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..Tﬁié?é#iér*iS,adggﬁyéggggqﬁﬁEQﬁ forth in abstfact terms the nature -
ol tha prcbmsm*of*aggr@?étioﬁ;”ﬁ'ﬁ?bblem-whiﬁﬁ, Ijbélibﬁﬁ;diill ba“fdﬁnﬂ“
%o arise in wany flelds othor than eeovomios. The reader will observo 1
fimmediately tqe resemblanca of tho prcsert theory o bhe papars of
Marachalk and Andrewaand-pf=Hhavolmo.

1. 7. Warsohak and Well, AnArews, Rghdom Simu)vanenus. Equations and the
Theory of Production,” Egonometrics, vol. 12 (1544), pp. 143-205, U
T. Hoavolmo, "Femily Expenditures and tho Marginal Pronenaity to Conaume,"-
Econom@trion, vol 15, (1947), pp. B35-341,

25 'The~Natura of thderdblhﬁ.f:“
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I 15 a oommonpluoe of ‘the' mpdern operatiuval viewpoint that no
queétion can be regardeg 83 fwaningful. unleaq e uan cén;;rugt a teat
which will dotarmine'whcthor or; not sny given c.never ia the true, Tho '
llitaratura of index numhera 1n aoonomios is vsut and tho bulk of it is e

g

domingted by the motaphycicu qiaoa of an allapurpous 1ndex number aomcwhaﬁ

analegous to the . univor%al'GQIVOnt" of modleval alchemy, s requiroment 5
'which, if it can bo fbrmulatad et all, would sxcluds any- solution of thc
prodlem, Thla is not to deny a’ great d@ax of valua 1n tho early literavj
ture ¢f index numbers, but, es is alao often the omse. 1n economio theory,”
the mosgt important ocontributivus wrise 1rom = FOVOLT. OI. h.8uboonsciously .
-eorrect logio againat‘tha eXpregsly 8uecow oua guneral principies. As

lin most aciontif;o issuss the oorrect formz*ation of the problem is the

mogt ecgential step 1niits_solution.



Euﬁh of the ﬁif}i&ﬁlﬁy-in poring i mfﬁﬁmg;ﬁﬁon-éfﬁblam ariges
f'rom éonfﬁaion bctwean'aevorui intervelated types of sgpregates. . From .
ons polnt .ef view,‘the';nﬁ”of‘ecbnometric anaiysiﬁ is the dotermination of
policies to maxixdze the economic welfare, hure conaaived as soma funotion
of the economic behavior of all individusle, ‘The lust atatemsnf is-
realiy & definition of the sonoept “inﬁ*’icxul" for our purposes,)
Undor this argument, fhé aggreretos 6 be ioreuaat under varying possible
pollcies are dst&fminad by our normativa Burpdses.  Strietly spesking,
thery is only one aggregéta, sconomic welfare, but usually this uggregate
ig exprnased gy & function of several sthsr egrmiegetes, and it is usually
rmors convenient to foracaat the lattu;u II we heve & uvomplete efstem_
Walras, Hicka) for desorxbtng the bshmvvuv ¢f ladividuals, wa'can eliminate
the microvariablas with the aid of the definitions of the aggrogﬁtoa to
obtain a completaz system. {This description blinks the difficult problem
of agzroegeting the pfedéturmined variables; af this, more mnon.) This
ism essaﬁtially'tha #ieipqint'of May,z und tho present essey 1s a geﬁaralio

zation of this approach.

o Laj “Teoqnologlcal Change and Apgrezation,’ Econometrica; vol 15
), pp. S1-62,
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There ara. howuvar, two aggravatioﬂs xn:al'od in this proocess. The
first agvregation problom ia the ohoioce of the &ggregates to be incorporated
into the system, here diatat&d by'wolfara-oonaluarationsz the ssoond is
the formation of the set of parameters of ths rolationt umon? the first
clase of aggroga es.' Theso parameters are agrrogates of the parameters
of the_behavior of-indiﬁi&uald. The distinction magt be made more preocise.

