = (pθ)θ∈Θ ∈ ∩θ∈EUICθ such that each pθ has full support. Note,
there is some full-support lottery r such that pθ � r for each θ ∈ Θ. For each type
e ∈ EU and each type n ∈ NQC, let pe,n = (pe,nθ )θ∈Θ denote the allocation in which

pe,nθ :=


pe if θ ∈ EU

pn if θ = n,

r if θ ∈ NQC, θ 6= n,
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As all lotteries have full support, there is a mechanism M e,n implementing pe,n. Let
M∗ be a compound mechanism in which the agent is able to choose among the menu
{M e,n : e ∈ EU, n ∈ NQC}. Since p ∈ ∩e∈EUICe, each type e ∈ EU selects Mn,e for
some n ∈ NQC. Moreover, since pθ � r for each θ′ ∈ Θ, each type n ∈ NQC selects
Mn,e for some e ∈ EU. Therefore, M∗ implements p, as desired.

C.4 Proof of Theorem 3
Geometric approach for full implementation The geometric approach can be
adapted to consider only the allocations that are fully implementable. For notational
simplicity, consider the two type case. Full implementation requires that at each stage
of the mechanism, each agent’s optimal choice is unique; along its path, each type must
have a strict preference at every decision. Let Q the set of subsets of L2, and define
the operator ΦF : Q → Q, by using the (strict) screening property and convexity due
randomization devices:

ΦF (Q) := conv
{
(p1, p2) ∈ L2 : ∃ q1, q2 ∈ L s.t. (p1, q2), (q1, p2) ∈ Q, with p1 �1 q1 and p2 �2 q2

}
.

Taking the base set Q0 = {(p, p) : p ∈ L}, taking IMP1
F = Φ(Q0), and iterating

via IMPT+1
F := ΦF (IMPT

F ), identifies all fully implementable allocations under T -step
mechanisms. So the closure of all fully-implementable allocations is

IMPF := closure

(⋃
T∈N

IMPT
F

)
.

Lemma C.9. Assume |Θ| = 2. If (p, r) ∈ IMPF and p �1 q �2 r then (p, q) ∈ IMPF .

Proof. Since (p, r) ∈ IMPF , there exists a sequence (pk, rk)k∈N converging to (p, r)

such that each (pk, rk) is fully implementable by some mechanism Mk. By definition
(q, q) ∈ IMPF . Since p �1 q �2 r and preferences are continuous, there exists K ∈ N
such that for all k ≥ K, we have pk �1 q and q �2 rk.

Fix k ≥ K. Since (pk, rk) and (q, q) are both fully implementable, and pk �1 q

and q �2 rk, the (strict) screening property implies that (pk, q) is fully implementable.
Taking the limit as k → ∞, we obtain (pk, q) → (p, q). Since IMPF is closed, it follows
that (p, q) ∈ IMPF .

Lemma C.10. Assume that Θ = {1, 2} and preferences are strongly different. If type 2
has NQC preferences, then IC1 ⊆ IMPF .
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Proof. Fix a full-support lottery p. Since preferences are strongly different, there is
some full support lottery q such that p �1 q and q �2 p. Write

IMP2
F [p] := {q′ : (p, q′) ∈ IMPF}

for the slice of IMPF at p. By assumption, both (p, p) ∈ IMPF and (p, q) ∈ IMPF , so
p, q ∈ IMP2

F [ p ]. Let v2 : L → R denote a utility function representing the preferences
of type 2. Define

u∗
2 := min{v2(q′) : q′ ∈ IMP2

F [p]},

α∗ := min
{
α ∈ [0, 1] : αp+ (1− α)δω ∈ IMP2

F [p]
}
, and

β∗ := min
{
β ∈ [0, 1] : βq + (1− β)δω ∈ IMP2

F [p]
}
,

and let r∗ ∈ IMP2
F [p] be such that u∗

2 = v2(r
∗). These minima are well-defined because 1

is contained in each of these sets, and the sets are closed due to the closedness of IMPF .
Finally define p∗ := α∗p+ (1− α∗)δω and q∗ := β∗q + (1− β∗)δω.

