SELF-WEIGHTED ESTIMATION FOR LOCAL UNIT
ROOT REGRESSION WITH APPLICATIONS

By
Zhishui Hu, Nan Liu, Peter C. B. Phillips, Qiying Wang

April 2024

COWLES FOUNDATION DISCUSSION PAPER NO. 2400

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
YALE UNIVERSITY
Box 208281
New Haven, Connecticut 06520-8281

http://cowles.yale.edu/



http://cowles.yale.edu/

Self-weighted Estimation for Local Unit Root
Regression with Applications *

Zhishui Hu Nan Liu
University of Science and Technology of China Xiamen University

Peter C. B. Phillips
Yale University, University of Auckland & Singapore Management University

Qiying Wang
University of Sydney

April 20, 2024

Abstract

A new self-weighted least squares (LS) estimation theory is developed for local unit root
(LUR) autoregression with heteroskedasticity. The proposed estimator has a mixed Gaussian
limit distribution and the corresponding studentized statistic converges to a standard normal
distribution free of the unknown localizing coefficient which is not consistently estimable. The
estimator is super consistent with a convergence rate slightly below the Op(n) rate of LS
estimation. The asymptotic theory relies on a new framework of convergence to the local
time of a Gaussian process, allowing for the sample moments generated from martingales
and many other integrated dependent sequences. A new unit root (UR) test in augmented
autoregression is developed using self-weighted estimation and the methods are employed
in predictive regression, providing an alternative approach to IVX regression. Simulation
results showing good finite sample performance of these methods are reported together with
a small empirical application.
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1 Introduction
Consider the local unit root (LUR) autoregression

Yp = Qyp—1+ugp, a=14+7/n, k=1,2..n (1.1)
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spondence to Qiying Wang, School of Mathematics and Statistics, The University of Sydney, NSW 2006, Australia;
e-mail: qiying.wang@sydney.edu.au.



with initialization yo = Op(1), innovations {ug}r>1 and constant localizing coefficient 7 € R.

Let a,, = % be the least squares (LS) estimator of a. When ug ~iq (0,02 > 0) it is
k=19k—1

well-known (??77?) that

n(@n—a) —p [/OI(JT(T)V dr]*l /01 J-(r)dB,, (1.2)

where J; = {J;(t) = fg e(=5)7dB,};>0 (here and below) is a linear diffusion (Ornstein-Uhlenbeck)
process satisfying dJ(t) = 7 J;(t)dt +d By, with J;(0) = 0 and B = {B; };>0 is a standard Brow-
nian motion.

In spite of the super consistency of (1.2) the limit distributions of &, and the corresponding
studentized statistic are non-pivotal and depend on the unknown localizing coefficient 7, which
is identified but not consistently estimable, as is clear from the original limit theory and much
later commentary and analysis (???7?7). To assist in resolving this difficulty, many different
approaches have been introduced in the literature. The first-difference method in 7 has virtually
no finite sample bias, is insensitive to initial conditions, and Gaussian limit theory applies
continuously as « passes through unity, but with a uniform /n convergence rate. This rate of
convergence can be improved by aggregating moment conditions in differences, as in 7, leading
to an estimator that has a limiting normal distribution uniformly over stationary and unit root
cases with a rate of convergence within a slowly varying factor of n when o = 1.

In addition to this work, several instrumental variable (IV) estimators have appeared in
the literature as alternatives to standard LS. In particular, 7 suggested the use of the Cauchy
estimator, using the sign function as an IV. 7 generalized that approach by considering weighted
estimation in model (1.1). An interesting feature of 7 is that the studentized statistic based on
the weighted LS estimator in model (1.1) has a normal limit distribution free of the parameter
7, enabling feasible inference concerning «. But overweighting in that approach loses the super
consistency of LS estimation in LUR regression. Using a different methodology altogether, ?
introduced the IVX approach, which was developed further in later work by ?. The IVX method,
named for its use of instruments that are constructed endogenously, utilizes linear filtering of
the regressors that mildly attenuates their signal to produce new instrumental variables which
enable IV estimation with a mixed Gaussian limit theory and a student t statistic with a standard
normal limit distribution, thereby facilitating inference. For recent work on the IVX method,
we refer to 7, 7, 7, 77 and 7.

The present paper proposes a new estimator that has a mixed Gaussian limit by using self-
weighted estimation in (1.1). Noting that y,/v/n = Op(1), the key idea in our approach is
that the function I(|yx_1| < bpy/n), where b, — 0, can be used as a weight to reduce the



signal in ordinary LS estimation theory so that Wang’s extended martingale limit theorem (?;
?, Theorem 3.13) applies to establish the asymptotics. More explicitly, this paper investigates
the self-weighted LS estimator &y, of a defined by

ay, = argmin D (k= ayr—1)* I(jyk-1] < bav/n), (1.3)
k=1

for some positive numerical sequence b, — 0. We show that &7, has a mixed Gaussian limit
and the corresponding studentized statistic converges to a normal limit free of the parameter 7.
This new estimator a1, retains superconsistency although the convergence rate is slightly slower
than n. The reduction in the convergence rate depends on the rate at which b, — 0. Indeed,
noting that y |, /v/no = J-(t) on D[0,1], the limit behaviour of @1,, when b, = b > 0, is
similar to that of a,,, so standard normal limit theory no longer applies.

A major obstacle in deriving asymptotics for @i, is the development of limit theory for

sample moments of the form

n

N7 Fenynp),

n
V= o SR (] < buvi) =
" k=1 k=1
where Ynr = Yr_1/V/N, cn = bt and f(z) = 22I(Jz| < 1). When y,; is a martingale array as
here, new asymptotics are required for the sample moment V2 since previous results, such as
those in Theorem 2.1 of ? are unsuitable, as explained in Section 2. Another contribution of
this paper is to establish convergence of V.2 under an alternative used in ?. The new condition
imposed on ¥, is easy to verify for martingales and many other integrated dependent sequences
by using well-developed strong approximation theory. There is a trade off between our new
general condition on y,; and the numerical sequence ¢, required in V,2. Compared with ? the
restriction on ¢, is stronger, but it is sufficient for the purposes of this paper, as explained in
Section 2.

The paper proceeds as follows. Section 2 explores convergence to local time of a Gaussian
process, giving a significant extension of ? by allowing for martingales and many other integrated
dependent sequences. Self-weighted LS estimation theory for near unit root autoregression
with heteroskedasticity is developed in Section 3, providing a new unit root test. The use of
self-weighted instrumentation in predictive regression is developed in Section 4. Simulations
and a brief empirical application are reported in Section 5. Proofs are collected in Section
7. Throughout the paper, we use C,Cy, Cy,... for constants, which may be different at each

appearance.



2 Convergence to local time by strong approximation

This section establishes convergence to the local time process of a Gaussian process by using
strong approximation techniques. The result is of independent interest and this section may
be read separately. The notation therefore differs slightly from other sections to allow for more

general applications.

2.1 Preliminaries

Let X = {X;}/>0 be areal-valued stochastic process. A measurable process Lx = {Lx(t,2)}+>0z¢cr

is said to be a local time of X if it satisfies

/Oth(Xs)dS = /Oo h(x)Lx(t,z)dz,

—00
for all positive (or bounded) Borel functions i : R — R. For a zero mean Gaussian process X

with covariance kernel r(u,v) = E(X,X,) satisfying for all T > 0

T T
/ / [r(w, w)r(v, v) — r2(u, v)] " 2dudv < oo, (2.1)
0 0

X has a local time Lx which can be represented as

1 [ . t
Lx(t,x) = 7 / e iuT /0 e"Xs ds du,
—00

where the right-hand side is understood in the framework of L2-theory, i.e., as a limit of L (¢, z)

in the sense that

lim E|LN(t,z) — Lx(t,2)|* =0,

N—oo

1 N ) t
LN(t,x) = 2/ e_““”/ e"Xsds du.
T J-N 0

With this convention, for any bounded Borel function f(t) on [0, 1] fo u)Lx (du, z) is well
defined and

where

/1 f(u)LN(duv .’IJ) — i —ztx/ f tiudu dt
0

— /f )Lx (du, x), (2.2)

in probability, as N — oco. Furthermore, if g(¢,z) is a Borel function on [0,1] x R satisfying

S5 supg<s< [9(s, 2)|dz < 0o and Lx (¢, x) is continuous, we have

1
cn/ g(t, cnXy)d / / (t,z)Lx(dt, z/c,)dx
0

. /O G(0)Lx(dt,0), a.s., (2.3)
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for any 0 < ¢, — oo, where G(t) = ffooo g(t,z)dx. See, e.g. 7?7 and also Chapter 2 of 7.

The linear diffusion J, = {J-(t) = [5 e®*)7dB,};>0 in (1.2) is a Gaussian process that
satisfies (2.1). Another Gaussian process satisfying (2.1) is fractional Brownian motion By =
{BH(t) }+>0 defined by

t
Bu) =rn [ (=)~ (~u)) "B,
—0o0
where a4 = max{a,0}, 0 < H < 1, and kg > 0 is a constant such that EB%I(l) = 1. Both J;

and By have local time processes satisfying (2.3).

2.2 Convergence to local time

Let {Xpnk}n>1,>1 be an arbitrary random array defined on {Q,F, P} for which X,, ;) = Xi
on D[0,1]. Note that

n

Zg(%, Cank:) :/ cng([nt]/n, en Xy, ne))dt + op(1),

c 1
k=1 0

S, = =
n
for any ¢,/n — 0 and bounded function g(¢,x). Similar to (2.3), in applications it is often

desirable to establish that

1
Sn =D /G(t)LX(dt,O),
0

for certain 0 < ¢, — oo. In this regard, a framework was given in 7, allowing for the array
Ynk to have a certain structure depending on conditional arguments (see, also, Chapter 2.3 of
?). Theorem 2.1 of ? is quite general, so that the main results given by ?, 7, 7 and 7 are
all covered, but it is difficult to verify their Assumption 2.3 in applications. To see this, let
d%kj = Var(ynt, — ynj) and Fpr = 0(Yn1, ..., Ynk)- In addition to some regularity conditions on

dnkj, Assumption 2.3 of 7 imposed the following condition on the array ,:

Ynk 18 adapted to Fyi and, conditional on Fpj, (Ynk —Ynj)/dnk; has a density hyp;(z)

which is uniformly bounded by a constant K.

Except for explicit arrays y,r of special structure such as standardized partial sums of linear
processes with i.i.d. innovations, the existence of a conditional density can hardly be checked
directly or is simply impossible to verify where g, is a martingale array of the type considered
in the present paper.

This section provides an alternative to Assumption 2.3 of ?. The new condition imposed
on X, is easy to verify for martingales and many other dependent sequences by using well-

developed strong approximation theory. We have the following explicit result.



Theorem 2.1. Suppose that

(a) on a richer probability space, there exists a Gaussian process X satisfying (2.1) and a
random array {X; }i<k<n such that, for each n > 1, {Xn1, ..., Xpn} =a { X1, Xoon}
n>1
and
sup | X, | — Xl = op(c,?), (2.4)
0<t<1

where 0 < ¢, — 00 is a sequence of constants satisfying ¢, /n — 0;

(b) for any small 6 > 0, there exists two continuous functions g;s(s,x),i = 1,2, on [0,1] x R
satisfying supg<,<1 |9is(s, )| < Cs/(1 + |z|**) for some b >0 and Cs5 > 0 depending only
on § such that gi5(s,z) < g(s,x) < gas(s, ) and

o0
/ sup |gis(s,x) — g(s,z)|dx < 6.
—o0 0<5<1
Then, on Dg2|0, 1], we have

1
(X (nt)> Sn) = (Xt, /0 G(s)LX(ds,O)), (2.5)
where G(s) = [ g(s,z)dx.

Remark 2.1. The approximation condition (2.4) can be established using a Skorohod embed-
ding (together with some minor modifications) for various dependent random arrays including
martingales, partial sums of mixing sequences and nonlinear causal time series. Examples will
be given in the following sections. It should be mentioned that ? and Theorem 2.19 of 7 es-
tablished versions of (2.5) suited to nonparametric cointegrating regression for any 0 < ¢, — 00
satisfying ¢,/n — 0. For the condition imposed on X, to be usesful in applications there is
a trade off on ¢, depending on (2.4) in Theorem 2.1. To provide an illustration, we assume

Xnk = 25:1 uy where uj ~ N(0,1) are i.i.d. random variables. In this case, there exists a

1
vn
standard Brownian motion B = {B;}¢>0 so that {X,1, ..., Xpn} =4 {ﬁBl, s ﬁBn} for each
n > 1. Hence, by noting that /nsupy<;<1 |By — Bjpy/v/n| —p o0, to ensure (2.4) true with

/4 5 0 and Cp —> O0.

X, being replaced by B(t), we have /nc,,2 — oo, and so we require ¢, /n
Such a rate requirement on ¢, is insufficient for nonparametric cointegrating regression, as seen

in ?? and related papers, but it is sufficient for our purpose in this paper.

