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Abstract

This paper studies the semiparametric estimation and inference of integral functionals
on submanifolds, which arise naturally in a variety of econometric settings. For linear
integral functionals on a regular submanifold, we show that the semiparametric plug-
in estimator attains the minimax-optimal convergence rate n_m, where s is the
Holder smoothness order of the underlying nonparametric function, d is the dimension
of the first-stage nonparametric estimation, m is the dimension of the submanifold over
which the integral is taken. This rate coincides with the standard minimax-optimal
rate for a (d — m)-dimensional nonparametric estimation problem, illustrating that
integration over the m-dimensional manifold effectively reduces the problem’s dimen-
sionality. We then provide a general asymptotic normality theorem for linear /nonlinear
submanifold integrals, along with a consistent variance estimator. We provide simula-

tion evidence in support of our theoretical results.
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1 Introduction

The central problem we analyze in this paper is the semiparametric estimation of the follow-
ing linear integral functional whose domain of integration M is a submanifold of dimension
m < d in R%:

(k) = /M ho () wo () dH™ (), (1)

where hg is an unknown but nonparametrically estimable function that maps from X C R?
to R, wy is a known weight that maps from X to R function, and H™ denotes the m-
dimensional Hausdorff measure on R%.! Based on our analysis on the linear functional I" in
(1), we also provide results on the estimation and inference on nonlinear integral functionals
whose first-order expansion becomes a linear submanifold integral of the form (1).
Submanifold integrals of the form (1) naturally emerge in econometric settings where we
take derivatives of a standard integral (such as an expectation) with respect to a changing
domain of integration. For example, consider the following treatment assignment problem
ﬁeﬂg}:%(“:l / 1 {a: B> 0} CATE (z) po (z) dx, (2)
where CATE (z) := E[Y; (1) — Y; (0)| X; = z] denotes the Conditional Average Treatment
Effect function, and pg is the marginal density of subjects with characteristics . Then the
first-order condition for the optimal linear treatment assignment parameter 3 is characterized
by the derivative of the integral (2) with respect to 3, which affects the integration domain.
Mathematically, the derivative of an integral with respect to its domain translates into an
integral over the boundary of its domain, and the boundary is often a lower-dimensional
submanifold of the original domain. For (2), the first-order condition for § is given by
/{ i 50} CATE (2) apo (z) dH (z) = 0, (3)
which is a submanifold integral of the form (1), with M = {m ER: 2’ = 0} being a
(d — 1)-dimensional hyperplane that defines the boundary of the integral in (3). Here, we

1The m-dimensional Hausdorff measure H™ in R¢ is defined as follows. For a set A C R?, define
H™(A) = lims_,o HY", where, for any § € (0, 00),

HI(A) = inf {ia(m) <C“’C‘H;(Cj)>m L A CUR, 0y, diam(Cy) < 5} ,

7‘_777,/2 Tr'm/2

Gamma((m/2)1) — N The m-dimensional Hausdorff measure coincides with the

with a(m) =

familiar m-dimensional Lebesgue measure in the lower dimensional R™, and can be thought as a generaliza-
tion of a variety of “uniform” measures for lower-dimensional subsets such as line, area, surface, and volume
measures. See, for example, Evans and Gariepy (2015) for more details of the Hausdorff measure.



may take wg () = xpo(z) and ho(x) = CATE(z), with CATE (x) being the unknown
function to be nonparametrically estimated.

Differentiation of an integral with respect to its domain also shows up in asymptotic
analysis. For an example related to the one above, consider the estimation of the following
average welfare, average cost, or average subject characteristics under first-best treatment

assignment
W (ho) := / 1 {ho(z) > 0} wo () dz = [{ et sy () dz, (4)

with ho (z) := CATE (x), so that the integral above is taken over the observable types who
would weakly benefit from the treatment on average. Then, for example, setting wg(x) =
xpo(z) would endow W (hg) with the interpretation as average characteristics under the first-
best treatment. If hg is nonparametrically estimated, the impact of the estimation error on
the plug-in estimation of W (hg) can be analyzed using the functional (pathwise) derivative of
W (hy) with respect to the CATE function, which again appears in the domain of integration.
As a result, the pathwise derivative of W (hg) in the direction of h — hg at hy again becomes
a submanifold integral of the form (1):

h(z) — ho ()

wo (z =1 (4)
/{xeRd: ho(z)=0} | V2ho (x)]] () dH" ()

where the level set My = {x ERY: hy(x) = O} is again a (d — 1)-dimensional submanifold
in R? (under mild regularity conditions).

Submanifold integrals also show up in a variety of other economoetric settings, such as
the estimation of marginal treatment effects, the estimation of (generalized) partial means,
the estimation of weighted average derivatives, and maximum score estimation for discrete
choice models. We provide more details of these motivating examples in Section 2.

Our first set of theoretical results is about the minimax convergence rate for the esti-
mation of I'(hg). When hy is assumed to lie in a Holder class of smoothness order s, then
under some other mild regularity conditions, we show that the (attainable) minimax-optimal
convergence rate is given by n~%tdm, which is the usual (minimax-optimal) convergence
rate associated with (d — m)-dimensional nonparametric regressions. This rate shows that
the integration over the m-dimensional submanifold effectively reduces the dimensionality
of the nonparametric estimation problem, and generalizes well-known existing results in the
literature on semiparametric estimation. Our main result generalizes classic rates for point-
wise evaluation, partial means, and full-dimensional integrals by explicitly incorporating
submanifold dimensionality into the convergence rate.

For example, the special case of m = 0 translates to the rate of nfﬁ, which corresponds



to the standard rate for point evaluation functionals of hy, which is known to converge at
the original d-dimensional nonparametric regression rate. On the other extreme case of
m = d, our derived rate becomes the parametric rate of n~'/2, which is again intuitive
since in this case I'(hg) becomes a standard full-dimensional (Lesbegue) integral functional
of hg, which is known to enjoy the parametric convergence rate under mild conditions. For
the intermediate case, our result also generalizes previous results on partial means (Newey,
1994), which delivers the same rate formula n~mrem but focuses on partial integrals over
fixed and known coordinates of dimension d —m. Our result shows that the minimax-optimal
convergence rate for I'(hg) is given by n~ T as long as the submanifold is of dimension
m (provided some mild regularity conditions).

We also provide a general asymptotic normality theorem for sieve-based semiparametric
estimators of (potentially nonlinear) integral functionals whose first-order expansion takes
the form of (1), along with a consistent asymptotic variance estimator. We also provide
lower-level conditions for asymptotic normality in two specific types of nonlinear integral
functionals: integral of nonlinear transformations of hg on submanifolds, and integrals on
upper contour sets of hg. For the latter case, it is worth noting that the calculation of
the pathwise derivatives is a relatively nonstandard mathematical exercise that utilizes the
calculus of moving manifolds in differential geometry.

We conduct Monte Carlo simulations on semiparametric estimation and inference of linear
and nonlinear integral functionals on submanifolds, and provide numerical evidence for the
good finite-sample performance of the plug-in estimator and the corresponding confidence

intervals. In particular, the realized CI coverage rates are close to the nominal 95% level.

Our paper contributes to the literature on the theory of semi/non-parametric estimation
and inference, especially on irregular integral functionals. To our best knowledge, our paper
is the first in the literature to provide a general result on the plug-in estimation of subman-
ifold integral functionals, in which we show how the dimension of the integral affects the
final convergence rate in the derived rate formula n~ 7%= under Holder smoothness. Our
framework and results generalize and complement previous results in Newey (1994) on the
estimation of partial means with kernel first stage, and Qiao (2021), who considers kernel
estimation of surface integrals on level sets. While we exploit the results in Chen, Liao and
Sun (2014); Chen and Christensen (2015), which cover sieve-based semiparametric inference
on irregular functionals, our paper provides more explicit rate results by characterizing the
growth rate of the norm of the Riesz representer for submanifold integral functionals.

Our paper utilizes the mathematical tools in differential geometry and geometric measure

theory to analyze derivatives and integrals on manifolds. In the econometric literature, pre-



vious work by Kim and Pollard (1990) shows that the first-order condition for the maximum
score estimator/criterion becomes a submanifold integral with the submanifold given by a
(d — 1)-dimensional hyperplane; Sasaki (2015) also noted that differentiation with respect to
the domain of integration produces lower-dimensional submanifold integrals when analyzing
conditional quantile functions in nonseparable structural models; Chernozhukov, Fernandez-
Val and Luo (2018) also uses integrals on manifolds on level sets to study sorted partial effects
in heterogeneous coefficient models; a very recent paper by Feng and Hong (2024) shows how
Hausdorff integrals can be used in the analysis asymptotic properties of value functions of
optimal allocation problems as well as two-step estimator of ROC (receiver operating char-
acteristics) curves. While our paper uses many similar differential geometry and geometric
measure theory tools as in these aforementioned papers to analyze submanifold integrals,
the main objects of interest being analyzed are substantially different across these papers
and ours. Notably, the semiparametric estimation problems considered in Chernozhukov,
Fernandez-Val and Luo (2018) and Feng and Hong (2024) belong mostly to the regular (y/n-
estimable) case, while the semiparametric estimation problem we consider in this paper is
mostly irreqular with slower-than-1/n convergence rate. Correspondingly, our paper features
a general and explicit rate formula that relates the dimensions of the submanifolds to the
convergence rates of the final semiparametric plug-in estimators.

Our paper is also conceptually related to Khan and Tamer (2010) on “thin-set” iden-
tification, where the identifying information in an economic model is contained in a “thin
set” that has Lebesgue measure (or probability) zero in the population. Our paper provides
a complementary, unified, and more refined perspective. First, even though a “thin set”,
i.e., a submanifold, may be of Lebesgue measure zero, it may still be of nontrivial internal
dimensionality, and integrals wrt Hausdorff measure over the submanifold provides a non-
trivial aggregation of information over the submanifold. Second, a point, a curve, a surface,
or more generally a submanifold may all be “thin sets” of Lebesgue measure zero, but, as
our paper shows, they can possess different dimensionalities and geometric structures that
lead to different properties in the estimation and inference on parameters about such “thin
sets”.

