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1 Introduction

What is the optimal tariff? The classic answer to this question in a two-country environment is that

Home’s optimal tariff 7; at date ¢ is equal to one over Foreign’s export supply elasticity ¢,

1
= —, 1
Tt & M
where ¢; = %llc; gg );5 . This formula emerges naturally when Foreign produces a single tradable good

and Foreign’s export supply x; is a static function of the import price, x; = X;*(p;). When choosing
the optimal level of imports, the Home planner trades off the utility benefit of consumption against
two costs. A unit of imports has a direct monetary cost of p;. But demanding more imports also
leads to an increase in the price, which is required in equilibrium to incentivize Foreign to supply
more exports. And this equilibrium price response is proportional to the inverse of the static export
supply elasticity &;. Unlike the planner, households in Home do not internalize this price impact
when making consumption decisions. The optimal import tariff incentivizes households to demand
the socially optimal level of imports.

This paper develops a theory of optimal tariffs in dynamic environments where Foreign’s
export supply is an intertemporal rather than a static function of prices, x; = X/ (p), with p =
{pr}r>0. Foreign’s export supply may respond to price changes both at earlier dates due to
anticipation effects or at later dates due to endogenous persistence. As emphasized by Auclert et al.
(2024b), static response functions—such as the one underlying the classic tariff formula—cannot be
microfounded in modern models featuring intertemporal budget constraints and forward-looking
behavior. We show in our applications that important benchmark models of intertemporal trade

can be represented in terms of the intertemporal export supply function X*(p).

Intertemporal tariff formula. Our first main result is an intertemporal tariff formula that general-
izes the classic one to dynamic heterogeneous agent models of intertemporal trade. It takes the

form
1
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We denote by € the sequence-space Jacobian (Auclert et al., 2021) of the intertemporal export supply
dlog X"
dlog pkt

function X'*, that is, the infinite matrix of partial log derivatives . The formula also features

relative tariff revenue weights, with w denoting the infinite matrix with entries wy; = 251‘;’5 . We
t

denote by &; and wj the t-th column and row of the respective matrices, so the intertemporal tariff
dlog X

. 1 _
formula can also be written as == Yk Wkt JTog pr *

While the contemporaneous export elasticity ¢; (XE) is a sufficient statistic for the optimal tariff
according to the classic formula (1), our intertemporal tariff formula (2) identifies intertemporal
export elasticities £ (iXEs), as the relevant determinants of optimal tariffs in dynamic models of

intertemporal trade. Together with relative tariff revenue weights, they are sufficient statistics for



the optimal tariff. The economic intuition for equation (2) is similar to that of the classic formula (1).
The Home planner internalizes that demanding more imports from Foreign at date ¢ leads to a rise
in the price of imports in equilibrium. Unlike in the classic case, however, intertemporal linkages
imply that this demand impulse at date t shows up in market clearing conditions at all dates k,
exerting pressure on prices in proportion to the off-diagonal entries of the iXE matrix £, which can
be interpreted as intertemporal cross-price elasticities. Therefore, the Home planner internalizes
that changing import demand at date t affects the entire sequence of prices p in equilibrium, thus
changing the cost of inframarginal trade at all dates. To make households internalize this price
impact—both contemporaneous and intertemporal price impact—the required import tariff takes
the form (2).

Second-best tariffs. The intertemporal tariff formula (2) determines the optimal tariff whenever
the Home allocation is efficient internally. It therefore characterizes the tariff that helps decentralize
the efficient allocation—possibly in conjunction with other instruments. In this case, the planner
uses tariffs for a single purpose: to manipulate Home’s intertemporal terms of trade. Whenever the
efficient allocation is not attainable, the planner may find it desirable to use tariffs to also target
other inefficiencies.

We develop a general theory of second-best optimal tariffs that complements our intertemporal
tariff formula. Our second main result is a Ramsey targeting rule that identifies the normative
considerations relevant for second-best tariffs. In a large class of dynamic heterogeneous agent
models, the optimal second-best tariff trades off intertemporal terms of trade manipulation against
gains from production efficiency, risk-sharing, and redistribution. Nonetheless, we show that
intertemporal export supply elasticities €, together with revenue weights, remain a sufficient

statistic for the terms of trade manipulation motive of second-best tariffs.

Micro-foundations of intertemporal export supply elasticities. The classic tariff formula (1)

dlog A}
Tlosp = Oforallk # t.

This is the case where intertemporal cross-price elasticities are zero. We explore the shape and

corresponds to the case where the iXE matrix € is diagonal, with £, =

importance of the off-diagonal entries of £ across three benchmark models of intertemporal trade
that provide different micro-foundations for the intertemporal export supply function X*. We
begin by studying a representative agent (RA) endowment economy in Section 3.1, which allows
us to revisit and relate our results to the seminal analysis of Costinot et al. (2014). We show that
€ has a stark shape in environments with permanent-income consumers, featuring a positive
diagonal and negative and flat off-diagonal entries. Permanent-income consumers are infinitely
forward-looking and consume the annuity value of the change in lifetime wealth following an
anticipated price change at date t. Their consumption response is therefore the same across all
dates k # t. This implies that all elements of the t-th column of £ are identical, except for the

diagonal corresponding to the contemporaneous response. Our next result shows that while £ is



not diagonal in this setting, its off-diagonal terms exactly cancel out in the determination of the
optimal tariff. Tariffs are therefore determined exclusively by the diagonal of £, just as if the classic
tariff formula applied.

Models with permanent-income consumers come deceptively close to replicating the classic
tariff formula. While the iXE matrix € is not diagonal, the off-diagonal intertemporal cross-
price elasticities exactly cancel out in the determination of the optimal tariff. We next show that
this coincidence breaks down in heterogeneous agent (HA) models with incomplete markets.
Crucially, intertemporal cross-price elasticities are no longer constant when markets are incomplete.
Consumers are no longer infinitely forward-looking. Instead, their effective planning horizons
depend on their proximity to the borrowing constraint. For dates sufficiently far in advance of the
anticipated price change, Foreign export supply does not respond at all. Shortly before and after
the price change, however, the export supply response is much stronger than in the RA benchmark.
In the presence of incomplete markets, households have larger marginal propensities to consume
(MPC) out of near-contemporaneous windfalls as a result.

Finally, we present a micro-foundation of A* in a New Keynesian model in Appendix C in the
spirit of Farhi and Werning (2017). In both previous applications, the export supply function X'*
was a strictly partial equilibrium (PE) object. But our theory also applies to richer environments
where X'* features general equilibrium (GE) dynamics that are internal to Foreign. What is key
is that X'* never accounts for GE adjustments that work through international trade. In the New
Keynesian model, we show that X'* also accounts for business cycle dynamics that are internal to

Foreign, something that Home exploits by adjusting the optimal import tariff.

Optimal tariffs according to a quantitative HANK model with trade. We leverage our analytical
results to study optimal tariffs in a quantitative heterogeneous agent New Keynesian (HANK)
model with trade, extending the canonical open economy HANK model developed by Auclert
et al. (2024a) to the case of two large countries. There are | goods that come in differentiated
Home- and Foreign-produced varieties. Firms face adjustment costs when changing prices, giving
rise to sectoral New Keynesian Phillips curves. Households have homothetic CES preferences
over the 2 x | goods. In the tradition of the Bewley-Huggett-Aiyagari incomplete markets model,
households face uninsurable income risk and are subject to a borrowing limit. Our calibrated
quantitative model matches both trade elasticities and key moments of the income and wealth
distribution.

Our quantitative analysis starts with a positive expoloration of the consequences of tariff
shocks. In response to a permanent 10% increase in import tariffs, Home consumption rises by
0.5% in the long run, while labor supply and output fall by roughly 1%. Exports fall by nearly
20% while imports only contract by 15%, leading to a long-run worsening of the trade balance. In
response to a temporary import tariff shock, the trade balance does improve for some time and

Home production rises on impact.



We present the Ramsey problem for optimal second-best tariff policy in Appendix D and
derive the optimality conditions that characterize the Ramsey plan. We compute the Ramsey steady
state (RSS) and show that it implies an optimal long-run import tariff of 5.4%. We then compute
the optimal tariff dynamics in response to a TFP shock from a timeless perspective. As Home
productivity rises by 1%, the optimal import tariff also increases by 0.5%, leading to a moderate

improvement in Home’s trade balance.

Related literature. Our paper builds on the seminal work of Costinot et al. (2014). There is a vast
literature studying optimal tariffs but much of this work is cast in static environments.! Costinot
et al. (2014) was the first paper to develop a theory of optimal tariffs in dynamic environments.
Our dual approach is complementary to their primal approach and identifies intertemporal export
supply elasticities as a key determinant of optimal tariffs in both first-best and second-best environ-
ments. We also extend their analysis to HA models and show that the iXE matrix £ takes a starkly
different shape in the presence of incomplete markets. As a result, optimal tariffs are no longer
determined as if by the classic tariff formula, unlike in environments with permanent-income
consumers.

Other papers in the trade literature that have influenced our work include Costinot et al.
(2015), who characterize optimal tariffs in a static model of Ricardian comparative advantage,
and Lashkaripour (2021), who derives a related sufficient statistics formula in a static multi-good
environment. Costinot and Werning (2023) study optimal tariff policy in a static environment
with redistribution concerns. Our results build on theirs by showing that a related but distinct
risk-sharing motive emerges in dynamic incomplete market environments where households are
exposed to uninsurable risk.

Our paper is more broadly related to prior work that characterizes constrained efficiency
and optimal second-best policies in heterogeneous agent environments. Farhi and Werning (2016)
develop a general theory of financial transaction taxes in an environment with heterogeneous
households, a general supply side, and a flexible representation of nominal rigidities. Our approach
builds closely on theirs, especially our characterization of the second-best tariff formula. We cast
our result in terms of wedges, as they do, which succinctly summarize sources of inefficiency
relative to the first-best allocation. Our main point of departure from their analysis is that we study
a two-country model where the planning problem only puts welfare weights on households in one
country. This gives rise to a new intertemporal terms of trade manipulation motive that a global
planner would not act on. Relatedly, Farhi and Werning (2017) show in an open-economy setting
that aggregate demand externalities make even the complete markets competitive equilibrium
constrained inefficient, which motivates the use of fiscal transfers.

Our paper also contributes to the quickly growing literature in macroeconomics that leverages

sequence-space methods to study heterogeneous agent models. The seminal work by Auclert

1 See, among many others, Johnson (1953).



et al. (2021) introduced and popularized sequence-space Jacobians. Auclert et al. (2024b) derive
an intertemporal Keynesian cross that generalizes the static one to HA environments that admit
a sequence-space representation in terms of an intertemporal consumption function. We show
that an intertemporal tariff formula generalizes the static one to HA environments that admit a
sequence-space representation for the rest of the world in terms of an intertemporal export supply
function. Our paper also builds on Dévila and Schaab (2023a), who extend this sequence-space
approach to optimal policy problems and welfare analysis in HA economies. We extend their
methods for solving the primal and dual Ramsey problems to two-country HA environments where
intertemporal terms of trade manipulation emerges as a new motive of optimal policy. We illustrate
the power of these tools in a quantitative HANK model that extends the canonical open-economy
HANK model of Auclert et al. (2024a) to a setting with two large countries.

Finally, there is a new and quickly growing strand of literature in response to current tariff
policy debate. Many of these papers address positive questions. Auclert et al. (2025) show that
tariff shocks are contractionary in a representative agent New Keynesian model. They argue that
consideration for the short-run recessionary effects of import tariffs lower the optimal long-run
tariff. Costinot and Werning (2025) show that tariffs may have long-lasting effects on the trade
balance and reduce trade deficits if the Engel curves for aggregate imports and exports are convex.
Itskhoki and Mukhin (2025a) show that valuation effects are a key channel through which tariff
policy affects the trade balance. Aguiar et al. (2025) characterize when a trade war that imposes
balanced trade can be consistent with given initial net foreign asset positions. Caliendo et al.
(2025) study the determinants of endogenous trade imbalances across countries in a dynamic
complete markets model. Rodriguez-Clare et al. (2025) use a dynamic trade and reallocation
model with downward nominal wage rigidity to show that recent U.S. tariff policy would expand
manufacturing employment but at the cost of declines in service and agricultural employment.
Ignatenko et al. (2025) study how the welfare implications of recent U.S. tariff policy depend on
whether and to what extent trading partners relatiate. Itskhoki and Mukhin (2025b) characterize
optimal tariffs under policy objectives that go beyond social welfare—such as maximizing revenue,
closing the trade deficit, or increasing manufacturing employment. They focus on representative
agent environments where long-run bilateral and aggregate trade deficits reflect differential returns
on assets and liabilities, and show that the planner trades off terms of trade manipulation against
the cost of negative valuation effects. Finally, several papers study the interaction between tariffs
and optimal monetary policy, including Bianchi and Coulibaly (2025), who show that the optimal
monetary policy response to a tariff shock is expansionary, and Werning et al. (2025), who show that
tariffs appear as cost-push shocks in a standard New Keynesian model and that optimal monetary

policy partially accommodates the shock and allows for higher short-run inflation.



2 The Intertemporal Tariff Formula

2.1 The Classic Tariff Formula

Consider a world economy with two large countries, Home and Foreign. Time is discrete and
indexed by t € {0,1,...}. A representative household in Home consumes a basket of domestically
produced goods, ¢, and a tradable good produced by and imported from Foreign, m;. The
household’s consumption preferences are Y, B'u(cs, m;). To derive the classic tariff formula, we
assume that Home faces a static budget constraint, y; = ¢; + pym;; total consumption expenditures
must equal a given per-period level of income y;. We denote by p; the price of the imported good
relative to the basket of Home goods. Finally, equilibrium requires that Home imports are equal to
Foreign exports, m; = x;.

The key assumption underpinning the classic tariff formula is that there exists a static export
supply function X} that is differentiable and determines the level of Foreign export supply at date

t as a function of the contemporaneous price,

xXj = X7 (pr)- ®)

The planning problem of Home is therefore to choose an allocation {c;, m;} and prices {p;} subject
to the domestic budget constraint and the implementability condition m; = X}*(p;). The Lagrangian

associated with this problem is given by

L=Y " ulc,m)+¢e(yr — cr — prmy) + (X7 (pr) —my) |,
t

with first-order conditions u.; = ¢; for domestic consumption, u,,; = pp: + y; for imports, and

pipr = ‘utaa% for prices. Solving out for the multiplier y; we can write

1
Ut = PrPr + X me ¢y,
ap[

where the Lagrange multiplier ¢ = u.; represents the utility value of one additional unit of
numeraire (domestic consumption), which is marginal utility u.;. This equation tells us that the
Home planner trades off the utility benefit of consuming imports against a direct monetary cost and
an indirect cost due to equilibrium price adjustment. A unit of imports delivers u,, ; utility units. It
costs p; units of domestic consumption, which would alternatively deliver a total of p;u; utility
units—the direct cost. The Home planner also internalizes, however, that increasing imports by one
unit is only implementable by allowing the price p; to rise by exactly 1/ % to incentivize Foreign
to supply one additional unit of exports. This increase in price raises the cost of inframarginal
imports m;. And the alternative use of funds is again domestic consumption, delivering utility

units in proportion to u.;. That is, the RHS captures the total cost in utility units of consuming one



additional unit of imports.

Putting all this together, we arrive at Home’s social optimality condition for imports

Ut = Prlle,t (1 + :t) 4)

written in terms of the static export supply elasticity &; = Z’alﬁ)ggfft* = % %. When households in
Home make consumption decisions, they do not internalize the indirect cost of imports through
equilibrium price impact. They choose import demand to satisfy the private first-order condition
Ut = prucs. However, the Home planner can make households internalize the price impact by
confronting them with an import tariff, so that the effective price of imports households face is
instead p;(1 + 7;). By setting 7; to exactly match the social optimality condition (4), we arrive at the
classic tariff formula (1), .
T = &

The validity of the classic tariff formula therefore relies on two key assumptions: the static bud-
get constraint of Home households and the existence of a static export supply function representing
Foreign. Together, these two assumptions shut down important mechanisms of intertemporal

linkages that are found in modern, micro-founded models of intertemporal trade.

2.2 Environment

We now introduce a large class of dynamic heterogeneous agent (HA) environments and derive our
intertemporal tariff formula. There are two large countries, Home and Foreign. Home is populated
by a measure one continuum of households, indexed by i € Z = [0, 1]. Time is discrete and indexed
byt € {0,1,...}. At the beginning of each period t, a stochastic event s; realizes. We denote the
history of such events by s' = (s, s1,...,s:) with probability 7(s'). We allow for idiosyncratic
uncertainty but abstract from aggregate uncertainty. There is a single consumption good at each
date and history. We study the case with multiple tradable goods and both intra- and intertemporal

trade in Section 4.
Preferences. The lifetime utility of individual i in Home is defined as
Vo =Y B L m(s)u'(ci(s"), 4i(s")), ®)
t st
where ci(s!) and /i (s') denote i’s consumption and labor supply in history s.

Technologies. Home is endowed with a production technology to produce the single consumption

good at date ¢ using labor,
ye = Fi(6), (6)



where y; denotes aggregate output and /¢; total use of effective labor in production. The production
function F;(+) is allowed to depend on time, which may for example reflect deterministic time
variation in technology. In the main text, we study environments with a single factor for simplicity.
In the Appendix, we show that our approach applies to richer models of production featuring

intertemporal linkages (capital) and intermediate inputs.

Resource constraints. The resource constraint for effective labor in Home is given by

0= /0 (1) (5" @)

Household i’s hours of work £(s!) are transformed into effective labor by i’s productivity shifter
zi(s') at date t and history s. We assume that zi(s!) follows an exogenous Markov chain for each
individual 7 and is therefore a source of idiosyncratic uncertainty. Since we abstract from aggregate
uncertainty, a law of large numbers holds and aggregate effective labor /; is not contingent on the
realization of history s’ at date ¢.

Finally, the resource constraint for the consumption good at date ¢ is given by

1 .
xy :/0 cé(st)di—yt, (8)

where x; is Foreign’s aggregate export supply. We denote Foreign variables with asterisks. Foreign
exports must equal Home’s aggregate imports, that is, aggregate consumption ¢; = fol Ci (s')di net

of output y;.

Intertemporal export supply function. We denote the intertemporal price of consumption at date
t by p:. Anticipating our use of sequence-space methods (Auclert et al., 2021), we use bold-faced
notation for the infinite sequence of prices p = {p;}+>0. Our key assumption in this section is that
there exists an intertemporal export supply function X* : £*° — £ that is (Fréchet) differentiable and
satisfies

N =X(p) and NS Y pai(p) =0 ©)

The intertemporal export supply function X'* is a sequence-space function analogous to the in-
tertemporal consumption functions used widely in macroeconomics. It maps an infinite sequence
of prices p to a level of Foreign export supply at each date t. The micro-foundations of X* we
study in this paper all assume budget constraints and no-Ponzi conditions at the micro level that,
when aggregated, imply the external balance condition in (9), with NFA( denoting Foreign’s initial
aggregate net foreign asset position.

Our strategy in this section is to work directly with X'* as a reduced-form representation
of Foreign, not taking a stance on its underlying micro-foundations. We show that intertemporal

export supply elasticities—the sequence-space Jacobian of X'*—are a sufficient statistic for Home’s



intertemporal terms of trade manipulation motive and thus for the optimal tariff that decentralizes
Home’s efficient allocation. Our main result in this section shows that as long as there exists a
function X'* that satisfies (9), the efficient tariff takes a very particular shape. In Section 3, we will
then study different micro-foundations for X* and show that its sequence-space Jacobian differs

qualitatively across several important benchmark models of intertemporal trade.

2.3 Home Efficiency

We now characterize efficient allocations from the perspective of Home. Our notion of efficiency in
this paper is that of Pareto efficiency, so that a Home allocation is efficient if there are no feasible
perturbations that make one individual at Home better off without leaving others at Home worse off.
Such allocations must be feasible—they must satisfy technologies and resource constraints—but
additionally they must be implementable—accounting for the fact that Home can exploit its market
power in trade.

We take a dual approach in this paper and keep the sequence of prices p explicit in our
formulation of the planning problem below. This contrasts with the primal approach often used
in the literature (Costinot et al., 2014). The primal approach would first solve for the price as a
function of the Home allocation and then work with an implementability condition specified in
terms of the Home allocation. We find the dual approach useful for two reasons. First, the efficiency
condition and optimal tariff formula it delivers generalize directly to a broad class of environments.
And second, it allows us to characterize optimal tariffs in terms of export supply elasticities in the

tradition of prior work in the trade literature.