Remark 2.2. Without loss of generality, we may assume in applications that X*, given in
condition (a) is the array X, itself. A simple modification to the proof shows that (2.5) still

holds in case X is replaced by B if, instead of (a), the following condition (a)* is used:



(a)* on a richer probability space, there exists a standard Brownian motion B = {B;};>0 so
that

max | X, — Br/vn| = op(c;,?), (2.6)

1<k<n

where 0 < ¢, — o0 is a sequence of constants satisfying ¢, /n — 0.

Result (2.6) is widely studied in probability theory and the convergence in probability given
in (2.6) can be strengthened to almost sure convergence in various situations when additional

conditions such as finite higher moment requirements are included, as in Lemma 3.1 of 7.

Remark 2.3. Condition (b) is usually satisfied if g(s,z) is Riemann integrable on the space
[0,1] x R. If no additional smoothness condition on X, is imposed, the requirement that
supg<s<1 [9(s, )| < C/(1 + |z|*™?) cannot be materially improved. An example similar to

Example IV. 2.3 of ? can be constructed to show this in the present case.

2.3 Extension to more general settings

We now consider an extension of (2.5) that can be used for many different purposes. Let vg be

a sequence of arbitrary positive random variables and define the sample covariance

Cr k
Sin = = g<*’ Cank)Uk-
n el n

We have the following result for the asymptotics of Si,.
Theorem 2.2. In addition to the conditions of Theorem 2.1, suppose the following hold:

(i) X is a Gaussian process satisfying

sup |X¢— Xs| = Op(A"), for some 0 <n <1
[s—t|<A
0<t<1

(ii) supg>y Ev, < 0o and there exist Ag € R and 0 < m := m,, — oo satisfying m = o(ncﬁwn)

where n is given in (i) so that
1
max F|— Z vk—Ao‘ = o(c,);

0<j<n—m m -
k=j+1

(i) |g(s,z)—g(s',x)] < Cls—s'|/(1+|z|**?) on [0,1] xR, where b > 0 is given as in condition
(b) of Theorem 2.1.



Then, for any constant sequence 0 < ¢, — 0o satisfying ¢, /n — 0, we have
S, = A SnJrOP(l). (27)
Consequently, on D20, 1], we have

1
(Ko Sia) = (X A0 [ GLx(ds0)),
0
where G(s) = [7°_g(s,z)dx.

Remark 2.4. For a version of (2.7) with ¢, = 1, we refer to ?, where the additional condition

(i) is not required. When ¢,, = 1, we have

n

1 k !
S, =~ ¥ x, £, X,)dt,
nzg<n k) —>D/O g(t, Xy)

k=1

providing a different limit distribution from (2.5).

Remark 2.5. Let wy be a sequence of arbitrary random variables and write wy = w,j —wy, ,
where w;” = wiI(w, > 0) and w, = wyl(w; < 0). If the condition (ii) of Theorem 2.2 is
replaced by the following (ii)’, the conclusion of Theorem 2.2 still holds with Ay = AJ — Ay

when vy, is replaced by wy.

(i) supy>; Elwy| < co and there exist Aj and Ay so that

1 1
—1 - - —1
max E‘— E w+—A+‘:oc max E’— E w —A‘:oc
m<j<n—m m - k 0 ( n )7 m<j<n—m m - k 0 ( n )7
k=j+1 k=j+1

where 0 < m := m,, — oo satisfying m = o(nc,:Q/n) with n being given in (i).

In applications, we usually have Al = lim;, oo % > et Ew;.r and Ay = limy, o0 % Z?:l Ewj so

that Ag = lim,,—eo % Z?Zl Ewj.
2.4 Strong approximation for martingales

This section shows that (2.4) can be verified for a martingale sequence under certain regularity
conditions. Let {ug, Fr}r>1 be a martingale difference sequence with supy~; Elug|[P < oo for
some 2 < p < 4. Let S, = 37, uj, d2 = > i1 Eui, V7 = Z?:1E(U32'|-7:j—1) and Ly, =
dn” 2?21 Eluj|P.

Proposition 2.1. Suppose that, for some sequence 0 < 6, — 0,

max |V72/d2 —k/n| = Op(6y). (2.8)

1<k<n



Then, on a richer probability space, there exist a standard Brownian motion B = {B;}i>0 and
a random arrry {SF,., k = 1,2,--- ,n,n > 1} such that {S},., k = 1,2,--- ,;n} =q {Sk, k =
1,2,---,n} foralln > 1, and

sup S int] — Bt | =0p [((5,1/2 + E}lép) log!/? nl. (2.9)

| 1
0<t<1 ' dn

The following result is an immediate consequence of Proposition 2.1.

Corollary 2.1. Suppose that Eu? = o2 and SUPg>1 Elugp|**® < oo for some 0 < § < 2. If
% maxi<g<n |Vk2 — k0'2’ = Op(n_‘s/(2+‘5)), then, on a richer probability space, there exist a stan-
dard Brownian motion B = {B;};>0 and a random array {S},,k =1,2,--- ,n,n > 1} such that
{8 k=12 n}=4{S k=1,2,--- ,n} for alln > 1, and

su ‘L S*
Ogtgl \/ﬁo- n?l_ntJ

Remark 2.6. The convergence rate in (2.9) depends on the conditional variance V;?, matching

~B/|=0p (n_‘s/(4+25) log!/2 n) (2.10)

the martingale weak convergence theory discussed in Chapter 4 of 7. There is a simple sufficient

2 > 0, n|n,| is an eventually

condition to ensure (2.8). In fact, if d2/n — o2 for some o
increasing sequence and V,2/n = 02 + O(|n,|), a.s., then (2.8) holds with &, = |n,| + 1/n, where
Nn = di /n—o?. Further, if uy, is a sequence of stationary martingale differences, it automatically
holds that 7, = 0 (so that &, = 1/n) and £, = O(n'~P/2), providing the optimal convergence
rate. There are other strong approximation results for martingales, such as those in 7, 7 and ?.

We may establish (2.9) by using martingale embedding methods. The proof of Proposition 2.1

is given in Section 7.1.

2.5 Other examples satisfying (2.6)

The strong approximation result (2.6) can be verified for various mixing sequences such as
a-mixing sequences and causal time series. The following examples are well-studied in the

literature.

Example 2.1. Let {u;};>0 be a sequence of stationary a-mixing random variables! with mean
zero and coefficients a(n) satisfying the following conditions: for r > p and 2 < p < 4,

supz" P(|Jug| > x) < oo and an_Q P/ () < 0.

>0 n—1

LA sequence {(x, k > 1} is said to be a-mixing if
a(n) := supsup{|P(AB) — P(A)P(B)|: A € F35,, B € Ff}
E>1

converges to zero as n — oo, where F;" = {(i, (41, -.,C(m} denotes the o-algebra generated by (i, (141, .,Cm
with [ < m.



Then, on a richer probability space, there exists a standard Brownian motion B = {B;}+>( such

that

k
1 1 Up—1/21 . 1/2—1/p
R = 2.11
222 | Jno ; Ui \/ﬁBk’ Op(n log n) (2.11)
where 0% = Eu + 2 > k>1 Eluoug).

For a proof of (2.11), we refer to ? and ?.

Example 2.2. Let (7;);cz be a sequence of i.i.d. random variables. A stationary causal process
(ug)gez is defined by ux, = F(...,nk—1, Mk ), where F' is a measurable function such that uy are well-

defined stationary random variables with Fuy = 0 and Eu3 € (0,00). Write Fy, = o(u;,i < k),
o
51',], = H’U,Z — uz‘ }p and @j,p = Zéi’p’
i
where u;g = F(..;n=1,M8:M, -, k), and {1} }xez is an independent copy of {n}rez. Suppose
that Elug|P < oo for some 2 < p < 4 and
(a) ©;, =O0(j 'log~ /P j) when 2 < p < 4;
(b) ©;, = O 'log="j) with A > 3/2 when p = 4.

Then, on a richer probability space, there exists a standard Brownian motion B = {B;}+>( such
that
1< 1
- L - 1/p—1/2
max ‘\/ﬁa jEZl u; \/ﬁBk‘ = Op(n ) (2.12)

1<k<n

where 0% = Bug + 23,51 E(uoug).
For a proof of (2.12), we refer to ? and ?. We mention that many popular models in statistics

and econometrics satisfy the two conditions (a) and (b) including the following examples:
e TAR model: u; = ¢ max(ug_1,0) + ¢2 max(—ug_1,0) + 1, where max(|¢1], [p2]) < 1;

e Bilinear model: u; = (a1 + B1mk—1)uk—1 + 1k, where oy and (1 are real parameters

satisfying E|ag + f1mo|? < 1 for some g > 0;

¢ GARCH model:

m l
U = oxNg, with U]%, =7 + Z%ui_i + Z ﬁjO‘i_j, (2.13)
i—1 j=1

m l
where 79 >0, 7, >0for 1 <i<m, ; >0for1 <j<land ) v+ > B <l
i=1 j=1

For more examples, we refer to 7.
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3 Self-weighted near unit root estimation
We consider model (1.1) with innovations {uy}x>1 having the following form:
U = Ok €k, (3.1)

where {ex, Fi}r>1 is a martingale difference with E(er|Fy—1) = 1 (Fo = o(0,€) is the trivial
o-field), and oy, is a positive stationary a-mixing random variables sequence so that o € Fj_1
and 0 < 0% = Eu? = Eo} < oo for all k > 1. Such an innovation sequence allows for GARCH
models of the form defined by (2.13) (e.g., 7). Furthermore, o allows for nonlinear processes
such as TAR and Bilinear models or, more generally, stationary causal processes defined by
or = (Mg, Mk—1, -+ ), where {n;}rez is a sequence of i.i.d. random variables so that o} € Fr_1
and [(-,-,---) is a nonnegative real measurable function of its components.

Define ay,, as in (1.3). The asymptotic theory for &y, is given by the following result under

mild additional moment conditions on o and €.
Theorem 3.1. Suppose that for some § > 0,
(a) supg>q E(|ex|*0| Fp_1) < C < 00 and EO‘%+5 < o0;
(b) the mizing coefficients a(n) of {ox}r>1 satisfy a(n) < Cn~(1F9),
Then, for any b, > 0 satisfying b, — 0 and by, log™ n — oo for some K > 0, we have
—-1/2

nbf’/g (aln—a) —D 03/2 [% LJT(l,O):| N, (3.2)

where N is a standard normal variate independent of the local time process Lj_(t,x) of the linear

diffusion J; = {J-(t) >0 defined in (1.2), and
=\, /2 ,
(Y sty <buvm)] " @m—a) —p N(O,0%). (3.3)
k=1

Remark 3.1. Since 0% = Eui = Eu?, under the given conditions a natural consistent estimator
~9 PITND) 1 n ~ 2 ~9 1 n ~ 2 —~ .
63, of 02 is 6%, = L350 | (yk — Q1nye—1)" or 63, = 2 30 (Yk — Gnyk—1)~ where @, is the LS

estimator of . Consequently, result (3.3) can be re-written as
1[N 2 vz
o7 [Zykflf(\yk,l\ < by \/ﬁ)} (Gin —a) —p N(0,1), (3.4)
k=1

with a pivotal standard normal limit which is therefore convenient for inference and an advantage

in applications.
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Remark 3.2. In comparison with the usual LS estimator a,, the self-weighted LS estimator
Q1, has a slightly slower consistency rate. This reduction in the convergence rate is needed to
achieve the standard normal limit theory. Indeed, since y,;)//no = J-(t) on D[0,1], the limit
behaviour of &, when b, = b > 0, is similar to that of @,,. In principle, the rate b, — 0 can be
chosen so that the self-weighted estimator @1, has a higher consistency rate, although for finite
n the quality of the approximation provided by the limit theory may suffer. The restriction
bn, logK n — oo for some K > 0 is imposed for technical reasons and in applications we may take
b, = Cy log~! n for simplicity and convenience, where Cj is a positive constant. Both results
(3.3) and (3.4) hold for all Cy € R, but the choice of C can have a significant impact in finite
sample performance. Roughly speaking, in finite sample simulations, a balanced Cy is required
so that b, is small (close to 0) while b, logK n is relatively large for some K > 2. This will be

explored in simulations of Section 5.