We first show that u∗
2 = v2(p

∗). Suppose, for the sake of contradiction, that u∗
2 <

v2(p
∗). Take any α ∈ (0, α∗) such that p �1 αp + (q − α) �2 r. Then, by Lemma C.9,

we have (p, αp + (q − α)) ∈ IMPF . This contradicts the minimality of α∗. Therefore,
u∗
2 = v2(p

∗).
Next, we show that α∗ = β∗ = 0. Suppose, towards a contradiction, that α∗ > 0 (the

case β∗ > 0 is analogous). Since α∗ > 0, p∗ 6= δω. Moreover, since u∗
2 = v2(p

∗) = v2(q
∗),

and p∗ achieves the minimal utility within IMP2
F [p], and since p ∈ IMP2

F [p] is a full-
support lottery, it follows that p∗ �2 δω and q∗ �2 δω.

Because p∗ ∼2 q
∗ �2 δω, and type 2 has NQC preferences, there exists some λ ∈ (0, 1)

such that λp∗ + (1 − λ)q∗ ≺2 p∗. By convexity of IMP2
F [p] and since both p∗ and q∗

reside in IMP2
F [p], it follows that λp∗ + (1− λ)q∗ ∈ IMP2

F [p]. As we have found another
element in IMP2

F [p] with a lower utility for type 2, this contradicts the minimality of
u∗
2 = v2(p

∗). Thus, it must be that α∗ = 0. Therefore, δω ∈ IMP2
F [p].

We have thus shown that (p, δω) ∈ IMPF for each full-support lottery p. Now, fix
any (p, q) ∈ IC1 such that p �1 q �2 δω. By Lemma C.9, this implies that (p, q) ∈ IMPF .
Since IMPF is closed, obtain that IC1 ⊆ IMPF .

Proof of Theorem 3.
Case 1: type 1 has EU preferences, type 2 has NQC preferences. Since type 2 has
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NQC preferences, Lemma C.10 implies IC1 ⊆ IMPF . Since type 1 has EU preferences,
IMPF ⊆ IC1. Thus, IMPF = IC1.

Case 2: both types have NQC preferences. Lemma C.10 implies IC1 ⊆ IMPF as both
types have NQC preferences. Symmetry ensures that IC2 ⊆ IMPF . Fix (p, q) with
p �1 δω and q �2 δω. Since IMPF is closed, it suffices to show that (p, q) ∈ IMPF .
Observe that (p, δω) and (δω, q) are in IMPF . As IMPF is the closure of finite-step
implementable allocations, there exist sequences (pk, q

′
k) and (p′k, qk) in IMPk

F that con-
verge to (p, δω) and (δω, q). Let Mk and M ′

k be mechanisms that implement (pk, q′k) and
(p′k, qk), respectively.

By continuity of preferences, there exists K such that for all k > K, pk �1 p′k and
qk �2 q

′
k. The screening property between Mk and M ′

k guarantees that some mechanism
M∗

k implements (pk, qk). Taking the limit as k → ∞ shows that (p, q) ∈ IMPF .

C.5 Proofs of Section 6.3 (Concave Preferences)

Lemma C.11. Cautious utility and max-min preferences have a concave representation.

Proof. Max-min preferences have a concave representation as min(π,u)∈U
∑

ω∈Ω p(ω) π(ω)

is concave as the minimum over linear functions.
To see that cautious utility preferences have a concave representation, define the

mapping f by

f(t) =

∫ t

0

exp

(∫ r

0

max
(π,u)∈U

−u′′(s)

u′(s)
ds

)
dr .

It is easy to verify that h satisfies

−f ′′(s)

f ′(s)
= max

(π,u)∈U
−u′′(s)

u′(s)

in which f ◦ u−1 is concave for all (π, u) ∈ U . As the expectation is linear in p, the
monotonicity of f implies that

f

(
min

(π,u)∈U
u−1

(∑
ω∈Ω

p(ω) u(π(ω))

))
= min

(π,u)∈U
f ◦ u−1

(∑
ω∈Ω

p(ω) u(π(ω))

)

is the minimum over concave functions and thus itself concave.

Proof of Proposition 2. Without loss, we show the result for type 1. Note, since
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v1(·) ≥ b1(·), it follows that

Q0 := {p ∈ L|Θ| : pθ = pθ′ for all θ, θ′ ∈ Θ} ⊆ B1.

Recall that IMP is the smallest fixed point containing Q0 and the operator Φ is monotone.
Hence, to show the result, it suffices to show that Φ(B1) ⊆ B1. If so, then Q0 ⊆ B1 and
Φ(B1) ⊆ B1 which imply that

IMP∞ =
⋃
T

IMPT =
⋃
T

ΦT (Q0) ⊆ ΦT (B1) ⊆ B1.

