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Abstract

This paper develops and applies new asymptotic theory for estimation and inference in
parametric autoregression with function valued cross section curve time series. The study
provides a new approach to dynamic panel regression with high dimensional dependent
cross section data. Here we deal with the stationary case and provide a full set of results
extending those of standard Euclidean space autoregression, showing how function space
curve cross section data raises efficiency and reduces bias in estimation and shortens confi-
dence intervals in inference. Methods are developed for high-dimensional covariance kernel
estimation that are useful for inference. The findings reveal that function space models with
wide-domain and narrow-domain cross section dependence provide insights on the effects of
various forms of cross section dependence in discrete dynamic panel models with fixed and
interactive fixed effects. The methodology is applicable to panels of high dimensional wide
datasets that are now available in many longitudinal studies. An empirical illustration is
provided that sheds light on household Engel curves among ageing seniors in Singapore
using the Singapore life panel longitudinal dataset.

Keywords: Curved Cross Section Data, Dynamic panel, Functional AR model, Hilbert
space, Specification test.

JEL classification: C21, C23

1 Introduction

Hilbert space formulations of regression models have been studied for several decades. Much
of the methodology and inferential machinery has been developed in mathematics and is ex-
posited in texts by Bosq (2000), Bosq and Blanke (2008), and Horvath and Kokoszka (2012).

*This paper belongs to a wider study on curve time series regression, deals with stationary autoregression,
and has a sequel on unit root curve autoregressions (Phillips and Jiang, 2025). An early working paper that
contained some results of both papers was entitled ‘Parametric Autoregression in Function Space’ (Phillips and
Jiang, 2016). Parts of the present paper were presented at the TSF Symposium at the University of Sydney in
November, 2023, and ESAM 2024 at Monash University. Phillips acknowledges partial research support from
the Kelly Fund at the University of Auckland and a KLC Fellowship at Singapore Management University



In recognition of the availability of function space data in many scientific disciplines, descrip-
tive methods and modeling techniques for function valued variables have also been developing
rapidly (e.g. James (2010), Morris, 2014). This progress in methodology is matched by concur-
rent rapid expansion in the use of high-dimensional data and associated data science methods
for practical implementation.

In economic theory, models often involve function valued variables that take the form
of time varying densities or curves over a population of individuals, a spatial framework of
trade, or human migration in economic geography. In these models, key notions such as
income inequality are defined as functionals of underlying distributions whose natural support
is a function space. Modern rational expectations models and dynamic stochastic general
equilibrium models may also allow for function valued state variables and may be functionally
linearized to produce Hilbert space models amenable to function space regression techniques
(Childers, 2018). Recent work in econometrics (Chang et al., 2016; Park and Qian, 2012; Hu
et al., 2016; Beare, 2017; Beare et al., 2017; Beare and Seo, 2020) has utilized the statistical
machinery of function space regression to perform estimation and inference in models involving
state densities as variates using functional principal component analysis and to study co-
movement amongst function valued time series.

Function space regression and autoregression have many similarities in common with stan-
dard regression. For instance, sample moments of the data may be used to estimate population
moments and central limit theory may be used to characterize Gaussian process limit theory
for these moments in a function space setting under stationarity conditions. But there are
important differences between function space and Euclidean space regressions. One compli-
cating difference is that the coefficients or matrices of coeflicients that arise in finite dimen-
sional models are typically replaced in function space models by infinite dimensional operators
whose estimation presents special challenges in view of covariance operator inversion difficul-
ties. These challenges relate to those that arise in ill-posed inversion problems in nonparametric
instrumental variable estimation of structural equations which require functional regulariza-
tion techniques for resolution and typically lead to bias and reductions in convergence rates —
see Hall and Horowitz (2005), Darolles et al. (2011), and Horowitz (2014) for a recent review.
Bosq (2000) and Horvéath and Kokoszka, 2012 describe these inversion challenges and possible
solutions in function space regression in detail.

While these general challenges are important and have attracted attention in the mathe-
matical statistics and econometrics literatures, they are not the concern of the present paper
which has more specific and modest goals in function space regression that are well suited to
empirical applications. A primary motivation for our work comes from the many longitudinal
studies that involve extremely wide panels. These high dimensional cross section panels offer
new possibilities for inference that allow for nonparametric forms of cross section dependence,
while having time series of observations on the functional variates. This data availability opens
up the option of parametric Hilbert space methods. The present paper and it sequel explore

this option. In particular, we consider parametric autoregressions with function valued time



series variates, such as the first order autoregression
Xi(r)=a(r)+0Xi1(r) +u(r), (1)

involving the function valued time series {X; (r), us (1)}, where the observed variate Xy (1),
the unobserved error u; (r), and the constant function « (r) all lie in some Hilbert space such
as Lo a,b] = {f : fab f? < oo} with inner product (f,g) = fab fg taken over some finite or
infinite observational interval [a, b]. It is particularly convenient in applications to consider the
case where all the functions in (1) are continuous in 7 and lie in Cfa,b] C Lsa,b]. The model
(1) is a special case of a first order autoregression in Hilbert space (an ARH(1)) in which the
operator f is a simple scalar multiplier, just as it is in the finite dimensional case.

An important advantage of the model (1) is its close relationship to popular dynamic panel

models such as the simple panel autoregression
Xi=a;+0Xy_1+uy, i=1,...,.N;t=1,...n (2)

in which the AR coefficient 6 is homogeneous across individuals ¢ in the panel and the «;
are individual fixed effects. In (1) the «a; of (2) are replaced by functional fixed effects «a(r)
which give a nonparametric formulation of the intercept that remains enables sensitivity of
the functional data X(r) to individual position r € [a, b] in the domain of the function space.
Similarly, two way fixed effects models in which (2) is augmented by discrete temporal inter-
cepts f; have functional analogues extending (1) by the inclusion of either a discrete or curve
trajectory intercept (c.f., Li et al. (2020)). But whereas it is often conventional to assume
that the error components u;; in the panel (2) are independent over ¢ or at least independent
conditional on common shocks or factors, in the ARH model (1) the error component u; (r) is
assumed to be a stochastic process with a general covariance kernel &, (r,s) = E (u; () ut (8))
that allows great flexibility in terms of the permissable cross section dependence structure in
the model. Notably, k, (r,s) may be non-zero for all pairs (r,s) so that there may be cross
section dependence as well as heterogeneity throughout the interval [a,b]. Second, model (1)
allows for a continuum of fixed effects in terms of the function ordinate r € [a, b] rather than
the countable infinite set of incidental parameters {a;} in (2). A third advantage of (1) is
that the model readily accommodates unit root (UR) persistence in which 6§ = 1, as well as
roots in the vicinity of unity, such as local unit roots (LURs) with 6,, = 1 + ¢/n for some
constant ¢, functional local unit roots (FLURs) with 6y, = 1+ ¢(%)/n for some constant func-
tion ¢ (-) Bykhovskaya and Phillips (2018, 2020) and various extensions of these specifications
that allow for mildly integrated and mildly explosive roots Phillips and Magdalinos (2007);
Phillips (2023). Models with such persistent data are treated in the companion paper Part
2. Thus, in spite of its apparent simplicity, the parametric ARH (1) opens up the study of
stationary and stochastically nonstationary function valued processes that appear as a natural
infinite dimensional extension of those in scalar and vector autoregressions. Finally, together

with nonparametric smoothing methods, (1) is easy to apply to unbalanced or pseudo panel
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Figure 1: Clothing Engel Curves for Singaporeans aged 50-70

datasets, or datasets with missing observations. The estimated function values that are ob-
tained from nonparametric smoothing or methods such as random forest can then be utilized in
the ARH model for regression. It is known that under certain conditions such nonparametric
fitting of the curves from discrete data does not disturb asymptotic properties of the ARH
parametric estimates (see, for example, Zhang and Chen (2007); Cho et al. (2022)).

In the context of the ARH model (1), we develop here an asymptotic theory of estima-
tion and inference for stationary cases. Comparisons are provided with conventional scalar
autoregression, showing how function space data can raise efficiency in estimation and shorten
confidence intervals in inference about €. Results for the ARH model are explicitly related
to those of dynamic panel regression, showing the impact of a continuum of fixed effects on
inference in function space regression. Specifications tests are also provided for cross section
breaks and against more general functional alternatives.

The final contribution of the paper is to provide an empirical illustration with data on
household Engel curves in Singapore for seniors with ages from 50 to 70 years. This application
employs the recently developed Singapore life panel (SLP), which comprises a wide panel
of 10,000 individuals whose consumption behavior over multiple commodity groupings has
been observed monthly over the time period since 2015. The SLP directly monitors senior
Singaporean citizen behavior as demographics evolve with an ageing population, providing
intepretable findings based on curve time series data revealing the dynamics of household
Engel curves over time for various nondurable expenditures. This application to the SLP falls
into the category of high dimensional wide panel data analysis and shows that our methods
have potential applicability in many other comparable longitudinal settings.

Consider, for example, the smoothed Engel curve for clothing expenditure in Figure 1. The
x-axis plots the log of total non-durable expenditure, the y-axis indicates the date (month
or wave of the SLP survey), and the vertical axis shows the budget share for clothing. This
figure highlights how expenditure on clothing changes with income levels: starting high for
lower-income groups, decreasing in the middle-income bracket, then increasing again for higher
incomes as spending on luxury items grows, before decreasing once more at the highest income
levels. This general pattern of expenditure is largely sustained over time, which underscores



the significance of analyzing function valued cross-section time series.

It is important that our empirical analysis uses curved cross section data as time series
observations that live in the convenient and commonly used space Ly [a,b] with the standard
inner product. This formulation is convenient and appropriate in the present setting because
the space that contains curved cross section positive expenditure data such as that in Figure 1
lies in Cy [a,b] C Ls [a, b] and so it is possible to think of the space C [a, b] as being embedded
in Lg [a, b] , which therefore provides a Hilbert geometry that is particularly useful in regression
analysis and the development of its limit theory.

This paper is organized as follows. The ARH model, its parametric form, estimation,
inference, bias analysis, and asymptotic theory in the stationary case together with cross
section break and specification testing are all given in Section 2. Section 3 considers functional
fixed effects in the ARH model with comparisons to the dynamic fixed effects panel regression
model. Simulations are reported in Section 4. Section 5 reports an empirical investigation of
household Engel curves for ageing seniors using data from the Singapore Life Panel (SLP).
Section 6 concludes. Proofs, additional technical material, and additional simulations are in
Appendices in Sections 7, 8 and 9. Institutional details of the SLP are given in Section 10.

2 Parametric Hilbert Space Autoregression

The present paper studies a simple class of ARH model where the Hilbert space regression is
parameterized in a finite dimensional way so that the operator is simply a scalar parameter or
group of scalar parameters to be estimated. This class is especially useful in applied econo-
metrics because it has advantages in empirical work with wide short panels with functional
curve data in the cross section dimension.

2.1 The functional ARH(1)

To fix ideas some basic concepts on functional regression are outlined here. We start by
considering a pure functional ARH(1) model with no functional intercept (or functional fixed

effects) and time series sample size n, viz.,
Xt:AXt_1+Ut, t= 1,...,71, (3)

where u; and X; are random elements in the Hilbert space H =Ls[a, b] for some real a < b
with inner product (x,y) = f; xy for z,y € Ly [a,b] and norm ||z| = (z,z)'/2. In (3) A is an
operator on Ls[a,b] such that Ax € Ls|a,b] for all z € Lo[a,b]. In a commonly used example,
A is a kernel operator defined by Ay(z)(r) = f;f (s,r)x(s)ds, with z € Lo [a,b], r € [a,b], and
kernel function ¢ satisfying f; f; {(s,7)%dsdr < co. Then, Ayx € Lyla,b] and A, is a bounded



linear operator on Lg [a, b] with operator norm
1/2

2)1/2 < (/ab/abﬁ(s,r)stdr> < .

With this operator the model (3) has the useful coordinate form

/ab 0(s,r)z(s)ds

|zl <1

1Al = <|sup

b
Xy (r) = / (s, 1) X—1(8)ds + u(r), r € [a,b] (4)

which may be considered a function space extension of a common vector autoregression (VAR)
in R™. As the dimension m of a VAR increases, the number of coefficients to be estimated
increases at the rate O(m?); and problems of finite sample autoregressive bias correspondingly
increase, approximately proportional to the VAR order m (see Abadir et al. (1999); Law-
ford and Stamatogiannis (2009) ). Similar problems arise in high dimensional cointegrated
VAR settings where inference can be severaly impacted, as demonstrated in recent work by
Bykhovskaya and Gorin (2022). In practical work with large VAR systems, there is less interest
in the individual VAR coefficients and more attention is given to their implications in terms of
forecast error variance decompositions and impulse reponse paths, although the relevance of
large sample asymptotics derived from the fitted model is inevitably affected. In the function
space ARH (4) the coefficient operator Ay is infinite dimensional and estimation is substantially
more complex because of operator inversion problems in moving from covariance operators to
autocorrelation operators which arise in the estimation of the operator A, e.g., (Bosq, 2000,
ch. 8). Especially when the time series sample size is small or moderate, as it often is in short
and extremely wide panels, there is therefore interest in using more parsimonious systems than
(4).

