Appendix for “A Dynamic Theory of Resource Wars”—Not for

Publication

Proofs from Section 2

Proof of Lemma 1

For any A € (0,1), it must be the case that

logu' () —logu' (\z) = logu/ (eprgx> —log/ (explog()‘x)) (A-1)
logz dl ! z
_ / ( ogu’ (exp )) &
log Az dz

i

dlogu' (exp®)  exp®u” (exp?)

By Assumption 1,

1
= > ——. A-2
dz u (exp?) T« (4-2)

Substitution of (A-2) into (A-1) implies that

, , log x 1 1
logu' (x) —logu' (Ax) > —— | dz = —1log ),
a

log A\x g

which means that

u (Az) < A7V (x). (A-3)

To see why this ensures that V' (w (m¢) e;) is bounded from below for any w (m;) e; > 0, consider
the consumption path given by e;1 11 = Aepyy for all k > 1 for A € (0, 1) with A chosen such that
B/\_l/ 2 < 1, where this is possible by Assumption 1.2. Under this consumption path country A

consumes (1 — A) N¥w (my) e; units of resources at date k and the concavity of u (-) implies that

u ((1 —A) Noew (my) et> > (w(me) er) (A-4)
! ((1 —A) Noew (my) et> (1 —(1—N )\k) w (me) ey

> u(w(my)e) —u ((1 — ) Mow (my) et> w (my) ey
where we have used the fact that 1 — (1 — A\) \¥ < 1. From (A-3), (A-4) becomes

u ((1 — ) Mow (my) et> > u(w(my) er) — ()fl/g>k (1= N Y2 (w (me) ) w (me) er. (A-5)
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Therefore,

V(w(mi)ed) = > 8% (1= 2) Xow (ma) er) >

w(w(m)e)  (1=X)""7u (w(me) er) w(my) ey
1-p 1— A e

> —00.

Therefore, V' (w (my) e¢) is bounded from below.l

Proof of Proposition 1

The first-order condition to (8) defines m* (e) as
I'(m) =V"(w(m)e)w (m)e for all e.
Given the solution to (4), the envelope condition implies that
V' (w(my) er) = BFu (x44y) for all k > 0.

Substitution of (A-7) into (A-6) followed by implicit differentiation yields

< 1" (my) U (mgp) W (mt)> dmy
BFu () w' (my)ep W (Tegp) w' (my) ) dey
_ Az u' (Tey)
dey ' (zy4r) e

Summing (5) and (6) gives > 2o T4k = w (my) e, and differentiating this yields

d$t+k dmt
Z o me) +w' (m t)etht.

Taking the sum of (A-8) overall £ > 0 and substituting into (A-9), we obtain

u' (w44) Ty
w (mt) (1 + ZZO:O u

_ (Tt1k) T w () et

des - < " (my) U (@) W (mt)> — ! (my) et'

B (zyp) W' (my) er 0 (Tepr) W' (my)

dmt

(A-6)

(A-7)

(A-9)

(A-10)

Since the denominator is negative, (A-10) is positive if and only if the numerator is negative. If

—u (244k) / (u” (Te4x) ka) > 1 for all x4,
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then the numerator is negative since from (??), > 72, itk 1, and the opposite holds if

w (my) ey
—u' (w4) / (u" (Te4k) :L‘H_k) < Ifor all z; k.

Proofs from Section 3

Definition of Strategies at ¢; = 0 for u (0) = —c0

As noted in the text, when the endowment equals 0 and u (0) = —oo, then in the unperturbed
economy the payoff from war and from peace may both equal —oco. We determine whether or
not war occurs in this case by explicitly looking at the economy with cost of war v > 0 for

country A as specified in Definition 1. Let

U (e) =) 8" (u(@i(e) —u (@ (€)) T (¢)) (A-11)
t=0

for {z; (e), e (e)};o, which satisfies

u' (T4 (e) = (1/B) v’ (71 (e))
err1(e) =e(e) —z¢(e), and € (e) =e.
UC (e) corresponds to equilibrium welfare of country A in a permanently peaceful competitive
equilibrium starting from endowment e at date 0, where z; (¢) and ¢, (e) correspond to the
resource consumption and resource endowment, respectively, at date ¢ in such an equilibrium.
The constraint that ; (e) < T is ignored since it does not bind as a consequence of Assumption
1.3.

For cost of war v > 0, we define
Fy(e) =UC () = (V (w (m* (e)) €) — L (m* (¢)) — v). (A-12)

F, (e) corresponds to the difference in country A’s welfare between a permanently peaceful
competitive equilibrium and war with optimal armament m* (e) starting from endowment e
when the cost of war is equal to v. In what follows, we will not separately give the expressions
for the case where v = 0, which can be readily obtained from the expressions here by setting
v = 0. Following the fourth requirement of the definition of MPCE, we will determine the
behavior of country A at zero endowment (when u(0) = —oo) from this function F), (e). In

particular, given this function, our definition in the text implies:

Observation (Equilibrium Selection) Suppose that f;—1 = 0 and e; = 0. Then f; = 0 only
if lime_,o Fy, (€) > 0.
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Note that this definition also subsumes the case for which u (0) > —oo, as in this case
lime—0 Fyy (e) = v > 0 and thus f; = 0 at e, = 0. The following lemma and its corollary are
useful to simplify the analysis of country A’s equilibrium decisions. Because all of our results
in this Appendix are true for any value of v > 0, we do not qualify the next lemma and other

lemmas and propositions with “fix some v > 0”.

Lemma 4 Starting from any ey, country A’s payoff U (e}) must satisfy

Ui (e;) = max {u (xf‘*) p;fxf* + U4 (€;ek+1) Vi (w(m* (er))er) —1L(m - v} (A-13)

Proof. By definition of MPCE, U4 (e} ) equals (14) for some equilibrium sequence {e;‘ o Dl :vf: ks :L'ffk 2‘;0

which does not depend on m; chosen by country A. Therefore without loss of generality country
A can make a joint decision over choice of (f¢, m;) to maximize its payoff (14), which would be
either setting f; = 1 and my = m*(e;), or fy =0 and m; =0. m

The immediate implication of this lemma is the following corollary.

Corollary 3 In any MPCE, without loss of generality country A’s strategies in state e can be
restricted to choosing no armament and no attack with probability pu(e) and armament m*(e)

and attack with probability 1 — u(e).

Proof of Lemma 2

We prove the existence of MPCE using the properties of F,,. We construct equilibria for three
separate cases: (i) lime_o F,(e) < 0; (ii) lime_o F,,(e) > 0; and there does not exist e < ey such
that F,(e) < 0; and (iii) lim.—0 F,,(e) > 0 and there exists e < ep such that F,(e) < 0. We
prove each case in a separate lemma. Throughout we use the result of Corollary 3 that allows
us to restrict strategies of country A to not arm and not attack with probability p(e;) and arm

m*(e;) and attack with probability 1 — pu(et)

Lemma 5 Iflim._o F,(e) < 0 then there exists an equilibrium in which war occurs in period 0

with probability 1.

Proof. First, note that if u(0) is finite then lim._,o F},(e¢) = v. Therefore lim._o F,,(e) < 0
implies that u(0) = —oc.

We construct an equilibrium (v*, 4*) in which war occurs with probability 1 in period 0. Let
{eo,po,xo s *1 = {eo, v (e0), €0, €0} and {et,pt,:rt L *} = {0,4/(0),0,0} for all ¢ > 0. Let
v = {ef,p}, xf*, i }t o - Let strategies of country A be p*(eg) = 0 and p*(0) = 0.

To verify that this is an equilibrium we need to check that country A does not gain from
deviating from strategy p*. The payoff of country A from choosing no armament and no war in
period 0 is given by

u(eg) — u'(eg)eg + Ua(0) = —o0,
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where the equality follows from u(0) = —oo. The payoff of country A from playing p*(eg) is
V(w(m*(ep))) — l(m*(ep)) — v > —oo, therefore it is the best response for country A to play
u(eg) = 0. The observation in Section 7 implies that u(e;) = 0 is the best response in the states
in which e; = 0.

To see that «* is an equilibrium, note that p(e;) = 0 implies that Pr{f; =0} = 0. Then
(3), (10), (12), and (13) imply that {p(*)‘,xos*,xé*} = {u/(e0), e0,e0} and e} = 0, completing the
proof. m

Lemma 6 Iflim._,o Fy,(e) > 0 and there does not exist e < ey such that F,(e) < 0, then there

exists an equilibrium with permanent peace.