Lemma 1 (Implementability). A Home allocation {ci(s"), ¢.(s")}; ; & and prices p are implementable if

and only if they satisfy
1 . 1. )
X (p) = [ s~ R [ H6 a0 10
0 0
forall t.
Efficient allocations therefore solve the planning problem
..
max / «Vidi st (10). (11)
0

Varying the Pareto weights a’ allows us to trace out the Pareto frontier. In other words, we say
that an allocation and prices are efficient from the perspective of Home if there exist weights {a'};

such that they solve Home’s efficiency problem (11). The Lagrangian associated with this planning

problem is given by
L_li t Byyi(cl (sh) 0 (st)) di by | 1itd'1—" 1it£itd'
<Aa;ﬁ§mwumwxm»z+;ﬁm[mm—4q@>ww(44@mcwﬂ,
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where we denote by y; the Lagrange multiplier on the date t implementability condition. In the
classic efficiency problem of a closed economy, the planner maximizes social welfare subject to
technologies and resource constraints. If the Home planner took Foreign exports x* as given,
the Home efficiency problem (11) and the associated Lagrangian L would collapse to the classic
efficiency problem. Here, the Home planner also internalizes the price impact that choosing one
Home allocation over another has in the world market for tradable goods, as captured by the
implementability condition (10). We present the complete set of first-order conditions for problem
(11) and derive the Home efficiency conditions in Appendix A.2. The following Proposition

summarizes and presents the efficiency condition for Home’s intertemporal terms of trade.

Proposition 1 (Home Efficiency). A Home allocation {ci(s"), ¢i(s)}; , & and prices p are efficient if they
satisfy (i) the classic efficiency conditions (Mas-Colell et al., 1995) and (ii) the intertemporal terms of trade

efficiency condition
ox;

-, 12
o (12)

0=) MRSy
k

where MRSy is Home’s marginal rate of substitution between consumption at dates k and t.

Proposition 1 characterizes the necessary conditions for a Pareto efficient allocation and prices
from the perspective of Home. It generalizes the classic efficiency conditions to a two-country
environment where Home internalizes its price impact in the world market for tradable goods.

The Home efficiency problem (11) allows the planner to pick the Home allocation freely,
subject only to technologies and resource constraints. So the Home planner will ensure that the
allocation satisfies the usual efficiency conditions internally—requiring that all marginal rates of
substitution (MRS) are equalized, and that MRS are equal to marginal rates of transformation (MRT)
for the allocation internal to Home. Appendix A.2 presents a self-contained characterization of
these conditions for completeness.

If Home was a closed economy and x* represented an exogenous endowment sequence taken
as given by the Home planner, then the classic efficiency conditions would fully characterize Pareto
efficient allocations. However, when Home internalizes that choosing one domestic allocation
over another affects the world prices of tradable goods, equation (12) emerges as a new efficiency
condition for Home’s intertemporal terms of trade.

The Home planner cannot choose x* freely but from a possibility frontier in the space of
sequences. In the dual representation, this possibility frontier is defined as the set of aggregate
imports sequences that are implementable according to (10) by a valid sequence of prices, that is,

the set of sequences
{c —y € (% : there exists p > 0 with ¢; — y; = Xt*(p)}
Intuitively, the Home planner understands that choosing a particular allocation of consumption

10



{ci(s')} and labor supply {/i(s')} implies a sequence of aggregate import demand, c; — ;. This
import sequence must be implementable, in the sense that there must be a sequence p that solves
(10)—that is, a sequence of prices at which Foreign is willing to supply the necessary exports to
clear the world market for tradable goods. The Home planner understands that she can move along
this frontier and choose her desired point on the frontier by choosing the associated price sequence.
This optimal point on the frontier is precisely characterized by the new efficiency condition (12).
And once the planner has chosen where on this frontier to locate, then the rest of the allocation is
pinned down by the usual efficiency conditions taking as given the associated sequence of Foreign
exports.

In the dual representation of this problem, the Home planner directly chooses a price sequence
p and understands that this choice of prices pins down Foreign’s desired export supply x* = X*(p).
The intuition behind equation (12) in the dual representation is surprisingly similar to the intuition
behind the classic tariff formula we discussed in Section 2.1. Consider the perturbation of marginally
increasing the price of consumption p; at date t. Since Foreign’s export supply function X'* is
smooth by assumption, the increase in price p; induces Foreign to change its export supply in all
periods k by %. Implementability (10) then requires that Home increases its aggregate import

demand c, — yx by aa% in all periods k. Starting from an efficient allocation and prices, it must
be that the Home planner cannot increase social welfare by marginally increasing or decreasing
price p;: the marginal impact of such a perturbation on the Lagrangian L must be 0. Therefore, the
marginal impact on social welfare of changing aggregate Home imports by % in all periods k
must be 0.

What, then, is the welfare impact of a marginal increase in Home imports at date k? Intuitively,
the planner can allocate an increase (decrease) in imports to the individual with the highest
(lowest) marginal (social) utility of consumption, a' ,Bkn(sk)ué’k(sk). Whenever the classic efficiency
conditions are satisfied, however, marginal social utility of consumption is equalized across all
individuals i. This measure of social utility still features the Pareto weight &/, which we only use to
trace out the Pareto frontier. To get rid of it, we divide by social marginal utility at date ¢, yielding
an MRS between consumption at dates k and t, exactly as it appears in equation (12). Finally,
we sum over all periods k in which the price perturbation dp; affects Foreign exports, arriving at

equation (12).

2.4 Intertemporal Tariff Formula

We now ask how the efficient allocations of Proposition 1 might be decentralized. However, we do
not take a stance on the set of instruments required to satisfy the classic efficiency conditions—these
will depend on the exact details of the environment. Instead, we show that an import tariff can
be set to satisfy the efficiency condition (12) for Home’s intertemporal terms of trade whenever
the classic efficiency conditions are satisfied. Our first main result is a formula that characterizes

these tariffs in terms of intertemporal export supply elasticities. We now derive this formula

11



constructively in three steps.’

First, an import tariff 7; represents an ad-valorem consumption tax combined with an ad-
valorem production subsidy at date t. At any allocation and prices that satisfy the classic efficiency
conditions, households in Home therefore face the intertemporal consumption prices (1 + ) ps,

and we must have
(1+)px

(1+7)p:

In other words, the MRS between consumption at dates k and ¢ is equalized across all households,

MRSkt —

and it must be equal to the relative price these households face. In order for the Home efficiency

condition (12) to be satisfied, we therefore must have

*

(14 o) px E)X E)X* BX
0=) ——2—= =) (1+m) =) L4y
X (1 + Tt)pt 8pt A ( k pk a A Pep, 8 X TPk, - ap

Second, the intertemporal export supply function X'* satisfies Foreign’s external balance
condition (9) by assumption. Given an initial NFA position NFAj, this condition holds for any
strictly positive price sequence p. Therefore, we can differentiate this equation with respect to p;,

which implies
0
0=ux/+
t Z Pr=_— apt

Finally, we put these two equations together and rearrange,

Z 8/'\,’* xk alogX*

Multiplying and dividing by 7 now yields our result, which we summarize in the following

Proposition.

Proposition 2 (Intertemporal Tariff Formula). As part of a decentralization of the Home efficiency
allocation, the efficiency condition (12) for intertemporal terms of trade is satisfied if Home consumers face
an ad-valorem import tariff given by

dlog A
“kt Slog pr log p;

lz

z (13)

where wy, represents Home's relative tariff revenue weight

Tk PR X

Wi = .
Tipexf

2 Our approach in this subsection admits two useful interpretations. The tariff formula we derive is valid whenever
the classic efficiency conditions are satisfied at Home. This may be the case because the Home economy is internally
efficient to begin with, as will be the case in the application we consider in Section 3.1, for example. Alternatively,
the Home planner may have access to a sufficiently large set of instruments that allows her to implement the efficient
allocation. We will showcase this in the New Keynesian application we consider in Appendix C, where monetary policy
is sufficient to ensure production efficiency.
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Proposition 2 presents an intertemporal tariff formula that characterizes the optimal tariff in terms
dlog A}
dlog p;
weights wy;. Intertemporal export supply elasticities are captured by the sequence-space Jacobian

of X* (Auclert et al., 2021), the infinite matrix £* with entries

and relative tariff revenue

of two sufficient statistics: intertemporal export supply elasticities

_ dlog X}
~ dlogp:

*
kt

in row k and column . Denoting by £; the f-th column of this matrix, the intertemporal tariff

formula can also be written as ,

m, (14)

T =

where wj is the t-row of the tariff revenue weight matrix w. In the tradition of recent sequence-
space results in the heterogeneous agent macro literature, we identify intertemporal export supply
elasticities—or iXEs—as key determinants of optimal tariffs, similar to Auclert et al. (2024b)’s
generalization of the static Keynesian cross to an intertemporal one using intertemporal marginal
propensities to consume (iMPCs).

According to the classic tariff formula (1), the contemporaneous export supply elasticity ¢; is
a sufficient statistic for the optimal tariff. This would be a valid characterization if the matrix of
iXEs £* was diagonal. Proposition 2 generalizes the classic tariff formula to dynamic environments
that admit a representation of Foreign in terms of the intertemporal export supply function X*(p).
In such settings, both the diagonal and off-diagonal entries of the elasticity matrix £* determine
the optimal tariff. It is therefore clear that the structure of this matrix is key to understanding
Home’s intertemporal terms of trade manipulation motive. Section 3 presents three alternative
micro-foundations of £ and investigates its structure across important benchmark models of

intertemporal trade.

2.5 Second-Best Tariffs

The intertemporal tariff formula we presented in Proposition 2 characterizes the optimal tariff
in the absence of distortions in the Home economy. In this case, tariffs are used for a singular
purpose: intertemporal terms of trade manipulation. And because marginal rates of substitution
are equalized across households, the planner values changes in net exports across periods at
the economy-wide MRSy;. When the first-best allocation is not achievable, however, this logic
fails for two reasons. First, MRS are no longer equalized across individuals, which complicates
determining the planner’s valuation of changes in imports x; at a given date. Second, it is now
welfare-improving to use tariffs as a second-best instrument to target other inefficiencies in the
economy.

In this subsection, we develop a general theory of second-best optimal tariffs in dynamic

heterogeneous agent economies. Our main result is a targeting rule that identifies the normative
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considerations relevant for second-best tariffs.

Constrained planning problem. In Sections 2.3 and 2.4, we considered the Home efficiency
problem, under which the planner can directly choose any feasible Home allocation {ci(s'), £i(st)}
and price sequence p that satisfy the implementability condition (10). In this section, we instead
consider a Ramsey problem, under which the planner has access to a sequence of policy instruments
T = {7t }+>0 but faces a set of constraints rich enough to nest a large class of heterogeneous agent
models. We continue to assume the existence of a Foreign export supply function x; = X}*(p) that
maps a sequence of prices p to the level of exports at date t and satisfies equation (9).

In particular, we assume that there exist consumption and labor supply functions that deter-

mine individual i’s consumption and labor supply at date t and history s’ according to
ci(s") = Ci(p, T,s") and li(sh) = Li(p,T,s"). (15)

Similar to Foreign’s export supply function, C(-) and Li(-) are sequence-space functions, in
the sense that they map infinite sequences of prices p and policy instruments 7 to levels of
individual consumption and labor supply. Such functions are commonly used in macroeconomics to
characterize heterogeneous agent models (Auclert et al., 2024b). Crucially, equations (15) imply that
the planner can no longer choose consumption and labor supply freely, subject only to technologies
and resource constraints, but must also respect the constraints embedded in Ci(-) and £i(-).

A consumption function of the form (15) emerges naturally in standard incomplete markets
models of intertemporal consumption-smoothing. In particular, the functions C(-) and Li(-)
may encode not only household preferences, budget constraints and borrowing limits, but also
competitive general equilibrium conditions that are internal to the Home economy.

Instead of choosing consumption and labor supply directly as before, the planner can now
only affect them indirectly through the policy instruments 7. The Ramsey problem is therefore to
maximize social welfare subject to technologies, resource constraints, the external implementability

condition (10), as well as the new internal implementability conditions (15). It is given by
1 o .
max/ oYY (sl (ci(st), £ (s")) di,
0 t St

subject to

ci(s') = Ci(p. T, ")

li(s") = Li(p, T, 8")

1 . 1 . .
X (p) = [ ai-k( [ )
Jo 0

Notice that we assume Foreign’s export supply remains a function of the world prices p only. This
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is consistent with the interpretation of 7; as an import tariff on Home consumers at date t, which

does not affect Foreign directly.

Wedges. It will be useful to introduce notation for the relevant wedges between the Home
efficiency and second-best allocations. In the main text, we focus on environments with no ex-ante
or permanent heterogeneity. In other words, all individuals i are homogeneous at date 0 but become
different over time (ex post heterogeneity) due to the realization of idiosyncratic shocks z(s!). In
particular, this assumption rules out that second-best optimal policy is motivated by an explicit
redistribution motive. We consider the more general case of ex ante and ex post heterogeneity in
the Appendix.

In the absence of ex ante heterogeneity, there are three relevant wedges that can emerge
in second-best allocations. First, we denote deviations from the Home efficiency condition for

intertemporal terms of trade by
0}
Ay k 1

where we denote by

di (17)

the relevant social valuation of an increase in Home imports at date k. In particular, 85 Y. 7(s¥) ”i,k €
denotes i’s valuation of a unit increase in consumption in all histories s* at date k. The term un-
der the integral sign therefore corresponds to i’s marginal rate of substitution between a unit of
consumption at date k (in all histories) and consumption at date 0. We obtain wy by averaging
this MRS across individuals, which turns out to be the appropriate notion of social MRS between
consumption at dates k and 0.

Second, we define the aggregate labor wedge in the spirit of Farhi and Werning (2016) as
i ( St) 1

Uy
Al =1+ —

. ) 18
ui () 2D, (18)

where F;; = F/(¢;) is the derivative of the production function with respect to labor at date .
Conditional on the aggregate labor wedge, we assume for simplicity that households are then on
their individual labor-leisure conditions. In other words, we assume that £i(-) is such that the RHS

of equation (18) is equalized across all individuals at all dates ¢ and histories s'.?

3 Intuitively, if there is a common wage wt that all hqusehplds face, as will be the case in our applications, then
individual labor-leisure conditions imply —u} ,(s") = w2z} (s')ul ,(s') and the aggregate labor wedge simply becomes

ot
0 _ wt
At - A
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Third and finally, we introduce wedges in individual risk-sharing, defined as

. N0 (0 (ot
Al (St) — 7-[(5 )M (Ct(s )) —1. (19)
Yo 7e(st)u' (ci(s'))

Intuitively, if financial markets were complete and individuals could fully insure themselves, they

would smooth private marginal utility across histories s at a given date t. This condition is satisfied

at an efficient allocation and implies 7t(s!)u/(ci(s")) = m(8")u/(ci(5")) for any two histories s; and
5

In summary, AI™, A{ and Ai(s!) represent wedges in the sense that they are 0 at efficient

allocations. With these wedges in hand, we can now present a targeting rule for optimal second-best

tariffs.

Proposition 3 (Second-Best Tariffs). In the absence of ex ante heterogeneity, the optimal second-best tariff
trades off intertemporal terms of trade manipulation against production efficiency and risk-sharing. The

optimality condition for tariff Ty is

_ (ot
0— ZA{TM@ I Zthédyf + Y w) Cov; (A’t(st), AV (s )>, (20)
t t s!

d Tk d Tk
S—— %/—/
Intertemporal Production Efficiency Risk-Sharing

Terms of Trade Manipulation

where we denote by d‘gr(:t) dcég £) —zi(s")Fy (1 — AJ ) ( ) the consumption-equivalent welfare gain of
individual i at date t history s' from the tariff perturbatzon Tk. The terms of trade wedge AI™, the labor
wedge A{, and the risk-sharing wedge Ai(s') are defined in (16), (18), and (19).

Proposition 3 characterizes a targeting rule for second-best tariffs in dynamic heterogeneous
agent economies. When the first-best allocation is not achievable, the efficient tariff formula of
Proposition 2 fails for two reasons: First, dispersion in individuals” marginal utilities at date ¢
affects the planner’s valuation of a change in date t net exports. In this case, wy is the relevant
generalization of the social MRS between dates k and 0. And second, the planner finds it valuable
to use tariffs not only for intertemporal terms of trade manipulation but also to tackle other
inefficiencies. Equation (20) illustrates how the optimal second-best tariff is shaped by both of these
forces.

At a second-best allocation, the optimal tariff trades off two new motives against intertemporal
terms of trade manipulation: production efficiency and risk-sharing. We discuss each of the

AMEE dp’ - captures the same terms of trade

three terms in equation (20) in turn. The first term, ),
manipulation forces already characterized in equation (12). At an efficient allocation, condition
(12) tells us that the planner chooses p; directly to set AI™ = 0. Here, the planner can no

longer choose world prices p; directly subject only to the external implementability condition (10).
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Instead, the planner must also respect internal implementability (15) and can influence world prices
only indirectly by choosing tariffs 7. In other words, the terms of trade gain from a marginal
increase in tariff 7 at date t is determined as follows. First, the change in tariff d; directly affects
Home households desired consumption and labor supply through C;(-) and £i(-). These changes
aggregate into a change in Home’s aggregate import demand, which must be accommodated by

Foreign export supply to satisfy the implementability condition (10). In general equilibrium, this

dpt

will induce price changes 7=

. These price changes will, in turn, generate gains from terms of trade
in proportion to AI™.

The second term describes the production efficiency gains from a change in tariff d7;.. The
change in tariff directly and indirectly (through GE changes in world prices p) affects households’
labor supply through £i(-). This, in turn, leads to a change in Home’s aggregate output, %. Labor
wedges A/ represent a measure of how depressed production in a given period ¢ is (Farhi and
Werning, 2016). So if tariffs stimulate production in periods where activity is inefficiently low, then
this results in production efficiency welfare gains. Finally, these gains are discounted at the social
MRS wy.

And finally, tariffs now potentially generate efficiency gains from improved risk-sharing. A
change in tariff d7 directly and indirectly (through the equilibrium response of world prices p)
affects individual i’s consumption at all dates t and histories s'. To the extent that tariffs raise the
consumption of those individuals whose weights Al(s!) are relatively high, tariffs help provide ex
post consumption smoothing across individuals and therefore improves risk-sharing. These gains
are again discounted at the relevant social MRS wy.

We conclude with one final but important observation: Second-best tariffs now trade off
several sources of welfare gains and losses. However, intertemporal export supply elasticities
ak;ika* are still key determinants of the intertemporal terms of trade manipulation motive of second-
best tariffs through the term A[™. The only change relative to Sections 2.3 and 2.4 is that the
planner must now also take into consideration how tariffs at date k affect equilibrium prices p; at

other dates t.*

3 Models of Intertemporal Export Supply Elasticities

Intertemporal export supply elasticities are sufficient statistics for optimal tariffs in dynamic
environments. We now present three alternative micro-foundations of the intertemporal export
supply function X* and its sequence-space Jacobian. We show in Section 3.1 that intertempral
export supply elasticities take a special form in representative agent (RA) economies because
households are infinitely forward-looking. In fact, the optimal tariff formula collapses to a static

one in these environments. This is no longer the case in the presence of household heterogeneity

* Models with more than two countries may still admit a sequence-space representation X *(p) for aggregate rest of
the world export supply. In that case, our results in this section generalize directly to many-country environments.
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and incomplete markets, as we show in Section 3.2. Finally, we present a New Keynesian model in
Appendix C and show how intertemporal export supply elasticities are shaped by Foreign business
cycle conditions. Our intertemporal tariff formula (13) and targeting rule (20) provide a unified

framework that allows us to contrast optimal tariffs across these different environments.

3.1 A Representative Agent Endowment Economy

The first model of intertemporal export supply elasticities we consider is a deterministic represen-
tative agent (RA) endowment economy. Working through this simple benchmark is useful to set
the stage and take a first look at X'* and its sequence-space Jacobian. It also allows us to revisit
Costinot et al. (2014), who study the same environment, and clarify how our approach relates to
theirs. Our main result in Section 3.1 is that the intertemporal export supply function X'* and its

derivatives take a special form in RA environments with permanent-income consumers.’

3.1.1 Environment

We start by describing the world competitive equilibrium taking Home import tariffs as given, and

then apply Proposition 2 directly.

