COWLES COMMISSIOL DISCUSSION PAPERS: ECONOMICS HC., 226 A

Abstrects Measurable Utility snd the Thsory of Asaets

{Abbreviated and Reviged Version of Reonomics oo 226)
1. PROBLEV:

To define conditions sufficient t¢ make utility indicators unique

up to a linesr {and not merely up to any movctone) tranuformation. e study

advisable (rather than zatual) behavior, and aszume that the indivicual hes
"complete information on the rslevant probability distribublons.

2. DEFINITIONSs

The individusl's eonsumphion of commodity h at time t:
(e} = Zp »ogg BT 1,060,036 2 0,3,0..,T
The individuel's "future history" 3 X & l E1seces®y o TH; £ & randem
vector with probability distributicn |
P (X) of the mutually oxciusive values Xp,r & 1, cou, B

~

o i
E where gy
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Progpect P g () 3 vector Ep% sasenli

Bt

[£38

probability thet X 2 X, when P e 2

Sure prospect PR 2 veotoy {E&auﬁa gﬁml s

Prospect of second order GJ 5 27(%) 5 of svany whars qf o
probsbility that P » Bl. Bvidemtly &3¢} = 2} & oF ..., pki
whore pE (n e 1,000, B} 2y pS qf

Balanco sheet S !}kﬂi;”;; B aot of esgots, possibly constrained by

g(5) = 0.

Environment E 8 the get of cchievalle progpscts: P i in B 10 thero

exigts S such thet g(8) o 0 and P = £{3) {grodustisn funetion),

& S

(existence of indilforonco susfocea): Thers oxishe 5 sot of

prowerties:




'=2=l

(A.1) Each element of G}(r) (r = 1,...) is some prospest P.
(A.2) Each prospect P belongs to one and only onme of the sets (v sros
(A.3) For any two distinet elements of [l = say h)(r). d8) oo
aither b:,(r); cols) {read: dr) is preferred to wols) )
or (..J(s)b wird),
(Ra)ze o(m) > X8 gog (85 (8D o le) o ot

{A.5)1f ;3(!)_5 wis) L (t) then there exist two positive numbers
e,b (a ¢ bal) and two prospeets #1 ig 'Lé(r) end PE in w(®)
such that the prospect (aP* + brK) belongs touX8),
Remark. Axiom 4 was implied by the old theory of assets. The W's are

ference sets (surfaces)".
Axiom B (placing of higher-crder prospects)s If pi . PJ both belong

to ,))(r) then, for any Pk, there exist 'a get CO (s) and two positive numbers

&,
to

4.

b (a © b a 1) such that the prospects {(eFi « vr¥), ( aPJ + bPX) both belong

';,;,)(3)0

THEQREM3 I - IV:

Theorem I (indifference surfaces in prospect spece are parails) hyper-

planes)s There exists & real wector ¢ ¥ . Clseen s¢y » and, for evary seot

L m -:,_\('), & congtant “(a) such that:

(1.1) 3£ P 38 4n 23 (®) then S p au (8) ; gng

(1.2) if Q)(r) » () > e (t) then either u'Fis uls) s u(t) or u(r)(

uld) ¢ u(t).

Definition: ul8) 14 an utility indicator for &ll prosvects in &J (9},

Theorem II (utility indicator is & linear fumction of provabilities):

~

(z1) off) . = n uLn-]p;‘i a "sverage utility of P where ul™ 3 utility indie

cator of gure prospect pinl,

Theorem II1 (utility indicator is unlgue up to & linsar transformation):



ns.n

(111) If “(1). “(2)"“ and v(1), v(z),... are two sots of real numbers sush ths%

1e 25 £33 ()3 0a(t) then ulF)>. ul8)>u(t) gng v(FIDe(a)D9(8) yon por any

2, w(® & gy 4 g1 v(), where o , gy are two real mumbers and 5350+
Theorem IV (relation botween utility differences and probabilities)s

1t dle o r), pkecor), oFf o+ (1-a) Bk & pleca(8), o < a1, then

(1v) (af8) = u(®)yf(ulr)  4(8)y o of(2-n).