In the work that follows, we will assume that A is the simple scalar multiplier operator
defined by Ap () (r) = 0z (r) where § € R. Again, Ay is a bounded linear operator with

1/2
operator norm |[|4g|,, = (SupHx”g ||0x (7“)||2> < |0| < oco. The coordinate form of the
model in this case is simply

Xi(r) =0Xi—1(r) + ue(r), r € la,b], (5)

which we call a parametric autoregression in Hilbert space. Functional least squares estimation
of (5) involves estimation of the scalar parameter €, just as in scalar autoregression, and
nonparametric estimation of the covariance kernel function k, (r,s) = E [us (r) us (s)] of the
error process u:(r). In the stable case (]| < 1) it is conventional to assume that u; is a H- valued
iid process (pure noise) over time with zero mean, conditional variance Euy(r)? = ky(r,r) and
overall variance EHutHQ = fab ky (r,r)dr < oo (Bosq, 2000), which we write as iid (0, k).
Several examples are given later in this section. In nonstationary cases the assumption of
independence may be relaxed in favor of some general form of weak dependence in wu; as



shown in Part 2, just as in the case of scalar autoregression (Phillips, 1987a,b). In what
follows it is often convenient to write u; = oy where ¢; is H- valued with covariance kernel
ke (r,s) = E(et(r)er(s)), and 0 € RT is a scale parameter. Extensions to a framework in
which there may be unconditional temporal heterogeneity in o will naturally be of interest in
some applications but these are not treated here.

2.2 Stationary and ergodic parametric ARH(1)

The following assumption is used to develop a limit theory for the parametric ARH(1). We
begin with the stationary case, so that (5) mirrors a standard AR(1) model (where r is a fixed
constant), and let u; be a H- valued pure noise or martingale difference process in discrete

time t. We use the following conditions.

Assumption Al.

(i) The H- valued sequence u(r) is either iid (0, k,) over t or a stationary and ergodic H-
valued martingale difference sequence over t accompanied by the natural filtration F; =
o (ug, ug—1,...), with aggregate variance qumb = f; Eug(r)2dr = f; ky(r,r)dr, where the
covariance kernel is ky(r, s) € Lo [a,b] , which we collectively write as us(r) ~ mds (0, k) .
Fourth order moments of u(r) exist.

(ii) 0] < 1.

Under A1(i) & (ii) and with initial conditions in the infinite past, the following elementary
properties hold and follow directly from standard theory for stationary ARH models. Readers
are referred to Bosq (2000) for an introduction to ARH models, and to Métivier (2011) for a
discussion of spaces of Hilbert-valued martingales and stochastic integration with respect to
such processes.

First, X; has the linear process representation X; = Z?io Gjut_j and its covariance op-
erator is Cx = Z;io 0%C, = (1 — 02)_1 Cy where C,, is the covariance operator of u; de-
fined by Cy (z) = E [(u, z)uy] = E{fab ut(s)x(s)dsut}, for all z € H, so that Cy (z) (r) =
ff ku(s,r)z(s)ds. Then, Cx (z) (r) = (1 — 02)_1 f; ky(s,r)z(s)ds = f; kx(s,r)x(s)ds where
kx(s,r) = E[X;(s) Xe (r)] = (1 - 92)_1 ky(s,r) and the autocovariance operator Cx,,
9!" C'x. The martingale difference condition in A1(i) allows for conditional heterogeneity over

Xevn —

time in the functional error process u;(r) and heterogeneity across section by way of the
covariance kernel variation in k,(r,r) over r, but does not permit unconditional temporal
heterogeneity over t.

Least squares estimation of the parameter 6 is achieved by minimization of the squared Lo
distance summed over the sample observations, giving

— it f; Xt(T)Xt—1(7’)dr'
Z?:1 fzf Xt{l(r)dr

N . n b 9
i argémn; / [X,(r) — 0X,_1(r)] dr (6)



Since the pair (X;, u;) are stationary and ergodic and the autocovariance operator Cx, , , =0
under Al(i) and A1(ii), we have

n b b
6—p— i it Sy Xe(r)ug(r)dr ag. [ E [ X1 (r)ug(r)] dr o,

b b
% Yot J, X (r)dr JLE[XE (r)] dr
and @ is consistent for . The limit distribution follows by the martingale central limit theorem.

Theorem 1. Under Assumption A1 and for model (5), 0 %5 0 and \/n(0 — 0) ~ N (0,w7),
where wj = (1 — 6%) p2 and

b ku(r, ) 2dsdr [P [P ko(r, s)2dsdr
pizfafiku<,>d;l:fafzk< Jdsdr _ 2. (7)
(fa ko (1, r)dr) (fa ke (r, r)dr)

Remarks

1(a) By Cauchy-Schwarz, k.(r,s)? = (E [e:(r)ei(s)])* < E [e¢(r)?] E [ed(5)?] = ke(r, m)ke(s, s),

so that
/ab /ab ke(r, 8)*dsdr < /ab /ab ke (r,7)ke (s, s)dsdr = </ab el T)dr> | . )

It follows that the asymptotic variance of \/n(f — 6) is bounded above by 1 — 62,
which is the variance of the limit distribution of the least squares or Gaussian max-
imum likelihood estimator of 6 in the simple scalar AR(1) model. Thus, functional
least squares estimation of € in (5) is asymptotically efficient relative to simple least
squares estimation in a scalar AR(1) (or equivalently, in (5) with a single fixed ordinate
r) whenever strict inequality holds in (8), i.e., whenever w;(r) # Au(s) for some (r,s)
on a set of positive Lebesgue measure in R2. In other words, efficiency gains occur in
functional least squares regression on (5) provided the functional correlation coefficient
pu (1,8) = ky(r, s)/ {ku(r,r)ku(s, s)}1/2 between u(r) and w(s) satisfies |py, (1, s)| < 1 on
a set of positive measure in R?. Observe that when p, (r,s) = 1,a.e. in R? and p? = 1,
the model reduces to the scalar AR(1) case.

1(b) The criterion |p, (r,s)| < 1 implies that there are regions of positive Lebesgue measure
in [a, b] X [a, b] where there is less than perfect dependence between the random elements
u¢(r) and us(s) at ordinates (r, s). This is a very weak condition that can be expected to
apply in almost all cases in practice. Thus, in general we may expect function space data
to raise efficiency in parametric least squares regression even when there is considerable
cross section dependence in the error covariance kernel ky,(r,s). The Brownian motion
and Brownian bridge examples (i) and (ii) below and those in Section 8.2 of Appendix

B illustrate some of the efficiency gains that are attainable in specific cases.



1(c)

1(d)

There is an important connection between Theorem 1 and corresponding asymptotic
theory for the dynamic panel model

Xt =0Xu 1 +uy, i=1,...,N;t=1,...,n; uit ~iig (0,0’2) over ¢ and ¢, (9)

that is, model (2) with no fixed effects. It is well known that in this model the least
squares estimate 6 is consistent and has limit theory

VAN (0-6) ~ N (0,1-06%). (10)
(N,n)—o0

However, this result holds under independence over ¢ = 1,..., N, which raises the con-
vergence rate from /n to vV/nN. When there is perfect dependence over ¢ and u;; = uy
a.s. for all 7, then the panel model is equivalent to a scalar AR(1) and the limit the-
ory is \/n (é -0 el N (0, 1-— 02) . Theorem 1 shows that there is an intermediate
class of model in which the asymptotic variance is reduced through cross section av-
eraging but where the rate of convergence remains /n because of cross section error
dependence in the covariance kernel k.(r, s). Note that if k.(r,s) = 0 for all  # s then
f; ff k-(r,s)?dsdr = 0 and the limit variance degenerates in (7). This degeneracy aligns
with the higher rate of convergence that applies in the panel data limit theory (10) when

the errors are iid across section as well as over time as in (9).

Theorem 1 can be used to consider cases where cross section dependence in the error
random elements u; (1) goes to zero outside small neighborhoods, i.e., local cross section
dependence. If the neighborhoods shrink in size within the interval domain [a, b], then
this specification may be regarded as analogous to a form of weak cross section depen-
dence in the discrete space of a dynamic panel model or sparsity in large covariance
matrix estimation. To fix ideas, we use a triangular array model defined by

Xen(r) =0Xe g n(r) +un(r), r€la,b],

where u; v (7) has covariance kernel

1

kun(r,s) =E[ug n(r)ugn(s)] = 02N 1{|r — s| < aN (11)
The formulation (11) involves a (hard) threshold that sets covariances to zero beyond the
distance 1/2N that tends to zero as N — co. A more general version of (11) might use
kun(r,s) = a?p(r, s)N 1{|r — s| < 5%} where p(r, s) is the covariance kernel of a specific
error process that may be relevant in applications, such as a Brownian motion with
p(r,s) = rAs or Brownian bridge with p(r, s) = r As—rs. Figure ?? plots for N = 5 the
covariance kernel (11) and the corresponding kernel with thresholded Brownian motion.
With such covariance kernels, the random function us n(r) is weakly dependent across
ordinates, having non-zero covariance only within the (shrinking as N — oo) narrow band



1(e)

Ir—s| < ﬁ in which the error variance is correspondingly rescaled by N. The error

. . . b .
variance rescaling ensures that the total cross section dependence [ ky n(r,s)ds = o2 is

constant for all 7 € [a + 5% ,b— 5] in (11). This function valued specification emulates
a panel model such as (9) in which the error process w;; is nearly iid over i, or more

precisely u;; is correlated only with respect to a finite number of neighbors as the cross

L
2N I

so that k. n(r,8) = ky n(r,s)/0?, we find by a simple calculation, shown in Appendix B
in Section 8.1, that

section sample size N — oo. In view of (11) and setting k. n (r,s) = 1 {|r — s| <

b b 9 a2
VB —0) ~ N[0 (1-6? Jo Ji ke (r, 5) dsdr _N<O 11 9).

n [o.¢] 2 "N —
- (f; kaN(r,r)dr) Al
Then
R 1—6?
vnN (6 —0) ~ N (o, , (12)
(Nn)geq—r00 b—a
where (N,n) . — oo signifies sequential divergence with n — oo followed by N — oo.

seq
When b — a = 1, the limit variance in (12) is 1 — 62 and the result matches the dynamic

panel case (10) exactly. It is useful to compare the limit result (12) with the case where
k:(r,s) = 1 uniformly for all (r, s), in which case it follows directly from (7) that

—a

A b—a)?
ﬁ(ﬁ—@)w]\/(@, (1-6%) H) =N(0,1-6%). (13)
This limit theory corresponds to the earlier upper bound case discussed in Remark (a)

because k.(r,s) = 1 uniformly for all (r,s) implies that the functional correlation coef-

ficient p, (r,s) = 1. The differences between (12) and (13) are clear. In the near cross
1-62
b—a
that depends on the size of domain b — a. Thus, the near independence of the data across

section independence case (12), we get accelerated convergence and a limit variance

section (in the continuous parameter r) delivers more information about # and leads to
the faster convergence rate v/nN. On the other hand, when there is cross section depen-
dence over the full domain as in (13), there is no acceleration in the /n convergence rate
and the limit variance 1 — 6? is retained, corresponding to the scalar AR(1) to which the
model reduces in that case.

Some further heuristics may be considered as the width R = b — a of the cross section
domain [a,b] changes. When R — 0, then (13) still holds because the model simply
corresponds to the standard AR(1) case where a = b = r and /n convergence is retained.
But in case (12) the limit variance (1 — 6?) /R — oo as R — 0, and the limit theory fails
because there is no extra information in the data as N — oo from independence in the
errors over [a, b] because the observation interval of the functional data shrinks to a single
point. So in this case the scaling vnN is excessive and leads to divergence. On the other

10
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Figure 2: Examples of covariance kernels ky, n(r,s) = o%p(r,s)N 1{|r — s| < 5k} with hard
thresholding set with N = 3 and where p(r, s) is the covariance kernel of a constant p(r, s) = 1,
standard Brownian motion p(r,s) =r A s, and standard Brownian bridge p(r,s) =r A s —rs.

hand, if R — oo, VnN (é — 0) —, 0 because we have asymptotically independent errors
over an infinite region in Ly (R) space. Then, vVnNR(0—0) (RN yn)seq—ro0 N (0,1—6%),
with the faster convergence rate VnNR that accounts for the accumulated information
over the widening observation interval as R — oo. Note that there is no gain in (13)
in that case because the errors u; (r) are still perfectly correlated over the wider cross
section domain R as R — oco. These findings show that the function space model with
wide-domain and narrow-domain cross section dependence sheds new light on the effects

of various forms of cross section dependence in discrete dynamic panel models.

Some specific examples of kernel functions help in exploring the potential efficiency gains
associated with the use of functional data. They also turn out to be useful in developing
shrinkage estimators of the covariance kernel k,(r, s) that are needed for inference. Remarks
1(a)-1(e) above already show that the nature of the cross section dependence in u; () can play a
big role in the limit theory. To illustrate further we consider the following simple cases involving
spatial Gaussian stochastic process errors. Additional examples are discussed in Appendix B
in Section 8.2. For convenience of exposition let the observation interval [a,b] = [0,1] and

consider the asymptotic variance of the functional least squares estimator 6.

(i) Brownian motion errors Define the function valued error process
ut(r):a(Wt_;_r—Wt),rE[O,l],tzl,Q,---,n, (14)

where W is standard Brownian motion, so that {u.(r)};2; is a sequence of independent
Brownian motions each living in C'[0,1] C L2 [0,1]. In this case, k-(r,s) = r A s and the

variance of the limit distribution of # reduces to

(1-67) Jo fo s)2dsdr _ 2f0 Jo rdrds _ g(1 —-6%).  (15)

:(1

(fo ) (fiar)”
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(i)

(iii)

Thus, with Brownian motion errors as in (14), the use of functional least squares regres-
sion reduces asymptotic variance in scalar autoregression by a third.

Brownian bridge errors Define w(r) = o {(Wipr, — Wi) —r (W1 — W)}, so that
ke(r,s) =r A s —rs. The asymptotic variance of 6 is now

(1-6%) fo fo (1, 5) dsdr = (1- fO fO {(rns) —rs}” drds = %(1—92). (16)

(Ji ket ) (et~ ryar)’

It follows that under a similar configuration as Example (i) the limit variance (16) of 0
is smaller under Brownian bridge innovations than under Brownian motion innovations.
The reason is that the Brownian bridge is tied down at the ends of the interval [0, 1],
thereby reducing the variation in the function space equation error, which correspondingly
reduces the asymptotic variance of 6 compared with a Brownian motion error process.