Households. Home and Foreign are each populated by representative households whose lifetime

utilities are

Vo=)_pBu(c) and Vo =Y _Bulc), (21)
f f

where ¢; and c¢; denote each household’s consumption of the single consumption good at date
t. This good appears as an endowment in both countries, denoted y; and y;. As before, we use
bold-faced notation for infinite sequences such as y = {yt}t>0-

Assuming complete financial markets allows us to write the consumption-savings problems

of both households in terms of the lifetime budget constraints,

NFA, = Z [(1 +1)pe(er —ye) — Tt} and NFAj = Ept(cf —vi), (22)
t t
where p; denotes the intertemporal price of date t consumption, 7; is Home’s import tariff (export
subsidy), and T; is a lump-sum rebate. We take as given both countries’ initial net foreign asset
(NFA) positions NFA( and NFA{, and we assume that Foreign does not set a tariff.

Households maximize preferences (21) subject to (22). Denoting the Lagrange multipliers on

each lifetime budget constraint by A and A*, the associated first-order conditions are

B (c;) = A1 +7)ps and Bl (cf) = A*py. (23)

® We present a RA model with production and an endogenous labor supply choice in Appendix B and show that our
main insight about the sequence-space Jacobian of X'* remains unchanged in that environment.

18



Government, market clearing, and competitive equilibrium. The Home government runs a
balanced budget. This requires that import tariff revenue (export subsidy outlays) equal lump-sum
transfers (taxes),

Tt}?t(Ct - yt) =T; (24)

in all periods t. In other words, 7; > 0 represents a tax on imports when ¢; — y; > 0 and a subsidy
on exports when ¢; — y; < 0. The Foreign government is passive and does not set tariffs.

The market clearing condition for the single consumption good at date ¢ is given by
Yit+yr = ¢+ (25)

We now define a competitive equilibrium with tariffs.

Definition 1 (Competitive Equilibrium). Taking as given initial net foreign asset positions NFAq and
NFAg, endowment sequences y and y*, as well as Home tariffs T, a competitive equilibrium comprises an
allocation (¢, c*, T), multipliers (A, A*) and prices p that satisfy lifetime budget constraints (22), household
first-order conditions (23), the Home government budget constraint (24), and market clearing (25).

Notice that if Home took consumption prices p; as given, the Home allocation without policy

would be efficient. This allows us to apply the results from Sections 2.3 and 2.4 directly.

3.1.2 Intertemporal Export Supply Elasticities

The Home efficiency condition (12) and optimal tariff formula (13) apply as-is to this environment.
The key question is therefore how to characterize Foreign’s intertemporal export supply function
X*. We first present a constructive derivation of X* and then characterize its sequence-space
Jacobian.

Foreign export supply x; = y; — ¢} is fully determined by the consumption behavior of
the Foreign representative consumer since the endowment y; is exogenous. And the Foreign
household problem can be characterized fully by the lifetime budget constraint (22) and the first-
order condition in (23). Taking as given a price sequence p, these two equations solve for the
Lagrange multiplier A* and a sequence of consumption c*. In particular, the date ¢ first-order
condition solves for c; as a function of the contemporaneous price p; and the Lagrange multiplier
A*. And plugging back into the lifetime budget constraint solves for the multiplier A* as a function
of the entire sequence of prices p.

In summary, we can use the Foreign competitive equilibrium conditions to derive an intertem-
poral consumption function for Foreign, whose sequence-space representation is ¢; = C; (p). This
consumption function C* maps a time path of prices p into a time path of Foreign consumption
c* that is consistent with the optimality condition and lifetime budget constraint of the Foreign

household. With Foreign’s consumption function in hand, we can define the intertemporal export
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supply function simply as
X (p) = yi = Ci(p)-
We now show that the sequence-space Jacobian of X'* takes a special form because Foreign
households are permanent-income consumers. First, notice that we have aa% = — %,

the Jacobian of the export supply function to that of the consumption function. In RA models

which relates

with complete financial markets, the optimal consumption behavior of the Foreign household is
fully determined by the lifetime budget constraint 0 = Y, p;(c; — y;) and the first-order condition
B'u'(cy) = A*p:, where A* is the Lagrange multiplier on the lifetime budget constraint. We
constructed the consumption function C; (p) by plugging the FOC back into the lifetime budget
constraint to solve for A* as a function of p. Using the first-order condition directly, we can

alternatively represent the consumption function as
ci =Ci(A"pr)  where  Ci(p) =Ci(A"(p), pr)-

In other words, Foreign consumption at date ¢t depends directly only on the contemporaneous
price py; it depends indirectly on all other prices through the Lagrange multiplier A*. This structure
is special to the RA environment because we can represent the household problem in terms of a

lifetime budget constraint. Therefore, we have

aC;  9C; oA* +a—c~’><kn pe oA A
opr — aAtapr  ap T Bru(cp) dpe | Bru(cp)

(26)

Foreign consumption at date k responds to a price change at date t for two reasons. First, there
is a direct effect if k = . An increase in the contemporaneous price induces consumers to spend
less at date t—notice that W@@ < 0 for all k. Second, there is an indirect effect. Since financial
markets are complete, Foreign households consume the annuity value of their lifetime wealth in
each period. The Lagrange multiplier A* on the lifetime budget constraint represents the value of a
unit of lifetime wealth at date 0. A change in the price p; of consumption at date t affects lifetime
wealth and consequently consumption in all periods k. This indirect effect is captured by the first

term in equation (26), and we have

oA* A* [ (ef) *}
__ — x| 27
o~ e @

which follows from differentiating the lifetime budget constraint as we show in Appendix A.5.

Z,((CCE )) Foreign’s inverse elasticity of intertemporal substitution. This
t

Finally, we denote by v} = —c}
allows us to arrive at the following characterization, where we denote by ¢ and p the infinite
column vectors with t-th entries

1 _ dlogA”
Pt = —— and ot = 3log pr”

20



Lemma 2. Denote by C the log sequence-space Jacobian of Foreign’s intertemporal consumption function,
dlogCf
dlog plz

i.e., the infinite matrix with entries Cyy = . It admits a decomposition into a diagonal matrix and a

rank-one matrix,

dlogC; *
C=D+P, or equivalently 81((); p’; = _ ,yl* ot — ,;aall‘;gg;\gt
k k

Direct Effect  Indirect Effect

where D is the diagonal matrix diag(¢) and P = ¢ p' is the outer product of the two vectors ¢ and p.
When consumption preferences u(-) are CRRA and vy} = vy, then C has two distinct eigenvalues, —% (with
infinite multiplicity) and —%(1 + Y 0t)-

Lemma 2 establishes that the log sequence-space Jacobian C has a special structure: it is a rank-
one update of a diagonal matrix. The entries of the diagonal matrix are the negatives of the
elasticity of intertemporal substitution (IES). The component D therefore corresponds to the direct
effect of a price change. For illustration, assume that consumption preferences are CRRA, with
u(c) = ﬁcl_“ﬁ This implies that 7} = 7 is constant across periods, and the log Jacobian of the

consumption function can be written as

I+p1 P2 03 Ps  P5
o1 1+p2  p3 04

CZ—lI—llp/:—lx P1 2 1+ps 28)
T SR R
P1

. . . _ l
A change in price p; at date t affects consumption at all dates k the same, namely by 5 P, except
for the contemporaneous diagonal entry, which is — % (14 pr).
Leveraging Lemma 2, we now show that intertemporal export supply elasticities take a special
form in this RA economy with permanent-income consumers. We illustrate the sequence-space

Jacobian of X* in Figure 1, which follows directly from Lemma 2 since

_dlog X’ cpdlogli 1 ¢ 1 cpologh”
~ dlogpr  xpologpr  vixp i x; dlogp:

kt € = diag(¢) + ¢p’,

where we denote by ¢ the infinite column vector with entries %;—i It follows directly from
Lemma 2, therefore, that the iXE matrix £ also takes the form of a rank-one shift of a diagonal
matrix. Panel (a) plots the responses of Foreign exports to a price shock in the far future, aa%{, for
k € [t —10,t + 10]. In other words, the figure plots part of the ¢t-th column of €. Panel (b) is simply
a zoomed-in version for additional clarity.® The figure graphically illustrates the stark shape of

6 We evaluate the export supply function around 7; = 0 for illustration. This is the relevant object to ask in which
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(a) Response to shock ps (Zoomed Out) (b) Response to shock ps (Zoomed In)
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Figure 1. Column ¢ of the sequence-space Jacobian of X*

this sequence-space Jacobian. Foreign export supply sharply rises contemporaneously with an
increase in the intertemporal consumption price, but falls by the exact same amount at all other

dates, leading to a slightly negative but completely flat profile at all dates k # t.

3.1.3 Optimal Tariffs: Revisiting Costinot et al. (2014)

We conclude this subsection by characterizing the optimal import tariff in this RA endowment
economy. In particular, we show that the special structure of X'* and its sequence-space Jacobian
implies that the intertemporal (cross-price elasticity) terms in our tariff formula (13) cancel out.
This implies that the first-best optimal tariff formula becomes static in economies with permanent-
income consumers.

This also allows us to relate our results to the seminal analysis of Costinot et al. (2014). They
study the same RA endowment environment as we do in this subsection but take a primal approach
to characterize optimal tariffs. Our discussion in this subsection clarifies how our dual approach
relates to their primal approach, and how our optimal tariff formula simplifies to theirs in this

special RA environment.

Primal efficiency condition. As a first step, we show that the efficiency condition (12) for Home’s

intertemporal terms of trade simplifies due to the special structure of the sequence-space Jacobian

direction the planner wants to push tariffs relative to the laissez fair competitive equilibrium. We set y; = y; = 0.5 for all
t. Consumption preferences are CRRA with inverse IES v = 2 and discount factor g = 0.96.
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of X*. Using X;*(p) = y; — C;(p) and equation (26), condition (12) can be rewritten as

aX* ’(ct)
+ A* .
apt ZP ¢ ” ck u”(ct)

O—Z,Bk /

wlcr) s

Crucially, the term Y, py- l,, ) is a constant that does not vary with t. We can now plug in for 2 a o

using (27), rearrange, and arrive at

Zk Pk le//((ccll%))

Yk Pk

w'(er) = w'(cr) —u(cf)xy

This is precisely the efficiency condition Costinot et al (2014) derive using the primal approach—
equation (6) in their paper. The constant — Y px - <% u,, / Y« Pk corresponds exactly to their La-
grangue multiplier “u”. We thus showed that our eff1c1ency condition in the dual representation
collapses to that of Costinot et al. (2014) in this special environment. This derivation illustrates that
our dual approach is closely related to the primal approach taken in other papers to characterize

optimal tariff formulas.

Optimal tariffs. We now show that our intertemporal tariff formula also takes a special form in
this economy with permanent-income consumers. We can use (26) to rewrite our intertemporal

tariff formula (13) as

dlog X} Pt ox; Pt aC; oA* pt BC Pt ac
dlogpr ;wk Xt opr ;wk X5 e opr Z“”“;T;am Xt op;’

——Z e

where we used wy; = 1, or in matrix notation

_i:wt'gtzwt'ljt+wt'pt/

where D = diag($) and P = ¢p’. In words, the optimal tariff at date ¢ is governed by two forces.
Foreign’s exports respond to a price change at date t directly, and at all dates k indirectly due to
the effect on lifetime wealth. The next Proposition establishes that these indirect effects exactly
cancel out in the determination of Home’s optimal tariff. Our intertemporal tariff formula therefore

becomes static.

Proposition 4. In this RA endowment economy with permanent income consumers, we have

s , oA* pt9C; _
wi-P=0, or equivalently anr Zk: ktx i 0.
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The intertemporal tariff formula (13) therefore collapses to a static tariff formula given by

1 u// C*
— — = — / ( f( )x?, (29)
Eu— Py uw'(ct)

Tt

as in Costinot et al. (2014). The optimal tariff is the inverse of the contemporaneous export supply elasticity

E 4 net of the contemporaneous indirect effect Dy

Proposition 4 shows that our intertemporal tariff formula (13) collapses to a static one in this
environment with permanent-income consumers. The optimal tariff 7; is determined as if by the
classic tariff formula (1) — using not the entire contemporaneous export supply elasticity £,
but instead netting out the indirect effect of the contemporaneous price change P;;. Proposition
4 uses Lemma 2 to decompose the iXE matrix £ into the direct and indirect effects of price
changes on export supply, and then shows that these indirect effects exactly offset each other in the
determination of the optimal tariff 7;. That is, w; - P, = 0. In this special case, our intertemporal
tariff formula becomes static. And since we deliberately work in the exact same environment as
Costinot et al. (2014) for illustration, we recover their tariff formula (29) exactly. The optimal tariff
is determined as if by the classic tariff formula, but using a modified static export supply elasticity
Et — Py that nets out the indirect contemporaneous effect. In other words, the optimal tariff is

governed by the diagonal component D of the iXE matrix €.

Optimal tariffs are proportional to the trade balance. As already observed by Costinot et al.
(2014), the optimal tariff takes a stark form in this representative agent endowment economy: it is
proportional to the trade balance. Home internalizes the price impact that choosing one domestic
allocation over another has through the world market clearing condition for the consumption good.
When x{ > 0 and Home runs a trade deficit, it is effectively a net demander of the consumption
good at date t. The tariff formula (29) implies that the optimal import tariff is positive in this

case, T} > 0, since — ';/ ((ch )) > 0. By setting a positive import tax, the Home planner discourages

households from importing the consumption good from Foreign, which in turn leads to a fall in the
contemporaneous world price. And a lower price in turn implies that Home has to spend less on
the (infra-marginal) units of the consumption good it is already importing from Foreign. This is
precisely the sense in which Home internalizes its price impact. The optimal tariff therefore reflects
Home’s incentive to manipulate its intertemporal terms of trade as a monopolist in the market for
intertemporal consumption claims. The surplus Home can extract from its trading partner depends

on the sign and size of the trade balance, and so does the optimal tariff.
Optimal tariff dynamics. How does Home’s optimal tariff evolve along a transition path of

exogenous endowments y and y*? In Figure 2, we consider the case where Home initially has a

larger endowment than Foreign, but the two endowments converge over time. This experiment
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Figure 2. Tariff Dynamics

is intended to reflect a situation where the rest of the world is initially poorer but converges to
Home gradually over the course of roughly 50 years. In this environment, Home’s consumption-
smoothing motive implies an initial trade surplus that eventually turns into a permanent deficit.
The optimal tariff is proportional to the trade balance and therefore mirrors these dynamics. The
Home planner initially taxes exports, 7; < 0, to raise the world price and extract a larger export
revenue. Once the trade surplus turns into deficit and Home starts importing, it becomes optimal

to start taxing imports to lower world prices and therefore total import expenditures.

Do tariffs affect the long-run trade balance? Recent policy debate has shown a spotlight on the
question of whether tariffs can affect and help close the current trade deficit of the U.S. This debate
has focused largely on the long-run tariff rather than transition dynamics. Figure 2 demonstrates
that this focus is misguided in models of intertemporal trade and that it is important to consider
the entire Ramsey plan, as we do here. We plot the economy’s transition dynamics under constant
0% (green line) and 10% (yellow line) tariffs set once and for all at date 0. Both of these tariff
regimes imply the exact same dynamics for the Home trade balance. Home initially runs a trade
surplus but converges to a long-run trade deficit. Figure 2 illustrates that the level of the long-run
tariff has no effect on the trade balance at all—its dynamics or its steady state level—as long as the
tariff is set to be constant over time. This contrasts sharply with the optimal tariff regime, which
initially subsidizes exports and later taxes imports. Under this regime, the Home trade balance
converges to a smaller trade deficit in the long run. This illustrates that different tariff regimes do
affect the long-run trade balance in dynamic environments and, crucially, that the optimal tariff

regime implies a smaller long-run trade deficit.

3.2 Heterogeneous Agents and Incomplete Markets

As our next micro-foundation of intertemporal export supply elasticities, we model Foreign as a
Beweley-Huggett-Aiyagari incomplete markets economy. Households face uninsurable income

risk and they can only trade a riskfree bond. We abstract from capital and aggregate uncertainty
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for simplicity. The key insight that emerges from this application is that Foreign’s export supply
function X'* and its sequence-space Jacobian take a starkly different shape in incomplete markets
environments. We focus our exposition on Foreign in this subsection since the details of the Home

economy do not matter for the determination of A'*.

3.2.1 Environment

Households. There is a continuum of households i € Z* = [0,1] in Foreign. Household i’s
lifetime utility is defined by

Vi = ;ﬁf ;n(st)ui<ci<sf))- (30)

We abstract from a labor supply choice and assume that each household inelastically supplies 1
unit of labor.

Households can trade a one-period riskfree bond that represents a claim to one unit of the
consumption good in the subsequent period. We denote the value of i’s bond purchases at date ¢

and history s’ in units of the consumption good by 4}, (s'). The budget constraint is
a1 (s") +ci(s) = wizi(s") + Ruai(s'1), (31)

where R; = 1+ r; is the gross rate of return on savings. We denote by w; the per-period local
wage rate for effective labor. While each household supplies one unit hours inelastically, their
individual labor productivity zi(s') varies and evolves stochastically over time, representing the
source of idiosyncratic risk. Since we abstract from aggregate uncertainty, macroeconomic objects
such as prices are not contingent on the realization of the history s'. Finally, each household i faces
a borrowing constraint of the form

a4 (s") > a. (32)

The problem of household i is therefore to maximize (30) subject to (31) and (32), taking as
given the sequences of interest rates R and wages w*. It is useful to switch to a recursive representa-
tion of the household problem. We can uniquely associate households with their idiosyncratic state
variables (a,z), where a is the household’s beginning-of-period wealth. Dropping i superscripts,
the policy functions for savings and consumption of households in Foreign are then given by
a;,,(a,z) and c; (a,z). Finally, we denote the joint density of households over wealth and labor
productivities by g (a,z) and its law of motion is characterized by the usual Kolmogorov forward

equation.

Firms. A representative and perfectly competitive firm produces the final consumption good
using technology y; = Af{;, where /; denotes total use of effective labor. Profit maximization
implies the optimality condition

* *
wy = A;.

26



Markets and equilibrium. Three markets must clear in each period. Labor market clearing

[ = //zg;‘(a,z) dadz.

The world goods market clears when total Foreign exports are equal to Home imports,

requires

x; = Al —//cz‘(a,z)gf(a,z)dadz:ct—yt,

where y; and ¢; denote aggregate output and consumption of Home. Finally, we assume that the
bond is in zero net supply globally, so that one country’s net foreign asset position must be equal to

the other country’s liabilities. We drop the asset market clearing condition by Walras’ law.

Definition 2 (Competitive Equilibrium in Foreign). Given an initial density g} (a, z), a Home allocation
(c,y) and a technology sequence A*, competitive equilibrium in Foreign comprises an agqregate allocation
(c*, *,y*), prices (R, w*), policy functions {c{ (a,z)} and joint densities {g} (a,z) so that (i) households
optimize, (ii) firms optimize, (iii) markets clear, and (iv) the evolution of the joint density is consistent with

household behavior.

To relate our results to Sections 2 and 3.1, it will be convenient to represent equilibrium conditions
in terms of intertemporal consumption prices p; instead of per-period rates of return R;. Since Ry is
not determined as part of equilibrium, we set it to 1. We can then define the intertemporal price of

consumption at date ¢ as
t
1
s=0 "5

Since our normalizations imply po = Rio = 1, we treat consumption at date 0 as our numeraire, so

that p; denotes the intertemporal price of date f consumption relative to date 0 consumption.

3.2.2 Intertemporal Export Supply Elasticities

Our analysis in Section 2 assumes the existence of an intertemporal export supply function X'* that
satisfies the external balance condition in (9). We now show how to construct this function in this
HA economy and characterize its properties.

Foreign exports are aggregated from household consumption behavior at the micro level
according to x; = A} [[ zgf(a,z)dadz — [[ ¢ (a,2)g; (a,z) dadz. Households’ behavior at date ¢
depends on their current state variables and on the path of future prices from t onwards. At the
same time, date t state variables are determined by initial conditions at date 0 and consumption-
savings decisions between dates 0 and ¢, which in turn depend on prices. Consequently, households’
policy functions at date t can be expressed entirely in terms of the paths of prices starting from
date 0 as shown in Auclert et al. (2024b). Using firm optimality to determine wages as w; = A},

Foreign date t aggregate consumption c; can therefore be expressed in terms of an intertemporal

27



consumption function C*, given by

c; = //cf(a,z)g;k(a,z) dadz = C{(p).

Therefore, the intertemporal export supply function is simply

X (p) = Ay = C{(p).