The rest of the paper is organized as follows. Section 2 provides some motivating examples
for submanifold integrals in econometric settings. Section 3 establishes the minimax-optimal
convergence rate for the estimation of linear submanifold integrals. Section 4 provides a
general asymptotic normality theorem, along a consistency variance estimator, for inference
on both linear and nonlinear submanifold integrals, can still be used for more complicated

nonlinear integral functionals. Section 5 provides Monte Carlo simulation results.



2 Setup and Motivating Examples

Let (Y;, Xi)?zl be a random sample of data with joint distribution P x y), where Y} is a scalar-
valued outcome variable, and X; is a vector of observed covariates with support X C R

Let hg : X — R be a nonparametric function? that is directly identified from the data and
can be estimated using standard nonparametric estimation methods. A leading example of
hg is the conditional expectation (nonparametric regression) function ho(z) = E[Y;| X; = z],
which will be our focus. That said, hg may also take the form of density functions, conditional
quantiles and structural regression functions in NPIV models.

We consider submanifolds that take the form of level sets of functions, which arise natu-
rally in a variety of economic problems as we show in the examples below. Specifically, let
g: X — RY™ be a continuously differentiable® function with 0 € int (¢ (X)) € R4™ and
write

M:={zxe X :g(x)=0}

as the (zero) level set of g.* We maintain the following standard regularity condition that
ensures the M is an m-dimensional submanifold of R? (e.g. by Theorem 12.1 of Loomis and
Sternberg, 2014).

Assumption 1 (Regular Level Set). V,g (z) has full rank d—m for every x € M. Depending
on the exact problem setup, g may be known or unknown, parametric or nonparametric, and
it may be taken to be different from or the same as hg, which will be illustrated in the examples

below and treated in subsequent sections.

A central object of interest in this paper is the integral of the nonparametric function hg
over the submanifold M:

/M ho () wo () dH™ (z) (5)

where wg : X — R is a scalar-valued weight function, and H™ (x) denotes the m-dimensional
Hausdorff measure on R?. Under Assumption 1, {go (z) = ¢} is an m-dimensional subman-
ifold that has Lebesgue measure 0 in R%. As a result, the above integral would have been
trivially zero if it had been taken with respect to the Lebesgue measure (on R?) instead of
the (m-dimensional) Hausdorff measure.

We now provide some motivating examples for the study of submanifold integrals in the

form of (5) in a variety of economic settings.

2More generally, hg may be a vector of nonparametric functions.

3We will impose additional smoothness condition on g when it comes to estimation and inference (As-
sumption 3 in Section 3), which is not yet needed for the discussion of the examples in this section.

4Note that 0 may be replaced with any other constant vector ¢ € int (g (X)) € R4™ without affecting
the results in this section.



Example 1 (Maximum Score Estimation of Binary Choice Models). Consider any model

that satisfies the following sign alignment restriction
ho(2) 20 & 25,20 (6)

where hgy is a nonparametrically identified and estimable function of x and Sy is a d-
dimensional parameter normalized to lie on the unit sphere, i.e., 3y € S¥! := { BeRY: B = 1}.
For example, in the following binary choice model with a conditional median independence
restriction as in Manski (1975),

Yy =1 {X;50 +6 > 0}, med (€] X;) =0,

the sign alignment restriction (6) is satisfied with

ho (2) = B[V} Xi = o] — ;

The population criterion function for maximum score estimator can then be written as

W (B) = [ ho (@)1 {'8 = 0} po (x) da (7)
where pg () denotes the density of X; = x. Under appropriate conditions, /3y can be point
identified under scalar normalization,

Bo = arg max W ()

Even though the indicator 1 {xlﬁ > 0} is discontinuous in [, the welfare function W ()

remains differentiable in 5, and the first-order condition for the optimality of Sy is given by
0 = V/BW (60) )

As shown in Kim and Pollard (1990), the gradient VzW () is “nonstandard” in the sense
that it is a derivative of an integral with respect to a parameter that defines the region,
or boundary, of the integration. Similarly to the fundamental Theorem of calculus (or the

Leibniz rule) for elementary calculus,

L f @ =),

derivatives of integrals with respect to the integration boundary typically become an “eval-
uation of the boundary”. Here, the boundary of the region of the integral is given by a
m = (d — 1)-dimensional hyperplane, or a “surface”, {x eX: 2B = 0}7 and the gradient

VW (B) become a lower-dimensional integral over the boundary hyperplane:
0= VW (B) i= [ ho (@) opo (2) dH" (2), (8)
0
where the hyerplane Mgy = {x eX: 2'fy= O} has Lebesgue measure 0 in R?. Hence the

7



identification of 3 is referred to as a type of “thin-set identification” in Khan and Tamer
(2010). Consequently, the right-hand side of (8) cannot be represented by a regular Lebesgue
integral, but instead by a Hausdorff integral over a m = (d — 1)-dimensional manifold (a

hyerplane here) in R?.

Example 2 (Optimal Treatment Assignment). It has been recognized, say in Kitagawa and
Tetenov (2018), that optimal treatment assignment problem shares some similarity with
maximum score estimation. Specifically, consider the problem of optimizing over a paramet-
ric family of treatment assignment rules that assigns the treatment status 0/1 according to
1 {x' g > 0} for a given observed type z, where 3 is a d-dimensional choice parameter. Then

the welfare function of the assignment rule parameter [ is given by

W (B)i= [1{a'8 20} ho () o (x) da, (9)
where hg () :=E[Y; (1) = Y; (0)] X; = z] is the conditional average treatment effect (CATE)

for type x. Hence (9) is of exactly the same form as the maximum score criterion function
(7). As a result, the FOC of (9) for the optimal 5y (under scale normalization) is again given
by the submanifold integral (8). Often times, researchers conduct (costly) experiments on
and estimate CATE from a sample of moderate sample size, but the target population on
which the treatment in question might be implemented can be of a much larger scale. In
such settings pp may be known or estimable using a much larger sample size than that used

to estimate hg, and thus we may focus on the estimation error for hy in the optimization of

W (5).

Example 3 (Aggregate Parameter over Selected Subpopulation). More generally, consider
the estimation of the following parameter

W (ho, 9o0) 3:/ ho (%) po () dz,

{go(x)=>0}

where hg and gg may be both unknown but nonparametrically estimable. For example, if we
set go (z) to be the CATE for type x and hg (x) = x, then W (hg, go) becomes the average
characteristics of the subpopulation with nonnegative CATE. If we again set gq () = hg (z) =
CATE (z), then W (ho, go) becomes welfare under under “first-best” treatment assignment.
Alternatively, we may take hg (x) to any other value/cost function associated type x.
When hy and gy are real-valued functions and are nonparametrically estimated by h and g,
the pathwise derivative of W (hg, go) with respect to hg and gy is a key object of interest in the
characterization of the asymptotic behaviors of the plug-in estimator W (B, g). Generally,
the pathwise derivative of W in the direction of (h — ho, g — go) is given by

D gyW (ho, go) [h — ho, g — go]



1
= 1{%;(W(ho+t(h—h0)>90+t(9—90)) — W (ho, 90))

= Jsrsny ) @)+ (9(2) - gn () LA 0)

dH* (x
A Voo @) @

(10)
which consists of two terms: the first is the perturbation of the integrand hq in the direction
of h — hg over the true region of integral {go (x) > 0}, while the second is the perturbation
of (the boundary) region of integration induced by the perturbation of go in the direction
of g — go. While the former is standard in the semiparametric estimation literature, the
latter takes the nonstandard form of a Hausdorff integral over the m = (d — 1)-dimensional
manifold {go (x) = 0}. > Hence, even if hy is known (or parametrically specified and can be
estimated at /n-rate), the last term in (10) will still be present and remain as the leading
term in the asymptotic behavior of W (iz, g), as long as gg is nonparametrically specified

and needs to be nonparametrically estimated.

Example 4 (Marginal Treatment Effects and Policy Relevant Treatment Effects). Heckman
and Vytlacil (2005, 2007) proposes the marginal treatment effect (MTE) as a unifying concept
that underlies a wide variety of treatment effects studied in causal inference and program
evaluations. It is well-known that MTE can be written as a derivative with respect to

propensity scores, or formally,

MTE (z,p) := @apE [Yi (1) = Y; (0)| X = 2,p0 (Z:) = p],
= ﬁ T,z z =1,
- 5% /{po(z)zp} CATE (z, 2) fo (2) dH= "1 (2) (11)

where py (z) := E[D; = 1| Z; = 2| is the propensity score, CATE (z, z) is the conditional
average treatment effect given both the covariates X; and the instruments Z;, and fy(2)
denotes the marginal density of Z;. It is then clear from (11) that MTE takes the form of
the derivative of a submanifold integral, where the submanifold is given by the propensity
score level set pg (2) = p. Here, both the CATE function and the propensity score function
can be nonparametrically estimated.

