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The Identification of Structursl Charaeteristics
et nned)

by T. C. Koopmans
_ An Econometric Example
The following general spaciﬁcatim S, has been used extmively in

exmometric worke: T
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whsre the olements of the vector 2/%/ wre numericelly given funotiana of timo,

Pgrtioular specificetione 31, Sp s+ have mostly comsisted in prescribed values
of elementas of the matrix
@rﬂ
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scastinos presoribed values of lineer functions of the olements in one row of /1/
1% ocan mliways be arranged that of the linocar restrioctions on sny one row of ()/,
&% most me is non-homogenaous (normalizetion rule), the others hamogensous,

It hes been ghowa that in ths model § or @ nocessary snd suffioient
sondition for the equivelence of two giructures g { F(u.) Ja}md Y '{f‘ (a2 Of"'.)
is thet they are commected by a linear tmwfoma’bion
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with ron=-gingular matrix 'r « The model
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»
identifies a parmmeter Mak AP, whenever both A and belong to S, (3)
implizs Ghat
¥
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In ordexr to attein guch idemtifiability, it is necessary that one non~homogeneous
restriction (normalisation rule) on the g-th row of (A be specified in 8. I1f
G r.preunts thaumborofrm ofa/ {znd the mk). itmbo proved that

"!hn vector function’ ]'l is trennow on dencted by a lmll letter ingtead of a
o&pl'l:al- :

.




1t is necessary for the simulteracus identifiadility of all elements gk s
k=1, «o. , K In the geth rov o, oi‘O’. that at lesst G-1 additimal non-

hcmogensous restrictions be imposed on thet row, say

¥ Yol .
(6) o é/";} - 9(@{3")%4"
where o, :(O(g mee 0(:!_) , and e!kjdcnoten the renk of X « These regtriocticns

{8) are also surmome_(mjaamfm to the normslization ruls) if

n. o(XE® )= ¢ -1
The g-th row of the “rank eritorion matriz® (Y cﬁ/&) in (7) oomsists of zeros
only beceuse of (6). lrherofbre, (7) requires the other rows to be linearly
independent:.

An gtated before in generel torms, Ghe identifiability of the o |
for given g 1s a property of the joint distribution Amotin g{%f z, 04 ; F(aa.!f
of the observations y, and as such subject to statistical test. In the |
present cese, this is aleo seen from the fast that the rank of 8% Cﬂs)
ia preserved by the transformatioms (3). |

Gompiifative Remarks on the Three Exmmples Studied
In oach of the three exsmples cocnsidered, the model omteins a gemeral

specifioation presoribing s paremetric form of the struotural relationships,
Further particular specificationz therefore teke the form of paremotar
spocifications in the fmotion f(y,u) and possibly in F(u). A comparism of
the three oxamples shows a striking fomi aimilarity of the 1éent1fioat1m
problem, whiei} Justifies our speaking of identification problems as a separate
group of problems preperatory to statistioel inference, orrquite widespread
oocurrence., The same definitions of structure, model, permmeter, identifiadility
are spplicable and useful in aaeh'oxmplo. _ |
The conclusim of formal similarity of the identifioation problem in
the three cases deserves the main taphacu. in the presemt oontext. In the
following discussion we aluo discern differences of su’hr-tﬁo.. comnected
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largely with the more or less predominant role assigned to "theory" in the.
specifications of the modél in eech cass. Nevertheless, this discussion is
believed not to detract from the importance and generality of the formal
conoept of identifiabiiity, and from the need for an snalysis of idemtifiadility
snd its oriteria in spsoific epplications of stntiatiaul methods,
To discusa further similarities and differences, I wish to distinguish
in both the rsyochometric and the bicmeiric case an apriof!etie medel snd an |
empirical model, and to clagsify the econometric model as aprioristis. The
| aprioristic model in the psychometxio exampls is obto.ined by postuleting the
existence of a "true renk" ? s not nswasarny equal to tlu minimun renk of
TU, ecompativie with /(” Tr/(,;,T'x*-L\ i) diagenal), but possibly bounded
in the mmdel by an a priori omstent f; In the bicuutr;o exsmple the apriorietio
model is cne in which merely normelity of ths v is postulated, but not
"smallness.” ' |
In all three sprioristic models, non-identifiabdle pearameters may or do
ocour, snd the identifiability of some parameters depends en the vglue of
$dentifisdlé functions of cther parmsoters. In the eomometrio case, the
identifiability of elements of a, Gepends oo the renk of matrices formed from
other elaments of Of. In the aprioristic model of the psychametric example,
the identifiability of f’dnpends on whether the particular (miformly identi-
fiable) matrix /ﬁ W/%g TT* doss or does not permit more than ame
value of ? bslow its a priori bound F _
In the a prieoristio blometric model the covarisaee metrix = of the 7'
is unifomly non-identifisdle (calling the 's “paremeters® instesd of
“random variables” gets aromd this fact culy in m artifiofal end formal
way, which creates more trouble than it avoids). Wﬁh respect to { the
situation sesme completely snalogous to the psychometrie 'uod-i. If n a ‘prio:r!.
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bound ﬁ: cn § permits anly one value ¥ such that there exists a @u‘bis-
fying

(@) =6-¢ , @y'-t'rhnomny
distributed,

then ¢ is identified and equel £o'that valus, Whenever the distributien
funotion G(y) becomes suoh that more than <ne valus is possidble, £ lacks
Adentifisbility. If ¢ is identifisdle, then (91s idemtifisble by the
orthagonalization impoged.