We still have to show that X'* satisfies the external balance condition (9). Starting from

households’” budget constraints (31) and aggregating yields
NFA{ 1 = RiNFA{ +wil; —cj,

where we define NFA; = [[ agj(a,z)dadz. Using wi = Af and xj = yj — ¢}, iterating forward
yields
NFAj = =) _pXi(p),
f

where NFAj is the value of Foreign’s initial asset position and where we used limr_,.. prNFA} =
0, which follows directly from household optimality at the micro level. In other words, the
intertemporal export supply function X'* satisfies this aggregate external balance condition because,
in response to a change in prices p, the consumption-savings behavior of Foreign households must
still satisfy their individual budget constraints. And the above condition follows simply from
aggregating individual budget constraints.

Just like in the RA model, the intertemporal export supply function captures everything the
Home planner has to know about Foreign. Unlike in the RA model, however, the micro-foundation
of X* in HA captures the rich dynamics of household heterogeneity in Foreign. It encodes how
the entire income and wealth distribution of Foreign reacts to changes in the price sequence p and
therefore tariff policy.

In the presence of household heterogeneity and incomplete markets, the sequence-space
Jacobian of X'* has a starkly different shape than in the RA environment of Section 3.1. We illustrate
this in Figure 3, which compares the t-th column of the Jacobian matrix £ in the RA and HA
models of Sections 3.1 and 3.2. Panel (a) overlays the columns of both matrices, whereas Panels (b)
and (c) present zoomed-in versions for each model to make the comparison easier.

What the two Jacobians have in common is that a price increase at date t increases Foreign
exports contemporaneously at date t but decreases exports at all other dates k # t. Beyond this
qualitative similarity, Figure 3 displays three sharp differences between the two models.

First, and most importantly, the profile of the export supply response in HA at dates k # ¢
is not like it is in RA. In RA, we already observed in Section 3.1 that the response profile at dates
k # t is entirely flat, as illustrated again in Panel (b). In the HA economy with incomplete markets,

households no longer behave like the infinitely-forward looking permanent-income consumers
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Figure 3. Column ¢ of the sequence-space Jacobian of X* in RA and HA

of Section 3.1. Instead, households’ effective planning horizon is much shorter; households make
forward-looking plans until they hit their borrowing constraint. The strength of anticipation
effects governing a household’s behavior is therefore determined by that household’s distance
to the borrowing constraint—the behavior of households with very large a is still similar to that
of permanent-income consumers but households with low a close to the borrowing constraint a
behave increasingly hand-to-mouth. Therefore, in response to an anticipated price increase at date
t, households do not respond at all for k more than 50 years prior to ¢ because almost all households
expect to hit the borrowing constraint before reaching period ¢. This can be seen in Panel (c), where
the export supply response dissipates entirely for small k.

As with the anticipation effect, the persistence of the export supply response to the price
increase is also different. In the RA model, households continue to consume the annuity value of
the change in lifetime wealth after date ¢, just like they did in anticipation before date t. In the
HA model, on the other hand, households save initially but start dissaving as they draw negative
earnings shocks and get closer to their borrowing constraints. As all households eventually hit
their borrowing constraints, at which point they have fully dissaved the initial effect of the price
change, the export supply response eventually fully dissipates for large enough k.

Second, conditional on responding to the price change at dates k before or after t, households
in HA respond more strongly. This can be seen in Figure 3 by noting that the scale of the negative
effect in Panel (c) is almost two orders of magnitude larger for k close to t than it is in Panel (b). This
is because households have much larger marginal propensities to consume (MPC) in HA than they
do in RA, and consumption responses to price changes are partly governed by and proportional to
MPCs.

Third, and relatedly to the previous point, the contemporaneous positive response of exports

to the price increase at date t is one order of magnitude larger in HA than it is in RA. This can
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Figure 4. Column ¢ of the sequence-space Jacobian of &;* in RA and HA

be seen in Panel (a). The contemporaneous response at date ¢ is roughly 0.4 in HA, whereas it is
exactly 0.04 in RA (the blue dotatk — t = 0).

In summary, the export supply elasticities that govern the intertemporal terms of trade
manipulation of optimal tariff policy differ starkly across the RA and HA models of Sections
3.1 and 3.2. While the off-diagonal entries of the iXE matrix £ are constant in the RA model,
implying anticipation in and persistence of the export supply response that are infinitely lived,
the off-diagonal entries in the HA model are no longer constant and decline in their distance to
the diagonal. In other words, the substitution elasticities between different periods are constant
in the RA model but not in the HA model. With incomplete markets, there is a natural notion of

“distance” to an announced price change.

Export supply elasticities to interest rates. We started with a discussion of export supply elastici-
ties to intertemporal prices p; to facilitate comparison to Sections 2 and 3.1. Intertemporal prices
in these settings are functions of per-period interest rates, according to equation (33). In Figure
4, we also plot the sequence-space Jacobian of the intertemporal export supply function X, (r)
expressed in terms of sequences of net interest rates. This is useful in part for comparability to the
heterogeneous agent macro literature, which often reports sequence-space Jacobians in terms of

interest rates.

4 Multiple Goods

This section introduces multiple goods, allowing for both intra- and intertemporal trade. We
assume that all goods appear as exogenous endowments in both countries. This allows us to

abstract for now from the issue of non-differentiability that emerges in Ricardian models of trade
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with comparative advantage in production (Costinot et al., 2015). We view this as orthogonal to the
observations we make in this section.
4.1 Preferences, Endowments and Implementability

There are two countries, and time is discrete as before. In each period ¢, there is a finite number
J of tradable consumption goods which we denote by j and k. We abstract from household
heterogeneity and uncertainty in this section for simplicity, but bring both of these features back in

our quantitative model in Section 5.

Preferences. There is a representative household in each country whose preferences are

Vo = Z,Btu(ct) and Vi = Z,Btu(c;‘)

t>0 >0

where ¢; and ¢} denote the consumption bundles of Home and Foreign. These are given by

ce=D({c};)  and ¢ =D ({cjs}))-

We make no assumptions about the homotheticity of D(-) and D*(-).

Endowments. Each good j appears as an exogenous endowment in both countries, denoted y;
and yj,. We assume that yj > 0 and y}, > 0 for all j and . We also assume as before that the infinite
sequences yj = {yji}+>0 and y; = {y7, }+>0 are deterministic and convergent for all j, so agents have

perfect foresight over them.

Resource constraints. The resource constraint for consumption good j at date ¢ is now given by
Xjy = Cjt — Yjts
where xj, denotes Foreign’s aggregate export supply.

Intertemporal export supply function and implementability. We denote the intertemporal price
of good j at date t by pj;. As before, we use bold-faced notation for infinite sequences, denoting
by p; = {pjt}t>0. It will also be useful to collect all price sequences p = {p;};. Similarly, we
define ¢; = {cj;}1>0 and ¢ = {c;};. As in Section 2.2, we start by assuming the existence of an

intertemporal export supply function X* that is differentiable and satisfies

Yy =Xj(p) =y —Cj(p)  and  NFAG+) ) ppXj(p) =0. (34)
£
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The intertemporal export supply function maps the infinite price sequences p for all goods to a
level of Foreign export supply for good j at each date t. We again assume that X'* satisfies an
aggregate external balance condition, so that Foreign’s initial NFA{ is equal to the sum of future
trade balances. It is also useful to explicitly assume the existence of the Foreign consumption

function C*, which maps price sequences to a level of consumption.

4.2 Home Efficiency and First-Best Tariff

We now follow Sections 2.3 — 2.4 and characterize efficient allocations from the perspective of Home,
as well as the tariffs that help decentralize them.

We start with a statement of implementability that mirrors Lemma 1 in Section 2.2: Taking as
given endowment sequences y and y*, a Home allocation ¢ and prices p are implementable if and
only if they satisfy

Xi(p) = cjt — e

for all j and ¢. Efficient allocations therefore maximize the lifetime utility of Home’s representative

household subject to the implementability condition. The associated Lagrangian is given by
L=Y Bu(D(ci) + Y Y uje|Xi(p) = cjt + it |,
t to

AX;: . .
5 p; for all t and j. Putting these

. . -, oD
with first-order conditions Bu’ (ct)?ﬂ = pjrand 0 = Yoo Y phis
together, we get

0D 0,
JCks apjt '

(35)

0= Zﬁsu'(cs) Zk:

S

which is the analog to the efficiency condition (12) for Home’s intertemporal terms of trade in the

one-good environment.

Optimal tariff. We now characterize the optimal tariff that helps decentralize efficiency condition
(35). In particular, we allow for import tariffs 7j; that vary across goods and periods. Since we
assumed Foreign’s export supply function to satisfy the external balance condition (34) for all

positive price sequences, we can differentiate and obtain
oX;
— ks *
0= LT + 4
sk Jt

Next, if tariffs Tjt decentralize the Home efficiency allocation in a world competitive equilib-
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rium, then it must be the case that

g (' (c;) 9D/ dc _ (1+Tj)pjt
M/(CS) aD/acks (1 + Tks)pks ’

We plug this condition back into Home’s efficiency condition (35) and obtain

BD> (14 Tis ) prs OXL:

0= = = kst Tis Pk
ZZ( Poci) (T+7)pje opje ;Zpsam L Spsap
And finally we put the previous two equations together, multiply and divide by 7j;, and rearrange.

This yields the optimal tariff formula for environments with multiple goods.

Proposition 5 (Intertemporal Tariff Formula: Multiple Goods). As part of a decentralization of the
Home efficiency allocation, the efficiency condition (35) for intertemporal terms of trade is satisfied if Home
consumers face an ad-valorem import tariff given by
1 ZZ s dlog Ay
Ty 4 1t 9log pji

where w;‘f denotes a relative tariff revenue weight defined as

ks ThksPksXgs
jto . Ak
TjtPjtXjt

5 A HANK Model with Trade

In this section, we develop a quantitative heterogeneous agent New Keynesian (HANK) model
with multi-sector trade. Time is discrete and we abstract from aggregate uncertainty. Our model
features heterogeneous households and multiple goods. Home and Foreign are each populated
by a measure one continuum of households who face uninsurable idiosyncratic risk. There are |
types of goods that come in Home- and Foreign-produced varieties. In other words, there are |
production sectors in each country, with each sector producing a unique variety. Households in
both countries have homothetic CES preferences over these 2 x | varieties.

Section 5.1 presents the key model elements and defines competitive equilibrium. Our ex-
position focuses on Home for simplicity since the environment in Foreign is symmetric. We set
up the model with a rich set of instruments, which allows us to compare different policy regimes
in our numerical analysis. Section 5.2 takes the model to the data. The calibrated model matches
both trade elasticities and key moments of the income and wealth distribution. Our numerical
analysis starts with a positive exploration of the consequences of tariff shocks in Section 5.3. We
then compute the Ramsey steady state of our model in Section 5.4 and show that the optimal

long-run import tariff it implies is 5.4%. Finally, we analyze optimal tariff dynamics in response
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to TFP shocks from a timeless perspective. Our numerical experiments presently focus on the
benchmark where monetary policy restores the flexible price allocation in both countries, as we
discuss below. This is a useful benchmark to study optimal tariff policy because it implies that
Ramsey optimal second-best tariffs are not used to close labor wedges. In ongoing work, we also
consider the case where monetary policy instead follows a Taylor rule and therefore fails to restore
production efficiency. In that case, using tariffs for the purpose of terms of trade manipulation
comes at the additional cost of creating labor wedges. This section is accompanied by an online
appendix (Appendix D) that provides a detailed statement of the optimal tariff Ramsey problem

and derives the key optimality conditions that characterize the Ramsey plan.

5.1 Model
5.1.1 Households

Preferences. The preferences of a household in Home are defined as

IEOZ,B{ Ct) — v ét)}

where ¢; is a homothetic consumption aggregator of all varieties and ¢; denotes hours of work. We
assume that the household’s consumption aggregator is Cobb Douglas over the | types of goods

and CES over varieties within each type of good,
0

] ’71 ! L BTN n1
e =) ajlogcjy and Cit = ((1 — ;)" c]Ht + 9 ]F/’t ) . (36)
j

We denote by c;,, and ¢, , the consumption of a household in Home and Foreign, respectively,

w,t
of good j variety w. The]Home— and Foreign-produced varieties are indexed by w € {H, F}. The
consumption preferences of households in Home and Foreign take the same nested CES form
but we allow for different parameters for Foreign, denoted by (zx] .07, 17]*) Calibrated differences
between 6 and 67 allow us to capture home bias in trade. This is isomorphic to iceberg trade costs,

which we consequently abstract from.

Budget constraint. We denote the world price of good j variety w at date t by pj, ;. The total
consumption expenditure of a household in Home is therefore given by }_; ¥, (1 + Tjw,t) Pjew,1Cjeo,t-
where Tj,, ; denotes Home’s ad-valorem import tariff as in previous sections. Each country issues
a nominal bond and we abstract from segmentation in international financial markets, so all

households can trade the two bonds. A household in Home therefore faces the following budget
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constraint in units of domestic currency

a1+ Eapper + Y Y (14 To) PiwiCios = (L+iams + E(1+if Japs + Er.
]' w

We denote by ap ¢ and ar; the value of the household’s beginning-of-period holdings of the Home
and Foreign bonds in units of local currency. And we denote by &; the nominal exchange rate, i.e.,
the relative price of Foreign to Home currency. Finally, i; and i} denote the nominal rates of return

on the two bonds, and E; is the household’s post-tax non-financial income. This comprises after-tax

labor income, dividend income, and government transfers,
Ei = Wizly + 20T + T(z4),

where W; is the nominal wage, T;(z;) is a lump-sum rebate that may vary across households, and
z denotes the household’s individual labor productivity. It follows a first-order Markov chain with
mean 1 and is the source of idiosyncratic risk. Labor supply decisions ¢; are intermediated by labor

unions as we describe below and therefore taken as given by the household.

Household problem. Since the consumption aggregator is homothetic, there exists an ideal
price index P; that satisfies Pic; = Y Yo (1+ Tjw,t)pjw,tcjw,t- This assumption allows us to derive
a recursive representation of the household problem in terms of total real wealth, defined as
ay = %ﬁ’la“ Since all households can trade the two bonds freely and there is no aggregate risk,
the usual no-arbitrage condition must hold and implies uncovered interest parity (UIP),
T+ip = 621(1 +ify)-

Since the household’s portfolio positions in the two bonds are indeterminate in this setting, we write
the household problem directly in terms of total real wealth. We can therefore uniquely associate
each household with her state variables at date t and arrive at the following recursive representation
of the household problem: A household with real wealth a and individual productivity z at date ¢

solves the dynamic problem

Vi(a,z) = max u({c]-w}jw> —v(l) + BE; [Vtﬂ(a/,zf)}

{C/'w},ﬂ/
(1 + Tjew, 1) Pjeost
st a' =Rua+e(z)— ;; ]1(;; P
a>a

taking as given the sequences of union-intermediated hours of work ¢;, real interest rates R; =
Wi
P

(1+1) PfT’t], real wages w; = ', and cum-tariff prices (1 + Tje ) Pjw,r- We denoteby e;(z) = E¢(z) /P
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the household’s real post-tax non-financial income, which may depend on the household’s income
state z because we allow transfers to be household-specific. Finally, households also face a constraint
on borrowing in terms of real wealth, given by a > a.

The consumption-savings problem of households in Foreign admits the same recursive repre-
sentation except that all variables are denoted with asterisks. For example, the real interest rate
R} faced by households in Foreign differs from that in Home because households have different
homothetic consumption aggregators and thus different ideal price indices, even though rates of

return on assets are equalized.

Cross-sectional distribution. We denote the joint density of households over real wealth and labor
productivity at date t by g;(a,z). This joint density evolves according to the usual Kolmogorov
forward equation, which we present in Appendix D.2. We also refer to the density g:(a,z) as

Home’s cross-sectional income and wealth distribution.

Labor unions. Household labor supply decisions are intermediated by labor unions as in Erceg
etal. (2000) and Auclert et al. (2024b). We allow for flexible nominal wage adjustments but maintain
the standard assumption of labor rationing: all households work the same hours, so ¢; does not
depend on the state (a,z) of the household. Appendix D.4 presents a self-contained treatment
of our model’s labor market structure and shows that it gives rise to the aggregate labor supply

schedule
ev—1
€ZU

UI(Et) = wtu'(Ct) (37)

where €” denotes the elasticity of substitution that governs the labor union’s desired markup of

real wages over the marginal rate of substitution. It is a measure of monopsony in the labor market.

5.1.2 Multi-Sector Production

Production in each country takes place in | sectors. Each sector j produces the country-specific
variety of good j. To keep notation symmetric, we denote by y;j.,+ and v, , the date ¢ output of
good j variety w in Home and Foreign, respectively. But since Home varieties can only be produced
in Home, and vice versa for Foreign, we have yr; = Yipe = 0

In the New Keynesian tradition, a production sector j comprises a retailer and a continuum of
intermediate input firms whose dynamic pricing problem gives rise to sectoral New Keynesian
Phillips curves. These sectoral intermediate inputs are non-tradable and cannot be used in produc-
tion outside of sector j. They are consequently not relevant for trade or any other part of the model.
Their only role is as a micro-foundation of sectoral Phillips curves. We discuss each production

stage in turn.
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Retailer. In each Home sector j, a retailer produces final good j by bundling a measure one

continuum of sector-specific intermediate input varieties k, according to

1 &1 %

with elasticity of substitution €;. CES aggregation implies the usual demand function for variety k,

() 6
J/jH,t(k)=<p]H’t()> YiHt

PjHt

where pjp (k) is the price of input k in Home sector j and p;p; is the price of Home-produced final

good j.

Intermediate firms. Intermediate input k in Home sector j is produced by a monopolistically

competitive firm according to the production technology

Vi (k) = Ajpelin (k).

The Hicks-neutral productivity shifter A,y is specific to each good and variety, which allows us
to capture comparative advantage. We assume that Ajr; = A;-‘Ht = 0, which is the technological
analog of assuming that there are unique Home- and Foreign-produced varieties. Profits are equal

to revenue net of salary payments, given by

[t (K) = pja(k)yjes (k) = (1= Ty ) Wil (k).

f

We allow for an employment subsidy Tipy, that is specific to each sector and may vary over time.
Real marginal costs therefore differ at the sector level but are common to all intermediate input

producers,

11—, )W,
Mejp = # (38)

Ajlt
Firm k in sector j faces a quadratic Rotemberg adjustment cost when it changes its sales price
PjH,t(k)

pjnt-1(k)
of price stickiness and may vary across production sectors. The firm’s dynamic pricing problem is

pin,¢ (k). This adjustment cost is given by i —1)?pjnYjn, where x;j governs the degree

therefore to maximize the net present value of profits net of adjustment costs and subject to the

demand it faces from the retailer. We define and characterize this problem in Appendix D.5.
Sectoral aggregation and Phillips curves. Under our assumption of Rotemberg adjustment costs,

all intermediate input firms k in sector j will be symmetric ex post. In other words, as long as

firms k and k' are initialized with the same prices p;p,—1(k) = pju,—1(k’), they will choose the same
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prices and production plans from time 0 onwards. Symmetry within sectors therefore implies that
Yir(k) = yju and Lip ¢ (k) = £, for all k and we can directly work with the sectoral production

function

Vit = Ajailint- (39)

Symmetry also implies that all firms k choose the same inflation rates, so that pj (k) = pjp -
We show in Appendix D.5 that the solution to the firm’s dynamic pricing problem in a symmetric

equilibrium therefore gives rise to a set of sectoral New Keynesian Phillips curves,

€j € — 1
TiHt = P 1 + — | MCjs — , (40)
Aj €j
that characterize the price dynamics in sector j, where we define sectoral price inflation as 77;,; =
% — 1. While deriving these sectoral Phillips curves in discrete time requires linearization,
H

equation (40) is exact in continuous time.

5.1.3 Government Policy

Fiscal policy. Fiscal policy in Home comprises four sets of instruments: ad-valorem import tariffs
Tjw,t, an employment subsidy on the labor union 7" (see Appendix D.4), employment subsidies
on firms T].j;{,t, and the lump-sum transfer to households T;(z). The import tariff only applies to
Foreign-produced good, so Tjy,; = 0 for all j and ¢. In our numerical analysis, we presently focus
on the case of a uniform tariff 7jr; = 7; that applies equally to all imported goods. We abstract
from government spending and deficit finance and assume that the fiscal authority runs a balanced
budget in each period t. This requires that tariff revenue is equal to aggregate transfer payments

plus subsidies,
T ijp,t // ciri(a,z)gt(a,z) dadz = // Ti(z)gt(a,z) dadz + ZTJfH,thgJ'H/f + T Wity 41)
j j

The fiscal authority in Foreign also sets employment subsidies and finances these using a lump-sum

tax on households. But we assume that Foreign does not engage in tariff policy.

