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Abstract

To safeguard economic and financial stability policymakers regularly take actions designed to in-
crease resilience to systemic risks and curb speculative market behavior. To assess the effectiveness of
such mitigation policies, we introduce a counterfactual approach tailored to accommodate the mildly
explosive dynamics that occur during speculative bubbles. We derive asymptotics of the estimated
treatment effect under a common factor structure that allows for explosive, I(1), and stationary fac-
tors, thereby having applicability to a wide range of prevailing economic conditions. An inferential
procedure is proposed for the policy treatment effect that has asymptotic validity and demonstrates
satisfactory finite sample performance. An empirical analysis examines the monetary policy of interest
rate hikes implemented by the Reserve Bank of New Zealand, beginning in October 2021.This policy
exerted a statistically significant cooling effect on all regional housing markets in New Zealand. Our
findings show that this policy led to 20%-33% reductions in house prices in five out of six regions seven
months after the enactment of the interest rate hike.
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1 Introduction

Real estate and financial bubbles are pervasive occurrences observed across numerous markets worldwide
and over various historical periods.! These bubbles emerge when asset prices surge to unsustainable
levels, often driven by speculation and investor exuberance. Such bubbles can harm the real economy by
crowding out more productive investment during their expansionary stage (Hirano et al. 2015, Caballero
& Krishnamurthy 2006); and bubble collapse can trigger cascading effects of market correction, wealth
erosion, and financial instability (Case et al. 2000), as occurred dramatically with the US housing bubble
collapse in 2006-2007 which ultimately led to the 2008 global financial crisis.

Recognising the potential risks associated with speculative behaviour, policy actions are often taken
to dampen such activities and mitigate their potential impact on the broader economy. Examples of
these policy actions include adjusting interest rates to influence borrowing costs, implementing macro-
prudential measures such as stricter lending standards, and enhancing market surveillance to detect early
signs of excessive speculation. Evaluating the effectiveness of such policies is of paramount importance.
However, asset prices typically exhibit explosive dynamics during bubble periods, a widely recognized
characteristic in both theory and empirical literatures (see, e.g., Diba & Grossman 1988, Phillips et al.
2011). This particular feature of asset price dynamics presents a fundamental challenge to existing policy
evaluation frameworks such as the difference-in-differences method, the synthetic control (SC) method,
the counterfactual approach, and the matrix completion method.

Unlike the difference-in-differences approach, which utilizes a single control unit, the SC method
(Abadie & Gardeazabal 2003, Abadie et al. 2010, 2015, Abadie 2021) constructs a synthetic control unit
as a weighted average of a set of controls. The weights are selected to match the pre-treatment outcomes of
the treated and synthetic units. The treatment effect is measured as the difference between the synthetic
control and the actual observations in the post-treatment period. A key constraint in the synthetic control
method is that the weights must be non-negative and sum to unity. This ensures that the synthetic control
is a convex combination of the control units. However, sometimes it may not be possible to find such
weights that perfectly fit the pre-treatment outcomes. In such cases, alternative methods such as inexact
matching (Abadie & Imbens 2011), augmented synthetic control methods (Ben-Michael et al. 2021), and
demeaned synthetic control method (Ferman & Pinto 2021b) have been proposed.

An alternative but closely related framework was introduced by Hsiao et al. (2012) and extended by
Ouyang & Peng (2015), Li & Bell (2017), Masini & Medeiros (2022), Chernozhukov et al. (2021a), and
others. That framework compares observed outcomes with those that would have arisen in a scenario
where the treatment had not been implemented.? The counterfactual outcome is computed as the fitted
value of a cross-sectional regression, with the treated unit as the dependent variable and control units
as independent variables. We refer to this framework as the counterfactual framework. In contrast to
the synthetic control method which requires non-negative weights that sum to unity, the counterfactual
framework imposes no restrictions on the model coefficients. When the data is large in both the time
series and cross sectional dimensions and the data have a strong factor structure, another approach for
estimating treatment effect is the matrix completion method (Bai & Ng 2021, Xiong & Pelger 2023). This
method treats the observations of the treated units in the absence of treatment as missing values and
aims to recover these missing values by applying matrix completion techniques.

Existing frameworks for treatment effect analysis are generally designed for systems featuring either

'Recent econometric studies include, for example, Phillips & Yu (2011), Phillips et al. (2011), Gutierrez (2012), Etienne
et al. (2014), Phillips et al. (2015), Caspi et al. (2018), Harvey et al. (2015), Pavlidis et al. (2016), Shi et al. (2016),
Greenaway-McGrevy & Phillips (2016), Hu & Oxley (2017), Milunovich et al. (2019), Phillips & Shi (2020), Shi & Phillips
(2023a,b).

2Gobillon & Magnac (2016) showed that if the underlying model follows a linear factor structure, synthetic controls are
equivalent to counterfactual outcomes obtained from the factor model when the support of factor loadings and exogenous
covariates for the treated unit is a subset of those of the control group.



stationary or I(1) variables. Most research deals with stationary systems (e.g., Masini & Medeiros 2021)
but Masini & Medeiros (2022) also consider counterfactual analysis in nonstationary I(1) systems. Despite
these advances, neither of these approaches accommodates explosive dynamics induced by behavior that
manifests in the presence of speculative bubbles in the data.® This paper addresses this gap in the
econometric literature and responds to the need for a reliable method to assess policies aimed at mitigating
bubble phenomena in market behavior. We introduce a counterfactual framework tailored to estimate
treatment effects in the presence of explosive dynamics. This framework facilitates a nuanced assessment
of policy effectiveness in curbing speculative behaviors and mitigating their detrimental impacts on the
real economy. Such evaluation is imperative in understanding both the limitations and the strengths of
policy given the pervasive nature of bubbles and their significant consequences.

In alignment with existing literature on bubbles (Chen, Phillips & Shi 2023, Chen, Li & Phillips
2023), we adopt the assumption that asset prices adhere to a factor structure, which includes a mildly
explosive factor, alongside stationary and I(1) factors. The factor structure is highly versatile, with the
impact of these factors allowed to vary among the cross-sectional units. The counterfactual procedure
includes two steps, where you estimate a pseudo-true regression model in the first step and compute
the potential outcome under no treatment in the second step. The treatment effect is calculated as the
difference between the actual outcome and the estimated potential no treatment outcome. We analysis
the limiting properties of the estimated treatment effect under the setting of a fixed cross section unit
N and diverging pre-treatment period Tg, while allowing the post-treatment period 77 to be either fixed
or divergent. This framework is particularly useful when the number of control units is limited, which
is often the case in practice. Under the explosive factor structure, both the estimated treatment effect
and average treatment effect diverge as Ty approaches infinity. Nevertheless, the derived limit properties
still provide crucial guidance for inference. In particular, we propose an averaged mormalized treatment
effect (ANTE), which is shown to be asymptotically unbiased. The limiting distribution of the ANTE
is non-standard and depends on nuisance parameters. Moreover, we demonstrate that, under our data
generating procedure, treatment effects estimated using synthetic control methods also diverge to infinity.
The asymptotic results established in this paper contrast with those of stationary systems (Li & Bell
2017), integrated I(1) systems (Masini & Medeiros 2022), and the diverging factor setting of Ferman &
Pinto (2021a).

For inference we propose a resampling procedure that enables the construction of confidence intervals
for the treatment effect. This resampling procedure differs from that of Chernozhukov et al. (2021b)
for stationary process and that of Masini & Medeiros (2022) for integrated process. It is applicable to
situations where the pre-treatment period Tj is substantially larger than the post treatment period 77; and
the asymptotic validity of the resampling procedure is established under an explosive factor framework.
Simulations show satisfactory performance of the inference procedure in terms of both size and power
even when the pre-treatment sample size is small.

Research on the effectiveness of bubble mitigation policies is relatively limited. Among the strategies
explored, the leaning-against-the-wind (LAW) policy stands out as the most frequently examined. This
approach involves increasing interest rates in response to the emergence of bubbles. Studies by Miao
et al. (2019), Gali et al. (2021) and Fenig et al. (2018) suggest that aggressive implementation of the
LAW policy might effectively eliminate bubble fluctuations. But research on the contrary by Gali (2014),
Gali & Gambetti (2015), and Gali et al. (2021) indicates that the LAW policy might exacerbate either the
volatility or the persistence of bubbles. Timing as well as response intensity are other relevant factors that
need consideration. Consequently, there is no widely agreed-upon consensus regarding the efficacy of the
LAW policy in controlling asset price bubbles. It is noteworthy that most of the above investigations draw

3The only exception is Ferman & Pinto (2021a), which allows for the presence of diverging factors. Their online supplement
demonstrates that the demeaned synthetic control method remains asymptotically unbiased even with diverging factors.



upon on either macroeconomic theoretical models (such as overlapping generation models) or controlled
laboratory experiments,? and there is a notable lack of empirical evidence. The present paper seeks to fill
this gap by employing a theoretically sound counterfactual framework to provide empirical insights into
the efficacy of the LAW policy in curbing housing bubbles .