Proof. In an equilibrium with permanent peace country A sets p*(e) = 1 for all e < eg, and
equilibrium allocations v* = {€&(eo), u'(Z¢(eo)), Z¢(eo), Zt(eo) oy where {€:(ep), Ze(eo)}iey are
the competitive equilibrium allocations with permanent peace defined in (A-11). At every date
t the payoff for country A along the equilibrium path is given by U (¢;(eg)). Since €;(e) < eg
for all ¢,

o
IN

Fy(@(eo))
= U“(@(en)) — (V(w(m* (& (e0)))t (e)) — Um* (& (e0))) —v),

which implies p*(€;) = 1 is the best response of country A. Given that country A never attacks,
v* satisfies optimization conditions (3), (10), (12), and (13). m

Lemma 7 If lime0 F,,(e) > 0 and there exists e < ey such that F,(e) < O then an MPCE

exists.

Proof. Define € > 0 s.t. F,(€) = 0 and F,(e) > 0 for all e € [0,€). Such € exists because F),
is continuous, F,(0) > 0 and F,,(e) < 0 for some e. Let 2 be defined implicitly by & (?) ez
represents a value of initial endowment of resources such that in competitive equilibrium with
permanent peace, remaining resource reserves in period 1 are equal to e. We construct equilibria
for three different cases depending on the values of F),(eg) and e relative to z.

Case 1. Suppose ey < 2 and F,(ep) > 0. We construct an equilibrium with permanent peace.

Define v* = {€(eo), v (Z¢(eo)), Zt(eo), Tt(eo) oy and pf(€(eg)) = 1 for all t. The proof of
this case is analogous to proof of Lemma 6.

Case 2. Suppose ¢y < ¢ and F,(eg) < 0. We construct an equilibrium in which war occurs
with probability 1 in period 0. In this case define v* = {€(eo),uw (Z¢(eo)), Zt(e0), Zt(eo) o
and pi(eo) = 0, pf(er(ep)) = 1 for all ¢ > 0. Given these strategies of country A, (u*,~*) is
an equilibrium for the same reasons as described in the proof of Lemma 6. Since Fi,(eg) < 0,

country A obtains higher utility under war and and thus pf(ep) = 0 is a best response in period
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0. To verify that pf(et(ep)) =1 for all £ > 0, note that eg < 2 implies that é1(eg) < é1(e) =
Therefore in any period ¢t > 0

Therefore peace is a dominated strategy for country A in all ¢ > 0.

Case 3. Suppose ¢y > 2. We construct an equilibrium in which resource endowment in period
1 is equal to e followed by permanent peace from ¢ > 2. Probabilities of war in periods 0 and 1
depend on the initial conditions.

Let

(ea,ps,xg*,xé*) = (eo,u' (e —€),e0 —€,e9 — 8)

and

(e;“,pj,xf*,mf*) = (&1 (€) , v (T4—1 (€)) , T4—1 (€) ,T4—1 (€)) for all ¢ > 1.

Let p*(e7) = u'(eg — €)/Bu/(Zo(€)). Note that u*(ef) is equal to 1 for g = 2 and monotonically
converges to 0 as eg — oo. Therefore p*(e}) is a well-defined probability. Set p*(ef) = 1 for
all t > 2. Under this construction {ef,p}*,:nf*,wf*}zo satisfies conditions (3), (10), (12), and
(13) (since they do not depend on the probability of war in period 0, u*(ep)). To check that
constructed strategies are also best response for country A starting from period 1, note that by
construction e} = € and e; < e for all ¢ > 2. Since F),(€) = 0, country A is indifferent between
war and peace and is weakly better off randomizing between the two outcomes with probabilities
p*(er) and 1 — p*(ef). Since ef < e for t > 2, F,(ef) > 0 for ¢t > 2, and therefore u*(ef) = 11is a
best response analogously to Case 1.

Finally we need to construct p*(ep). Note that under proposed equilibrium strategies country
A is indifferent between permanent peace and attack in period 1, and therefore its payoff period
1 is UY (). Therefore, if country A does not attack in period 0, its payoff is given by u (eg — €) —
u' (eg — €) (eg — €) + BUC (€) . Then we set p*(eg) = 1 if

u(eg—e) —u (eg —€) (eg — €) + BUC (&) >V (w(m* (eg))eg) — I (m* (eg)) — v,

and set ;1*(eg) = 0 otherwise. This completes construction of the equilibrium. m

2 This follows, for example, because the competitive equilibrium is efficient and thus equilibrium allocations
{€+}42, can be found recursively from

J(et) = maxu(et - et+1) + ﬁj(eu_l).

€t4+1

Concavity of J implies that e;y1 is increasing in ey.
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Proof of Proposition 3

First we prove a preliminary result about properties of MPCE. By Corollary 3, without loss
of any generality, we can restrict attention to only two actions of country A in each period, to

not arm and not attack with probability p*(ef) and to arm m*(e}) and attack with probability
1 — p*(e).

Lemma 8 Let (v, ) be an MPCE. Suppose that pf = p*(ef) > 0 for all t. Then

1. Country A must weakly prefer permanent peace to war,

Y85 (u(@fn) — pEreisn) =V (w (m* (€))) €f) — L (m* (ef)) — v (A-14)
k=0
for all t, with strict equality if country A attacks with a positive probability (i.e. p(ey) < 1).

2. The payoff in the event of no war satisfies

* * * o 1
Zﬁ $t+k pt+k$t+k) Kie, -1/ _ =3 =1/0) (A-15)

where

k 1-1/o
1+ 502, 8" (H Brii) )

[ — . (A-16)

s1—=1/o p =1/
<1 + 2 H (51‘7%1)0)
=1

Moreover, K; is bounded from below, and Ky is bounded from above by

1 1

K¢ =—-——(1-p7)Y", A7
3. (x},€f) for all ef > 0 must satisfy
>y p (A-18)
€t

4. Country A’s payoff in the event of war satisfies

w (m* () e¥) = w (m* (e 1-1/o (4 _ po _1/0;6*1_1/0— 1
V (" (ef) ef) = w o (6)' 7 (1 677 e
(A-19)
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Proof. Since peace occurs with a positive probability at any ¢ + k > ¢, the equilibrium payoff
for country A should be equal to

Ualef) = u(a}) — pizf + BUA(efy1)-

Iterating forward, this implies that

[e.9]

Ualer) = Zﬂk (u (274n) = PEerisn)
k=0
for all ¢ + k > 0. Substitution into (A-13) implies that (A-14) must hold, with strict equality if
w(ef) < 1. This establishes part (i).
Consider any {p;};2, with p; > 0 for all ¢. Optimal extraction for firms requires that

* >k 1 *
Hit1Pey1 = Bpt . (A-20)

1
If instead 11} 1p},; > —p}, then from condition (12) z{** > 0 since p; < co. From (10) z5* =0,

B
but this implies that 27* # z{* which violates (13). If instead p L1Piq < ;pf , then analogous
arguments imply that 7%, > 0 and 277, = 0 which violates (13). (A-20) together with (12)
implies that
w1 = (Buipr)” o7 (A-21)

Forward substitution on (3) implies that
oo
St <ol (A-22)
k=0

(A-22) must bind, since if this were not the case, a firm would be able to increase some xy , by
e > 0 and increase its profits. Substitutions of (A-21) into (A-22), noting that the latter binds,
yields
oo k
(1 S wum") e (A2
k=11=1

Equation (A-23) together with the fact that p, € (0,1] for all ¢ > 0 implies that

*
Ty _ 1

* k

et -
1+ 32 T (Bre)
=1

>1-p37>0forallt. (A-24)

e; >0 and
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Substitution of p},, = u' (], ,) into (A-15) yields

x1—1/0 1 1
k t+k *1 /o
— = Kie — A-25
Zﬁ (al—l/a) G- T-pa-vs
where we used (A-21) and (A-23) to get (A-16).
We are left to show that K; is bounded from above and below. The maximization of the left
hand side of (A-25) subject to the resource constraint (3) implies that z},; = 8%z} so that the
maximum of the left hand side of (A-25) is

1 1 1) #1-1/c 1
e (1-p - . A-2
ey G R 1-8)(1—1/0) (A-26)
Since etl Y750 by (A-24), this means that
K<kC-1_1 (1—po) e (A-27)
ol—1/o ’

so that Ky is bounded from above. To see that K; is bounded from below, note that if o > 1,

(A-16) implies that
1 1

L _ po\1-1/c
(71—1/0(1 57)

Ky >

since

k 1-1/c
14352, 8 (H Brii) )

=1 1

k 1-1/o = k 1-1/c
<1 + D ket H Brii) ) (1 + 2 1 H 50)
=1 =1
= (@1-p)te

If instead o < 1, then (A-14) implies that under any armament level m > 0,

Kie 7 - 1-5) (11 —17gy 2V (wm)e) =1 (m) —v. (A-28)

The first order conditions which define (4) imply that x411 = S%z; which given (5) and (6)
implies that

w(m)ed) =w(m) Y7 (1 - 0—1/0; *1 /o 1 )
V( ( )t) ( ) (1 ﬁ) 1—1/(7 (1_6)(1_1/0)' (A29)
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Together with (A-28), this means that

e o —1/0 1 I(m)+wv

K, > W(m)l Y (1_5) Y 1_1/0_ <*121/a
€

1 I(m)+wv

1-1/o -1/o
2 w(m) (=BT - BTG
where we have used the fact that ef < eg. This means that K; is bounded from below.
This establishes part (ii) of the lemma. Part (iii) follows from (A-24), and part (iv) follows
by substitution of m* (e;) in for m in (A-29). m
Now we are ready to prove Proposition 3. Here we prove a stronger version of Proposition
3 that shows that if at any node of the game (both on and off equilibrium path) war does not

occur with probability 1, then permanent peace must follow after that node.

