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1. Introduction

Nonlinearities and parameter instabilities are commonly encountered phenomena in empirical research with both cross
section and time series data. Modeling strategies in both cases have accordingly moved towards accommodating these
features. A convenient mechanism for accomplishing such extensions is the use of functional coefficient (FC) regressions,
which allow responses to explanatory variables to change in a systematic fashion according to movements in other
relevant variables.

FC regression has provided a particularly useful tool for modeling comovement among nonstationary time series that
may depart from strict parametric cointegration while retaining the essential property of stationary departures from long
run linkages that characterize the data. Such functional coefficient cointegration (FCC) models were introduced in Xiao
(2009). They embody notions of equilibrium that allow for responsive adjustment in the relationship to changes that occur
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over time in relevant covariates. For instance, investment portfolios may realign in response to movements in interest
rates or certain financial indices; or asset prices may relate to market fundamentals in a flexible manner that allows for
the impact of relevant covariates, such as the profitability of alternative investments. In the last decade, models of this
type have attracted much attention in the econometric literature, providing a flexible generalization of the cointegration
concept and enabling econometric tests of strict fixed coefficient cointegration specifications in empirical work.

The prototypical FC model has the following form

Yo =X B(ze) + ue (1.1)

where the regressor x; is a d x 1 possibly nonstationary time series, the covariate z; is a ¢ x 1 stationary time series and the
error term u; is a scalar stationary error process. This model has been extensively studied in the literature. An early paper
by Cai et al. (2000) examined the stationary x; case, Juhl (2005) examined the unit root autoregressive case, Xiao (2009)
studied the model (1.1) with full rank I(1) x;, and Cai et al. (2009) allowed both I(0) and I(1) variables in x;. Subsequent
papers have developed specification tests for constant coefficients or strict cointegration (Sun et al., 2016), models with
non-cointegrated structure (Sun et al.,, 2011), and applications where time varying volatility is relevant (Tu and Wang,
2019).

In all of this work, kernel weighted local least squares regression is employed to estimate the functional coefficient §(-).
The derivation of the limit theory for these estimates follows standard lines for kernel regression asymptotics that were
developed in the stationary case, while allowing for possible nonstationarity in the regressor x; or certain components of
x;. In the prototypical case the limit theory is given as mixed normal and the results have been extensively used in the
literature to develop test procedures for constant coefficients, confidence intervals for the functional coefficients, optimal
bandwidth selection, and specification testing.

The present work shows that the limit theory given in this literature is incorrect in all cases where nonstationary
regressors of integrated or near-integrated form are present in x;. The errors originate from a missing term in the true
limit theory that is associated with the random variability of the kernel regression bias. In stationary regression this term
can be neglected as of smaller order than the usual variance expression. But in nonstationary regression, variability in the
bias has larger order due to the nonstationary regressor. Its omission leads to failure in the reported asymptotic theory
and the true limit distribution of the kernel regression estimator involves component elements from both the bias and the
variance. The authors are not aware of other cases where such failures occur in nonparametric estimation, which helps
to explain why the omission of potential bias effects on variance in nonparametric estimation has not been noticed in
previous work.

In the present context of nonstationary regression, only in scalar FCC regression and only when the bandwidth is very
small, viz., o(1/4/n), are present results in the literature correct. That bandwidth restriction when z, is scalar actually
excludes optimal convergence, which occurs at the n® rate and requires the bandwidth setting O(1/+/n) in estimation
of B(-). Instead, optimal convergence leads to a limit distribution whose variance combines random elements from both
the bias and variance terms in the regression. In short, we show that terms normally taken as ‘bias’ actually contribute
to ‘variance’ and affect estimation and inference in material ways that have been neglected in earlier work.

The problem that arises in the existing limit theory can be explained simply in the model (1.1) when x; is a scalar
exogenous regressor, z; is an independent univariate stationary process with smooth density f(z), and u, is a scalar
stationary error process with zero mean and variance o2. The local level least squares estimate of B(z) is B(z) =
(Z';=1 xfy[K[Z) / Z?=1 fo[Z for some suitable kernel function K, = K((z; — z)/h) with bandwidth h in the weighted

regression. The estimate §(z) satisfies the usual decomposition into ‘bias’ and ‘variance’ terms, which in signal-normalized
form is

(Z xfzqz) (B2 - B@)) = D x21Blz0) — B@IKe + Y xeticKe. (12)
t=1 t=1 t=1

Limit theory is developed by analyzing each term on the right side of this equation in turn, as well as the behavior of the
kernel weighted signal function Z?zl x?K;,. To do so in a rigorous way requires the further decomposition of the right
side as follows

n n n
ZX%ESﬂ[ =+ ngnt + thut1<tz (1.3)
t=1 t=1 t=1

where &g; = [B(2;) — B(2)IK;, and n; = &g; — E&g,. In (1.3), the first term in the decomposition leads in the conventional
way to the ‘deterministic’ bias term! in the limit theory. The second term leads to a random element in the limit that is
induced by the bias. It is neglect of this random element 2?21 x5, that leads to the error in the literature. The relative
magnitudes of the terms in (1.3) change for stationary and nonstationary regressors, as is now explained. But, as we will
show in simulations, both terms are important in finite samples and affect inferential accuracy.

1 The designation ‘deterministic’ is used because the bias term is actually deterministic in the limit only in the stationary case. In nonstationary
regressor cases, the bias term has random elements that are induced by the asymptotic behavior of sample moments of the regressor x;, which can
influence the limit theory.
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(i) Stationary x;

In this case, the random element ) ;_, x>, in the bias is of smaller order than the variance component in the third
term ZL] x:u:K;; of (1.3). In particular, under standard regularity conditions, the three components of (1.3) and the signal
function have the following asymptotic behavior (c.f,, Li and Racine (2007), theorem 9.3) as n — oo and h — 0 with the
effective sample size nh — oo

Zx Eég: = h*02 ua(K)C(z) 4 0p(h?), (1.4)
Zx?m = 0p(V/nh), (15)
=1

J% [Xj;xtuthz ~ N (0, vo(K)o o lf(2)) . (1.6)
lh X":xfka —p 02f(2), (1.7)
1

where p,(K) = [s?K(s)ds, vo(K) = [K(s)*ds, [K(s)ds = 1, Ex} = o2, Eu? = o? C( ) = 1BP(2)f(2) + BV(2)f V(z)
with g signifying the jth derivative of g, and where (1.5) i F ZL”J ne ~ By(-), as is shown in
Lemma B.1(b) in Appendix B. Here and throughout the paper we use ~ to signify weak convergence on the relevant
probability space and —, for convergence in probability. In view of (1.2) through (1.7), we can write

Z?:l X?Egﬁt + Z?:] x?’h + Z?:l XeueKe,

B(z) — Blz) = 1.8
B(z) — B(z2) S 2K (1.8)
nh?® + +v/nh3 + V/nh
=0, ( o = 0,(h?) + 0,(1/+/nh)
because v/ nh3 = o(+/nh). The standard FC regression limit theory follows, viz.,

T Dty XelleKe vo(K o2
Jnh (,?3(z) — B(z) — h®B(z) + 0 (hz)) = ST (1) - N (o, 0 ) , (1.9)

’ ke o¥f(2)

giving the usual +/nh convergence rate for the suitably centered FC estimator 3( ), the deterministic recentering bias

function h?B(z) = h?u,(K)C(z)/f(z), and a limiting normal distribution with variance vo(K)—%= f(z> Notice that the second

component of the bias, Y, x2n, = 0,(+/nh3), is o,(nh?) provided nh®> — oo, which holds for the usual optimal
bandwidth choice h = O(n’%) in stationary FC regression. Moreover, as evident in (1.5), the second component is op(\/ﬁ)
whenever h — 0, thereby ensuring that it is dominated by the variance term. In this stationary case, therefore, the random
component of the bias function does not affect either the bias or the variance in the limit distribution of B(z).

(ii) Nonstationary x;

In the nonstationary case with integrated or near-integrated regressor x; the orders of magnitude of the components
(1.4)-(1.7) change in critical ways that affect the balance in these components, thereby impacting the asymptotic behavior
of B(z). First, nonstationarity in the regressor x; changes signal strength. When x; is a scalar unit root process and nh — oo
we have, from Lemma B.1(c)(i) in Appendix B,

Xt
— Zx Ke=— Z( ) Ky ~ fBZ x f(z) (1.10)
2

in place of (1.7), where ﬁxm ~ By(-), Brownian motion with variance w?, and [ denotes fol. In view of the

standardization in (1.10), the FCC regression signal Z?zl x?K;, has stochastic order Op(nzh) rather than O,(nh) and the
requirement for consistency might therefore be thought to be nv/h — oo rather than nh — oo; or, upon appropriate

standardization of x;, the adjusted regression signal is 2?21 (%) Ki; = 0p(nh), suggesting that the usual effective

sample size condition nh — oo is needed for consistency. However, the situation is considerably more subtle, as will
be discussed in the paper: in fact, consistency continues to hold even when nh — oo fails, as will be demonstrated in the
paper in Theorem 2.2 and the following Remarks. Importantly, this is not the case when x; is stationary as discussed in
Remark 2.9.
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Second, as shown in Lemma B.1(d) in Appendix B, the random element in the bias component now converges to a
stochastic integral at the rate O,(+/n3h3). Specifically, when x; is a scalar unit root process and nh — oo, we have

T “ ( X )2 e
WD —=
v/n3h3 ; ‘ ; vn) nh3
where B,(-) is the Brownian motion limit of the partial sum process ﬁ Z[L"{ n¢, as shown in Lemma B.1(b). The
deterministic component of the bias is Op(n2h3) and satisfies

1 n 5 B 1 n Xr 2 ,

analogous to the stationary case but with f B2 replacing o?2. Vital for the correct limit theory, the variance component
Z?:] XU Ky, = Op(nx/ﬁ) turns out to be dominated by the random component of the bias because nvh = o(v/n3h3)
whenever nh?> — oo, i.e. whenever h — 0 slower than 1/./n. Importantly, this result and (1.10) hold whenever nh — oo.
Similar results apply with suitable changes in the limit formulae when x; is near integrated.