In response to overheated housing markets and escalating inflationary pressures, the Reserve Bank of
New Zealand (RBNZ) implemented its first OCR interest rate hike in seven years in October 2021 followed
by a series of regular rate rises at every Monetary Policy Committee (MPC) meeting until the last rise
in May 2023.°> We examine the effectiveness of these interest rate hikes in mitigating housing bubbles
across six regional markets in New Zealand. We utilize house prices from the eight Australian capital
cities as our control, leveraging the similarities between Australian and New Zealand housing markets.
Our counterfactual analysis operates under the assumption that house prices in both Australian and New
Zealand cities are influenced by common underlying factors. Consequently, the price information available
from Australian city experience helps to predict the counterfactual price trajectories for New Zealand
cities, due to the dependency induced by the common factors. Additionally, incorporating Australian city
house prices helps to account for unobserved time-varying factors. The impact of the interest rate hikes
is assessed by comparing the predicted housing price trajectories with the actual observed trajectories in
New Zealand. Our findings indicate that the interest rate hikes that began in 2021 resulted in a substantial
reduction in housing prices across all six regions. The average treatment effect over the following seven
months is negative and significantly different from zero, supporting the findings of Fenig et al. (2018),
Miao et al. (2019) and Gali et al. (2021).

The remainder of the paper is structured as follows: Section 2 introduces our model specification
and counterfactual analysis framework. In Section 3, we provide the asymptotics. Section 4 outlines the
resampling procedure for inference and establishes its asymptotic validity. Section 5 presents the finite
sample performance of the inference procedure for the averaged treatment effect in simulation settings.
The empirical study of the New Zealand housing markets is outlined in Section 6. Finally, Section 7
concludes the paper. The online supplement (Chen et al. 2025) examines the theoretical properties of the
demeaned synthetic control method (Ferman & Pinto 2021b) within our model setting and explores alter-
native estimation methods and optimal selection procedures for our counterfactual analysis as robustness
checks.

2 Model Specification and Counterfactual Analysis

We begin by introducing the model structure in Section 2.1, followed by the approach to counterfactual
analysis given in Section 2.2. The relationship between the model and the counterfactual framework is
discussed in Section 2.3.

2.1 Model Specification

Let y;; represents asset prices, where i = 1,--- | N denotes cross-sectional units, and t = 1,--- ,T" repre-
sents time periods. Asset prices in our model are governed by a mixed dynamic factor model:

Yig = Nife + eig, (1)

4 An exception is Gali & Gambetti (2015), which employs a VAR model investigating the impact the LAW policy on stock
prices.
®See https://www.rbnz.govt.nz/monetary-policy /monetary-policy-decisions.




as in Chen, Phillips & Shi (2023) and Chen, Li & Phillips (2023). In this equation, y;; are influenced
by three common factors represented by fi = (fi+, for, f3.1)".% The first factor captures the speculative
dynamics of asset prices amid speculations:

Jie = prfre—1+ui. (2)

Here, pr = 1 + #%&, with localizing coefficient ¢ > 0 and rate coefficient a € (1/2,1), following the
formulation in PSY. The second and third factors encapsulate market fundamentals. The second factor
follows an I(1) process

Jor = foi—1 + uay, (3)

while the third factor is a stationary AR(1) process:

f3.1 = p3fai—1 + ugy with pg < 1. (4)

This process can be extended to accommodate multiple explosive, I(1), and stationary factors without
inducing material changes in the asymptotic results.
It is convenient to rewrite (1) in matrix form as

yt = Afe + e, (5)
where y; = (y17t,...,yN7t)’, A= (). ..,/\N)' is an N x 3 matrix in which \; = ()\Z‘Vl,)\@Q,)\Z"g)/, and
et = (ert,..., eN,t)/. The loading matrix can be decomposed into three components: A = (Aq, Ag, A3)

where Ay = (A1, .- a)\N,l)/v Ay = (A2, /\N72)', and Az = (Ai3,... ,AN73)/. Consequently, we have the
following decomposition
yr = M fre+Aafor + Asfse + e (6)

2.2 Counterfactual Analysis

It is supposed that a treatment on m < N assets is conducted starting from time period Tp+ 1. We define
yz-(’lt) as the outcome when unit ¢ is subject to a treatment and y,gg) as the potential outcome in the event
there were no treatment. The observed price is then simply expressed as

1 0
Yit = Di,tyz(’t) + (1 = Diy) yz(,t)' (7)

)

Here, the treament selector D;; takes the value one if unit ¢ is subject to treatment at period ¢ and zero
otherwise. The treatment effect, denoted by d; 7,4, is correspondingly defined as
51',T0+j = yg%ﬂ - yg?T)OH' (8)
For the counterfactual analysis, we categorize the N cross-sectional units into a treatment group
T = {1,--- ,m} and a control group C = {m+1,--- ,N}. The treatment starts from period Ty + 1,
meaning D;; = 1if ¢ € T and t > Tj, and zero otherwise. The treatment period runs from 7Ty + 1 to T’
which includes T7 = T — T observations. The estimation of the treatment effect follows the procedure
outlined in the following steps.

Step 1. For all i € T and using the pre-treatment observations (¢t = 1,...,7Tp), estimate the following
pseudo-true regression model (defined precisely below in equations (33) — (34) of Proposition A.1
in the Appendix.)

Yip = E8i + €ig 9)

SWe consider a scalar variable just for the sake of simplicity and the results in the article can be easily extended to the
multivariate case.




where the regressor & = (1, Ym+1,t,- - - ,yN,t)/ collects data from the control group C, §; isap x 1
vector with p = (N —m) 4 1 elements and ¢;; is the equation error term. The least squares (LS)
estimates of the regression coefficients in (9) are denoted by 5; for all i € 7.

Step 2. Foralli e 7 and j =1,...,T1, compute the potential outcome if not treated as

~(0 . ~
B Dss = i B (10)

/
with Z; = (1, yr(nozrl PR ,y&%) since these units are not treated.

Step 3. Foralli € 7 and j = 1,...,T}, calculate the treatment effect SinOH as

N ~(0 1 ~(0 .
0ittots = Ui = Uiy 7= Uiy = Uiy gr Tori €T (11)

and the average normalized treatment effect

1 &

= ) Dizyyg With ;g4 =
=1

1 .

A 5 OiTotds (12)
T3, 7

—1
where the p; 7 = (221 yl-ztfl) ZtTil YitYit—1 are LS estimates of the first order autoregressive

coefficients in a simple autoregression of the pre-treatment observations {yi7t},‘f§1 for unit %.

Our approach differs from that discussed in Hsiao et al. (2012) and Masini & Medeiros (2022) in the
definition of A; 7. Specifically, we compute the average normalized treatment effect A; r in (12), instead
of the average treatment effect (ATE) A}LT that is given by

1 &
Ap= kS b (13)
j=1

The normalization used in (12) is guided by the asymptotic properties of Si,Toﬂ' provided in Section 3,
whereas the normalization used in (13) in constructing the ATE is just the sample size.

2.3 Building the Factor Model and Counterfactual Connection

We start by establishing the link between the factor structure in (1) and the pseudo-true regression model
(9) utilized in the counterfactual analysis. First, rewrite (1) as

Yit = Ai1f1e + €igs (14)

where €;; = Niafor + Nigfsr + eir. Note that (14) isolates the explosive factor influence on y;+. Next,
assign the last element NN in the cross section so that this unit has a loading factor Ay 1 > 0, thereby
providing a numeraire (which is useful for later normalization) and assuring the presence of an explosive
factor in this unit.”

In subsequent analysis we use the superscripts * and * to signify the treatment group and the control
group, respectively. More specifically we write ¢ = (y1¢,--- ,ym,t)/ for the treatment group and use
U = (3’/’[’, vat)/ for the control group. Here 4, = (Ym+1.t,- - - ,yN_Lt)/ denotes the subset of control units
excluding the numeraire ¢ = N, with the negative superscript in 4, to signal this omission.

"The cross section elements can be arbitrarily rearranged as might be needed to achieve this choice of numerairs.



Proposition A.1 in the Appendix develops the constructive approach that shows how the pseudo-true
model (9) is defined precisely in vector form, providing a linkage between the treatment group outcomes
Gt = (Y14, -+ »Ymy) and the control group outcomes jj; = (;'y';’, yN7t)/ as follows

it = Bo + Bije + &, (15)

where 3y = (B1,05- -, Bm,0) and B = (B1,...,Bm) and g, = (14, - .- ,am,t)'. The regression coefficients Sy
and § as well as the error process ¢; in (15) are given explicitly in equations (33) — (34) of Proposition A.1
in the Appendix. This linkage between the factor structure determining the data in (1) and the regression
model (15) used in the counterfactual analysis is a key step in enabling estimation and inference concerning
the treatment effects of policy.

3 Asymptotics
The following assumptions are used to develop the asymptotic theory.

Assumption 3.1 E (yt(o)|Ds> =E <y§0)> for all t,s, where Dy = [Dig,...,Dns|" and the D; 4 are
defined as in (7).