Proposition 13 Let (v*,u*) be an MPCE. Suppose that p*(e}) > 0 for some el > 0. Then
w*(er) =1 for all t > T. Moreover, Ua(e%) = UC(ek) where UY(e%) is a payoff in permanent
peace defined in equation (A-11) and {x}};° satisfies (16).

Proof. First, note that using the same arguments as those used in Proposition 2 we can establish

that if p*(e}) > 0 for some e}, > 0 then p*(e;) > 0 for all ¢ > T'. Now substituting from Lemma
8 into equation (A-14), we obtain

x1—1/0 —1/0 —1/o 1 *1—1/0 * *
Kye;' ™7 2w (m* () 717 (1 - 7)Y 1_1/063 YO 1(m*(ef)) —v.  (A-30)

We now show that (A-30) cannot hold with equality which proves that there cannot be
equilibrium randomization by country A between war and peace. Suppose (A-30) holds with
equality at some date t > T. We consider two cases separately: case 1, when there is some finite
date T after which country A never attacks, and case 2, when i < 1 infinitely often.

Case 1. Suppose there is some T such that ,u*T < 1land pf =1forall t > 7. In this case,
since country A is indifferent between war and peace at T" and weakly prefers peace at T — 1

and T+ 1 to war using the same armament as at T, it follows that:

Kot 2wl (4)) 0 o () -
et = o)) o (4)) b
Ko7 2wl ()0 g (o (7)) s

Since pf = 1 for all t > T'+ 1, from (A-16), it must be the case that Ky, =K = K¢ for K¢
defined in (A-17), and since p4 € (0,1), it must be that K¢ > K _, since war is chosen with
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positive probability at T. Moreover, it must be that

K¢ —w (m* (ei}))l_l/a (1-— ﬁ”)fl/g 111/0 <0

in order that (A-32) hold. Equations (A-31) — (A-33) therefore imply that

e*171/0 e*lfl/a
T T
*1—1/0 > 1 and x1—1/c z L.
€11 -1
If o < 1, then by (3) this implies that ei}“ = e so that z% = 0 which violates (A-18). If

instead o > 1, then this implies that e} > 6}—1 which implies x}_l = 0, which violates (A-18).
This establishes that it country A cannot be indifferent between attack and not attack in period
T, which implies that it must choose f; = 0 with probability 1.

Case 2. Suppose p; < 1 infinitely often.

Consider sequence s' = {u;, K;};°, where K; is defined by (A-16). By Lemma 8, there
exists some compact set S such that (u;, K;) € S for all t. Therefore we can select a convergent
subsequence s2 within s! (where K; converges to some K*). Consider three consecutive elements

of s2, denoted by n — 1, n, and n + 1. Weak preference for peace at n — 1 and n + 1 together

*

with indifference to peace at n using armament m* (e) implies:

K€ 5V7 > w(m® (e2) 17 (1= o) Yo Lot Ve i (en)) — v (A-34)

n 1—1/g ntl
Kner 77 = w(m” <e:;>>“/“<1Bf’)”"lll/e:l—”"l<m*<e:;>>v<A-35>
- g
*1—=1/0 * * —1/0 o\—1/o 1 x1—1/0 * *
Knmaen 07 2w ™ ()77 (1= BT el = L () v (A-36)

Equations (A-34) and (A-35) imply that

* ( x\\1—-1/0 o\—1/o 1 *1—-1/c
(Fouwr = wln (V7 (= g7y 17 Y (A-37)
- x ¢ «\\1=1/0 (1 po\—1/c 1 x1—1/0
(860 = wm (@7 (= oy e
and equations (A-35) and (A-36) imply that
1 _
_ * ( x\\1—1/0 _ poy—1l/o *1—1/0 > _
(Fwmr = wlm (@) (= gy Yl (A-58)

1
(160 = wm ()77 (1= oy Y i
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Note that it cannot be that

1
lim { K, —w (m* (e))' 7Y (1 - g7)~Y° =0, (A-39)
el 1-1/o

since if this were the case, then given the indifference condition, it would violate (A-35) since
v > 0. Therefore, (A-39) cannot hold and the left hand side of (A-39) must be negative for
(A-35) to be satisfied. Then (A-37), (A-38) and the fact that K, converges to some K* imply

that
o1-1/o Pt
lim | —— | >1and lim [ &—F | > 1,
N—00 6*1—1/0 N—00 e*l—l/cr

n+1 n—1

which given (3) implies that if either 0 < 1 or o > 1, then lim,, . €}, ; /e, = 1, but this violates
(A-18) which requires that ej, /e < 37 < 1 for all ¢ which implies from (3) that ey, /e; < 37
for all n. This establishes that it is not possible for p*(e;) < 1 for ¢ > T in an equilibrium in
which war continues occurring forever with positive probability, and this completes the proof of
the first part of the proposition.

Finally, since country A weakly prefers peace in state ek, Ua(ek) = U%(ek) and {z}}2,
must satisfy (16). m

Proof of Proposition 4

To prove this proposition we construct the function F, as defined in (A-12) and use Lemmas
5, 6, and 7 to establish the existence of equilibrium in which either war occurs with probability
1 in period 0 or there is a permanent peace depending on the assumptions in Proposition 4.
Next we use Proposition 13 to rule out other equilibria. Similarly to the proofs of all preceding
lemmas, we use Corollary 3 to restrict our attention to only two strategies for country A, not
arm and not attack with probability p(e) and arm m*(e) and attack with probability 1 — u(e).

First we derive payoffs from the permanent peace U (e) and war V (w (m* (e)) e) . Set p, = 1

for all ¢ and use Lemma 8 to show that

11
Col—-1/o

1

_ Qo 71/0'6171/0'_ )
1=F) - 1/o)(1_7)

U(e)

(A-40)

Then F),(e) is equal to

1

Fle) =137,

(1= 671717 (g = fuw (m ()] V) +1m*(e) +v. (A1)

Part 1: Consider the case when o > 1. First we show that there exists a unique e such that
F,(e) > 0 for all e < € and F,(e) < 0 for all e > e. Then it follows immediately from Lemma
6 that there exists an equilibrium that has no war along the equilibrium path if eg < € and
we show using Lemma 7 there exists an equilibrium in which war occurs with probability 1 in

period 0 if eg > €.
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Claim 1. If o > 1 then there exists a unique e such that F;,(e) > 0 for all e < e and F,(e) < 0
for all e > e.

Note that F;,(0) = v > 0. Differentiating F, in (A-41) and using the optimality condition
(A-6) for m*(e), we obtain

Fl(e) = (1= B7) 777 (1o = [w (m* ()] 7). (A-42)

If 0 > 1 then from Proposition 1 m*(e) is increasing in e. Therefore F,(e) has at most one
peak and it can cross zero at most once. If it crosses zero, let € be a solution to F,(e) = 0. If
F,(e) does not cross zero we set € = oo.

Claim 2. If F,(e) > 0 for all e < e, then there exists no equilibrium in which war occurs
with positive probability.

Claim 2 together with Claim 1 immediately imply that if ¢ > 1 and ey < € then there exists
no equilibrium in which war occurs with positive probability.

Suppose there exists an equilibrium in which war occurs with a positive probability at date

0. More formally, suppose there exists an equilibrium (v*, u*) such that p*(eg) < 1.

First suppose that u*(e) = 0. In this case (10) and (3) imply that z{* = ¢y and et = 0.
When o > 1, then F,(0) > 0, and by Observation 7 p*(0) = 1. Therefore p*(ef) = 1 leading to
a contradiction.