It follows that the random bias (second) component of the decomposition (1.3) dominates the variance (third) term
and therefore determines the form of the limit distribution of B(z) whenever h — 0 slower than 1//n, which is the
usual case in kernel regression. When h — 0 at precisely the 1/./n rate both the random bias and variance terms
contribute to the asymptotics. This balance in the components of (1.3) is explored rigorously in what follows and the
asymptotic consequences are given in Theorem 2.1 for the scalar z; case. In Section 2 of the Online Supplement that
accompanies the paper, we report simulations that show the relevance of these analytic findings on the relative magnitude
of the components in (1.3) in finite samples. These computations highlight the differences between the stationary and
nonstationary cases for practical work and the dominating role the random bias component plays when h — 0 slower
than 1/4/n. For multivariate FC regression with vector z;, the limit theory is given in Theorem 2.3. This case involves
further complications and is not a straightforward extension of the scalar covariate case, as might be inferred from the
present literature. We therefore deal with the multivariate z; case separately in the following development. The optimal
bandwidth order and asymptotics of rate efficient estimation are also discussed.

To keep the exposition brief and focus on correcting limit theory in the literature, we confine analysis to local level
estimation and work with the prototypical model (1.1). This model might be considered too simple to be empirically
relevant; but it embodies the central characteristics of FC regression and enables us to focus on the key issue, which is
to demonstrate the impact that kernel regression bias can have on variance even in the limit theory. Primary attention
is given to the nonstationary case where x; is a full rank integrated process independent of z;, and u, but attention is
also given to the stationary regressor case. More general cases with serially dependent errors, potentially cointegrated
regressors, and endogeneity do not change the basic thrust of the present findings and full extensions to such cases
are left for future work. The new limit theory is derived in Section 2, with attention given separately to univariate and
multivariate z; cases, and further attention to the implications of the asymptotics for rate efficient estimation. Section 3
concludes. Proofs of the asymptotic results for univariate z; are given in Appendix A and a key technical lemma is given
in Appendix B. Proofs of the asymptotic results for multivariate z; and further simulations are provided in the Online
Supplement that accompanies the paper - see Appendix C for details.

Throughout the paper we use the notation y;(K f « WK (u)du, and vi(K) f K WK?(u)du for kernel moment functions,
where K is the support of the kernel function K. The affix ‘g’ when it appears in 41; and v is used to indicate the dimension
of z; in the multivariate case. For any random variables &, and n,, & ~q means & and Ny are asymptotically equivalent,
namely &, = n,{1+0,(1)} asn — oo. We use = to signify equivalence in distribution and, as above and unless otherwise

indicated, f denotes f01. According to the context, we use := and =: to signify definitional equality.

B2dB,, (1.11)

2. FC limit theory in cointegrated systems

We consider a cointegrating equation model with full rank I(1) regressors and functional coefficients dependent on
a stationary covariate. The model matches that of Xiao (2009) and is a prototype of more complex systems, including
models with endogenous cointegrated regressors, models with both I(0) and I(1) or near integrated regressors, and models
with functionally cointegrated regressors, as well as serially dependent errors. The analysis here is representative of the
complexities that are involved in all these more complex triangular systems of cointegrated equations. The purpose of
the present paper is to derive the correct limit theory for the prototype model as a foundation for subsequent analyses
of more complex systems.

2.1. Univariate z;

We first derive limit theory for the FC kernel estimator A(z) = (3, xtx;K[Z)” (X" xeyeKez) in model (1.1) with
univariate z;. To avoid unnecessary complications in the asymptotics, it is convenient to use the following simplifying
assumptions. Extensions to more general cases are discussed below but these are not needed for the purposes of the
present contribution.
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Assumption 1.

(i) {:} is a full rank unit root process, with innovations uy, = Ax, and initialization X, = o0p(4/n), satisfying the
functional law ﬁxm, } ~ By(-), where By is vector Brownian motion with variance matrix £, > 0; {u;} is a
martingale difference sequence (mds) with respect to the filtration 7 = o {{xs, z}22; s, Ue—1, ...}, E(ufl]-},l) =
af a.s. and E(uf) < 00; and {z, uy} are strictly stationary a-mixing processes with mixing numbers «(j) that satisfy
> i1 il < oo for some § > 2 and ¢ > 1 — 2/ with finite moments of order p > 28 > 4.

(ii) The density f(z) of z; and joint density fo j(So, ;) of (zt, z[+j) are bounded above and away from zero over their
supports with uniformly bounded and continuous derivatives to the second order.

(iii) {x;} and {z;} are mutually independent.

(iv) The kernel function K(-) is a bounded probability density function symmetric about zero with support K that is
either [—1, 1] or R = (—o00, 00).

(v) B(z) is a smooth function with uniformly bounded continuous derivatives to the second order and E| 8(z)||*> +
E[ 8012 + E[ B2z < .

(vi) n > oo and h — 0.

The functional law in Assumption (i) is made for convenience and is assured by many primitive conditions (e.g., Phillips
and Solo (1992)). The mds condition in (i) and the independence condition in (iii) are also convenient for the limit theory
in the nonstationary case. They may be relaxed at the cost of technical complications but these would distract from the
central purpose of the paper and are not pursued here. The «-mixing condition for {z, i} is a standard weak dependence
condition that is useful in kernel regression and functional limit theory. Condition (iv) is standard, although relaxation
of the symmetry condition leads to some changes in the results. In some cases where the bandwidths employed are
very small it is convenient to use kernels whose support K is the entire real line R, and this will be mentioned as
required. The moment conditions (v) on B(z;) and the first two derivatives, {8(z;), 8%)(z;)} are needed for the limit
theory developed below. Condition (vi) places minimal requirements on (n, h) and the following development uses various
additional conditions. For instance, as discussed earlier in the context of the asymptotic behavior of the kernel weighted
regression signal in (1.10) and that of the random component of the bias in (1.11), the effective sample size rate condition
nh — oo is needed for explicit limit results, just as it is in stationary nonparametric and functional coefficient regression.
The effects on the various kernel weighted sample moments of relaxing this particular condition are explored in the
technical derivations and are discussed in the paper. Other rate conditions are employed as needed.

Our first result gives limit theory for the FCC regression estimator 8(z) in model (1.1) under specific conditions on the
bandwidth in relation to the sample size.

Theorem 2.1. Under Assumption 1, when nh — oo, the following hold:
(a) if nh* = 0,
nh[B@) - B2) — PB(2)| - MAT0. 2,(2), 1)

where B(z) = pu(K)C(2)/f(2) and C(z) = 1 82(2)f(z) + BV(z)f V(2);
(b) if nh®> - oo and BV (z) # 0,

-1
\/g [3(7.) — B(z) - hZB(z)] - (f(z) / BXB;) ( / BXB;dB,,) —y MN(0, 24(2)), (22)

where B,(-) is Brownian motion with variance matrix V,,, = vy(K)f (2)8V(z)8V(z);
(c) if nh*> — ¢ for some constant ¢ € (0, o0) and BV(z) # 0,

n3/4 [,?3(2) — B(z) — hZB(z)] ~ MN (0, C%Qﬁ(Z) + ]1[2“(2)) . (2.3)
c2

The (conditional) variance matrices in (2.1) and (2.2) are as follows:

—1
Qu(z) = vo(K)ogf~'(2) (/ BxB;> , (2.4)

24(2) = 2 (/B 3/>_1 (/B B (B'ﬂm(z))z) (/B B’>_l. (25)
g f(2) o R o '

Remark 2.1 (Case (a)). (i) Case (a) is the result given in Xiao (2009) but without the condition nh®> — 0 that is made
explicit here. As the proof of Theorem 2.1 makes clear, the limit theory (2.1) holds only when nh*> — 0, which requires a
small bandwidth that goes to zero faster than 1//n. The proof of the theorem depends on the additional rate condition
nh — oo, which is needed to establish central limit theory and functional laws that are given in all items labeled (i)
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of Lemma B.1 for kernel weighted partial sums of various time series. This condition is the usual effective sample size
assumption made in kernel regression for stationary time series.

(ii) Nonstationarity of x, raises the signal strength of the regression signal in (1.10), which leads to the O( nv'h)
convergence rate for ,3 z) given in (2.1). Consistency and some limit theory for ﬂ(z may be expected to hold even
when h = o(1/n) and the usual effective sample size requirement nh — oo fails. More extreme situations of such small
bandwidths are considered below in Theorem 2.2. )

(iii) When nh?> — 0 as in case (a), the bias term in the centering of B(z) in (2.1) is negligible and can be 1gnored in

the limit theory since nv/h x h* = o(nh?) — 0. Further, when h = o(1/+/n) the convergence rate of (z) is nv/h = o n4

3

and thereby always less than the optimal rate, which is shown to be O(n2) in Case (c) under the additional COHdlthH
BY(z) # 0 on the derivative of the functional coefficient.