Assumption 3.2 (Data generating process):

(1) Let Fy = o{ug,us—1,...} where up = (u1y,ust, usy) is a sequence of independent and identically
distributed random vector with E(u;) = 0, sup;>; E et < M for some ¢ >0 and M < oo, and

011
!
E(utut) = 0921 g929
031 032 033

(2) The initial values fi10 = O, (1).
3) The factor loadings X\; ; are bounded for allt=1,--- ,N and j =1,2,3.
( g8 Aij J
(4) The residual e; is a zero mean covariance stationary process.
(5) {\i},{ut}, and {e;+} are mutually independent.
Assumption 3.3 The cross sectional unit number N is fized and the pre-treatment period Ty — oco.

Assumption 3.1 ensures that the treatment in period s has no impact on the outcomes of the control
group in period t, thereby ruling out spillover effects from the treatment group to the control group.
Assumptions 3.2(1) -(3) follow standard conventions in factor models. Assumption 3.2(4) is adopted for
ease of exposition and can be generalized to allow for heteroskedasticity. Unlike the factor literature,
where the number of units IV is typically assumed to diverge to infinity, Assumption 3.3 requires N to be
finite, which is typically the case in practice.®

Let i = (Bi0,8;) and Bi = (Bi,mB;) with 8,7 = (Bim+1,s---,Bin) and B, = (Bi,m+1,--.75i,N)-
Theorem 3.4 gives the asymptotic properties of the estimated coefficients in the pseudo-true model under
a factor structure that incorporates mildly explosive dynamics.

8When N — oo estimation techniques such as LASSO (Kock & Callot 2015), weighted LASSO (Masini & Medeiros 2021),
adaptive LASSO (Medeiros & Mendes 2016), and conservative LASSO (Miao et al. 2023) may be used for estimating the
pseudo-true regression model. Exploration of these options is left for future research.



Theorem 3.4 Under the data generating process (1) and Assumptions 3.1-3.3,
T1/2 (510 ﬂi,O) ~ o Ty <)\z‘,2 : )Wls (16)

7-(-e)/2,T (5— 5#) ~ 2006 Wa /X (e), (17)

where T = To/T, X1(c) = N(0,2%011), Xa(c) := N(0, %02), By is Brownian motion with variance
022,

1 [7 1 [7
Wi = / By (r)dr, Wiy = cXo (c)—/ By (1) dr,
T Jo T Jo
—1
. ..ANQ)’K.. ..)\N2> < ..)\N2>’] ( ..)\N2)
Th = 1—-[(AS —A ’ AT — AT —= AS — : A — A =,
A ( 2 AN 2 AN 2 AN 2 L AN
A oL
IMr; = Ya|Ai2— = AN2 (AlAll) Ay
AN

with Al_ = ()\m+1’1, ceey AN—I,I)/; AQ_ = (Am+172, ceey )\N_LQ)/, and A1 = (Al_/, )\N,l) .

From (16) the intercept estimator Bz}O is asymptotically unbiased but inconsistent as the variance
of Bi,O — Bio diverges at the rate O(T). The estimates 31_ are consistent for 8, with convergence rate
Op(T(l_O‘)/ 2p:;TO). The limit distributions of both estimates, after centering and appropriate standard-
ization are non-standard and depend on the values of 7, ¢, and the factor loadings.

Using (11) the error in the estimated treatment effect 3i,To+j is given by

Si,ToJrj =0Tty = (y%)+j - Q(T?):.» - (?Aﬂ?ﬂ - y’%?.l,-j)
= - (Bi,(] - 5¢,0> — Uyt (BZ_ - /Bi—> + &0 To+j- (18)

The properties of 51-,T0+j then depend on those of Bi,g, B; , Y1y+; and €;1,45. But the limit properties of
the estimated treatment effect are driven by the dominant second term on the right side of (18). To assist
in analyzing the asymptotics, the following Lemma shows that p; 7 is a consistent estimator of p; 7.

Lemma 3.1 Under the data generating process of (1) and Assumptions 3.1-3.3, as T, Ty — oo, we have
pir = pr + Op (T_QP%T(J) :

With these results in hand, Theorem 3.5 below provides asymptotics for the estimated treatment effect
0i To+; and the estimated average treatment effect A; r with either fixed or divergent T7.

Theorem 3.5 Under the data generating process (1) and Assumptions 3.1-3.3, for alli =1,...,m and
j=1,--- 1T, the estimated period-by-period treatment effects have the following asymptotic properties

712 (&,n - 5Z~,T0+j) o —2A TTp i W if Ty — oo 19
7 (Bivrs = Gimes) ~ =Ta (N2 = R Anz ) Wi = 2R Wa if Ty is fimite
The average normalized treatment effect estimator has the following asymptotics
éw — A7~ —QA'IHMW% if Ty — o0 20)
Air = Dip =~ =Ta (Niz = 325 Aw2) Wi = 2810 Wo if T s finite

1 T el 25
where A 1= o Zjil / 51 To+j-



Theorem 3.5 shows that the errors in the estimated period-by-period treatment effects diverge as in
(19) under the explosive common factor structure. But the divergence rates in the errors depend on
the autoregressive coefficients pr and these are consistently estimable as shown in Lemma 3.1, thereby
providing a mechanism to construct a consistent estimate of the average normalized treatment effect A@T,
as shown in (20). Upon standardizing 5¢,T0+j using T'1/2 pgp, the ANTE Ai,T provides an an asymptotically
unbiased estimator of A; 7 and the difference ALT —A; 7 has zero mean limit theory under both conditions
on T7. These asymptotics are contingent on appropriate normalization in the construction of the ANTE.
When standard averaging is employed, as in ATE, different asymptotic behavior applies as shown below.

Corollary 3.6 Under the data generating process (1) and Assumptions 3.1-3.3. For alli = 1,...,m,
the average treatment effect estimators AZTT have the following asymptotics behavior

T2 _Tl <AIT - AjT) ~ —ﬁ ALTI W, if Th = o0

, )W1 — oA TIN Wy if Ty is finite

T1/2 (AT AI,T) ~ =Ty ()\i,Q (21)

Thus, in the presence of an explosive common factor, the average treatment effect estimator AIT
diverges, in contrast to the existing literature for stationary and I(1) settings. In a stationary factor model
settmg, subject to certain regularity conditions, Hsiao et al. (2012) demonstrate that the treatment effect
5@ To+j serves as an unbiased estimator for ; 1, +;; and AT i is v/T-consistent for ATT with an asymptotic
normal distribution (Ouyang & Peng 2015, Carvalho et al 2018). A nonstationary common factor setting
is explored by Masini & Medeiros (2022). They show that the estimated treatment effect Si,T is biased
but consistent under cointegration and diverges to infinity when there is no cointegrating relationship.
The average treatment effect achieves v/T-consistency under cointegration and diverges when there is
no cointegration relationships. The limiting distributions are non-standard and dependent on nuisance
parameters, except when T/T — 1, in which case it is Gaussian.

Another widely used approach is the synthetic control method. Ferman & Pinto (2021a) demonstrate
that synthetic control methods are effective even when the data generating process includes a diverging
factor of order Op(TOK ) for some constant K. In Appendix 7?7, we present the limiting properties of
the synthetic control method under our data generating process. The findings indicate that both the
treatment effect and the average treatment effect of the synthetic control methods tend to infinity as
Tp — o0, in contrast to Ferman & Pinto (2021a). The disparity arises, just as before, from the features
of a data generating process that includes a mildly explosive factor, for which the normalization requires
the presence of an exponential factor such as pl., as opposed to a power law such as TOK .

4 Statistical Inference

This section develops methodology for statistical inference. We test the null hypothesis that there is
no treatment effect in any period (Hp) or that the average treatment effect is zero (Hy). Note that Hy
implies Hy. We consider a block resampling approach,”? assuming that T is significantly larger than T7.
We begin with a quasi-differencing operation using the fitted autoregressive coefficient p; 7 to obtain

Wit = Yit — Pi,TYit—-1-

Subsequently, we employ a recursive procedure to extract blocks of T; residuals {w,t}5+T1 ! from the
pre-treatment period with s € I, := {1,...,To — T1 + 1}. These blocks serve as the basis for simulating

9The resampling procedure proposed by Masini & Medeiros (2021) and Masini & Medeiros (2022) is for stationary
processes and cannot be applied in our setting.



the zero treatment effect dynamics of unit i, denoted by yl(OTz)Jr i

07 - 07 A .
yz(Ts)ﬂ = PLT%(,TS)HA + Wisyj-1, forj=1,---. T (22)

where the initial value y%k? = ygoT)O. The resampling procedure is illustrated in Figure 1.

using the formula:

~(0,s)

Next, we estimate the potential (no treatment) outcome from the resampled observations Tyt USIng

the pseudo true regression model such that

~(0,5) 4 ..(0,8) H—

Yito+; = Bio + yTo+jBi ‘
The resampled normalized treatment effects are defined as

ORI <y<o,s> 5(0.9) )
0, To+j ~ g1/2-9 \ZuTo+i  JiTo+j ) °
27,
The inference procedure is given in the seven steps detailed in the following resampling algorithm.
Resampling Algorithm to Construct Confidence Intervals for No Treatment Effect
Step 1: Obtain residuals w;; = y;+ — pi7Yyit—1 for all units (ie., ¢ = 1,--- ,N) in the pre-treatment
period (i.e., t =1,...,Tp).