Now suppose that z*(e}) > 0. In this case from Proposition 13, Ua(et) = U%(e}). Then

U (e}) = (V (w (m* (e})) €]) — l(m*(e})) — v)
= F,(e}) > F,(@) =0,

Ualer) = (V (w (m* (e1)) e1) — U(m"(e1)) — v)

where the strict inequality follows from the definition €. This implies that peace is strictly
preferred to attack and therefore p*(ej) = 1.

If 1% (e}) = 1 so that peace occurs with probability 1 in period 1, then (z{™*, p§) = (Zo(eo), ' (Zo(eo)))
where Zg(ep) is a permanent peace allocation defined in (A-11), and e} = €1(ep). Since country

A attacks in period 0 with positive probability, it must be true that
V (w(m* (eo)) e0) — l(m*(e0)) — v > u(xy™) — poa™ + BUA(e}). (A-43)

Substitute (z{*,p§) = (Zo(eo), ' (Zo(eo))) and Ua(e}) = U(e}) into equation (A-43) and

regroup terms to get

o
v

u(o(eo)) — v’ (Zo (e0)) Zo (e0) + BUC (E1(e0)) — (V (w (m* (e0)) €0) — l(m*(e)) — v)
= U%eo) — (V (w(m* (e0)) e0) — l(m*(en)) — v)
= Fv(eo) >0
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which is a contradiction. Therefore there cannot exist an equilibrium with p*(eg) > 0 and
Lemma 6 establishes existence of equilibrium with p*(eg) = 1.

Claim 3. If 0 > 1 and ey > ¢, then there exists no equilibrium in which peace occurs with
positive probability in period 0.
Suppose ey > € and there exists an equilibrium in which country A chooses peace with

positive probability in period 0, i.e., u*(eg) > 0. By Proposition 13,

0 < Ualeo) — (V (
= U%eo) — (V (

w (m* (eo)) €0) — I(m*(eo)) — v)
w (m* (eg)) eg) — l(m*(eg)) —v) = Fy(eg) <0
which is a contradiction. Therefore in any MPCE p*(eg) = 0.

Part 2: Suppose o < 1 and let @ = (1/0)71/9) By construction, @ € (0,1).

Claim 4. If 0 < 1 and lim,—,; w(m) < w, then there exists no equilibrium in which war
occurs with positive probability.

We prove that in this case Fy,(e) > 0 for all e, so that we can apply Claim 2 of the proof of
this proposition directly to establishes this result.

In order to prove that F,(e) > 0 for all e, we show that F) (e) < 0 for all e and that
lime_,o0 F' () > 0. We can establish that F) (e) < 0 for all e from (A-42); this is true given
that w (m* (e)) < w for all e. To establish that lim._.. Fy, (¢) > 0, consider first the value of
lime_,oo m* (). Suppose that lim._,. m* (¢) = m > 0. Since m*(e) is the optimal armament,
it must satisfy (A-6). The first order condition which characterizes (8) taking into account (4)
and (17) implies

1- BU)—l/a pl=1/o _ ' (m” (e)) . (A-44)
[ (m (€))7 w! (m* (e))
If lime 0o m* (€) = m > 0, then this would violate (A-44) since the left-hand side of (A-44)

would converge to 0 whereas the right-hand side of (A-44) would converge to a positive number.

Therefore, lime_,oo m* (¢) = 0 which implies that

Jim (V' (w (m” (¢)) e) =1 (m” (e)) —v) = - 1-7) (11 —1/0)

-, (A-45)

so that lim, o F, (¢) = v > 0.25 This establishes that F, (¢) > 0 for all e. Claim 4 then follows

from Claim 2.

25 (A-45) follows because by definition

* * 1
V(w(m”(e))e) =1l (m”* (e)) —v < A=A =10 —v
and because optimality of m* (e) requires
. . * . _ 1 10e) — v
i (V (10 (" (€)€) =L m" (€)) =) 2 lim (V (c€) = 1) =) = =y —775 ~1 (0

for any € > 0 chosen to be arbitrarily small.
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Claim 5. If 0 < 1 and limy,—; w(m) > @, then there exists no equilibrium in which peace
occurs with positive probability in period 0.

First we show that in this case lim._, F},(¢) = —oo. The existence of the pure-strategy
equilibrium with immediate war then follows from Lemma 5 and we will use Proposition 13 to
rule out existence of equilibria with a positive probability of peace in period O.

Let us show that lim._,g F},(€) = —oo. Note that when o < 1, Proposition 1 that m*(e) is de-
creasing in e. Suppose that lim._,o m*(e) = m’ < m. This would violate (A-44) since the left-hand
side of (A-44) approaches 0o as e approaches 0, whereas the right-hand side of (A-44) approaches
I'm')/ [[w (m’ )]_1/ T (m )} < 00, yielding a contradiction. Therefore lim,_,gm™* (¢) = m and

lime_.ow (m* (e)) > w. Now consider lim._,o F}, (e) which satisfies:

U (e)

Vw(m (@)e) — Lm* (@) —v

(A-46)

The first term on the right-hand side of (A-46) converges to —oo. The limit of the second

term is positive since after substituting U® (e) from (A-40) and V (w (m* (e))e) from (A-19)
and applying the L’Hopital’s rule (together with the optimality condition (A-6)), we obtain

lim F}, (e) = lim (V (w (m* (e))e) — L (m* (e)) — v) (

e—0 e—0

i U (e) - dU® (e) /de
i -
e—0 V (w (m*(e))e) —l(m*(e)) —v e—0d(V (w(m*(e))e) —1(m*(e)) —v) /de
1
S /o 7 > L
limy, 7 [w ()] 7
Therefore lim,_,g F), (¢) = —oo. Since lim._,¢ F}, (¢) = —oo and F,, is continuous, there exists

€ > 0 such that F,(e) <0 for all e < €.

Now we are ready to prove that there exist no equilibrium in which peace occurs with a
positive probability in period 0. Suppose such an equilibrium (v*, u*) exists with p*(eg) > 0. In
this case by Proposition 13, yu*(ef) = 1 for all ¢ > 0 and z{** = &;(eo) for all t. From the proof
of Lemma 8 it follows that ef = é&;(ep) = B%tey. Therefore there exists some T such that el < e.
Since peace is the best response for country A in state e, its payoff Ua(e’) should be greater

then the payoff from war, so that

where the last inequality follows from the fact that e’ < e. This is a contradiction.l
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Proof of Proposition 5

We establish this result is several steps. The following preliminary lemma is useful since it
implies that the payments made by country A which equal «’ (x) z in equilibrium rise to infinity as
resource consumption x declines to zero. It also implies that the utility of 0 resource consumption

is —o0.

Lemma 9 Suppose that there exists some & < 1 such that —u' (z) / (zu” (z)) <& for allx > 0.
Then (i) limg_ou' (z)z = oo and (i) u (0) = —oo.

Proof. Part 1. For any = € (0, 1), it must be the case that

logu' (1) —logu’ (z) = logu' (exp1°g1> — log v/ <exp1°gx) (A-47)

B /logl dlogu' (exp?) &
B log x dz .

Analogous arguments to those in the proof of Lemma 1 imply that since zu” (z) /u’ () < —1/7,
it must be the case that (A-47) implies that

logu' (1) — log/ (x) < — (log (1) — log (2)) /7,

which means that
o (z) > (1) 2=, (A-48)

Therefore,
W (z)x > (1) 217, (A-49)

The right hand side of (A-49) approaches oo as x approaches 0 since 1 — 1/ < 0. Therefore,
given (A-49), it must be that lim,_o v (z) z = .
Part 2. The concavity of u () implies that for any « € (0,1) and « > 0,

w(z) —u(az) >d (2)z (1 —a). (A-50)

Suppose that w (0) is finite. Then the left hand side of (A-50) approaches 0 as x approaches 0.
However, by part 1, the right hand side of (A-50) approaches co as = approaches 0. This means
that u (0) cannot be finite so that u (0) = —co. m

We can show that if lim,, .5 w (m) is sufficiently close to 1, there does not exist an equilib-
rium in which there is a positive probability of peace for all . To make this argument, note that
Lemma 4 and Corollary 3 both hold in the case with an extraction limit so that country A at e,
chooses u* (e;), where p* (e;) corresponds to the probability of peace with zero armament and

1 — u* (e¢) corresponds to the probability of war with armament m* (e;). Given e; > 0, define
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{§t+k (e;f)}zozo as follows:

o0
o0
{$t+k (et)} = arg max § B (u(pgn) — v (Trak) Tran) st > zep=cef.  (A-51)
h= {zeer}iZo 1 55 k=0

Lemma 10 Suppose there exists some & < 1 such that —u' (z) / (zu” (z)) < T for all x > 0,

and suppose that lim,, 5 w (m) is sufficiently close to 1. Then the following must be true:

1. There does not exist an MPCE with p; > 0 for all t.
2. lime_,0 F, (e) <0 so that p* (0) = 0.

3. Suppose there exists an MPCE in which war occurs with probability 1 before some finite

date T'. Then it is necessary that x; = T if war has not yet occurred (i.e., if fy =0).