6. CONCLUSIONSs

{a) Comparison with Neumsnn-lorgoenstern. Their verbal presentetlon uses

Theorem IV above as axiom (with anl/Z). In their mathomaticel presentation their
exiom (3:0:B) playing the role of our ixiom B uses operations on non-meesursble
"entities" (our sets 0)(1),.,. rather then the prospsects 91,...). In our terms i%
would read thus: "Consider prospects PP in (@) ard PX 10 3(4); 10t ‘@ b, a', b’
be positive numbers,  # b = a' & b’ w 1, Consider P1 & aPl « pp¥e Lb(S),

PJz arpl s b'Pke.w.(r).. psé_.t.o(q} s f'léé-(»)(’“). Then ea' P§ + (l-aa') P¥Gw(")f:

(b) Meximization of "average utility" (defined in Theorem 11):

Choose P in E such that for every PJ in E
] _
2, “Ln'l’% 2§nu£n]pg,

(¢) My should statisticiars ninimige sveraze loss?

(d) Applications to economic thoory. femember that X 2 {xl ,xg,...} o
Theorem I'II can he rewritten as

U(P) = 2u (X) P (X) & a(Zy ,%g0000) P(x),255000)

xl,xa.-o.
where U ig the utility of a prospect, u (xn) ig the utility of having X with
certeinty, and P(X) is the joint probebility &istribution of X. Define the

moments so 2Txer gk 3 E(xg =0g) (e ~pqi)s oto. Expend u(X) about M 3 {ﬁ,ﬂz,,n';
and obtain



(V) U(P) = ulm) » 12 Sg,k"‘gk ° Uy (8) & ..o whers ugy 2 azu/ éxg Dxks3

hence 3
ﬁ ='§'ugk 2,003 g K 2 1,.0.,0

For g = k, ugk ig the "rate of decresse of merginal utility™ and the

regult (for the case of s unique commodity, *income" )} goes back to Marshall
and D. Bernoullis if the marginal utility of Xy le ¢ dgarossiiyz function, &
prospect with high variance of x, is undegirablo., “Disutility of gambling"”
requires thus additional postulates about u{X). It is not implied by the
Axioms A,B on "advisable behavior”.

{e) For g £ k, u,; is Paroto's moasure of complementarity (as dlstinet
gk

from Hicks' messure)s a prospect with high correlation between two complementary
(competing) goods is desirable (undesirable).

(f) Risk premium r= r(P) has besn defined, for the case of a single
commodity (G = 1), in terms of moments Ay =ﬂ1(‘P) o frq1 S A1y (P) in two different
weys:

(3) (Lange): by U(P) = u(pey - r) 3
(2 oy r Sy, ° (d/_al/d_/.e%) for Y(P) a constant. '
With utility messurshle, both definitions permit the gvalustliom of r in terms of

thei's and the derivatives of u, with ths help of (V).



$.6. The Axioma and, Their Interpretation *

546,20 Our axioms are these:
We consider a system U of entities u,v,#,ess » In U a relation
is given, u . v, and for any number .., (0. - - 1), an operation
0% (le)v mw,
Thess conocepts satiefy the following exioms:

(314) u_v is e complets ordering of U,
This weangs Write u - vV when ¥ .. us Then:

(33438} For any two u, v one and only ons of the three following
relations holdse:

Gev, u v, ulv,

(3:A:0) v, vow imply u_w,

(3:B) Ordering and combining,

(31B1g) u<yv impiles that u<xu + {1~ ~)v,

{31810} u>v lmplies that udau « (3= v,

{3:8:¢) udw ¢V implies the existence of an A with
Ay » (1-' ot)v <'-

(53B:4) usw v implies the existenace of an ciwith

mu e (1= a)v.sw,

- (B:C) Algebre of sombining,

(31C1a) A ¢ (1= o)y v (1= X)v &y,
(B:0s0) oFues (1~R)v) o (1~ c)v = vu ¢+ (- Vv
where Vs of. .

* Von Neumann and Morgenstern, Theory of OGumes and Eoomomia Behavior, Page 28.