Step 2: For a given s € I, = {1,...,Ty — T1 + 1}, simulate potential realizations for all units during

the treatment period using equation (22).

Step 3: Compute the normalized treatment effect for each unit in the treatment group (i.e., i =

1,...,m)
NORE (0,5) _(0,5) 1 ~(08) 5 .(0,8)7 A—
ViTo+j = T2, (%Tw‘ - yz‘,To+j> with ;1% = Bio + n1;6i (23)
T
..(0, 0, 0,5))’
and yt( ) = <y7(nﬂ’t, ceey yJ(V;)) .
Step 4: : Compute the test statistics:
T
/ o 1 ~
0 i= (001 00F) for Hy and A7 = T S o) . for Hy.
j=1

Step 5: Repeat Step 2 and 4 for all s in the set I, and obtain two test statistic sequences {07}
and {Af} foreachi=1,...,m.
SEITO

SGITO

Step 6: Take the 1005/2 and 100 (1 — /3/2) percentiles of the test statistic sequences, denoted by
117T (8/2) and Q},T (1—-p/2) for of,
Pr (8/2) and Q7 (1 - 8/2) for Ajy.
Step 7: The 100(1 — 3)% confidence interval of §; := (6; 741, - ., 0;,7) is computed as
(6 = T2 QL (L= B/2), 6 - TV*5,Q17 (8/2)]

where §; 1= <3i,To+17 .. ,31-’T). The 100(1 — 3)% confidence interval of A; 7 = 0 is computed as

(A= @20 (1= 8/2), A — Q31 (8/2)]
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Figure 1: Hlustration of the Resampling Procedure
s = Ty —T1+1

/.

i !
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1
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1
Pre-treatment period T, Treatment period T,
1
1

Wit = Yit — PilVit—1
0,s) ~ (D, -
.‘”?(-T;'ff - pi"‘,“”f-TDL.f—l T Wisst+j—1
Note: This figure illustrates how blocks of length T7 were constructed from the pre-treatment period
of length Ty. Specifically, we partitioned the time series of residuals {@i,t}fgl into overlapping blocks
starting at s € {1,...,Ty — T1 + 1}. Each block covers the time interval [s,s + 77 — 1]. These blocks
were used to simulate the post-treatment path {nyTjL j }f; , under the zero treatment effect setting. It
is assumed that T > T, enabling a large number blocks to be extracted.

Asymptotic Validity Let ¢ : R”T — R? be a continuous mapping, operating on the Tj-dimensional
vector (ﬁi7TO+1, .. ,ﬁi,T) where 0; 115 == 71/ Zﬁ;rj]wéi,To_i_j is the estimated normalized treatment effect

(NTE) at period Ty + j for unit ¢ defined earlier in (12). The statistic of interest is denoted by
i = ¢ (Dimpats-- - OiT).-

With appropriate choices of ¢ (-), we can conduct inference for both NTE and NATE using appropriate
functions. Specifically we use

bi = (Dimp+1,--- 0ir) == 0; for NTE (24)
and
o1 & .
¢i = Tl Z@Z’7T0+j = Ai,T fOI' :NvArI‘E)7 (25)
j=1

where qASZ is a 71 x 1 vector for NTE and a scalar for NATE. .
Let ¢ == ¢ (ViTy+1,---,vi7) € R? with v; 1,45 := T*1/2pi_%5i7T0+j. Under the null of no treatment

effect in any period (Hy) or no average treatment effect (Hy), the NTE or NATE function ¢; = 0. The
cumulative distribution function (CDF) of the statistic is expressed as

Gir(h) =1 <<75z — ¢ < hb) with ¢ € RY,

where 1 (.) is an indicator function, h is a constant, and ¢ is a 77 x 1 vector of ones (i.e., ¢ = T7) under
Hj and takes the value one (i.e., ¢ = 1) under ﬁo. When ¢ > 1, for a pair of vectors c,d € R?, we use
the convention ¢ < d if ¢; < d;,Vi. From Theorem 3.5, the limit distributions of the estimation error
qgi — ¢; are invariant to the value of ¢;, whether under the null hypothesis (¢; = 0) or under the alternative
(¢i #0). To estimate G; 7 (h), it is sufficient to consider the case of ¢; = 0.
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Let qAﬁf = ¢ (@i(s%o IRTERRS @f‘?) be the NTE or ANTE function of the vector of resampled normalized
treatment effects. The empirical CDF of the resampled test statistic is then

Gir (h) == Ti Y1 (q@f < m) . (26)
s SEITO

where Ty = Tp — 11 + 1 is the cardinality of Ir,.
Lemma 4.1 Under the data generating process (1) and Assumptions 3.2-3.3, y;+ can be expressed as

Yit = PTYit—1 + Wi,

where w; ¢ contains the remaining terms given by

C
Wit = _ﬁ)\i,QfQ,t—l + i3 (p3 — pr) f3,-1 + €ir — preis—1 + i,

with n; ¢ = Ni1uie + Nigua s + A 3us ;.
(1) The error terms w; are covariance stationary;
(2) wWity4j — Wisrj—1 = Op(1) as To — oo, where &;t = Yit — PiTYit—1;

(3) yl(f)T)o+j - y(o’s) = 0y (1) as Ty — oo, where y(OT’)

i Totj = 3 S_H is defined in equation (22).

Part (1) of Lemma 4.1 shows that y;; generated from (1) can be represented as an explosive AR(1)
process with covariance stationary error terms, while Parts (2) and (3) ensure the first order validity of
the resampling procedure. By definition,

o© e - 1 (0) _ 408) (0 (0
oty — VRTotd =y (Vi T Yidotd YiTo+j ~ YiTo+
i, T

1 Vw (0) -(0) +(0,9)
= = Yitot+i ~ Yito+; T (yi,T +i — ¥ +j>}
Tl/Zpg,T 0 0 0 0

= 0, (T72p77) = 0,(1),

since, from Lemma 4.1 and 3.1 and Theorem 3.4,

1 .(0,s) ~(0) 1 ..(0,8)r  ..(0) A —a/2 —To—j
T125 (yz’,Tjﬂ - ?/z’,Toﬂ') T2 (?/Toij - yTo-i-j) Bi =0p (T “pp'? ])
0, T i, T

and o /;ﬁj (yl.(f)T)O Vo yZ(OT(S))JrJ =0, (T—1/2 p;j ) from Lemma 4.1 and 3.1. By continuous mapping,
BT

3~ =0, (1) (27)

Following closely the proof of Masini & Medeiros (2021, Theorem?2), we have the following asymptotic
properties.

Theorem 4.1 Under the data generating process (1) and Assumptions 3.2-3.3,

(1) Gir (h) = Gix (k) = 0, (1) for all the continuity points of h — Gy (h), where G;(h) is the infeasible
counterpart of G; 7 with known 3; and pr.
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(2) If G; (.) is continuous, result (1) holds uniformly in h € RY.

The quantiles of the statistics obtained from Algorithm 4 can be rewritten as
A 1 A 1
Qé,T (8/2) := inf {h :Gir(h) < Qﬁb} and QQT (1 —/4/2) :=inf {h :Gir(h) > 2BL}

where ¢ € R? and [ = 1,2 correspond to Hy and ﬁg. Theorem 4.1 implies that

Pr(QLr(8/2) < di— 6 < QLr (1-8/2)) = (1- B,

5 Simulation Study

This section examines the finite sample performance of the proposed methodology. The simulations
encompass two distinct sets of DGPs. The first set focuses on scenarios where the treatment effect is zero,
while the second set explores non-zero treatment effects. Section 5.1 outlines the detailed design of these
two sets of DGPs; Section 5.2 reports sizes and powers of the procedure.

5.1 DGP Design

Here the size and power of the inference procedure are examined for the null hypothesis of no average
treatment effect (i.e., Hy). Data are generated from (1) and there are two sets of DGPs. For studying
size we set ¢ = 1 with a = 0.95 or a = 0.98 for the explosive root, and p3 = 0.2 for the stationary root.
Two different settings for the factor loadings are considered: one follows the standard normal distribution
truncated to be within the domain [—2, 2] (labeled as ‘Normal’); the other follows a uniform distribution
over [—2, 2] (labeled as ‘Uniform’).

The second set of DGPs is for studying power and requires a distinct data generating process for
the first unit during the treatment period. Four different specifications are considered, labeled DGP1 -
DGP4. DGP1 explores a scenario where the bubble mitigation policy (treatment) effectively eliminates
the explosive factor. Consequently, yr,4; is generated according to the model

YTotj = Mo for + A3 fzs + €.

In DGP2 the treatment reduces the explosive |rate of prices but does not entirely eliminate the bubble.
This effect is captured by a reduced rate of the explosive factor pr = 1 4 ¢/T%, with the localising
coefficient ¢ decreasing from 1 to 0.5. DGP3 assumes that the treatment does not directly impact the
explosive factor but instead leads to a reduced loading for the explosive factors to 70%. In DGP4,
we decrease the loading associated with the explosive factor to 30%, so the treatment effect is more
pronounced for DGP4 compared to DGP3. Across all four DGPs uniformly distributed factor loadings
are used as in the size study. Observations in the pre-treatment period are generated from equation (1)
with o = 0.95. Other parameter configurations remain identical to those in the size study.