I_We nast distinéuish betwsen the {esonomic) bohavior‘or‘an individual

st any glven time and his response pattorn. &sach individual at‘any given



e
time i3 faced with A certain numbwr 08 faels evnkinble to Rim, termad

- initial cond1t10Ls33_ these 1n1tiu1 oonditions reatrict the rango nf

3¢ This terminology is that of L. Hurwice, Theory of the Firm and of
Zlimla‘-’camsn‘t‘.,;3 Pconometrica, vol. 14 (194&), e 418, o

Y e Y P1 Lot

alternative possiblo_eoonomiéjp§liciesn From this rango-of'alﬁgfngtivas,
the individual chnoéda thﬁ valﬁea of geveral variagles; his daoisioﬁ
‘variabies, |

Tas principle of aeluétibn of any indlvléual is & oharscteristio
of individusls and one #hich is prueumably 3table ovay time; ayatematic
variatlon over time should be- inoorporatsd in *na prinoiple itaalf by
includlnf timﬁ or some othaer relovnnt variabla ES an 1nit1u1 condition.
Ina detarwini stic s;stsm, the individual'" do{ sion varlables are
single~valued functions of his initial conditiors; thig apt of funotions'
definas_his principle of qélpotion_or Eesponsa rettarn, In @ svoshastio
systen, the response patﬁognilaﬁ be defined sz Lthe eondition&l Joint
distribution of the individga1'§ &ecision varizbles given his initial
conditiongz. In this‘caao, obnatanoy of the resgonsg. pattern evar tine
means stability of this conditional distribution,

Those vnriablea whioh aro dooiaion veriablea at & given time for an
individual ere the endogonoua miorovariablea. Those variables which are
initinl conditions for st least one individual but decision variables af
the given tims for none are the predetarnined microvariables. Thesd aﬁo
assumed to satiafy the usual esaumptionu &8 to endogenous and prodetorminnd.
variables. Ve thua heve & oompleto aystem 0f endogenous miorovardablus;
-the regponse petierns of a11 individuals, taken togouher; completiiy
define the 4oint probability distribution of %the eﬂdugenoua mlcrovariublos,
givon the prodotermined miorovariabloa° Yo will slininate the latter

from consideration for the momont by 1noorporating thom with‘thi reapdnse _



i individusl at's, .

'ﬁpat*ern.f Defing? 'éfgﬁr#ﬁﬁtiraspenau_pattdfﬁﬁq.

i

ﬁg;vénjt;@m“as.thg=cq 4£§pq};distribution of higidecision variabloes,

;fgivenfthq”ﬁidiiiﬁf variables of alirothar_1nu1v;nua15;iholding]the1-
predetermined miciFoverisbles fixed at thmirrcurhanthaluea, The ourrent -
‘response-patterniis ‘tompletely deternired by the responso pattern“
-ana’the velyas of the:predsternined variableggg,ﬂﬁﬁﬁ@hﬁf@h@ﬁrﬁaﬁﬁhééjﬁ
.pattprns oz_allz;nniv;duals;uniqualy darina_the.p;rygnt_joinﬁf@istkibgﬁ;pn
of endo*onous migroVarianes.
’Wo usually 1ﬂenﬁi£y dﬁciaion vericbles of difforent individuuls as
Jbaing of similar typea: o, gasclina oonsumption’by”individual A is in
some gense an activity of tno samo typw ss gasoline ponsimption by ine
dividual B {siroy wé“ars. 3onaidoring sﬁmultan¢cualy all. oconomic ba- ‘
havior, the fautﬂ*thaﬁ-aﬁmay want the zesoline for &t ruok while B wante
;1t for an automnbile will bo taken<:ara of)q 1 .ignore ‘here problems of
Anterpersonal conpsrisen of utilities; sonw_sch,gquarispn-mupt_bo
made if we ars to have'welfare aggragatae°

- For any'one ‘sushityps of endogenous mierovarisble, a frequency
taasnrzbutlon ‘over. the:populution can bo formod if We | ura givan the values