Proof. Part 1. We prove this in three steps.
Step 1. Suppose that pf = p*(ef) > 0 for all ¢. Then country A must weakly prefer permanent

peace to war at all dates so that
Zﬁk w (@iyk) = Plastipe) =V (w(m” (ef)) ef) — 1 (m™ (ef)) — v (A-52)

for all ef along the equilibrium path. This is because since peace occurs with a positive proba-

bility at any t + k > t, the equilibrium payoff for country A should be equal to
Ua(er) = u(af) — piay + BUA(ef 1)
Iterating forward, this implies that
k
Z B (u (2 41) — PlenTive)

for all t + k > 0. Substitution into (A-13) implies that (A-52) must hold.
Step 2. If (A-52) holds at e}, then the below inequality also holds at e} for any m € (0,7m]

S8 (1w (m) ™2 (1 = (m) = 1) (Fron () B ) = ~Lm) — 0 (A-53)
k=0

for o defined in Assumption 1. To see why, note that given (A-51) and the the fact that
P = v (27,;) from (12), the left hand side of (A-52) is bounded from above as follows:

Zﬂ w (27er) = Plavion) ZB (u (Fern (€0)) = o (Fean () e (e)) . (A-54)
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The right hand side of (A-52) is bounded from below as follows for all m € (0,m] > 0:
Vi(w (m* (e7)) e;) = L(m™ (ef)) —v =V (w(m) er) — 1 (m) — v (A-55)

> i B (w (M) Forr (e:)) — 1 (m) —v.
k=0

The first inequality in (A-55) follows from the fact that country A can choose to go to war

with any feasible m. The second inequality in (A-55) follows from the fact that, conditional on
~ o0

m, {@i1k}rey = {w (m) Tytp (e%‘)}k . for all £ > 0 is a feasible solution to (4). Moreover, the

concavity of u (+) implies that

w (w (m) e (1)) > u (Fen (e)) = (w (m) Tk (65)) T (1) (L= w (m)). (A-56)

Combination of (A-52) with (A-54), (A-55), and (A-56) implies that
iﬂk <(u (w (m) Foyn (e;‘)) (1—w(m)) — o (%Hk <e:))) Feok <e:)) > _[(m)—v. (A-57)
k=0

To see why (A-57) implies (A-53), note that analogous arguments to those of Lemma 9 imply
that since —u' (z) /azu” () > o for all x, it must be that given w (m) € (0,1):

log ' (e (7)) — log o (w (m) Frv () = — (10g (Fet () = log (w (m) Fra (D)) ) /o

so that
! (w0 (m) Fp () < w (m) o (T () ) - (A-58)

Substitution of (A-58) into (A-57) implies (A-53).

Step 3. We now prove that there does not exist an MPCE with pu; = p* (ef) > 0 for all ¢
since (A-53) cannot hold for all ef. We establish that e; must converge to zero and we prove
that (A-53) cannot hold as ej approaches 0. Suppose that e; did not converge to zero. From
(3) this would imply that x} converges to zero so that x; < T for some t. However, if this is
the case, then a firm would be able to increase some x} by € > 0 arbitrarily small along the
equilibrium path and increase its profits. Therefore, ef must converge to zero. Now consider
(A-53) for some m € (0,m) as e; converges to zero. Since lim,, . w (m) is sufficiently close to

1, m can be chosen such that
w(m) "2 (1 —w(m)) —1<0 (A-59)

since w (m)fl/g (I-w(m))—1=—-1<0ifw(m)=1. The right hand side of (A-53) is bounded
from below by some finite number as ej converges to zero. Now consider the left hand side of

(A-53). Since feasibility requires Titk (ef) < e}, and since e converges to 0, it follows that
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§t+k (ef) converges to 0. >From Lemma 9, this implies that v’ (%t—s—k (ef )) %t—s—k (ef) approaches
oo as e approaches 0. Given (A-59), this implies that the left hand side of (A-53) approaches
—o0 as €} approaches 0. Therefore, (A-53) cannot hold as ef approaches 0.

Part 2. Consider F, (e) defined in (A-12). Since U® (e}) is bounded from above by the
right hand side of (A-54) it follows that analogous arguments to those of part (i) imply that
lim._¢ F, (e) = —oo < 0. Therefore, by the observation in Section 7, p* (0) = 0.

Part 3. This is proved by backward induction. Let T correspond to the earliest date at
which war occurs with probability 1. We prove that z%._; = 7, and we follow the argument by
proving that if 2}, | = T, then it is necessary for xj =7 forall £ +1 < T — 1.

Since T' is the earliest date with war with probability 1, this means that p* (e%) = 0 and
w* (ef) >0 for t <T —1. Since p* (0) = 1 by part (ii), it must be that e, > 0. Since country
A weakly prefers peace to war at T' — 1, this implies that

u () P B (V (w (m* (€)= L(m* (e)) = v) > V (w (m* (e51)))~1 (m* (e—1))—v.
(A-60)

where the right hand side of (A-60) exceeds —oo since e}._; > 0. Consider firm behavior at

T — 1. Given (10), it follows that firms choose x%._; = min {e*Tfl,f}. Suppose it were the case

that e3._; <Z. Then this would imply from (3) that e} = 0. However, given Lemma 9 and given

(4), this implies that V (w (m* (e}))) — [ (m* (er)) = —oo, which means that the left hand side

of (A-60) equals —oo which is below the right hand side of (A-60), leading to a contradiction.

Therefore, z7._; = =.

Now suppose that z}, ; = 7 for t +1 < T — 1. Since z; < 7, this implies that «' (z}) >
Bu’ (37?+1) w (ej;rl). Since (12) implies that ' (z¢) = py, this means that p; > Bpir1p* (e;‘H)
so that (10) implies that z; = 7. Forward iteration on this argument implies that z; = T if war
has not yet occurred. m

Lemma 10 implies that if an MPCE exists, then war occurs with probability 1 before some
finite date T with z; = T if war has not yet occurred (i.e., if f; = 0). This establishes part (ii)
of Proposition 5. It also establishes part (iii) since it is not possible for z; = T > eq for any ¢ by
(3). We are left to prove part (i) by showing that an MPCE exists.

We construct an equilibrium (v*, #*). Let

min {max {ey — tZ,0} , T}, min {max {eg — 7,0} ,T}

A*} _ { max {eg — tT,0} , v/ (min {max {eg — ¢7,0} ,Z}), } (A61)

for all t > 0. (A-61) implies that at date ¢, firms extract T if T is below e;, and they otherwise
extract e;. Given this sequence, we can define the strategy of country A as follows. If e; = 0, let
w*(er) = 0. If instead e; > 0, let p*(et) correspond to the highest value of u (e;) € {0,1} which
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solves the following program given e;:

00 p(ersr) (u(Terk) — U (Trrk) Tetk)
k k-1
max I}
{uler+1)}iZo kgo + (1= p(ersr)) H p(err) (V (w (m* (er4k)) erk) — L(m* (er4x)) — v)

1=0

(A-62)
s.t.

Ty = min{max {e; — kz,0},7} for all k, (A-63)
e+ = max {e; — kx,0} for all k, (A-64)
p(err) = 0if pi(eryp—1) =0 K, (A-65)
p(errr) = 0 if e,y = 0 for all k, and (A-66)
w(errr) € {0,1} for all k. (A-67)

This value of p*(e;) exists since the objective maximized in (A-62) is well defined. To see why,
note that this objective is bounded from below since p(e;) = 0 is a potential solution which
yields V' (w (m* (et)) er) — 1 (m* (e¢)) which is well defined. To see that this objective is bounded
from above, note that from (A-63) and (A-64), u (z1x) — v (eak) Tear < u(ey). Moreover,
since [ (m* (es4x)) > 0 and ey < ey,

Vi(w (m” (eryr)) ervr) = L(m™ (erpn)) <V (errn) <V (er) <uler) /(1=5),

where the last inequality uses the fact that u (z44%) < u () in (4) which defines V (e;).

To verify that this is an equilibrium we need to check that country A does not gain from
deviating from strategy p*. By part (ii) of Lemma 10, u(e;) = 0 is the best response if e; = 0.
Given this strategy and given (A-61), the program in (A-62)—(A-67) corresponds to the objective
with a maximum equal to Uy (e;). Therefore, the value of yu (e;) which solves (A-62) — (A-67) is
optimal.