The errors e;; and u;; are i.i.d. standard normal for all combinations of (i, 7,t). We let Ty = 10 and
consider various combination of Ty = 100,200,300 and N = 8,14,28. The first unit is designated the
treated unit and the remaining units as the control group. The nominal size is 5%, and the number of
replications is 5,000 in each case.

5.2 Size and Power Study

This section reports size and power of the procedure. Table 1 shows rejection rates under ﬁo (left panel)
and H; (right panel) for the average alternative treatment effect across various parameter configurations.
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Overall, the inference procedure exhibits satisfactory performance. When the pre-treatment period Ty is
small (i.e., 80), there is a slight upward size distortion and the extent of this distortion increases with
larger values of N. But when Tj rises the size of the test tends to the nominal size regardless of the value
of N. There appear to be no significant distinctions between results under uniform or normal distribution
factor loadings.

Table 1: Empirical sizes and powers of the inference procedure for the average treatment effect. The
nominal size is 5%.

Empirical Sizes Empirical Powers
N 1T a=0.95 a=0.98 DGP1 DGP2 DGP3 DGP4
Normal Uniform Normal Uniform Uniform Uniform Uniform Uniform
8 80 0.119 0.118 0.101 0.109 0.857 0.860 0.668 0.817
100 0.092 0.097 0.090 0.081 0.875 0.876 0.688 0.834
200 0.066 0.065 0.066 0.059 0.893 0.890 0.730 0.860
300 0.060 0.053 0.057 0.055 0.905 0.906 0.765 0.874
14 80 0.120 0.127 0.110 0.110 0.874 0.887 0.700 0.837
100 0.100 0.093 0.091 0.094 0.884 0.877 0.716 0.847
200 0.062 0.066 0.067 0.071 0.900 0.902 0.761 0.871
300 0.057 0.058 0.055 0.057 0.912 0.910 0.779 0.882
28 80 0.175 0.177 0.160 0.153 0.896 0.898 0.751 0.868
100 0.131 0.126 0.117 0.121 0.904 0.900 0.745 0.871
200 0.072 0.078 0.070 0.072 0.907 0.910 0.770 0.876
300 0.056 0.057 0.056 0.058 0.919 0.919 0.793 0.894

Empirical power of the procedure increases with Tjy and, to a lesser extent, with V. As expected, test
power rises with treatment strength. There appear to be no significant differences between DGP1 and
DGP2, but there is a substantial increase in power when moving from DGP3 to DGP4.10

In Appendix ?? we introduce an optimal control unit selection procedure and examine its finite
sample performance within our setting. Simulation results show that the optimal control unit selection
procedure achieves similar size performance but reduces the power of detecting significant treatment
effects. Consequently, for the empirical study, we employ the full set of controls.

6 LAW Policy Evaluation: New Zealand Housing Markets

Australia and New Zealand share similarities in factors such as prevailing economic influences, demo-
graphic dynamics, and regulatory frameworks that contribute to shaping the overall characteristics of
their respective housing markets. The two countries have witnessed analogous trends in the evolution
of their real estate landscapes over time. House prices in the eight capital cities of Australia and six
regions in New Zealand over the past decade are displayed in Figure 2. The monthly house prices for
the Australian market are sourced from CorelLogic and the New Zealand house prices are downloaded
from the Real Estate Institute of New Zealand (REINZ). Both markets have undergone stable growth
in house prices, with slight declines observed in some regions/cities between 2017 and 2019. However,
starting from the second half of 2020, a majority of cities or regions in these two countries experienced a

10The LS estimator of the autoregressive coefficient p; r is well known to suffer downward bias in finite samples, although
the bias is much greater for stationary than for explosive autoregression (Phillips 2012). In Appendix ??, indirect inference
estimation is used to reduce bias in the estimation of p; . Simulation results indicate no significant differences in the sizes
and powers of the tests when using this alternative estimator, especially when T is large.
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rapid expansion in house prices, raising concerns of speculative behavior in these housing markets (Shi &
Phillips 2023a). Speculative bubbles were empirically identified in both the Australian and New Zealand
housing markets over the period from 2020 to 2022.''. This rapid expansion of house prices was followed
by a directional shift in late 2021 or early 2022 in response to interest rate hikes by their respective central
banks.

Figure 2: House Prices in New Zealand and Australia: 2014-2022
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Hgee, for example, the Housing Fever website (https://housing-fever.com/).
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As illustrated in Figure 3, the targeted cash rates in New Zealand and Australia exhibited a similar
trend from September 2014 onward with slight asynchronization in timing. The vertical lines in the graph
denote pivotal moments in the monetary policies of their respective central banks. From September 2014,
the Reserve Bank of New Zealand (RBNZ) consistently maintained a stance of either stability or rate
reduction until a reversal in October 2021. Notably for the present study, the Monetary Policy Committee
(MPC) of the RBNZ stated explicitly the bank’s intent to moderate the ongoing rapid expansion in New
Zealand house prices.!? Similarly, the Reserve Bank of Australia (RBA) mirrored this pattern, keeping
the cash rate steady or reducing it from December 2010 until a reversal in May 2022, seven months after
the RBNZ’s change.

Figure 3: Targeted Cash Rate: January 2010 to March 2023
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We examine the effects of interest rate hikes on the New Zealand housing markets. Leveraging the
shared similarities between the two countries, we employ the Australian housing markets as our control
group. The treatment phase commenced in October 2021 when RBNZ first increased its targeted cash rate
after seven years. The pre-treatment period spans from September 2014 to September 2021 (containing
85 monthly observations), during which time the cash rate remained either unchanged or was reduced.
The post-treatment period is defined as the duration following the initial rate hike by the RBNZ (October
2021) and preceding the rate hike by the RBA in May 2022.13 14

128pecifically, in its media release report on 6 October 2021 the MPC remarked: As required by their Remit, mem-
bers assessed the impact of monetary policy on the Government’s objective to support more sustainable house prices.
The Committee noted the Reserve Bank’s assessment is that the level of house prices is currently unsustainable. Mem-
bers moted that a number of factors are expected to constrain house prices over the medium term. These include a
high rate of house building, slower population growth, changes to tax settings, and tighter bank lending rules. Rising
mortgage interest rates, as monetary stimulus is reduced, would also constrain house prices to a more sustainable level.
https://www.rbnz.govt.nz/hub/news/2021/10/monetary-stimulus-further-reduced-official-cash-rate-raised-to-050-percent.

13Tn October 2021 the RBNZ raised the official cash rate (OCR) from 0.25% by 25 basis points with subsequent 25 basis
point OCR hikes in November 2021 and February 2022 and a 50 basis point hike in April 2022

0On October 6, 2021, the Australian Prudential Regulation Authority (APRA) increased the minimum interest rate
buffer from 2.5% to 3.0% to combat speculation in housing market. The official statement noted that APRA’s decision,
which reflects growing financial stability risks from ADIs’ residential mortgage lending, is supported by other members of
the Council of Financial Regulators. See: https://www.apra.gov.au/news-and-publications/apra-increases-banks,
E2%80%99-1loan-serviceability-expectations-to-counter-rising for details. We may expect this policy to have had a
dampening effect on Australian house prices, possibly leading to conservative estimates of the treatment effect of RBNZ’s
monetary policy.

16


https://www.apra.gov.au/news-and-publications/apra-increases-banks%E2%80%99-loan-serviceability-expectations-to-counter-rising
https://www.apra.gov.au/news-and-publications/apra-increases-banks%E2%80%99-loan-serviceability-expectations-to-counter-rising

We begin by computing the autoregressive coefficient of house prices during the pre-treatment period
for each city. The resulting autoregressive coefficients are depicted in Figure 4. Notably, all estimated
coefficients, with the exception of those for Perth and Darwin, exceed unity. These estimates point to the
potential existence of a common explosive factor across Australian and New Zealand cities or regions.

Figure 4: Estimated autoregressive coefficient p; r for the pre-treatment period. The shaded areas are for

the control units.
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Next, we estimate the treatment effect of RBNZ interest rate hikes for the six regions in New Zealand
from October 2021 to May 2022. The pseudo true model (9) is estimated using log prices in the pre-
treatment period, where 4j; incorporates house prices from the selected control units. The confidence bands
for no treatment effect are derived using the resampling procedure of Algorithm 4, where the p; 7 are
obtained by LS estimation.'® Figure 5 illustrates the resampled confidence intervals in conjunction with
the dynamics of house prices. In each graph, we also provide the fitted values and adjusted R-squares
of the pseudo-true regression. The adjusted R-squares are notably high for all regions (above 0.90),
indicating a strong model fit. The vertical lines denote the commencement of treatment. Notably, except
for Canterbury, potential prices for all other regions significantly exceed actual house prices, indicating the
effectiveness of the implemented monetary policy in containing speculative behavior in the New Zealand
housing market.