Monetary policy. Each country’s central bank is tasked with setting nominal interest rates, i
and i;. We consider two alternative monetary policy regimes in our numerical experiments. Our
main analysis in Sections 5.3 and 5.4 presently assumes that monetary policy implements the
flexible-price allocation in each country—with the help of fiscal policy setting appropriate sectoral
employment subsidies. Intuitively, monetary policy is set so as to close the aggregate labor wedge
while fiscal policy sets time-varying subsidies T]J;ﬂ to align marginal costs across sectors. This
regime is a useful benchmark to study optimal tariff policy because it implies that Ramsey optimal

second-best tariffs are not used to close labor wedges.
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In ongoing work, we study optimal tariffs under the alternative monetary policy regime where

each central bank follows a Taylor rule. Home’s policy rule is given by

, P\ Y\ *
ei= ) () (3) 2)
t— SS

where 7 denotes the steady state real interest rate. The central bank sets the nominal interest rate

L P, .
% denotes real gross domestic

as a function of CPI inflation and the output gap, where Y; =
product. Foreign’s policy rule is symmetric. Under this policy regime, monetary policy does not
restore the flexible price allocation. On the one hand, this implies that second-best tariff policy may
be used for production efficiency gains in response to shocks. On the other hand, using tariffs for
the purpose of terms of trade manipulation comes at the additional cost of creating labor wedges

when monetary policy is not set optimally to restore production efficiency.

5.1.4 Markets and Equilibrium

The markets for goods, labor and bonds must clear in equilibrium. Goods market clearing requires

that total output of good j variety w is equal to total consumption in both countries,

Yiwt + Yiwr = // Ciwt(a,z)g(a,z) dadz + // Ciws(a,2)8t (a,2) dadz, (43)

where of course yjrs = yjy, = 0 for all j. Labor market clearing requires that total supply of

effective labor is equal to total use in production in each country,
// Uizgi(a,z) dadz =Y lipy, (44)
j

and symmetrically for Foreign. Finally, we assume that both bonds are in zero net supply, so
bond market clearing requires that households’ total bond holdings aggregate to 0. Since portfolio
allocation is indeterminate, we focus directly on total real wealth and Home’s net foreign asset

position, defined by NFA; = [[ ag:(a,z) da dz, where we must have
NFA; + NFA! = 0. (45)

We can now define world competitive equilibrium taking as given fiscal and monetary policy

in both countries.

Definition 3 (Competitive Equilibrium). Taking as given initial household distributions go(a, z) and
g5(a,z), shocks (A, A*) as well as policy (i,i*, T, T{H), a world competitive equilibrium comprises an
aggregate allocation (C,C*,£,£*,y,y*), prices (w,w*, P,P*, piw, R, E), individual policy functions
{ct(a,z),cf(a,z)}, and joint densities {g;(a,z),g;(a,z)}, such that: (i) households, firms and unions

optimize, (ii) markets clear, (iii) and the evolution of the joint densities is consistent with household behavior.
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Comparison benchmarks. In our numerical experiments, we contrast optimal tariff policy in
this HANK model with two instructive comparison benchmarks. Our model nests a standard
representative agent New Keynesian model with trade, which we refer to as the “RANK bench-
mark”. This model features a representative, permanent-income household as in Section 3.1. We
also compare our results to the classic tariff formula, where tariffs are not set optimally but instead

ad-hoc according to the policy rule (1).

5.2 Calibration

We calibrate the model to match trade flows, trade elasticities, and key moments of the income and
wealth distribution at a quarterly frequency. Our targets for trade moments are OECD country
averages. Our baseline calibration presently focuses on the case where Home and Foreign each
produce a single differentiated trade good. In ongoing work, we extend this to a calibration with
many sectors and two countries, the U.S. as Home and an aggregation of the rest of the world as
Foreign, using trade and production data from the OECD Inter-Country Input-Output tables. We

summarize our calibration targets and parameter values below in Table 1.

Preferences. We set the discount rate 1/ — 1 to a quarterly 0.02 and adopt isoelastic preferences,

1+v
¥ = 2, and the inverse Frisch elasticity to ¢ = 2.5 following Chetty et al. (2011).

with u(c) = ﬁc“'y and v(£) = - ¢'*V. The coefficient of relative risk aversion is calibrated to

Labor market structure. We set the elasticity of substitution between labor varieties to € = 10 for
both Home and Foreign. This is implies moderate wage markups and is consistent with standard
estimates from the wage rigidity literature (Auclert et al., 2024b).

Markups. Steady state markups in our model are given by ;—jl Following standard practice, our

baseline calibration sets €; = 10, reflecting a corporate profit share of around 10%.

Trade elasticities. We set the long-run elasticity of substitution between Home and Foreign
varieties to 7 = #* = 6 for both economies. Head and Mayer (2014) provide a comprehensive
survey of trade elasticity estimates, reporting values typically in a range from 4 to 6. Similarly,
Obstfeld and Rogoff (2000) present panel estimates ranging from 5 to 6.

Country size. Following common practice in the New Keynesian literature that studies two-

country open economy models, our baseline calibration assumes that Home and Foreign are of

equal economic size. We follow Auray et al. (2025) among others.

40



Table 1. List of Calibrated Parameters in Baseline HANK Model with Trade

Parameters Value Target / Source
0 Discount rate (p.q.) 2%  Standard
0% Relative risk aversion 2 Standard
v Inverse Frisch elasticity 25 Chetty et al. (2011)
n=mn*  Trade elasticity of substitution 6 Head and Mayer (2014)
0 =06 Openess 0.32  Internally calibrated to match OECD trade-to-GDP 63.92%
A =A* Aggregate productivity 1 Standard

Openess. The home bias parameters  and 0" govern the degree of trade openness in our model.
We follow Auray et al. (2025) and target trade-to-GDP ratios commonly observed across OECD
countries. The trade-to-GDP ratio is computed as a country’s imports plus exports divided by GDP.
In particular, we calibrate symmetric 6 = 6* to match the OECD average trade-to-GDP ratio of
63.93% in 2022. This calibration ensures that our model accurately reflects the openness of a typical

developed economy to international trade.

5.3 The Positive Effects of Tariff Shocks

We start our numerical analysis with an exploration of the positive effects of tariff shocks. Figure 5
plots impulse responses to transitory (yellow dashed line) and permanent (blue solid line) import
tariff shocks. The permanent shock raises Home import tariffs from 0% to 10% at date 0. The
transitory shock also raises tariffs to 10% but gradually reverts them back to 0. In both cases, we
initialize the economy at a competitive stationary equilibrium with a 0% tariff. Finally, Figure 5 is

plotted under the policy regime in which monetary policy restores the flexible price allocation.

Transitory shock. The import tariff shock raises the price of imported goods. The price of the
Home consumption bundle (CPI) rises by 1.5% on impact. In response, Home households reduce
their consumption on impact, as the immediate increase in consumer prices lowers real purchasing
power. The tariff generates fiscal revenues that are redistributed lump-sum, which partially offsets
the decline in real income but not sufficiently to prevent an initial fall in consumption. Following
this initial decline, consumption gradually recovers and eventually overshoots its steady state level
before returning. This intertemporal substitution pattern is driven partly by the real interest rate,
which initially rises, incentivizing households to save. Labor supply rises modestly on impact and
its transition dynamics inversely mirror that of consumption. As a result, Home production rises

modestly on impact, before falling gradually and then reverting to steady state.

Permanent shock. Under a permanent tariff shock, the economy gradually converges to a new
steady state over the course of roughly 40 quarters. Unlike in the representative agent benchmark,
this transition is not instantaneous because it takes time for the wealth distribution to converge to

the new stationary equilibrium. Directionally, the impulse responses are similar to those under the
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Figure 5. Impulse responses to permanent and transitory tariff shocks

transitory tariff shock. The main difference is that aggregate consumption rises both on impact and
in the long run. As a result, labor supply and aggregate production fall both on impact and in the

long run.

Effects on the trade balance. In the face of a transitory or permanent import tariff shock, Home
imports and exports both fall. The response of Home’s trade balance does depend on the shock’s
persistence, however. Following a transitory tariff shock, imports decline by more than exports on
impact, improving Home’s trade balance. Following the permanent tariff shock of 10%, however,
exports decline by around 20% while imports only fall by around 15%, leading to a deterioration of

the long-run trade balance.

5.4 Optimal Tariffs

Ramsey steady state. In Appendix D, we present the Ramsey problem for Home’s optimal import
tariffs and derive the optimality conditions that characterize the Ramsey plan. In our numerical
analysis, the Ramsey plan converges to a stationary equilibrium, which we refer to as the Ramsey
steady state (RSS). And the optimal long-run import tariff associated with this RSS is 5.4%.

Optimal tariff dynamics. Finally, we study how the optimal import tariff responds to a TFP shock

in Home. We adopt a timeless perspective around the Ramsey steady state, following Davila and
Schaab (2023a). That is, we initialize the economy at the RSS and then compute the optimal tariff
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Figure 6. Impulse responses to Home TFP shock under optimal tariffs

transition dynamics as if the planner had solved the Ramsey plan infinitely far in anticipation of the
MIT shock. Formally, we solve an augmented Ramsey problem, where we add timeless penalties
as defined in Davila and Schaab (2023a). The key property of this augmented, or timeless, Ramsey
problem is that the planner would not want to adjust tariffs away from their Ramsey steady state
level in the absence of shocks.

Figure 6 plots the dynamics of timeless optimal import tariffs in response to a 1% positive
TFP shock at Home, as well as the impulse responses of key quantities and prices. We continue
to assume in this subsection that monetary policy implements the flexible-price allocation in both
countries.

The optimal import tariff (top left panel) temporarily rises to around 5.9% before monotonically
converging back to its RSS level of 5.4%. A 1% increase in TFP therefore translates into a 0.5%
optimal tariff increase. Higher TFP raises production at Home by close to but less than 1%, reflecting
a modestly negative labor supply response. Absent policy intervention, the rise in productivity
would lower domestic prices and therefore worsen Home’s terms of trade. By raising import
tariffs, the planner curbs imports and boosts exports for some time. The optimal tariff response
therefore delivers a sizeable but short-lived improvement in Home’s trade balance. In Foreign,
output contracts due to a strong, negative labor supply response. After the initial tariff hike has

dissipated, Foreign production rises slightly above Home production for some time.
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6 Conclusion

The paper presents an intertemporal tariff formula that generalizes the classic tariff formula to
dynamic heterogeneous agent economies. Intertemporal export supply elasticities (iXEs) are
sufficient statistics for the optimal tariff, together with tariff revenue weights. We characterize
the shape of the iXE matrix £ across several benchmark models of intertemporal trade. When
households are permanent-income consumers, the off-diagonal entries of £ are flat within each
column. In this case, our intertemporal tariff formula collapses to a static equation, and optimal
tariffs are determined exclusively by contemporaneous export supply elasticities. This coincidence
breaks down when financial markets are incomplete. In this case, intertemporal export supply
elasticities play an important role in the determination of optimal tariffs.

Our intertemporal tariff formula characterizes the import tariff that helps decentralize the
Pareto efficient Home allocation. When the first-best allocation is not attainable, the planner
has an incentive to use tariffs not solely for terms of trade manipulation but also to tackle other
inefficiencies in the economy. We derive a Ramsey targeting rule for optimal second-best tariffs in a
large class of heterogeneous agent economies. The second-best tariff trades off intertemporal terms
of trade manipulation against gains from production efficiency, risk-sharing, and redistribution.

Finally, we leverage our analytical results to solve for optimal tariff policy in a quantitative
heterogeneous agent New Keynesian (HANK) model with trade. The optimal long-run import
tariff that emerges in the Ramsey steady state is 5.4%. And from the timeless perspective, the

optimal import tariff rises in response to positive TFP shocks.
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A Proofs

A.1 Proof of Lemmal

Proof. Suppose that an allocation {ci(s'), £i(s!) } and prices p satisfy the implementability condition
(10). First, we set £; = fol zi(s)li(st) di and y; = F;(¢;). Then, we set x; = X/ (p) as in (9), so that
the world resource constraint for goods x; = c; — y; is satisfied. The allocation is therefore feasible
and it is implementable according to (9).

Conversely, suppose that an allocation {ci(s), /i(s')} and prices p are feasible and satisfy (9).
Then we can plug in for y; = F;(¢;) and use the resource constraint for labor, and from the resource

constraint for goods we immediately get (10). n
A.2 Proof of Proposition 1
We first present Proposition 1 again, listing the complete set of efficiency conditions explicitly. Then

we present a proof.

Proposition 1 (Home Efficiency). A Home allocation {ci(s"), ¢i(s')}; ; & and prices p are efficient if they
satisfy:

(i) The marginal rate of substitution between consumption and labor is equalized with the marginal rate

of transformation for all individuals,

B uy ,(s')

”é,t (s')

= F,zi(s").

(ii) The marginal rates of substitution between consumption across different histories are equalized across

individuals,

“ff,k(sk) u! £ (s%) .

(iii) Probability-weighted marginal utilities are equalized across all idiosyncratic histories s* and §' at date
t,

(s g (s") = (8" )ug, (5.
(iv) The intertemporal terms of trade efficiency condition is satisfied

X}
apt

0 =Y MRSy
k

where MRSy is the marginal rate of substitution between consumption at dates k and t, which is

equalized across individuals and across histories at k and t.
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Proof. We present the Lagrangian again, which is
1 o . 1. 1. .
L= [ o DB L (sl ), ) i i 25 ) [ i+ [ iG5|
0 T n 0 0
The first-order condition for consumption ci(s') is given by
&' 7r(s g (s") = .
The first-order condition for labor supply £i(s') is given by
&' 7r(s )y (s") = —Frapuzi(sh).

And the first-order condition for the price p; is given by

QX
E)pt '

0=y B'm
k

We now rearrange these equations. First, we get the MRS = MRT efficiency condition by

solving the first two FOCs for 4, yielding
wy(s") = —Fppul(s")zi(s").

where the a’ drop out because we are comparing MRS and MRT for a given individual i.
Second, we get the MRS equalization condition by solving out for y; in the first FOC across

two individuals 7 and j, and across two different histories st and s*. We can write
id (ot i) (ot
a uc,t(s ) - “]uc,t(s )

We now divide this equation for date ¢ and history s’ by the same equation for date k and history s*.
The Pareto weights &’ and a/ drop out, and we arrive at the efficiency condition of the Proposition.

Third, we get one additional efficiency condition because we focus on idiosyncratic risk, which
implies that the Lagrange multiplier y; is not contingent on the history. Therefore, we can again use
the first FOC and compare across two different histories s’ and § at the same date within individual

i, yielding

which is the desired condition.

Finally, notice that all MRS are equalized across individuals, which implies that we can define
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the economy-wide MRS for Home as

BEr(sh)ug(s")

i
MRSy = ———— S~
U Ba(shud (s

which is equal across all i. Using the first FOC to solve out for y;, we can therefore rewrite the third
FOC for the price as

, ‘ ox; :
0= Fal (s ul | (sF) ==K < ,
LT Gy = K (st () op

I
7

which concludes the proof. u

A.3 Proof of Proposition 2

Proof. The proof is presented in the main text. n

A.4 Proof of Proposition 3

Proof. The Ramsey problem for optimal second-best tariffs in the environment of Section 2.5 is
given by

max /01 o Zt;ﬁt Zn(st)ui(ci(st),ﬁ(st)) di,

subject to

ci(s") = Ci(p,T,8")

(s') = Li(p, T,5")
‘Wuﬁzé%ﬁﬂﬂ—5<ézﬁﬂﬂfﬂo

We refer to the first and second constraint as internal implementability conditions and to the third
constraint as the external implementability condition.

Our proof strategy is as follows, building on Davila and Schaab (2024) and Davila and Schaab
(2023b): We consider a feasible and implementable perturbation dt,. When evaluated at the Ramsey
plan, the planner must be indifferent to such a perturbation from the perspective of date 0. That is,

we must have

g@zxﬁm%%
di aVé di

i

0=

_ W
v
to social welfare under the social welfare function W. We proceed in 5 steps.

for all k around the Ramsey plan. Here, o

denotes the marginal contribution of individual i
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Step 1 (Welfare Numeraire). We express the welfare assessment in a comparable unit which
we call the welfare numeraire. For simplicity, we express interpersonal comparisons in units of

consumption at date 0. Therefore, the Ramsey FOC can be written as

0 gi

. 1 AWy . 1 /1“ AN -1 dVZ
N S adAidi N I adAidi Jo Al d,

where ' = u! ¢0 is the normalizing factor that translates individual gains and losses into units

of date 0 consumption. Multiplying and dividing by A’ accomplishes that + now captures

Al dT
individual i’s willingness to pay for the tariff perturbation dtj in (consumption-equivalent) units of

date 0 consumption. We can therefore rewrite the Ramsey FOCs as

114y
O—AwA%qd

where w' = —**_ is the normalized individual welfare weight expressed in units of welfare

fO i Nidi

numeraire.

Step 2 (Redistribution). We first show that optimal tariff policy trades off efficiency and redistri-

bution considerations. Noticing that fol w'di = 1, a covariance decomposition of the Ramsey FOCs

114V, - 1dVi
0= 1 0m+Cv< 1 0)

yields

0 Aldr " AL dT

where the first term captures all efficiency gains from tariff perturbation d7; and the second term
captures redistribution gains (Davila and Schaab, 2024).

In the main text, we assume that individuals are ex ante homogeneous, in which case w' = wl
for all i and j, and so the redistribution term drops out. We maintain this assumption in the
remainder of the proof. A general targeting formula for optimal second-best tariffs will include the

1%)

. . . . . ,l‘
redistribution motive Cov;(«w’, +; i)

Step 3 (Risk-Sharing). We now start unpacking the efficiency gains from optimal tariff policy.

Notice that efficiency can be written as

nd - td(i t )
/ NZISZ ct CL;,(L_ )+“£,t(5) d‘(fi) di

after using the definition of i’s lifetime utility. Notice that here and throughout it is understood that

the total derivatives refer to

dci(s')  aCi(r,t,s"
di - aTk

) aCi(r,T,s") drs
* Zs: ors dT
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e (s)

and similarly for T where
We also assume in the main text that, conditional on the aggregate labor wedge, individuals

drs

is determined by the implementability condition (10).

are then on their individual labor-leisure conditions. That is,
up,(s') = —zi(s") Foy(1 = Af)u i (s"),

which allows us to rewrite the efficiency term simply as

0= [} 3 EB L el S5 e s - )

Going forward, we denote by

a6i(s')
di

dvi(s') _ dei(s")
di - di

—zi(s")Fpy (1 — Af)

the consumption-equivalent welfare gain of individual i at date ¢ in history s’ from the tariff

perturbation dTy.
We therefore have

o= [1x <sf>ué,t<sf>df;l§:t) i
(1) AVE(s)
/ Z cO di ¥
B mly () () Vi)
/ SZ’ cO Zstﬂ(st)ué,t(st) di K

where we plugged in for A! = ”i,0~ We have expressed the efficiency gain of the tariff perturba-
dvi(s!)

tion in terms of three key objects: First, the consumption-equivalent welfare gain —— records

individual i’s willingness to pay for the allocation change the perturbation induces at date ¢ in

by, 0 t
history s!. Second, % captures individual i’s marginal rate of substitution between a unit
S ot

of consumption in history s’ and a unit of consumption in all histories at date t. Dispersion in
this MRS across histories indicates that individual i is not able to smooth marginal utilities across

histories. Third, W captures the MRS of individual i between a unit of consumption at
c,0

date t (in all histories s') and a unit of consumption at date 0.
Under the assumption of ex ante homogeneous households, which we make in the main text,

we have .
:Bt Zsf 7'L'< ) ct(st) _ ,Bt Zs’ n(st)u]c,t(st)
C,O ué/o

for all i and j. In other words, all individuals have the same valuation of date t consumption in
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expectation. This would not be the case if individuals were already heterogeneous at date 0. But

under this simplifying assumption, we can now rewrite the Ramsey FOC as

u! sf) dvi(s)

0= / e ) g
Zt:wtz Zsﬂf L) dn

One final cross-sectional covariance decomposition then yields

Z/ avi(s dVi(s) 4; +Zw Y Co w( (St)”éf(sz 5 de(Sf)>

st Zsf 7T( ) di

Aggregate Efficiency Risk-Sharing

)
/0 Yt ”(St)”f:,t(st) a

when individuals are ex ante homogeneous due to a law of large numbers. We have therefore

since

decomposed the efficiency gain of the tariff perturbation into an aggregate efficiency component

and a risk-sharing component.