As argued in Carneiro, Heckman and Vytlacil (2010), in many scenarios it is useful to con-
sider incremental policy reforms and focus on the analysis of marginal policy changes, whose
effects are usually concentrated on individuals “at the margin”. The average marginal treat-
ment effect (AMTE) summarizes the mean benefit of the treatment for the subpopulation

who is indifferent between participation in the treatment and nonparticipation. Formally,

°In particular, ||V,go ()|, which measures the “thinness” of the level set, enters into the derivative
formula explicitly here. In the previous examples with hyperplane boundaries, we took g(z) = = 8 with
B € S% 1 and thus || V,g(z)| = ||8]| = 1, which is why this term becomes implicit in formula (8).



this “at-the-margin” population {(2, u) € RE=T:pg (2) —u = 0} is a submanifold defined
by the level set of the propensity score function pg, and the average over this subpopulation

can again be represented by a submanifold integral in the form of

AMTE(r) = [ MTE(r,u) fo (2] ) dHz,,

In addition, MTE is also used to define a wide range of causal parameters, notably the
policy-relevant treatment effect (PRTE) proposed in Heckman and Vytlacil (2001). Let Fp
denote the CDF of P; := py (Z;) and suppose that a proposed policy changes this CDF from
Fp to G. Then the PRTE is defined by

Fp(u) — G (u)
Eg (P) — Ep, (P)

Since MTE is defined as a derivative, PRTE takes the form of an average derivative parame-

PRTE (.%’ G / MTE .23 u) WPRTE (u G)d s WPRTE (u G)

ter, for which /n estimation is possible under a certain “vanishing-on-boundary” condition
Powell, Stock and Stoker (1989, PSS thereafter). Carneiro, Heckman and Vytlacil (2010)
pointed out that this type of “vanishing-on-boundary” condition may be violated in plausible

scenarios in the analysis of PRTE, which makes it not /n-estimable in general. Our result

13 2

can be useful in scenarios where “vanishing-on-boundary” conditions are not imposed and

V/n-consistency cannot be guaranteed. See the example below for a related discussion.

Example 5 (Weighted Average Derivatives). Related to Example 4 above, suppose that we

are interested in the following weighted average derivative of a nonparametric function:
WAD (ko) = [ Vho (2) w (2) do

For example, PSS focuses on the density-weighted average derivative, which corresponds a
special case of the above with w (z) := p? (z), with p (z) denoting the marginal density of
x on its support X'. The standard semiparametric asymptotic analysis of WAD (71) above
usually exploits the following integration-by-parts formula (a special case of the Divergence

Theorem)

/Vho dx—/axﬁ)(:c)ho(:c)( ) dHI (o /ho VYV (z)dz,  (12)

where the first term is a Hausdorff integral over the submanifold defined by the support
boundary dX. The standard semiparametric analysis of average derivative estimation, such
as in PSS and Newey and Stoker (1993), exploits a “vanishing-on-boundary” assumption,
say, ho (z)w(x) = 0 for all x € 90X, so that the first term degenerates to 0, and thus
it suffices to only analyze the second Lebesgue integral term — [y ho (z) Vw (z)dx. For
example, PSS assumes that p (z) = 0 on 0X (Assumption 2), and consequently the density-
weighted average derivative becomes equal to —2 [ hq (z) Vp (x) p () dz . PSS then proceeds

10



to establish the y/n asymptotic normality of the plug-in estimator WAD (ﬁ) As clear from
(12), the \/n convergence rate relies crucially on the “vanishing on boundary” assumption,
without which the leading asymptotic term would be the first submanifold integral term that

converges at slower-than-y/n rate as established in our paper.

Example 6 (Generalized Partial Means). Suppose that we are interested in the conditional
mean of ¢ (V;, X;) given the event g (X;) = ¢ € R“"™, where ¢ is some known transformation
of Y; and X;:

[0 Xlg(X)=d = [ hola)un (a)dH" (1)
with ho () = E[¢ (Vi, X;)| Xi = 2], wo (z) := po (z]g(z) =¢) = p?xi(f()@’ po (z) being the
density of X, and py(x) as defined in Example 6. In particular, when g extracts a subvector
of x € RY, say, g (z) = (21, ..., Tq_m) for some 1 < m < d, the above specializes to the partial

mean functional of the form E[Y;| X;1 = ¢1, ..., Xig—m = C4—m) as studied in Newey (1994).

Example 7 (Structural Functions in NPIV Regression). The previous examples focus on
exogenous nonparametric regression functions. Here we present a canonical example of a
nonparametric function with endogeneity: the structural functions in the nonparametric

instrumental variables (NPIV) model, i.e., the hg function below:

Previous work by, for example, Ai and Chen (2003, 2007, 2012), Chen and Pouzo (2015),
Chen and Christensen (2018), and Chen, Christensen and Kankanala (2025), provides theo-
retical results on the estimation and inference on hg, as well as various (families of) linear and
nonlinear functionals of hg, including point evaluation, average derivatives/elasticities, and
consumer surplus/welfare functionals. In principle, the hg function in all the submanifold
functionals defined in Examples 1-6 above could be replaced by the structural function in
the NPIV model here, and the theory about submanifold integrals developed in the current

paper would still be relevant.

Example 8 (Nonparametric Quantile, Density, and Copula). Similarly, the nonparamet-
ric function hg needs to be restricted as a conditional expectation function, but can be
broadly defined as any estimable nonparametric function, for example, nonparametric quan-
tile, density, and copula functions. These general nonparametric estimation problems (with-
out endogeneity) have been studied widely in statistics, econometrics, and beyond in various
settings. In the presence of endogeneity issues, Chen and Pouzo (2015), Chen, Pouzo and
Powell (2019) and Chen, Liao and Wang (2024) have also provided theoretical results for

the nonparametric quantile IV regression. The established theoretical results from these

11



previous studies can be combined with the theory of submanifold integrals developed here

for the study of new functional parameters of interest.

We hope that the above examples illustrate our point that submanifold integrals, which
have not been explicitly studied much in econometrics before, actually arise naturally in
quite a variety of economic problems.

We should clarify that in the rest of this paper we will not provide detailed solutions to all
the problems above. Instead, we will focus on the case where hyq is the conditional expectation
(nonparametric regression) function, and provide a general analysis of the estimation and
inference of linear submanifold integrals of form (5) as well as nonlinear submanifold integrals

whose first-order linear approximation takes the form of (5).

3 Estimation of Linear Submanifold Integrals

In this section, we focus on the semiparametric estimation of linear integrals whose regions
of integration are submanifolds/ As we will show in Section 4, our analysis of linear integrals
also forms the basis for the analysis of nonlinear integrals in the more general case.

Formally, we write 6y := I (hg), with I being the linear integral functional
T (h) = /M h(2)w () dH™ (z) (13)

Recall that we focus on the leading case of hg () := E[Y;| X; = z]. In this section, we treat
the level set function g (consequently the manifold M) and the weight function w both as
fixed/known, and show in the next section how to apply the core result in this section to

cases where the level set function g and the weight function w may also require estimation.

3.1 Lower Bound for Minimax Convergence Rate:

We first establish a lower bound for the minimax convergence rate for the estimation of
I" (hg) when hy is assumed to belong to the Holder smoothness class. The established (rate)
lower bound holds for any possible estimator of I'(hg), thus providing a general property of
the estimation of the submanifold integral functional T'.

We first slightly strengthen the regular manifold assumption 1 on the level set function
g. Let Jg (x) denotes the Jacobian of g : RY — RY™™ defined by

Tg(x) = ¢ ;) det (B(x))?,

where B indexes all (d —m) x (d — m) minors of Vg (z).

12



Assumption 2 (Jacobian Bounded Away from Zero). There exists a constant C' > 0 such
that Jg (x) > C for all x € M.

We now introduce the Holder smooth class for the unknown function hg. Formally, let
X = X X ... x Xy be the Cartesian product of compact intervals Xy, ... Xy, say, X = [0, 1]d
for simplicity. A real-valued function A on X is said to satisfy a Holder condition with
exponent v € (0, 1] if there is a positive number ¢ such that |h(z) — h(y)| < cl|lz — y||” for
all x,y € X; here ||z —y| = <2f:1 x%)lﬂ is the Euclidean norm of = = (z1,...,24) € X.
Given a d-tuple o = (o, . .., oq) of nonnegative integers, set [a] = ay + - - + a4 and let D
denote the differential operator defined by

olel

T 910, or0

Let |s| be a nonnegative integer that is smaller than s, and set s = [s] + 7 for some

DO{

v € (0,1]. A real-valued function h on X is said to be s-smooth if it is | s] times continuously
differentiable on X and D“h satisfies a Holder condition with exponent ~ for all o with
[a] = [s]. Denote the class of all s-smooth real-valued functions on X by A*(X) (called a
Holder class), and the space of all | s]|-times continuously differentiable real-valued functions
on X by CI(X). Define a Holder ball with smoothness s = [s] + 7 as

D*h — D%h
A(X) = {h e Cll(x): sup sup|D*h(z)| <e¢, sup  sup | (z) W)l < c}.

(0] <Ls| v€X la]=Ls] #.yEX Ty |z —ylI”

We will establish our minimax lower bound with hg constrained inside A$(X’), but the
smoothness of the level function ¢g (and consequently the smoothness of the submanifold M)
also turns out to be relevant, given that the integral is taken over points on the submanifold.

Thus we also require g be Holder smooth as well.
Assumption 3 (Smoothness of Submanifolds). g € A(X).
We also impose the following regularity assumptions.

Assumption 4 (Density on X). X = |0, 1]d, with the density of X; on X being uniformly

bounded away from zero and infinity.
Assumption 5 (Nondegenerate Errors). inf,cy E [€?| X; = x] > 0, where ¢; :=Y; — hy (X;).

Theorem 1 (Minimax Convergence Rate: Lower Bound). Under Assumptions 2-5, the rate

-5 . .. . . .
r, =n 2+d-m gs the minimax rate lower bound for the estimation of 6y, i.e.

lim inf inf sup Ep [n2s+2;m («5 — by (P, w))ﬂ >c¢, for some constant ¢ > 0.

n—aoo 0 Puw
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where P is any joint probability distribution of (X;,Y;) that satisfies ho (+) := Ep [Y;|X; =] €
A2 (X) along with Assumptions 4 and 5, w is any uniformly bounded weight function, 0y (P, w) :
Jaho (2)w (2) dH™ (), and 0 is any estimator of Oy == 0y (P, w).