Table 2 displays confidence bands for the averaged normalized treatment effect over the seven-month
treatment period for the six regional housing markets. It is apparent that all confidence intervals of the
ANTE are negative and significantly different from zero, indicating that the interest rate hike by RBNZ
has significantly dampened house prices in New Zealand. Furthermore, the average treatment effect is
most pronounced in the Bay of Plenty, followed by Waikato, Auckland, Otago, and Wellington, while the
Canterbury region experiences the least impact on housing prices.

To further quantify the extent of the price cooling effect, we calculate the lower bounds of the per-
centage of price reduction (PPR) in April 2022 (seven months after the treatment began). The PPR is
determined by subtracting the lower bound of the counterfactual confidence interval from the actual log

15 As demonstrated in the simulation study, despite the potential downward bias of the LS estimator p; r, this bias does
not have a visible impact on test outcomes and hence computed confidence bands. Consequently, and for brevity, we only
present the resampled confidence bands using LS and results obtained from indirect inference (not reported) are comparable.
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Figure 5: New Zealand housing market counterfactual: Confidence bands of no treatment effect
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Table 2: Confidence intervals of the average normalized treatment effect (ANTE) and percentages of price
reduction (PPR) seven months after the treatment onset.

Auckland Canterbury Wellington  Bay of Plenty Waikato Otago
CI of ANTE [-2.07,-2.06] [-0.71,-0.70] [-1.46,-1.44] [-2.40,-2.38] [-2.23,-2.22] [-1.99,-1.97]
PPR -32.55 -4.43 -21.97 -27.91 -24.35 -29.15

prices. The results are displayed in Table 2. Evidently, the RBNZ monetary policy starting with the
interest rate hike in October 2021 and subsequent rate hikes in November 2021, February 2022 and April
2022 over the treatment period resulted in a notable housing price reduction seven months after its initial
enactment, with Auckland experiencing the largest reduction at -32.55% and Canterbury the smallest at
-4.43%. The remaining regions show reductions ranging between -21% and -30%.

7 Conclusion

The pervasive nature of real estate and financial bubble risk poses significant challenges to economic
stability, often precipitating major market corrections and financial instability. Policy responses aimed
at mitigating these risks are essential, yet evaluating their effectiveness proves to be a complex task, due
to the presence of the explosive dynamics that are induced by speculative bubbles. Existing frameworks
for assessing policy effectiveness, such as the synthetic control method and the counterfactual framework,
are valuable tools but these methods fall short when confronted with the special quantitative dynamic
character of asset price bubbles.

This paper contributes to the econometric literature by introducing a counterfactual framework that
can be employed to estimate treatment effects in the presence of explosive dynamics. We demonstrate that
the standard counterfactual treatment effect estimators diverge asymptotically under a factor structure
that includes a mildly explosive factor alongside stationary and I(1) factors. These theoretical findings
contrast with existing literature that considers stationary and I(1) factors. To address these complica-
tions, we propose an inferential procedure based on a normalized treatment effect estimator with an easily
implemented resampling algorithm to compute confidence intervals. This algorithm produces asymptoti-
cally valid confidence bands for both the normalized treatment effect (NTE) and the average normalized
treatment effect (ANTE). The procedure is shown to have satisfactory finite sample performance under
various data generating processes.

The framework enables a nuanced assessment of policy interventions designed to curb speculative
behaviors and mitigate their adverse impacts on the real economy. This study’s empirical analysis has
focused on the efficacy of leaning against the wind (LAW) policies pursued by central banks in controlling
housing bubbles through interest rate targeting. By examining the impact of interest rate hikes in New
Zealand’s housing markets and leveraging Australian city house prices as controls, our approach provides
new insights into the effectiveness of the LAW policy. Our findings indicate that aggressive implementation
of interest rate hikes resulted in stasticially significant reductions in housing prices across all regions in New
Zealand. In particular, LAW interest rate targeting by the RBNZZ resulted in a 20%-33% reduction in
prices seven months after its implementation in October 2021 in five out of six regions. The counterfactual
framework developed here can be employed to study the effect of other bubble mitigation policies and
explore their impact on markets beyond housing and more generally their real economy effects. The latter
can be equally important in cases where monetary policy overshooting may raise the risk of recession.
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A Appendix: Proposition, lemmas and proofs of main results

We start with a fundamental lemma that provides the key linkage between the factor model (1) that
determines the observed data and the pseudo-true model (15) used in the counterfactual analysis.

Proposition A.1 The pseudo-true model (9) has the vector form ¢4 = Bo + Bijs + e with coefficients
{Bo, B} that are explicitly given in (34) and error term e given in (35) below.

Proof. We start by recalling that &;; = \j2f2: + A\i3f3+ + ei so that

Yit = Nipfie + €it, (28)

isolates the explosive factor influence on y; ;. The next steps construct the variables and parameters that
are used in building the pseudo-true model (9). We first define the non-explosive quantities

i1
AN

Jit = €y — éng, fori=1,--- N -1 (29)

where Ay 1 > 0 is the chosen numeraire. We then group these terms in an analogous way to y;, setting
- N N / N
Jo = (Jig, - ,vat)/ for the treatment group and J; = (Jt_’,JN,t> for the control group with J, =

(Jmt1ts - ,JN_M)'. Finally, we define the corresponding loading vectors: A= (A1, ,)\m,l)' for the
N N / ..
treatment group and A; = (Al_', /\N71> for the control group with A7 = (Am+11,--- 7)\N—1,1)/-

With this notation in hand, for the treatment group we write

1 - -
U= Mynt + Ji, (30)
N

and for the control group (without the last unit) we write

1 . .
i = 1 Riywe+ (31)
N,1

Next, define J~ = (Jl_,,JTTO)/ and J = (jl,...,jT(J)/. Let ¢ = (j_’j_>

J~"J be the coefficient

vector in the regression of J onto the space spanned by J~, so that the term J; — ¢’ jt_ is the residual in
this regression. By left multiplication of (31) by ¢’ and subtracting the resulting equation from (30), we
obtain the following alternative expression for the treatment group

Ay B </Af
AN AN

)

g = C'j; + ( ) YNt T+ Ji — C/jtf- (32)

The pseudo-true model (9) is now defined in vector form as
i = Bo + Bt + &1, (33)

where Bg = (B1,05---,Pm,0) and B = (B1,...,0m) and g, = (€14, ... ,smﬁt)'. By comparing (32) and (33),
we establish the following direct connections between the coefficients

By =0, and § = (c’, A ClAl_) . (34)

AN AN

24



Thus, the quantity ¢&;; in (28) and (29) affects the pseudo-true model through J;; and thereby the
regression coefficient (. The error term of the pseudo-true model (33) is then given explicitly as

— ¢, (35)
which is non-explosive by virtue of (29) and is composed at most of I(1) and stationary processes. m
The next result provides useful asymptotic theory for the nonstationary factors { fi¢, fa,:}
Lemma A.1 Under Assumption 3.2, we have the following asymptotic properties: as T — oo:

(1) ﬁfl,t ~ X1 (¢) =N (0,%L) if t = 0o and T — oo such that p7' — 0;

(2) ﬁfg}t ~» By (r) where Bs is a Brownian motion with variance o2 and t = |Tr| with r € (0,1];

(8) For all s,r € (0,1], the following joint convergence applies:

Juire) Jo |78
TO‘/Qp%WTTJ’ T1/2

v [X1(c), Bz (s)] -

Moreover, if T,Ty — oo with Ty = [7T] for 7 € (0,1] and Ty = T — Ty, we have the following limiting
results:

(4) T3°“/2 TO Zt 1f1t ~ Xl( )
(5) W E?:To+1 fl,t—l ~ %Xl (C) if T1 — 00 and #%TO Z?:TOJA fl,t—l ~ T1X1 (C) Zf T1 18 ﬁmte;
T
(6) 7473 Y124 fau ~ Jg Ba(r)dr;
(7) T2a1 2T, Z?il f12,t ~ in (0)2;
Pr
(8) % ZtTil f22,t ~ 09 [y Ba (r)* dr;

(9) W 221 fi.efa.e ~ X1 (¢) X2 (¢) where X3 (c) :== N (0, = 0'22)
T

Proof. (1) By assumption, f1¢= prfii—1+ui = phfio+ 22':1 ptT*juLj. It follows that as t — oo with
T — oo such that p;t — 0,

t
1 f1,0 1 _j 1
Ta/thTfl’t = a2 T Taj ZPT YLi = Tpaj2 ZPT u1,j +0p (1)
j=1 j=1

- N(o E):;Xl(c).

since fi10 = O, (1) and Ta/2 Zj VPP~ N (0,%1). The weak convergence of ﬁzzzl pru

follows as in Phillips & Magdalinos (2007, Lemma 4.2) provided p;t — 0 ast, T — oco. Note that p;t —0

holds provided exp{c7} — oo, which in turn holds whenever ¢ = O(T“"€) for some € > 0 as T' — co.
(2) The result follows from Phillips & Durlauf (1986).
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(3) The covariance

1 i 1 »
E Ta/2 ZPTJULJ' T1/2 u2,j = T0ta)/2 § :PTJE(ULJ’“ZJ')
Jj=1 j j=1

i 1 1—-p i
J T _ 1—a)/2
12 (1Fa) /2 ZPT = 912701 )2 =0 (T (1-a)/ )
=1

as T — oo. Combining with results in (1) and (2), we obtain the joint convergence and the asymptotic
independence of the two components as T' — oo.
(4) Since fi1+ = prfis—1 + uis, by subtracting fi¢—1 from both sides and summing from 1 to Tp,

TO TQ TO TO
Z fie— Z fii-1=(pr — 1) Z fie—1+ Zm,t-
=1 =1 =1 =1

T30/2 To

Re-organizing and dividing by pr’, we have

1 X 1 1 To
—_— _ = _— _— u
T30‘/2p§° ;:1 fire-1 T3oz/2p§0 or— 1 Jfim — fi0 ;:1 1t

1 1 1
= T3a/2pg:0 oT — 1f17T0 [1 + OP (1)] ~ EXl (C) 5

since - /2 a2, fim, ~ X1 (¢) from Lemma A.1(1), ZtTil urs = Op (TOI/Q) and fi10 = O, (1).