Remark 2.2 (Case (b)). Cases (b)—-(c) are new. Case (b) covers bandwidths for which h — 0 slower than 1/./n. The
convergence rate of f}(z) has the unusual form % which is o(n%) and is again less than the optimal rate O(n%).
Inspection of (2.2) suggests that undersmoothing to eliminate the bias term h?5(z) could be achieved in Case (b) by
setting the bandwidth h so that nh> — 0, as then /7 x h?> = v/nh® — 0. When nh — oo Lemma B.1(b)(i) shows that
TS Z}"{ ne ~ By(+) holds, where n, = &g — E&g;, £ = [B(z:) — B(2)]K. This functional law plays a key role in the
weak convergence of the standardized sum ﬁ > t_q XX to the stochastic integral [ ByB,dB, that appears in (2.2).
The proof of Theorem 2.1 shows that when nh®> — oo, the limit theory is wholly determined by the random element
in the bias function rather than the usual variance term, as mentioned in earlier remarks following (1.11). Because of its
reliance on the bias function, the limit distribution in (2.2) depends on the functional coefficient derivative 8(V(z) and
the result, including the rate of convergence ﬁ in turn relies on the non-zero derivative condition g("(z) # 0.

Remark 2.3 (Case (c)). Case (c) yields the optimal convergence rate O(n%) which holds when nh?> — ¢ for some constant
¢ € (0, 00) and BV(z) # 0. The bandwidth that achieves this optimal rate is h = O(ﬁ) and the bias term in (2.3) can

be ignored without any undersmoothing because n# x h2 = n~4 — 0. More importantly, the asymptotics involve a
composite form of two components, which are made explicit in the proof — see (A.19). Those two terms correspond to
Cases (b) and (a), respectively, and are, in fact, boundary versions in which h = O( ﬁ). This boundary at h = O(ﬁ) delivers

. 3 - . S

the optimal convergence rate O(n4) for B(z). By mutual independence of {u;} and {z;}, the two contributing components
are uncorrelated, giving the mixed normal distribution of (2.3). The constant ¢ adjusts the relative contributions to the
asymptotic variance that come from the bias and the usual variance term.

Remark 2.4 (Degeneracy). When the derivative 8(!)(z) = 0 it is clear from £2g(z) that the limit distribution in (2.2) is
degenerate and the convergence rate rises. The simplest example occurs when 8(z) = g is constant and the functional
coefficient model is parametric. So &g; = [B(z;) — B(2)IK; = 0 and 5, = 0 for all t, and there is no approximation error
bias in the limit theory. The limit distribution of B(z) is then determined completely by the variance component and the
result in (2.1) holds with B(z) = 0. This degenerate case is discussed in Phillips and Wang (2020) where a test statistic
is proposed to check the constancy of the functional coefficient. A general asymptotic treatment of locally flat functional
coefficient regression is provided in Phillips and Wang (2021).

Remark 2.5 (Implications for Robustness). In case (a) where nh> — 0 the limit result may be interpreted as the
nonstationary analogue in terms of both bias and variance of the stationary case, albeit up to rates of convergence and
the limiting form of the regression sample moment matrix. But this match between the stationary and nonstationary
cases holds only when nh?> — 0. Depending on the bandwidth employed in estimation, the true limit theory has three
clearly different mixed normal limits, only one of which delivers rate efficient estimation and this occurs at the precise
bandwidth rate h = O(n~'/?) which is excluded in case (a). The three limit distributional forms reveal major differences
between stationary and nonstationary FCC limit theory and seem to suggest that bandwidth specific formulations may
be needed for inference. Notwithstanding these complications, construction of a robust self-normalized test statistic for
inference about §(z) is possible and applies to stationary and nonstationary cases, as shown in the original version of this
paper (Phillips and Wang, 2020). This robust approach to inference will be analyzed in subsequent work.

Theorem 2.1 allows for bandwidths that satisfy h — 0 slower than 1/n, thereby ensuring that nh — oo. As mentioned
in Remark 2.1, this is a stationary time series effective sample size requirement that enables the use of kernel limit theory
for kernel weighted stationary time series. As in the following theorem, it is possible to relax this requirement due to the
stronger signal of a nonstationary regressor and the resulting amplification of the regression signal weakens restrictions on
the bandwidth. But when nh -4 oo the conditions that assure central limit theory break down and no invariance principle
(IP) applies even though FCC regression may still be consistent. While nonstationarity may allow for small bandwidths
in the asymptotic development, practical issues in kernel smoothing do affect computability and finite sample behavior,
almost always requiring use of a kernel K(-) with support X = R, as discussed earlier in connection with Assumption
1(iv).
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Theorem 2.2. Under Assumption 1, if nh — ¢ for some c € [0, c0), then /9 (z) >p B(2) and /n (B ()-8 (z)) =0,(1)
but no invariance principle applies.

The condition nh — ¢ € [0, oo) means that h tends to zero as fast or faster than O(n~'), so that nh> — 0 thereby
matching the condition of case (a) of Theorem 2.1 but removing the effective sample size condition nh — oo and
allowing even smaller bandwidths. Theorem 2.1(a) allows for bandwidths in the region O(n~!) < h < 0(n~'/?) whereas
Theorem 2.2 allows for bandwidths h < 0O(n~1). Such smaller bandwidth rates are only included subject to computability
of B(z), which in turn relies on positivity of the finite sample weighted regression signal (Z[x[ngtz). More detailed
comments on this matter and other aspects of Theorem 2.2 follow.

Remark 2.6 (The Intermediate Case nh — ¢ € (0, 00)). From Theorem 2.2 when nh — ¢ € (0, 00), the convergence rate of
B (z) is +/n. The rate of convergence of 8 (z) from Theorem 2.1(a) is nv/h = /n+/nh, which exceeds /n since nh — 0o
in Theorem 2.1(a). Thus, when the stationary process effective sample size nh diverges, h — 0 slower than % and the

convergence rate of B (2) rises from +/n to nv/h. The bandwidth then plays a role in determining the convergence rate.
But when h — 0 as fast or faster than % the convergence rate of B (z) is +/n and unaffected by bandwidth.

Remark 2.7 (nh — 0 and n*h — oo). We may well wonder why there is no reduction in the convergence rate below /n
or even a failure of consistency if h — 0 faster than 1/n. In this case, it turns out that in the decomposition of B(z) —B(2)
(see (A.20) in the Appendix or (1.8) in the scalar x; case) the terms involving the approximation error B(z;) — B(z) are
small enough to be neglected and dominated by (Z?zl xtx/thz)71 Z?zl x:u:K,. Suppose, for instance, that n*h — oo, in
which case

n n n
D xxiKe =) xXEKg + Y Xl = 0p(vn3h) —> oo, (2.6)
t=1 t=1 t=1

which means that persistent excitation still holds. The justification of (2.6) is as follows. Recall that EK;, = hf(z) + o(h)
and Y/, x:X, = Op(n?) as n — oo, so that Y ;_, XX;EK;, = Op(n?h). The term ) ,_, XX i has zero mean and variance
(using the scalar regressor case for convenience of exposition)

n 2 n n
E (Z xf;t,() =Y EX{ELk =3 Cop x {hvo(K)f(2)+ o (h)}
t=1 t=1

t=1
n

2
= 3n’h x % > (;) x wtv(K)f(z) = O(n*h) (2.7)

t=1

in the iid z, case. Hence, Y ;_, XX{{ = Op(v/nh). Consequently, > ;_, x;x,Ki; = Op(n*h)+0, (v n3h) =0, (v n3h) when

nh — 0. We might then expect the 4/n convergence rate (corresponding to the intermediate case nh — ¢ € (0, 00)) to
be reduced in line with the diminished signal. However, calculation shows the variance matrix of the critical covariance
term Y ;_, x.ucK,, to be

n n ! n
E (Z Xtu[IQz) (Z XtuthZ> = Z E (X[X;) E (u?) E (I(tzz)
t=1 t=1 t=1

hYtx Q407 {f (2) vo (K) + o(1)}

t=1

1 n
n*h (,,2 > t) x Qw0 {f ) vo (K) + 0o(1)}, 28

=1
where £, is the long run variance matrix of Ax.. Since E (}_;_; xuK;) = 0 and Var (3_;_, xuK;) = 0, (n’h), it
follows that >;_, x;ucK, = O (v nzh). In this case, we deduce that

n -1 n
R 1 ) 1
remres ( T "”‘f"”) i 2 ke on (1) =00 (1), .