Note that our rate formula r, = n~ =i reproduces several well-established results in
the literature as special cases: When m = d, the lower bound rate becomes r, = n’%,
reproducing the standard y/n rate for regular (full-dimensional) integral functionals.® When
m = 0, the lower bound becomes r, = n~ %+, reproducing the well-known (Stone, 1982)
minimax optimal rate for point evaluation functionals of the d-dimensional nonparametric
regression.” When m = d — 1, the lower bound becomes 7, = n~ %1, which underlies the

minimax optimal rate for (smoothed) maximum score estimation in Horowitz (1992).

3.2 Minimax Rate-Optimal Estimation via Sieve First Stage

Next, we show that the lower bound r, established in Section 3.1 can be attained by the

semiparametric plug-in estimator
0:=T(h)= / h dH™ , 14
( > » (x)w (z) dH™ (z) (14)

where h is a first-stage linear sieve nonparametric estimator. Hence we conclude that the
rate r, is minimax rate optimal, and plug-in estimator with sieve first stage attains this
optimal rate. &

Following Chen and Christensen (2015), we consider first-stage linear sieve estimator h
of hg given by

K 1 &k K / 1 Y s
h(z):=b"(z) [sz (X)) b (X ] Nz '
i=1 =1

where

5 () i= (0 (2) b, (2)) = vee (@, (B () o ()

is a K-dimensional vector of orthonormalized multivariate sieve basis functions constructed
as tensor products of J univariate sieve functions b{ (z;), ..., b7 (z¢) across each of the d
dimensions of X, with K = J? The sieve dimension is chosen to increase with n, with
J=1J, /ooand thus K = K, / oo as n — 0o, though we will suppress the subscript n in

J and K for notational simplicity.

When m = d, the Hausdorff measure H¢ coincides with Lebesgue measure in R9.

"When m = 0, the Hausdorff measure H° becomes a point counting measure.

8In Appendix D, we also show that this optimal rate is also attained when h takes the form of the
Nadaraya-Watson kernel regression estimator.
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We first impose some mild conditions on the linear sieve 5" that are satisfied by a variety

K K 1\ ~1/2 : . .
Ak = (E [b (X;) b (X)) D , and let Bx be the closed linear span of the basis functions
{b{(, e bfg} and define Py, be the projection operator

of commonly used sieve classes such as splines and wavelets. Define (x 1= sup,cy HBK (x)

-1

_ 1 M- _ ) 1 M-
Prnh i=0" (2) [N SO (X)) B (X)) ] T 0" (X)) h(X;), Yhe Ly (X)
i=1 i=1
with the sup operator norm defined by

Py, h
||PK,n||oo = sup w
ho<|lhl <00 1Pl

Assumption 6 (Conditions on Linear Sieves). The linear sieve " satisfies (i) A = O (1),
(ii) Ck = O (VE), (iii) | Pl = Op (1), and (iv) infrepy |h — holl, < K=/ for any
ho € A (X).

Define Vi := Bk — {ho}. Let (-,-), denote the L, (X) inner product and ||-||, the Ly (X)
norm, and note that (Vg,,(-,-),) is a Hilbert space. By Chen and Christensen (2015), the

linear functional I' has a closed-form sieve Riesz representer on Vi, given by
X TKn ! [1Kn TKn =1 7K,
vk, () =0"() E [b (X)) b" (X5) } I (b )
such that
['(v)= <v}n, 1/>2 =E {v}}n (X)) v (XZ)] ., Vv e Vg

n?

Furthermore the rate at which ’

Vi, ‘2 grows is important in determining the variance of the
plug-in estimator I' (ﬁ)

Lemma 1. Under Assumptions 2-6(i),

2 —K,,
L=l @)

Under sieve first stages, Lemma 1 is the core result that demonstrates the rate acceleration

* 2_Kn 2 (FEn h d—m
Vi ‘:];F (bk )xKn =J " as K, —» . (15)

provided by the submanifold integral. It shows that the growth rate of the norm of the sieve
Riesz representer is asymptotically proportional to J@~™ where the exponent (d —m) is
the codimension of the m-dimensional manifold, but, importantly, not d, the dimension of
the ambient space R? in which the manifold is embedded. In other words, even though the
dimensionality of the first-stage nonparametric estimation of hg is d, it is reduced by the

integration over the m-dimensional manifold.

Assumption 7. hg € AS(X).
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Assumption 8 (Bounded Variance of Errors). sup,cy 02 (z) < 0o, where o2 (z) := E[eZ| X; = z].

€

Theorem 2 (Convergence Rate under Sieve First Stage). Under Assumptions 1-8,

N A d—m
6—0y=T(h—ho) =0, (\/Knd /n+K;S/d>.

With optimally set J, = K}/4 = n T , we have

é— 90 = Op (n_m) ,
which attains the lower bound rate r, in Theorem 1 and is thus minimax rate optimal.

Theorems 1 and 2 together demonstrate that the problem of estimating linear integrals
over an m-dimensional submanifold is akin to the d—m dimensional nonparametric regression
problem in terms of convergence rates. Intuitively, the integration over the m-dimensional
submanifold effectively “aggregates out” those m dimensions, leaving only d — m effective
dimensions in the nonparametric estimation problem.

In many economic applications as discussed in Section 2, the level set function g is
scalar-valued. Correspondingly the level set submanifold is of dimension m = d — 1 and
the co-dimension is d — m = 1, where all but one dimensions are “aggregated out” and
the consequently the estimation of linear submanifold integrals enjoys the same rate as a 1-
dimensional nonparametric regression problem. This illustrates the (potentially) significant
“dimension reduction” achieved through integration.

The asymptotic normality of the 0 can also be established, but we defer it to Section 4,
which provides a general asymptotic normality result that covers both linear and nonlinear

submanifold integrals.

4 Inference on (Non)Linear Submanifold Integrals

4.1 Linearization and Asymptotic Normality

In Section 3 we focus on the linear integral functional, but some of the key results there
(especially Lemma 1) can also be applied to analyze a variety of nonlinear integral functionals
that involve submanifolds. In this subsection, we present high-level conditions and a general
theorem for asymptotic normality of plug-in estimator I (fz) of the potentially nonlinear
functional I' (hg), where h is the linear sieve estimator described in Section 3.2. We then
apply the results to two specific cases in Sections 4.2 and 4.3.

Specifically, in this section we consider the estimation of a nonlinear integral functional

" (ho) whose pathwise derivative becomes a linear submanifold integral of form (13).
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Assumption 9 (Linearization). The functional I' : H — R s such that

DuT (ho) [v] = /

v
{z:g9(x)=0}

for some uniformly bounded function W and some level set function g : X — Ry_,, that

(x)w () H™ (), Yo e V:=H—{ho}, (16)

satisfies Assumption 1, where both w and g may depend on the true (and unknown) hg.

We emphasize that the level set function g (and thus the submanifold) is not necessarily
known in Assumption 9. For example, in Section 4.3 below, we consider a case where g = hy.
Next, we impose a condition that controls the remainder term from the pathwise differ-
entiation to be asymptotically negligible, so that the first-order linear term DhF(ho)[lA”L — ho)

drives the convergence rate and asymptotic normality of T'(h).

Assumption 10. Let Hy, := {h € Bg, : ||h — hol|, < €}. Suppose that
d—m
hsglp IT'(h) — T (ho) — DpI (ho) [h — ho]| = o, <\/ Knp* /n) : (17)
ek,

Note that, when I' is linear, Assumptions 9 and 10 are trivially satisfied and thus the
asymptotic normality result in this subsection also covers the linear case. For various non-
linear I', Assumptions 9 and 10 may be verified given the specific form of I' with appropriate
lower-level conditions: we provide two examples in Sections 4.2 and 4.3 below.

Lastly, we impose a standard Lindeberg condition that helps delivers the asymptotic

normality via the Lindeberg CLT.
Assumption 11 (Lindeberg Condition). sup,cy E[€{|e;] > c}| X; = 2] — 0 as ¢ — co.

Theorem 3 (Asymptotic Normality). Suppose that Assumptions 1-11 hold and the sieve
dimension K, is set to satisfy K, log K,/n =o0(1) and K;*/* = o (\/K,Sd_m)/d/n>. Then:

Vi (0-6) ~HN(0,1)  with |
v

Given the above, there exists a natural estimator of Hv}n Hsd given by
— 1. A )
ol = 2 o, 000 (v hx0)

@;:m) =" (2) (i ZbK (X5 <Xi>)

d—m

= VK,?¢ .

*
vl
* Kn sd
Ky

sd

1 D,T (BK")

and its consistency can be easily established following Chen and Christensen (2015) under

the following additional assumptions:

17



Assumption 12. |jvy. ’_1 HDF(h) [6%n] — DT (ho)[b"]|| = o(1) uniformly over Hg., or Beoo(ho),

where Be oo (ho) := {h € H: [|h — hol|, < €}.

Assumption 12 corresponds to Assumption 10 in Chen and Christensen (2015) and As-
sumption 3.1(iii) in Chen et al. (2014): it is trivially satisfied when T is linear.

Assumption 13 (Higher Error Moments). E [|ez~|2+‘1

< oo for some § > 0.

Theorem 4 (Consistent Variance Estimation). Suppose that Assumptions 1-13 hold and the
sieve dimension K, is set to satisfy K**9/%log K,,/n = 0(1) and K;*/* = o (\/ K}Ld_m)/d/n).

we have )
n(0—0
Vit | o/ V5, d—1’=0p<1> and wiwwo,l).
U}k{” sd

4.2 Integral of Nonlinear Transformation of h

In this subsection, we consider the estimation of a specific class of nonlinear I' and provide

lower-level conditions for Assumptions 9 and 10. Specifically, consider I" defined as

D)= [ 0(h(@),2)w (@) dH" (). (18)

where ¢ (¢, x) is a known nonlinear transformation.