Remark 3.3. Theorem 3.1 implies that, upon normalization, &1, can serve as a test statistic
for the unit root null hypothesis Hy : « = 1 against the alternative H; : o < 1. Further, model
(1.1) with innovations (3.1) can be extended to ADF form as

p—1

Uk = okt + Y 0;(Yk—j — Ye—j—1) + W, (3.5)
j=1

where a € R, Z?;% 16;] < 1 and y_i = 0 for k£ > 0. Similarly to a1y, o and 6 = (61, ...,0,—1)’

can be estimated by using solving the weighted score equations

n p—1
Z [yk — QYp—1 — Zej (Yo—j — ykqu)}ykq I(lyk—1] < bpv/n) =0,
k=1 =1
n p—1
Z [?/k — QYg-1 — Z%‘ (Yr—j — yk—j—l)} (Yot = Yk—1-1) =0, 1=1,..,p—1.
k=1 =1

Let 2z, = (yk,l — Yk—2, ooy Yh—pt1 — yk,p) and U = yrl(lyx| < bny/n). Simple calculations show

that the resulting estimator (Qay,0,) of («, @) is given by

~ ~ ~ —1 ~
(Ofgn) _ <ZZ:1yk1yk1 Zzzlzkyk1> <ZZ:1ykyk1>

n ’ n / n /
O Zk:l 2 Yk—1 Ek:1 22k Zk:1 2L Yk

It is routine to show that gn —0= Op(n_l/z) if @ =1 and the following theorem holds for ays,,

providing a new result in testing the unit root for the augmented Dickey-Fuller model (3.5).
Theorem 3.2. Suppose that
(a) model (3.5) holds with uy satisfying (3.1);
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(b) supysy E(|ex*T°|Fr—1) < 00 and Ec?t® < oo for some § > 0;

(¢) the mizing coefficients a(n) of the sequence {o}, }x>1 satisfy that a(n) < Cn~0+9),

Under the null hypothesis Hy : o = 1, for any b, > 0 satisfying b, — 0 and b, log" n — co for

some K > 0, we have

[Zyiql(!yml < by \/ﬁ)} 2 (Gon — @) —p N(0,0?), (3.6)
k=1
and
6t | DRI (lyea] < bav/)| Y G —a) —p N(O,1), (3.7)

k=1
A2 1 n -~ D)2 2
where 05, = o Zk:l (yk — C2nYk—1 — Rk Gn) .

Remark 3.4. Since the original work of ? which employed iid normal errors with no central
limit theory, there has been extensive research on testing for a unit root in models with general
error structures using functional central limit theory. The resulting limit theory of the tests
is typically nonstandard and is expressed as functionals of Brownian motion, with nuisance
parameters eliminated by both parametric and nonparametric methods. Reviews of earlier
contributions appear in ? and ?. In recent years, the instrumental variables (IV) approach has
been introduced in unit root tests. An advantage of IV unit root tests is that their asymptotics
are standard normal, free of nuisance parameters —see 7, 77, 7, 7, 7 and the references therein. A
feature for our approach is that it has desirable properties beyond standard normal asymptotics
with a super consistency rate slightly below O(n) which has some advantage in finite samples, as
demonstrated in the partially aggregated differences estimation approach of 7. Simulations show

!'n and lag parameter

that when the truncation parameter C in the truction rate b, = Cy log™
p are appropriately chosen, the empirical size can be controlled well around the nominal level
across all the chosen sample sizes n. Moreover, the size performance of our new unit root test is
also robust to the distribution of the innovation wug. Furthermore, the power performance of our
unit root test is comparable to that of the ADF test. In certain cases, our test has correct size

control and outperforms the ADF test regarding power performance, showing its superiority in

reducing the Type II error and corroborating its usefulness in specifying unit root behaviors.

2t is routine to see that &3, is a natural consistent estimator of 02 = Eu? under model (3.5). We may estimate
o® by using 63, = = >0, (yk — GnYe—1 — 2k 0n)2, where (@, 6;,) is the LS estimator of (a,8) in model (3.5).

13



4 Predictive regression

Self-weighted estimation can also be used in nonlinear cointegrating regression. In this regard,
a general model was considered recently in ? using strong smoothing conditions, which are
difficult to verify for some dependent sequences, including martingale differences, as explained
earlier in Section 2. The new local time limit theory of this paper avoids the use of strong
smoothing conditions in the innovations and in doing so enables applications of self-weighted
estimation to nonlinear nonparametric cointegrating regression. For brevity, that application is

omitted here and the following analysis focuses on the predictive regression model

yr = af(xp_1)+ ug,
xp = Prr1+&, B=1+7/n, k=1,..,n, (4.1)

where zg = 0, f(z) is a given real function, (n,ux, Fi)r>1 forms a martingale difference and
§ = D520 Bjmk—j with @ := 37220 d; # 0 and Y72 jlé;| < oo. The self-weighted estimator
O3, of o is defined as

Ggo = argminy_ [yp — o f(ap-1)] " I(jwx1| < buv/n)
k=1

> oher Yif (@r—1) I(|zp—1] < buv/n)
>t [P(@p—)I(|zp—1] < bpy/n)

where b, — 0 is a seqeunce of positive constants. To explore the asymptotics of @3, we use the

following assumptions:
/
Al up = oy €1, Mk = T2k €2k, and € = (€1x, €1x)’, Where

(a) {ex, Fr}r>1 is a martingale difference sequence with natural filtration F, E(€2, | Fx_1) =

E(€3|Fr—1) = 1 and, for some § > 0,

Sup [E(lew* ™| Feo1) + E(lear|* | Frao1)] < o0;

(b) {01k }k>0 and {02 }r>0 are adapted to Fj_; and both are positive stationary a-mixing
random processes with coefficients a(n) < Cn~(19) and EorflﬂS + EJ%{L‘S < oo for

some C >0 and § > 0.

A2 There exists a continuous real function H(z) and a real function 7(A) : (0,00) — (0, 00)

such that
fAzx) = 7(\) H(z)+ R\, x)
where |[R(\, )| < a(X) (14 |2]%) for some § > 0 and a()\)/7(\) — 0, as A — oo.
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Condition A1 allows for heteroskedasticity in both the regressor and the errors, which is useful
in empirical work. Unlike 7, no strong smoothness condition is required on the regressor xj. A2
indicates that f(z) is a real homogeneous function, a form that is widely used in the literature.

The following result provides the asymptotics of as,.

Theorem 4.1. Suppose A1 and A2 hold. Then, for any b, > 0 satisfying b, — 0 and

by log n — oo for some K > 0, we have

—-1/2

Vb (bav) (@sn = 0) —p o1 (@) (| HXw)dz) TL;PL,00N, (42)

|| <1

where 07 = FEo?, = Eu? and 03 = Ec}, = En} for k > 1, N is a standard normal variate
independent of the local time Lj_(t,x) of the linear diffusion J. = {J;(t)}+>0, and

n

[Z (@r) I (|Z5o1] < b \F)} (@30 —a) —p N(0,02). (4.3)

We further have

n

5’3?3[ Far-)I(Jap-a] < by f)] (@3, — @) —p N(0,1), (4.4)

k=1

~ ~ 2
where 63, = LS [y — @ ey )] with &, = S o) s

Remark 4.1. Theorem 4.1 provides pivotal limit theory free of £ (in turn 7) and other unknown
parameters associated with (&x,ux). For other IV estimation procedures used in predictive
regression, we refer to 7, 7, 7 and 7. In the latter paper, a chronologically trimmed LS method

was developed which also has a standard normal asymptotics.

Theorem 4.1 requires a martingale structure in model (4.1). If endogenity is imposed in the
model, as in other IVX estimation, Theorem 4.1 fails and a bias corrected estimator is required
for a mixed normal limit. To illustrate, we conisder the following simple cointegrated predictive

regression model:

Yk = QTp—1 + U,

vy = frg_1+&, B=1+7/n,

<§:> = 3 DGy, (4.5)
j=0

3We may take &gn = %22:1 [yk — aSnf(-Tk71)}2. Since &, is the LS estimator of a in model (4.1) having a
faster consistency rate in comparison with asy, result (4.4) usually has a better finite sample performance.
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where zg = 0, {; ~jia (0,0%) and the coefficients D; = %) satisfy that ¥ := Z;";O P # 0,

(d)j
P =325 # 0and 372 j(|1hj|+[#;]) < co. For this model, the bias corrected-IVX estimator

is &pryx = (ZZ:1 YpZ — nAgv) /22:1 TL—1Z where Z is the usual IVX instrument and

M
, 1 s
Aoy =D K(/M)=— > Ekbey
j=1

1<k, k+j<n
is the usual lag kernel estimate of the one sided long run covariance A¢, = E(£v1) based on the
residuals 04 ; = ypyj — @xpq ;1 and fk =X, — Bmk,l with OLS estimates & and /3’ For such

OLS estimators, it is well-known that
@ —al+|6-8] = Op(n™"). (4.6)

In present paper, we consider the bias corrected SW estimator

n -1 n
Apsw = (Z vp I(|wea| < bnm) (Z yeth—1l(|zr-1] < buv/n) — A@,) (4.7)
k=1 k=1

where

n— J

M
A&, Z ijf (lzg| < bn f)—xk 11 (|xg—1] <bn\f)]

Jj=1k=1

The following theorem shows that the scaled &gy has a standard normal limit when

Lari= M +n i V)% = o[(nb) /). (4.8)
j=M

If ¢; = 0 for j > My > 0, it is routine to see that (4.8) holds with M = Mj as nb, — .

Theorem 4.2. Suppose E|(1]> < oo and (4.8) holds. For any b, > 0 satisfying b, — 0 and

bplogh n — co for some K > 0, we have
nb? (apsw —a) —p (309/2)Y2 0, L7*(1,0)N, (4.9)

where W3 = Ev? = o? Z?‘;O ¢J2~, N is a standard normal variate independent of the local time

Ly (t,x) of the linear diffusion J; = {J-(t) }+>0, and
. 12 )
[Zxkq I(|zg—1] < by \/ﬁ)} (Gwsw —a) —p N(0,97). (4.10)
k=1
We further have

I ! [in_ll(m_ﬂ < by \/ﬁ)} i (Gpsw — @) —p N(0,1), (4.11)

where W3, is a consistency estimator of W3. 4

“In simulations, it is found that the two-sided long run variance (LRV) estlmator @m of ¥ = Ev? has a
better finite sample performance. In this case, W3, = L 37" o + 2 Z;Vil K(4) > 1—{ UxUky s, where M — oo,
K(z)=1—|z| for |z| <1 and Uy = yr — axkr—1 with & being the LS estimator.

16



Remark 4.2. The idea of self-weighted estaimation in present paper is simple and the method-
ology can be easily extended to general nonlinear regression function as shown in Theorem 4.1.
See, also, Jin and Wang (2022). However, due to the restrication in multiple local time theory,
there is a technical difficulty for this new method to be used in multi-regression with nonstation-
ary times, as much of the research dealing with the IVX approach (e.g., 7, ? and 7). Allowing for
multiple regressors z; is an important advantage of IVX compared with the self-weighted meth-
ods of predictive regression preesented in this paper. An additional line of research commenced
by ? deals with semiparametric regression in which the function f(z;—1) = g(%)’xt,l in the
predictive regression equation of (4.1) has time-varying coefficients g(%) which are estimated
by a sieve version of IVX regression, again allowing for linear process errors 7; and multiple

regressors Tg.

5 Simulations

Simulations were conducted to explore the finite sample properties of the self-weighted estimator,
IVX estimators and first difference estimators in relation to usual LS estimation in near unit
root regression and in unit root testing. Comparisons with the IVX procedure in predictive
regression are also reported.

PCB: I have done word by word revisions of the text up to here.

We may take b, = Cplog~'n, where Cy = 1/10,1,5,10, etc. For different Cy values, we
may further consider the impact of C in finite sample simulations. It would be interested in to
consider the optimal Cy, but this seems to be difficult.

This section examines the finite-sample performance of the proposed self-weighted least
squares (LS) estimator and its corresponding inference procedure, which attains pivotal null

limit theory for testing the unit root and predictability of persistent regressors.

5.1 Simulation for local-to-unity autoregression

We conduct numerical simulations for the general null hypothesis in the near unit root autore-

gression model:
Yk = QY1 + Uk

with « = 1+ 7/n and k = 1,...,n. Values of localizing parameter 7 are considered as 7 €
{0,—1,—-5,—-10}. The sample size n € {50,100, 200,500} and initial value yo = 0. For each
k =1,...,n, the innovation uj admits a GARCH (1,1) representation:

Up = Okek, Of = 90+ PLUY k1 + P20k_1, (5.1)
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where ¢, g N (0,1), po = 1,1 = 0.2 and o = 0.3. The number of repetitions is 10,000 for
each data-generating process (DGP).

The null hypothesis is Ho: o = ag where «q is the true value of parameter. Equivalently,
we are testing Ho : 7 = 79 where 73 is the true localizing parameter used in the DGPs. To
calculate the self-weighted estimator, we take the truncation rate b, = Cplog™'(n) in which
Co € {1,2,3,4,5,10,20}. The nominal size is set as 5%. The size performance of the self-

normalized statistic defined in (3.4) of the main paper is provided in Table 1.
[Insert Table 1 here]

The simulation results of Table 1 show that the test that relies on the self-weighted estimator
can control size performance well around the nominal level free of the localizing parameter 7.
It is well evident that when the truncation parameter Cj is as small as 3, oversized phenomena
can seldom be observed around all the chosen sample sizes n and localizing parameter 7. Even
when Cj is chosen as 20, the size performance can be substantially improved when the sample
size is as large as 200. These observations corroborate the usefulness of our testing procedure in
obtaining the unified Gaussian null limit theory by trimming extremely large observations. With
the numerical evidence provided in Table 1, we suggest the choice of Cj as any value between 1

and 3 in testing the autoregressive model with local-to-unity regressors.