The estimator B (2) is then 4/n consistent because the first member on the right side of (2.9) is the dominant Op (1/ﬁ)
term in the asymptotics and the o, (] /ﬁ) term in (2.9) comes from the term involving the approximation error
B(z:) — B(z). More detailed justification regarding the 0,(1/+/n) term can be found in the proof of Theorem 2.2.
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Remark 2.8 (n*h — 0). Remark 2.7 establishes consistency when n*h — oco. We may well have expected inconsistency if
n*h - O0orh=o0 (1 /n3) because in that event the kernel weighted signal does not deliver persistent excitation. Indeed, in
this event (2.7) continues to hold and Z?:1 xiX;Ki; = Op(v/n3h) for nh — 0 as before, yet now ZL] XX Ki; = op(1) when
n3h — 0 and the signal matrix fails the persistent excitation condition. Nonetheless, conditioning on Frz = 0 {x, 2}
and using the scalar regressor case for convenience of exposition, we see that

K252 n*h( 537 1(%)2 Ell:édz
Zt1 Ktz u " - § ! (1)
= =0,|-)—0,
) (e wn (1o () %)

n

which holds even when n*h — 0. In view of (2.10) consistency appears to hold irrespectively of whether the rate h — 0
so fast that the persistent excitation condition fails. Of course, if h — 0 too fast and the kernel support is compact then for
finite n the signal is zero with positive probability, viz., P (Z?:l XK, = 0) > 0 and kernel estimation of the functional
coefficient will fail. Even for Gaussian and other kernels with infinite support the signal ) ;_, x?K;, may be so small
as to prevent or inhibit calculation in such cases. Nonetheless, the result indicates that nonstationarity in the regressor
continues to have a powerful influence on the asymptotic properties of functional coefficient regression estimator S (z)
even when kernel weighted signal strength is no longer asymptotically infinite.

(2.10)

>t XiKe

Var (Zr 1Xtuthz

Remark 2.9 (Stationary Case). For comparison, consider the stationary scalar x; and iid z; case where, when nh — ¢ €
[0, 00), we have

1 -, 1< L EK, 1 &
— ) XKy =nh-) ¥ +—) X’k = 0,(1), (2.11)
1 « 1 ,E&s
1 & n
M Z xine= xfT’% = 0y(1), (2.13)
t=1
1 < K,
— S xuKy = — Y xeu—= = 0,(1). (2.14)
T ke = ;S sa =0

Then

n -1 n n n
B@-B@ = (Zx?lﬁz) <Z KEEg + Y xin + Zxrutmz)
t=1 t=1 t=1 t=1

-1
1 ., 1 1 < 1 <
= —=) %Xk Vnhb — Y XE&p +h—— Y i+ — Y xuK

-1
1T ., 1
=|—= x:K op(1)+ — XeUeKi, | = 0p(1). (2.15)
(G e) (o0 g T <o
The bias terms are evidently negligible in the above calculations because nh®> — 0 and h — 0. In addition, conditional on

Var (B(z) - B(z)

Fxz = 0 {x¢, 2} the conditional error variance is
K252
K50,
) Zt 1 z% ;é 07 (2.16)
_7._

T xK,
) — Var Ztil t2t tz
Fx,z Zt=l Xt I<[Z (2[21 X[ Ktz)

and ,B (z) is evidently inconsistent in the stationary case. Unlike the nonstationary case, there is no asymptotic divergence
between the stochastic order of the regressor x; appearing in the sample covariance Z?:] x:u: K, and that of the squared
regressor xf that appears in the signal ZL] fotz. It is these differences in the stochastic order implications of the
regressor that lead to major differences regarding consistency between the stationary and nonstationary cases under
rapid bandwidth shrinkage when nh — ¢ € [0, co).

2.2. Multivariate z;

In the general case where z; is multivariate of dimension q, let z = (zy,...,z;) and z; = (zy, ..., z¢)'. We use the
product kernel Kyq = Ky(z;) i= kizy x --+ % ktzq where ktzj = k((zix — z)/hj),j = 1,....,q, k() is a symmetric second
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order kernel, and the h;,j = 1, ..., q, are individual bandwidths that are assumed to be the same up to a constant. The

functional coefficient estimator now has the form ﬂ (Zt ]xtxthzq) ! Zt x[ythzq. For notational simplicity, we
use h to denote the common bandwidth. Let pu;(k) = f wWk(u)du and vi(k) = [ wk*(

Theorem 2.3. Under Assumption 1 and fV(z) # 0, the following hold:

(a) If nh? — oo, we have

(1) when q = 1, see Theorem 2.1;
(2) when q > 2,

ki (B(z) - Blz) — W

-1
) ( /B B) (f BXB;dB,,q> (2.17)
q -1
= M| 0, 1};’((213) (/BXB) / Z( B (2) ) (fBXB;) , (2.18)

j=1

where D(z) = YL, [4"@ @) + 187@F@)], 572 = 08207 B7@) = 8B(2)/0z%, and Byg(-) s
d-vector Brownian motion with variance matrix

Ving = Vg(k)f(z) ]L-I:] ﬁ]-m(Z)ﬁj(])(z)/_
(b) If nh? — 0O, then

(1) when q = 1, see Theorem 2.2;
(2) when q = 2, we have

n -1 n
A 1 , 1 _ )
\/ﬁ (/3(2) - ﬁ(z)) ~a (m ;th[Ktzq) W ;Xtuthzq = 0,(1); (2.19)

(3) when q > 2, we have
(i) if nh?> — 0, then (2.19) continues to hold;
(i) if nh*> — ¢ € (0, 00), then we have

-1
. 1 o I
n zZ)— z ~ pe— XX, K —_— X X, E— x: UK
f(ﬂ( ) — B( )) a( e ;zl tX¢ tzq) ( Shi2 ;=1 X Meg + N ;zl Ut Kizg

= 0,(1); (2.20)

(iii) if nh> — oo, then

n -1 n
1 1 , 1 ;o
h (/3(2) - 5(2)) ~a (m ;thtmzq) W ;x[xtmq = 0p(1). (2.21)

(c) If nh9 — ¢ € (0, co), then

(1) when q = 1, see Theorem 2.2;
(2) when q = 2, then (2.20) continues to hold;
(3) when q > 2, (2.21) continues to hold.

Theorem 2.3 is the multivariate extension of Theorems 2.1 and 2.2. From case (a), observe that when the condition
nh? — oo holds and q = 2, the convergence rate is 1/n, irrespective of h. The bias can be ignored in this case when
the undersmoothing condition nhi*t?> = nh* — 0 holds. When q > 2, the convergence rate is ~/nh9-2 and declines
as q increases, just as it does in the multidimensional z; case for stationary time series (Li and Racine, 2007). Further,
when q > 2, B(z) has the limit distribution in (2.18) with a sandwich form variance matrix that relies on the first
derivatives {ﬂjm(z) = 38(z )/82” 1» analogous to case (b) of Theorem 2.1 where ¢ = 1 and the convergence rate is

/n/h. If these derivatives are zero at the point of estimation z, then B(z) has faster convergence rate than ~/nh?-2 and
its limit distribution depends on higher derivatives of the functional coefficient B(z). This flat derivative case involves
further complexities and is studied elsewhere.

Cases (b) and (c) of Theorem 2.3 show that B(z) is consistent even when nh? — oo fails. In this event, there is
no invariance principle and the result matches Theorem 2.2 when q = 1. Notably, when q > 2 and nh? — 0 with
nh*> — ¢ € (0, 00) in case (b)(3)(ii) or when g = 2 and nh? — ¢ € (0, oo) in case (c)(2), the limit behavior is described by
(2.20), for which no invariance principle applies but where, like Theorem 2.1(c), both bias and variance terms contribute
to large sample behavior.
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1 1 1 1 1 1o
v -1 25 O 9 B 1 0 Y s ¢ gtz 2,
1
......... o] —1/2 | '*,,ig
-2/3 s ~1/2 '
e :
91(7) 92(7) 9,(7)
(@) ¢g=1 (b) ¢ =2 (c)g>3

Fig. 1. Plots of the function gy(y). The solid (blue) line depicts the region where an invariance principle holds in the limit theory and the dashed
(blue) line depicts the region where no invariance principle applies.

Analogous to the condition nh — oo in the case of ¢ = 1, the condition nh? — oo is needed to establish functional
laws for normalized partial sums of stationary elements involving the kernel weights that enter the asymptotics, such as
Sk = Kiz —EK; and g = Kizg — EKq. Weak convergence of such quantities fails when nh? A oo. The result is consistent
estimation but without accompanying limit distribution theory.

2.3. Optimal bandwidth order and rate efficient estimation

This section explores the implications of the new limit theory on bandwidth selection and the convergence rate of
the local level estimator ﬂ( ). Suppose h = O(n”) with y < 0 and the estimation error /3( )—B(z) = O (ngq(y))
where gq(y) is a function of y and the subindex g indicates dependence on the dimension of z;. The optimal bandwidth
order, denoted y,, is the order for which g,(y) achieves its minimum value and delivers the optimal convergence rate
B(z) — B(z) = Op(ngq(”q* )). To facilitate comparisons that are meaningful for inference it is convenient to require that the
rate n%() is such that an invariance principle (IP) holds when y = yq*.