Linear diffusion errors Define us(r) = 0Jo4(r) := 0 [; er=P)dW;(p) on the spatial
interval r € [0,1] where {W;(p)}7_, is a sequence of independent standard Brownian
motions with p € [0, 1], thereby giving a sequence over time of independent linear diffusion
processes {J.+(r)}}—, with diffusion coefficient ¢ € R, that model the cross section curved

error process u(r). The cross section error covariance kernel of u(r) = J.+(r) is then
r—s|c r+s)c s) — (rns)
]{;u(r, S) _ 0'21{:8(7’7 S) Where ka(T7 8) — €| ‘_Ei( +s) — e(T‘+ 0[126826 A ] and ka(r7 r) _

1_627‘6
—2c
coefficient ¢ and, after some calculations, we find

The asymptotic variance of 0 is then dependent on the value of the diffusion

40_1

r—slc r+s)c 2 e c e2c_
(1-62) fofo(‘ e — er+)edrds) I S —Zg2ey ol 1

(ha-e=ma)™ (5 -1)

— 8ce®¢ + 4e%¢ — 4¢ — 5
(€26 —2¢ —1)?

wy(c)? =

4c
= (16"

(17)

The implications of this asymptotic variance formula differ for negative and positive

values of the diffusion coeflicient ¢ as we now discuss.

(a) When ¢ = —1 we have w}(—1) ~ 0.4983x (1 — 6?), reducing the asymptotic variance
of 6 in the Brownian motion case of % (1 — 92) and by around a half compared with
the scalar AR(1) model; and for ¢ = —5 we have wj(—5) ~ 0.1852 x (1 — 6?). So
the asymptotic variance of 0 reduces rapidly as ¢ becomes increasingly negative, in

which case cross section dependence correspondingly reduces. In fact, as ¢ — —oo,
ke(r,s) N

{ke (r,r)ke(s,s)}1/2 @

Hence, k.(r, s), R-(r,s) — 0 as ¢ — —oo for all » # s and so cross section dependence

the correlation function R.(r,s) = }C and lim,_, o wp(c)? = 0.

goes to zero, effectively leading to independence. The limiting stochastic process

12



is then pure noise across section in continuous 7, which is a generalized random
process. The intuition for the zero limiting variance of wy(c)? is that, with pure
noise innovations wu(r) across the domain of r € [0, 1], 0 converges faster than the
\/n rate of Theorem 1. In fact, it is easy to see that, upon sequential convergence

of n — oo followed by ¢ — —oc denoted (—c,n),,,, we have!

\/@(é—ﬁ) — N (0,1-6%), (18)

(—en) geq—r00

which is analogous to the limit theory (10) in dynamic panel regression with (as-
sumed) N idid cross section errors, where the convergence rate rises to vnN. In both
cases there is more information in the data arising from either effective or assumed

cross section independence that raises the convergence rate.

(b) When ¢ = 1 we have wj(1) ~ 0.83275 x (1 —6?), which raises the asymptotic
variance compared with the Brownian motion cross section error case; and for ¢ = 5
we have w3 (5) ~ 0.99936 x (1 — 02), so the asymptotic variance rises towards the
level (1 — 02) in the scalar AR(1). As ¢ — oo the asymptotic variance rapidly rises
to (1 — 02). The intuition is that as ¢ — oo cross section dependence continues to
rise until there is no further information in the cross section data than there is in a
scalar AR(1). In fact as evident from (17), we have w?(c) T (1 —6%) and then

Vi(6-0) o~ N(0,1-6%, (19)

(€:n) geq—>00
just as in scalar AR(1) limit theory with no cross section curve observations.

The HAR model with diffusion process cross section innovations w¢(r) = oJ+(r) therefore
covers a wide class of intermediate cases of dependent observations across section while
also allowing for the limiting extreme cases of independence (with ¢ — —o0) and perfect
dependence (¢ — o0). As discussed below, this coverage of spatial dependence makes
the HAR-diffusion model potentially useful in estimating the covariance kernel k,(r, s),
which is needed for inference. The asymptotic variance wy(c)? in (17) is shown for var-
ious values of the diffusion coefficient ¢ in Figure 3. The steady decline in asymptotic
variance as ¢ becomes increasingly negative, reflecting greater indepencence, is apparent
as well as the stabilization of the asymptotic variance as ¢ becomes increasingly positive,
reflecting greater dependence. The progressive reduction in variance as the autoregressive
coefficient 6 rises towards unity is also clear in the plots.

In view of the cross section dependence in the model (5) weighted least squares alternatives

to 0 might be considered, taking account of possible knowledge (or estimates) of the covariance

Under certain relative rate conditions on ¢ and n of the type employed in Phillips and Moon (1999) the limit
given in (18) should remain valid under joint convergence but this is not pursued here.

13



o ———————————— -

---6=0.3 -~
08 —— 6=0.5 /

0.6

0.4

0.2

Asymptotic Variance of 6

0.0
-100 -75 -50 -25 0.0 25 5.0 7.5 10.0

Figure 3: Examples of the asymptotic variance wy(c)? in (17) for various values of the diffusion
coefficient c.

kernel ky(r, s). The simplest of these would be the (infeasible) weighted least squares estimator

rgmin Xi(r) = 60X (r) Zt 1f Xi(r) Xe—1(r)/ku(r,r)dr
Hwols =a g Z/ < T‘ 7")1/2 > dr = Zt 1f XtQ 1 /k (»,« T)dr , (20)

which accounts for heterogeneity in the cross section variance ky(r,r) over r € [a,b]. Straight-

forward calculations using martingale central limit theory show that the estimator éwols has
the following asymptotic theory under the same conditions as those of Theorem 1

Viluois = 0) ~ N (0,62 ), (21)
with wg L= (11) 222 f fa i ’:"Errki Z ~ydsdr. Since ke (r, 8)2 < ke(r,7)k-(s,s) by Cauchy-Schwarz,

we deduce that w? 5 < 1— 62 so that éwols, just like é, is asymptotically more efficient than

wols

the least squares estimator of 6 in the scalar AR(1) model. A feasible version of éwols requires
estimation of the covariance kernel diagonal elements k,(r,), which can be achieved using
sample variances k,(r,7) = n~ 1321 4y (r)? of the least squares residuals 4y (r) = X;(r) —
0X;_1(r), which are consistent for u;(r). The explicit relationship between the variances of
the two estimators in the examples above is easily calculated. For instance, in Example 1 with
ku(r,s) = o?r A s and the interval [a,b] = [0,1], we have wf = 2(1 — 62), from (15), whereas

1 1 k 2 1 prr 2 1
W= (1- 92)/ / LG S 2(1 — 92)/ % dsdr = = (1 — 62),
wols o Jo ke(r,r)ke(s,s) o Jo T8 2

so that weighted OLS is more efficient asymptotically than the OLS regression (reducing asymp-
totic variance by by %(1 —62) ), as might be expected by taking account of the cross section
heterogeneity in ky(r,7). A similar comparison in the case of Example 2 gives, after some
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calculation, fol fol #ﬁés)dsdr = %2 — 3 ~ 0.28987 so that w% ~ 0.28987(1 — 6?) compared

with wg = %(1 — 6?), again reducing the asymptotic variance of unweighted least squares.

In addition to weighted least squares leading to éwols, generalized least squares involving
the full covariance kernel k,(r, s) might be considered as a means of achieving asymptotically
optimal estimation. While this is typically straightforward in finite dimensional cases involving
the inversion of a finite dimensional covariance matrix and use of a suitably consistent esti-
mator, in the infinite dimensional Hilbert space case inversion of the operator corresponding
the covariance kernel generally leads to inverse problems because, even in simple cases such as
Examples 1 and 2 involving Brownian motion or Brownian bridge error processes u:(r), the
covariance kernel does not satisfy Picard’s criterion which provides necessary and sufficient
conditions for a solution involving the inverse operator to exist — see, for example, (Carrasco
and Florens, 2000, Lemma 5 and Example 1). In such cases, the inverse operator is actually a
differential operator, which is not a compact operator, and for practical implementation either
projection on a finite dimensional space (Bosq, 2000, chapter 8) or regularization is typically
required, as in nonparametric instrumental variable regression (Hall and Horowitz, 2005). This
approach to estimation and inference is not pursued in the present work.

2.3 Inference

For inference and confidence interval construction about 6 we need to estimate the limit vari-

ance wg = (1 - 92) p2, which involves the functional squared correlation coefficient

b (b ke (r, 8)2dsdr bbgr,825r
2 = dodo bulry Vdsdr _ J, Jo keln o dsdy _ o (22)
<fa ko (7, T‘)dT) <fa ke (r, r)dr)

and is independent of o2. Using the residual function i (r) = X;(r) — 6X;_1(r), we may
construct a t ratio statistic for 6 of the form ?9 = ag—;(’? where sj is the continuous sandwich

form variance estimate

n_ b T2
3= X2 (r)dr) ( X1 (r) G (r) g (8) Xy— (s)drds) . (23)
o (S soe) (S [ 5 |

It is shown in the proof of Theorem 2 below that upon standardization n§g —as wg, giving a
consistent estimator of the asymptotic variance of 0.

Alternatively, we can estimate the covariance kernel of u; (r) directly using the residuals
Giy(r) to construct a sample covariance kernel estimate such as ky(r, s) = n~=? oy () e(s).
As shown in the proof of Theorem 2, the estimate l;:u(r, s) is consistent as n — oo. But achieving
satisfactory performance in finite sample estimation of k,(r, s) is naturally challenging. It is
analogous to that of large dimensional covariance matrix estimation but possibly even more
complex because sparsity may not relevant in many applied contexts with curved cross sectional
data of the type considered in our empirical work. A new method of improving finite sample
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performance will be discussed later in this section. Using the unrestricted estimate l;:u(r, s)

directly, the corresponding ¢ ratio statistic ty = 95709 is formed by using a standard error

estimate 39 obtained from the variance estimate
1—62 ff ff ko (7, s)2dsdr
~ 2
" (fab Ko (1, T)dT’)

8% = (24)

In view of the first factor of (24) and the support of é, the estimate 33 may be non-positive.
To avoid this practical difficulty we can use the following simple estimate

ot - fb fbl% (r,s)?dsdr
5= X2 (r)dr ata M1 , 25
) (g | 20 ) (P (25)
0—0

giving the corresponding ¢ ratio tNg = “=~. These t ratios are asymptotically standard nor-
0

mal and may be used for testing and confidence interval construction with functional data
{Xi (r)}zo-

Theorem 2. Under Assumption A1, tg, tg, %Vz ~ N (0,1) as n — co.

In parametric ARH regression, therefore, just as in dynamic panel models, we need to use ro-
bust standard errors that take account of cross section dependence for the construction of valid
asymptotic tests and confidence intervals. In the ARH case this robustness can be achieved
by consistent estimation of the error covariance function as in §g and §§2 where unrestricted
sample covariance estimates of ky(r, s) are employed or by use of a sandwhich estimation ap-
proach as in (23) which uses sample smoothing. The finite sample performance of unrestricted
covariance kernel estimators typically suffers from high dimensionality and its consequences,
just as in large covariance matrix estimation where matrix dimensions may exceed the number
of observations. On such matters there is now a large literature on methods typically involving
shrinkage and thresholding designed to reduce sampling variation by various forms of regu-
larized estimation. Fan et al. (2016) provides an overview of these methods and Zhou et al.
(2019) discusses similar methods recently applied to covariance operator estimation. The ideas
of sparsity that underlie these methods is somewhat related to the procedure we outline below
for modifying the unrestricted kernel estimate l}:u(r, s) by introducing a parametric model to
reduce variation at the expense of potential bias. The parametric method here has a distin-
guishing characteristic that it allows for cross section independence and full dependence at the
limits of its domain of definition as well as a wide range of intermediate forms of dependence.
The approach is based on the parametric diffusion model

w(r) = Jo4(r) = / ' " PAB,(p), r € [a, b], (26)

where By(p) is Brownian motion with variance 0. As mentioned, this model allows for various
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forms of cross section dependence by way of the value of the diffusion coefficient ¢. The error
process uy(r) is estimated consistently from the regression rsiduals @y (r) = X, (r) — 0X,_1(r)
and these can be used to consistently estimate the covariance kernel k,(r, s) using both the
cross section and time series observations. In particular, the diffusion J..(r) satisfies the
stochastic differential equation d.J.+(r) = cJ.+(r)dr + B(r), which can be fitted via the exact
discrete model (Phillips, 1972, 1974)

Jet(ri) = eCAr et(ric1) + Vip,, where Vi, = / Z ec(”_p)dBt(p), (27)

i—1

with grid size A, = r; —r;_1 = % giving an equispaced grid of m + 1 equidistant discrete
points {r;}I", covering the interval of observation [a,b]. Least squares can be used to estimate

the diffusion coefficient ¢ in (27) giving

n m

¢= argmin » > [ig(r;) — ey (riog)]?. (28)
c€(=00,00) 4=1 =1

with the fitted residuals {u:(r;)}. Such methods have been used primarily in time series
regressions to estimate the parameters of diffusion models and asymptotic properties have
been developed for large time series samples as n — oo and also under continuous record
(infill) asymptotics where m — oo. Least squares is known to be consistent in both stationary
(¢ < 0), explosive (¢ > 0) and unit root (¢ = 0) cases under these types of infill asymptotics
and potentially large span asymptotics (if b —a — oo, here), as shown in Wang and Yu (2016).
Since the fitted residuals 4 (r;) from the regression are \/n consistent, the use of these residuals
in place of us(r;) in the regression (28) does not disturb the consistency of ¢ in the present

case. The following consistent parametric estimator of p? can be constructed using ¢

b rb A\ 2 A .

ke(r,s; dsd |r—slé _ ,(r+s)é

Do = Jo Jo he(r, 5 &) dsdr with kq(r,s;¢) = € 2? 7
—4C

<fab ke(r,m; é)dr>2

(29)

u,c

which does not depend on ¢2. In place of similar functionals of the nonparametric kernel

estimate &, (r,s) = n~1 331 44 ()i (s), the parametric estimate Py . can be used in the con-
struction of the test statistics fy and t~2 and these will satisfy the limit theory in Theorem 2
for all processes u:(r) in the linear diffusion class (26).