Proposition 1. Suppose that I is defined in (18) with ¢ (t,x) being L-Lipchitz in t, so that

its derivative ¢ (t,x) := %qﬁ (t,z) is well-defined almost everywhere and uniformly bounded
by the Lipchitz constant L whenever well-defined. Then (a) Assumption 9 holds with
DAl (ho) [o] = [ v(@) 1 (o (@) @) w (a) dH" (a). (19)

(b) Furthermore, if:

i) ¢1(t,x) is Lipchitz so that the second order derivative ¢11(t,x) is well-defined almost

everywhere and uniformly bounded whenever defined,
it) the weight w is uniformly bounded,
iii) the marginal density po (z) of X; is bounded from below on X, and
iv) the estimator h satisfies the following convergence rate requirement:
i hol| =0y (n 1527 ) (20)

Then Assumption 10 is satisfied.
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We note that our Theorem 3 targets a “(d — m)-dimensional nonparametric rate” instead
of the parametric 1/4/n rate, so the rate condition (20) here only requores that the lineariza-
tion reminder term be faster than the square root of the “(d — m)-dimensional nonparametric

rate”, a less stringent requirement than the usual o, (nil/ 4) requirement.

4.3 Integral on Upper Contour Set of h

In this subsection, we consider the nonlinear functional I'(hg) with
I'(h) = / w(x)dx, 21
W= wi) (21)

where hy : R? — R is an unknown (scalar-valued) function and w (x) is known. Even
though here T is a full-dimensional (Lebesgue) integral per se, its pathwise derivative w.r.t.
h becomes a submanifold integral over the level set {z : ho(x) = 0} as we show below.
Hence, in this case the “level set function” g = hg is taken to be unknown and needs to be
nonparametrically estimated. Notice that such “upper contour integrals” show up in several
examples in Section 2 that feature subpopulations defined through inequalities, such as the

welfare/value under optimal treatment assignment.

Proposition 2. Suppose that I' is defined in (21) with
|Viho ()| >€>0, onM:={xe€X:hy(x)=0}.

Then: (a) M is an m = (d — 1) dimensional submanifold, and Assumption 9 holds with

w (z) d—1
DyT' (h v:/ v(2) =————dH x). 22
0= oy TR @ 22
(b) Furthermore, if w, Vw, and the second-order (partial) derivatives of hy are all uniformly

bounded, and if

Hﬁ—mkwvﬁ—vmﬂm:%< ;4w>, (23)

then Assumption 10 is satisfied.

We note that the calculation of the pathwise derivative (22) above is nonstandard, since
it involves differentiation w.r.t. the changing boundary of the region of integration:
d

D,T (h = —
oL (o) [v] dt J{n(z)+to(z)>0}

w (x) de.

The derivation of (22) utilizes mathematical techinques in differential geometry and the
calculus of moving manifolds, using the “flow” of a vector field. The analysis of the lin-

earization remainder term via the second-order pathwise derivative is even more involved,
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since it requires the calculation of derivatives of the form

d

— w(x) dH (),
dt J{h(z)+tv(z)=0} (z) (z)

which involves moving level sets defined by {h (z) + tv (z) = 0}. Importantly, the gradient

term V,v (z) shows up in the calculation, so the leading term in the linearization remainder
. . R 2

needs to be controlled by Hh — hOH vah — VzhOH instead of Hh — hOH . See Appendix

C for more details.

5 Monte Carlo Simulations

5.1 Integral on Known Submanifold

We first report simulations results for the estimation of an integral functional of a nonpara-

metric function over a known submanifold defined by the unit circle: 6y :=I" (hg) with
T (h) = / h(z) dH (z),
St
ho (z) == a2 + 2sin (x1) 22, = = (21, 22) € X = [=2,2].

Under the variable transformation z; = cos (f) and xs = sin (/3), we obtain the true value

[C(hy) == /

0

T (cos (8)? + 2sin (cos (3)) sin (6)) dp = .

In this exercise, I'(hg) is a linear functional for which the unknown function hy enters only
through the integrand, while the region of integration defined by the lower dimensional
submanifold (i.e., the unit circle S') is known and given. Hence, this exercise corresponds
directly to the theoretical results established in Theorem 1.

We simulate X1 ~;;.q Xiz ~iia Uniform[—2,2] and Y; = hg (X;)+e; with e; ~ N (0,1).
We compute a spline nonparametric regression estimator i (z) for ho(z) = E[Y;|X; = ]
using K, = 36 tensor-product B-spline terms based as in the NPIV package. Note that the
nonparametric estimation of Ay is carried out in the standard manner, which is not restricted
to the unit circle and does not utilize angle reparametrization. Given h, the integral unit
circle [ i () dH! (x) is numerically computed using the sample average over M = 5000
Sobol sequence points? in the angle space [0,2n]. We obtain the plug-in estimator 6 and

construct the confidence interval CI := {HA + 1.9669} where the standard error is computed

9The Sobol sequence sampling, proposed by Sobol (1967), is a well-known quasi-random Monte Carlo sam-
pling method that generates a deterministic sequence of points, whose distribution asymptotically converges
to the uniform distribution, but achieves better finite-sample approximation of the population expectation
(integral) by the sample mean.
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Table 1: Integral on Known Submanifold
’ n \ RMSE \ Bias \ SD \ CI_L \ CIL.U \ U-L \ Coverage ‘
500 | 0.435 -0.0247 | 0.434 | 2.266 | 3.968 | 1.703 | 95.4%
1,000 | 0.305 0.00282 | 0.306 | 2.542 | 3.747 | 1.204 | 94.4%
2,000 | 0.218 0.00391 | 0.218 | 2.719 | 3.582 | 0.852 | 94.5%
4,000 | 0.152 | -0.00684 | 0.152 | 2.833 | 3.437 | 0.604 | 95.4%
8,000 | 0.110 | 9.65x107* | 0.110 | 2.927 | 3.354 | 0.427 | 94.5%

as
63 == DyI (h) [05] QD,I (B) [ ™)]

where the directional derivative DI’ (ﬁ) [v] := [ v (x)dH! (z) is numerically computed in
the same manner as described above, 1) denotes the K spline basis terms, and QO =
(PEOg) (L s e T ) (TEOTE) T with the residual u; = ¥; —  (X,), and
U(K) denotes the nx K matrix of the K spline terms evaluated at the n data points X, ..., X,,

Table 1 reports the finite-sample performance of the plug-in estimator and the constructed
95% confidence interval, for five different sample sizes, across B = 1000 Monte Carlo repli-
cations. We report the square root of the mean squared error (RMSE), the bias (Bias),
the standard deviation (SD)' of the estimator, the average lower and upper bounds of the
confidence interval (CI_L and CI_U), the average length of the confidence interval (U-L),
and the realized coverage probability of the CI (Coverage). Overall, the plug-in estimator
and the corresponding CI perform very well under all five sample sizes: the RMSE shrinks
(almost at y/n rate) as the sample size increases, the bias is of negligible order relative to the

standard deviation, and the realized coverage probability is close to the nominal 95% level.

5.2 Integral on Estimated Upper Contour Set

In this subsection, we analyze the estimation of an integral functional of a nonparametric

function over the submanifold defined by the unit circle: 6y :=I" (hg) with
T (ho) ::/ﬂ{x € X :hy(z) >0} de, X=[-22
ho (x) := (1 — Htz) (4 + sin (x1) x9 + cos (22)) .

Under the above construction, hg () > 0 if and only if ||z|| < 1, and thus

b :/1{|ny <1)dz =

0The standard deviation is calculated using the standard ﬁ 25:1 formula. For this technical reason,
“SD” can be larger than “RMSE”, which is calculated based on the % ZbB:1 formula.
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Table 2: Integral on Estimated Upper Contour Set
’ n \ RMSE \ Bias \ SD \ CI L \ Cl U \ U-L \ Coverage ‘
500 | 0.0645 | 8.69x10~% | 0.0646 | 2.987 | 3.298 | 0.312 95.9%
1,000 | 0.0455 | -7.68x107% | 0.0456 | 3.030 | 3.252 | 0.222 96.0%
2,000 | 0.0335 | -0.00321 | 0.0334 | 3.060 | 3.217 | 0.157 94.7%
4,000 | 0.0233 | -0.00258 | 0.0232 | 3.083 | 3.195 | 0.112 95.8%
8,000 | 0.0172 | -3.44x10~* | 0.0172 | 3.103 | 3.180 | 0.0767 | 95.2%

We compute the spline nonparametric regression estimator h (z) for ho(z) = E[Y;| X; = ]
using K,, = 64 spline basis terms, and the plug-in estimator I (fz) =/1 {iL (x) > O} dx using
the sample average over M = 5000 Sobol sequence points, and CI := [é + 1.9669} using the
formula 67 := DT’ (;L) [@D(K)} QD,T (ﬁ) {w(K)}. The formula of ) is the same as in Section
5.1 but the directional derivative DyI' (k) [v] now takes the following form (d = 2 in this
example):

. v (5’7> -1
DEWE= [ ooy To o @

which we numerically approximate via

1

DL () [o] = o |
h ( )['U] 2¢ {zeX: —e<h(x)<e}

v (z)dx

based on the mathematical result!! that

1 v (x)
lim — / v(x)dx = / —
O 2€ J{zex: —e<h(z)<e} ( ) {zeX: h(z)=0} ||V$h (ZE)H

We set € = 0.001 in our simulation, and, given that {x € X' : —e < h(z) < €} may occur

dH* (2).

infrequently for small €, we use the sample average from M = 100, 000 Sobol sequence points
to approximate D,I" () [v].