We first look at the case where g = 1. According to Theorem 2.1(a), we have —1 < y < —1/2and g(y) = —(1+y/2).
When y = —1/2, we have nh? = 0(1) and g;(y) = —3/4 based on Theorem 2.1(c). Theorem 2.1(b) deals with the case
where —1/2 < y < 0 and then g;(y) = max{2y, —1’7”}. It follows that g(y) = —%” when —1/2 < y < —1/3 and
g1(y) =2y when —1/3 < y < 0. In view of Theorem 2.2, we have g{(y) = —1/2 for y < —1. Collectively, we obtain

_1/2 y < —1 No IP
—(1+y/2) —-1l<y=<-1/2 IP
_ . 2.22
21(y) _FTV -1/2 <y <—1/3 IP ( !
2y ~1/3<y <0 P

The function g;(y) is plotted in Fig. 1(a), in which the dashed part of the function depicts regions where no IP holds,
including the boundary point where the solid line commences. Evidently when y = —1/2, the function g;(y) achieves
its minimum —3/4, the optimal bandwidth order is O(n~'/2), B(z) achieves its fastest rate of convergence n~3/4, and
the mixed normal limit theory of Theorem 2.1(c) applies. In this case, the bias in (2.3) can be neglected because
n3* x h* = n~"/* — 0, and the optimal limit theory when q = 1 is given by

n/4 [ B@) - p2)] - mn (o, cty2) + %Qu(z)) ,
c2

which is attained with h = O(n~'/2) and where the constant ¢ > 0 is given by the limit nh®> — c.
When z is of dimension g, similar analyses can be conducted based on Theorem 2.3. When q = 2, we have

-1/2 y <—1/2 No IP
Sy)=3-1/2 -1/2<y<-1/4 1P . (2.23)
2y -1/4<y <0 IP

Fig. 1(b) plots the function g,(y) for ¢ = 2. The optimal choice of y in this case is evidently y," € (—1/2, —1/4]. Within
this range for y we have /n consistency and asymptotic mixed normality, as given in (2.18). The bias term can again be
ignored when y;° € (—1/2, —1/4) because v/nh?~2 x h*> = n'/*2¥ — 0 when y < —1/4.
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For higher dimensions with q > 3, following Theorem 2.3 we deduce that

-1/2 y <—1/2 No IP
y —-1/2 <y <—-1/q No IP
gly)= _ , (2.24)
‘ —HED _1)g<y <-1/(g+2) P
2y -1/(q+2)<y <0 IP

where the final two (IP) convergence rates come from Theorem 2.3(a)(2), the last involving the order of the bias term. The
plot of g4(y) for g > 3 is shown in Fig. 1(c). Under the premise that an invariance principle holds in the limit, the optimal
bandwidth order that balances bias and variance is obtained with parameter setting v, = —1/(q + 2), for which the
convergence rate is n*/(9t2), As is evident in Fig. 1(c), some smaller bandwidths with y < —1/q may lead to a faster rate
of convergence in estimation than is achieved at y = —1/(q+2), but such rates sacrifice invariance principle asymptotics
in the limit. For convenience in practical work, the optimal bandwidth order parameter setting y = —1/(q+ 2)is
therefore suggested in this case. The correspondmg optimal limit distribution theory is given by (2. 18) and here the bias

72
cannot be neglected because v/nhi—2 x h? = n2+~ 7 2% — % = 0(1).

3. Conclusion

Since the earliest work on spectral density estimation for stationary time series it has been traditional in nonparametric
work to separate bias and variation in the analysis of nonparametric estimation and inference, emphasizing trade-offs
between them that need to be balanced in applications. In contrast to such separation, the present paper shows how
useful the random elements of the bias component that are normally ignored can be in sharpening accuracy in estimation.
The analysis of nonstationary functional coefficient models reveals that these elements figure even in the limit theory
variance and they are essential to rate efficient estimation. The next step in this research is to enhance inference via robust
standard error estimation and test statistic construction in a way that utilizes the new limit theory, embodying all the
random contributions to variance in a suitable normalization. The original version of this paper (Phillips and Wang, 2020)
outlined a new approach to inference using a self-normalized test statistic that is robust with respect to bandwidth order
and persistence in the regressor. The limit theory in the present paper should prove useful in developing this adaptive
approach to inference and may prove useful in other areas of nonparametric estimation and inference.

The analysis given here confines attention to local level estimation and the functional coefficient cointegrating
regression model (1.1) where x; is a full rank integrated process. Corrections to the existing literature that are shown
to apply in this prototypical model are also relevant in other functional coefficient models. Many extensions of the
present development are possible. These include models with stationary and nonstationary regressors, near integrated
or cointegrated regressors, endogeneity, and error processes more general than martingale differences. In all these cases
similar influences to those demonstrated here arise from the presence of random variability in the bias term. In particular,
models such as (1.1) where the regressors x;, have both I(1) and I(0) components (Cai et al.,, 2009) suffer the same
difficulties as those presented here for the full rank I(1) case; and models with multiple covariates z; encounter similar
complexities in the development of the correct limit theory to those analyzed in Theorem 2.3.

Primary among the effects that govern the correct limit theory are: (i) more complex trade-offs involving the bias and
variance components in the limit theory; (ii) new optimal rates of convergence; (iii) multiple limit theory results that
depend intimately on bandwidth choice; (iv) much greater complexity in models with functional coefficients involving
high dimensional covariates; and (v) cases of consistent estimation where the usual effective sample size condition fails
but no invariance principle limit theory holds. Similar considerations to those raised here apply to other nonparametric
estimators such as local polynomial estimators. Extensions of the results to encompass these various complexities are left
for future work.

Appendix A. Proofs of theorems

Proof of Theorem 2.1. We analyze the components in the following normalized decomposition of the estimation error

(Z x[x;Ktz) (B @ - B (z)) =Y xx[Bz) — B@)Ke + Y xtKe,
t=1 t=1

t=1

n n n
= ZXIX;ES[R + thxlfﬂt + thuthz, (A1)
t=1 t=1 t=1

as in the scalar regressor case (1.3), with &g; = [B(z;) — B(2)IK;, and n; = &g — E&p,. Starting with the kernel weighted
signal matrix, we have

1 —
@Z]:ththz—*hZ E( Kiz) + hsz[K’ (A2)

479



P.C.B. Phillips and Y. Wang Journal of Econometrics 232 (2023) 469-489

where ¢ = K — E(K;;) and EK, = h [K (r)f (z +rh)dr = hf(z) + O(h*). Since EKZ = h [K*(r)f (z +rh)dr =
hf(z) [ K*(r)dr + o(h) = hf(z)vo(K) + o(h), where v;(K) = [ /K?(u)du, it follows that V ar(;“[K) = EK2 — (EK;)? = O(h)
and so ¢ = O,(+/h). We deduce that when nh — oo

TR ~ 5 X G
7 ke = ¢ Z @+ oar) fof
,Z X o+ o) + 0 - ( [r8)sr@. (A

which follows because (i) n~"/2x,; ~ By () by assumption, (ii) (nh)~"/> Y""! ¢y~ Bk(-) from Lemma B.1(a) in
Appendix B, and (iii) weak convergence to the matrix stochastic integral

Xt gtK /
§ BB, dB,x, A4
ffr K (A4

holds, as shown in Lemma B.1(d).
When nh — ¢ for some c € [0, co) we have in place of (A.3)

‘/’Th d / r 2 xt ik
Wthxthz_ Z z)+ 0(h?) +fof

X; L
= 0y( E——f——o 1), A5
NIV )

and no invariance principle applies. The failure occurs because although ﬁ 2?21 Zix = Op(1) it does not satisfy a
central limit theorem and, correspondingly, the functional law given in Lemma B.1(a)(i) fails, as explained in the proof of
Lemma B.1(a)(ii). As a result of (A.5), the kernel weighted signal matrix 2?21 Xex Key = OP(M) when nh — ¢ € [0, c0).
As discussed later in the proof of Theorem 2.2, it turns out that in this case where nh 4 oo the estimator B(z) is still
consistent but does not satisfy an invariance principle as n — oc. In what follows in the present proof, we proceed under
the condition that nh — oo.

Next, from the proof of Lemma B.1(b), we have E&g; = h3u5(K)C(z) + o(h?) and so the first term in (A.1) is, upon
normalization and use of standard weak convergence methods,

—3 Z LR (6) ~ nalK) ( / BXB;> C(). (A6)

with C(z) = 18@(2)f (z) + BV(2)f)(z). The second term of (A.1) is, upon normalization and using Lemma B.1(d),

Xt U /
mz xole = Z NN ”/B"B*dB"’

where B, is vector Brownian motion with variance matrix Var(B,) = v,(K)f(z)["(2)B"(z)']. The final term of (A.1) is,
upon normalization and using Lemma B.1(a),

X U K
- [thuthz _Z L BydBy, (A7)

where B,(r) is the limit Brownian motion of —— Z}”{ u:K,, with variance auzf(z)vo(K). Standardizing by the weighted

signal matrix and recentering (A.1) we have the estlmatlon error decomposition

-1 ,
ﬂ - B(z) - (Z XtXthz) ZXtX;EEﬁt
t=1
n n -1 5
= (Z XtX;K[Z) thx;m + (Z X[X;K[Z> ZX[UthZ, (Ag)
t=1 t=1 t=1 t=1
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which we write in standardized form as
-1

_l n
ﬂ(z) - ﬂ - < 2h ZX[XJ(Q) 2h3 ZXtX;]ESﬂt

1 1

hf1 , 1 &
:\/; (nzh ;X[X1Kt2> T Z X1t + ( 2 thxtmz) \/ﬁ [Zl:xtuthz. (A.9)
We now consider various cases depending on the bandwidth contraction rates in relation to the sample size.