The covariance kernel k, (7, s) of us(r) can be estimated from k.(r, s; ¢) by scaling with an
estimate of the variance o obtained from the residuals of the regression in (28), viz., 0;(r;) =
Ty (1) — e“Arig(ri_1. Now EVfrl = f—;c(l — oA = 7‘2/, which is a positive increasing function
of ¢ € (—o0, 00) scaled by 0. Hence, the residual variance estimate 72 = L 3% 5™ 3y (r;)?

0532
of 7"2/ can be employed to give the estimate 3‘2, = 1_26% of 02, leading to the following
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parametric estimate of k,(r, s)

ku(r, 51¢,57) = ks (r, 5;.) (30)
This estimate can be used to construct an alternative parametric t-ratio statistic %V;’C = %%n

=
which the standard error s, relies on a variance estimate of the form (24) but using an
estimate p2. . of the squared correlation coefficient (22) based on a diffusion process kernel with
an estimated diffusion coefficient ¢ obtained by cross section autoregressive estimation as in
(28). Under the parametric model (26) the t-ratio statistic f;’c ~» N(0.1), just as the other
statistics in Theorem 2. Simulations reported later show that this test statistic works well in
finite samples. Instead of relying directly on parametric estimates such as ﬁ%c or I%u(r, s; ¢, 8%,)
in inference, these estimates could be employed jointly with nonparametric kernel estimation
in a shrinkage and thresholding approach, as indicated earlier. The idea is to reduce the
sampling variation in l;:u(r, s) and improve finite sample performance by way of a suitable
weighting scheme involving the two estimates. As such it relates to modern methods of high
dimensional covariance matrix estimation as reviewed in Fan et al. (2016). Analysis of this
joint approach is left for future research.

Simulations showing the finite sample performance of tests based on g, tg, %vz, and fg are

reported in Section 4.

2.4 Bias expansion in the stationary parametric ARH(1)

It is well known that least squares autoregression produces downward biased autoregressive
coefficient estimators in finite samples. In the literature, bias approximations and expansions
have been derived for various autoregressive models and parameter domains covering both
stationary and nonstationary cases (White, 1961; Shenton and Johnson, 1965; Vinod and
Shenton, 1996; Phillips, 2012). The following result is obtained from the Edgeworth expansion
of the distribution of \/ﬁ(g— 6) given in (Phillips, 2025, Theorem 1) in the ARH(1) model (5)
when |0] < 1.

Theorem 3. Under Assumption Al, 9 has the following bias expansion

E(é) —9:—2”9,oi+o<1>. (31)

n

Remarks

2(a) The bias expansion (31) shows that bias is negative and linear in 6 to order O (n™!), but
with a slope coefficient that differs from the simple scalar AR(1) case. By Cauchy-Schwarz
p2 <1 from which it follows that the magnitude of the ARH(1) bias is bounded above by
that of the simple scalar AR(1) model in the stationary case, i.e., }%pi! < ‘2710‘ . Hence,
the ARH(1) bias is less than the AR(1) bias except when |p, (1, s)| = 1,where p, (r,s) =
ky(r,s)/ {ku(r,r)ky(s, s)}l/ % Thus, whenever there is less than perfect dependence across
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Figure 4: The bias function expansion of 6’A, calculated by using the analytic formulae for
n = 10,20 with cross section covariance kernel: (a) segmented Brownian motion kernel for
K =1,2,5.; and diffusion kernel for various diffusion coefficients c.

ordinates (r,s) on a set of positive measure in R?, there will be gain for bias reduction
in functional least squares regression on (5).

2(b) Perfect dependence over r of u;(r) implies that the model is effectively one dimensional.
Then the bias is given by the familiar formula —271—9, as in the simple scalar AR(1)
case discussed in White (1961). On the other hand, if ky,(r,s) = 0 for r # s, then
f: fab ku(r,s)?dsdr = 0 and the asymptotics change, as discussed earlier in Remarks 1(c)
and 1(d), with the faster rate of convergence in 0 induced by cross section averaging
over independent data. The case where there are functional fixed effects in the model
is considered later in Section 3 and in Remark 4(e) when there is narrow band cross

section dependence.

Figure 4 shows the asymptotic bias function expansion of E(@\H) — 6 of the OLS estimator
§ in the curve AR(1) model with: (a) segmented Brownian motion errors as given in Example
(i) and (14) above for n = 10,20 and K = 1,2,5; and (b) diffusion process errors as given in
Example (iii) above and the exact discrete model (27). In Figure 4(a) the downward bias is
greater when K = 1, i.e., when there is more dependence across ordinates. The bias almost
disappears when K = 5 and n = 20. In Figure 4(b) the downward bias is substantially smaller
when c is negative than when c is positive. Notably, when ¢ = 5 the bias is the same as in the
scalar AR(1) case, demonstrating the effect of considerable cross section dependence. So there
are substantial gains in bias reduction in functional least squares regression when dependence
across ordinates is relatively small. Further, just as in scalar autoregression, bias rises when
the autoregressive coefficient approaches unity, and bias declines as n increases.
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2.5 Specification test for a cross section break

In empirical applications it may be useful to employ a test of the parametric specification.
The simplest approach is to allow for a break in the AR coefficient 6 to distinguish different
segments in the dynamics by explicit dependence on the functional cross section argument 7.
This approach is shown below to provide power against more general functional alternatives.
Consider, for example, the following dual regression specification® induced by cross section
dependence

Xt(r):{ngt_l(r)+ut(T> i'fa§r<b I (32)

0o X1 (r)+uc(r) ifo<r<c

Here the cross section break point b is assumed known and assumption Al holds with both
|61],]02] < 1. To test for such a break point a function space version of a standard Wald test is
possible with null hypothesis Hy : #; = 0. Least squares estimates (91, éQ) over the two subin-
tervals are obtained and the Wald statistic W,, = n (51 — 52) ‘717_21 ((/9\1 - 52) is constructed,
with estimated asymptotic variance

(fa Ey (, r)dr) (fb u(r, T )2 fa Fu(r,r)dr fb K (r,r)dr
(33)

of /n <§1 — é\g) under the null. The variance estimate ‘71’2 in (33) relies on the global param-

‘7172:(1_52) f f k: 2dsdr fb fb stdr 5 f fb dsdr

)

cter estimate # under the null and global estimates of the covariance kernel ky(r, s) of u(r)
over the two domains. In constructing the latter, explicit kernels such as Brownian motion,
Brownian bridge or diffusion process kernels may be used, or fully nonparametric consistent
covariance kernel estimates based on regression residuals, as discussed earlier. To avoid poten-
tial negativity a sandwich form based on the null can be used in place of the factor (1 — 52),
as in (25).

Theorem 4. Under model (32) with Assumption A1 and parameters [01] < 1 and |02| < 1,
the following asymptotics hold as n — oco:

(i) Under the null Ho : 0o = 61, Wy, ~ X3, central chi-squared with a single degree of freedom;
(ii) Under the local alternative Hy : 02 = 601 + % for some constant ¥, Wy, ~ x3(y),
noncentral chi-squared with noncentrality parameter o, = ¢2VL_21, where V12 = (1 — 0*)Vp, o,
and

f: f;k (r, s)2dsdr fb fb )2dsdr L, f fb V2dsdr
(fab k’u(r, >2 (fb )2 fa Fe ( T‘,?“ d?“ fb u(T,T)dT

V91,92 = ) (34)

(iii) Under the local functional alternative Hy : 02 = 61 + ClG] for some continuous function

v

*The specification (32) may be given a formal operator representation as X.(r) = [ £(s,7)X:—1(s)ds + u(r),
in which £(s,r) = 616(s — r)1{s € [a,b)} + 020(s — r)1{s € [b, c]}, where §(-) is the dirac delta function.
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P(r) over r € [b,c], Wy ~ x3(6y), noncentral chi-squared with noncentrality parameter §gy =

W2V, where @ = e ku (o)
1,2, where Ly Fu(rr)dr

The Wald statistic W, is useful as a specific break test for parameter cross section constancy
against a specific alternative with given break point b € (a,c). If such parameter instability is
suspected and its location is unknown then this is a case where the change point parameter
appears only under the alternative. In such a case a search procedure such as that of Andrews
(1993) could be conducted but here the test would focus on cross section instability with an
unknown change point that is estimated as part of the procedure in contrast to a simple time
series change point. In that event, the limit theory would differ from Theorem 4 (i) and the
details are left for future study.

Theorem 4 (i) shows that the simple test based on W, has local power as a more gen-
eral omnibus test against a nonparametric alternative with noncentrality parameter dy that
depends on the cross section functional form 1 (r) of the departure from the null of constancy.
In a similar manner we can also test hypotheses such as the null Hy : § = 6y, involving some
specific value against a general functional alternative such as Hy : 0 = 09 + % Specific tests
of this type will also be relevant in the unit root case.

3 Functional fixed effects and dynamic panel comparisons

This section considers the model
Xe(r)=a(r)+0Xi—1(r) +u (r), (35)

which involves an unknown continuum of fixed effects, a(r), over the cross section space in
addition to the autoregressive parameter §. For this model in the stationary case || < 1,
the curves X;(r) have nonzero mean level EX;(r) = % that is curve dependent, which will
typically be realistic in applications. For example, the SLP clothing data shown in Figure 1
evidently have nonzero mean clothing expenditure whose share of expenditure depends on the
overall expenditure level as it fluctuates over time.

In what follows it is convenient to assume that «(r) is a continuous function in Ls[a.b]. The
model (35) may be considered a function space version of a simple dynamic panel autoregression
with individual fixed effects (Hahn and Kuersteiner, 2002) and interactive fixed effects models
(Phillips and Sul, 2007; Moon and Weidner, 2017).% In the latter case X;; = 0X; 1 + uy

with u; = XZ- ft + e;x which involves additive errors e; ~jiq (O,ag) combined with unknown

3The model is also a special case of an incidental polynomial trend curved autoregression

J
Xo(r) =Y Bi(n) + 060X, 1(r) +ue(r), 7€ [a,b]. (36)

J7=0

with functional fixed effects Bo(r) and incidental trend functions Z;.Izl B;(r)t?, extending the framework of
dynamic panels with scalar incidental linear trends (Moon and Perron, 2004; Moon et al., 2007).
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factors f; and factor loadings \; that induce cross section dependence with second moments
E(uirujt) = ME(fif])lj|o? =: wij, which capture cross section dependence in a manner that
relates to the covariance kernel k, (7, s) of the functional fixed effects model (35).*

Profiling out the fixed functional effect a(r), given 6, we have

a(r,0) = arg(n;lnn Z (X:(r) —a(r) —0X: 1 (r)]* = X(r) — 6X _1(r),
al\r t=1

using sample mean notation X (r) = n=tY.} ; X;. Taking deviations from these functional
means gives X(r) = X;(r) — X(r), X;_1(r) = X, 1(r) — X _1(r) and the functional least

squares estimators

S e e 12 S PR X ()
0= arggmn;/a [Xt(r) Othl(r)] d S fa Xt2_1 (") (37)
a(r)=X(r) —0X_1(r), (38)

with the resulting fitted regression X;(r) = a(r) + 60X, (r) + U (r). Test statistics using t-ratios
for inference concerning the autoregressive parameter € in (35) are constructed in the same
0—6

manner as before with 6 and the regression residuals u;(r). For example, we have %Vg’ fe = 5 0
,fe

where the standard error %% fe is

noorb o 2/ n b b _ _
55 pe = (; /a Xfl(r)dr> (; /a /a Xt_l(r)’dt(r)’zzt(s)Xt_l(s)drds>, (39)

as in (23), but using the residuals %(r) and demeaned curve observations X;_1(r). Similar
constructions lead to the test statistics f97 fer ?;’ fe-

The following result extends aspects of Theorems 1 and 3 to the functional fixed effects
dynamic panel case.

a.s

Theorem 5. Under Assumption A1 with |0] < 1, asn — oo, 8 %3 60, a(r) 5 a(r), and

\/ﬁ(é—o) s N(0,Vp), with Vg = (1 — 62) p2, (40)
Vi (@(r) — a(r >>~»N< )+ (20 )V(a) (a1)
E(g)—Gz—%epg—ﬂ—i- < > (42)
to,fes to,fer by e~ N (0,1). (43)

“Moon and Weidner (2017) consider only the stationary interactive fixed effects case with |9] < 1 but allow for
heterogeneity in e;; over both ¢ and ¢. Phillips and Sul (2007) consider both stationary and unit root interactive
fixed effects models and give bias formulae for both cases.
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Remarks

3(a) Stationarity and ergodicity deliver consistency and martingale central limit theory gives
the asymptotic distributions, just as in the proof of Theorem 1. The limit theory (40)
for 6 is the same as the simple functional autoregression without fixed effects and has an
asymptotic variance that again reduces variation because of the additional information
present in the use of curve data. The variance again carries the effects of curve dependence
through the error covariance kernel k. (r, s). Because the limit distribution embodies these
cross section dependence effects there is no acceleration of convergence in contrast to the
scalar dynamic panel model with fixed effects, where averaging over N iid cross section
errors with N — oo raises the convergence rate by v'N and introduces an O (%) time
series bias into the limit theory, depending on the expansion rate of NV in relation to the

time series sample size n (Hahn and Kuersteiner, 2002; Alvarez and Arellano, 2003).°

3(b) The limit theory for the fixed effect a(r) in (41) has two variance components. The
first, ky(r,7), reflects cross section variation in the equation error u.(r) relevant to that
part of the cross section curved data. The second term of the variance in (41) depends on
the limiting variance Vy of 6 as well as the magnitude of the fixed effect a(r) itself. The
fixed effect limit theory therefore differs in these two respects from the corresponding
fixed effect limit theory in dynamic panels with 7¢d errors, which ensure that ] converges
at a faster rate than &(r) and does not influence the limit distribution of &(r) (Hahn and
Kuersteiner, 2002).