Step 4 (Intertemporal Terms of Trade Manipulation) Finally, we now unpack the aggregate
efficiency gains from the tariff perturbation into a production efficiency gain and a terms of trade

manipulation gain. Aggregate efficiency is given by

2/ 0 d_zwtz/ [dct Zi(s*)Fe,t(l—Af)dgiit)]di

d dﬁ’
= Zwt ct Zthgt 1— Z/

di
Fd Tan
Using the external implementability condition (10), we can rewrite this as
Zwt dct — F(1- A”)giﬁ] = ;wt [;z;i —Fl,tfiii] +Za]thtA€§€t
— Zt;w dx{ wiA! Zyt

And finally, we use the sequence-space representation of Foreign x; = X}*(p) to write

oX; dps
Do 5+ Do

7 dps d
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Notice that we can rewrite the first term as

9 dps o dps

— _ M 4Ps
;“’*; aps dn, L) ape dr, ;AS it

s t

where AIT™M = ¥, wtaa%, which concludes the proof.

A.5 Proof of Lemma 2

Proof. Most of the proof is presented constructively in the main text. To fill in the missing steps,

notice that

dlogCy ﬁﬂ
dlogp: ¢} op:

_pt pr OA pr AT

=t R L T
% Rl * % 2k, % =t
Ck ﬁ ucc,k apf Ck ﬁ ucc,k

* *

P pe NN ot A

T % kg * % 4% * * ko, % =t
Ck ﬁ ucc,k A uc,k apt Cr Pk uc,k ,3 ucc,k

1 ugg dlogA* | pr 1 U

= o x x *
Ck ucc,k d log pt ck Pk ucc,k

k=t

1 u.p dlog A* 1 us, "

T k% P
Ck Upek dlogp:  cfuy,,

k=t

where we last line follows from noting that the second term only survives when k = t, which allows

us to change the time subscripts. Finally, we define the inverse IES as 7} = — CZ@;" , which leads to
dlog C; 1 dlogA* 1
=T o k=
dlog p; i dlogp:r  f !
as in the Lemma.
Next, we denote by p the vector whose t-th entry is 3112722:, and by ¢ the vector whose t-th

entry is — % Then we have
t

dlog Cy
dlog p;

= ¢rl—; + Prp:
or in matrix notation

C = diag(¢) + ¢p".

Therefore, the log sequence-space Jacobian C is the sum of a diagonal matrix and an outer product
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of two vectors. We denote the former by D = diag(¢) and the latter by P = ¢p’. A matrix formed
by the outer product of two vectors has rank one.
Since we are dealing with infinite vectors and matrices, we work on the space of bounded

sequences
> = {z ={zt}1>0 1 ||z]|o =sUpz < 00}

£>0
We have ¢p € (* and p € . This implies that their outer product P is bounded on ¢* and of rank
one. Also, notice that x =}, p; exists.
Finally, consider the case with CRRA consumption preferences and y; = -y. In that case, we
have
1 1

C=--1--1p,
TR

where I is the identity matrix and 1 is the infinite column vector of 1s. This implies that —% is one
eigenvalue of infinite multiplicity. There can only be at most one additional eigenvalue since C in
this case represents a rank-one shift of a multiple of the identity matrix. This eigenvalue is given by
1
S (1+x).
[

A.6 Proof of Proposition 4

Proof. We now prove that the intertemporal tariff formula collapses to the static one presented in

the main text. First, notice that we can write

= — Wit —
; Kt Xp OA* dpy  xf Op:

All we have to show is that the first term is 0, because from there it immediately follows that

1 pp N T Apyougy 1 ug,

Tk @tk % REgk ok kg%
Tt Xy :B Uce X :B U Ueet Xp Uee

as in the main text.
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To show that the first term is O for all . We have

L ﬁaé; oA* B ﬁBC}f o TkPRX; ﬂBC}’{“
0= ;wkt X; OA* dpy — 0= ;wkt X;OAF = TPiX; X} OA*
And this will be true if and only if
aé* Pk u/(CZ)
0=y tp=r =Y Upea— — 0= ) TPk
; oA ; Bru’ (ci) ; u'(c;)

where we used p¥u/(c}) = A*py and the fact that A* comes out of the sum.

Next, define
u'(cy)

ul/ (Cz)

/ = ZTkpk
k

Then we can write the intertemporal tariff formula as

oA* 1

ISR
Bpt Ttx;k X kPr

OA*

pt OC;

x; opy

Tt

oA 11
apt TtX;k A*

p: 9C}
xj op

dlogA* 1 1 Ape u(cf)
ologpr wpexi T xj Pru'(cp) u'(cp)
~dlogA* 1 1 u'(cf)
— dlogprmpxi T xj ()

Therefore, we have

. dlog A*

Pext dlog p
_ dlog A*
~ ologp:T 7

1 < o
pic] pXy

or simply

dlog A*

T e \P T Dlog s

?)
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We can now plug this into the equation for Z, which yields

1 .
Z=-) ?Tkpkck
r Vk

dlog A*
:—Z<Pkk+ o Z>

dlog px

. dlog A*
= — kX -7
;p k ;alogpk

or simply

z<1 +Zalogx\ ) — Y pex; = —NFA;},
k

- dlog px

which is 0 when NFA(; = 0 as we assume in Section 3.1.
We can also make the argument in a different way. From the Home efficiency condition with

tariff 33
0= 1+ 71 k.
;( k) Pk opi

Also from the lifetime budget constraint, we have

oX; dCf
t Ek:f’k ap t ;Pkapt
Therefore, we have
8Ck

_ Pk OA* A*
ZTkPk 5ku”( ) aPt + ‘Bku”(clt)]lk:t

a)\* A*
= ZTkPk‘Bku//( ) Pt B’ (ct)

And notice that this can be written as

L, oAf 1 u'(c; A
—X = ap /\*Z kPk " (c )+ tptﬁtu”(c;‘)
2 A¥
—Z
©Opr A T tptﬁtu”(cf)
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Separately, notice that fully differentiating the lifetime budget constraint and the FOC yields

E)ck

o oAt ap
=p— F+ A5
ap:~ Pop T opy

Bu (c)

which lets us solve for

Z Pk a/\*+ )L* apk
Pl B (cp) apr  Bru'(ch) ops

*

* IA* pk
= o R T e
or simply
oA* 1 <x* p A* >
— = 2\t TPt
g )

Now we can put these two together, which yields

A = T2 WM T Pt e WPt oy tyl!
Z p ,B ur(c {3

1 < () >12+Tt ' (cf)
1 ct) (% A* (%
sz pkur/(ckz) u (Ct) u (Ct)
Ll (W@, )
wig) \" T u(cf) "u(cp)
Zk Pk u(c;)
This allows us to solve for the tariff as
u'(ct . 1 . u(ck
K u”((ct*)) - w(cp) u”((ct*)) ) 8
t Zk ku//(clt)
or simply
" * 1 1 *
v == - e (G 1)z
t Zk pk M“(C;) t

Plugging back into the definition of Z completes the proof.
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A.7 Proof of Proposition 5

Proof. The proof is presented in the main text. n

B A Neoclassical Representative Agent Production Economy

This Appendix presents a variant of the representative agent (RA) model of Section 3.1 with
production. We show that the intertemporal export supply function X* and its sequence-space

Jacobian € continue to take the special form discussed in Lemma 2 in this production economy.

B.1 Environment

Households. Home and Foreign are each populated by a representative household whose lifetime

utilities are

Vo= Bu(c,ty) and Vo =Y Blulc;, tf). (46)
f f

We denote the intertemporal price of the single consumption good by p;. Assuming complete
financial markets allows us to write the consumption-savings problems of both households in

terms of the lifetime budget constraints

0= E((l + Tt)ptct — wtﬁt + Tt) and 0= Z(ptcf — wfﬁf), (47)
t t
where w; and w; denote the local wage rates in both countries, 7; is Home’s import tariff, and T;
is a lump-sum rebate. We assume here for simplicity that both countries’ initial net foreign asset
positions are 0 and that Foreign does not set a tariff.
Households therfore maximize preferences (46) subject to (47). Denoting the Lagrange multi-

pliers on each lifetime budget constraint by A and A*, the associated first-order conditions are

s = A1+ 1 d =g *
ﬂ U t ( t)]?t an Ut (1 -+ Tt)Pt )
for Home and
up wy
fur, = A* and - 2= ¥

for Foreign, where we use the shorthand notation u.; = a%u(ct, ;) and so forth.

Firms. A representative and perfectly competitive firm operates a production technology in each

country that is linear in labor and given by

yi = Al and yi = Aflf, (50)
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where productivities A; and A; follow exogenous deterministic paths. We assume that firms at
Home are subject to a subsidy on revenue also given by 7;. Profit maximization therefore implies

the optimality conditions
wy = (14 1) prAs and w; = piA;. (51)

Government, market clearing, and competitive equilibrium. The Home government runs a

balanced budget. This requires that tax receipts are equal to rebates and subsidies,
Tpict = Tt + Tpiy: (52)

in all periods t. In other words, the government taxes imports when ¢; — y; > 0 and subsidizes
exports when ¢; — y; < 0.

The market clearing condition for the single consumption good at date ¢ is given by
yetyr =citcr (53)

Market clearing for labor in each country is already implicit in our notation since we do not

distinguish between labor demand and supply.

Definition 4 (Competitive Equilibrium). Taking as given sequences A and A* as well as Home tariffs T,
a world competitive equilibrium comprises allocations (¢, c*, £, £*,y,y*, T), multipliers (A, A*) and prices
(p, w, w*) that satisfy production technologies (50), lifetime budget constraints (47), household optimization
in Home (48) and Foreign (49), firm optimization (51), the Home government budget constraint (52), and
market clearing (53).

B.2 Intertemporal Export Supply Elasticities

In the absence of distortions, the Home efficiency condition (12) and optimal tariff formula (13)
apply as-is to this production economy. We start with a constructive derivation of the intertemporal
export supply function X*.

The Foreign household problem can then be characterized by the lifetime budget constraint
(47) and the two first-order conditions in (49). We use firm optimality condition (51) to solve for
the Foreign wage wj. The labor-leisure condition then solves for labor supply ¢; as a function of
consumption c; and exogenous technology Af. The Euler equation for consumption solves for c;
as a function of the contemporaneous price p; and the Lagrange multiplier A*. And finally, the
lifetime budget constraint solves for the multiplier A* as a function of the entire sequence of prices
p = {pt}1>0 after plugging in the two FOCs.

In summary, we can use the Foreign competitive equilibrium conditions to derive sequence-

space representations of the Foreign consumption and labor supply functions, given by ¢; = C/(p)
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and ¢; = L{(p). The consumption function C;(p) maps a time path of prices p into a level of
consumption c¢; at date t that is consistent the budget constraint and optimal behavior of the
Foreign household. The labor supply function £;(p) maps an infinite sequence of prices into the
household’s desired labor supply. Both of these functions are partial equilibrium objects. They are
defined using only the conditions (47) and (49) describing the Foreign household problem and do
not account for general equilibrium adjustments that work through market clearing conditions.
With these two functions in hand, the intertemporal export supply function is simply given by

X (p) = AfL; (p) — Ci (p), and its sequence-space Jacobian is characterized by

0x; " 0L B aC;
ot k apr  Opt

(54)

We now show that this sequence-space Jacobian has a special form because Foreign households
are permanent-income consumers. First, notice that plugging the labor supply and consumption
functions into the Foreign household’s labor-leisure condition implies

—“M,kaT)t: k”cc,kaTgt

where we assume that u(-) is additively separable in consumption and labor supply. In other
words, we can characterize the sequence-space Jacobian of the labor supply function in terms of
that of the consumption function. Plugging back into the previous equation, we have

0xy

u .
— - [(appieE 1]
op [ Uyp g

ac;
apt ’

Defining the relevant elasticities by

* 4, % ¥k
« _ Cillect d L Ly,
')/l‘ - u* an ¢t - u*
ot 0t
we can rewrite this as
BX,:‘

Pretiok Cx op:
Finally, using the Foreign labor-leisure condition, we arrive at
90Xy (772 Y 1) oCy

e op:

=

P <k

Two important takeaways emerge. First, just like in the endowment economy of Section 3.1, the
intertemporal export supply elasticities can be micro-founded in terms of Foreigns intertemporal
consumption function. Second, unlike in Section 3.1, the export response at date k to a price change

at date t may no longer be negatively related to the consumption response dCy.
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For example, under a standard CRRA calibration with 7} = ¢; = 2, the export response
locally around balanced trade is actually 0. Under a trade surplus, with y; > ¢, the export supply
response is positively related to the consumption response. It is only under a trade deficit, with
v; < c;, that the export supply response is negatively related to the consumption response as in
Section 3.1.

C A New Keynesian Model

C.1 Preferences, Technologies and Resource Constraints

The world economy comprises two large countries, Home and Foreign, and each is populated by a
representative household. There is a single final consumption good that is produced in and traded
by both countries. We study the cashless limit, where a vanishing fraction of transactions in the
two countries must be conducted in Home currency and Foreign currency, respectively. Finally,

time is discrete, with t € {0,1,...}, and we abstract from uncertainty.

Preferences. Households in both regions have direct preferences over the single consumption
good, given by
Vo = Zﬁtu(ct, lr) and Vi = Zﬁtu(cf,ﬁf)
t t

where ¢; and ¢} denote consumption in Home and Foreign. Households also supply labor, denoted

¢y and ;. Preferences are otherwise symmetric.

Technologies. Both countries are endowed with technologies to produce the single consumption

good using labor. These are given by
yr = Al and y; = AfL.
Labor is immobile across countries.
Resource constraints. The resource constraint for the consumption good at date t is given by
cetcf =yt

C.2 Competitive Equilibrium

We now specify how households, firms, labor unions and the government interact in a world
competitive equilibrium. We denote the numeraire price for the consumption good at date ¢ by py,
and the prices for Home and Foreign currency by py; and pr,, respectively. We will eventually

choose Foreign currency as our numeraire and normalize pr; = 1, so that py ; takes on the role of a
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nominal exchange rate, but we will for now keep all prices explicit. Finally, we denote by 7; Home’s

import tariff at date ¢, which is the combination of a consumption tax and a production subsidy.

Asset markets. There are two nominal bonds. A unit of bond purchased at date t matures at
date t + 1 and pays one unit of local currency. We denote the prices at which the Home and
Foreign bonds trade by gy ; and gr , respectively. Financial markets are not segmented so that all
households can trade both bonds.

Household problem. Households supply labor and earn the local wage w; in Home and w;} in
Foreign, in units of numeraire. In the cashless limit of our economy, the Home household budget

constraint can be written as
qubH 1 + gEibri + (14 T)pic = pribas + pribey + wily + Tp
And the Foreign household budget constraint is
GtV 11 + GribE i + pict = pribi s + pribry + wily + T

All prices are in units of numeraire. A unit of Home bond purchased at price g+ at date t pays off
one unit of Home currency at date t + 1, whose numeraire value is pp 1.
The problem of a household in Home is therefore to choose sequences {c;, by ¢+1, br 141, ¢t } to

maximize Vp, subject to the Home budget constraint, taking as given prices {qqt, qs t, Pcts Pg,t, Wt }-

Firms. There is a representative firm in each country that operates the production technology and

produces the consumption good using local labor. Firm profits are
Il = (1 + @) peye — wily and I} = pry; — wit;.
The firm problem is to choose labor to maximize profits. It implies the first-order conditions
(14 w)prAr = wy and piA; = wy,
so that profits are 0.

Unions and labor market structure. We now introduce the key assumption: Wages are sticky
in units of local currency. We follow the standard model of the wage rigidity literature Erceg et al.
(2000). Household labor supply decisions are intermediated by labor unions. A household in Home
supplies ¢ ; units of labor to k € [0, 1] unions. Each labor union is endowed with a technology to
differentiate these work hours into a differentiated labor factor k one-for-one. We abuse notation

and directly denote this differentiated factor by ¢y ;.
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There is a firm in the economy which we call the labor packer. This firm demands differentiated
labor factors ¢ ; and produces a pure intermediate input, which we call aggregate labor. It does so

according to the production technology

¢ L i
(e

This firm then sells aggregate labor as an input to the representative firm at price w; in units of
numeraire. The labor packer pays each union a price wy ; for its differentiated labor variety. Cost

minimization by the labor packer therefore yields a demand function

—€
_ [ Wkt
Uy = ( o > 4
1 T
= w;, ¢dk .
()

Union k chooses its wage {wy ; } to maximize the lifetime utility of the representative household.

and an aggregate wage index

We model nominal rigidities as follows. At each date ¢, the union can change its wage wy ;. But
when the new local currency wage deviates from the previous one, the union must pay an adjustment
cost that is passed to the household directly as a utility cost. We refer to local currency wages as

wages in units of local currency rather than numeraire. Home local currency wages are given by

Wkt
Wit =
PHt
and we define their growth rate as
Wit
1+ = :
S Wi

We can therefore associate the union problem with the Lagrangian

L_Zﬁ[ <ct (Werh), /1zk,tdk> §1+n}"’/ 2dk]+2[m [WW —(1+ )

subject to the demand function for /i ;, which we simply plug in directly. We scale the adjustment
cost by ﬁ, which will allow us to derive a particularly tractable wage Phillips curve. The
t

first-order condition for W, is

ocy 9y s 1 1 1
A Wi
Wi + u“aWkt Wer 1 — BAit1 kt+1W Wkt

oy (o)L,
aWk,t wt W t

Ozuct

where
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The second optimality condition for 7}, is

1
0=—b6——rt —As
1+l :
To derive the wage Phillips curve, we have to work out how wage changes affect the Home
household. This requires expressing the household problem in units of local currency. We can first
rewrite the Home household budget constraint in units of numeraire, accounting for the fact that

the household supplies labor to different unions,

1
q,0m 1 + qeibr i1 + (1 + ) pece = prbas + pribes + /0 (1+ ) w by dk + Ty,

where t¢

is an employment subsidy on union k’s wage payment. When union k pays the household
a total compensation wy (/i ; for her labor, then the government pays an additional proportional
subsidy Téwk,tﬁk,t. At the same time, the government pays for this subsidy by taxing households
lump-sum on aggregate labor. But unions take the aggregate government rebate T; as given.

Rewriting the budget constraint in local currency units yields

qHt qr.t P PEt Wit 1
—b +—b +(14+71)——c; = by +—b +(1+7f / W, ( > bidk + —T;.
o 1 o O ( t)th ¢ = brit o bEs ( ) AW ¢ o L

Finally, we apply the envelope theorem and obtain the income effect on consumption that the union

internalizes when changing wages as

acy PH ¢ <Wkt>€
= ’ 14+71)(1—¢€ ’ 4.
BWk,t (1 + Tt)Pt( )< ) f

Finally, we initialize all unions at the symmetric wage distribution wyy = wy o which implies
that unions will always be symmetric ex post as well under Rotemberg adjustment costs, with
wy+ = w; for all k and t. Leveraging this, we can then write the two first-order conditions of the

union problem as

PHt 1 1 11
0=uc—=—(1 1—e)l; — —/ AW,
uc’t(1+Tt)Pt( +7)(1—e)ly W’tewt t+Wt, — BArn W W,
1
0=—-¢ }A] At
1+ 7
From the second condition, we have Ay 1 = =45 t“ . And plugging this into the first condition
yields
wy
=Uep—————(1 1- - b —oml¥ + 5Bm)
0 “c,t(1+ )P( + 1) (1 =€)l — ugpely — ot + 0Ly
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or simply

w € wy ne—1 w
= — - I — 1 g .

This is the exact analog of the continuous time Phillips curve we later derive in Section D. If we
had not scaled the Rotemberg adjustment cost by 1— W , we would have obtain the same Phillips
curve as in Auclert et al. (2024b),

€ Wt 1
”yv(1+”yv):—5[ (1+)P(1+T)+“£t]£t+ﬁ”t+1(1+”t+1)
Foreign wage Phillips curve. Crucially, Foreign wages are sticky in Foreign currency rather than

Home currency. So we define the local currency wage in Foreign as

*
W

PEt

Wi =

Most of the derivation of the Foreign Phillips curve is symmetric. The income effect on consumption

of a household in Foreign is therefore given by

ac; _ prs <szt>€
= 1+t)(1—¢ - l;.
aw}:t Pt ( )( ) W;k t

We define Foreign inflation as

w,*
wse . WP _ PRi—1 Wy 1+
Tt = W _1_w* ——1_H7P_
1 t—1 PFt Y

This implies a symmetric Phillips curve.

