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The purpose of the prcsent document is to contribute to the discussion of
Errow's paper in two ways: a) hylneformulating some of the basiec axioms and
some of the "consequences" in non-techniczl language (Part I). This task hes
bean carried opt in consultation with Arrow end meking use of various suggestions
edvanced during tho first discussion of the paper; bj-ﬁ? formulating certain

eriticisms for further disoussion (Pert II).

Part I, Nen-technical reformulation of cortain basic points.
£, Reformulsiion of the thrae basic axioms te be setisfied by the

anoial welfare fumotion (SJM.F.) (Arrow's peper, pages 9 end 10).
Comdition I. Tho SM.F, mist give us a consistent renking (wesk ordering)

of the slternatives confronting the comumity for every possible concrete form

of the proferoncs reletions Rl""'Rn of the n individucls cowmposiang the commnity.
Condition 2., Consider twe alternative zots of individucl tastes: the

first set of tastes is expresssd by the individuel rankings Ri.....Rn; the

saoond sgt is expressed by the rankings Hi.....R;. Suppcee the sscond set

R} hes the property that(a) the renking of all altornatives, excluding a

certain altsrnative x, is the same as under Ri end (b) the positlon of the

slternetive x, relative to every other ul ternative,is not lower than under

Rie Thsﬁ, il the SMW.F. is such thet under the sét of tagtes R

i

that x shell he preferred to y, we require that under the set of tastes Rj, it
S to
shall also prescribe that x is preferred/y.

it prescribes



2=

Condition 3. Consider again two possible sets of individual tastes
expresesd by the systems of fankings Ri‘and Ri. Suppose that for a sube-set
of alternatives 8, the individual rankings implied in R1 colincide with the
renkings implied in Rf, while for alternstives not included in § the rankings
may be the same or not, Then as long as we are concerned only with the subset
of elternatives S we require that the S.W.F, bo such as to prescribe the cholce
of the very seme elternative (or altornatives) under the set of tastos Ri
a5 under the set of #astes Ri.

Condition 4, For the purpose of the discuseion it is Euggestsd that the

original condition 4 be repleced by the condition 4' &8s given in the text.

Bs Reformulaetlion of oertain definitions aud consaquonces,

Dofinition 10 (pe 1l)s A group V of individuals is said to be decisive
for altormative x against y if the S5,W.F, prezcribes shet x shull be preferred
to y whausver all the individu&i members of V prefer x to y.

Conseguence 1 (p. 11). PFor & set V of individuals to bo deeisive for x
ageinst y-it is suffieient thet the S.W,F, prescribe thet x is preferred to
y whenevor every momper of V prefers x to y even if overy indivicual not in
V prefers y to Xe

Consequence 2. A social welfafe function satjsfying the postulates has
the proparty that for every x and y thers must be 2 décisive set for x agminst .

Proof: If the S.W.F. is not conventional there must be at least one

pessible sat of Lastes R ....Rn. such that the §,1W,F. will prescribe the

1
choice of x against y. Let V. be the group of individuals thet under this set
of testes prefer x to y or are indifferent botween x and y. Consider now
ancther set of tastes Ri such that every memter of V now actually prefers

% to yo This implies that for this group the rank of x relative to y has either

remained unchenged or hes inoreased (since some that were indiffersnt now
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prefer x to y}. Then even if every individual not in V prefers again y ﬁo x
under the second set of tastes R{, the social welfare function must prescribe
the choice of x againet y by Condition 2. Therefore the group V is decisive
for x agninst y, by oonsequence 1 (and by capdition 3).

Consequence ¢ (p. 12). This is the‘consequ@n;e which I have tried to
disprove during the first discussion by presenting a éounﬁer exanpls. 1 have
becone convinced thet the counter exmmple is not wvalid but I believe it will
be useful to see just why it feils. TFor this purpose it'is sui'ficlent to cone
sider only the firat pert of consequence 4, nemely:

Cﬁasequence 4,I., If V' is decisive for x ageinst } the V! is decisive
for x apeinst z.

The hypothesis states: 1) xPy if 2) xPyy even if &) yPixa

The consequence atates: 4) xPz if 5) xP_z even if 8) zPix.

1
Hothing is steted so far as to the reletion between y and 2 either in the S.W.F.

or for Zulividual 1 or for every other individusl., If we sssumy with Arrcow

320 then it follows by consequence 3 that IIJA) yPz

and frex 1) above end condition 1 it follows thet IVA) xPz even 1f 8) holds,

that IA) yP, & and IIA) yP

Thia ig Arrow's proof,

In my counter exemple I assumsd instead I1H) zPiy gnd further ngsumdd
thet the $.W.F. then specifies ITIM) zPy; I further socepted £) and assumed
that the S.W.F, then specifies IVM) 2Pz, Under these conditiocuns it would
follow thet individuel 1 18 not decisive for x againet g, since IVM holds
though 5) holds.,

The failure of my counter example is as follows, IVil and 5) imply that
the set T* of all individuals but individual 1 is deeisive for z sgainst x.

But &.S.%W.F, prescribing this will violate one of the conditions, In faoct
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suppose thaet the set of tastes of the group V* row chenges so that IIA holds
instead of I1IM., Then by consequence 3 we must have (sinca everybody prefers
y to £) IIIA) yPz; at the sane time if V* is decisive for z against x, we must
nave o1 account of 8), zPx; but the set of rankings 1) xPy, 1IA) yPsz,

IVM) zPx, contradicts conaitiog 1 (eonsistent gaﬁ%ing). Thus the assumption
that V¢ and not V! is decisive for z against x is inconsistent with the

axioms .

Pari II, Criticism.

The msin eriticism I want to suggest for furtherddiscuseion refors to the
sonditicns © end 2 stebtad on p. 10 of Arrow's paper and reformulated on po 1
of thie papere

Adrdttedly each cne of these axioms seperately appears very reasonsble,
yob whou taken togeiher they have scme very unsetisfestory immediste implie-
outicrs. This may be best illustrated with an exanpleo.

Coneider a firast set of teshes Ri, with the following proparty: the first
m individuzls prefer intansely T 60 ¥ ingividual mfﬁ is indifferoat zrd the
rempiring individuals prefer y to m but very slightly. Under theso conditions,
and erpecizlly if m is a8 substantial preporticn of the population cloce to
1/, 't is very roesonable %o demand that the S.W.F. should preseribe %o choose
z oger y. Assume thet this is in fact prescribed by the SM.F. Consider now
sr.othor set of testes R;. with the following property: the first m individuals
prefer x to y but very slightly, individual mfl prefers x to y but very slightly,
the remmining individuzls prefef y to x intensely, let us say that they sctually
sonsider X unbeﬁrahle (I use this expression purposely as & reference o Merschak's
remarks zbout revolutions)e

Then if the S.W.F. 18 to satisfy conditions 2 and 3, under the get of

tastes R{ it must prescribe the choice x over J.
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I submit that this is a very unresascnable requirement to impose on the
S.M.F. 1t will be readily appreciated that this example relies heavily on
the notions of "intense" like and dislike as contrasted with the simple notion
of reletive position in & ranking order. I feel that some methods must be
found to introduce a weighted ranking. Though Arrow has discussed two examples
of such welghted rankings methods on p. 15 and shown that they are unsatis-
factory, 1 strongly feel that other alternatives of thie type should be
investigated, possibly meking use of the notion of "indemification” of "classical®

wolfare economies.