5.2 Simulation for new unit root test

We examine the empirical size and power performance of the new unit root test statistic doy,

defined in the main paper. As in Section 3, we consider the unit root model:

Yk = ayk—1+ 0(Yr—1 — Yp—2) + uy (5.2)

where o = 1, 0 € {0,—0.5}, and uy is an GARCH (1,1) process given in (5.1) with €; being

specified in the following two cases:
Case I: ¢, i N (0,1); Case II: ¢, Ml (—V3,V3).

We set the sample size n € {50, 100,200,500} and the number of repetitions 10,000. The
considered null hypothesis is Hg: o = 1 against the alternative H;: o < 1. To compute our
new unit root test statistic for the augmented autoregression model, we take the truncation

rate b, = Cy log_1

n in which Cy € {1,2,3,4,5,10} and the number of lag terms in augmented
autoregression p € {0,1,2}. We evaluate the size performance of our new unit root testing

statistic aa, and the classical ADF unit root test with the nominal size set as 5% in the simulation
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study. The present paper also examines the power performance of the unit root test under the
following sequence of local alternative hypotheses Hi,: o = 1 — d/n where § € [0,30]. The
empirical size and power performance of the self-normalized statistic defined in (3.7) of the

main paper and the classical ADF test are provided in Tables 2-3 and Figure 1.
[Insert Tables 2-3 and Figure 1 here]

Table 2 and 3 examine the cases that y; follows a AR(1) process by letting § = 0 and a
AR(2) process by letting § = —0.5 in equation (5.2). Both tables discuss the cases in which
the underlying error process €, follows a Gaussian distribution A (0, 1) and uniform distribution
U(—+/3,4/3). The results show that when the truncation parameter Cy and lag parameter p are
appropriately chosen, the empirical size can be controlled well around the nominal level across
all the chosen sample sizes n. Moreover, the size performance of our new unit root test is also
robust to the distribution of the innovation €; considered.

Figure 1 further plots the local power of the proposed unit root test and ADF test with
sample size n = 200. We set the lag parameter p = 0 for the cases of the y; is an AR(1) process
and p = 1 for the cases of the y; is an AR(2) process. It is well evident that 6 = 0 implies « = 1,
corresponding to the model under the null hypothesis, while § # 0 represents the model under
various local alternatives. Generally speaking, the power performance of our unit root test is
comparable to that of the ADF test. In several cases, especially when y; ~AR(2), our test with
Co = 5 has correct size control and outperforms the ADF test regarding power performance,
showing its superiority in reducing the Type II error and corroborating its usefulness in specifying

unit root behaviors.

5.3 Simulations for predictive regression

We consider the univariate regression model:

Yk = QTp—1 + Vg,

Tk :/Bxkfl—i_gk? B: 1+T/7’L,

Uk = PpUk—1 + Gy &k = Peli—1 + s (5.3)
where both y; and xj are scalars, the initial value xp = 0 and the noise component (; ~
i.i.d. N'(0,1). The numerical simulations are constructed by using 10,000 repetitions for pa-

rameter settings 7 € {0,—1,—5,-10}, ¢, € {0,0.5}, ¢ € {0,0.5}, and sample size n €
{50,100, 200, 500}.
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To test null hypothesis Hg: o = ag against the alternative Hi: a # ag, we utilize the self-
weighted (SW) estimator as, with f(z) = x in Theorem 4.1 in the case of predictive regression
(i.e., ¢, = 0), and the bias-corrected self-weighted (BC-SW) estimator apsy in Theorem 4.2
with serially correlated error vy (i.e., ¢, # 0). In both statistics, we take the truncation rate
bn = Colog™'n in which C;y € {1,2,3,4,5,10} and the Bartlett kernel with the bandwidth
M := |n%33| is used in constructing the LRV estimator Wy, given in (4.11).

For comparisons, we also apply the test statistic that depends on the IVX-based test for the

slope coefficient «.. In particular, the IVX instrument is given by
Zr = Ry2zi—1 + Axy, with Ry, = I, + C’z/nW, (5.4)

in which we set the distancing parameter C, = —1 and rate parameter v € {0.6,0.7,0.8,0.9}.
Under the null hypothesis Hg: @ = ag, we consider two IVX-based test statistics, namely the

IVX and BC-IVX tests (?7) as

arvx — Qo

trvx = ———, (IVX test) (5.5)
Var(aIVX)
aryx — ap
torvy = VX — 90 (BOIVX test) (5.6)
Var(aryx)

in which the IVX estimator arvx = (3 p_; Zk—17k-1) *(O_p_; Zk—1Yx) and the bias-corrected
IVX estimator arvy = (3 p_q Ze—17k-1)" (O p_1 Zk—1Yk — nAye). The bias correction term
f\vg = 23{1 k (ﬁ) %Zlgk,k—i—jgn gk'ﬁkﬂ is based on the OLS residuals v and Ek, the Bartlett

kernel function, and the choice of bandwidth M = |n%33].
[Insert Tables 4-6 here]

We report the size performance of the SW, BC-SW, IVX, and BC-IVX tests in Tables 4—
6. To be specific, Tables 4-5 show the empirical size performance of the SW and IVX tests
when the prediction error component vy has no serial correlations. As the errors of predictive
regression models accommodate no serial correlations, no bias correction terms are requested.
By mechanisms of SW and IVX tests, both tests reduce the degrees of persistence in regressors,
generating limiting Gaussian distributions that facilitate pivotal test procedures. It is well
evident that in Tables 4-5, both tests control size performances reasonably well when the tuning
parameters Cy and -y are appropriately chosen. Also, similar patterns can be observed in both
SW and IVX tests: when the tuning parameters Cy and  get larger, the degrees of persistence
in regressors can be less reduced. Accordingly, we find that the oversizing phenomenon becomes
more severe in such cases. Therefore, these simulated results show that a suitable choice of Cf

is 3 to b, with which value the SW estimator performs reasonably well in finite samples.
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Table 6 examines the empirical size performance of the SW, BC-SW, IVX, and BC-IVX
tests when the prediction error v allows serial correlations. As vy follows an AR(1) process,
an additional bias-correction term is requested; otherwise, terribly behaved size performances
can be observed. Table 6 clearly shows that the self-weighted test without a bias-correction
term can be highly conservative, while the IVX test can also be severely oversized without bias-
correction. This fact calls upon bias-corrected inference procedures, including those relying on
the BC-SW and BC-IVX test statistics. Generally, both bias-corrected inference procedures can
control the finite-sample size performance reasonably well around the nominal level when the
prediction error vy is serially correlated. Their performances are comparable, though moderate
under-sizing phenomena can be observed for the self-weighted types of test statistics. Similar to
serially uncorrelated cases of Tables 4-5, tuning parameters Cy and v determine the magnitude
of persistence reduction in regressors. Typically, with a larger value of Cjy and +y, the regressors
become more persistent and present challenges to control sizes. All these simulated results show
that a suitable choice of Cy is 3 to 5, with which value the BC-SW performs reasonably well in

finite samples.
[Insert Figures 2-4 here]

This paper also examines the local power performance of SW, BC-SW tests under the fol-
lowing sequence of local alternative hypotheses Ha,: o = g + d/n where § € [0,50]. Figures
2—4 present the local power performance of our SW related test statistics. For comparison, we
also plot the local power function for the IVX and BC-IVX tests. In particular, Figure 2 and 3
are concerned with the self-weighted estimator with the iid error term, while Figures 4 focuses
on the BC-SW estimator with a serially correlated error term. It is evident that when the
tuning parameter Cj is set as 3 or 5, the SW, BC-SW test statistics are consistent with power
functions approaching unity. Another pattern that can be observed is that as Cy increases, the
local power performances for all the self-weighted tests are improved. When Cj is selected as 5,

the self-weighted test has power performances comparable to those of the IVX-based test.

6 Empirical Illustration

This section applies the self-weighted test statistic to examine the predictability of market
fundamentals on the S&P 500 excess returns. Specifically, we apply the widely used financial
dataset of 7, ranging from January 1952 to December 2022. In the discussion of predictability

testing, we mainly consider monthly and quarterly data.
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Based on ?, the present paper computes the excess return as
Excess Return; = log (1 4+ P;) —log (1 4+ Riree;_1),

where P; is the S&P 500 value-weighted return and Rfree; 1 denotes the risk-free interest rate.
Based on 7, we employ the following persistent predictors: book-to-market value ratio (b/m),
dividend payout ratio (d/e), default yield spread (dfy), dividend-price ratio (d/p), dividend
yield (d/y), earnings-price ratio (e/p), inflation rate (infl), long-term yield (lty), net equity
expansion (nits), T-bill rate (tbl) and term spread (tms). ? also showed that nearly all these
regressors have roots that are close to unity, indicating the necessity of introducing testing pro-
cedures that stay robust to the nonstandard null distribution generated by persistent regressors.
In terms of this concern, they proposed the IVX instrumentation to reduce the degree of per-
sistence in regressors and further obtained empirical findings in which the chance of spurious
statistical significance is greatly reduced.

Our self-weighted test statistic can also obtain a robust null limit theory in the presence
of unit root regressors. Though our mechanism attains the Gaussian asymptotic theory by
trimming extreme values, which is different from the idea of the IVX method, the Gaussian
critical values can still be applied to our analysis. In the following discussions, we intend to
apply our self-weighted predictability test to the data of 7 and investigate the predictability of
the aforementioned economic fundamentals in both monthly and quarterly frequencies.

For the self-weighted estimators, we choose the indicator weight function with the truncation
rate b, = Cglog™!(n) for the standardized variables. We set Cy = 1/2 in our empirical study.
For the IVX estimator, we set the parameter v = 0.9. The empirical results are presented in

Tables 7 and 8.
[Insert Tables 7-8 here]

Table 7 examines the predictability of regressors using monthly data. In this case, we rely on
the univariate predictive regression model along with testing procedures that use OLS, SW, and
IVX estimators. It is evident that both SW and IVX tests can help reduce the fake significance
of regressors. For instance, the least squares test statistic detects the predictive power of the
long-term yield (1ty) on the 10% significance level, while both our SW test and IVX statistic
cannot reject the null hypothesis of no predictability. Similar observations can also be found for
the predictor, T-bill rate (tbl), whose predictability can be detected by both the OLS and IVX
tests on the 5% percent level but not by the SW test statistic. All these findings corroborate
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the validity of applying the robust inference procedure to eliminate the fake predictability phe-
nomenon. Moreover, the results of the T-bill rate (tbl) show that our newly proposed testing
method performs better than the IVX test in controlling over-rejection. Table 7 shows that our
SW testing procedure is able to reduce over-rejections in finding predictive phenomena in the
empirical analysis of monthly data.

Table 8 discusses the case of quarterly data and presents the results of all three tests. Simi-
lar to the main results of monthly data, the SW test statistic manages to reduce the statistical
significance of inflation rate (infl) and T-bill rate (tbl). In particular, both the OLS and IVX
tests find inflation rate (infl) and T-bill rate (tbl) regressors can forecast the excess return on
the 10% level while our SW test fails to the evidence of predictability. Basically, the proposed
test statistic of the present paper detects no predictive ability in terms of quarterly data. Sim-
ilar observations of diminishing predictability are also provided in ?. One possible economic
explanation for the diminishing predictability in the quarterly data is the loss of information
in the low-frequency sampling, which further generates the low noise-signal ratio for long-term
forecasting of stock returns. Our discussion of quarterly data also differs significantly from the
case of long-run predictability in the literature, in which the sampling data of higher frequency
is used for long-term prediction testing (7). This difference further explains why the long-run
forecasting relationship is always statistically significant while our low-frequency testing is in-

significant.

7 Proofs

7.1 Proof of Proposition 2.1

As in 7, page 269, on a richer probability space, there exists a Brownian motion B and non-
negative random variables 71, 7o, ... such that {Sy,k > 1} =4 {S} = Br,,k > 1}, and for k > 1,
E(i|F;_,) = E(u3|Fr-1) and

B F)) < CoE(|uglP| Fry),

where F[ is generated by S7,...,S%, T = Z§=1 7; is JFj-measurable and C) is a constant

depending only on p. Result (2.9) will follow if we prove:

An = sup |Br,, — Bag.|=O0p[dn(8)/>+ L})F)log"?n]. (7.1)
0<t<1 "
In fact, {B;' := Bg2;/dn}1>0 is a Brownian motion and there exists a random array {S;,, k =

1,2,---,n,n > 1} such that (see e.g. Theorem 6.10 in ?)
({Bt}t>0,Sp1, -+ Snn) =a ({B{" =0, 51, -+, 51 })-
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Hence

A,
Sub ‘ S imt) — B =a 7~ = Op[(6L/* + LF)log"/? n].