Anothor :lnteruting similarity betwoan the three situations, which
could well have been expected, is the following., In éach ocase where not all
paremeters are identifiable in all structures, wmiformly identifiable functicns
of these parameters oan be cm_strmted, lmqwledge of ﬂx:lohl m-ti%:
soientific infarmatim of a more 1iﬁ:ited usefulness., In the eoomometrio
example, the parsmeters - - f. ,

(1 TM):-R'e, F23ZR

of the roduced form:
| ?'-. TTe » » | Sir'w,,: c§
are still useful for prediotimm of y from & under wichanged structure, but
ingufficient for pred:lct:i{h of the effects of knoun changes in structure. In
‘the peychamstric example, re-definition of ¢ as the minimum renk compatible with
a given covariance matrh:ﬂ,y of test soores provides a “desoription" of the test
battery snd population at hend, which may or may not sband up as sn “"explanatin®
when more tests are sdded. |

With ¢ 8o re~defined as a wmiformly identifiable parsmeter, we may
speak of the empirical model in the peyshametric exsmple. Similarly, en
smpirical model in tho biometrioc exgmple 13 obtained, either by defining P as
the mmallest valuo which permits @y' o w' to be normally distributed, or,
as suggested by Rasch, by gome oriterion of "smellness™ of the elements of w.
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In the first altemative { is wmiformly identifisble. The sscond alternative
naeds further elaboration before a similai eonclualdi o be drewn,

In the empiriond models so definad, the prineiple of %iniplioity” often
stressed by Miltcn Priedmam 1s utilised for the definitlem of £. In the
aprioristic modela, on fho other hend, this principle operstes cnly to select
the (linear) form of the relgtionships %(y,u) = 0, and perhaps properties of
the distribution function F(u), but not to determine the nuber of relaticns
relevent to the study.

Cmaidering now only the empirical models in the ceses of the psycho-
metris end bicmetrie .annplea. we note a few more formal analosgies. In all
three ceses, the dogres of overidentification of the strusture, allowsd or
supported by the dsta, is a matter of great interest, In the o‘emoﬁkﬁo end
paychometric e::émples. a gsubstontial degres of overidemtificsticn, of aand
TT,' respoctively, 1s looked upon es ompiricsl suppert for preccaceived "theory",
In the blomotric ezemple, in which thecry plays & smaller role, overidentifie
cation of @adds to the prasticel ussfulness of the relatimnghips found,

.ﬁn atbempt ot claasiﬂcat.'_n.m of the parameter tpooiﬁﬁtiml ncorporated
in the three models, with some reference to their motivations, will throw
further light on similarities and differences betwesn the thyes statistisal
situations,

The £irst, most trivial, group of parameter specifiostions consists of
rules of normsligation. The cbject of these specificstions is to remove an

incanveniont indetemimcj of which the presence and the trivial charaster
are known to author smd reader aliks.

Orthegonalization (specifications of diagonality of covariance matrices
of@aﬁnt variables) may likewise be intended solely to produce deteminagy in a
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situation of pecognized indeterminmcy., This is the case in the bieametric
example as long as no aforidmtifying parenotor specifications are intro-
duced, and in the case of faetbr enelysis as long as aaly the space spanned
by the common factors is sought, with no ﬁ:tempi: to recoguise simple
structure an the besis of spocifia abilities, BMr, a8 soon as Over
identifying psramcter specificaticns are introduced slsewhere, ths
orthegorelizing specificatians themselves ususlly also become overidentifying,
in which onse they became statements regarding the nature of the true structure,
which mey or may not ba imtended, snd should be awvoided .or reconsidered in
the letter oaae,

$t111 in the category motivated by convenlence are the Sumny parsmeter
specificatlons the use of which has bosn advocated in the esoncmstric problem

whenever identifiabllity of same of the parsmeters has been found through
prior analysis to bo absent without such apaeifiuatim. The purpose is

agein to facilitate the process of estimetion of identifiable parsmeters in the
face of the noneidentifiadility-in-principle of some other parsmeters: Fomal
ldentifiability of the latter peremoters is produced by dummy specifications
maintained anly during a osrtain phase of the analysis,

The remaining (possibly overs) identifying restrictions on & in the
soamemstric, o | lin the peyohanetric, and m Oin the bimmetric case are
differsntly motivated. In the econcmetric case, the motivation 1is primarily
e prieri, snd hints from the data as to overldentifying persmeter specifications
will be aceeptoad only where the evidence is strong snd does not cant radiot
"theory." In the psychometrie case, mild & priori expeatations as to where
the seros in || fall are not in the least "impoasd by the model. The only
thing imposed is that there should be many zeros, in places not preassigned,
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but duly scattered, and in their totallty producing‘ oo 1derable overidsntificatiom,
In the bicmetric exwmple, the situet in is still slightly &ifferent. Many
geros involving overidentifiocation are welcomad, but if they oan be arrangsd

in nice blocks in the ownori of -L"_‘,", 80 much the beb‘éar for the usefulness of
the result.

Hote on the History of the Identifisaticn Problem, Itbh Refsrences

The mentiﬁéut'im problem has beon disoussed, in variows terminologies
and formulations, by muentitative thinkers in several fields. It is interssting
to note thet meny importent conmtributions have ocme from regearchers so oloss
to particular f1elds of epplicaticn thet they are not thought of primsrily
ss mathemationl stabtisticiens hy their purer collesgues,

In esonemics, contributions of inecreasing clarity ad generality were
made by Pigou, Heary Schulte, Frisch, Marsohsk and Haavelmo. The main
contributions ¢o the formalisatiom and exzplisit mathematiocal analysiz of the
problem were made sd far | by Heavelmo, Koopmemsg snd Rubin,
and Hurwioz.

In factor analysis, Thurstone's discussion abounds ﬁfh problems of
idertifisbility. In biometrice, the "method of path coefficients™ of Sewmll
Wright is essentially a method where a structure is postulated behind the
cbservaeble diutributiuns,‘md the ldentiflebility of that structure discussed.
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