Table 2 reports the finite-sample performance of the estimator and the CI based on
B = 1000 Monte Carlo replications. The results in Table 2 display a similar pattern as those
in Table 1: Again, the RMSE shrinks (almost at \/n rate) as the sample size increases, the
bias is of smaller order relative to the standard deviation, and the realized CI coverage is close
to the nominal 95% level. One noticeable difference between the two tables, however, lies in
that the RMSEs in Table 2 are substantially smaller than those in Table 1. Heuristically, this
might have been due to the fact that the upper contour set integral being estimated in Table
2 is itself a full-dimensional integral: even though its asymptotic behavior is theoretically
driven by the lower-dimensional submanifold, in finite sample the full-dimensional nature of

the integral may have made it overall easier to estimate.

"See Theorem 3.13.(iii) of Evans and Gariepy (2015).
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6 Conclusion

This paper studies the semiparametric plug-in estimation of integral functionals on subman-
ifolds, and establishes under a standard set of regularity conditions that the semiparamet-
ric plug-in estimator is asymptotically normal with the minimax-optimal convergence rate
n~zFam | which corresponds to the usual (minimax-optimal) rate of a (d — m)-dimensional
nonparametric estimation problem. This shows that the “Lebesgue measure zero” or “prob-
ability zero” subsets of a population can still provide meaningful dimensional reduction
through integration over such subpopulations with respect to the Hausdorff measure.

As discussed in Section 2, our formulation and analysis of submanifold integrals is relevant
in a variety of econometric settings, immediately suggesting several directions for future
research. It would be interesting to investigate specific economic problems of interest, such
as optimal treatment assignment and marginal/policy-relevant treatment effects, based on
the analysis of submanifold integrals in combination of specific economic ingredients and

institutional details pertinent to the problem in question.
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Mathematical Appendix

This Appendix consists of four sections. Section A provides an instrumental transformation
of submanifold integrals wrt Hausdorff measures into sums of lower-dimensional Lebesgue
integrals usins basic differential geometry techiniques. Appendix B provides proofs of the
results in Section 3. Appendix C provides proofs of the results in Section 4. The last section

establishes additional results using a kernel nonparametric regression in the first stage.

A Decomposition of Hausdorff Integrals on Submani-

folds via Partition of Unity

In this section, we explain how we can decompose a Hausdorff integral on a regular sub-
manifold into a sum of lower-dimensional Lebesgue integrals, which can be analyzed more
straightforwardly based on the existing theory on the semiparametric estimation of Lebesgue
integral functionals.

This is done using a combination of standard mathematical tools from differential man-
ifold theory and geometric measure theory: see, for example, Munkres (1991) and Lang
(2002) for textbook treatments of differentiable manifolds, as well as Federer (1996) and
Evans and Gariepy (2015) textbook treatments of geometric measure theory. Specifically,

the key idea is as follows:
(i) Construct a finite open cover of the manifold M in question.

(ii) On each piece of the open cover in (i), apply the implicit function theorem to obtain
a parametrization (i.e., a coordinate chart) of the m-dimensional manifold by an open

subsect of an m-dimensional Euclidean space.

(iii) On each piece of the open cover in (i), use the “change of variable” formula in geometric
measure theory to convert Hausdorff integral on the manifold into an m-dimensional

Lesbgue integral via the parametrization in (ii).

(iv) Use the “partition of unity” method to combine the results in (iii) across different

pieces of the open cover in (i).

We now proceed through (i)-(iv) formally with more details.
By the regularity of M (Assumption 1), for every T € M, Vg (T) has rank d—m. Hence,

we can decompose T, potentially with a permutation of coordinate indexes, as (f(m),f_(m)>,
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where Z(,, is an m-dimensional subvector and Z_,,) is the remaining (d — m)-dimensional

subvector, and correspondingly decompose Vg (T) into

Vg (T) = |V, (@), Va9 (T)

mx(d—m)  (d—m)x(d—m)

so that rank (VL(m)g(TD = d — m. Then, by the Implicit Function Theorem (see, e.g.
Theorem 9.2 in Munkres, 1991), there exists an open neighborhood Uz around Z(,,) and a

unique 7-times continuously differentiable function 1z : Uy — R~(™ such that
T—(m) = Vg (ZB(m)> , Vx(m) € Us.
Then, define oz : Uy — M C R? by

oz (2m) = (2, 5 (20m))) -

Then 7 is a diffeomorphism (r-times differentiable bijection) between Uz and ¢z (Uz) C M:
(Uz, oz) is thus a local coordinate chart of M at T, which parameterizes each point z in
¢z (Uz) on the manifold with a vector x(,,) € Uz, where Uz is an open set in an m-dimensional
Euclidean space R™.

Clearly {¢z (Uz)}-cr( is an open cover for M. Since M is compact, there exists a
finite sub-cover {(pj U;):j=1, ...,]}, where, for each j, (U, p;) = Usw, pz») for some
point 7U) € M. From now on, we also write 1; as the function vy associated with
(U-»), p=0)), and we write T(jm) for a generic point in Uy;. The “j7 in the subscript
“(j,m)” emphasizes that, while z(;,, is always an m-dimensional vector that corresponds
to m different coordinates in R?, the exact sequence of the m coordinates may differ across
different j’s.

In general, the open cover {goj U;):5=1, ,j} may have nonempty intersections. The
standard mathematical tool to avoid “double counting” under potentially overlapping cov-
ers is the so-called “partition of unity”, i.e., a collection of smooth real-valued functions
{pj cj=1, ,j} on R? such that (i) each p; is nonnegative (ii) >7_; p; (z) = 1 for all
x € M, and (iii) p; () = 0 for all z ¢ ¢; (U;). Such a “partition of unity” (p,) is guaranteed
to exist, say, by Lemma 25.2 in Munkres (1991).

Given (U;, ¢j, pj)? 1> we may then decompose an integral on the manifold M into a sum

of integrals on ¢, (U4;): for any map w: X — R,

[ w@an i [y i 0 @) ) 24

Then, since ¢; is a bijection between U; and ¢; (L{j) by construction, each z € ¢; (U;) can
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be expressed as x = p; (:E(jm)) for ¢, € R™.
By the “change-of-variable” formula in geometric measure theory, e.g., Theorem 3.9 in
Evans and Gariepy (2015), each of the j intergals on ¢; (U;) can be evaluated as Lebesgue

integrals on U; C R™ through the parametrization ¢;, i.e.,

/%(Mj) pj (x)w (x)dH™ (x) = /uj P; (apj (l‘(jym))) w (cpj ( ]m))) T oj (;{;(Jm ) dz(jmy,  (25)

where Jp; := /det (go;gaj) denotes the Jacobian of ;. Combining (24) and (25) we obtain:

J @ @ Z [, 2o (01 () (1 (wm)) T (25m) dotim—— (26)

The decomposition in (26) converts a Hausdorff integral on a m-dimensional manifold M
into a finite sum of m-dimensional Lebesgue integrals on R™, the latter of which are easier
to analyze using existing results on semi/nonparametric estimation. Below we show how we
use (26) to establish the convergence rate and asymptotic normality of the semiparametric
estimator when the first stage nonparametric function hy could be learned/estimated using
any machine learning/Al algorithms. The key is to use a sieve Riesz representation theory

to establish the asymptotic local influence function representation for = I'(h).

B Proofs of Theoretical Results in Section 3

To establish the lower bound for the convergence rate in Theorem 1, we use Le Cam’s

two-point comparison approach based on KL divergence.

Lemma 2 (Le Cam’s Minimax Rate Bounds based on KL divergence). Suppose that there
exist Py, Py such that KL (Py, P;) < 10%2. Then

Ry = infsupEp d(0,0(P))] > 116d(0 (), 0(P)).

Proof of Theorem 1. (i) We first prove the result for the nonparametric regression case
ho(z) = E[Y;| X; = z]. Given any hy € A3(X), let b, be a small positive number and define

h (z) = ho (z) + b Ko <9 b(j) )

where Ky_p, (r) = [19-7" K () and

K (t) = aexp (—1_1t2> 1{Jt < 1} (27)

for some sufficiently small a > 0 such that h; stays in Holder class of smoothness order s.

To see this, notice that K and K,_,, are infinitely differentiable with uniformly bounded
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derivatives, and for any k£ < s we have:

o) = g t) + 1574 (K2 () S0 0) + ot K2 ) a0
Ok dx; " A ok = O
Since hg, g € A(X), all derivatives of K are uniformly bounded, and b,, is small, %hl(aﬁ)
is uniformly bounded as well. The Hoélder condition for the fractional exponent s — [s] can
also be similarly verified.

Note that, to derive a lower bound for the minimax rate for a class of estimation prob-
lems, it suffices to establish the lower bound under one admissible example of the problem.
Specifically, we consider the example setting where X; be uniformly distributed on [0, 1]d,
and w(z) = 1. In addition, let Py be the joint distribution of (X, Y;o);—, with

Yio = ho (Xi) + €, € ~iiq N(0,1).
and let P; be the joint distribution of (X, Y;);_, with
Yii =hy (Xi) + €6, € ~iia N(0,1).
Then, the KL divergence between Fj and P;" is given by:

KL(Py, PPy =nKL (P, Py)

= n/[oyl]d /po (z,y)log <£T Ei z;> dydz
Zn/[o’l]d/po(y\x) lo (i?g:g yda

S C/nbis-i-d—m (28)
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provided that
P (P (g (Xi)| < b,)) < MU (29)

We now show that (29) holds. Writing W; := ¢ (X;), note that the density of W;

1
pw«uosztéﬂ@:w}px<m>jg<x>

is uniformly bounded since px (x) = 1 and Jg (z) is uniformly bounded away from zero as

dH™ () < M,

below by Assumption 2. Consequently,

Plg (Xl <b) = [ pw(w)du

<M dw
1{|w|<bn}

< Mby™

verifying condition (29).