0<t<1 dn
This proves (2.9).

We now prove (7.1). By using Kolmogorov’s inequality for martingales, we have

k
P( mex T — Vil=4) = P(lgl,fgn ; (7 — E(Tj!}"}il)]‘ > A)
< A p/zE(f: B[
7=1

n
< Cy AP Byl
j=1
for any A > 0 and 2 < p < 4, where C,, depends only on p. This, together with (2.8), yields
that, for any 1 > 0, there exists an A > 0 so that, whenever A > 44 (6,, + £2/p) and n > A,

P(sup [Ty — dit| > d3A)
0<t<1

< — V2| > &2 2 > -

< P(lr<n]§1<x Ty, — V2| > d2A)2) +P( max \V2/d% —k/n| > AJ2 —1/n)

< —r/2 2 _ >

< Cp(A)2)7PI2 Ly + P(lrélkagxn \%5 /dn k/n| > Aby,)

< (A)7PPC+n <, (7.2)

where we have used the fact that E%p > n~12/P gince by Holder’s inequality,
- 2 1-2/p - P 2/p 1-2/p 2 p2/p
:ZEujgn (ZE|UJ| ) =n dn LY.
j=1 j=1
On the other hand, it is well-known (e.g., 7, (4.32)) that, for any ¢ > 0 and A > 0,

P( sw [Bi~By|=du) = P( sup [Bi—By| =)
|s—t|<dZ A |s—t|<A
0<t<d? 0<t<1

< 14e ATV 2exp(—€2/(18A)). (7.3)

By using (7.2) and (7.3) and taking A = 4A4 (4, +£2/p) and € = 6(Alogn)'/2, simple calculations

yield, for any n > 0, there exists an A > 0 so that, whenever n > A,

P(Ay > 1242 dy (53/* + LYP)log"/? n) < P(A, > dye)

IN

P( sup |By — Bs| > dne> —|—P< sup [T — d2t| > diA)
|s—t|<dZ A 0<t<1
0<t<d?

< Cn2A log™ %0+ 2n < 3,
yielding (7.1).
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7.2 Proof of Theorem 2.1

Without loss of generality, assume that 0 < b <1 and X,,;, = X, foreachn > 1and 1 <k < n.
In step 1, we show (2.5) when g¢(s,z) is continuous on [0, 1] x R satisfying |g(s,z)| < Co/(1 +

|z|1T?). We start with an additional condition:

Con: there exists an a > 0 such that g(s,z) = 0 for all 0 < s < 1 and || > a, where
g(s,x) = ffooo wto(s,t)dt.

This additional Con will be removed later. Let g(t) = supg<s<; |9(s,t)|. Since the Con implies

that g(s,z) = 5= [ €™g(s, —t)dt and [§(s,z)| < [*_g(t)dt < oo uniformly on [0,1] x R, it is
readily seen from (2.4) that, for any A > 0,

n

~ k QcCn A .
& g(*,cn Xnk:) = / g )e”X"’fdt
"= —acn
1 .
= o / / ﬁ(n]’ — L) et dudt + op (1)
—acy JO n
1 acnp 1/\ t )
= 5 / Lq([?;u], —C—) e Xudu dt + op(1)
—acy JO n
= Rin(A4) + Rin(4), (7.4)

where

1 S ty

(A = o~ _ it Xy,
Ri,(A) 5 /0 g( ~ n)e du dt,
1

¢
t )
Ron(A) = / /A M, ——) e Xudy dt.
27 A<t|<acn n Cn

Note that, for any A > 0, as n — oo

CQ

sup sup |g([nu]/n, —t/c,) — g(u,0)] — 0.
0<u<1 [t|<A

It follows that, for any A > 0, as n — oo,

1 ! :
X A Xy, — g 18X :
< n,|nt]s Ry ( )) = < b oo /t|<A/0 g(u,0)e duds), (7.5)

on Dg2[0,1]. As g(u,0) = G(u) and by recalling (2.2), the result (2.5) under the Con will follow

if we prove
E[Ryn(A)F — 0, (7.6)

as n — oo first and then A — co. In fact, for a Gaussian process X satisfying (2.1), we have

[e's] 00 T T
[ [ e
—o0 J—00 JO 0

for any T > 0.
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Thus, by recalling [g(s, z)| < ffooo g(t)dt < oo uniformly on [0,1] x R, it follows that

1,1
E|Ron(A))? < C/ / / / g(M’ fi) g(M7 i)EeitX“_iSX”dudvdtds
[t}>A J|t|>AJo Jo n Cn n ' cp

cof [ [ s
N lt)>A Jig>4Jo Jo
0,

_>

dudv dt ds

as n — oo first and then A — oo. This proves (7.6) and also completes the proof of (2.5) when
g(s,x) is continuous by imposing the additional Con.

We next remove the additional Con when g(s,z) is continuous on [0,1] x R satisfying
lg(s,z)| < C/(1 4 |z|*?). This is essentially the same as in the proof of Theorem IV 2.1

in 7 (see also 7), and so we only provide an outline. Write, for 0 < b < 1,

00 .92
_ —1-b/251 (z—n)
f () gln )2
and, for § > 0 (siny/y =1 if y =0),
1 [ sin?y
gs(s,x) = 77/ ) g(s,x + dy)dy.

Simple calculation shows that, for some constants ¢; > 0 and co > 0,
er /(L4 [a|"P2) < @) < e /(1+ [ FP2). (7.7)
Furthermore, for any € > 0, there exists dg > 0 such that, whenever 0 < § < dy,

sup [g(s, ) — g(s, )|

0<s<1

TER
1 [ sin?
< / 2 sup |g(s,x +8y) — gls.a)|dy < e (7.8)
TJ-oo Y~ o<s<1
zER
o0
/ sup |gs(s,x) — g(s, x)|dx
—o0 0<s<1
1 00 12 o]
< / 81n2y/ sup |g(s,z + 0y) — g(s,z)|dady < e, (7.9)
TJoo Y —o00 0<5<1

where we have used the facts that [ Si?c#da: = 7 and ¢(s,x) is uniformly continuous on

[0,1] x [~A, A] for any A € R satisfying [*_supp<,<; |9(s,z)|dx < oc.
It follows from (7.7)-(7.9) that, for small ¢ > 0, there exists an 6 > 0 such that

g(s,2) < g¥(s,2) = gs(s,x) + o7 ef ()

g(s,x) + 2cf1 ef(x) <g(s,z)+ 20;102 e(1+ \33|_1_b)7

IN

g (s,z):=gs(s,z) — 051 ef(x)

Y

9(s, )
gs,) =20y ef(x) = g(s,2) = 25 ere (L+ Jo 7).

v
V
Q@
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Now, to show (2.5), it suffices to verify that
both g*(s,x) and g~ (s,z) satisfy the Con. (7.10)

Indeed, in terms of (7.10), it follows from the result proved above that

" k Cn n k 1
o g<*, Cn Xnk> < ¢ g <7a Cn Xnk) —D / G+(t)LX(dta 0):
n n n n 0
k=1 k=1
n - k n n k 1
= Zg(achnk) > 2Ny (a chnk> —>D/ G~ (t)Lx(dt,0)
"= " "= " 0

where G*(t) = [*_g*(t,z)dz. Since GT(t) -G~ (t) = €(c ' +c3 ') [°2, f(x)dz, the result (2.5)
is established due to the arbitrary of e.
The verification of (7.10) is simple. In fact, it is trivial to see that g™ (s,z) is continuous

satisfying [*_ supg<s<i |97 (s, x)|dz < 0o. On the other hand, by noting that

/OO sin?t Gite gy { (1 —|z|/2), if |x| < 2,
0,

oo 2 otherise,

we have

Tsa) = [ et s

—00

1 0 ) 00 12 )
- / g(S,t)emdt/ Ln2ye“5””/dy
T J-co —c0 Y

> ; * sin?
—|—Cl_16 Zn—l—b/Qezajn/ 4 zyxdy

n=1 o0 y
= 0,

for all 0 < s < 1 and min{|z|, |x[6} > 2. Hence ¢g* (s, x) satisfies the Con. The verification for
g~ (s,z) is similar and the details are omitted.

We finally show that (2.5) still holds when g(s,x) satisfies (b) without the assumption of
continuity. In fact, since gos(s, z) is continuous on [0, 1] xR satisfying |gas(s, z)| < C/(1+|z[1+?),
it follows from the result in step 1 that, for any d > 0,

Cn

—~ k Cn o k !
— 9(*7 Cn Xnk) < — 2925<*, Cn Xnk> =D / Gas(t)Lx (dt,0),
n n n n 0

where Gas(t) = f_oooo g25(t, x)dx. Similarly, for any § > 0, we have

n
Cn

n
k=1

where G15(t) = [%_ g15(t, x)dx. Since, for i = 1 and 2,

n 1
o5 cnxu) = S (L enxan) —p /O G1s(t) Lx (dt, 0),
k=1

sup [Gs() ~ [ gltmras| < [ sup lgin(s,) ~ glss)lde <

0<t<1 —00 —o0 0<5<1

the result (2.5) follows by taking § — 0. The proof of Theorem 2.1 is now complete. O

27



7.3 Proof of Theorem 2.2

We only prove (2.7) when g(s, ) is continuous on [0, 1] x R satisfying the additional Con. Since
vy is positive, the remaining proof is similar to that of Theorem 2.1 with minor modification.
We omit the details.

As in the proof of Theorem 2.1, similarly to (7.4), we may write

n n
c k c k 1 acn
= g(ﬁ, Cn Xnk>vk = A gn Zg(ﬁ, Cn Xnk) + o Ay (t)dt, (7.11)

n
k=1 k=1 —acn

where A, (t) = 2 S0, G(E, — L) € Xy and Ty = v— Ao. Recall that [§(s, )| < [ g(t)dt :=

(1 < oo and note that, under condition (iii),
3(s,2) — 35", 2)| < Bls— o,

uniformly on [0,1] x R, where C = C I Hme dx. By letting T,, = [n/m] and using

supy>1 Evg < 0o, we have

T (J+1)m
1 (kK ty ~ C ~
N OIS DI D D G A F =l S I
n n Cn
J=0 k=jm+1 k=mT,+1

I
S|
(]
(]
Q)
/N
ks
|
|~
~—r
=
12
(]
=

1
+Clt| ma ma X X im| — v,
‘ ‘ 0<]<)§’n jm<k<(]x+1) ‘ nk ]m‘ n ;’ k‘
T,  (G+)m
Z fﬁk‘ + OP(|t|) sup sup ‘Xn,[nu] - Xn,[nv]‘
§=0  k=jm+1 0<u<l ju—v|<m/n

+Op(|n—an|+m>‘

G
n

IN

- (7.12)

Since m/n = 0(052/77), under (2.4) and condition (i), we have

sup sup |Xn,[nu} - Xn,[nv”
0susl|u—v[<m/n

< s sup [Xu— Xl +op(c?)
0<u<l |u—v|<m/n

= Op(D)(m/n)" + op(cy?) = op(c;?).

This, together with condition (ii) and (7.12), yields supyj<qc, |4n(t)| = op(c,!). Taking this
estimate into (7.11), the required (2.7) is proved. O
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7.4 Proof of Theorem 3.1

Write
1 n
Sn = u i _ S bn ),
\/nTbg; ke Yk—11 (|yp—1] V)
1 n
Vi = n2bh3 Zyzfllﬂyk—l’ < byv/n).