We show that B1 is convex. Fix p, p′ ∈ B1, and λ ∈ (0, 1). Note that for each θ ∈ Θ,

v1(λp1 + (1− λ)p′1) ≥ λv1(p1) + (1− λ)v1(p
′
1)

≥ λb1(pθ) + (1− λ)b1(p
′
θ)

= b1(λpθ + (1− λ)p′θ)

This implies that λp+ (1− λ)p′ ∈ B1. So, B1 is convex.
We now show that Γ(B1) ⊆ B1. Fix, p∗ ∈ Γ(B1). So, for each θ ∈ Θ, there is some

pθ ∈ B1, so that pθθ ≿θ p
θ′

θ and pθθ = p∗θ for all θ, θ′ ∈ Θ. Note that

v1(p
∗
1) = v1(p

1
1) ≥ v1(p

θ
1) ≥ b1(p

θ
θ) = b1(p

∗
θ).

Hence, p∗ ∈ B1. Thus, Γ(B1) ⊆ B1. Finally, Φ(B1) = conv(Γ(B1)) ⊆ conv(B1) = B1, as
desired.

The next result requires introducing some notation. Recall that vθ : L → R is the
value function of type θ. Denote by ϕθ : R → L the binary lottery which puts probability
only on the worst outcome ω and the most preferred outcome ω⋆

θ of type θ and yields
value ṽθ to the type, i.e.

ϕθ(ṽθ) = αθ(ṽθ)δω⋆
θ
+ (1− αθ(ṽθ))δω

vθ(ϕθ(ṽθ)) = ṽθ .

for some mapping αθ : L → [0, 1]. Continuity and monotonicity with respect to miximng
with the worst outcome ω imply that ϕθ, αθ exists and are well defined.

Lemma C.12. Assume that |Θ| = 2.
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(i) Assume v2 is concave, v1(ϕ2(δω)) ≤ v1(δω) for all ω ∈ Ω, and v2 is linear on
conv{ω∗

2, ω}. Then IC1 ∩ B2 ⊆ IMP.

(ii) If in addition v1 has EU preferences, then B1 ∩ B2 = IMP.

Proof. Fix an allocation (p1, p2) ∈ IC1∩B2. The assumptions on the preferences imply
that (ϕ2(δω), δω) ∈ IC1 ∩ IC2 for all ω ∈ Ω. So, by offering (ϕ2(δω), δω) with probability
p1(ω) for each ω, and letting p̂2 =

∑
ω p1(ω)ϕ2(δω), we obtain (p1, p̂2) ∈ conv(IC1∩ IC2).

As v2 is linear on conv{ω∗
2, ω} we have

v2(p̂2) = v2

(∑
ω

p1(ω)ϕ2(δω)

)
=
∑
ω

p1(ω)v2 (ϕ2(δω)) = b2(p1) ≤ v2(p2) .

So, by offering the choice between (p1, p̂2) and (p2, p2), we can implement (p1, p2) since
v2(p2) ≥ v2(p̂2) and v1(p1) ≥ v1(p2). Therefore, IC1 ∩ B2 ⊆ IMP.

Now assume that v1 is also linear. This implies that b1 = v1 and B1 = IC1. Therefore,

B1 ∩B2 = IC1 ∩ B2 ⊆ IMP ⊆ B1 ∩B2,

where the first inclusion follows from part (i) and the second inclusion was established
in Proposition 2.

Lemma C.13. Consider the preferences of Example 2. It follows that

IMP = conv(IC1 ∩ IC2) = B2 ∩ B1 = B2 ∩ IC1.

Proof. Note that Example 2 satisfy the conditions of Lemma C.12. Therefore, the set
of implementable allocations satisfy IMP = B2 ∩ B1 = B2 ∩ IC1.

It suffices to show that conv(IC1 ∩ IC2) = B2 ∩B1. Write r = ( 1
2α+1

, α
2α+1

, α
2α+1

) and
note that v2(r) = v2(δ2) = v2(δ3) = α. Thus,

E := {(δ1, δ1), (δ2, δ2), (δ2, δ3), (δ2, r), (δ3, δ3), (δ3, δ2), (δ3, r)} ⊂ IC1 ∩ IC2.