3(c) Expression (42) gives the asymptotic bias of the functional fixed effects autoregressive
estimator 6 to order O (%), revealing the impact of cross section curve dependence in
autoregressive estimation with functional fixed effects and generalizing the earlier bias
expression (31) given in Theorem 3 without fixed effects. Importantly, that expression
(31) remains present in the new formula as the first term on the right side of (42) and
arises for precisely the same reasons. The second term in the bias expression (72) is
related to corresponding results in the literature on dynamic panel bias in first order
autoregression with fixed effects. In fact, the downward bias term —%9 in (72) relates
to the early findings of Marriott and Pope (1954) on simple serial correlation coefficient
bias with a mean correction and later formulae for dynamic panel autoregression with
cross section and time series sample size asymptotics obtained by Nickell (1981); Beggs

SWhen cross section dependence in the equation error u¢(r) decays to zero outside small shrinking neighborhoods
of width O(1/N), then a similar v/N acceleration in the convergence rate of 6 occurs, as discussed in Remark
1(d) and the limit theory (12). So the limit theory in the scalar dynamic panel model with fixed effects is
captured within this more general context as a special case through narrow band cross section dependence. In
that case, if N — oo faster than n — oo, a bias term such as (42) will appear in the limit theory. In this general
context as we have shown, two terms appear in the bias expression (42), whereas in the scalar dynamic panel
model with fixed effects only one term, viz. 17%9, appears in the bias correction. This difference is explained
by the fact that the analysis of the dynamic panel model bias in Alvarez and Arellano (2003) assumes iid
innovations across section, which implies that k,(r, s) = k.(r, s) = 0 for all r # s, which removes the first bias
term in (42).
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and Nerlove (1988) and more recently Hahn and Kuersteiner (2002); Alvarez and Arellano
(2003); Phillips and Sul (2007). Importantly, in the present case the bias expression (72)
differs from those earlier findings because of the primary term of (72), which carries
the effects of cross section dependence in the innovations. In that respect, it relates to
the formulae obtained in Phillips and Sul (2007, equation (29)) and Moon and Weidner
(2017, theorem 4.3) for bias in stationary interactive fixed effects autoregressions with
cross section dependence induced by the presence of unknown factors in the regression.

3(d) Theorem 5 gives limit theory as the time series sample size n — oco. This contrasts
with the short wide panel regression literature that focuses on limit theory for datasets
with small fixed time series sample size n and large N — oo cross sections with iid
errors. In such cases, time series bias removal can be effected using a wide variety of
instrumental variable and GMM methods on which there is now an extensive literature
following Anderson and Hsiao (1981); Arellano and Bond (1991) with recent corrections
and unit root cases (Phillips and Han, 2015; Phillips, 2018). Similar techniques may be
considered in the present function space setting when cross section dependence in the
equation error w(r) decays to zero outside small shrinking neighborhoods of the type
considered in Remark 1(d) and fn.5. But these are not pursued in the present work.

3(e) The limit theory (40) for @ differs in another important way from the dynamic panel
literature. As shown by Alvarez and Arellano (2003); Hahn and Kuersteiner (2002), in
asymptotics that involve both large time series (n — oo) and large éid cross section
dynamics (N — 00), the bias term 1—:9 figures and must be included in the limit theory
unless n — oo faster than N. In the latter case the time series asymptotics dominate
because of the v/nN convergence rate that applies in stationary panels with no cross
section dependence, which implies that vnN %9 — 0. In the functional data case the
additional term % is always present in the bias expansion (42) with fitted functional

fixed effects. In empirical work with a small time series sample size n, curved data and

functional fixed effects, there may be an advantage in using a bias corrected estimator

of the form 6* = 6 + %5& + 1%5 in inference. From Theorem 5 it follows directly that

m(é* - e) - N (0, Vp).

3(f) Asin the simple ARH model without curve fixed effects, the parametric diffusion process
representation (26) of the curve residuals u;(r) in (35) can be employed in the model
specification. With this explicit model representation the diffusion coefficient ¢ and

variance o2

can be estimated in the same manner as before using the exact discrete
model (27) and the residuals U;(r;) = s (r;) — ety (r;_1 from a fitted regression on
the model (35). With this explicit parametric model, a t-ratio test statistic f;‘} . can be
constructed and used for inference about 6 in (35). Then, under the additional hypothesis
that us(r) = Je¢(r) and in the same way as in the model without curve fixed effects, we

have the limit theory Fg’;e ~» N (0,1) just as in (43).
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4 Simulations

This section reports findings from simulation studies assessing the finite sample performance
of autoregressive coefficient testing in a stationary curve time series setting. In most cases
we employ the parametric diffusion model J.¢(r) for various values of the diffusion coefficient
c € {—5,-3,0,2} to generate iid error curve innovations u.(r) over the interval r € [0,1]. To
assess robustness we use #id error curves u;(r) that are generated by the segmented Brownian
motion process given in (75) and shown in Figure 9 for various values of the segment number
parameter K, again over r € [0,1]. Sample sizes n € {20, 40,60, 80,100} are used with initial
value Xo(r) = 0,7 € [0, 1]. The sampling frequency h = 0.01 is used in simulating the standard
Brownian motions and the number of replications is 5, 000. To simplify presentation a selection
of the main results are reported here. Results in models with functional fixed effects are given
in Appendix C in Section 9.

Figure 6 shows local power curves of five statistics (fg,fg,%v;,fg,f AR) for testing the sta-
tionary null hypothesis H : 8 = 0.5 selected to illustrate performance under different sample
sizes and parameter values. Among these, the first three statistics fg,fg,fg use standard er-
ror estimates obtained from the variance estimates given in (23), (24), (25). In these cases,
the covariance kernel k,(r, s) is estimated by using the sample regression residuals either in
covariance kernel form or sandwich form as in (23). The statistic fg relies on a variance esti-
mate constructed as in (24) but using an estimate ﬁ%c of the squared correlation coefficient
(22) based on a diffusion process kernel with an estimated diffusion coefficient ¢ obtained by
cross section autoregressive estimation as in (28). For comparative purposes with time series
regression the black dashed line in the figure shows the local power curve of the usual time
series AR t-ratio {4 obtained from simple time series AR(1) data when n = 100.

Three key patterns emerge. First, the test statistics #g, tp, and %vj; struggle to control test
size at small n, but fg performs well even at n = 20. This finding is suggestive: (i) crude
sample covariance kernel estimation has significant bias in small time series sample sizes n, as
may be expected in high-dimensional kernel estimation with small time series samples; and (ii)
the fitted diffusion process kernel, which uses the estimated diffusion coefficient ¢ fitted from
the cross section ARH model, performs reliably even with limited time series data. For large
n, all four tests control size effectively, corroborating limit theory. Second, all four curve data
tests show comparable power, and power improves steadily as the sample size grows. Finally,
when ¢ is negative, the functional tests with n = 60 outperform the simple AR(1) test with
n = 100. But when c is positive, the functional tests with n = 100 are only marginally more
powerful than the AR(1) test. This finding is explained by the fact that when ¢ > 0 cross
section dependence is strong and gets stronger as c rises, thereby reducing the information
content in the cross section curves. Taken together, the results demonstrate that curve time
series tests with varying degrees of cross section dependence generally enhance test efficiency.

Figure 6 displays the local power curves of these tests under errors with curves that are

generated by the general diffusion process. In this simulation exercise fg performs well even
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with sample size as small as n = 20. To explore the effects of potential misspecification in
the curve generating process, test robustness is assessed by considering error curve processes
generated with segmented Brownian motion kernels and parameters K € {1,2,3}. Results for
the same four (curve autoregression) test statistics using the same diffusion-curve covariance
kernel estimation methods are shown in Figure 7. These mirror those in Figure 6: fg maintains
good size control for small n, and all tests show comparable power. Notably, even when the
true covariance kernel becomes sparse (for K = 2 and K = 3), the tests remain robust. This
outcome suggests that these functional tests continue to work with some reliability for other
error curve processes even when there is some sparsity in the covariance kernel.

Table 1 shows simulation results for the size of cross section break specification tests. The
model follows equation (32) with diffusion curve errors and break point b = 0.5 € [0, 1] under
the null hypothesis Hp : 81 = 02 = 0.7. Wald test statistics W,, and W¢ are constructed as
in Section 2.5: W,, employs covariance kernel k,(r, s) estimated from regression residuals; WS
uses a variance estimator from (24), with p2 . derived from the diffusion kernel. This kernel
uses the diffusion coefficient ¢ estimated via cross section autoregression, as in (28). Size is
measured as the proportion of null hypothesis rejections at the 5% significance level. The
results show good size control even for small time series samples (n=20,60), particularly in the
case of stationary diffusion cross section curves with ¢ < 0..

Figure 5 displays power curves for the cross section break tests W, and W in diffusion
curve time series with coefficients ¢ € {—5, —3,0,2}. The curves are obtained under alternative
hypotheses in which 6; = 0.7 and 62 spans the interval 2 € [0.5,0.9], the cross section break
point occurring at b = 0.5 € [0, 1].

Table 1: Empirical sizes for functional autoregression Wald specification tests of the null
hypothesis Hg : 01 = 02 = 0.7 of a cross section break in a stationary ARH(1) with diffusion
curve errors and diffusion coefficient ¢

c 20 60 100

-10  0.063 0.0626 0.0486  0.05 0.0502 0.0498
-7 0.062 0.0604 0.0502 0.0504 0.0516 0.0522
-9 0.064 0.0568 0.0506 0.0508 0.0538 0.0534
-3 0.0652 0.0584 0.054 0.0528  0.06 0.06

0 0.0736 0.0694 0.0594 0.0588 0.0576 0.0578
2 0.0778 0.091 0.0596 0.0656  0.06  0.0636
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Figure 5: Power curves of the specification tests W,, and W}, of the null Hy : 61 = 62 = 0.7
under the alternative of a cross section break in an autoregression generated with diffusion
process curves using coefficients ¢ € {—5,—3,0,2} with a cross section break point at b = 0.5.
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Figure 6: Local power curves of the autoregressive coefficient tests tg, fg, t~2§, fg with stationary
curve time series generated by diffusion processes with diffusion coefficient ¢ € {5, —3,0, 2}.
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Figure 7: Local power curves of the autoregressive coefficient tests with stationary curve time
series generated by segmented Brownian motion error curves with segment numbers K &

{1,2,3}.

5 Empirical Dynamics of Household Engel Curves

Previous studies have documented that nonlinearities are present in Engel curves for most

goods and services.”

It is also recognized that these curves can shift over time (Lewbel,
2008). The temporal variation of Engle curves may be due to various factors such as income
changes, demographic shifts, and economic conditions. It is therefore interesting to explore
how household Engel curves may change over time. This section reports results of an empirical
study using curve time series methods to explore the temporal patterns of household Engel
curves. This approach enables temporal dependence in the full Engel curves to be captured
directly and tested in the analysis.

We draw on data from the Singapore Life Panel (SLP), which covers September 2015 to May
2023 and yields 93 monthly observations.” Using these cross section data for Singaporeans aged
50 to 70, we first follow Blundell et al. (1998, 2003) to fit the Engel curves nonparametrically
in each period, and then apply our functional ARH methods to study their temporal patterns.

Specifically, following Blundell et al. (1998), we adopt the generalized Working-Leser model:
Yij = g5(In i) + uij,

where y;; is the budget share of the j-th category for household i, Inz; is the log of total
nondurable expenditure for household ¢, and u;; is the error term. We then use use local linear
nonparametric regressions to estimate monthly Engel curves. Figures 1-8 display the smoothed
Engel curves for nine spending categories from September 2015 to May 2023. We observe two

6See, for example, Banks et al. (1997), Blundell et al. (1998, 2003, 2007), and Reafios and Wélfing (2018).
"Section 9.5 in Appendix C provides details on the SLP dataset.
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main points of interest: some curves (e.g., clothing and transport) are quite nonlinear, while
others (e.g., food and utilities) appear more linear, in line with earlier findings (Lewbel, 2008).
We also see that these curves shift over time, showing some degree of persistence in how
budget shares respond to nondurable spending. At the extreme ends of the curves, there are
small ‘blips’, which reflect lower precision — an expected feature of nonparametric regression
(Blundell et al., 2003).

Using these curved time series data and the model (35) tests were performed to explore
the temporal properties of the Engel curves. Specifically, the four test statistics fg, f;, to,
and fg were used to assess the null hypothesis Hg : 6 = 0.9 against the one sided alternative
Hi 2 0 < 0.9. The parameter ¢ was estimated for each category and then bias corrected
according to the formula 6* = 6 + %gﬁuc + %9, based on the expansion (42) in Theorem 5
and with p, . estimated using a diffusion kernel and cross section autoregression as in (28)..
The results are given in Table 2. The findings reported there show that at the 1% level the
tests reject the null Hg in favor of the one sided alternative H; : 8 < 0.9, strongly affirming
stationarity for all but two categories — food and leisure. Table 2 also reports 95% confidence

~ S a2 A
intervals for # in each case using the interval 8* + 1.96(1%)’)‘% based on the limit theory

(40) in Theorem 5 employing the bias corrected estimate g*. For all categories, including food
and leisure, these intervals are below unity. Hence, with a high degree of confidence, these
findings show that Engel curve spending patterns of ageing seniors in Singapore are stationary

and highly autoregressive over time, in most cases with autoregressive parameter 6§ < 0.9.