‘of ‘all. the endogenous’ miorovariablos at any given timn. Similarly tho

Joint frequency distributlon of 81l types or endogenous’ minrovariablou

gan bc detormiﬁo. ‘_kwing tho values of all endoganua m;crovariablon
at & given time.: This " joint frequenny distribu*ion will be tormad tho
cﬁr#aﬁ£ 5ehhv;o;1q1atributiong

Assuming tﬁaﬁ”?‘éirﬁi;%qiiiiias‘iba relevent to -acoﬁoﬁaﬁwoxrara‘;'hs‘v‘o‘*bms
ineludsd in"the’endogendus miorovariables, all wolfare oriteriu aro uniguelyu

dofined by - ‘the surrent’ behavior distribution. Hnnoo. knbwledge of the

7}§§§grkiaﬁyhay=iuﬂ;ogl}y,douﬁred to answer any ‘possible welfars question.
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in hv pxeqaﬂ+ asa&y ian vur.anf behzwiay distridution éarrcégonﬂs to
“the nggregataa to.be forecast.

The_prqb&bilitYﬁdistfibution of the current bahﬁviok distribﬁtioﬁ is
dafinsd by the 4oiut prohahiliry distritbution of the endogenoua '
mlnrovavaablaa whion ig iIn turn daterminﬁd bj'uhﬁ current rospcnso pattorns
of all iﬂdividuals. The aﬂtimation of the latter in gome egarozate sense
-(dafinad more preciaely 1n Section 3) wiil ansble us to make forocasts
of tha‘current behavior distribution and house of a1l welfars criteria,
Tharéfore, it sseng thﬁt the solution of tha smcond n?gregation problam
‘ia the ezsoncs of o useful soliution of the Tirshe g |

The estimation: of .surront rosnovse D(tumﬂuw really lnvolves two
distinct problemgs (1) the aatimatlor of ths rog: onse patterna propor;
and (2} the ar?ragation of the predetermined variaclwao The lstter, which

weé may term tho third azzregation preblism, does wot swem to have reocivod -

muach d iscussion,

8o Mathomaﬁicai"beﬁﬁ{&ﬁioh.

-Lat sﬁailmﬂhftora.dénota sloments of graces oorrasponding/%apital
1éttérs apaoes¢3i1f.x ead Y are tuo speoss, X willjbu the spede of all
nappinrs of ¥ on X. x! wil; be an elombnt of xi, i,e., & particular
function in Y with valuuu in X3 and xy yill ha the value of the funation
x for the particular p01nt yb& Y. (=] wiil bs 8 probability or- fro-—
quency mepsure on x [ﬁj the Bpaoe of vl pmasible such mausures. Tho |
aubscr;ot + owill denota tims. a Oreel lettnr will deno+o a2 sot in the
spece with the eorroaponding Latin oapital. Thus [_X_] ( 6\) will be the
meegure of sot 6 in spdce X,

I = space of individunls; it includes all individuals who have

(or could have?) ozisted during the relevent period,



wfe
"B = behavior spade s point in B desoribes oompletely the economic
\_ behavior of an ipdﬁ;;ﬁég:{-éyln‘._-l‘_gir\-mn time. 1%t is nsaumed that the sams
components -oun desoxibe the behavior of all individuals; if soms kind .
. of écqnomic a¢ti#ity'1eHhQﬁ_Sngagod in by a particuler individual, the:
. corresponding va;@gblb;qgnfbe'aet oqual to zeroc.
Dsa Qpaoé of;éurf;pﬁ”:pgponso petterns.
.‘L‘:‘Qpace of lagged endogenous miurovariableé; incld@ing il relevant
lags, -
P g,spaco.otffééppnqp_pgttbrnaa
E 2 space of gidgehbha_micvova}iabluso
| In: thia notation dIt is the schodule deacribingfat time A the dufrent
raaponse pattern for @ach: 1ndivﬁdua1, and [b is the 1cint probability
distribution of thn ondogenous vxerovurlablas at time X. .