To see that v* is an equilibrium, we need only check (10) since (3), (12), and (13) are satisfied
if 27 = min{e}, 7z} for all ¢ under (A-61). To show that firm behavior given prices and future
war probabilities is optimal with =} = min{e},Z}, we consider three cases.

Case 1. Suppose that ef = 0. Then z} = min {e},Z} is the only feasible firm strategy as a
consequence of (3).

Case 2. Suppose that e; > 0 and p*(ef, ;) = 0 so that war occurs with probability 1 at ¢+ 1.
Given (10), it follows that firms choose zf = min {e}, T}.

Case 3. Suppose that e; > 0 and p*(ef, ;) > 0 so that peace occurs with some probability
at t + 1. We can prove that in this case, ; = Z. To this end, the following claim is useful.

Claim 1. Suppose that ef > 0 and p*(ef,;) > 0. Then the following must be true of p*.
There exists some k' > 1 where e}, > 0, p* (e:+k,) =0, and p* (e;;k) >0forl <k <k Tosee
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why, suppose it were not the case that u* (62‘ +k,) =0 for some £’ > 1. Then from (A-61), there
exists some &’ such that e;, ,, = 0 for which * (e;‘ o\ k,) = 0 by definition, yielding a contradiction.
To see why e} ;, > 0, suppose it were instead the case that e}, ;, = 0. From Lemma 9 and (4),
this implies that V (w (m* (e;rk,))) — 1 (m* (es3r)) = —o0. Since p* (e%“+k,71) > 0, it follows

that country A’s continuation value conditional on choosing peace at t + k' — 1 satisfies

-0 = U (‘/B;‘;k’fl) = Pitk—1T—1 T B (V (w (m* (e:+k’))) —L(m" (ewr)) — U)

< V(w(m* (efyp_1))) — LM (errpr—1)) —v

so that country A could make itself strictly better off by choosing p(e;,;, ;) = 0 and achieving
V (w (" (cfper))) — Lm (erre)).

Using the above claim, let us prove that that x; = T in case 3, consider k' > 1 as defined
in the above claim. Since €} ;, = e; — k'Z > 0 this means that pj,, = v’ (7) for all 0 < k < I/,
where we have used (A-61) to solve for ej ,, and p;, .. We can use this observation to show
that 7 , = Z for all 0 < k < k' in the firm’s problem. We prove this by solving the firm’s
problem by backward induction in two steps. First, we show that if &k = &’ — 1, then k=T
Second, we show that if zj , = T then x7,, |, =7 for 0 < k < k'. To prove the first part,
suppose that k = k' — 1. At t + k' — 1, case 2 applies so that z},,, ;| = min{e;‘+k,71,f}.
Because e;,,, = ef — k'T > 0, it follows that e;,,, | = ef — (K’ —1)T > T, which means
that x7 ,,_, = 7. To prove the second part, suppose that zj , = T and u(e;,) > 0 for
0 < k < k'. Tt follows that (10) applies at t +k — 1 with ej,, | = ¢; — (k—1)Z > 0. Since
Bt em (esy) = B (@) p(ef,y) < v (xf,,_y) for all a7, | < T and since (12) implies that
Piipq = W (x;kal), it follows that SBpj, ,.u (€?+k) < Pfyp_q so that =7, | =T by (10). By
backward induction, this implies that z; =7z. B

Proofs from Section 4

Proof of Lemma 3

Following the discussion in the text, the existence of an MPME is guaranteed by the existence of
a function Ug (e;) which satisfies (24). Substitute (3) and (23) into (21), which holds as equality,

to obtain

—ct = G (err1,e) = uler — erpn) +6 (V (w (m” (err1)) ery1) — L(m™ (er41))) =V (w (m* (er)) ex) -
(A-68)
Substituting (20) and (A-68) into (24), we can write Ug (e;) as:

Us (&) = ft:{o,ll}l,lifle[(),et] {(1 = f) |G (er41,€r) + BUs (er41)] + freo} (A-69)
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To show that Ug (e;) exists and is well-defined, note that (23) and (21) imply that

(1 = fer) (u(eryn — €rpry1) + copr — L(m* (€ryx)))

) = = k k—1
Ve k:zoﬁ + (ft+k H (1- ft+l)> V(w(m* (et4k)) ettk)
1=0

= V(w(m” (e))e) —1(m" (er)),

so that

0 k—1
Us(er) = Zﬁk <— (L= fear) ctar + (ft-i—k H (1- ft+l)> 7/)> (A-70)

k=0 =0

(1- ft;:k) (u(etrr — ervrr1) — BLIM™ (e11k+1)))
-1

> o —V(w(m* (e)) e
- kzzoﬁ + (ft+kH (1 _ft+l)> (Y +V (w(m* (egsr)) €r1k)) V(w (m” (er)) er)
1=0

for a given equilibrium sequence { fiix, €r+k+1} 4. Consider the following problem:

(A-71)
oo (1 = firr) (u(errr — eppnt1) — BLM* (epyrt1)))
U _ k k—1
5(e) {ft}k;?%}gﬂ?_o kzzoﬁ + (ft—i—k H (1- ft+l)> (¥ +V (w(m” (er+)) €rtk))
tHRZA 1=0

etrk+1€[0,e41 k]

=V (w(m* (er)) er) .

Since f; = 1 is feasible, (A-71) is bounded from below by 1. Moreover, since [ (m* (e;)) > 0,
itk — Ctaktl < ek < e, and V (w (m” (errr)) ervk) <V (eryr) <V (er), given e > 0, Us (er)
defined in (A-71) is less than

o) i (1= ferr) u(er)
max k -1 —V(w(m* (et))e 00
{ferr bz ;0/6 + (ft+k H (1- ft+l)> (Y +V (er)) Viw(m® (e)er) < oo
1=0

fe4x={0,1} -

where the last inequality uses the facts that (i) V (e;) and u (e;) are bounded from above; (ii) in
view of Assumption 1 in the text, V (w (m* (e;)) e;) is bounded from below for e; > 0 (and thus
w (m* (e;)) e; > 0), ensuring that Ug (e;) is also bounded from above for ¢, > 0. Therefore, the
solution to (A-71) exists and Ug (¢;) is well-defined for e¢; > 0. This then implies that we can

rewrite (A-71) recursively as

s (er) = {a-m (e e +60s o] + v} (A-72)

max
ft={0,1},e¢41€[0,e:
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as desired. It is also straightforward to see that Usg (e;) in (A-71), and thus in (A-72), is uniquely
defined. This follows simply from the observation that any MPME is given by (A-71) (and vice
versa), and we have already established that for any ¢; > 0, Usg (¢;) is bounded. W

Proof of Proposition 6

This is proved by a variational argument which considers a specific perturbation on the solution
in which starting from e;, the choice of e+ is increased by € 2 0 arbitrarily small, where this
increase is accommodated by a decrease in x; by € and an increase in ;41 by e.

Let ef,; denote the optimal choice of e;y; starting from e;. Since f;11 = 0, then f; = 0.

Using this observation, equation (A-69) becomes:

Us (e1) = u(er = cia) +B [V (w0 (m (6541)) eia) — L (m (6] =V (o o en)) ) +B0s (1)

(A-73)

Since fi11 = 0, (A-73) also holds replacing e; with ef,; and e}, ; with e}, ,, where ej 5 denotes
the optimal choice of e; (2 starting from e}, ;.

Optimality requires that the solution at e; weakly dominates the choice of e}, ; +¢€ for € 2 0.

Let zj = e; —ef,; and let x| = e}, — ej 5. Optimality of the choice of e}, ; implies

u(@p) + BV (w(m" (ef11)) efsr) =1 (m" (ef11))] + BUs (efa) = (A-74)
u(@i —e)+ B[V (w(m" (eips +€)) (i1 +€)) =1 (m” (ef1 +€))] + BUs (efe1 + ).

Since starting from e, ; +€ country S can always choose policy e, , associated with ef, ; together
with f; = 0, this implies that

Us(efp1+¢€) > Us(efyr) +u(zyg +e) —u(ziy) (A-75)
+V (w (m” (ef1)) €i1) =V (w (m” (ef1 +€)) (efsr +€))

Combining (A-74) with (A-75) we achieve:

[u (z}) = u (@i — )] = 8 u(2i1 +€) —u(ain)] (A-76)
+8 [ (m* (ef11 +€)) =L (m* (ef1))] = 0.