(5) Sumlarly, we have

. T
Z fie- e — fir—fim— > uig
t=Tp+1 t=Tp+1

By recursive substitution and subtracting f; 7, from both sides,
T
fir—fin = (PT - 1) Jim + Z Pr ) j“Lj'
J=To+1

e Assume 77 — oo. Since ﬁzzzl p;jul,j ~+ X1 (¢) from Phillips & Magdalinos (2007, Lemma
4.2),

T Ty
T1—j _ T —J _ a/2 T
Z Pr “Uij = Pp ZPT u1,1y+5 = Op (T / Pr ) .
Jj=To+1 Jj=1

- 1
Moreover, since Tars,To fm ~ X1 (e),
T

fir— fim = o fum, (140, (1)] = O, (TO‘/2 T)

Therefore,

Z fii—1= ! (flT Jim) [1+0p(1)]

T3o¢/2pT Nt T3a/2pT oT

S S ( ! f1,T0> [1+0p(1)] ~ %Xl (c).

Tapgzl pr —1 T Toc/2pg:0
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e Next, assume 77 is finite. Since pT1 -1= Tl Le(140(1)), we have
(P? - 1) i = (T_Q/QP;O) :
Combining with the fact that Y. | pyt “u1; = Op(1),
fr = fum = (08 = 1) fum [1+ 0, (1] = (T72p0).
Consequently,

1

a2TO
T/TtT0+1

Z fiz—1 = Ta/12pT0p (f1T fimy) [1+o0p(1)]

pht—1 1
B pj;— 1 (Ta/g 7 /1, TO) ~ 11X (),

since S, w10 = Op(1). pft = 1= Fhe(1+0 (1), and by ~ Xo (o)

(6) This follows directly from Phillips (1987) for continuous functionals of limiting unit root processes,

1 & T
m Z fg’t ~ BQ ('I“) d?".
t=1 0

(7) Since f1¢ = prfii—1 + w1y, by squaring, subtracting f12,t—1 from both sides, and summing from 1
to T(),

To Ty To T To
Z f12,t - Z f12,t—1 = (P2T - 1) Z f12,t—1 +2p1 Z fra—1ung + Zu%t
t=1 t=1 t=1 t=1 t=1

Re-organizing and dividing by 72 p2T° we have

To
1 1
IWpZTTOZIfIQ’t_l - Wp [flTo flO—QPTE fre—1ug — E “1t]
t=
o 1 , 1 .
- Wp flTo[ +op ( )]ch 1(0)

since m,}fLTo ~ X1 (¢) from Lemma A.1, ZtTil fri—1ure = O, (To‘pgo) from Phillips & Magdalinos
(2007), 302 u?, = O, (Tp), and fi0 = O, (1) by assumption.
(8) This result follows directly from Phillips (1987).

(9) Since Et Jtat = TxTH("’(Ex 11) T+1+x, we have
To 2(To+1) [ 2 2(To+1)
Topr (Pr —1) —pp 05 T oiia 2(To+l)
¥ = = T pp " (14 0(1))
; (p2 —1)2 2¢
t—1
=1 pr(pr—1) —pr+pr _ (t—1)T)}
> sop = Lt D (1o 1),
s=1 pT
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and hence

Ty To To t—1
5o % e min (5. ) ztp EINONT
t=1 s=1
T 2(To+1 “p
- g 23 T oy
T 27t 0
— <2CTap?r(T°“)+ - ) (1+o(1
T 2(To+1 2(Tp+1 2(To+1
_ (%TQPT( o+l T2aT(o+) 1) = cTzaT(OJ'_)(l-l-O(l))-

—a —(To+1 .
Now, T' apT( b+1) Zthl P Bo (%) has zero mean and variance

720, 2TtV Ki pB (;)) (i prB <;>>

t=1 s=1
(T041) R s
T—20¢ _2 To+1 t—l—SE B < )
DIPIN: T
t=1 s=1
Ty ¢
_ 2a —2 (To+1) t+s T
= 02T ;;pT min <T T) —>0226—2.

By martingale central limit theorem, we have

To

o — t -
t=1
Consequently,
143 To To f f
—=52 ~(To+l —a —(To+1 1t 2,
S g S (LR ) ()
t=1 t=1

To
= X1 (T VY pf ( ) (140, (1)) ~ X1 (¢) X2 (e).
t=1 T2

using the joint convergence in (2).
[ |

Proof of Theorem 3.4. Let i; = (1,#,)". From (9), we have

To -1 To
v ) .
- Bi= E Ty § Tyeig | -
t=1 t=1

By the definition of é;; and the limiting properties of fo; and fi; in Lemma A.1, we have

YR Ai

)
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(36)

(37)



N
Let ¢ ; denote the i column of ¢ and My =1 — J,”’ (Jt* J{’) J; . From (35), the definition of ¢ and
My, and (37), we obtain

Ty To i ) Ty Ty A
T4E; = Te | Jie — /iJ_> =M TeJis = M T ()\z — 2Bt > 1+o0,(1
; it ; t( = C iy J; tdit J; tfoe | Ai2 o N2 [ p (1)]

N1
To
)\i _ f2,t
= M; ()\i,Q -3 . /\N,2> T [140p (1)) (38)
s ALY frefor
=1

o [ 1. It T
Further, let Qr = Ty — & (A1) Ri(E A0S f2,)71, and we have
t=1 t=1

-1 -1

To )
T -1 Ty > i To A YD fie
(Z xtxé) - To Tt“o=1 = .. To e t:1T0 [1 +op (1” :
=i S Y il Ly e (Rik) S 12,
t=1 t=1 t=1 t=1
1 1 v .. \N—1 /To To -1
Q: ~oti (M) (£ ) ()
_ t=1 i=1
L% % -1 .. Ty Ty -1 N | Ty -1 1 Ty 2 /1 —2
ot () R () () () |(Er) et (Sa) (S
t=1 t=1 t=1 t=1 t=1
(39)
Combining (36), (38), and (39) gives
Ty -1 1
R _— B ) o )\i71 C()T—I-ClT
<; xt$t> <; (lit&,t) = MJ; (/\172 )\N71 )\N,2 Cop + Csp + Cur [1 + op (1)] ,
where
To
COT = Q’Z_"lzfQ,ta
t=1
NN R To To R
Cir = —Qp'A\ (AlA’l) Ay (Z fl,t> <Z fft> (Z fl,tfg,t> :
t=1 t=1 t=1
NS T To 1o To o
Cor = —Qr' (A1A'1> Ay (qu) (Z f2,t> (Z f12,t> ;
t=1 t=1 t=1
N —1 To To !
Car = (A1A'1> Ay (Z f1,tf2,t> (Z ff,t) ;
t=1 t=1
o won—1 To AL T
Car = Qp (AlA’l) Ay (Z fl,t> (Z f%,t> (Z fl,tfg,t> :
t=1 t=1 t=1
Using results in Lemma A.1 we have
_ o _ 1/2 _ a—1
QT = T0+Op(TO),CQT—Op<T ),ClT—Op<T 2), (40)
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Cor — C%,(Z*l 02 )7 C&y‘::Ch,(I{L*aV2p;7b), CMT,::(%)(jvxlfawﬁp;7b>'
Further, from (37),

Ji = (8 = 475352 farli + 0y (1) (41)

where f\z_ = (Am41,2,- s )\N,l,g)/. and then by definition
e [ e NTL
My = 1= J7 (Jrdr) T~

where

o N A N I 2 D VP N D P N R N P
a=1- (A5 — K A5 - & Ay — A Ay — K L (42)
AN AN1 AN AN

Therefore,

Bio—Bio \ _ A1 Cor (O (T/?)
( By — By > =M (ALQ Y )\N’2> < Cor + Csr > 140y (1] = ( O, (T(l—a)/%;TO) . (43)