1447
The gpacae I has & naturel measure, the counting m&asure, so that

Theorem 1, & - determines 11: 1

, [11 is known,

Given E;I]t ANG. Tne meesure cn L, the masurn on B is dstermined.
B) *J iJ (y, €8 )" [" Jor

From 'I'haoram 1 and 2 it is clear that dlt detox'mivws[ b]

: Thcdre@_‘_?_ . E_ :

Howover, [b ‘l is invariant undo, u psrmatation of the labeala on I while
_dIt is not.. For 8. g:’wwn d t' thez c.ond.r.tioval maasux'a,_ d ‘ d t] obvioua.ly_ -
eontraotu toa singlo po:ln‘i.'s having Measure: 'l. Henee, ana"ogously to

theorem 2 we havo 4

Theorom:s. I:d Id ]zg )-[_1] (a, eof)

- [d]t = [d | dl;] s davariant under perputetions of the labels on I,

' CIQarIy, _anly the. ‘frequency diq tribation of the ourcert responge patterm



m?&
(and not their: aaairnment by 1ndividuals) determinea the cisuribution of
.tho surrent behavi@r diatribuuicnsg

Theorom 4';-[ﬁk '7is'datﬂrminwﬁ by | é I °
o ti. []1;j ‘L’ Jﬁ

Tho posaibillty of forecesting b > and thﬁrofore all walfare oriteris,
rests thon upon the uossibixity of' estimating [h & tha fraquenuy
distribution of ourrent resjouse petterng in the poou}aticn of indiV¢°
duals° Thisg Crequency distrzbutﬁon ney be tﬂl:ﬂd tha agerarate currant
rasponse pattorns

Ye have nade the assumption thet tha ourrunt roaponso pattern ig

_doterminod by tha predofarmin %Lcsavariablaﬁ and the individual resnonse .
putterns,

Assumptions 4. « d .
Pt 3 “Q

Here Au.B danotea the vL“t@Siuﬂ produot of spacea A and B, ex b
an olemont in AK B, Thn ro,pnnfe ;u:.tarn p diflers f’vom lmhvi'iual to indi-
vidual but is aaaumod cnnst&w* over Glue, ‘alt eng 6., GBre acaumed to
enter into d for all indi#‘udu18} this san alwhva be dona triviailyal

For éngfgunctiona, 1f £{x} = gix) for all £ f 6nd ¢ ars the saus
funetion, In our not,m_sionn Shia EDang we can‘oapitalizo smal: lotiers
on both gidas of an equality saoh as She Aasumptidﬁf

Y16 3 dp ,e,-'.ﬂ. Xo

I I8 1%

By theorenm &,

Ld] (d“} l lt f ['ij (e x.€ Xo Edﬂ )'
S At

it
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For a piven -(/Ié,”olt,'dufim 77;(() &g tﬁg.'aet in P for whieh

a R g
P xﬁxt X
Then

L'd] t(J’i) :[i_] (P < 'fft(f) ) =[P](n- &) )

Honco, if .’gﬁ;

for each by [-;a s the froguency c..latributmn of response patterns

and oIt are knowm, [-d] - would be oonpletely determined

(0eg., the Joint frequanoy distribution over individuals at marginal retes
of gubstitution ih;bdthproduotion and consumption end uf elmgticities
of oxpactatioﬁ;.ﬁtce)o

' Supposé [p_) is known tc helong to a cisaﬁ (P] « Vorking berokwerdy,
observad values of [b] heve a Cistributicn determined by p]
that we can eatimto er In prectice, we have no observetions on ['bj ¢
but estimamtes [bJ The ci.:tr}bution of thoaa estimates depc.rands not
only on [g but elso on the ratlcd of sumpling, | If the lutter is known,
we mey agein infer i‘rom observataom [bJ to [p]