Moreover, one can verify that E is the set of extreme points of B2 ∩ B1. So, B2 ∩ B1 =

conv(E), which implies that B1 ∩ B2 = conv(IC1 ∩ IC2), as desired.
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C.6 Proofs for the Multi-Agent Case

Deterministically implementable allocations For each mechanism M and an
equilibrium σ thereof, let Pσ[ · | θ] denote the probability distribution of histories in
M when the agent has type θ. An allocation (pθ)θ∈Θ is deterministically implementable
for type θ′ if there exist a mechanism M and an equilibrium σ thereof that implements
(pθ)θ∈Θ and satisfies Pσ[m(hT ) = pθ′ | θ′] = 1.42 Write DIθ ⊆ IMP∞ for the set of allo-
cations that are deterministically implementable for type θ and write DI := ∩θ∈ΘDIθ.

Proposition 4. Assume all types have NQC preferences. If pθ has full support for each
θ ∈ Θ, then (pθ)θ∈Θ ∈ DI.

Proof. We proceed by induction on |Θ|. The base case |Θ| = 1 is trivial: any allocation
can be implemented by offering a single lottery.

Assume the result holds for |Θ| − 1 types and fix an allocation (pθ)θ∈Θ in which each
pθ has full support. The proof is divided in two steps.

Step 1 We show there is some lottery p1 such that (p1, p2, . . . , p|Θ|) ∈
⋂

θ≥2 DIθ

and p1 �1 p1. We thus establish in words that we can find a mechanism implementing
(p1, p2, . . . , p|Θ|) such that for all, but agent 1 the lottery assigned to them is non-random
in equilibrium.

By the induction hypothesis applied to types {2, . . . , |Θ|}, there exists a mechanism
that deterministically implements (p2, . . . , p|Θ|). Fixing the game-form, pick an arbitrary
equilibrium strategy σ1 of type 1 to extend this mechanism to a mechanism for types
{1, . . . , |Θ|}. Denote by p′ the lottery allocated to type 1 in such mechanism. Thus,
(p′, p2, . . . , p|Θ|) ∈

⋂
θ≥2 DIθ.

Since all types have NQC preferences, Theorem 2 implies (q′, p2, . . . , p|Θ|) ∈ IMP∞

for each full-support lottery q′.43 Fix a lottery q′ 6= p′ with q′ ∼1 p′. As in the proof
of Lemma 3, there exist a sequence of real numbers (λk)k∈N and sequences of lotteries
(p′k)k∈N and (q′k)k∈N with q′1 = q′, p′k 6= q′k, and p′k ∼1 q′k for each k that satisfies
p′k = λkp

′
k + (1− λk)q

′
k ∼1 p

′
k+1. The sequence (pk)k∈N converges to δω.

Choose K ∈ N such that p1 �1 p′K , and let MK denote the K-step mechanism
constructed in Lemma 3 using lotteries p′1, . . . , p

′
K and q′1, . . . , q

′
K . We construct a vari-

ant M∗
K of MK by modifying each terminal node as follows: whenever a terminal node

42Note, chance and type θ may select different lotteries at histories out of the equilibrium path.
43This step does not hold if some types have EU preferences. The Lemma may be false when some types

have EU preferences: Having EU types that receive their lotteries with probability one imposes strong
restrictions on which lotteries can be offered to punish the other types—Even out of the equilibrium
path.
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of MK assigns lottery p′k (respectively, q′k), replace it with a continuation mechanism
that implements (p′k, p2, . . . , p|Θ|) (resp. (q′k, p2, . . . , p|Θ|)). Again as all types have pref-
erences in NQC we have (p′k, p2, . . . , p|Θ|), (q

′
k, p2, . . . , p|Θ|) ∈ IMP, but not necessarily

deterministically implementable.
This modification preserves the incentives of type 1. Thus, there exists an equilibrium

in which type 1 stops at step 1 and receives expected lottery p′K . By construction, each
type θ ≥ 2 receives lottery pθ at each continuation mechanism. As any type θ ≥ 2

is indifferent between all the continuation mechanisms, there exists an equilibrium in
which each type θ ≥ 2 selects the terminal node (p′, p2, . . . , p|Θ|). Since the mechanism
associated with this node deterministically implements (p′, p2, . . . , p|Θ|) for each θ ≥ 2,
it follows that (p′K , p2, . . . , p|Θ|) ∈

⋂
θ≥2 DIθ.