Part (a)
In this case where nh> — 0 the bandwidth h = o(1//n). Upon rescaling (A.9) by nvh and using results (A.3)-(A.7)
we then have

1

n
nf — B(z) — < 2 ZXtXthz) 21h3 thx;Esﬂt
t=1
2 1 ¢ / 1 - , 1 « , - 1 "
h <T12h ;xtxthz) N ;th[n[ 1 (nZh ;x[xthz> 7 ;xfuc&z,
1T -, Ty
= 0p(1) + (nZh gxfxtmz) o~ ;xtutlﬂz (A.10)

-1 2 -1
~ (f(z) f BxB’) ([ BdeuK) =q MN 0, vO(K)Gu (/ BXB/> 5 (A]])
* f@) *

the mixed normality following from the independence of By and B,k. Joint weak convergence of the numerator and
denominator components of the matrix quotient in the second term of (A.10) follows from Lemma B.1(f). In view of
(A.3) and (A.6)

-1

-1

1« 1 . 12(K)C(2)
(nzh foxthl) 7n2h3 ZXfX[E.‘;:ﬁt ~ W’ (A]Z)
t=1 t=1
giving the bias function and leading to the stated result (2.1) for case (a).
Part (b)

When nh?> — oo the bandwidth goes to zero slower than 0(1/./n). We now rescale (A.9) by +/n/h, giving
n 1< T
- | B - @ -1 (nzh Zx[xiku) 5 O XX Bl
t=1 t=1
-1 -1

1 — 1
= (nzh ;thfl<t2> ﬁ Z Xt tT)t + — ( 2h ZX{X I<IZ) ﬁ ;Xtut1<tz (A.13)

1

1 o 1
= (nZh thxﬂ(tZ) T foxém + 0p(1)

w(f BXB/> ( BxB/dB> (A.14)

-1
= MN'( 2 K) BxB’> B B, (B8 (2))° (/ BXB;) ) (A.15)

using Lemma B.1(c) and (A 3) and where B,(-) is Brownian motion with variance matrix V,; = v, I<)f(z BY(2)B(z).
The weak convergence > xex,ne ~ ([ B«BdB,) in (A.14) depends on the functional law —~ 31 n, ~ B,(-),
as shown in the proof ofl1 Lemma B.1(b). Joint weak convergence of the respective components in (’A 14) follows from
Lemma B.1(f).

Further, since B, (r) is singular Brownian motion whenever d > 1 we may write the inner product B(r)'B,(r) in the
equivalent form By(r)B,(r) = (B«(r)B'"(2)) Bs(r), where By is scalar Brownian motion with variance v,(K)f(z). Then, in
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view of the independence of B, and B,,, we have

/ B\B,dB, =4 MN (0, va(K)f(2) / ByB,, (B;ﬂm(z))z) , (A.16)

which leads to the mixed normal limit distribution given in (A.15) and the stated result (b).
Part (c) ,
If nh?> — ¢ for some constant ¢ € (0, 00), then h ~, /c/n and \/n/h = O(n1) = nv/h. So the convergence rates in

cases (a) and (b) of the Theorem are then the same O(n%) rate. Correspondingly, the first and second terms on the right
side of (A.9) appear to have the same order and both appear to contribute to the asymptotics. In this event, upon rescaling

(A.9) by ni we find that
-1

n n
s [ 1 ) 1 /
na | B(z)— B(z)—h (nzh ;_] ththz> 2 ;_] AP
1 & T 1 <
=mh?)i [ — ) xXK, — ) xX XK, PRTH %
(nh?) (nzhzttu> WZtHh‘i— 1<n2h2t[tz) ﬁgtttz
-1

=1 nh?)4
=cl/ iixx’]( ¥Z xn—i- ZxxK ! quK (A17)
2h £ tA¢ ez o - XX Mt n2h tAelez «/E £ tUelez. .

The asymptotics are jointly determined by the two terms of (A.17). Conditional on F,, these terms are uncorrelated as
their conditional covariance matrix is

1 . 1 & ! 1 n
E| == )_xX — ) XKy | = —+= E (x:x.(x,n:usKs;)) = 0. A18
( B ; t f77t> (n\/ﬁg tUt tz) nz\/ﬁhz ”221 (t g( tNels sz)) ( )

Using Lemma B.1(d)(ii) and (e), we find that since nh — oo and nh*> — ¢ > 0
-1

n 1 & 1 &
2 / /
B(2)— p(z)—h (nzh > xfxtmz) — }tz]jxtxtuzsﬁt

n -1
1 ’ 1
<nzh ;XIXJQ‘Z) [(nh2)4 < T th [nt> nhz (n[ ZX[U{K&)} (A]g)

-1
- (f(z)/3x3;> <c% /B B.dB, + 11 /Bdeu,(>
c4

1 1
=i M (0,ch24(2)) + M (o, —1(2“(2)) = MN (o, 2 Q4(2) + —].Qu(z)) ,
c?2 c2

-1

=
N

f(2)
convergence of the three matrix components in (A.19) holds in view of Lemma B.1(f). It follows that 3(2) is O(n%)
convergent. MW

where 24(z) = 2% (/ B«B,) " (fB B, (B,8"(2)) )(fB B,)" ' and Q,(z) = vO(K)cff‘l(z)(foB;)_l. Joint weak

Proof of Theorem 2.2. Using the same notation as earlier, we analyze the decomposed estimation error
n -1 n n -1 n
(fo-p@)= (thx;mz) > xexEép + (fox;mz) > xxim
t=1 t=1 t=1 t=1
n -1 n
+ (Z xtx’thz) thuthz. (A.20)
t=1 t=1

The kernel weighted signal matrix under ~/n3h normalization has the following form

1 ! X, EKi, X, Sk
,Kz — t L t
mzx“” foh fof

= 2 X X Gk
. Z f(z )+ O(h?) Zfﬁ\/ﬁ. (A21)
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When nh — ¢ € [0, oo) the ‘usual’ effective sample size nh is asymptotically deficient. In this case, the first term of (A.21)
satisfies ‘ﬁ S "—fn L {f(2)+ 0(h*)} ~ /cf (2) [ B.B, and is therefore O, (1) if ¢ > 0 and 0,(1) if ¢ = 0. To analyze
the second term we proceed as follows. Since x; is full rank I (1) it is sufficient to consider the scalar case, which we

write as [ > ( ) f} Since EK;, = h [ K (r)f (z +rh)ydr = hf(z) + O(h*) and EK2 = h [K*(r)f (z +rh)dr =
hf(z) [ K*(r)dr + O(h®) = hf(z)vo(K) + o(h) it follows that e = “7’% = % is a zero mean triangular array with
variance

ol = Var(gu/vh) = {EKZ — (EK)*} /h

2
= /1(2 (") f (z+rhydr —h (/ K (r)f (z +rh) dr) = f(z)vo(K) + O(h).

By stationarity of z; and Markov’s inequality P (|| > M) < IEE;“M/M2 M~2 {f(z)vo(K) + O(h)}, so that for every € > 0
there exists a constant M, such that sup,_,, P (|§r,<h| > M.) < € and {wn = O, (1) uniformly in t as h — 0. It is shown in
Lemma B.1(a)(ii) that while the normalized sum f Zt 1 f;’ﬁ = 0p(1) it does not satisfy a central limit theorem because
nh > oo and the Lindeberg condition fails.

Next, by independence of x; and z;, we have IE[ Z («f) K — f Z[ 1 ( "fn) IE% = 0 and, when z is serially
independent, so is ¢x. Thus,

1T &%\ ¢ L x \' )\’
t tK t tK 4
E(— =) =) =-YE(=) E(= —>v0(K)f(z)/IEB >0 as.,
(ﬁé(ﬁ) ﬁ) "f; (ﬁ) (fh) )
as cross product terms are all zero for independent {z;}. When z; is serially dependent we have the additional cross
product terms

R CONCOIECHED »Rl (ORCIIECED
e ) () |- |G G ) e
PS5 (G () s

1 1
<2nh x supfoj(z,2) x E {/ B, (r)Z/ B2 (s) dsdr}
0 r

j=1

1 1
—2csupfoj(z,2) x E {/ B, (r)Z/ B2 (s) dsdr} ,
0 r

j=1

where we use the fact that EK.Ki,;; = [ K (*=2)K (?)fo’j (S0, sj) dsods; = [ K (po) K (p;) xfo,j (z + poh. z + pjh)

dpodpih? = h%fyj(z,z) + o (h*) and so y; () = EK;:Ki4j; — EKEK,yj; = h*fo; (z,2) + o (h?). From these calculations of
the mean and variance, it follows that the second term of (A.21)

1T o %\ G
— L) 2K o 1 A22
Jﬁz<ﬁ> i oW (A22)

and then the kernel weighted signal >_,_, x*K,, = 0, («/ n3h>.

To prove consistency of B (z) we consider each term on the right side of (A.20) in turn.
(i) Using &g; = [B(z;) — B(z)IK, we have, as shown in Lemma B.1(b)(i), Eég; = h3u,(K)C(z) + o(h®) and then

-1
1 < 1 <
ZX[X;I<t2> — ZX[X;IESﬂf
(V n*h = vmih i3

-1

A OR L
Vi v vh

n -1 h5/2 n X ;
=< fox[mz) %g—n?{mmazwo( )}

483



P.C.B. Phillips and Y. Wang Journal of Econometrics 232 (2023) 469-489

-1
1 - hvVnh (S X X,
= (m ;XtXtIQz) W ; ﬁﬁ {12(K)C(2) + o(1)}

—0, (hzx/nh) . (A23)
(ii) Next, using n; = &g — E&g; we may show that % = 0, (1) uniformly in t as h — 0 using the results of
Lemma B.1(b) and by arguments similar to those used above in proving that % = Op (1) uniformly in t as h — 0. As in

2
the proof of (A.22) and Lemma B.1(b)(ii) we find that >_;_, (%)

= 0, (1), so that Y ;_, Xx;ne = Op (Vn3h3> and
then

t
Vnn3
—1 —1

1 < 1 < 1 < Vn3h3

—— ) xxK —— ) xxn = — ) xxK x 0| —— ]| =0,(h).