Table 2: Functional ¢-tests of the null hypothesis Hg : € = 0.9 against the one sided alternative
hypothesis H; : 8 < 0.9 for stationary Engel curves with the full SLP dataset. The model
estimated is an ARH(1) with fitted fixed effect curves as in equation (35). In constructing the
1+0
n

test statistics, the bias correction formula 0* =0+ %5@ + based on the expansion (42) in

Theorem 5 was employed.

Engle Cwves ¢ 6 6 95% CI fo 53 o f

Clothing -0.64 0.64 0.66 [0.55, 0.77] -4.19%FF 4 08FF* g 5HRE g 1]k
Education — 8.69 048 0.50 [0.37,0.64] -5.78%%%  _5.G4FFE  53G%RE g g0k
Food -6.27 0.91 0.93 [0.90,0.97]  1.82 1.63 1.79 2.13

Health 1.84 076 0.78 [0.71, 0.85] -3.28%%%  _3.31%kk g 7gwkk ] gok
Housing 2,01 0.30 032 [0.20, 0.43] -9.68%FF  0.00%Kk  _g.4grEE g 7GHRk
Insurance 3.98 0.68 0.70 [0.62,0.79] -4.53FEE  43EFEF ZELEEE 2,607
Leisure 35 085 0.88 [0.79,0.97  -0.44 -0.38 -0.30 -0.40

Utility 875 0.31 0.32 [0.21, 0.43] -10.10%%*F -10.95%%% _11.54%F*% _17.66%**
Transport 148 0.61 0.63 [0.56, 0.70] -7.72%%%  75QREE 5 (3kkk 3 p7He

Note: *** ** and * denote statistical significance at the 1%, 5%, and 10% levels, respectively.

In sum, these empirical results show highly autoregressive Engel curve behavior over time
in every category amongst ageing seniors in Singapore. While highly autoregressive structures
are evident in the data, all the fitted coefficients except for that of food are less than 0.9,
affirming stationarity. By treating Engel curves as functional data, the present analysis enables

29



measurement of the degree of temporal dependence in the full curves, showing highly dependent
temporal but stationary spending patterns of behavior among ageing seniors in Singapore,
with some categories manifesting higher authoregressive behavior than others over the sample
observations. The present findings will be further assessed using functional unit root tests
developed in Phillips and Jiang (2025) and reported in later work.

6 Conclusions

This paper has developed asymptotic theory for parametric estimation and inference in first or-
der autoregression with function valued curve time series. The results show that autoregressive
models in function space can allow for great flexibility in modeling cross section dependence
while retaining many of the advantages of parametric specifications. Cross section curve for-
mulations provide a simple way to embody high dimensional wide panel datasets in empirical
work, raising efficiency in estimation and shortening confidence intervals in inference about
the AR coefficient in both stationary and unit root cases. Much of the limit theory and bias
analyses in scalar autoregressions are shown to have extensions in the function space setting
that are easy to interpret in application. The limit theory here covers stationary autoregression
including dynamic panel implementations with curve fixed effects and explores the differences
and links to standard panel data models. The new methods are illustrated using high dimen-
sional consumption data for ageing seniors obtained from the Singapore Life Panel. The results
provide an empirical dynamic analysis of household Engel curves for expenditure on various
categories of goods and services.

The methods and results presented here can be extended in various directions that utilize
high dimensional cross section data. There is scope for further specification testing that could
provide a more direct interface with models that involve Hilbert space operator formulations
of autoregressions. In addition to structural break analysis in the cross section data studied
here, it will be of interest in some applications, including those in the SLP data, to assess
potential temporal heterogeneity or structural breaks in the cross section curves over time.
The latter may be of particular interest to assess changes that may have occurred over the
Covid-19 pandemic period.

Curve data is prominent in other empirical areas, such as the study of lifetime income
profiles where both mean regression and quantile regression techniques have been employed
with functional datasets and parametric models (Chen and Miiller, 2012; Cho et al., 2022).
There is also scope for tensor extensions in which cross section data in multiple dimensions
are incorporated into functional autoregressive frameworks. All these areas of research present
their own individual challenges but all share the common goal of methodological advances that
enable curve data to be used successfully in empirical econometric research.
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Figure 8: Smoothed Engel Curves for selected expenditure categories in the SLP dataset
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7 Appendix A
Proof of Theorem 1 Center and scale 0 so that

R ﬁiz&&amwm
VOO = T e “

For the denominator, by stationarity and ergodicity we have n™! Y1 | X2 | (1) —q.s. E [X7 4 (r)] =
kx(r,r), where kx(r,s) = E[X;(r)X.(s)], the covariance kernel of X;. Then, by continuous

mapping , ,
1
Z/ X2 (r)dr —q.. / kX(r,r)drzl_ez/ Ey (7, r)dr. (45)

The numerator of (44) involves the component X;_ju;, which is an H - valued stationary mar-

tingale difference sequence (mds) with filtration F;. The real valued sequence f: X1 (r)ug(r)dr

is then a simple stationary mds with variance

(/&1W ) //M&lmmnmmmmw
:1_92/a /a k"(T’S)Qderzl—GQ/a /a ke(r, 5)*dsdr. (46)

The required limit theory follows directly by the martingale central limit theorem (MGCLT).
The stability condition holds because the martingale conditional variance is

1 n b 1 n b 2
— X (T)ut(r)dr> =—>» E X (r)ug(r)dr | | Fi- ]
(TR xeamew) = 3w | ([ somns) 1
1 b
= - Xi—1(r) X—1(8)E [ug(r)u(s)|Fr—1] drds
n;LLt“ L [ () ()] Fi]

E Uab /abXt_l(r)Xt_l(s)ku(r, s)drds] = 1i402/ab /ab k2(r,s)drds < co.  (47)

The Lindeberg condition requires that for all § > 0

e () 3 3o

where 1(A) is the indicator of A. It is sufficient to show L; convergence, which follows by

</Xt1 Fus(r > </Xt1 ut()>5\f)]

> 5\F> ’.7:15 1] — 0, (48)

stationarity if
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which holds by virtue of Cauchy-Schwarz since

( / ’ Xt_l(r)ut('r)dr>2

Using the MGCLT, we then have

1 n 4 b rb
N Z Xequs ~ N (0, ﬁ / / ke (r, s)Zder) . (49)
t=1 a Ja

Combining (49) and (45) gives the limit distribution of 6

b b
</ E{Xf_l(r)}dr/ E{u?(r)}dr<oo.

Vil —8) ~ N (0, (1—-6%) p2) =N (0, (1 - 62) p2), (50)
as stated. W

Proof of Theorem 2 Since §—>a,s, 0, we have

a(r) = Xy(r) — 0Xp_1(r) = ug () — (5— 9) Xe1(r) = g () + O, (\/1%) . (51)

and then
1< a.s
= — Zﬁt(r)ut Zut Pug(s) + 0a.s. (1) %3 ky(r,8) = 0k (r, 5).
i3
It follows that the estimate (f k: (r,r dr) (ff ff l;:u(r, s)2dsdr> —a.s. w2. Then @2 :=

<1 -0 )w2 —a.s. we = (1 — 92) w;. Setting the variance estimate §§ =n! (1 — {/9?) Wy, We
deduce that
 g-g  va(0-9)
t‘g: 3 = " 1/2WN(0,1)
o o (1 - 62>

Next, from (45) we know that

2

Z/ X7 4 (r)dr —a.s. / kx (r,r)dr = 1i02 /bkzs(r,r)dr. (52)

From (23) the continuous sandwich formula estimate is

55 = (i /abxf_l(r)dr> (Z/ / Xi—1( U (s) X¢-1(s )drds).
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In view of (51) we have
1 b
— Xi_1(r)Ug(r)t(s) Xi—1(s)drds
R;LA ()i ()i () X1 1 (5)
1 n b b
= — X (T)ut(T)Ut(S)Xt, (S)drds + 0q.s. (1)
n;éﬂ 1 1

b b
:/ / E[Xi—1(r)Xi—1(8)] E [ug(r)u(s)] drds 4+ oq4.5. (1)

b b 0_4 b b
~a.s. / / kX(r’ S)ku(’l”, S)drds = 192/ / ]{38(7“, S)2d7‘d5. (53)

Using (52) and (53) we have ns2 —,.s. wi. Then the corresponding t-ratio statistic

as required. Using these results, it is similarly found that the t ratio f; = 6:;56 ~+ N (0, 1), where
§;2 is given by (25). So these constructions all provide valid asymptotic tests and confidence

intervals. W

Proof of Theorem 3. The proof makes use of the Edgeworth expansion of the distribution
of v/n(0 — ) and the corresponding moment expansion in Phillips (2025) that gives the bias
expression directly. In particular, we have

b rb 2 2
. ku(r, q)%drd
20 J, J, kulr, q)%dr q+o<1> :_29Pu+0<1>’
n

E() — 0 =
n (f; ku(r,r)dr)2

n

giving the stated result. B

Proof of Theorem 4 Part(i) Write /n (51 — 52) =./n (51 — 91> —/n (52 — 92) and
the limit theory for the two components is obtained as in the proof of Theorem 2. In particular,

~ ff % Sy Xe—1(r)ue(r)dr
vn (91 - 01) _ Sy & XE (r)dr 1 Z":
vn (9\2 — 02) Iy ﬁ oty Xe—1(r)ug(r)dr Vn —

bc % Z?:l Xt2—1(7")dT

where A := Eff X2 ((r)dr = ff kx,, (r,r)dr = ﬁ fj ky(r,r)dr, and C := E [ X}? | (r)dr =
Iy kx,, (r,7)dr = @ Jy ku(r,r)dr. The elements of the vector on the right side of (55) are
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martingale differences with variance matrix

LE (fb Xt_l(r)ut(r)dr>2 = fb JEEX—1(r) Xi—1(8)ug(r)ue(s)drds
a AC Ja Jb ) (56)
. LE (fbc Xt_l(r)ut(T)dr)

2
Under the null with 6; = 65, we have E (f; Xt,l(r)ut(r)dr) = % ff ff k-(r,s)?dsdr, as in

(46), and by similar calculations

/ab /bc EXi—1(r) Xe—1(s)ue(r)ue(s)drds = 1i492 /ab /bc ke(r,5)*dsdr. (57)

The stability and Lindeberg conditions hold as before and we have the following limit theory
under the null

\/ﬁ@l_el) W/\/(O o [/if fbk' r,5)*dsdr Acf Jy ke 2d5d1>

Vn (52 - 92) 102 4 f Jy ke(r, s)*dsdr 02 Iy Jy ke 2dsdr
f: f: ke (r,s)?dsdr f Jy ke(r,s)?dsdr
T N2
. 2 (f; kg(r,r)dr) (f ke (r,r) dr) (fb ke (r, T)d?“)
=N |[0,(1 -6 15 b2 S [ ke rsdsdr , (58)
(f ke (r,r) dr) (fb ke (r, T)d?“) (fbc kE(r,r)dT)Q

giving /n (51 - éz) ~ N0, (1 — 6%)Vp, g,) where Vp, g, is defined in (34). The limit distri-
bution of the Wald statistic W, follows directly given consistent estimates of the covariance
kernel k, (7, s) in the formation of the variance estimate %1792 in W,.

Part(ii) Under H1, 05 = 61 + = and v/n (51 - @) =/ (51 - 91) - (52 - 92) _ .
2

Equation (55) still holds but we now have E (fb X1 ( r)ut(r)dr) =3 22 V2dsdr,

E(fcht_l(r)ut(r)dr)Q = 92 fb fb V2dsdr, and

/ab /bc EX¢—1(r) Xe—1(s)ur(r)ut(s)drds = (1_0;92) /ab /bc ke (r, 5)2dsdr
= (1i49%) /ab/bc ke(r,s)%dsdr + O (\}ﬁ) . (59)

Using these results and proceeding in the same way as in Part(i) with martingale central limit
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theory we find that

7 o Sy ke (r,s)?dsdr J2 I e (rs)2dsdr
Vn (91 - 01) N o - e (ff ks(r7r)dr>2 (f ke (r,r dr)(fb ke (r,r)dr)
NS | E R A LR i I kelrPasar
(f ke(r,r dr) (fb ke ( rr)dr) (fbc ks(T,T)dT)Q

(60)

Hence [\/ﬁ (é\l — 01) — \/ﬁ (52 - 92)] ~ N(O, VLQ) and \/ﬁ (é\l — éz) ~ /\/’(—Tﬂ, VLQ), where
Vig = (1 —607)Vp, 0, It follows that the Wald statistic W, has the following noncentral x?
limit theory

= [ (5 )] i [ (- 02)] = ),

where 6 = 1/12‘/1_21 and 17172 is a consistent estimate of Vj o..