Step 2 Apply an analogous argument to each type. So, for every type θ, there exists
a lottery pθ and a mechanism M∗

θ which implements (p̄θ, p−θ) with p̄θ � pθ and the
outcome given to any agent apart from θ is non-random, i.e.

(p̄θ, p−θ) ∈ IMP ∩

(⋂
θ′ ̸=θ

DIθ′

)
.

Construct a new mechanism in which in the first period offers a choice among the
continuation mechanisms (M∗

θ )θ∈Θ. Since p̄θ � pθ there exists an equilibrium where
each type deterministically selects M∗

η(θ) with η(θ) 6= θ, thereby obtaining lottery pθ

deterministically. Thus, (p1, . . . , p|Θ|) ∈ DI, as desired.

Throughout this section we denote by Eσ[ · ],Pσ[ · ] the expectation and probability
under a fixed strategy profile σ to simplify notation.

Proposition 5. For every vector of single agent mechanisms (T i,mi, Ai)ni=1 and strategy
profiles (σ1, . . . , σn) if the vector of allocations piθi = Eσ[m

i(hi
T i)|θi] is feasible, i.e. p ∈ F ,

then there exists a joined assignment rule m̃ : ×n
i=1H

i
T i → ×n

i=1L
i such that for every

agent i
Pσ[m

i(hi
T i) = Eσ[m̃

i(h1
T 1 , . . . , hn

Tn) | hi
T i ]] . (2)

Proof. As p is feasible there exists a joined assignment m̂ such that for every agent i

and every type θi ∈ Θi

piθi = Eσ[m̂
i(h1

T 1 , . . . , hn
Tn)] | θi]
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We define m̃ : ×n
i=1H

i
T i → ×n

i=1L
i by

m̃i(h1
T 1 , . . . , hn

Tn) = m̂i(h1
T 1 , . . . , hn

Tn) +mi(hi
T i)− Eσ[m̂

i(h1
T 1 , . . . , hn

Tn) | hi
T i ] .

By definition m̃ satisfies (2).

Proof of Theorem 4. Part (i) follows immediately from the assumption that there
are no marginal constraints and Theorem 1 as we can implement an allocation for some
agent who has a type θi /∈ EU which is not in ICi

θi .
For part (ii), suppose that we want to implement the allocation p = (p1, p2, . . . , pn) ∈

F with piθi �θi δωi for all i and θi ∈ Θi∩NQC. Consider a mechanism M i = (T i, Ai,mi)

and an equilibrium σi of that mechanism that together implement the allocation pi for
agent i in autarky (such mechanisms exist by the Proof of Theorem 2).

For each of these mechanisms we can divide the set of terminal histories H i
T i into the

“off-path” histories Ĥ i
T i = {hi ∈ H i

T i : P[hi|σi
θi
] = 0 for all θi ∈ Θi} and the “on-path”

histories H i
T i \ Ĥ i

T i .
As p ∈ F there exists a function m̃ : ×n

i=1(H
i
T i \Ĥ i

T i) → ×n
i=1L

i defined on all vectors
of on-path histories such that if each type θi ∈ Θi of each agent i uses the strategy σi

and the joined outcome of all agent’s is determined according to m̃ the allocation p is
implemented, i.e.

piθi = E[m̃i(h1
T 1 , . . . , hn

Tn) | θi, σ] = E[mi(hi
T i) | θi, σi] .

Note that m̃ only generates the same expected lottery for each type θi, but does not
assign the same lottery to each terminal on-path node as mi. For all i ∈ N we define

m̂i(h1
T 1 , . . . , hn

Tn) = m̃i(h1
T 1 , . . . , hn

Tn) +mi(hi
T i)− E[mi(hi

T i) | θi, σi]

We can extend the function m̃ to all joined terminal histories h = (h1
t1 , . . . , h

n
tn) where

the history of only one agent j is off-path by setting

Proof of Proposition 3. The if direction of part (i) was shown by Myerson. For the
only if direction observe that Theorem 1 establishes that the independence axiom holds if
IMP = ∩θ∈ΘICθ. Anscombe and Aumann (1963) establish that independence, continuity,
state-independence, together imply the existence of a state-independent expected utility
representation. Part (ii) and (iii) follow directly from Theorem 2 and Proposition 2.
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