Policy. Fiscal policy in Home comprises four instruments: the import tariff 7;, the lump-sum
rebate T;, and the employment subsidy 7‘. We assume that the Home planner can set tariffs

optimally but must run a balanced budget each period. This requires
TpiCe = Ty + upeye + T wily,

where on the LHS we have tariff revenue and on the RHS total outlays, which comprise the transfer
T;, the production subsidy to firms, and the employment subsidy to unions.
The Home planner sets monetary policy, i.e., the Home bond price gy, optimally. Monetary

policy in Foreign sets the Foreign bond price according to a Taylor rule,

qes = Ti(m").
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The Taylor rule 7; allows for a flexible dependence of the date ¢t bond price on Foreign nominal

wage inflation " = {7}""* };50.

Markets and equilibrium. Five markets must clear in equilibrium. The world goods market
coincides with the resource constraint introduced earlier. Labor market clearing in both countries
is already implicit in our notation, where ¢; and ¢; were used to denote both labor demand and

supply. Finally, asset market clearing requires

Under no-arbitrage, households’ portfolio positions in the two bonds is indeterminate. The two
asset market clearing conditions are thus effectively equivalent to a single market clearing condition
in terms of total asset holdings or wealth. In particular, we can multiply the two bond market

clearing conditions by the bond prices, add them up, and arrive at which by adding simply implies
Bt + B;k - 0,

where we define B; = qpu-1bnt + qri-1bF ; and Bf = qp1-1bf; ; + qri-1bF ; as total wealth in units
of numeraire. We will drop this market clearing condition by Walras” law and instead work with

goods market clearing.

Definition 5 (World Competitive Equilibrium). Taking as given exogenous sequences of shocks (A, A*)
and Home policy (T, qu), a world competitive equilibrium with sticky wages comprises a Home allocation
(y, ¢, £), a Foreign allocation (y*, c*,£€*), and prices (qr, p, pu, pr, w, w*) such that households, unions

and firms in both countries optimize and markets clear.

C.3 Optimal Monetary and Tariff Policy

The Home planning problem is to choose monetary and tariff policy (7, qy) to maximize the
lifetime utility of the representative household, taking as given all the conditions that characterize
world competitive equilibrium. We now present the main result of this Appendix and then provide

a constructive proof.

Proposition 6 (Optimal monetary and tariff policy). Home’s jointly optimal monetary and tariff policy

restores the flexible-wage allocation and sets import tariffs according to the intertemporal tariff formula (13).

To prove Proposition 6, we start with a characterization of the equilibrium and implementability

conditions. The problem of the Home household gives rise to the consumption Euler equation

_ PHi (1+1)p:
g (1+ T1)prn

Uct ,BuC,t+1/
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as well as the usual no-arbitrage condition, according to which returns on both bonds must be

equalized in units of numeraire. This implies uncovered interest parity (UIP),

qrt _ qHt
PFEt+1 PHt+1

The complete list of equilibrium conditions is therefore given by

yr = Al
yi = Afly
vet+yi =ci+cf
0= B; + Bf
(14 w)prAr = wy
prA; = wy

_ PHt1 (1+1)p:
gt (14 T41)prsa
* F,
ut, = Pri+1 Pt
qrt P+l
qrt  YqHt

PFEt+1 PHt+1

Ut Buicit1

5”3t+1

Prt By +wily + Ty

Bip1 + (1+ 1) pict =
qH,t-1

Bfiy + pic; = LEL B + wify

qrt—1
W € Wi n€—1 W
= —— — (1 -— I
7T (5[uc’t(1+Tt)Pt( + 1) - +ug,t] t+ Bl
Wi __ € *ZUfl ne—1 o W
=y “c,ta( +7 )T+u€,t i+ B

Ht—1 Wt
ST TS

Wi—1 PHt

w Pri—1 Wy
Mt ==

Wi 1 PEt

Ty = TtPt(Ct — yt)
e = Ti(m")

where we have already subsumed that part of the fiscal rebate that pays for the employment
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subsidy. We therefore have 17 equations in the 17 unknowns

* * % * * W W,*
{yt/ yt s Et/ Et 7 Cts Ct s Bt/ Bt ’ Tt/ Pt/ wt, wt ’ PH,t/ pF,t/ nt s nt ’ QF,t}

as functions of the exogenous sequences

{At, AT, qH,t}.

From here, we get to drop one equation due to Walras’ law, and we still have to make one price
normalization by picking a numeraire. This implies that we get to 16 equations in 16 unknowns.
We now reduce the equations the Home planner must respect as follows. We plug in for y;
and y; using the production functions, which yields the world goods market clearing condition in
terms of consumption and labor,
Al + AfC] = ¢+ cf.

Next, we use the firm optimality conditions to solve out for wages in the two Phillips curves, and

we rewrite them as follows. For Home, we have

Mgtl ¢
————=1-A
Ut Ay !

where the Home aggregate labor wedge is defined as

¢4 ne€—1 e 1 W a W
Ap=1-(1+71) c 5At£tuc,t(nt Brtiie)

For Foreign, we have

*
_ué,ti —1_ Aé,*
ut, A*x - t

c,t “t

where the Foreign aggregate labor wedge is defined as

e—1 € 1
0 Afliug,

A =1—(141%) ()Y — Brrl).

t+1

In other words, we see that the wage Phillips curve put a wedge between the marginal rates
of substitution between consumption and labor, — %, and the marginal rates of transformation
between consumption and labor, A;. These labor wedges have a constant component, the markup
distortion due to monopolistic competition, and a time-varying component due to non-zero wage
inflation.

Plugging the government budget constraint into the two household budget constraints, we
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arrive at the country-level laws of motion for net foreign asset (NFA) positions,

H
Bii1 = qZ

'tl B; + pe(Aily —ct)

* Ft px * [k *
B/ = PEL Bf + pi(Af Ly —cf).
qrt—1

We see from here that Walras law must hold, since the goods market clearing condition will imply
that By 1 + Bi,; = 0, as long as the initial condition satisfies By + B; = 0.

Finally, we drop the asset market clearing condition due to Walras’ law, we drop the NFA
laws of motion since NFA does not appear in other equations, and we choose Foreign currency as
our numeraire, setting pr; = 1 for all t. This implies that pp ; is the relative price (exchange rate)
between Home and Foreign currencies.

Foreign can therefore be summarized by the following conditions:

1 Pt
* *
uc,t - ﬁuc t+1
qrt Pr+1
*
u*, A* t
ct £t

qre = Te(m"")

This block of equations now implies a representation for Foreign export supply in terms of an

intertemporal export supply function,
xp = Apli —ci = X (p)-

Taking as given a sequence of world prices p, the firm optimality condition pins down Foreign
wages and therefore wage inflation 77"V*. Wage inflation pins down Foreign monetary policy in
terms of the bond price sequence gr via the Taylor rule. On the household side, this pins down
Foreign consumption ¢*. Finally, from the Phillips curve we get the aggregate labor wedges A**
and labor supply £*.

We are consequently left with the following set of conditions that the Home planner must
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respect,

X[ (p) = ct — Aty

_ PH 1+ p:

u u
o Gy 1+ T praa ot
qrt = PH+1 9% (p)
Up 1 ¢
———— =1-A
Uet Ay !
-1 € 1
Af —1-(1 € v W w
t ( tT ) € o) Atﬁtuc,t (Nt 'Bnt+1)

w_ 1+m pr A PHt-1

— 1
1+ 71 pr—1 Ar—1 PH

where
qart = Qi (p)

represents an intertemporal sequence-space representation for Foreign monetary policy, which also
follows from above. In other words, given Home policy (7, qy), the above 6 equations solve for
the remaining 6 unknowns (c, ¢, p, pH, Al ).

We can rewrite the Home Euler equation as

des = B 1 pr 1+71 u
o Qi (p) pra1 1+ T ot

This implies that the Home bond price g5, only appears in the UIP condition. Therefore, for
any given price sequence p, the Home planner can implement any desired Home currency price
sequence py by setting monetary policy appropriately. And we can drop UIP as an implementability
condition.

Next, we use the Euler equation to solve out for cum-tariff prices in the definition of wage

inflation, which yields

A 1 U
w t PHt—-1 Uct «
T = Q —1.
! Ai1 pHt Blcii (p)

As a result, the import tariff T now only appears in the consumption Euler equation. This implies
that, for any given price sequence p and long-run consumption level css, the planner can pick
import tariffs T to implement a desired consumption sequence c. Since tariffs no longer appear
in any of the other conditions, we can therefore drop the Euler equation as an implementability

condition. We therefore arrive at the following characterization of implementability.

Lemma 3 (Implementability). Taking as given TFP sequence A, as well as the intertemporal export supply
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and monetary policy functions for Foreign, X*(p) and Q*(p), sequences (c, £, p, pr, AL, 7" form part of
a world competitive equilibrium if and only if

X (p) = ¢t — Aty

Uy 1 ¢
- — =1-A
Mc,tAt !

e—1 € 1

l _ V4 w w
Ar=1—(1+71" _SAtEtuc,t(T[t — Brii)

A 1 U
w t PHt-1 ot "
) = Q -1
' A1 pHt Pucitt (p)

We are now ready to characterize Home’s optimal monetary and tariff policy. Notice that the
Home currency price py only appears in the determination of wage inflation 7t"V. Using monetary
policy, the planner can therefore implement any desired sequence of wage inflation. Dropping the
fourth equation as an implementability condition, notice that wage inflation then only appears
in the definition of the labor wedge. Therefore, the Home planner can pick any desired sequence
of labor wedges A’, by appropriately choosing wage inflation and monetary policy. We can thus
also drop the third equation as an implementability condition. This leaves us with the first two
equations. Finally, by the same argument, notice that the labor wedge now only appears in the
second equation. And since the planner can choose it freely, we can also drop the sequence equation
as an implementability condition.

We have therefore arrived at a characterization of implementability conditions in terms of just
X/ (p) = — Ay,

exactly as in Section 2.3. This implies that the solution to the Home planning problem will satisfy
the efficiency condition (12) for intertemporal terms of trade, as well as the classic MRS = MRT

efficiency condition between consumption and labor. The latter implies that
AL=0
at the optimal allocation for all t. This concludes the proof.

C.4 Discussion

Proposition 6 shows that the Home planner can implement the efficient allocation with monetary
and tariff policy. Intuitively, the planner has two targets and exactly two instruments. The targets
are (1) closing the labor wedge, i.e., production efficiency, and (2) terms of trade manipulation.

The Home planner uses monetary policy to close the labor wedge, and then sets import tariffs to
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target the desired intertemporal terms of trade. Optimal monetary policy is to ensure nominal
wage stability.

If monetary policy was constrained, the planner would be unable to implement the efficient
allocation. This would put us in the environment of Section 2.5. The optimal second-best tariff
would then trade off terms of trade manipulation against production efficiency.

When monetary policy can be set optimally to achieve Home production efficiency, however,
our intertemporal tariff formula (13) directly applies to this economy and characterizes the optimal
import tariff. Intertemporal export supply elasticities, summarized by the export supply function
X*(p) and its log sequence-space Jacobian &, are a sufficient statistic for the optimal tariff, together
with tariff revenue weights. The determination of Foreign’s intertemporal export supply elasticities
in this New Keynesian model is different from the environment of Section 3.1 for two reasons:
First, we here allow for production, so that export supply is now governed both by household

consumption demand and labor supply,

Xy _ AL
Bpt k apt apt ’

Second, the Foreign economy now features distortions in the form of nominal wage rigidity.
This implies that the Foreign export supply function X}*(p) is shaped by local business cycle
conditions in Foreign. The Home planner exploits this, internalizing that intertemporal export
supply elasticities now interact with business cycle conditions. Also, whereas in Section 3.1 we
derived X} (p) as a partial equilibrium object, representing households” decision problems given
prices p, the intertemporal export supply function is a general equilibrium object here. It encodes
the general equilibrium determination of Foreign labor wedges Lt~ Foreign wage inflation W

via the Phillips curve, and Foreign monetary policy gr via the Taylor rule.

D Quantitative Appendix

We work in continuous time to characterize and numerically solve the Ramsey problem for optimal
second-best tariffs. In this Appendix, we briefly recast the quantitative model of Section 5 in
continuous time. Then we characterize implementability conditions for the Ramsey problem. We

define the standard Ramsey problem as well as the augmented timeless one.

D.1 Recursive Representation of the Household Problem

The problem of a household living in Home at date ¢, with wealth a and individual productivity
z, can be written recursively in continuous time in terms of the Hamilton-Jacobi-Bellman (HJB)

equation

pVi(a,z) = u(ci(a,z)) —o(lr) + (rna+ei(z) — ci(a,2))9Vi(a, z) + A(Vi(a,2') — Vi(a, 2)) + 0, Vi(a, 2).
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This equation holds in the interior of the state space (4,z) € [a,00) x {z!,z"}. On the boundary at

a, the value function is characterized by the usual state constrained boundary condition
u'(ra+e(z)) < 9,Vi(a,z)
for all z. For convenience, we also introduce the shorthand notation
st(a,z) = ria+ei(z) —ci(a,z)

for the household’s savings policy function.

The household takes as given a sequence of real interest rates r;, which we discuss further
below, as well as the union-intermediated sequence of labor supply /;. As in the main text, we write
the household problem directly in terms of total real wealth, implicitly subsuming the portfolio
choice problem between Home and Foreign bonds, which gives rise to the usual no-arbitrage (UIP)
condition. Finally, recall that wealth a here is in units of Home CPI (in Home currency), which we

define next.

Consumption. The consumption policy function c;(a, z) is implicitly defined by the first-order
condition
u'(ci(a,z)) = 9,Vi(a,z).

Given a rate of real consumption, the household’s demand functions are given by

P

141 wt\ P
cj,t(a,z) = oc]-?tct(a,z) and c]-w,t(a,z) = 0w <(]‘Ut)p]wt> c]-,t(a,z),

P,

where c;;(a,z) denotes consumption of good j, which itself is a bundle of varieties c;,, ;. We denote
by pjw, the Home-currency price of good j variety w at date f. We denote by 6;,, the Home
household’s CES weight on good j’s variety w, which by assumption is simply 6;y = 1 — 6; and
0 = 0;. All households in Home face the same consumer price index (CPI) defined in units of

Home currency as

P, N\ T
P = thj log o%j where Py = (Z()jw((l + Tjoo ) Pjeost)” ’7/> !
j

w

is the effective price of good j across varieties.
Income. The household’s real income is given by

Wily + Ty 4 11,
er(z) = T
'
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where we assume that all income is proportional to the household’s individual productivity z,
which follows a two-state Markov chain with z € {zl,z/} and transition rate A. We denote by
wy = Wf the real wage rate in Home, which we further discuss below. T} is a lump-sum government

rebate in units of Home currency, and I1; represent total corporate profits in Home.

Foreign. We characterize the recursive representation of the Foreign household problem in terms
of the state variables (a,z), where a here refers to total wealth in units of Foreign CPI (in Foreign
currency). The problem of a household living in Foreign at date t, with wealth a and individual
productivity z, can be represented by the HJB

pVi(a,2) = u(ci(a,2)) —o(£f) + (rfa+ej(z) —cf (4,2))9.Vi (a,2) + A(V/ (a,2") = Vi (a,2)) + 0/ Vi (a, 2).

It is therefore completely symmetric to the Home household problem, except that the household

takes as given labor supply ¢, real interest rates r;, and income

WieE + T + 11
?()ZZ = P*t t’
t

which differ between Home and Foreign.

The Foreign household’s demand functions are given by

*

o Dt " o (Pior\ "
]t(a Z) ] P]* Ct (Dl Z) and Cjwt( ) = 9 < 1];: ) C]t(a Z)

where pj, , = p’“” denotes the Foreign-currency price of good j variety w and the exchange rate &;

maps the Home -currency price to the Foreign-currency price. Foreign’s CPI is defined as

1

* TF
_ 1 Py h 1 A
= sz]- 08+ where ]t = Z P]wt )
j j

D.2 Kolmogorov Forward Equations

We denote Home and Foreign’s joint densities over household wealth and labor productivities at
date t by g:(a,z) and g/ (a,z). We also refer to these as the cross-sectional household distributions.
Taking as given initial distributions go(a, z) and g;(a, z), their laws of motion are characterized

by Kolmogorov forward equations. For Home, we have

0:81(a,z) = —0, [st(a,z)gt(a,z)} + /\[gt(a,z’) — gt(a,z)},

and for Foreign we have symmetrically

%81 (0,2) = ~3u s (0,2)8} (a,2) | + 1|8} (a,2') — g} (a,2)].

74



This leaves the question of how the initial distributions go(a,z) and g (4, z) are determined.

We discuss this next.

D.3 Initial Distributions and Revaluation Effects

We characterize the household problems and the joint densities in terms of real wealth in units
of country-specific CPI. At time 0, prices in this economy may jump either because the Ramsey
planner announces a new Ramsey plan or because of the realization of an MIT shock. In other
words, the distribution is not predetermined and therefore pinned down at date 0 in terms of real
wealth. Instead, it is predetermined in terms of households” holdings of physical asset shares.

We start by considering Home. Denote by and br the number of Home and Foreign bonds
held by a household in Home. With bonds instantly maturing, the Home bond pays 1 unit of
domestic currency and the Foreign bond pays 1 unit of Foreign currency, which is converted into
&o units of Home currency. Finally, we deflate by Home CPI, so that a = % Now denote the
initial joint density over asset positions by §(by, b, z).

We now obtain the appropriate initial condition for the joint density over real wealth and
labor productivities via a change of variables. Let ¢ : R? — R be the function ¢ (by, br) = M

Then for any Borel set A € R and any z, we define gy via

/ go(a,2)da = // (bst, b, 2) dbyy dbr.

So go is the unique density that makes the wealth-density match the asset-share-density. Another

and more intuitive way to write this is simply as

a Z // bH, bp, (5( bH —;ngbF) de dbp,

0

where J(-) is the Diract delta function. Intuitively, the RHS just assigns all mass that corresponds
to states where real wealth is equal to a given asset shares to go(4,z). Notice that this mapping
encodes the relevant revaluation effects that may occur at date 0 because of either exchange rate or
CPI jumps.

The argument for finding the initial distribution g;;(a, z) is symmetric.

D.4 Labor Unions

We now give a detailed description of our model’s labor market structure, focusing on Home as
Foreign is symmetric. Households supply labor to each of k € [0, 1] labor unions. A household’s
total hours of work are /; = fol i 1dk. Each union pays the nominal wage W ; in units of Home-
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currency CPL The real income term e;(z) in the HJB of Appendix D.1 therefore becomes

1 1
et(Z) =Z— < / Wk,ték,tdk + Ht -+ Tt>
Py \ Jo

Union k € [0, 1] transforms hours into a differentiated labor service according to the aggregation

technology
Lyt = // zly18¢(a,z) dadz,

where Ly ; is in units of effective labor.

Rationing. As is standard practice in the wage rigidity literature (Erceg et al., 2000; Auclert et al.,
2024b), unions ration labor across households, so that all households work the same hours. This
implies Ly = Ui [[ zgt(a,z) dadz = {y;, where we normalize [ [ zg;(a,z) dadz =1 as in the main

text.

Labor packer. Unions sell their differentiated labor services to a labor packer. This packer operates

the CES aggregation technology

1 v %
0 = ( |onr dk) ,
L

where €” is the elasticity of substitution between differentiated labor inputs. The labor packer then

sells this homogeneous labor factor to the firms. The standard cost minimization problem implies

1

Wk,t —et 1 1—e® 1-e
Lk,t:<wt) ¢ and wt:</0 Wi dk)

Labor supply schedule. Wages are fully flexible. We assume that union k chooses the sequence of

nominal wages W ; to maximize the objective

%) 1
max/ o Pt [u(// ct(a,z; Wi t)gt(a,z) da dz> — v</ Uit dk)]dt,
Wie JO 0

where the union internalizes that its wage policy W, affects the household’s consumption choice
and direct labor supply, subject to the labor packer’s demand function. Since union k is small, it
takes as given other prices as well as the cross-sectional household distribution.

The first-order condition for Wy ; is therefore given by

ace(a, z; W) 0
— , W,/
O=u (Ct)/ Wi, gi(a,z)dadz + €“v (&)—Wt.
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By the envelope theorem, we have

aCt(ﬂ,Z}Wk,t) _ 1 u w
Tk,t = E(1+T V(1 —€Y)zty.