Part(iii) Next consider the local functional alternative in which Ha, 6 = 61 + 16}%) =:05(r)

for some continuously differentiable function v (r) over r € [b,c]. In this case we have

E(/;Xt—l“)“t ) -7 / / 1—02 1didgg( )
_ 1_9%/b /b ke(r,s)2dsdr + O, <\/1%) (61)

and similarly

//EXt 1) X1 (s)ue(r)ue(s drds—”//1—01 9:12550;;\/5)

= 1_6%/(1 /b k.(r,s)*dsdr + O (%) . (62)

Next note that under Ho, 05 = 61 + K:L), we have

5, — b 2t Xe—1 (M) X(r)dr [ 5 570 [(01 + w(r)/ V) X7 (r)dr + Xeoa (r)us(r)]

b % S XE(rdr y S X (r)dr
(63)
and so
§2_91 _ 7f %Zt 1 [ ( )X 1(7">d7"+Xt—1(?”)Ut(?”)]
vn b n Zt:l th—1(7")d7"
e Krnde 1 g5 i Jy X () o
CVno [y Kx(rr)dr Vn Jy Kx(r,r)dr
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where Ky (r,7) = EX?(r) = 1—(91&/(11("7:))/\/5)2 = kfﬁg;“) +0 (f) It follows that under Hs

r)Kx(r,r)dr ﬁZZ‘zl fbc Xe—1(r)ui(r)

\/77(52 —91> ~a Jy ¥

f KX(r T)dT’ fCKX(r r)dr
fb (ryr)dr fb fb dsdr)
~o N (1 —63 , 65
( Jy *u oy )(fb r?“dr) o

and in place of (60) we have

~ f f ke(r,s)2dsdr f [y ke(r,s)?dsdr
Vi (6 - o) oy 0 e (e ) (Fhetrn T) [ ke

~ v k (ryr)dr 1 N f (r,s)%dsdr
\/ﬁ (92 _ 01) fb . Ju Jp FelT,8)"dsar

(r,r)dr (fb ke ( rr)dr)
(66)
Then, /n @\1 — ég) = (@\1 — 91) — (@\2 — 91) and using (66) we have
o~ d
\/’E (01 - 92) ~ N(_\IJ7 Vvl 2) ) with ¥ = fb T T> Ta (67)
' fb (r,r)dr

where again Vi o = (1 — 60%)Vp, 9,. It follows that under the alternative Hs the Wald statistic
W, has the following noncentral x? limit theory

Wa = [V (B = 62)] Vi [V (81 = 82) ] ~ 3 (o),

where oy = \1121/1*21 and Vi o is, as before, a consistent estimate of V7 ..

Proof of Theorem 5 Let XP(r) = 60X} | (r)+us(r) so that we can write X;(r) = o(r) +X2(r).

Taking deviations from means gives X;(r) = X;(r) — X (r) = XO( ) with X0(r) = XP 1 (r)—
0 =0

et Xo1(r) = X1 (r) =Xy (r). By ergodilgy X24(r) = 5 Xemy X1 (r) —as EXQ(r) =

0 and standard central limit theory gives v/nX _;(r) ~» N(0, ’“ff’;);“)), for all » € [a,b]. Then

X(r) = L5 Xo(r) =05 99 and, noting that X,—1(r)) = X2, (r) — X°(r), we have

g Sim e X)Xty S e Xl

Zt=1faXt—17” r 1Zt 1f Xt 1
a(r)=X(r) — gy,l(r) =a(r)+a(r) — (9 — X _1(1) =as alr), (69)

giving consistency. Next
b b
% D1 f Xto 1 (r)ue(r)dr B ﬁZ?:l fa X?_l(r)ut(r)dr

n(d —0) = =
vl ) eIy 1f X\ (r)2dr A+ iy, (fff(to_l(r)?dr—A>
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~ b
where 4, = 130, fthO_l(r)er 3 f;EXtO_l(r)2dr = W =: A. Setting &) =

f: X | (r)ut(r)dr, the same martingale limit theory used in Theorem 1 establishes that

Vi (7-0) = A}/ﬁ i/b RO\ (Fu(r)dr + O, (%)

_ b ~ .0 L — 2 ffffku(T’QPdrdq
_Aﬁ;§t+op<ﬁ> N(O,(l 0%) (a2 )

so that /n (5— 0) ~ N (0, (1 — 6%)p2), giving (40). It then follows that

- N ~ a\r 2
Vi (a(r) = a(r)) = ;ﬁ;ut@”) =Vl = 0)X_1(r) ~» N (O,kzu(r,r) + (1(_)0> V9> ,

as in (41). Next, using the representation (70) again, together with the Edgeworth expansion
in Phillips (2025, Theorem 2), we have the stated bias expansion

b rb 2 2
_ ku(r, q)2drd
E(@—@):—M—Qefafa (r.0) Tq+o<1):—1+9—29‘)“+o<71l). (72)

n n <f; Ky (7, r)dr)2 n n n

Finally, using the limit theory for \/n (5— 9) in (40), we find in the same way as (54) that
tg.fe ~» N (0,1). Similar derivations show that fg’fe,f;’fe ~» N (0,1), which establishes (43).
In addition, under parametric cross section curves us(r) = J.(r) as in (26) and constructing

the parameteric ¢-ratio in the same manner as before, we have ?;; .~ N (0,1), giving the limit
theory discussed in Remark 3(f). B

8 Appendix B

8.1 Limit theory under local cross section dependence

Here we have a triangular array model defined by
Xin(r) =0Xi N (r) +uen(r), 7€ la,b]
where u; () has covariance kernel

o’N |r—s| <

kun(r,s) = E [ug,n(r)uen(s)] = { 0 |r—s|>

[\ [\
-5~

in which the random function u y(r) is specified to be weakly dependent across ordinates
with non-zero covariance only within the (shrinking as N — co) narrow band |r — s| < 5%
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This specification emulates a panel model such as (9) in which the error process u;; is iid over
both ¢ and . We have for the denominator

by b 2 b S2N
/a n ;XE—I,N(T)dT ~ /a E [XE—I,N(T)] dr = 1_92/a ke N (7, r)dr ~ T (b—a).

2

1 1 & o, o
v w5 60

The martingale CLT also needs modification. In particular, the stability condition is now

< Z/ Xy N (r)ug(r > ZE (/ Xy_1n(r)ug(r )r>2‘]-'t_1]

IS [ X X R b9 ] s
t=1
1 — biﬁ TJFW
0 ;/Mﬁb Xi-1.n(r) /Tﬁv Xi—1,n(8)E [ue(r)ue(s)] dsdr

o2 XL (bW T+
B Z/ Xt—LN(T)/ Xi—1,n(s)dsdr x N
n L oL

2N

1
/ ZXt LN (r)2dr x =N
a+N N

4 4

2 b 2 g b g
~ g L EXt_l(T') dr = 1_02\/6; kEN (T,T) dr = mN (b - a) s

based on equivalence of variation, namely:

2 1
o*’N |r—s| < s
ko (r. ) = E ue v (r)ur.n(s)] = { N A

so that overall variation

b vy sk
E {/ e, N (7 ] / / [ug(r)ue(s)] dsdr = / / E [ug(r)ue(s)] dsdr
a a+% r—-L

2N
b_f
N
:/ 7 dr ~o?(b—a).

atl N
N

2
This ensures that E { fab ’U,t7N(7“)d7’:| has the same asymptotic value as N — oo as when

E [us(r)u¢(s)] = o2 uniformly for all (r,s), noting that if E [us(r)us(s)] = o2 uniformly for
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all (r,s) we would have E {fab ut(r)dr] g f; f;E [ug(r)ug(s)] dsdr = 02 (b— a)? and

i St Jy Xea(rur(r)dr & [V E[Xea(r)ug(r)] dr

a.s

n b -3 b n
niN PO fa Xz?—l(’“)dr % a % D1 Xf—l(r)dr

0—0= =0,

and 0 is consistent for §. The limit distribution follows in a straightforward way using the

martingale central limit theorem, giving

””N(é\_m:ﬁl P ~ o2 - i
SN Doiel fa X{ o (r)dr 1—62 (b—a) a

and the result in (12).
Now compare the following cases. First, if k-(r,s) = 1 for all (r, s) we have

S X N (0% 0-a) (01_92).

f; ff k.(r, s)?dsdr
(f; ke (r, r)dr>2

(b—a)’

:N<0, (1-06% (b:a)2> =N(0,(1-6%).

(73)

Vi(d —0) ~ N |0, (1-6%

Next, if ke(r,s) = 1{|r — s| < 55 } . Then f; ff ke(r,s)?dsdr = f; ffl {Ir —s| < 5%} dsdr =
b—a _ _1 b 2 b, \2 2 > (1-62)
N — vz and (fa kg(r,r)dr) = (fa dr) = (b—a)”. Hence /n(6 —0) ~ N 0, ¥y ) -
giving

"b—a

The intuition should be clear. When b —a — 0, then (73) still holds because the model simply
corresponds to the standard AR(1) case where a = b = r and we still get \/n convergence.

(1)

However in the case of (74) “=ay and the limit theory fails because there is no longer

m<5—9)wN(0 1_92) (74)

extra information in the data as N — oo from independence in the errors over [a,b]. So in this
case the scaling v/nN is excessive and leads to divergence. On the other hand, when b—a — oo,
VnN (§ — 0) —, 0 because we have independent errors asymptotically over an infinite region
in Ly (R) space. Note that there is no gain in (73) in that case because the errors u; (r) are

now remain correlated over the wider cross section domain R as b — a — oo.

8.2 Further error process illustrations

Two further examples are included below to illustrate the impact of different error processes
ug(r) on the limit distribution and variance of the OLS estimator 6. These examples allow for

segmentation in the cross section domain allowing for local correlation and heterogeneity. A

k-1 k

common domain for 7 € [0,1] is assumed within which K individual segments A = [*, %)

are included.
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Segmented Brownian motion errors Define
k
— UZ ( t+r Wt(+)k}_(1> x 1 (7“ S Ak) , (75)

where {WW, ... WU} are K independent standard Brownian motions. In this case {u:(r)}52,
is a time series sequence of independent processes comprised of the spatial superposition (over
r € [0, 1]) of K independent standard Brownian motion segments each originating at the origin.
The covariance kernel is similarly given by the superposition of the covariance kernels of these

Brownian motions within those segments and zero elsewhere, i.e.,

=3 () (-5 s an

Panel (a) in Figure 9 draws this covariance kernel when K = 4. The variance of the limit
distribution of 6 is

K K
—? Jo Jo be(r. )*dsdr =(1- 92)Kfol/ o (r n s)2drds 2

<f0 (o )2 (Kfl/KrdT) T 3K

giving v/n <§— 9) ~ N (0 ,3K (1 —6?)). Then, as the number of independent segments
n—oo
increase we obtain the sequential limit

(1—6?%), (76)

(Kn)

\/ﬁ(é—a) - N<0,§(1—02)>, (77)
seq
which gives the analogue of (12) for a segmented Brownian motion error process. In this
case the interval [0,1] is subdivided into the K sectors {A;}i_, and the error process u; (r)
is independent and identically distributed across these sectors (rather than uniform over a
shrinking interval around r = s, as in (11)). As the number of sectors K — oo, the variance of
the limit distribution of \/n (5 — 0 declines at the rate O (K~ ') . In sequential convergence
the convergence rate rises to v/nK with limit (77). Although it is not explored rigorously

here, we expect the same result to apply in joint convergence as (K,n) — oo jointly, using the
methods of Phillips and Moon (1999).

Segmented Brownian bridge errors Define

k—1
ZUZ{< W(’“)k 1>—K<r—K> <Wt(f%_wt(fll(l>}x1(rel4k),
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T 003-

Kernel (r.s)

(a) Segmented Brownian Motion (b) Segmented Brownian Bridge

Figure 9: The covariance kernel k,(r,s) for the segmented Brownian motion/bridge errors
when the number of the segments K = 4.

where Ay = [%, ) and {W(l) N 7aC )} are K independent standard Brownian motions.
With this specification {u(r)};2; is a time series sequence of independent processes comprised
of the superposition of K independent standard Brownian bridge segments of length & ~*. The

covariance kernel is

TN (=) I A=) YRR YN

Panel (b) in Figure (9) draws this covariance kernel when K = 4 and the variance of the limit
distribution of 6 is

( 92) fo fo )2dsdr _ (1_02)Kf01/K ol/K{(T/\ 5) — K?“s}2 drds o

(fo (. )2 (Kfl/me - 5K

giving \/n (g— 9) ~ N( , 5K (1 — 92)) . It follows that under the same configuration as

n—oo

== (1=0%), (78)

Example 2 the limit variance (78) of 6 is smaller under Brownian bridge innovations than
under Brownian motion innovations. The reason is that each Brownian bridge segment is
tied down at the ends of the segment, thereby reducing the variation in the function space
equation error, which correspondingly reduces the asymptotic variance of 9. Note that in
both these examples there is homogeneity in the covariance kernel across segments so that

fk L ke(ryr)dr = fo (r,r)dr for all k =1, ..., K, so that using (8) we have the inequality

) 2
( 92) fo fo s)?dsdr <(1-6? r (fOK ka(r,r)dr> 1= 0°

(fo e(r,r )2 <f0 rrdr>2_ |

which bounds the asymptotic variance when u;(r) is composed of K independent segments, as
it is in these two examples.
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9 Appendix C: Additional simulations - functional fixed effects

Table 3 shows simulation results for tests based on fg, tg, tNZ, and fg of the null hypothesis
Ho : € = 0.5 in models with functional fixed effects and diffusion curve errors generated with
coefficients ¢ € {—5,—-3,0,2}. The tests mirror those in Section 4 but incorporate fitted
functional fixed effects. The results show evidence of some oversizing due to fitting curve fixed
effects when n < 60 particularly for nonstationary diffusion curves with ¢ > 0 but good size
control for n = 100.