It suffices to show that, as n — oo,

1/2
(Sn, Vn2) —D ([0/ iEQd.fL'LJT(]_,O):| N, (7—1/ xdeLJT(l,O)). (7.13)
lz|<1 |lz|<1
Indeed, by noting that
I I(yp—1| < by,

Sro v I(yk—1] < bay/n)

the required results follow from a simple algebra by using (7.13), f‘ 2?dr = 2/3 and the

z|<1
continuous mapping theorem.
To prove (7.13), we start with some preliminaries. Let z; = Zle u; and zg = 0. Recall that

{ug, Fi}k>1 forms a martingale difference with
o =FEu} and supgs; Blug[*t < oo, (7.15)

for some § > 0. Since oy 4 := 021(0; > A), for each A > 0, keeps a stationary a-mixing random
sequence with Eaitf/ < Eo?*° < 0o and coefficients a(n) < Cn~(119) it follows from Lemma
2 of 7 with a simple algebra that there exists a positive constant K depending only on § such
that
m
P( max Z (0'167,4 — Eak7A)‘ > :1:) < O Kng~170/(4430) (7.16)

1<m<n
k=1

for every z > Kn'/?logn. Let Y, = maxi<m<n | pya (O'k’A — Ea;@A) ! It follows from (7.16)

that, when n is sufficiently large,

oo

EY, = / P(Y, > y)dy < n'=940+9) L 0 Kn / - 178/(4430) 7.
0

nl—6/4(1+8)
< 5 nl9/A0H)

for some constant Cs depending only on d. This, together with the stationarity of o3 4 and the

fact that oy o = 02 = E(uj|Fg_1), implies that

1<m<n

max ‘ZE(uafk_l)—ma? —  Op(nl—9/40+9) (7.17)
k=1
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and, for each A > 0 and m = m,, — oo satisfying m/n — 0,

1 X
El=— - E _ —4/4(149) ) 1
00X . S—H Ok,A O1,4 O(m ) (7.18)
=j

Due to (7.15) and (7.17), the strong approximation result from Proposition 2.1 shows that, on
a richer probability space, there exists a Brownian motion B = {B;};>0 and a random array
{zf,,n > 1,k =1,2,--- ,n} such that {},,k = 1,2,--- ,n} =4 {z,k = 1,2,--- ,n} for all
n > 1 and

sup

[
0<t<1 \/ﬁo- nvtntj

where 1 > 0 is a constant depending only on §. On the other hand, by noting that

k )
7\ k—i T\ k
o= (1) w1 ) w

— B[ =0p(n™"), (7.19)

we have

Ylnt) Lnt] /t T(t—s) [ns]
= + 7 e ds + Rn t s 7.20
\/ﬁ \/ﬁ 0 \/ﬁ ( ) ( )

where supg<;<q [Rn(t)] = Op(n=1/?). This, together with (7.19), indicates that there exists a
random array {y’,,n>1,k=1,2,--- ,n} such that
{(y;ka Z:Lk:)a k= 17 27 e 7n} =d {(yk:; Zk)a k= 17 27 e 7n}

for all n > 1, and

1
2, | gttty ~ F O] = Opln 7.21
0§t21 ’ nayn,l_ntj ( ) ’ P( ) ( )

for some n > 0, where J-(t) = B+ 7 geT(t*S)Bsds. Since J-(t) is a Gaussian process satisfying

sup | J-(t) — J-(s)| < Cr sup |B,—By| = Op(AY?),
[s—t|<A |s—t|<A
0<t<1 0<t<1

it follows easily from Theorem 2.2 with X, = yn -1 = yx—1/v/no and v, = oy, 4 [recall (7.18)]

that, for any b, > 0 satisfying b, — 0 and b,, log® n — oo for some K > 0,

1 n
o > ka B(Yk—1/bn V) I (Jye—1| < b/n)
" =2

1 Eo1a
= nbnkZQO'k,AH(yn,k—l/bn): b, ;H(ynk/bn)‘f‘oP(l), (7.22)
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for each A > 0, where H(xz) = h(ocxz)I(o|z| < 1) and h(x) is a continuous function. By taking
A =0, as a consequence of (7.22) and Theorem 2.1, we have

[nt]

(s S Yoot o)

[nt] 9

1 o
- (jmam W;H@nk/bn)) +op(1)
= (Bt,a/ h(z)dz Ly, (1,0)), (7.23)
|z|<1

on D20, 1], where L, (t,s) is the local time process of the linear diffusion J, = {J(t)}+>0 and
we have used the fact: [0 H(z)dz =o' fol h(z)dw.
We are now ready to prove (7.13). Let S, = > ;| xpiug, where
1
Tnk = Tﬂyk—ll(“ﬂﬂ—l’ < bn\/ﬁ)
nby,

First note that {ug, F}r>1 is a martingale difference and z,, is a function of ug_1, ug—2, ..., u

so that {Sy, }»>1 is a martingale having the conditional variance:
‘7712 = 2b3 Zakyk 1I |yk 1| <bnf)
" k=1
Since result (7.23) with h(z) = 22 yields that, on Dp2[0,1],

[ nt] [nt]

(IJZ““ Vi) = (\fgz“w 7 Vi) +or()

= (Bt, a/ x2d33LJT(1,O)>,
|lz|<1

by using Wang’s extended martingale limit theorem(c.g. Theorem 3.13, ? with X,x = z,rug

and Z,, = ug/v/n), (7.13) will follow if we prove:

1 n
- ZE[u%I(|uk| > ey/n)|Fy—1] —p 0, forany e >0, (7.24)
Zx%kE[u%Iﬂxnkuk] > €)|Fk—1] —p 0, foranye>0, (7.25)
k=1
1 n
—= > |rakl Bwi|Fe—1) —p 0. (7.26)
i g

The proof of (7.26) is simple. In fact, by noting nb, — oo, it follows from (7.23) with
h(z) = |z| (H(z) = h(ocx)I(o|x| < 1)) that

\FZMM\E U2 | Fr1) = Fnb ZakH (Ynk—1/bn) —p O,
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as required. As for (7.25), for any € > 0 and A > 0, it follows from wuy = oxex, ok is adapted to

Fi—1 and E(€}|F—1) = 1 that

Zm%kE[uiI(\xnkuM > e)\]—"k,l]
k=1

Z 22, B [upd (Jug| > A)|Fro1] + Z 22 I(|znr| > €/A)E [uf| Fi1]
k=1 k=1

n n
Zx%kagf(ak > VA) + il;}; E[e(|e| > \/Z)‘}—k—ﬂ Zx%kaz
k=1 = k=1

n
+A%e2 Z zh ot
k=1

IN

IN

R 1 &
= > Hi(ynp—1/bn)oiI (o = VA) + sup E[e2I(|ex] > VA)| Fi—1] — > " Hy(yni-1/bn)or
" k=1 = " k=1

n

ZHZ(yn,k—l/bn)U]%7 (727)
k=1

where Hi(z) = (02)?I(c|z| < 1) and Hy(x) = (ox)*I(o|r| < 1). Since nb, — oo and
Eo?I(oy > VA) — 0 and supp>1 Eleil (|ex| > \/Z)|.7-"k_1] —p 0as A — oo, it follows easily
from (7.22) and (7.27) that

+A%?

(nby,)?

n
ZCCELkE[uiI(\mnkuk\ > €)|Fe-1] =P 0,
=1

as n — oo first and then A — oco. This proves (7.25). Similarly, for € > 0, we have

1 n
- > E[upI(fug| > ev/n)| Fioi]
k=1
1 - 2 2 1 - 2
< p Zakf(ak > logn) + sup E eI (|ex| > ey/n/logn)| F_1] - Zak
k=1 k=1 k=1
= Op(l),
implying (7.24). (7.13) is now proved and we also complete the proof of Theorem 3.1. O

7.5 Proof of Theorem 3.2

We start with some preliminaries. Let O(z) =1 — Z?;% 0;27, L be the usual lag operator and

©(L)uy, = ug. Since Z?;i 16| <1, ©(z) is invertible when |z| < 1 so that

o0 oo
Uy = O (L) uy = ZWjuk_j, where ©71(z) = Zﬂjzj and u_; =0 for 7 > 0.
§=0 §=0

It follows from 7 that
Uy = @_1(1) ug + Up_1 — U, (7.28)
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where dy, = Y% Fup—; with &y = Y352, 7, satisfying that Bag = o® Y72 &7 < oo and

(recall u_; > 0 if i > 0)

e}
e el < 31 i ol = Op(at 449, (729)
1=

where we have used the facts that Y7 |7;| < Y72 4|mi| < oo and, due to (7.15),

max |uk| < (Z |uk’2+6)1/(2+6) _ OP(TLI/(Q—HS))-

1<k<n
k=1

Consequently, we have SUPj>1 Eﬂi < 00 and, for any m > 1 and j > 0,
Jjtm
max E‘ ak‘ < Ccm'”, (7.30)

k=j+1

for some constant C' > 0. Furthermore, when o = 1, we may rewrite (3.5) as

Yk = Ye—1 + U, (7.31)

so that z, = (g1, ..., ux—p) (recall u; = 0if j < 0). See 7, for instance.
The proof of (3.6) now follows from the following lemmas. Define ||z|| = (22 +... + 212))1/2 for

a vector z = (21, ,2p) and ||A|| = max; ||Az||/||z|| for a p x p matrix A.
Lemma 7.1. When o =1, we have

(a) 1(Sies #hze) 1 = Op(n7));

(0) 1| k=1 2wyr—1ll = Op(n);

(¢) || 225=1 zwurl| = Op(Vn);

(d) H > k1 2kYk—1 L (Jyp—1] < bn\/ﬁ)H = Op(n3/?b2).

Proof. (a)-(b) follows from Lemma 3.2 of 7. See, also, ?. (c) is obvious by using the martingale
properties.

We next prove (d), starting with some preliminaries. It follows from (7.28) and (7.31) that
n
yn =071 (1) D up + g — .
k=1

Since |d| +max;<j<p [ix| = Op(n'/?+9) for some § > 0 by using (7.29), on a richer probability

space, there exists a Brownian motion B = {B(t)}+>0 so that, for some n > 0,

6-1(1)B(nt)

su —
Ogtlg)l Yn,|nt] \/ﬁ

= Op(n™™), (7.32)
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where ynr = yx/(v/n o). As a consengence, for any m — oo and m/n — 0, we have

sup sup |yn,[nu} - yn,[nv]‘
0<u<l |u—v|<m/n

B(nu)  B(nwv)

-1 — op(n™"
= 0 (1) 0211];21 |u—1SJ|u§pm/n \/ﬁ \/ﬁ * P( )
= 0p(1)(m/n)"/? log(m/n) + op(n™™). (7.33)

Let H,(z) be a real function satisfying the following condition: for any x,y € R,

|Ho(2) = Ha(y)] < Cby'le—y| and sup [Hy(z)| < C.

Recall that z = (Ug—1,...,Up—p). In terms of (7.30) and (7.33), by letting T}, = [n/m] and

choosing m such that (m/n)Y/? log(m/n) = O(b?) and mb? — oo, we have
n n

(F+1)m n
szw Lyue)|| < > aH0 )|+ 0 D
=0 k=jm+1 k=mT,+1

T (J+1)m

S all+e X

j=0  k=jm+1 k=mT,+1

A
Q
NNy

H,(b ! — H,(b ! 2
+0§%§njm<£§?§{+1)m| n(bn” Ynk) (bn” Yn,(j+1)m ’ZH k|

IN

OP [n m_1/2 + (TL - an)] + OP(’I% b’r:Q) sup sup |yn7[nu} - yn,[nv]|
0<u<l |u—v|<m/n

We are now ready to prove (d). We may write

Hézkyk—llﬂyk—ﬂ < bn\/ﬁ)‘ = - )H

where (z) = zI(]z| < 1). Let l1,(z) be a continuous function so that

T, lz| <1 — by,
lin(x) =< 0, |z| > 1+ by,
linear, 1—by, < |z| <1+ by.

and lon(z) = l(x) — lin(x). Since |l1p(z)| < 1 and

[lin(@) = lin(y)| < max{(2b,) ", 1} |z —yl,

it follows from (7.34) that

H i 2klan (b ynk)H = Op(nby).
=1
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Hence result (d) will follow if we prove
Ry = || 2itan (6, e || = Op (b, (7.35)
k=1

Note that |lo,(x)] < I(1 — b, < |x| < 14 by,). Applying the Cauchy-Schwarz inequality and

recalling supy>; Bl|z;]|? < oo gives

Ry < ) I(1=ba < by yngl < 1+ b)ll2]]
k=1

SO CEN R ESEINDS szllz)l/2
k=1 k=1

n 1/2
- Op(nl/Q)(ZI(l by < byl < 1+ bn)> . (7.36)
k=1
Write B,,(t) = ©71(1)B(nt)/y/n for 0 <t <1, and let
Qn =19 SUP |Yn nt| — Bu(t)] <2 ¢.
{ e 1) = Ba0)] < 3
Then on £2,,, we have
DI = by < by k| < 1+ D)
k=1
1
_ n/ (1= by < 55 ey | < 14 b)dt + Op(1)
0
1
< n/ (1= 2y < b Bu(t)] < 14+ 2bn)dt + Op(1) = Op(nb), (7.37)
0

where we have used the fact that, by writing ag = 1/|0~1(1)],

1
/ I(1 —2b, < b, By (t)] < 14 2by,)dt
0

Il

1
/ I(1—2b, < |b, " Blagt)| < 1+ 2b,)dt
0
ao
= ao‘l/ I(1 —2b, <|b,'B(t)| <1+ 2b,)dt
0

_ aEl/ I(1 = 2by < [by "o <1+ 20,)Lip(ap, 7)dz

—0o0

= aalbn/ I(1 —2b, < |z| <1+ 2b,)Lp(ag, xby,)dz

—00

= 8ag'b2Lp(a,0)(1 4+ op(1)).

Note that (7.32) implies li_)m P(2,) = 1 for any b, > 0 satisfying b, — 0 and b, log n — oo for
some K > 0. Now (7.35) follows from (7.36)—(7.37) and hence the proof of (d) is complete. []
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Lemma 7.2. Recall yx. = yil(|yx| < bp/n). When o =1, we have

<\/2—bg Zyk 1 U, n2b3 Zyk 1) —p (022N, 2), (7.38)

" k=1
where Z = o1 ©72(1) f|z|<1 x2dr Lp(1,0) and N is a standard normal variate independent of
the local time Lp(t,x) of Brownian motion B = {B;}>0.