Let ue furthor asgume thet response yattarns areo impersonal in the
gonae that the individual recols to the current and lesseyr docision
varisbles end exogenous couditions of other indivlduals only because of
thelr economic statua RS fevwalad by the valu&s of thelr appropricte
variables, E.g., & steol prouauur A may be gulded in hiz decist ons by
the asseta held by B ‘not bacevse B hrs the nume B, but because B is
& consumer of stealo Howevsr, thess romarks 4o mot epply to the predecerminsd
veriables which direstly affect e individuzl, such as his own pest
.decisiong, Thatqford, thq pfﬁdet@rmina& variablés entér the individuuits

response patiorn pl' only through u«.. o c and {1{7 A a]



. . <~ 5 . . . ‘ :
If we have oatimatas of [j X oe j & and if we have meesuremsnts for
a sa’nplo of individuala f'or o, o 4

i4 1’ 1t
estimata[p] ossentially 88 - bai‘ara, when the above agsumptions are meda,
AN

s W6 can aontinue to .

In brief, an estimate Lb X f&@:_{t suf'fices to aatimta[pj o

The most diffisult cese is that in which tho observetions on the
predetermined variablﬁs are TiOu rede on the seme individuals, i.e.,
we have estimates [bj Lf S _] but none.of the jolnt frequency
distribu’oion. Then, in ef: eot, wo Yavo to estimato d] g+ Whers [dj & [J_, b |
EDJt is restricted by soue mursinal restrictionss rd-) % [p x A x nJ -
where [pJ E, EP] & known olasg, nan.sti‘jK e:lt is estimeted, Alﬁoa
sipcs 1t & (bI L ? oo-. bl e k" sortain futher ralat ons ars impiled,
It may hep.en in this casa,th&tﬁ:pl iz not ldentifiod unless wo are
willing to wake some assumptiéns soricering thg'corrslation in the

apaca of indivi.duals' betweon p and ¢ Thus, s.r.ovornmont transf'or payments

L
are apt to be nevatively correlntad with efficiencv a3 & laborer,

4, The Stochastio ﬁlemut in the Aerraration Frobler,

It mey soem sut'priainp' thet the ebove discussion of tho agzreration
problem rung go much in probability terms, There are two oharce elerenty:
‘the random element in the tehavier of indlividuals (whioh may srise eithasp
from "1ntrinsio'7lrahdbmnoss or from ondtiad va“ieiblaa), and the incomplete
sampling of t.ho' ébpuiétion, Bduoworeh widwn‘tlj lnd one or hoih of thesa

olements in mind ivﬁén réfm"’riu;.; to the probebility naturo of the indors

nw_ﬂb_er problomq’ Pﬁay 8 analogy b sbuwasa the ug:reoatian problen in evonomics

4, F, Y, Edpeworth, "A Dafanau of Indi®x Numbera." I*agars Rolating o
Political .oononv, Vole I, upe $80+5848, sacmillan, London, 1345, '

— -,
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and the Kinatio‘thgofy of ses0s points in the aamﬁ'diﬁéctionos indasq,

- 5. Ko Kay, OEoOitoI; pa 59.,

it might well bo said that the probloms are assentiﬂlly 1dentioa1.

One can enviaago e parlectly doterminigtio agrregation ﬁroblem,
where esach 1ndividual is subdﬂcb to poffectly deterministlc 1aw3, and
e sampling is completoo 1n this orzse, the problem reduces to the de-
tormj.nation af[;;l from ena priori inown clalsLP] ‘The golution of
the problcm still dopands on the aature of [ﬁ] Thia ig raﬁiniscent
of Klein's solution of fhe agresgation problem for produytlor, where the
-form of the aggrerates depandad upon the & priori known form of the

produotion function.s Although Kle:in aturtad from g difforant‘viewpoint

8. L, Xlein, "Maoroeconomios end the Theory of nat;onal Bahuvior,
Leonomntrica, vol. 14 (1986), pps 95-108,

as to aggre ation,_it sooms liyoly Lhet hiu regults oan bhe rairterprucﬂd
ir lighf of the present viewpoint, Leontief's reeanﬁ work en the
inturralafion of subsets of vurizbles in a oontimuous function leys the

besis for & aeneralization of lisin‘s res@ltaoT

7e o Leontiel, TA Note on tho intorrclation of Subsets of Indapexdunt
Veriables of e Continuous Funetion with Continuous First Derivetivas,”
Bull, Am, ¥athe Sod., vol. 53 (1947), pp. 5456350, "Introdustion to &
Theory of the Internal Structurc of iunctiongl Relationghlips,"” Econometriog
vol, 16 (1947), ppe 361=575, ‘ ‘