Further, using results in Lemma A.1

To
Ai1 1 1 1 Ai1 /T
i i =M .2 — : e ~ *T i ’ B
T1/2 (5 0— ﬁ,o) J <)\ 27 31 >\N,2> 9T ;:1 fre > —Ta (A, v > e (r)dr

and

71 a/2 To (ﬂ* 57)

il N To T o
— 7-(1-a)/2 TOM ()\1’2 — /\12\;1)\N’2> —Q7 (A1A/1) Ay (Z f1,t> (Z f2,t> (Z f12,t>
t=1 t=1 t=1

-1

o1, (& To -
(i) h (e (L) |00
t=1 t=1
T() TO TO -1
B ) i R R ORs 1 1 1 9

)

-1 1 & &\
- . )
+ <A1A1> Ay <T(1+3a)/2p:7,:0 ; fl,tfz,t) (TQQPQTO z::fl,t> [1+o0p(1)]
w1 Xo (¢) — = |, Ba(r)dr
- 2T <>\ Ai1 )(AlA’1> iy |2 =2 o B ]
)\Nl

Xi()
where T, is given above in (42). m

Proof of Lemma 3.1. Since y;; = Ai 1 f1.¢[1 + 0p (1)], we have

-1

Ty ) Ty
T = (Z ?Jz?,t—1> (Z yz’,t%,tl) <Z >\ 1f1 t— 1> (Z A%,lfl,tfl,tl) [1+0p (1)].
t=1 t=1 t=1
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It follows that for all i € {1,..., N},

T
piT — PT = (Z fﬁm) D S =0, (TﬁaP%TO)
t=1 t=1

ﬁi’T—l—kO ( —a —TO 1)
T

since ZtTil fﬁt = 0, <T2°‘p2TTO> from Lemma A.1 and ZtTil urfii-1 = Op (Tapgo) from Phillips &
Magdalinos (2007) (Theorem 4.3 (1)). m

Proof of Theorem 3.5 and Corollary 3.6. From (9) for ¢t > T,
b0 = (07 = 9") = (" =) = =i (8- 8) + i
= - (Bi,o - ﬂz‘,o) — ?Jt(o)/ (51_ - 52-_) +eit
= - (Bi,O - 5¢,0> - A (Bf - 5{) Jre[1 40, (1)].
The limiting properties of 51’,7& —0;¢ and Ai’T — A; 7 are given as follows.
(1) Assume that T} — oo. From Theorem 3.4, B@o — Bio=0p (T1/2) and
Ry (B = 87) fru 1+ 0, () = O (T1/205™)
since BZ_ - B =0, (T (1-)/2 TO) and fi; = (T or/2 ) from Lemma A.1. It follows that
i = bia = K4 (BT = B7) hrall+0p (1) (44)
and
Tl/zitT_TO (&t - 5i,t) = -\ [T_(l_a)/ngo <B; - B;)} (1“/12p§[fl’t)

| > i (R Ay {CXQ (-1 /0 "B dr] , (45)

T

~ —QTA ()\7;72

using results in Theorem 3.4 and Lemma A.1. Hence, the average treatment effect has the following
asymptotic behavior

Mp-nlp=ro 3 (fo—is) =~ z Ry (8 - 87) st 0, (1)

s=Tp+1 s=Tp+1

and

—a T A
T/ pr (AIT - Aj’T)

B L1 e TCe) [ty

s=Tp+1
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- —2(1_1T)CTA (x, ;N >A’1 (Ru) " &, [cxg - /OTBW?«].

The normalized average treatment effect has the following asymptotics

A ALl ¥ Y 1
i, — I = ﬁ Z T1/2ﬁ\t,_TT0 1,8 TI/QP;—TO 1,8
2y

s=To+1

1

1
/2 t—To
T Tor 1 T1/2 pr 0

(5 — 5) [1+ 0, (1)]

) i (Rd) 7 & [CXQ (c) - % /OTB (r) dr}

using results in Lemma 3.1 and equation (45).

~ _2TA< 7,

(2) If T is fixed, we have (t — Tp) /T < T1/T“ — 0 and hence ptT_TO — 1. Therefore
dip — 0ip = — (510 /31‘,0) — A} (BZ_ - B; )fu[l—l—op(l)] 0, <T1/2)
and
1 /s t—To k1 [—(1—a)/2 To (A= _ p— 1
T <5i,t —5i,t) = T1/2 (/87,0 @',0) —pp "N} [T (1ma)/2 570 (52- — b )} Torg Tam L

1 il T
IO ——— Nio — —\ B d
—Ta < 2 i N,2> /0 2 (1) dr
i RN I 1 (7
277 <)\,-7 = 7 ) A} (AlA/1> Ay [CXQ (c) — / B (r) dr} ,
AN1 7 Jo

using results in Theorem 3.4 and Lemma A.1. Moreover,

#@;T_N >: T1/27{ ZT: (Bi’o_ﬁi")) T}/2T1 Z A/(L ﬁ;)f1’$[1+0p(1)]

s=T{ s=Tp+1
= s (B0 Buo) Ta/z o2 > he R [10020% (57— 57) ] [+ 0, (1)
s=Tp+1
1
~ =T ,
T A (A’ /\N1 )
—27, (Am ) AIA’ A1 [CXQ(C)—l / B(r)dr],
T Jo
and
~ T A~
Air - TZ 1/2 T (816 = 61 ) [1+ 05 (1)

1
s —;TA <)\,~7 )\Nl >/ By (r)dr

a1, (Am > (A& &, [CXQ () — /0 "B dr].

T
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Lemma 4.1. (1) Under the data generating process (1)

Vit = Nifie+ Niafor + Nizfae e
Xit (prfri—1 +ure) + i (foe—1 +u2) + Ni3 (p3fae—1 +usye) + eip
= PTYi—1 T Wig,

where
c
Wit = _ﬁ
and 7, = A 1u1 + Nigua ¢ + A 3usy is i.i.d by Assumption 3.2. We examine the properties of w; ;. First,
from Lemma A.1 we have

Xi2fo—1 4+ X3 (p3 — pr) f34—1 + €ip — preis—1 + Nig

wip = _ﬁ)\z 2foi—1+ Xz (p3 — pr) f3,4—1 + €ix — preis—1 + Nig

= Ni3(p3—pr) fas—1+eir —prei—1+nit+Op (TI/Q_Q) =0, (1), (46)
since o > 1/2. Further, under Assumption 3.2 since f3; 1 is a zero-mean stationary process, 7; is i.i.d.,

e;,¢ is covariance stationary, and u; and e;; are mutually independent, the quasi-difference time series w; ¢
is a linear combination of these processes. So w;; is a zero-mean covariance stationary process.

(2) Next consider the properties of the estimated residual or quasi-differenced data series w;;. For
t < T07

Wit = Yit — Pi,TYit—1 = Wit + (P17 — Pi,T) Yit—1 = wip + Op (T_a/thT_T°> ,
since p; 7 —pr = O, (T C“pT ) from Lemma 3.1, y; -1 = N1 fie[1 + 0, (1)] = O, (T‘“/2 1 ) from Lemma
A1, and w;; = O, (1) from (46). The difference between wr,4; and @,y ;1 satisfies the following
Whptj = Wstj-1 = Whtj — Wstj—1 +O0p (T_O‘/ QP?TO)

= [Nz (p3 —p7) (f3.1045-1 — f3,505-2) + i Totj — Mistj—1
+ (€i1y+j — €is+i—1) = P (€ Tp+j—1 — €is+j—2)] [L +0p (1)] = Op (1),

using (46).

0
(3) Now yz(il)b—i-] = PT% To + 3290 Phwity+j -k and yTg Pz.ryz + 20 OPT% s+] 1 from (22). It
follows that

yz(,%ﬂ' Y; To-‘rj (:0 Pg,T) Yir, t Z ( PTWi Ty+j—k — Pi TW'L(SS)JrJ - k)
P ) Y7o + Z [PT (Wz To+j—k — Z(S)+j 1— k:) + (pl% - ﬁkﬂ’) wz(fs)-i—j—l—k}
= Op (T P_TU) Op (TQ/QPT()) +0p (1) + Oy (T_QP;T0> =0,(1), (47)

since yl(% =0, (T“ﬁp?o) s Wi Totj—k — Wi s+j—1—k = Op (1), and
p — D = k€ (pr — pir) = Oy <T “ 7TO) :
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for some & between pr and p; 7, using the mean value theorem and results in Lemma 3.1. =

Proof of Theorem 4.1. (1) For any ¢ > 0, we define the following event

SEL}.

with ¢ € R?. Recall that ¢ = T for NTE and ¢ = 1 for ANTE. On Ar (¢), we have

Gir(h) = Ti > 1(¢3i+<ﬁgf*¢§i> <hL)=Ti > 1($i§hbf(€2>f*¢3¢))

s SEITO 5 SGITO

Ar (e) = { sup |9f — ¢

SGITO

and hence G (h—¢) < CA?@T (h) < Gir (h+¢€). From equation (27), gZ)f — & = op (1), from which we
deduce that Pr(Az (¢)) — 1 as Ty — co. Taking € — 0, we have Gy 7 (h) —, Gir (k). (2) The result
follows directly from Masini & Medeiros (2021, proof of Theorem2). m
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