( T3h ; tAt tz) ,73’1 Z tAet ( T3h ; tAt tz) p( T3h D

It follows that (}__, xtx;Ktz) Yt xeXine = Oy (h).
(iii) We have EY"7_, x.uK;; = 0 and Var (Zt=1 xuKz) = o2 Y[ E(x*)E (K2) = 0 (n?h), so that }_;_, xulK, =

Op<n«/ﬁ)and
_l n -1 _l n
XX K —_— x:u:K,
1
1 < nvh (1)
= — XX Ky X0l —]=0,| — ). (A.24)
(s i) o) =0 (5

Uthz

Note that in the present case where nh — ¢ € [0, 00), the normalized sum )/, does not satisfy a central limit

theorem because nh A oo, as explained in Lemma B.1(a)(ii), and correspondingly thl j‘/fﬁ Lif/’;i; = Op(1), but does not
converge weakly to a stochastic integral.

Combining (i), (ii) and (iii) with (A.20) and scaling the estimation error by +/n yields the following when nh — ¢ €
[0, o0)

-1
. _l n ﬁ n
Jn (ﬁ @) —B (z)) = xeX.K, —— ) xxE&
T3h ; tA Ntz T3h t:Z] A IBS Bt
-1 -1
1 n «/ﬁ n 1 n \/ﬁ n
+ — ZXﬂ(;I{tz) — ZX{X;T][ + < ZX[X;I<H) — ZX[utI<tz
(\/n3h P ~n3h ~vn3h vn3h
1 n
Zx[xthz)
-1

1 - 1
0p (1) + (\/ﬁ thxthz) T thufKtz =0,(1), (A.25)
t=1 t=1

so that 3 (2) is +/n convergent but without an invariance principle.

Kz

= 0y (Vi x I2V/nh) + 0, (v x h) + (

Appendix B. A key lemma

Lemma B.1. Under Assumption 1, the following hold as n — oo:

(a) (i) If nh — oo, {f ZL”J Ceks f Z}”{ UeKez} ~ {Bek(+), Bux(+)}, where {B;, Bux} are independent Brownian motions
with respective variances vo(K)f(z), and vo(K ) 2f(z), with ¢ = Ky, — EK,, and K, = K( E);
(ii) If nh — ¢ € [0, o), then {— 1 ZL"J Lk f S uKe,) = 0,(1) but no invariance principle holds.

(b) (i) If nh — oo and BMV(z) F S ne ~ B,(-), Brownian motion with variance matrix V,,,, = vo(K)f(2)8"(2)
BN (z), where 1, = &g — Bkpr, &g = [B(2t) — B(2)IKez;
(i) If nh — ¢ € [0, c0), ﬁ S e = 0,(1), but no invariance principle holds.

(c) (i) If nh — 00, = >~ x:XKez ~ ([ B«By) f (2);
(i) If nh — ¢ € [0, c0), ﬁ > i1 XeX; K = 0,(1) but no invariance principle holds.
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(d) (i) If nh — oo, ﬁ > r_i XeX;Cw ~ [ BxB,dB.x, and ﬁ b, xeXne ~ [ ByB,dB, =4
ww (0, [ BANBATY (BUr) BV@)°):
(i) If nh — ¢ € [0, 00), ﬁ Yt XeX,$i = Op(1) but no invariance principle holds, and ﬁ b xexine = Op(1)
but no invariance principle holds;
(e) (i) If nh — oo, %[ Z? 1xruthZ ~ [ BydByk;
(ii) If nh — ¢ € [0, o0), f Zt 1 XeU¢ Kz = Op(1) but no invariance principle holds;

(f) If nh — o0, Xup = mzﬁ"{utzqz, Xen = fZ“‘J Cu, and X, , = ﬁz}”{ n:, then the following joint
convergence holds

1 o 1 < 1 < 1 <
Xuns Xeons Xnns —— XX Kz, —— X UKy, — er/ﬁl(s y—— th,flt
ot Dot 3 s S ki s v

- (Bu(), Be(-), By (), ( / BXB;)f(z), f BudBu. / B.B,dBy. / B(B,dB,).

Proof of Lemma B.1.

Part (a) (i) The joint limit result stated for { ZL"J Lk \/}Th Ztﬂ u:Ki,} is standard for partial sums involving kernel
functions of strictly stationary weakly dependent time series (Xiao, 2009; Sun et al., 2011). Straightforward calculations
in the present case show that EK;, = hf(z) + o(h), and EK2 = hf(z)vo(K) + o(h), so that Var(zy) = hf(z)ve(K) + o(h)
and ¢ = K, — E(K,) = Op(\/ﬁ). Further, Var(u:K,,) = hvo(K)auzf(z) + o(h) and E(u¢KKs;) = O for all t and s. So the
standardized partial sums processes {ﬁ Zi{ Cik «/%71 Ztﬂ u.K:,} are uncorrelated, uniformly tight, and the stated joint
functional law follows by standard weak convergence methods for triangular arrays (e.g., Davidson (1994, Theorem 27.17
for martingale difference arrays, and chapter 29.3 for dependent arrays)). The resulting limit processes (B;K(r), BuK(r))
are independent with respective variances vo(K)f(z) and vo(K)o2f(z). The effective sample size condition nh — oo is
required for this result.

Part (a) (ii) If nh — ¢ € [0,00) then the effective sample size condition nh — oo fails. In this case,

f ZL"J Ceks f Z}"{ uthz) = 0p(1) but no invariance principle applies because of failure in the Lindeberg condition.
To demonstrate, it is sufficient to consider the case of ﬁ Z}”{ L and iid {z;}. In this case the stability condition

2
( Zt , %) = % Z';=1 E (4‘7’%) = f(z)vo(K) + O(h) is satisfied but the Lindeberg condition fails. To see this, note

that ¢y = K(%2) — EK(%%2) = K(%:%) 4 O(h). Given € > 0, we have

& [K(%2) + O(h))?
ZE{( K) [|CIK|>€\/7]} /lf]”l( zt— Z)+O |>E\/—:|f(zt)dzt

:/ (K(p) + O(h))> 1 ikp)+omy=evar}f (2 + Ph)dp

f(z)vo(K) > 0 if nh—0
[ K*(p P)[ik(p)>eve]dPf(2) > O if nh — ¢ € (0, 00)

A similar proof applies in the case of f ZL"J UK.
Part (b) (i) We compute the first and second moments of 1, = &3 — E&g, and show that i, = 0,(h*/?). First

Eés = ElB(z) — B2)IKs = f [8(s) — B(2)IK((s — 2)/h)f (s)ds
1

—h / [B(z + hp) — BIK(PY (2 + hp)dp
-1

1
= PLAYF@) + 2 ) / PK(p)dp + ofh?)
-1
= h3C(2)pa(K) + o(h3), (B.1)
with C(z) = 18@(2)f(z) + BV(2)f V(2). Next

Z— 2

h
1
= h/ (B(z + hs) — B(@2)B(z + hs) — B(2)) K*(s)f (z + hs)ds

1

Epekh = El(B(z) — B2))(Blz) — B2))K( )]
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1

= h3[ﬂm(2)ﬂ“)(2)/1f(2)/ s*K?(s)ds + o(h®)

-1

= P[BI(2)BV(2)1f (2)v2(K) + o(h?). (B2)
[t follows that
Var(n:) = E&pi&p, — (BEp )(EEpe) = RPua(K)F (2)[ B (2)B(2) 1+ o(h?), (B.3)

and n; = Op(h3/2). Next, in view of (B.1) the serial covariances satisfy

Cov(&pr, Epers) = Bbprdp; — (Eég:) (Eéﬁwj)/ = E&pekp; + 0(h®),
and by virtue of the strong mixing of z;, measurability of 8(-), and Davydov’s lemma the covariances satisfy the bound

s\l 1o

(CouEpe, Epeidl < 12 (B [gpe|’) 1G> = Apl?* 221"~ + o221, (B.4)
where Ag = 12(/ 1BDGE,)I IpIPK (p)dpf (2))2/2, since E |gﬂt|5 =h* [ 1BV, 1pPK (p) dpf (z) + o(h'+?) in a similar way
to (B.1), and where Zz, is on the line segment connecting z and z + hp. Further, for j # 0 and using the joint density
foj(s0, ;) of (2, z+;) we have

Eépik e = ELB(z) — B@) (Bzess) — B@)) KeeKis]
So—2 Si—z
= [ [ etso) — ptan (pts) - pea) ( > ) K <1T>fo,,-(so, $5)dsods;