Divide both sides of (A-76) by € = 0 and take the limit as € approaches 0. This yields:
! (@1) = B! (z41) + B (m* (eps1)) m (e141) = 0. (A-77)

Since I’ (-) > 0, (A-77) implies that v (z¢41) > (<) (1/8) ' (x¢) if m* (er41) > (<)0. W

Proof of Proposition 7
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Part 1. Suppose that (28) holds. We can prove by contradiction that the equilibrium cannot
involve war for any e;. Suppose there exists an MPME in which war occurs for some e;. Consider

an offer by country S in state e; that satisfies 27 = (1 — 57) w (m* (e;)) e; and
—¢f = u () +B8 (V (w(m” (e — x7)) (er — 27)) — L(m” ((er — 27)))) =V (w (m” (er)) er) . (A-T8)

This offer makes country A indifferent between accepting it, and rejecting it and declaring war.
We show next that the payoff for country S from making this offer strictly exceeds the payoff
from war 1, which implies that there exists a strategy for country S that gives it a higher payoff
than the payoff from war.

Payoff for country S from offer (zf,¢f) is

u(@y) + BV (w(m” (er — 27)) (er — x)) — L(m” (er — 27))) = V (w (m” (er)) e)A-T9)

Vv
&
=
U
+
@

V(w (m” (er — 7)) (er — xf)) — 1(m)) =V (w (m” (er)) €1)) + B¢
D+ BV (w(m™ (e — ) er —ap) = 1(m)) =V (w(m” (er)) er)) + B¢
Vi(w(m” (er)) er — af) = L(m)) =V (w (m™ (er)) er)) + B

Y
e
X

Y
&
5
U
+
@

The first inequality follows from (24) and —I (m* ((e; — x¢))) > —l(m). The second inequality
holds because w (m* (e; — xf)) < 1. The third inequality holds because Proposition 1 and o < 1
imply that w (m* (e; — z?)) > w (m™* (ey)).
Note that xf was chosen so that it is the optimal amount of resource extraction for country
A when it owns w (m* (e;)) e; of resources (i.e. it is the optimal z; in the maximization problem
(4)). Therefore
w(z?)+ BV (w(m* (er))er —z7) =V (w(m* (er)) er) - (A-80)

Substitute (A-80) into the right-hand side of (A-79) to show that payoff from offer (xf,cf)
for country S is bounded from below by — 3l (m) + 51, which exceeds 1) if (28) holds. Therefore
war cannot occur for any e;.

Part 2. Suppose preferences satisfy (17) for o < 1 and w (m) > (1/0)1/(171/0), then war
occurs with probability 1 in the MPCE by Proposition 4. Suppose that (28) also holds. Then
war is avoided in the MPME by part 1. To show that this is possible, suppose that [ (m) = m
and w (m) = 2m — m? for m = 1. Then the condition that w () > (1/0)1/(1_1/0) is satisfied
and any value of ¢ < —f/ (1 — j) satisfies (28).

Part 3. Suppose o < 1 and (29) holds. Suppose that war never occurs along the equilibrium
path. Using the fact that constraint (21) must hold with equality to substitute for ¢;, and using
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(3), (23, and (24), the optimality of a permanently peace equilibrium implies that for all e; < eg:

Us(er) = max
et4+1

{ (e — ers1) + BV (w (m* (er41)) ere1) — BL(m* (er41))
=V (w (m* (er)) er) + BUs(€er+1)

} > (A-81)

Forward iteration on (A-81) implies that the equilibrium sequence {7, e} };°, must satisfy

Us(eo) = Y B (uaf) —1(m*(]))) = (V (w(m" (eo)) o) = L(m* (e0)))  (A-82)
t=0

< > pulai) - OBy o o)) o
t=0
< Vieo) = ZUED) v ey o).

The first inequality in (A-82) follows from the fact that ;11 < e; from (3) and from Proposition
1 which establishes that m* (e) < 0 so that [ (m* (e;41)) > [ (m* (e;)) for all e;. The second
inequality in (A-82) follows from the fact that the maximization of Y 5%, B (z¢) s.t. (3) yields
V (eg). Given (29), the last inequality implies that Ug (ep) < % which means that the best
response for country S at ¢ = 0 is to make any offer that violates (21) and leads to war.
Therefore, war must occur along the equilibrium path.

Part 4. Suppose 0 < 1, w (M) < (1/0)1/(171/‘7), and (29) is satisfied. By part 3, war occurs
in the MPME. In the MPCE, by Proposition 4 war does not occur. To show that it is possible
for w (m) < (1/0)1/(171/”) and (29) to be satisfied, suppose that

I(m)=m and w (m) =nm/ (m + )
for 6 > 0. Let @ = oo so that w () = 1. Suppose that 7 satisfies
n < (1/o)/ 0

which is always feasible for n sufficiently low. Suppose that

1-p

m < ﬁ (A-83)

which is always feasible for o sufficiently low. Finally, suppose that ¢ and e satisfy

Y(1—8)>ep T (1-B7)17 x (A-84)
=B (et (LB 0
< o—1" (m” (e0)) <1/a—1 b (eo)+5>>'

This is possible because 1 can be chosen to be arbitrarily close to zero from below and because

the right hand side of (A-84) becomes negative for sufficiently high eg. This is because m* (eg)
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declines towards 0 as eg rises by the arguments in claim 4 in the proof of part 2 of Proposition
4 which, means given (A-83), that the second term on the right hand side of (A-84) becomes
negative for high eg. In this situation, the first-order condition which characterizes m* (e) given
(8) implies

L=w(m" (e))"7w! (" (e)) (1 = 57) /7 el 717,

which by some algebraic manipulation yields

J

* ok _ * 1-1fe 9
L(m" (e)) = m™ (e) = w(m” (e)) m* (e) + 9

(1 _ ﬁa)—l/a 61_1/0.

which means that

(V' (e0) =V (w (m™ (e0)) €0)) (1 — B) — BL(m" (eo))

equals the right hand side of (A-84) so that (29) is satisfied.l

Proof of Proposition 8

This follows from the same variational argument as used in the proof of Proposition 6.l

Proof of Proposition 9

The same variational argument as used in the proof of Proposition 6 implies that if z; < T, then
W () = Bu' (w41) + BU (m” (er41)) m™ (er1) <0 (A-85)

and if x4y < T, then
u' (z) — Bu’ (zi11) + B (M (er41)) m™ (er41) > 0. (A-86)

We use this observation to prove each part of the proposition.

Part 1. In this situation, Proposition 1 implies that m* (e;y1) > 0. Suppose by contradic-
tion that z;4+1 = Z but that x; < Z. In this situation, (A-85), would be violated. This means
that if x44+1 = 7, then xy = T, which implies that there exists a T' > 0 for which x; =T if t <T
and for which x; < T if t > T, where the last observation follows from (3) which implies that
xy < T for some ¢. Since x; < T if ¢t > T', this means that (A-85) and (A-86) imply (A-77) which
means given that m* (eq41) > 0 that v’ (z¢) < fu (xe41) if t > T.

Part 2. In this situation, Proposition 1 implies that m* (e;11) < 0. We can show that the
constraint that z; < T never binds, which given (A-85) and (A-86) implies (A-77). Together
with the fact that m* (e;y1) < 0 this means that v’ (z;) < Su’ (z441) for all ¢ which completes
the proof of the proposition. To show that x; < T never binds, consider the relaxed problem
of country S which ignores capacity constraints starting from any e;. We can show that the

solution admits z; < Zg (e;) < T for Zp (e¢) defined in (A-11). To see why, note that first order
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conditions imply (A-77) and v (z41) > Bu' (z41r+1) for all k. Suppose it were the case that
x¢ > Zo (€¢). This would mean given the definition of Zj, (e;) in (A-11) that z; 1 > Ty (e;) for all
k > 1, violating (3). Therefore, the solution to country S’s relaxed problem implies that z; < T

so that the capacity constraint never binds, implying that u (z;) < fu’ (2¢41) for all ¢.H
Proofs from Section 6

Proof of Proposition 10

Part 1. Define
Viler) =V (w (m? (e0), {m] (et)}il,js«éi) 6t>

Given the discussion in the text, country S’s program can be written as:

N

Us(e;) =  max N {— Z cit + BUs (et+1)} s.t. (31) and (A-87)
{Iitzo,cit}izl i=1

u (i) + cit + B (ffi (er41) —1(m} (et+1))> =V (e;) for all i (A-88)

Now consider the solution given that f; = fi11 = 0. Let x}; and e}, ; denotes the implied optimal

choice of e;y1 starting from e; so that

N

Us (er) = 3 (u(@i) + B [Vi (et1) =L (m* (e5:)) | = Vi (e0)) + BUs (€f41) . (A-89)

=1
Since fiy1 = 0, (A-89) also holds replacing e; with e ; and e, ; with ej 5, where €},
denotes the optimal choice of e;y2 starting from e}, ;. Optimality requires that the solution at

e; weakly dominates the choice of ef, ;| + € for € 2 0 where this is achieved by reducing x7; by e.