Figure 10 displays local power curves for the same t-ratio coefficient tests tg, tg, fz, and fg
applied to stationary curve time series generated by diffusion processes with ¢ € {—5,—3,0, 2}.
All statistics account for functional fixed effects and apply the limit theory from (43). The
oversizing in small time series samples particularly when the diffusion coefficient ¢ > 0 is
evident in the graphs, as in Table 3. The power curves show that there is also less power in
the tests when ¢ > 0

Table 3: Empirical sizes of tests of the null hypothesis Hy : § = 0.5 in a stationary ARH(1)
model with fitted functional fixed effects, general diffusion errors and nominal size 5%

c 20 60 100

~ ~

to th to £ to th to s to th to s

-10 0.0374 0.0272 0.0886 0.1082 0.0478 0.0432 0.0656 0.0664 0.0482 0.0466 0.064 0.0614
-7 0.0536 0.0372 0.0962 0.107 0.052 0.0452 0.0648 0.0658 0.0516 0.0504 0.0644 0.0614
-5 0.064 0.05 0.1018 0.1066 0.0546 0.0492 0.0656 0.0646 0.0568 0.0532 0.0638 0.0624
-3 0.0866 0.0664 0.1112 0.113 0.0594 0.0548 0.069 0.068 0.0564 0.0514 0.0636 0.0608
0 0.1332 0.0958 0.1276 0.1356 0.0766 0.0702 0.0818 0.0778 0.0604 0.057 0.0654 0.0596
2 0.1562 0.1104 0.1434 0.1538 0.0876 0.0776 0.0892 0.0872 0.0626 0.0584 0.0674 0.0626

10 Appendix D: The Singapore Life Panel (SLP)

Singapore Management University founded the Centre for Research in the Economics of Ageing
(CREA) in 2014 (now the Centre for Research on Successful Ageing, ROSA®) to study the
economics of aging. CREA then launched the Singapore Life Panel (SLP), a representative
group of citizens and permanent residents aged 50 to 70, using 25,000 addresses from the
Department of Statistics. Between May and July 2015, invitation letters were sent, followed
by in-person visits and phone calls, yielding 11,511 households (15,212 individuals) at a 52%
response rate. A pilot survey with 1,000 participants began in August 2015, and the full
survey started in September 2015, collecting monthly data on spending, earnings, health, and
employment.

The SLP is a longitudinal study, meaning it retains its members throughout without adding

8see https://rosa.smu.edu.sg/
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Figure 10: Local power curves of the autoregressive coefficient tests tg, f, t~§, Ag with stationary
curve time series generated by diffusion processes with diffusion coefficient ¢ € {—5, 3,0, 2}.
All the test statistics are computed by taking into account functional fixed effects.

new older participants for its monthly surveys. Consequently, the panel initially focused on in-
dividuals aged 50 to 70, and as time progresses, the age range shifts accordingly—for example,
moving to 51-71-year-olds in the following year. The SLP maintains relatively stable partici-
pation rates, with around 60% of respondents completing surveys each month. For analytical
purposes, we exclude any missing data on a monthly basis, applying nonparametric methods
to estimate the curve using the available observations.

Focusing on two-adult households—where consumption is reported for the couple, thus
excluding children expenditure—we winsorize the extreme 1% on both ends of the monthly
nondurable expenditure distribution. This process yields about 5,000 households per month,
totaling 418,525 household-month observations. Nondurable spending is divided into nine cat-
egories: clothing, education, food, health, housing, insurance, leisure, utilities, and transport.
Table 4 provides descriptive statistics for the key variables.

Table 4: Descriptive statistics for the SLP data

Means  Std. Dev. 10% 50% 90%

Clothing share 0.016 0.038 0.000 0.000 0.053
Education share 0.019 0.078 0.000 0.000 0.026
Food share 0.341 0.203 0.102 0.311 0.629
Health share 0.062 0.111 0.000 0.008 0.186
Housing share 0.065 0.201 0.000 0.005 0.194
Insurance share 0.026 0.069 0.000 0.000 0.091
Leisure share 0.050 0.118 0.000 0.000 0.143
Utility share 0.185 0.141 0.051  0.150 0.365
Transport share 0.141 0.156 0.015 0.088 0.348
Log tot. nondur. exp. 7.591 0.898 6.438 7.581 8.776

Total number of observations 418,525

44



References

ABADIR, K. M., K. HADRI, AND E. TzAvaLIs (1999): “The influence of VAR dimensions on estimator
biases,” Econometrica, 67, 163—181.

ALVAREZ, J. AND M. ARELLANO (2003): “The time series and cross-section asymptotics of dynamic
panel data estimators,” FEconometrica, 71, 1121-1159.

ANDERSON, T. W. anD C. Hsiao (1981): “Estimation of dynamic models with error components,”
Journal of the American statistical Association, 76, 598-606.

ANDREWS, D. W. K. (1993): “Tests for parameter instability and structural change with unknown
change point,” Econometrica, 821-856.

ARELLANO, M. AND S. BOND (1991): “Some tests of specification for panel data: Monte Carlo evidence
and an application to employment equations,” The review of economic studies, 58, 277-297.

BaNks, J., R. BLUNDELL, AND A. LEWBEL (1997): “Quadratic Engel curves and consumer demand,”
Review of Economics and statistics, 79, 527-539.

BEARE, B. K. (2017): “The Chang-Kim-Park model of cointegrated density-valued time series cannot
accommodate a stochastic trend,” Econ Journal Watch, 14, 133.

BEARE, B. K., J. SEO, AND W.-K. SEO (2017): “Cointegrated linear processes in Hilbert space,”
Journal of Time Series Analysis, 38, 1010-1027.

BEARE, B. K. AND W.-K. SEO (2020): “Representation of I (1) and I (2) autoregressive Hilbertian
processes,” FEconometric Theory, 36, 773-802.

Becas, J. J. AND M. NERLOVE (1988): “Biases in dynamic models with fixed effects,” Economics
Letters, 26, 29-31.

BLUNDELL, R., X. CHEN, AND D. KRISTENSEN (2007): “Semi-nonparametric IV estimation of shape-
invariant Engel curves,” Econometrica, 75, 1613-1669.

BLUNDELL, R., A. DUNCAN, AND K. PENDAKUR (1998): “Semiparametric estimation and consumer
demand,” Journal of applied econometrics, 13, 435-461.

BLUNDELL, R. W., M. BROWNING, AND I. A. CRAWFORD (2003): “Nonparametric Engel curves and
revealed preference,” Fconometrica, 71, 205—-240.

BosqQ, D. (2000): Linear processes in function spaces: theory and applications, vol. 149, Springer
Science & Business Media.

BosqQ, D. AND D. BLANKE (2008): Inference and prediction in large dimensions, John Wiley & Souns.

BYKHOVSKAYA, A. AND V. GORIN (2022): “Cointegration in large VARs,” The Annals of Statistics,
50, 1593-1617.

BYKHOVSKAYA, A. AND P. C. B. PHILLIPS (2018): “Boundary limit theory for functional local to
unity regression,” Journal of Time Series Analysis, 39, 523-562.

45



— (2020): “Point optimal testing with roots that are functionally local to unity,” Journal of
Econometrics, 219, 231-259.

CARRASCO, M. AND J.-P. FLORENS (2000): “Generalization of GMM to a continuum of moment
conditions,” Fconometric Theory, 16, 797-834.

CHANG, Y., C. S. KimM, AND J. Y. PARK (2016): “Nonstationarity in time series of state densities,”
Journal of Econometrics, 192, 152-167.

CHEN, K. AND H.-G. MULLER (2012): “Conditional quantile analysis when covariates are functions,
with application to growth data,” Journal of the Royal Statistical Society Series B: Statistical Method-
ology, T4, 67-89.

CHILDERS, D. (2018): “Solution of rational expectations models with function valued states,”

Manuscript, Carnegie Mellon University.

Cuo, J. S., P. C. B. PHILLIPS, AND J. SEO (2022): “Parametric conditional mean inference with
functional data applied to lifetime income curves,” International Economic Review, 63, 391-456.

DAROLLES, S., Y. FAN, J.-P. FLORENS, AND E. RENAULT (2011): “Nonparametric instrumental
regression,” Econometrica, 79, 1541-1565.

FaN, J., Y. L1ao, AND H. L1u (2016): “An overview of the estimation of large covariance and precision
matrices,” The Econometrics Journal, 19, C1-C32.

HAHN, J. AND G. KUERSTEINER (2002): “Asymptotically unbiased inference for a dynamic panel
model with fixed effects when both n and T are large,” Econometrica, 70, 1639-1657.

Harr, P. aAND J. L. HorROWITZ (2005): “Nonparametric methods for inference in the presence of
instrumental variables,” Annals of Statistics, 33, 2904-2929.

HorowiTz, J. L. (2014): “Ill-posed inverse problems in economics,” Annual Review of Economics, 6,
21-51.

HorvATH, L. AND P. KOKOSzZKA (2012): Inference for functional data with applications, vol. 200,
Springer Science & Business Media.

Hu, B., J. Y. PaARK, AND J. QIAN (2016): “Analysis of distributional dynamics for repeated cross-
sectional and intra-period observations,” Tech. rep., Working paper, presented at SETA/NZESG
meeting.

JAMES, G. (2010): “The Oxford handbook of functional data analysis,” Chapter Sparseness And Func-
tional Data Analysis, 298-326.

LAWFORD, S. AND M. P. STAMATOGIANNIS (2009): “The finite-sample effects of VAR dimensions on
OLS bias, OLS variance, and minimum MSE estimators,” Journal of Econometrics, 148, 124-130.

LEWBEL, A. (2008): “Engel curves,” The new Palgrave dictionary of economics, 2, 1-4.
Li, D., P. M. RoBINSON, AND H. L. SHANG (2020): “Long-range dependent curve time series,”

Journal of the American Statistical Association, 115, 957-971.

46



MARRIOTT, F. AND J. POPE (1954): “Bias in the estimation of autocorrelations,” Biometrika, 41,
390-402.

METIVIER, M. (2011): Semimartingales: A Course in Stochastic Processes, de Gruyter.

MooN, H. R. AND B. PERRON (2004): “Testing for a unit root in panels with dynamic factors,”
Journal of econometrics, 122, 81-126.

MooN, H. R., B. PERRON, aND P. C. B. PHILLIPS (2007): “Incidental trends and the power of panel
unit root tests,” Journal of Econometrics, 141, 416-459.

MooN, H. R. AND M. WEIDNER (2017): “Dynamic linear panel regression models with interactive
fixed effects,” Econometric Theory, 33, 158-195.

MORRISs, J. S. (2014): “Functional Regression,” Tech. rep., arXiv:1406.4068v1. The University of Texas.
NICKELL, S. (1981): “Biases in dynamic models with fixed effects,” Econometrica, 1417-1426.

PARK, J. Y. AND J. QIAN (2012): “Functional regression of continuous state distributions,” Journal
of Econometrics, 167, 397-412.

PHiLLIps, P. C. B. (1972): “The structural estimation of a stochastic differential equation system,”
FEconometrica, 1021-1041.

(1974): “The estimation of some continuous time models,” Econometrica, 803-823.

(1987a): “Time series regression with a unit root,” Econometrica, 277-301.

(1987b): “Towards a unified asymptotic theory for autoregression,” Biometrika, 74, 535-547.

(2012): “Folklore theorems, implicit maps, and indirect inference,” Fconometrica, 80, 425-454.

(2018): “Dynamic panel Anderson-Hsiao estimation with roots near unity,” Econometric Theory,
34, 253-276.

(2023): “Estimation and inference with near unit roots,” Econometric Theory, 39, 221-263.

(2025): “Edgeworth Expansions in Cross Section Curve Data Autoregression,” Working Paper,
Yale University, 35 pages.

PuiLLips, P. C. B. AND C. HAN (2015): “The true limit distributions of the Anderson-Hsiao IV
estimators in panel autoregression,” Economics Letters, 127, 89-92.

PuiLLips, P. C. B. AND L. JIANG (2016): “Parametric Autoregression in Function Space,” Working
Paper, Singapore Management University, 56 pages.

(2025): “Cross Section Curved Data Autoregression: the Unit Root Case,” Working Paper,
Yale University.

PHiLLIpS, P. C. B. AND T. MAGDALINOS (2007): “Limit theory for moderate deviations from a unit
root,” Journal of Econometrics, 136, 115-130.

47



PuiLuips, P. C. B. AND H. R. MooN (1999): “Linear regression limit theory for nonstationary panel
data,” Econometrica, 67, 1057-1111.

PaiLLips, P. C. B. AND D. SuL (2007): “Bias in dynamic panel estimation with fixed effects, incidental
trends and cross section dependence,” Journal of Econometrics, 137, 162-188.

REANOS, M. A. T. AND N. M. WOLFING (2018): “Household energy prices and inequality: Evidence
from German microdata based on the EASI demand system,” Energy Economics, 70, 84-97.

SHENTON, L. AND W. L. JOHNSON (1965): “Moments of a serial correlation coefficient,” Journal of
the Royal Statistical Society: Series B (Methodological), 27, 308-320.

ViNop, H. D. AND L. SHENTON (1996): “Exact Moments for Autorlegressive and Random walk
Models for a Zero or Stationary Initial Value,” Econometric Theory, 12, 481-499.

WanNG, X. AND J. YU (2016): “Double asymptotics for explosive continuous time models,” Journal of
Econometrics, 193, 35-53.

WHITE, J. S. (1961): “Asymptotic expansions for the mean and variance of the serial correlation
coefficient,” Biometrika, 48, 85-94.

ZHANG, J.-T. AND J. CHEN (2007): “Statistical inferences for functional data,” Annals of Statistics,
35, 1052-1079.

Zuou, Y., D.-R. CHEN, aND W. HUANG (2019): “A class of optimal estimators for the covariance
operator in reproducing kernel Hilbert spaces,” Journal of Multivariate Analysis, 169, 166—178.

48



	Introduction
	Parametric Hilbert Space Autoregression
	The functional ARH(1)
	Stationary and ergodic parametric ARH(1)
	Inference
	Bias expansion in the stationary parametric ARH(1)
	Specification test for a cross section break

	Functional fixed effects and dynamic panel comparisons
	Simulations
	Empirical Dynamics of Household Engel Curves
	Conclusions
	Appendix A
	Appendix B
	Limit theory under local cross section dependence
	Further error process illustrations

	Appendix C: Additional simulations - functional fixed effects 
	Appendix D: The Singapore Life Panel (SLP)