6. The Paramctfic Canse,

Pfactiéally spoaking, we will be interested in the caze where the
- elass [é] oun bﬁ'ddscrlﬁad by a finite number of parametors. Ysually,
wo will also aésumn th&t 2 Ls oharacterizod Bv & firite number of
peramoters. In that osse [p) is the joint distribution of a finite

number of variahleu, ana it is knows to belong to a famlly oharactorized



by & finite number of paramoters.
- Roughly, the:gresupposition is thet peoplo are not too dissimilar,

This is the same thougnt axpressod in Murshall's'“rnprossntative firm."®

8. L.Ihumdc}, ooit., pe 125 n,

It has beon objcctad that we camnnot well express, @ofus the tfans-
formation function of overy enireproneur, by 4 finite number of parae
- maters, for if we oould 30 nxprcas those functions, the spatiel ¢istri-
butipn of the pafémnfaré would have to be multimodai in order to explain
the existence of distinet industries. This objectioﬁ does not seem vwell-
fouﬁded. " The economics of speciulizstion are inéorporatad in the form
of the trensformation functione Tharefore, the profit-marimiainw outputs
of difforent goods can vary q:tlte abruptly with swell chanzes in the

parameters,

6« The Macrovarigbiﬁ‘ﬁﬁproacha
| Yo may define an ahdowenuus mnarovariable as a‘paramete» (real- ‘

valued function) of the surrent bohavior distribut1onl;bj . The agsumption
of the muerovariable approach B esmy to be that Q] can ba chgractsrizgd
by a finite number‘of paramaters9 |

Undor.the prcsent essumptions, even making tho peranetric assunmptions
of Seotion 6, this lagh statenent will not hold. For Lb] to be
oharacterizod by & finite number of paramntera, §0 nust bI: te, But in .
view of the rendom elomsnta entorin" into bIt' it ig olser that thers is
no reason to axpact this to be trueo

waevor, two countorva;llng peints must beo mntionodn Pirat, s
sot of endopenous maorovariables, thcugh not exh&usting the 1nformataon

in [b]_ N 5111 havo a d1stribu‘cior deponding on(p] and hence onn b@

used in estim’cing [a » thouwh the estimation is not optimume 1f the



=12
sampling is iddomplete, it still remains true that the estimates of the
: oﬁdogoﬁoua mgoroverisbles will yi’alcf inrérkrﬁtid-n"'-.about [;D o A guestion
unav CAR OO0 POSOC 18 TO ohonse that set of anﬁo’gqnous rraéz'ovariablas
which will minirh.tze the loss of information subject to cost roa‘«.raints,,

A necond point is guggusted by considumtmn of e sPou&l Cu3u,
Suppose that dit 13 tha sams for all i1, and fur‘sher auppose that th
(3 £ 1) doas not entor dit ry & verleble and tha‘b diaturbames ara
independont., Than, if thrs number oL Individusls in 11y l.arge, the
spatial distributi.on l_b} % wlll epproximate the common value of dit and o
will be charactorizablo by a firits number of purameterg, It is not..
clear how tl‘ua‘gcno-r‘-_alima _f:o syatems whare .thar'e ia matual interastion,
bu‘b the kinetio thoory of guses is an oxamplé of a systam whor'e randow

variation in the individual $ives rise to aerbam‘w in the egrrogeto,

oven though there 1; mutu&l intoraction axnong the indlviduulsa.