1
lOﬂ) 2s+d—m

1
Hence, we can set b,, = (C,n = n 2s+d-m g0 that

log 2
KL (Py, P,) < C'p2std—m = 282
n

as required in Lemma 2.

In the meanwhile, notice that
T =T (o) = [ (@) = ho ()] w(x)aH? (r) = OB (0)
go(x)=

Hence, define 8(P) := I'(Ep[Y|X = ]) and d(0,6') = |0 — ¢'|, we deduce from Lemma 2

that the minimax rate

Ry 2> 116d(9(Po),9(P1))

= 116|F<h1) —T'(ho) |

= — hi(x) — ho ()| dH™ (x
Gl @) = k@] @)

= C"b}| K (0) |

S
= b} < nEam,

Proof of Lemma 1. Write K,, = K = J% Note that

W()H—Zﬁbk [/m" (@) (@)
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— K\ Kn
Recall that (ka7‘>  is constructed as tensor products of univariate basis functions

l’) = H bkl (xl)
/=1

for some 1 < kq,...,kg < J: in other words, each index k is bijectively identified by the

vector (ki, ..., kq). Hence,
K . J d
SeE)= 3 1 (H b @:g) |
k=1 ki,ekg=1 (=1

For each T’ (55), we apply the decomposition (26) and obtain

D) = [ B @) @)p () ar” (@ ZTM,

where each j corresponds to a piece from the loal charts (Z/{j, @;) for M along with the

partition of unit function p; and

iy = [ 01 o (eam) B (2 (rm)) 0 (o (o) 71 ()

From now on, to simplify notation, we will suppress the subscript 7 whenever there is no

ambiguity. Furthermore, define

@ (wm)) = p (@ (2m) ) w (¢ (70m) ) T (20m) -

so that we may write T}; more succinctly as

Ti; = /uka (& (zem)) @ (2m)) dm)

Again, since (bk ") is constructed as tensor products of univariate basis functions, we can

Ef (90 (I(m)» - Ef(m) (x(m)> 'Bﬁ—(m) (¢ (x(m))>

K K
where by ., (x ) = [Toe(m) bk, (1) and by, _ ( ) = TTeg(m) br, ([1/) (x(m)ﬂe) correspond
to the coordmates N 24 and x_(y,), respectlvely Then, we have

= o () Bt (9 ) () it
=< By () ,biim> W ()W (0 () >0

where < fl, f2 > Lo (U) = fu f1 (:U(m)) f2 (l‘(m)) dx

Since {Effn) ()} is a sequence of orthonormal basis functions on X C RY, its restriction

decompose
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to U is a frame,'? which

> ZT@— ST <y () oy (@ ()W (2 () >,

lile(m) ko= kg:le(m)

<M 5y (6 ) (O

=M / B (¢ <$<m>))fw? (¢ (2em) )

by the frame condition

Hence,

K
ZT/’?J' = > Z [ > Z A(k1,..., )j] = Y Z M = J4=m) )f
k=1 ll(;é )k:/ 1 [ Lle(m) ke= llez )k/ 1

Now, since T’ (Ek ) Z] 1 Tj, and I'? ( ) (ZJ 1 Tk]) Zg;l Ty;, we have

T (b )H = ZW () = j;ZlJ(d‘m)MxMJ(d‘m).

Proof of Theorem 2. Note that

= o] =" (= o)
<[P (b =h)| [P (5 =)
<[r (b= m)|+ = holl
By Theorem 3.1 of Chen and Christensen (2015), under the i.i.d. setting, under Ass-

sumptions 6-8, we have

r(ﬁ_ﬁ):op(ln

1
sd> - Op (n
Uk, ‘2 = Kn* by Lemma 1, we have

r(h—h) =0, (VKW/Q

In addition, by Theorem 2.1 of Chen and Christensen (2015), we have

* *
UKn UKn

)

Since

[ = o]l = 00 (277).

12A (finite or countable) sequence of functions (by(-)) is said to be a frame on a Hilbert space (H, <
..+ >) of functions if it satisfies the frame condition: there exist constants M, M > 0 s.t. M||f||2
S0 < bl £() 32 < M| fI for every f € H.
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Hence,

A d—m
0—6y=0, (\/Kn T In+ Kn—s/d> .

d—m
The rate is minimized by setting K, such that \/ K, ¢ /n < K, /¢ or

n
1
Jn — KT}L/d — n25+d7'm’

we have

0 — 0o =0, (K;*") = 0, (n~7vim).

C Proofs of Theoretical Results in Section 4

Proof of Theorem 3. The asymptotic normality result follows from Theorem 3.1 of Chen
and Christensen (2015)[CC15 for short] with its stated assumptions and additional conditions
verified (for i.i.d. setting). Specifically, Assumption 1(i) and 2(i) in CC15 are satisfied
under the iid setting with X = [0, 1]¢, Assumption 2(ii)(iv)(v) in CC15 is satisfied with
Assumptions 8, 5, and 11. Assumption 4(iii) is verified with Assumption 6(i). Assumption
5 in CC15 is satisfied with Assumption 6 and the choice of K, s.t. K, log K,,/n = o(1).
Assumption 9(i)(ii) are verified with Assumptions 9 and 10. Assumption 9(iii) is verified

with the “undersmoothing” choice of K, s.t.

d—m
DE(o)h— hal| < [~ b _ = 0,03 = 0, [\ 2|

where the first inequality follows from Assumption 9 and the uniform boundedness of .

Given Lemma 1, the rate for ‘ . follows from and Assumptions 5 and 11, which imply

that

*
’UKn
. [l

~
—~

* *
UK” ’sd UK"

Proof of Theorem 4. We apply Theorem 3.2 in CC15. In addition to the assumptions al-
ready verified above in the proof of Theorem 3, note that: Assumptions 2(iii) and 10 in CC15

are satisfied given Assumptions 13 and 12, and the additional condition (C KnAk,\/1og (n)/ n)
o(1) is satisfied with Assumption 6(i)(ii) and the stated condition on the rate of K. O

Proof of Proposition 1. (19) follows from

c;lt /M ¢ (ho (2) +tv (), ) w (z) dH™ () = /M o1 (ho (x) + to (), 2) v (@) w (z) dH™ (x) .
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Since ¢ (t,z) is almost everywhere twice differentiable in ¢ with its second derivative ¢

bounded, we have
|6 (h(2),2) = ¢ (ho (x) ,x) = 1 (ho (x) ;) (B (x) — ho ()] < M [ () = ho (z)|*
and thus

T (h) = T (ho) — Dy (ho) [l = hol| < M/M [ (@) = ho (2)” w (x) dH™ () < M [[h — holl%,

i%—hOHio:op( iKZ_dm)

Hence, (17) is satisfied if

Proof of Proposition 2(a). Defining
Vi i={z: ho(z) +tv(z) >0},
whose boundary is given by
OV =M, :={x: ho(z)+tv(z) =0}

with
Vo={x:ho(z) >0}, MWVy=My={x:ho(z)=0}.

By the generalized Stokes Theorem,
d )
= X (z,0)-n(z,0)) dH*!
L, w@ (X (@.0)n(@.0) dn' (@)

p Vtw(x) dx .
_ /w () (X (2,0) - n (z,0)) dH* (x)

t

where 5
X = —X t
(¢,0) i= 5. X (2,1

IVho ()]

, n(x,0):=
t=0

with n (z,t) denoting the outward-pointing unit normal at * € M,, and X (z,t) being a
diffeomorphism from Mg to M,, which by definition satisfies X (z,0) = z and

ho (X (2,1)) + tv (X (z,1)) = 0, (30)

for each x € My and ¢ € [0, €] for some € > 0.
Taking derivatives of (30) with respect to ¢ yields

Vieho (X (z,t)) - X (2,t) + tVv (X (z,1)) - X (2, t) + v (X (2,t)) =0

34



and thus, evaluating the above at t = 0, we have

Vaho (X (2,0)) - X (2,0) + v (X (z,t)) =0

or equivalently,

V.ho (z) - X (2,0) = —v (2),

Hence,
: -n(x =X (z . Vi (2) - o)
X (2,0)-n(z,0) = =X (,0) IVho (2)]| (| Vaho (2)]
and thus d (z)
b (z) dx ~ = /MO w (x) mdﬂd*l ()

Lemma on the Pathwise Derivative of Level Set Integrals

Lemma 3. Given h,v, define hy (x) := h(z) + tv (x) and
]t::/ w(z) dH (x
0= [  e@d @)

Then I (t) is continuously differentiable in t with

[ Vaho(z) @) ]
v(x . z (T
Mo | Fw (2) 1V 2ho ()] dw(llvzho(x)ll)

[ v(z)  Vaho(z) |
@R Vet (7)

0
_ Vaho(z) Vav(z) d—1
N /Mo +w(w) \\V(z)homn vazhg@(s)q dH™ (2)
v(x . zhol(T
| w0 (%) oo 4 (uvzho(z)n) |

— _ ol w(x ’U(Z‘) VazhO (l‘) d—1 T
== <<Nwmumwmmumym (@)

and

I' @) € MVl o]l + ]l V0]l + ol loll) -

In (33) we may write

H (z) := div( Vaho (2) ) ,

IVaho (2)]]

(31)

for the mean curvature of My at x (also known as the trace of the Weingarten map, a.k.a.,

shape operator). Hence the formula (33) reflects the effect of the curvature of the level set

on functional derivative, which is as expected.

In addition, the integrand in (33) features three key elements:

e w (x), which is the original function being integrated over at x.
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. W reflects the normalized intensity of change in the direction h (z) — ho ().

)
Vaho(z)
)

S oho(o)] 15 the unit normal at x € M,.