Proof. The proof is similar to that of (7.13) by using (7.32) and Theorem 2.2. The details

are omitted. O

We now come back to the proofs of (3.6) and (3.7). Note that, when o = 1,
Gon —1 = A,/Bn, (7.39)

where 71 = yp—11(|yx—1| < bpy/n) and

/
An = Z Yk 1Uk_zzkyk 1 szzk) 2y Uk
n n n 1 n
/ /
B, = Zyk 1Yk 1*22‘1@%—1(2%%) szyk—1
k=1 k=1 k=1 k=1

Using Lemmas 7.1 and 7.2, simple calculations show that

[Zyk L ([yk—1] < b \f)} (G2n — @)

~ —1
1/2 \/W Zk:l Yk—1 Uk — \/ﬁ Zzzl 2k Yk—1 ( Zzzl Z;ﬁzk) ZZ:1 Z;{/' Ug
n n

n
3 Z@%—J

2 ~ -1
" k=1 ﬁ k1 Vi — ﬁ >k 2k Uk (ko Zh2k)  2oimy 2 Yk
bL/2)

\/271732’6 1yk luk+0P(

(W > k=1 ykfl) 12 +Op(n=1/2b,1)
—p N(0,07),

due to b, — 0 and b, log® n — oo for some K > 0. This proves (3.6). The proof of (3.7) is

simple and hence the details are omitted. O

7.6 Proof of Theorem 4.1

We start with some preliminaries. First note that, as in (7.28), it follows from ? that

& =00 +&-1— &, (7.40)
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where éj =30 ggmj,l- with ¢; = Y heis1 Gk, satisfying that Esz =a3 3%, $? < oc. As a

consequence, we have

k
o = » B ”fj—fPZﬁ’“ J773+ZB’“ -1 — &
Jj=1 7j=1
= q’Zﬂ’“*jﬁjJrAk,
j=1

where Ay, = gF16) — & + (1= B) Zf;ll Bk_j_léj. Since, as in the proof of (7.29),

jmax [Ag| < Cr (I€o] + Jmax &) = Op(n'/+9),

the same arguments used in the proof of (7.21) yield that, on a richer probability space, there

exists a Brownian motion B = {B;};>¢ and a random array {z},,n > 1,k =1,2,--- ,n} such
that {«},,k=1,2,--- ,n} =g {zp,k=1,2,--- ,n} for all n > 1 and
—J-(t)| =O0Op(n™" 7.41
S | g~ 1(0)| = Onla™ (7.41)

for some n > 0, where J,(t) = By + 7 fo $) Byds is a Gaussian process satisfying

sup [ Jo(t) = J-(s)| < Cr sup |B,—B,| = Op(A'?).

ls—t[<A ls—t[<A

0<t<1 0<t<1

We are now ready to prove Theorem 4.1. Note that

a?m —a = Zzzl ’Ll,kf(.xk,l) I(‘xkfl‘ < bn \/ﬁ) (742)

Sho F2 (@) (|zk—1] < by /1)

Recalling condition A2, we have

1
v/nby,

Z ukzﬁ((72q) xnkz/bn) + R,
k=1

JbZ—Zukkal (zkoa| < bo /) =
nbym?(

where 2, = L xy_1//noe, H(z) = H(z)I(|z] < 1) and

R, n V1, 02® Tk /by) I(02® |20k /bn < 1).

nme Z up R(b

Under given conditions A1l and A2, R, is a martingale with the conditional variance:

b ZalkR (b/1, 02® i, /b)) I(02® |21 | /br < 1)

nbym2(bpr/n) (

a?(bpy/1
ﬂm % ZO’%,C A(O'Z(I)xnk/bn) = OP(l)’
n k=1
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where A(z) = (1+ |2[°)I(|z| < 1) and we have used the fact:

1 n
E ZU%k A(UQ(I) xnk/bn) = OP(U:
" k=1

as in the proof of (7.23). As a consequence, the classical martingale limit theorem (see, e.g., 7)

implies that R, = op(1), i.e.,

WZ“kf wp1) I(Jap—a| < bov/n) = \/:L—bn;ukﬁ(UQQ Tk /bn) + 0p(1).
Similarly, we have
1 nd 1 =l
b2y £ Z @) (Jre| < bu /) = "bkz_o (03 2/ba) + 0p(1).

Since the same arguments used in the proof of (7.13) implies

1 n _ 1 n—1 _
(\/TTn ; ukH(GZCI) xnk/bn)a Tbn kZ:OH2(0-2(I)xnk/bn))

[ < o 12 172 > o
~p o H2 (00 x)dx) LP0N, | H*09® x)de Ly (1,0)], (7.43)

where N is a standard normal variate independent of L;_(1,0), taking all estimates above into

(7.42), we obtain

_1 N 77
Vb (bpy/n) (@30 —a) = N Zk:ll ufH(@(I) Tnk/bn) + op(1)
= > o H?(02® g /by) + 0p(1)

nby
1/2
—p o1 (02®) /2 ( HQ(x)daz)

L;'*(1,0)N,
jaf<1

where we have used the fact that [ H2(02® 2)dz = (02®) f\x|<1 H?(x)dx. This proves
(4.2). Similarly, we have

n

[ P 1wl < bovi] " (@ - o)

k=

L Zn_ ukﬁ(UQ‘I) l’nk/bn) + Op(l)
= Vb =1 —D N(Oa U%)?

el = 1/2
(5 SoRs H2 (03 2 /b0) + 0p(1))

i.e., (4.3) holds. Finally, the proof of (4.4) is simple and hence the details are omitted. O
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7.7 Proof of Theorem 4.2

Let v, = v, — 0, and note that

> (6 = Opsminarn—k}) Tro1 I (|Tr-1] < b v/n) — Agy

k=1
M

Jj=1

= — Oy, an_jmxn_jy < b, v/n). (7.44)
j=1

n—

<.

Uk+j71 — O ) e L(|zp_1| < buV/R) — gy

?M

It suffices to show that, for Ly; = o[(nbn)l/Z],

n

Cn = Z (fﬁk *fﬁk—&—min{M,n—k}) xk—ll(|xk—l| < b, \/ﬁ) = OP(nb?@/Z)a (745)
k=1
M

Dy = Y wnjl(|l2njl < bavn) = op(nby?) (7.46)

and

( b? & Z Vksmin{Mn—k} Th1 L ([Tr-1] < bn V), nzbg Zfﬁk (lze-1| < b \f))
" k=1
1/2

Sp ((acp)—l/?xlfl[/qu?deJT(l,O) N, (0®)! /xlqg:?deJT(LO)). (7.47)

Indeed, by noting that the estimation error in apgy is

Gosw — @ = Iy Uk+min{M,n—k} i1 (|Jzp—1| < bp /)
S vy 3 I ([zp—1] < bn /)

L Sor_y (0 = Vkgmingarniy) Tt L(zp—1| < by /) — Ago

Yoy 77y L7k 1] < bo /1) :

it follows from (7.44)-(7.47), vy, = Op(1), flﬂf\<1 x2dr = 2/3 and the continuous mapping theorem

that
nb/? (wsw —a) = #?/2 2k v“min{]‘f’n*k} Tp—11(|og—1] < by /) + #E/Q(Cn + Op D)
5 Lot Th oL ([ze1] < ba /1)
—p (30®/2)Y/2 W, L;TI/Q(LO) N

This proves (4.9). As Wy, is a consistent estimator of U2 = Fvi, the proof of (4.11) is similar

and hence the details are omitted.

We next prove (7.45)-(7.47), starting with (7.45). Note that 0y = (d—a)zk_; and maxi<p<y, |Tg| =

Op(y/n) due to xpy/v/no = J-(t) on D[0,1]. It follows from (4.6) that maxi<p<n U] =
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Op(n~1/?) and

n
2 max [ Y |p-11I(Jzg—1| < bn /1)

1<k<n
k=1

> w(wp_1/vnby) = Op(nb}),

k=1
where w(z) = xI(|x| < 1). This proves (7.45) as b, — 0.

The proof of (7.46) is simple since |D,,| < M+/nb, = o(nbf/z).
To prove (7.47), for M = M,,, write

|Chl

IN

1
= Op(nb?) — —

00 M 00
Verr = D UiChani—y = D Un—jChas + O WirmCrj
i=0 =0 j=1

= v,ﬁw + U/Efj)w say.

Consequently, we have

n
Z Ugmin{Mon—k} Th—1 L (|2r—1] < bpv/0)

k=1
n—M n

= > v s I(Jvgo| Sbovn) +vn Y wpoaI(Jze—i| < by /)
k=1 k=n—M-+1

= Z Th1I(|zp_1| < b v/n) + (7.48)
k=

where

n

n—M
Rl < Viby | 30 (oal + o) + D i3l
k=1

k=n—M+1
It follows from E¢? < oo and E|v,(€2])w\ < (E]v,(j])\/[|2)1/2 < (B¢ Do ¢2)1/2 that
B|Ry| < C by [M 41 (3 v3) %] = o(nb/?),
j=M
ie, R, = 0p(nbi/2). Taking this fact into (7.48), result (7 47) will follow if we prove

1 &Ko
( 132 S ok m L (2] < bo V), n2b3 Zxk (21| < bav/n)

NOn k=1 n k=1

N—

1/2
b (\111 o1/ [/ 2*dz Ly (1,0)] " N, (0®)7 / 2*dz Ly (1, 0)). (7.49)
|z|<1 |z[<1
Let 2z, = v,(glz)u Tp—11(|zp—1| < by y/n) and Fi, = 0((k, Ck—1, -.)- It is readily seen that (znk, Fi)e>1
forms a martingale difference with

n n M n

2
STEEF-) = Y B al I(z] <bovi) =0 Y 02 Y @b I(|ziea] < b Vi)
k=1 =1

7=0 k=1

= [1+o0(1)]¥? Z z3_ 1 I(|xp_1] < by /n).
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The proof of (7.48) now is the same as that of (7.43) and hence the details are omitted. The

proof of Theorem 4.2 is complete. O

8 Tables and Figures

Table 1: The empirical size for the near unit root autoregression model

n 1 2 3 4 5 10 20

50 0 0.059 0.058 0.072 0.085 0.091 0.093 0.070
-1 ] 0.062 0.060 0.070 0.080 0.086 0.079 0.065
-5 1 0.058 0.056 0.069 0.070 0.074 0.070 0.069
-10 | 0.053 0.057 0.068 0.076 0.079 0.077 0.077
100 0 0.061 0.060 0.071 0.078 0.084 0.091 0.066
-1 1 0.060 0.067 0.065 0.079 0.081 0.076 0.064
-5 |1 0.057 0.051 0.060 0.067 0.073 0.064 0.064
-10 | 0.048 0.051 0.067 0.071 0.074 0.071 0.070
200 0 0.057 0.060 0.066 0.074 0.086 0.087 0.069
-1 1 0.061 0.058 0.061 0.069 0.079 0.078 0.059
-5 1 0.0564 0.053 0.059 0.064 0.067 0.060 0.059
-10 | 0.046 0.050 0.059 0.066 0.067 0.064 0.064
500 0 0.059 0.063 0.064 0.072 0.081 0.090 0.078
-1 1 0.054 0.059 0.061 0.069 0.080 0.080 0.062
-5 | 0.049 0.050 0.062 0.064 0.065 0.059 0.057
-10 | 0.052 0.053 0.056 0.065 0.065 0.060 0.059

! Nominal size 5%.
2 The number of simulations is 10, 000.
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Table 2: Empirical size for the unit root tests when when 6 = 0

Self-Weighted (Cj)
n D 1 2 3 4 ) 10 ADF
e ~N(0,1)
50 0 0.043 0.043 0.055 0.070 0.086 0.099 0.054
1 0.061 0.062 0.065 0.075 0.087 0.101 0.056
2 0.067 0.067 0.070 0.074 0.083 0.094 0.050
100 0 0.042 0.043 0.0564 0.066 0.083 0.096 0.051
1 0.063 0.057 0.061 0.069 0.079 0.093 0.050
2 0.072 0.065 0.068 0.071 0.080 0.090 0.048
200 0 0.041 0.044 0.049 0.060 0.078 0.096 0.051
1 0.064 0.056 0.064 0.061 0.076 0.094 0.050
2 0.072 0.064 0.060 0.063 0.073 0.090 0.046
500 0 0.040 0.045 0.063 0.059 0.070 0.101 0.056
1 0.058 0.055 0.054 0.059 0.070 0.100 0.053
2 0.065 0.060 0.057 0.059 0.071 0.098 0.053
ex ~ U(—V3,V3)
50 0 0.035 0.042 0.052 0.071 0.087 0.100 0.054
1 0.061 0.062 0.063 0.073 0.086 0.099 0.052
2 0.059 0.065 0.069 0.078 0.082 0.093 0.049
100 0 0.035 0.041 0.048 0.065 0.086 0.097 0.051
1 0.064 0.057 0.065 0.066 0.081 0.096 0.050
2 0.070 0.063 0.062 0.069 0.079 0.093 0.047
200 0 0.037 0.040 0.053 0.062 0.081 0.099 0.054
1 0.064 0.052 0.057 0.064 0.079 0.098 0.054
2 0.069 0.060 0.065 0.065 0.079 0.097 0.050
500 0 0.041 0.041 0.046 0.054 0.067 0.094 0.053
1 0.062 0.047 0.050 0.055 0.067 0.095 0.053
2 0.069 0.056 0.063 0.055 0.066 0.094 0.052

! Nominal size 5%.