Therefore, we arrive at the aggregate labor supply schedule

_ 1 u _Lw / w,,,/ 2
0= E(1+T )(1—€“)u' (C) + € U(Et)Wt,

or simply

(0 = (14 Y (C),

cw

where w; = %

D.5 Firm Problem

The production function of firm k in sector j at Home is given by

yini(k) = Ajpilin,(k),

and its nominal profits are

[, (k) = pjae ()i () — (1= Thy ) Wil (K),

where the firm takes as given the employment subsidies T]J;{ ; and the aggregate nominal wage W;.

Nominal marginal cost is therefore

11—, W

MCjp; = O HE T
Ajnt

so that we can rewrite profits as ITjy (k) = (pjut — MCjn,)Yjn,. Profits and marginal costs in

Foreign are defined symmetrically except in terms of the Foreign-currency prices pj, (k).

Dynamic pricing problem. We assume that firms face a quadratic Rotemberg adjustment cost
when changing prices in units of Home currency. Define ﬂjH,t(k) = fJ]'H,t(k)/ pint(k) as the

instantaneous rate of price inflation. Then we define the firm’s dynamic pricing problem as

o 1
max e Pt [1—mc- N vig (K yig (k) — Almig (k)| dt,
max et | = i ()i (0 () — A 8)
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where the cost of adjusting prices at rate 7y ¢ (k) is given by

X‘
A(rtin(k)) = 5] 7ttt (K) P -

The problem for Foreign firms is symmetric.

Lemma 4. The New Keynesian Phillips curves in Home production sector j characterizes the evolution of

sectoral inflation according to

. 6]' €]' -1
TiHt = PTTjH, — — | MCjH,t — .
Xj €j

The Phillips curve for Foreign-price inflation in Foreign production sector j is given by

€f ef—1
e B Y B
TUipt = PTUEt w \ MCip x :

Xj €;

]

Here Foreign inflation is defined as

Pire  Pirr &
Tpy = 5~ =~ — e = TGRE T T}
Pire  Pipt  ct

Proof. Since in equilibrium, all firms are symmetric, we will drop the j indexation for simplicity.
Denote p = Pi(j), P =P, Y =Y, m = m, x = x, W = W,, taking P as given, the firm’s problem in

recursive form is
_ P PN\ _Xs 2
p](p,t)—mrzlix{(P mc) (P) Y 5 7rY+]p(p,t)p7T+]t(p,t)}

where ] is the corresponding value function of the maximization problem. The first order conditions

of the recursive form are given by

Jp(p, t)p = xTY

(0 Ip(p 1=~ (E—me)e (B S (B) " St Jnp 0o + Jip(p,)

In a symmetric equilibrium we will have p = P, and hence

Y
Jp(p,t) = %

Y Y
(o—m) Jp(p,t) = —(1— mc)eﬁ tpt Jop(p. ) e+ Jip(p, t)
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Differentiating the first equation with respect to time, we get

; XYt xYm  xmYP
Jop(p, )P + Jpt(p,t) = 5 + 5P

and plugging in the second equation, we get

ooxmY Y Y XY xYm  xnYP
(p n)—P =—(1 mc)eP+P—|— Z + Z PP

Putting it together, we have

D.6 Equilibrium and Implementability

Government. Fiscal policy, monetary policy and tariff policy are exactly as described in the main

text. The Taylor rule in continuous time becomes simply
it = Tes + GrTTt,

where we set ¢, = 0 for simplicity. Foreign’s Taylor rule is symmetric.

Interest rates and wages. Household budget constraints depend on the real interest rates (r, r*)
and real wages (w, w*). Real wages are defined in terms of domestic CPI, so w; = % and w; = z\,/—f
t

Real interest rates are defined as

Ty =iy — 7T and ry =i, — ;.

Equilibrium. The definition of competitive equilibrium is stated in the main text for given initial

distributions go(a,z) and g§(a,z), which we can derive from given asset holding distributions

3(bm, br,z) and $*(by, br, z) as explained in Appendix D.3.
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We now summarize the equilibrium conditions. At the macro level for Home, we have

YiHt = AjH,tE iH,t

o) =3 — L4 Y ()

I = Z (PjH,tyjH,t —(1- T]'];{,t)wtéjH,t>
j

f
MCjH = = T We

AjHiPjH
. €j € — 1
TH,t = PTHt — — | MCiHt — ,
Xj €j
Ty =1t — 7T
b= iy
j

ZT]FtP]FtC]Ft Tt+z ]HtWt i+ T Wil

Iy = Iss + GrT;
Yirt = Cimt + Cipy
as well as UIP for exchange rates

&

t
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For Foreign, we have

* Ak *
Yipg=A4A jF,tg JEt

o(6) = C T ()

I = ZP;F,t(l - mC;F,t)yfF,t
)

*

f* *
s M
jFt

jF,tP JTt

€} er—1
R S & * o1
Tt = PTGt « \ MCirt ¥
Aj €

ry =if —m}
b = Z@FFJ
j
0=T/+ Z T Wil + T WG
Iy = rs + ¢nrtf
y;F,t = Cjrt + CfF,t
where

o _ Pire P &
Ft = =
" Pier  PiEt &

We have the aggregation equations for consumption

C = //ctazgtaz)dadz

Ci ‘'

s D(]P

(1 + Tjw,t)ij,t) i

Ciwt =0;
jw,t jw ( Pj,t

Ci

81



and

C/ = // ci(a,2)g; (a,z)dadz
P*

* b

Jp*C

* * p;“’t _7]7 *
C](Ut = 0 < P* > Cj,t

*
C]t

And the price indices are
P:
_ it
P = Zac]- log rn
j
%
=T
]t— <29]w 1‘|‘T]wt)p]wt) ﬂj) J
P*
_ x it
= Zoc]- log —
j j

1
i -
] t - < Z p]w t g > '
Sequence-space representation of the household problem. Notice that the Home household’s
problem can be written in terms of the sequence of real interest rates r and the earnings function

et(z), which is given by
et(z) = zwily + zTy + zIT;

H,
—Zwtft—l-th—l-ZZp] t]/]Ht Zzwtngt‘f’ZZ ]HtwtfjH,t
j

iH,t
=ZWtft+Z(ZTjath,thFt E W ]Ht>+22 ) y]Ht—ZWt+ZZ 0Lt
i

PiH,t
=Z<ZT]'P,tPjF,thPt Z Wi ;Ht)“Z Sy, +ZZ T 0l
]

TiF,tPjFt PiH,t

2 JEAFE, jH,
=Z 7C]‘p,t +z 7yjH,t

= B 2]. 2

= ZYt + ZTtMt,
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where we define real GDP as

PiHt
Y = 2 ;Dt YiHt
j

and real aggregate imports as
M = Z p]Ti’thP,t,
]

and where we impose the restriction of uniform tariffs, 7jr; = 7;, which we currently use in our
numerical experiments.

In other words, the Home household problem admits a sequence space representation in terms
of

ct(a,z) =Cia,z;r,Z),

where Z; = Y; + 7:M; is aggregate income plus tariff revenue. In other words, we can write the

household’s savings policy function simply as
si(a,z) =ra+z2Z; — c1(a,z).

To arrive at a sequence-space representation of aggregate Home consumption, we have to be
careful about the revaluation effects that show up in the wealth distribution at date 0 as a function

of & and Py. Therefore, we have the aggregate consumption function
Ct - Ct (1’, Z/ gO/ PO)

Working towards implementability. We are therefore left with the Home macro conditions

]

- AjH,t
, € <(1 - T]J;{,t)wt P o€— 1>
ThHt = PTUHE — = -
! Xj Ajat  PjH €

Ty = Tss + (4’71 — 1)7Tt
Yirt = Cint + Cipy

lt:Z;k—{—T[f
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and similarly for Foreign

y"‘F,t ev—1 . .
ZJ/(ZA]*Ft> — = (1+Tu)wtu/(ct)
] JE,

e]-<(1 — )W B - 1)
Ajpy  Piey €
i =1+ (Pn — )7}

* *
Yire = Cint + Cipyg

Next, we simplify the goods market clearing conditions. For Home, we have

. PjH,t i Pj,t
CjH,t—<1_9j)< P, ) Déj?tct

(I +t)pjre\ 7 Py
Ciet = 6; <Pt > o

and for Foreign

*

* — *
£ g Pis\ *Pj,tc*
HE =Y\ TPy ‘XjPT* t

p;F,t P ]‘Tt
= -on(5%) g

And so therefore we get for Home-produced goods

o PiH,t o Pf/t * p;FH/t _17; *P]th *
yjH,t = (1 — 0])< Pt ) Oéj?tCt + 0] Pt* DC]' cht

and for Foreign-produced goods

. (1+1)pjrs\ " Piy o [ Pirt 1 R
yjp,t:(?j(H]) (x-]Ct-I-(l—Q]»)(] ) Wi LEC

We therefore arrive at the following characterization of macro-implementability.

Lemma 5 (Macro Implementability). Taking as given TFP, policy and aggregate consumption C and C*

in both countries, the allocation yj., and prices (pj.,, w, w*) form part of a world competitive equilibrium if
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and only if the following conditions are satisfied:

H ew _—1
U/(Z. ZjHi) T e (1+7")wa(Cr)
] ’

Yi w1
/(D R) = T (@)

U
jEt €
- f

ﬁ'Ht:PTC‘Ht—ej<(1 TjH't)wt by _€f_1>

JH TH Xj Ajlt PiH.t €;

frx *
x . e (I—Ti wi pr €1
njF,t = pnjF,t - A* *t -
Xj iEt Pkt €j

B piris\ " Pyt (P LB
Vi = (1-106;) (B) ; P, e+ 0; p; ; P’ o
i} (I+1)pjre\ " Py o [ PiE 1 P
y]F,t:9]<Pt) ]Pct+(1_9)<1)*> ]P*Ct
as well as
Tss + 477T7Tt = r:s + (Pﬂn? + 7-(?
P‘
P = Zajlogit
j %j
o
=
Py = (29jw((1 + Tjw,t)p]'w,t)l_nj> ]
w

Pz,
= Z o’ log It
] *

j &

1
* 1-n¥
1 n; ]
]t_(z p]wt ]) s

where Ttp s = Pit/ Piy and Ty, = Pirs/ pjrt where pio, = Pjo,t/ Er, and where 7ty = &/ ;.

Intuitively, the Phillips curves pin down inflation and therefore prices at the goods level, which in

turn gives us the aggregate price indices. The union optimality conditions solve for the equilibrium

real wage. UIP solves for the exchange rate. And finally the goods market clearing conditions solve

for the aggregate demand for each good and therefore its output.

The above implementability Lemma characterizes the world economy at the macro level in

terms of aggregate consumption. It therefore only remains to characterize the determination of

aggregate consumption, which we do in the next Lemma.
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Lemma 6 (Micro Implementability). Taking as given initial asset-share distributions $o(bm, br, z) and
35 (b, b, z), paths of real interest rates (r,r*), paths of aggregate income plus tariff revenue (Z,Z*),
paths of labor supply (£, £*), as well as initial CPI and exchange rates (Py, P§, &), aggregate consumption
sequences C and C* are consistent with household behavior if and only if the following equations are satisfied:

oVi(a,z) = u(ci(a,z)) —ov(l) +si(a,z)0,Vi(a,z) + A(Vi(a,z') — Vi(a,z)) + 9;:Vi(a, z)
pVi(a,z) = u(ci(a,2)) — v(€F) + 57 (a,2)04 Vi (a,2) + A(Vi(a,2)) — Vi (a,2)) + 0:V (a,2)
u'(ct(a,z)) = 9,Vi(a,z)

u'(ci(a,2)) = 0.V{ (a,2)
91gt(a,z) = —0, {st(a,z)gt(a,z)} + A{gt(a,z’) —gt(a,z)]
9ig; (0,2) = ~0a |57 (a,2)g (3,2)| +A[gi (0,2) ~ g1 (a,2)]

where si(a,z) = ria+zZy — c(a,z) and sy (a,z) = ria+zZ; — c(a,z), as well as the initialization

conditions

(a,2) / 3o(bw, br, 2) 5( bH;‘eobF>dede
0

« " bu/& +b
i0,2) = [, 0n,be,2) -0 (a = 8L by oy
RR2 PO

and the aggregation definitions
C = // ce(a,z)gi(a,z)dadz

Cf = // ci(a,2)g; (a,z)dadz.

D.7 Flexible Price Allocation

In this subsection, we characterize the flexible price (or flexprice) allocation. Monetary policy can
implement this allocation in our model when supported by a fiscal policy that sets time-varying
corporate employment subsidies in order to equalize labor wedges across sectors. Once sectoral
labor wedges are equalized, monetary policy can set interest rates so that the aggregate labor wedge
in each economy is 0.

In this case, the macro and micro implementability Lemmas simplify as follows.

Lemma 7 (Implementability: Flexible Prices). Suppose that monetary and fiscal policy implement the
flexprice allocation (or consider the limit x; — 0 for all j). Taking as given initial asset-share distribu-

tions go(bw, br, z) and (b, br, z), Home tariffs, as well as sequences of TFP, an aggregate allocation
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(Yjeor y]’fw), prices (w, w*,r,r*), value and policy functions {Vi(a,z), Vi (a,z),ci(a,z),c; (a,z)} as well as

joint densities {g:(a,z), g} (a,z)} form part of a competitive equilibrium if and only if

v/( yjH,t) _ ZUtu/(Ct)
]

- A]'H,t

/(D) =winc)

jEt
Pt = Ao
iHt =
/ Ajlt
p* Wt
jF,l‘ *
A]F t

B pis\ " Py . (P M *P St
Yiny = (1 -0 <Pt> Kj P, Ct +0; p; X; p; -G
. (A +T)pjre\ 7 Pk, M P
ij,f:0j< Pt ) ]Pt Ct+(l_0 )<P* ) (Xj Pt*Ct

where the price indices are defined as before, and

oVi(a,2) = u(ci(a,2)) = o(t) + 51(a, 2)3aVi(a,2) + A(Ve(a,2) = Vi(a,2)) + 31 Vi(a, 2)
oVi (a,2) = u(ci(a,2)) = 0(6;) + 57 (0,2)04V; (0,2) + AV} (8,2) = Vi’ (,2)) + 1V (a,2)
' (ch(a,2)) = 0aVi(a, 2)
' (c}(a,2)) = %aV;' (a,2)
9181(a,2) = =3 [s1(a,2)21(0,2) | + A [g:(0,2') — ge(a,2)]

9151 (3,2) = —u s (3,2)} (0,2)] +A|gi (0,7) ~ i (,2)|

where si(a,z) = ria+zZy — c(a,z) and sy (a,z) = ria+zZ; — c;(a,z), as well as the initialization

conditions

(a,2) / 3o(bw, br, 2) 5( bHJ;‘SObF>dede
0

% o by/&E +b
g0(a,z) = // 3o (b, br, z) - (5(& — 7H/ 0* F> dby dbr
RR2 po
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D.8 The Ramsey Problem for Optimal Tariffs

We compute optimal tariffs under a utilitarian welfare criterion from the perspective of date 0,

Wy = // [u(ct(a,z)) —v(ly)|gt(a,z)dadz.

The standard Ramsey problem can therefore be associated with the following Lagrangian:

L= / e Pt{//{ u(ci(a,z))gi(a,z) —v(l)g(a,z)

+9u(0,2)| = pVi(0,2) (e (0,2)) = 0(8) + 510,220V, 2)+ A Vi, ) = Vi, 2)) + 31V,
+95(02) | = V7 (0,2) (el (0,2)) — 0(6) 4 50,2100 (0,2) 4 AV (07) = V7 (2) + 0 ()]
—I—)(taz[u ei(a,2)) avt(az)]

—i—)(taz[uctaz th(az)]

0u0.2)] = aie(02) ~ [0, 2)0,2)] + A s )~ )]

+ Af(a,z) [ 9:g; (a,z) — {stazgtaz —I—A{gtaz g;‘(a,z)H

+&(a,z [ (a,z +// Zo(by, br, 2) 5<a bH_I_gObF) dede:|

+§*(u,z)[—g3(u,z) +//2g§(bH,bp,z) -5<a - W) dede} } dadz
R 0

+ ...
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where it is understood that 7tjp,; = P,/ pjrs and 7Ty, = pjs/ pjrs, where pi,, = pjoi/ €, and

where 71} = &/ &, as well as

Cr = // ce(a,z)gi(a,z)dadz
Cf = // ci(a,2)g; (a,z)dadz.

D.9 Ramsey Optimality Conditions

We now characterize the Ramsey optimality conditions which define the Ramsey plan.
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FOC for distribution. The FOC for the Home distribution defines an HJB for the social value of a
household in state (a,z) at date ¢,

pAr(a,z) = 9iAi(a,z) + s1(a,z)9, A (a,2) + A(Ae(a,2') — Ai(a,2))

+u(ce(a,z)) —v(ly) + Swu” (Cy)er(a, z)

i\ " (TP T By
+Z”‘]’[(1_91'>Vt< %;) +9th< B, s litCt(a,z)
j

t

where the first line on the RHS summarizes the continuation value and the second and third lines
represent the social flow payoff. The difference between the private HJB and this social HJB consists
of two terms, the last two terms of the social flow payoff.

The FOC for the Foreign distribution, on the other hand, is given by

pA}(a,2) = 94A[ (a,2) +57(a,2)9a7; (a,2) + A(A] (a,2") = Af (a,2))

p’.‘ *77; p* —1nj1 P*
o (©)eio2) + o o (Tt ) - () ] o
7 t t t

Here, we can see that the Home Ramsey planner does not place direct welfare weight on Foreign

households. Instead, the valuation A} (a, z) is driven entirely by the implementability conditions.

FOC for value function. Next, the FOCs for the Home and Foreign private values are given by

Ur(a,2) = — Al Pi(a,2) + daxi(a,2)

and

gy (a,2) = —(A) ¢7 (a,2) + Bax; (a,2),

where A] and (A;)T denote the adjoints of the Home and Foreign generators. The multipliers
¢t(a,z) and ¢/ (a,z) solve Kolmogorov forward equations, where d,x:(a,z) and d,x;(4,z) act as

forcing terms.

FOC for consumption. The last set of optimality conditions at the micro level are the FOCs for

consumption. For Home, we have

CXUGE) ey (a,2)) = i (er(a,2)) — Bae(a,2) + Braon”(Cy)

gt(a,z)
Pt "V T+ T)pirs\ " Py
+§j aj[(l—(%j)yt< ]t ) + 04 ( t ] ]t
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where we used the envelope theorem. And for Foreign, we have

*

Xt(alz) 1 % ! % * x_ kI *
u'(ci(a,z)) =u(ci(a,z)) —dAf (a,z) + Kwiu" (C
gy (€ 02) = (67 (0,2)) — 00 (0,2) + Bfwiu’ (C)

* * p;H,t 7)77 *\ ok p;(F,t 717; P]ﬂ:t
palon () "o () )
]

FOC for sectoral production. For output of good j in Home, we have

1
0=pj++ ﬂtv,/(&)A'Ht
]2,

and for good j in Foreign, we have symmetrically

1

*
A jHt

0 = pj, + 070" (47)
FOC for tariffs. For Home import tariff 7;, the FOC is given by

4 —ni—1
1—p;\ " . (A+1)pire\ 7 pirs Pir
0= ;Kj,t(;%‘ijw,t’) — ;Vj,tﬂéjf?jﬂj (Pt Pj,t ?tCt
+ // M; [(pt(a,z)ath(a,z) -l-gt(a,z)aa)\t(a,z)} dadz

In our calibration we set the elasticity of substitution #7; = 7 to be uniform across sectors. Also

recall that aggregate Home imports are defined as M; =} ; prFt”ij,t. Therefore, we have

1 1 (A+w)pjrs "
0 1+Tt]ZK],t " 171+th;?‘]¢9;< Py ) it
+ // M; [qbt(a,z)&avt(a,z) +gt(a,z)8u)\t(a,z)] dadz
which becomes

1 1
0= — Y &Py — j—— Y ut,C;
1+Tth:K]’t " 171+Tt2j:”1rt it

+// M; [q%(a,z)ath(a,z) +gt(ﬂrz)aa2\t(a,z)] da dz
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And this allows us to solve for tariffs as

Y *C'F,t—):‘K‘,tP',t
147 = MLjhissi j Kt

[ Mi|$e(a,2)0.Vi(a,z) + g+(a,2)0aAi(a,z) | dadz
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