=N / f (B(z + hpo) — B(2))B(z + hp;) — B(2)YK(po)K(p;)fo j(z + hpo, z + hp;)dpodp;

i { JIBP@IBD N foslz, )+ [/3(”(2)][/8“)(2)]/;;{;;(2, 0+ %[ﬁ“)(z)][ﬁ@(z)]/%(z, 2)
+%[ﬂ(z)(Z)][ﬂ(”(Z)]’zf—;j(z, z)} (20O + o(hS). (5)
We now deduce that the long run variance matrix of 7 is
ViR(n) = E [\/;:F ; m} [\/:W ; m} = # ;Emné + # ;Emné
= LR+ o(1) > wKFIBVDBV ()] = Uy, (B6)

=13
which follows from (B.3) and standard arguments concerning the o(1) magnitude of the sum of the autocovariances of

kernel weighted stationary processes. In particular, from the & mixing property of z; and using a sum splitting argument
and results (B.1), (B.4) and (B.5) above, we have

1 o1 " il , ,
nh3 ZEﬂtﬂs BE Z |:1 - n} [E&pekp s — (E&pe) (Epes) ]
ts j=—nt1,j#0
Ly il 1 i
-5 2 [1 - *] (Eépipes; — (B&pe) (B&pe) 1+ 15 D <1 - 7) Bk, — (E&se) (E&pr)
J=—M.j70 " M<ljl<n n
Mh® 1 5\2/8 B RES o
o5+ (Elat)” X o) —o)+o( fmn ¥ ru
M<ljl<n M<lj|<oco
2
=0 (Mh®) +0 hi;\j[a jaaj]—z/s = 0 (Mh®) +0 W Z ja(le—z/s
M<lj|<oo M=[<00

:O(Mh3)+o< =o0(1),

1
(Mh)l—Z/B )

for a suitable choice of M — oo such that Mh — oo Mh® — 0 and % — 0 and witha > 1 —2/5§ and § > 2.
It then follows by arguments similar to the central limit theory for weakly dependent kernel regression in Robinson
(1983), Masry and Fan (1997), and Fan and Yao (2003, theorem 6.5) that the standardized partial sum process of n;
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satisfies a triangular array functional law giving F Z}"{ ne ~ By(-), where B, is vector Brownian motion with variance

matrix V,, = v2(K)f (z)B8V(2)BV(z). The effective sample size condition nh — oo is required for this result.
Part (b) (ii) When nh — ¢ € [0, co) we prove that

Ln-]

1
— ) 1= 0p(1), (B.7)

but with no invariance principle applying. This result mirrors the finding in Part (a)(ii) for {ﬁ S e, \/1,17 S Ky ).

In the present case and without loss of generality, let x; be scalar and {z} be iid, so that n, = &3, — E&g; = &g + 0o(h®),
since E&g, = h>C(2)uo(K) + o(h?) from (B.1). The martingale stability condition

n 2 n )
i Nt _ 1 Nt _ 1 )
’ (ﬁz ﬁa) = LE (m) = va(KYf(2) (B(2)" + O(h).

t=1
is satisfied so that —— Zt 1Mt = Op(1), giving (B.7). But the Lindeberg condition fails and no invariance principle holds.

The proof is 51m11ar to that of Part (a )(11) but has additional complications due to the form of the sequence ;. First note
that 1, = [B(z;) — B(2)IKx + O(h?). Then, given € > 0, nh 4 oo and B8(z) # 0, we find that

5| )

/ [[ﬂ zt) - ]Ktz + O(h*))?

[\[ﬂ(a)—ﬂ(z)}l&ﬁo(#>|>evnh3]f (2 )dz

(B (2)hpK (p )+ 0(h*)?
h2 [lﬁ“)(z)hpk(mw(hz)\>em]f (z +ph)dp
= (BV@) () / PR 0oy e i P + OCD)
f(2) (ﬂ(U(z))Z v(K) >0 ifnh — 0
f(2) (ﬂ“)(z))zfp21<2(p)1[|p,<(p)ﬂ(1)(z)|>gﬁ]dp >0 ifnh— c e (0, 00)

and the Lindeberg condition fails in both cases since g")(z) 0.
Part (c) (i) This result (i) is established using standard methods in (A.3) in the proof of Theorem 2.1.
Part (c) (ii) As in (A.5) in the proof of Theorem 2.1, when nh — ¢ € [0, co) we have the following decomposition

Vnh & Vnh & X X X G
—— Ky = — — = 0 h2 —+
n2h ;tht “7 n Z Jnn { )+ o) + Z /n/n /nh

)

Xt ;tK

~ cf(z)/BxB/ [foeropl = 0,(1). (B.8)

The second term of (B.8) is Op(1) but with no invariance principle. To see this, we proceed in a similar fashion to Part (b) (ii).

For convenience and without loss of generality, let x; be scalar and z; be iid. We then have E ( > ( ) QK) =0

vh
and
2
1 o <Xt )2 ek 1o <Xt )4 ({tl()z
E|l— =) == =g|- =) | xEl>=
(ﬁ ; vn/) Vh n ; vn vh
=E (/ B;‘) x {f(z)vo(K) + O(h)} = 0(1),
2

so that ﬁ Zf;l (%) 5‘7’% = 0p(1), as required. No invariance principle holds in this case because f ZL"J Cix = 0p(1)

without an invariance principle when nh — ¢ € [0, co) by virtue of Part (a)(ii).
Part (d) (i) By Assumption 1, Lemma B.1(a) and (b) and when nh — co we have the joint convergence

(Jrxmse 7 Tl A X me) = (BO. Be() By(), (B.9)

where the Brownian motions {By, B;k, By} are independent by virtue of (i) the exogeneity of x; and (ii) the independence
of {B;K, »}. The latter follows from the fact that the contemporaneous covariance E¢xn, = h3vy(K )[ BA(2)f(z) +
Bz )f(”(z)] +O0(h*) = O(h®) and the cross serial covariance E¢n,.; = O(h*) for j # 0, so that combined w1th the weak
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dependence of z; and an argument along the same lines as that leading to (B.6) we have E ( T ZL”J L X ;h3 Z}“{ m)
= th (Cene) + 0o(1) = o(1). Convergence to the stochastic integral limits,

Fthxt;“tK Z(}}) LS W/BxB’ngK, (B.10)

\/ﬁ thx/tm Z (\x} :‘;) B,B.dB, (B.11)
t=1

then follows by a triangular array extension of Ibragimov and Phillips (2008, theorem 4.3) when nh — oo. Both stochastic
integrals have mixed normal distributions, viz.,

f B, ® BydBx =g MN (0, wo(K)f(2) / BB, ® BxB;) , (B.12)

/ B\B,dB, =4 MN (o, va(K)f(2) / B\B, (Bx(r)/ﬂ“)(z))z) , (B.13)

and the stated result (i) of Part (d) holds.

Part (d) (ii) When the rate condition nh — oo fails and, instead nh — ¢ € [0, oo) applies, it follows from Part (a)(ii)
and Part (b)(ii) that —= Z[ 1 ¢k = 0p(1) and m Z[ 1Mt = 0p(1), respectively, but with no invariance principles
holding. Correspondmgly, in place of (B.10) and (B.11), we have in the same manner as before in the proof of Part (c)(ii)

! e = LN (KX L
ﬁzxtxtfm—ﬁZ(ﬁﬁ>\/ﬁ—op(l)’ (B.14)
WZ”’“‘IZ(XI %) Js =i (B19)

again without invariance principles.

Part (e) (i) Write n%/ﬂ Yo xeuky =Y, (% (Li‘/KE) J BxdByk, and the result follows by standard limit theory
directly from Part (a), the mutual independence of x;, u; and z;, and an array extension of Ibragimov and Phillips (2008,
theorem 4.3).

Part (e) (ii) If nh — ¢ € [0, 00), it follows from Part (a) (ii) that ﬁ > i, utKe; = 0p(1) but no invariance principle
holds. In a similar fashion and as in Parts (c)(ii) and (d)(ii), we deduce that ﬁ Yo xeueKe = Y 0, (% Lif/’;i;) = 0,(1)

with no invariance principle holding.
Part (f) By Assumption 1 and Lemma B.1(a), (b), (d) when n — oo and nh — oo we have the joint weak convergence

(Jrtmss Jm Tiliukee 72 XM Zhs Xilim) ~ (B, Bu(). B By(),

where the Brownian motions {By, Bux, B¢k, By} are independent by virtue of the exogeneity of x; and z; and the
independence of {By, B;x, B,}. It then follows by a triangular array extension of joint weak convergence to stochastic
integrals for ¢-mixing time series (Liang et al., 2016, theorem 3.1) that

1 o 1 < 1 < 1 <
T XX Kz, —= XU Ky, —— XeX L, ——— XX, 1t
(i Lyt St 3 i i3

~ {/BxB;f(z), /BdeuK, foB;dB;K, /BXB;dB,,}.

The conditions of Liang et al. (2016, theorem 3.1) require sixth moments of the component innovations and « mixing

numbers that decay according to a power law «(j) = ]% with y > 6. This condition is satisfied by the mixing conditions

of Assumption 1whend =3 >2andc=3>1-2=1 anda(i):j.ly with y = 6(1 + €) > 6 for some ¢ > 0. For in

that case, the summability condition } .., j° [a()]' 2% = Yist %7% =D i ﬁ < oo holds and the innovations have
j J

finite moments of orderp > 25 =6. W

Appendix C. Online supplement

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2021.09.007.
This material includes additional proofs and simulations.
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