2 The parameter p denotes the number of lag terms in augmented autoregression for the
UR test.

3 The number of simulations is 10, 000.
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Table 3: Empirical size for the unit root tests when when 6 = —0.5

Self-Weighted (Cj)
n D 1 2 3 4 ) 10 ADF
e ~N(0,1)
50 0 0.082 0.139 0.193 0.251 0.286 0.306 0.220
1 0.057 0.057 0.063 0.070 0.072 0.076 0.056
2 0.062 0.061 0.061 0.066 0.067 0.070 0.051
100 0 0.098 0.1564 0.208 0.264 0.316 0.343 0.252
1 0.052 0.049 0.051 0.061 0.064 0.064 0.049
2 0.059 0.054 0.052 0.057 0.060 0.060 0.049
200 0 0.112 0.163 0.215 0.261 0.316 0.361 0.269
1 0.048 0.039 0.046 0.058 0.061 0.062 0.050
2 0.054 0.043 0.045 0.054 0.057 0.058 0.047
500 0 0.138 0.180 0.220 0.258 0.307 0.389 0.298
1 0.042 0.036 0.042 0.056 0.061 0.062 0.054
2 0.048 0.039 0.042 0.054 0.059 0.060 0.053
ex ~ U(—V3,V3)
50 0 0.085 0.138 0.193 0.251 0.290 0.302 0.218
1 0.060 0.055 0.058 0.067 0.070 0.072 0.050
2 0.064 0.058 0.060 0.066 0.069 0.070 0.049
100 0 0.102 0.154 0.206 0.272 0.322 0.344 0.253
1 0.0563 0.043 0.060 0.062 0.064 0.065 0.050
2 0.061 0.049 0.049 0.059 0.059 0.061 0.047
200 0 0.120 0.176 0.221 0.269 0.330 0.366 0.280
1 0.048 0.038 0.050 0.060 0.064 0.065 0.052
2 0.055 0.043 0.048 0.058 0.063 0.063 0.052
500 0 0.141 0.185 0.216 0.256 0.301 0.379 0.292
1 0.039 0.035 0.042 0.056 0.061 0.061 0.055
2 0.044 0.036 0.042 0.054 0.058 0.059 0.052

! Nominal size 5%.

2 The parameter p denotes the number of lag terms in augmented autoregression for the
UR test.

3 The number of simulations is 10, 000.
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Table 4: The empirical size for testing predictive ability when ¢, = 0 and ¢¢ =0

Self-Weighted (Cp) IVX ()
n T 1 2 3 4 5) 0.6 0.7 0.8 0.9
50 0 | 0.060 0.082 0.102 0.107 0.102 | 0.071 0.070 0.072 0.070
-1 | 0.059 0.081 0.089 0.090 0.090 | 0.076 0.072 0.071 0.070
-5 | 0.051 0.073 0.080 0.077 0.074 | 0.080 0.080 0.080 0.079
-10 | 0.048 0.078 0.085 0.082 0.082 | 0.086 0.086 0.083 0.085
100 0 | 0.059 0.074 0.092 0.095 0.092 | 0.062 0.059 0.060 0.060
-1 10.052 0.071 0.082 0.086 0.080 | 0.067 0.064 0.060 0.061
-5 | 0.051 0.060 0.070 0.067 0.063 | 0.074 0.072 0.069 0.068
-10 | 0.047 0.068 0.075 0.071 0.071 | 0.082 0.079 0.076 0.076
200 0 | 0.058 0.074 0.081 0.085 0.087 | 0.060 0.057 0.056 0.055
-1 | 0.056 0.064 0.071 0.075 0.077 | 0.063 0.060 0.058 0.056
-5 | 0.050 0.060 0.066 0.067 0.061 | 0.066 0.065 0.065 0.063
-10 | 0.049 0.062 0.065 0.063 0.061 | 0.070 0.068 0.066 0.065
500 0 | 0.061 0.066 0.074 0.090 0.092 | 0.057 0.060 0.058 0.060
-1 | 0.062 0.061 0.071 0.079 0.080 | 0.059 0.060 0.060 0.058
-5 | 0.053 0.059 0.069 0.068 0.066 | 0.061 0.060 0.059 0.061
-10 | 0.050 0.060 0.067 0.063 0.059 | 0.062 0.060 0.061 0.061

! Nominal size 5%.

2 The number of simulations is 10, 000.

Table 5: The empirical size for testing predictive ability when ¢, = 0 and ¢¢ = 0.5

Self-Weighted (Cp) IVX ()
n T 1 2 3 4 ) 0.6 0.7 0.8 0.9
50 0 | 0.050 0.063 0.080 0.091 0.104 | 0.066 0.066 0.068 0.070
-1 | 0.055 0.063 0.075 0.090 0.095 | 0.069 0.069 0.068 0.066
-5 | 0.0561 0.060 0.069 0.075 0.077 | 0.073 0.073 0.072 0.071
-10 | 0.051 0.060 0.074 0.079 0.077 | 0.072 0.075 0.074 0.075
100 0 | 0.048 0.066 0.069 0.079 0.087 | 0.056 0.056 0.057 0.059
-1 | 0.057 0.061 0.062 0.071 0.080 | 0.059 0.058 0.057 0.058
-5 | 0.052 0.057 0.058 0.064 0.066 | 0.064 0.062 0.062 0.060
-10 | 0.049 0.054 0.056 0.064 0.065 | 0.067 0.066 0.066 0.064
200 0 | 0.0562 0.061 0.068 0.075 0.074 | 0.052 0.052 0.052 0.054
-1 | 0.055 0.058 0.066 0.068 0.071 | 0.065 0.063 0.053 0.053
-5 [ 0.050 0.054 0.055 0.059 0.063 | 0.058 0.057 0.057 0.054
-10 | 0.052 0.054 0.056 0.060 0.065 | 0.062 0.059 0.058 0.058
500 0 | 0.055 0.061 0.063 0.066 0.064 | 0.0567 0.057 0.057 0.060
-1 | 0.054 0.060 0.063 0.062 0.066 | 0.067 0.056 0.058 0.058
-5 [ 0.051 0.054 0.058 0.060 0.065 | 0.0563 0.056 0.056 0.057
-10 | 0.047 0.050 0.058 0.062 0.063 | 0.056 0.0563 0.057 0.056

! Nominal size 5%.
2 The number of simulations is 10, 000.
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Table 6: The empirical size for testing predictive ability when ¢, = 0.5 and ¢¢ = 0.5

SW(Cp) BC-SW (Co) IVX () | BC-IVX (7)

n 1| 1 3 5 1 3 5 | 07 09 | 07 09
50 0 | 0.008 0.022 0.042 ] 0.049 0.033 0.054 | 0.096 0.082 | 0.057 0.058
-1 | 0.007 0.019 0.042 | 0.035 0.032 0.056 | 0.119 0.100 | 0.062 0.063

5| 0011 0.065 0.162 | 0.011 0.055 0.103 | 0.297 0.253 | 0.136 0.124

10 | 0.026 0.309 0.410 | 0.013 0.169 0.211 | 0.530 0.477 | 0.275 0.241
100 0 | 0.003 0.014 0.027 | 0.038 0.023 0.047 | 0.089 0.069 | 0.044 0.047
-1 | 0.003 0.010 0.019 | 0.026 0.022 0.042 | 0.123 0.087 | 0.047 0.048

5 | 0.004 0.020 0.091 | 0.008 0.030 0.064 | 0.311 0.238 | 0.094 0.086

-10 | 0.007 0.160 0.364 | 0.005 0.080 0.140 | 0.543 0.465 | 0.194 0.163
200 0 |0.002 0.010 0.020 | 0.027 0.021 0.045 | 0.103 0.063 | 0.039 0.041
-1 | 0.002 0.006 0.010 | 0.017 0.019 0.041 | 0.145 0.083 | 0.042 0.045

5 | 0.001 0.005 0.045 | 0.003 0.024 0.049 | 0.324 0.223 | 0.074 0.068

~10 | 0.002 0.066 0.281 | 0.003 0.042 0.089 | 0.553 0.432 | 0.131 0.110
500 0 |0.002 0.009 0.013|0.012 0.023 0.041 | 0.127 0.051 | 0.033 0.039
1 | 0.001 0.004 0.006|0.008 0.021 0.038|0.172 0.073 | 0.038 0.038

5 | 0.000 0.001 0.009 | 0.002 0.021 0.037 | 0.354 0.195 | 0.053 0.052

10 | 0.001 0.015 0.160 | 0.002 0.029 0.056 | 0.562 0.396 | 0.080 0.070

! Nominal size 5%.
2 The number of simulations is 10, 000.

Table 7: Tests for univariate predictive regressions with monthly data

Regressors OLS SW VX
Book-to-market ratio (b/m) 0.003 -0.007 0.004
Dividend payout ratio (d/e ) 0.005 0.003 0.006
Default yield spread (dfy) 0.246 0.267 0.250
Dividend-price ratio (d/p) 0.005 -0.001 -0.005
Dividend yield (d/y) 0.004 0.004 -0.005
Earnings-price ratio (e/p) 0.003 0.013 0.004
Inflation rate (infl) —0.927**  —1.146"* —0.928**
Long-term yield (lty) —0.088* -0.048 -0.095
Net equity expansion (nits) -0.045 -0.128 -0.023
T-bill rate (tbl) —0.114** -0.108 —0.112**

2% denotes 10% significance and ** denotes 5% significance.

45



Table 8: Tests for univariate predictive regressions with quarterly data
Regressors OLS SW IvX
Book-to-market ratio (b/m) 0.012 -0.056 0.012
Dividend payout ratio (d/e )  0.020 0.011 0.024

Default yield spread (dfy) 0.692  -12.290  0.656
Dividend-price ratio (d/p) 0.018  -0.0563  -0.027
Dividend yield (d/y) 0.017  -0.083  -0.049
Earnings-price ratio (e/p) 0.007 0.003 0.013
Inflation rate (infl) —0.998* -1.145 —1.010*
Long-term yield (lty) -0.236 -1.105  -0.254
Net equity expansion (nits) -0.122  -0.330  -0.060
T-bill rate (tbl) —0.298* -0.352 —0.290*
Term spread (tms) 0.503 0.849 0.509

a* denotes 10% significance and ** denotes 5% significance.
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(a)(b)(c)(d)
0=0=0=40=
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€k 6 €k 6%

NUNWH1, 1)
Figure 1: The local power for unit root test

! The sample size n = 200. The number of simulations is 10, 000.

2 For the SW estimator, we apply the truncation rate b, = Colog™*(n) for Cy € {3,5}.
3 For yi, ~AR(1) with 6 = 0 in (a) and (b), the lag parameter p = 0.

* For yx ~AR(2) with # = 0.5 in (c) and (d), the lag parameter p = 1.
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Figure 2: The local power for testing predictive ability when ¢, = 0 and ¢¢ =0

# The sample size n = 200. The number of simulations is 10, 000.

> For the SW estimator, we apply the truncation rate b, = Co log™!(n) for Co € {3,5}.
¢ For the IVX estimator, we apply the instrument with v € {0.7,0.9}.

4 The autoregressive coefficients of error terms ¢, = 0 and ¢e = 0.
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Figure 3: The local power for testing predictive ability when ¢, = 0 and ¢¢ = 0.5

# The sample size n = 200. The number of simulations is 10, 000.

> For the SW estimator, we apply the truncation rate b, = Co log™!(n) for Co € {3,5}.
¢ For the IVX estimator, we apply the instrument with v € {0.7,0.9}.

4 The autoregressive coefficients of error terms ¢, = 0 and ¢e = 0.5.
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Figure 4: The local power for testing predictive ability when ¢, = 0.5 and ¢¢ = 0.5

# The sample size n = 200. The number of simulations is 10, 000.

> For the BC-SW estimator, we apply the truncation rate b, = Cylog™*(n) for Cy € {3,5}.
¢ For the IVX estimator, we apply the instrument with v € {0.7,0.9}.

4 The autoregressive coefficients of error terms ¢, = 0.5 and ¢e = 0.5.
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