Given that “divergence” has the intuitive interpretation of “outgoingness”, the formula also
seems intuitive: (33) captures the “outward flow” of w from M, as the level set function hg

is perturbed in the direction of h — hy.

Proof of Lemma 3. We work with a diffeomorphism X (-, ¢) that maps My = {z : hy (x) = 0}
to My ={z: ho(x) +t(h(x) — ho(x)) =0}. Then

10)= [ w@dt'™ @)= [ X)) Jx (@0 dH" (@)
where Jx (z,t) denotes the Jacobian of X (-,t). Then,
1) = [ (X 0) x (0] (2)
— /MO (Vow (X (2,1)) - X (2,1) Jx (2,1) + w (X (z,1)) Jx (2,1)] dH (2)
[Vow (X (2,1)) - X (x,8) + w (X (2,1)) div (X (2,1)) | Jx (1) dH" ()
= [ div |w(X (z,) X (2,1)] Jx (2,) dH*" () (37)

Mo
where the last line follows from the property that

Jx (x,t) = Jx (w, 1) div (X (,1))

with div (x) 1= >3; =5 3x] ) denoting the divergence operator.
In addition, it is Wlthout loss of generality to take X so that X (z,t) is along the direction

(or the opposite direction) of the unit normal n (z,t). In other words,

X(x,t) =—u(x,t) 7=
@0 =D g @)
for some scalar-valued function @ (z,t). Plugging the above into (31), we have
- Vahi(2) Vel (@)
—v(x) =—=V,h(x)-uw(x,0 =—-u(r,t) =
(@) = Ve 70 4 b o = T I @)
and thus ()
v (x
z,t —
0= e @l
and

v (x) V.hi ()
[Vahe (2)|| |Vl ()]

X(m,t) = —
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Plugging this into (37) and evaluating at ¢ = 0, we have
p [ v (x) V.ho () ) ( v () V.ho () )] d—1
I (0)=— V,w (x) - +w (x) div dH x
O == L [T @I ol O ([ 1 T ] )

Vow (z) IVeho (@) [Vaho(@)]]

o v(x) : Vaho(z)
= - +w( ) ko (:r div (uvzhgun

Vaho(z) v(x)
w(z IV ko ()] Ve (Hvzh()(l‘)ll

)
_ V Vih (z) w(x v () v () - Vaho () -1 (,
= oo Wi ( @) ¥ @)1 ho<x>u) v @7 Ay @) <vaho<x>”)]d% @)
— ivw(z U(;L’) vmh0< ) d—1 T
=) ( ) oo @1 uvzho<x>u>d” (@)

where equalities above use the product rule for vector calculus and the product rule for

) | dH ! (=)

N———

divergence:
div (w (l’) V.h (l’)) =w (ZE) div (v;th (5(])) + Veh (ZE) - Vew (l’) '
For t > 0,
PO <[, T O 1) X (0.0 dx 0 a0 (0
+ ’/MO )) div (X (x, t)) Jx (x,t) dH! (z)
< Vawl. HXHOO + el aiv (X
Xl - H Ve ()] ||V:hz ()] Hoo = Ml
and
. . v (X) V.hi (X)
Ja ()., = e (nvxm X)[[Vhe (X ||>H
ey (- Fehe (X) ) V.l (X) H
(X)d <||Vxht X)) T op V™
< M (vl + [Vav]l)
Hence,

I' ()] < M(IVawll [0llg + 0l [Vavll oo + ol o))

Proof of Proposition 2(b). Note that

w (x)

DT (ho + tws) [v =/ N ho ()]
o) [ = oo™ O h @]

dH* (x)
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is a level set integral of the form (32). Applying Lemma 3, we obtain
[T (h) =T (ho) — DyI" (o) [ — ho]|

M b= o], ([Vah = ato]  + 2= 1o
e 72 7.0

IA

IA

Y
o0

which is asymptotically negligible under condition (23). O

D Asymptotics with Nadaraya-Watson First Stage

In this section, we show that the key rate-acceleration result in the previous subsection, as

one may expect, also holds for kernel-based nonparametric methods. To illustrate this point,

we consider the case where hg is a given by a conditional expectation and h is given by the

Nadaraya-Watson kernel estimator and show that our key result continues to hold.
Formally, let hy () = E[Y;| X; = 2] and

. T K (N5
7 _ nbd 1 bn
(z) RS (Xé;x)

where b, N\, 0 is a bandwidth parameter and K is a multivariate kernel of smoothness order

We estimate 6y = [y, ho () w (z) po (z) dH™ (x) by 0 := [ h (x)w (z) p (x) dH™ ().

Assumption 14 (Kernel Smoothness). K, is a d-dimensional product kernel
d
j=1

where K is a univariate kernel of smoothness order s, i.e., (i) K (u) = K (—u), (it) [ K (u) du =
1, (@)K (u)] < M < oo, (i) [wk(u)du = 0 for j = 1,..,s — 1, and (v) ks =
J ;K (z) dz € (0,00).

Theorem 5 (Kernel Nadaraya-Watson First Stage). Let ho () = E[Y;| X; =] € A%(X).

Under Assumptions 1 and 14, we have

Bias (0) = O (b}), V‘””(é)20< ; )

d—m
nbd

and thus
|6 = o] = Oy (n77i=m)

Proof of Theorem 5. Write a (x) := hg (z) p (x), we have
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1 & r—X; -
- [ o () (= o) w ) e )+
— nbg Zz:;/M K (SL’ ;nXl) (Y; — hg (.CE))"LU (33) dH™ (aj) + Ry, (38)

Ty
where the remainder term R; is asymptotically negligible.

By (26), we may write
J

=) 1 z”: Ty
=11z
with
Az — X;
Tyij = bld o (% <$(va: ) ) (Yi = ho (5 (26.m))) @5 (Yir 25 (2G.m)) dezimy
where

w; (Yi,x) = p; (x) w () Tp; ()

Subsequently, we consider each T1;; separately and suppress the subscript j for simpler
notation.
We carry out the kernel change of variables from z(,,) to u by setting

_ Tm) — Xim)
by

u: & T = Xi(m) + bpu.

V—Xi,(m) _

n

We write V,, :=

Ty — bld/u i (u7 (0 (Xz‘,(m) + ZZ:ZU) - Xi,—(m)) (Y; — hy (gp (Xz'7(m) + bnu))) w (Y;, ® (Xi,(m) + bnu» d (X

40 Xiom +0pu) — X _im
= l;;l/v K(m) (u) K—(m) (w ( (m) T bnu) —( )) (}/Z — hg (QO (Xi,(m) + bnu)>) w (¢ (Xi,(m) + b,
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where [}, Ky (u)du = 1+ o(1), since b, = o(1) and V is open, which implies that
[—M, M]™ CV, eventually for any M < 0o as n — 00.

Recall that K_(,,) is a (d — m)-dimensional kernel. Hence,

1

w Xz', m) ) Xz',— m
5 = e S () 3 (5 () o ()

can be heuristically viewed as an (d — m)-dimensional kernel estimator, and thus shares

the asymptotic properties (bias, viance and converage rate) of the (d — m)-dimension kernel
estimator. We formalize this and complete the proof via Lemmas 4 and 5 below, which show
that the bias and variance rates indeed coincide with the corresponding rates in (d — m)-

dimensional kernel regressions. ]

Lemma 4 (Bias). E [T3,;] = O (b;)).

n

Proof. Clearly,

| =) ()~ 1o ) (o () 012
i /1 [ (2 G ) = o ) o )]

Define the change of variable from z_,,) to ¢ as

Zo(m) = Vj (l‘(m))
b ,

(= m) = ¥;j (ZE(m)) + b,(.

We have
E [Tyi] = / 1 (€ (o (26m1> 5 (0m)) + ba€) = o ( (20m
P (Y3 (wom) + bl \ m) V"< (#m
-/ { [ 5o (©) (o (2m0s 65 (my) + 5aC) — o (

P (26m) @ (¢ (20m)) ) dzm)
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- /UK bC +o( )) dg p(Z(m))@ ¢<Z(m)))dz(m>
- /K_m) ) CdC /B 2m) @ (% (2m)) ) dztam) + 0 (53)
= 0()

Lemma 5 (Variance). Var[Ty,;| = O (ﬁ)

Proof. Then,

2 2 Vi \Zm)) — Z=m -1 2 _o( 1
E (T2y) = o | K—<m>( & )2 ( )) (¥ = o (7 (2m))) @ (27 (2m))) P (20 2 ) 42
1 9 ¢j Z(m) ) — "f—=(m 9 1 2] _o 1
=gt /o (2T 0 G )5 )

Wi (Zm)) = 2=(m 2 -1 2
= bi(dl_m)/ /K%(m)( ( ( )b)n ( )) {00 (2) + (ho (z) — ho ((,0 (z(m)))) }p(z_(m)‘z(m))c

For T3;, we can carry out the change of variable from z_(,,) to v as below:

vi= = (m) —;:j (z(m)) & Z_m) = Yy (Z(m)) + b,v

and thus
/K2 (m |:O' m) w] (

)
:bdm/KQ(m ){ (m)wj(z
= b m/K2 v)dv - og z(m) Y,

)
m)) + (1o (zom 5 () = o (7" (2m))) "+ 0 @) o (s
(z6m)) 2 (4 (200 [ 200) 0 (877)
=57 C g (205 (20m)) (4 (20| 26m) -0 (277)

Hence,

B (73) szulm / [bd "+ G (2 ¥ (2m)) P (8 (2m) [ 20m) + 0 (827) |7 (07" (20m) )

w5 (26m) ) 2 (%5 (26m) | 20m) @ (27" (26m)) ) P (2m)) dzimy + 0 (bdf
1
¢ (bﬁ—m>

+

1) + (b0 (s ) ) o (5 ()] (8 o

n
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Hence,
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