Optimality of the choice of e; ; implies

w (@) + B8 Vs (eh) =1 (m3 (efn)) | + BUs (ef4a) = (A-90)

||'M2

[y

J

N
u (i — €) +ﬂz
j=1

Vi (eign+€) =L (m (efan +€))] + 8Us (efpn +e)

—

Since starting from ej,; + € country S can always choose policy e}, , associated with e;,; so

that x}, | is increased by e this implies that

Us (€1 +€) = Usl(efry) +u(@fy+e) —u(af) (A-91)
N
+ Z [V} (ef41) = Vj (efa + 6)}
j=1
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Combining (A-90) with (A-91) we achieve:

[w (@) —w @l = 9] = 8 [u (s + ) —u(ehn)] (A-02)
N
+ 3B (e + ) — 1 (m] (¢541))] > 0.
j=1

Divide both sides of (A-92) by € 2 0 and take the limit as € approaches 0. This yields:

N
u (i) = Bu/ (zirg1) + Y B (m (er1)) mY (es41) = 0. (A-93)
j=1

Since I' () > 0, (A-93) implies that u' (zir4+1) > (<) (1/8) v’ (zit) if m}’ (er+1) > (<) 0 for all 5.
*/
J
Part 2. At each ¢, given e, equilibrium profile of armaments mj is such that m;: is the

Since m;’ (e;) = m¥’ (e;41) for all j, this implies that this depends only on the sign of m}’ (e;).H

same for all countries, which implies that w; (m;, m_;;) =n/N and that

Sy (m5)
(55, hmp)]”

Wiy (mi, m_i) = 77hl (m;)
h/ (mlt)

h/ (mlt) N-—-1
h (mzt) ’

1
i (Mg, m_gy) (| 1 — —w; (Mg, m_y) | =
w; (Mg, m t)( 77w (Mg, m t)) nh(mz’t) NE

This implies that the first-order condition which characterizes equilibrium armament m; (e¢)
is uniquely defined by
N — 14 (mf (e))

V! (net/N) neq N2 h (m* (€t)) =1 (m;k (et)) : (A’94)

Given the solution to (4), the envelope condition implies that
V' (net/N) = B*u/ (ws41) for all k> 0. (A-95)

Substitution of (A-95) into (A-94) followed by implicit differentiation yields

o) (1l ) (104 ) 07 G ) s _ s st

' (Tir) \ U (M (er)) h (m} (er)) h' (m} (et)) de;  deg u" (Ti4k) €

Summing up (5) and (6) one obtains

Z Tit+k = net/N (A‘97)
k=0
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differentiation of which implies
[o¢]

Z dTitrr _ n/N.

de
k=0 t

Taking the sum of (A-96) for all £ > 0 and substitution into the above equation yields

n o u' (Tigrk)  Tigk >
—(1+>2
dmiy _ N ( 20 (wiven) Tien ned/N (A-98)

dey " (m? (e)) R (mf(er)) R (m] (er)) o W (Titrr)
(l' (mi (e)) [h(mf (er)) W (mj (et))D 20 (@it+)

Since the denominator is negative, (A-98) is positive if and only if the numerator is negative. If

Sex

=%

—u (xipk) /U (Xiak) Tigrr, > 1 for all x4, then the numerator is negative since from (A-97),
Soreo (772% =1, and the opposite holds if —u' (z;1) /" (Tipik) Tigar < 1 for all 2 ;. B

Proof of Proposition 11

We proceed first by proving that Ug (e;) is uniquely defined in the symmetric MPME, and then
we guess and verify a function for Ug (e;) in order to prove the properties of the equilibrium allo-

cations described in the proposition. Given the symmetry of the equilibrium Vi (er) and m} (es)

are the same across countries, so that they can be denoted by V (e;) and m* (e;), respectively,

and all countries receive the same resource consumption equal to (e; — es+1) /N. Define
1 ~ . ~
G (ersnven) = N (1 (o= evsn) )+ (¥ (evnn) = 00" cvna))) = 7))
Given (17) and (33), (A-94) implies (34). Therefore, G (141, €;) can be rewritten as:

1 1-1/c
<N (et - 6t+1)>
1-1/o

N +8 <(1 1?1)/01/0 (6?[1)1_1/0 B <NN1> (1 _55,)71/0 (efNH>l—1/g>

=gy ey

G (€t+1, et)

1-1/c N
(A-99)
Substitution of (A-88) into (A-87) implies that country S’s optimal offer satisfies
Us(e;) = max G (epy1,6r) + BUs (er41) (A-100)

et+1€[0,e¢]

By analogous arguments to those of Lemma 3, there is a unique Ug (). Let us guess and

verify that Ug (e;) satisfies
1-1/c

l@@ﬂZinUU (A-101)
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for some constant @) > 0. It is straightforward to see that under this assumption, and given that
the second line of (A-99) is increasing and concave in e;41, the program defined by (A-100) is
strictly concave and yields a unique solution characterized by first order conditions. The first

order conditions and the envelope condition for the program defined in (A-100) yield:

1/o

<Jif> e 48 ((1 _ gy Ve <1(et(1€t+11)/0) <NA71>>> e —BQe;(47102)
(;)Uaﬁﬁ—ewﬂ”“>%1—ﬂ%*ﬂef”) = Qe '7(A103)

Define p € (0, 1) such that the e;; which satisfies (A-102) and (A-103) also satisfies e;+1 = pZe;.
Substitution of e;11 = p%e; into (A-102) and (A-103) allows us to combine both equations to

cancel out for ), so that p satisfies

(=) (M) o= = (1= 5 ) a e (A-104)

which implies that p is independent of e; and Q). Given (A-103), this means that ) must satisfy

Q=(§yMXuf>WaW>W) (A-105)

for p defined in (A-104). To complete the proof, we can substitute in for e;+; and @ on the
right hand side of (A-100) using the fact that e;.y; = pZe; and that @ is defined by (A-105) for
p defined in (A-104), and this confirms that the original guess in (A-101) is correct.

To prove the first part of the proposition, note that since e;y1 = pe;, then this implies that
it = (et — err1) /N = (1 — p?) e;/N. Therefore,

u (zirr1) = (1= p7) g1 /N7 = (1/p) [(1 = p7) er/N) 7 = (1/p) ! (wir) -

The second part of the proposition follows from the fact that the left hand side of (A-104) is
positive (negative) if o > (<) 1. Therefore, if 0 > (<) 1, then for the right hand side of (A-104)
to be positive (negative) it must be the case that p < (>) . To prove the third part of the
proposition note that the derivative of the right-hand side of (A-104) with respect to p has the

L G i ]
6+<p 5)1—p” (4-106)

which must be negative. This is because if o < 1, then p > /3 so that (A-106) is negative and if
o > 1, then p < f and (A-106) cannot be greater than

L N DA I
5+<p /J’>1—p 1—p( ﬂ+1><0'
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Therefore, p is uniquely defined. It follows that if o < 1, the left-hand side of (A-104) declines
as N rises, so that p rises as N rises. Alternatively, if o > 1, the the left-hand side of (A-104)
rises as N rises, so that p declines as N rises, which completes the argument.ll

Proof of Proposition 12

Part 1. Given the discussion in the text, country S’s program can be written as:

Us (et) = max {—c; — 1 (mG (et)) + BUs (€r+1)} s.t. (3) and

z¢>0,c¢

u () + o+ BV (w(miy (er1) ,mig (er1)) erpa) = L(mi (er1))] =V (w (miy (er) ,my (er)) er) -

Now consider the solution given that f; = fi11 = 0. Let ej,; denotes the implied optimal choice

of e;11 starting from e; so that

Us(e) = u(er—ejy) —L(mi (er)) + BV (w(m} (er41) ,m§ (er41)) erv1) — L (miy (€AD0F)
=V (w (miy (er) ,m (er)) er) + BUs (efy) -

Follow the same perturbation arguments as in the proof of Proposition 6. This yields:

fu(2f) = u (@} — &) — B [u(wfp + ) —u(ai)] (A-108)
+B [L(m (efy1 +€)) —L(mi (efq)) +1(m§ (1 +€)) — 1 (m§ (ef1q))] = 0.

Divide both sides of (A-108) by € 2 0 and take the limit as e approaches 0. This yields:

u' (24) = Bu’ (ze41) + B (mly (er41)) mK (er1) + B (mig (e41)) m§ (e41) = 0. (A-109)

Since ' (-) > 0, (A-109) implies that u’ (z¢y1) > (<) (1/8) W/ (z¢) if m¥ (er41) > (<)0 and
my (ei+1) > (<)0.
Part 2. Analogous arguments to those of part 2 of Proposition 10 imply that m* (e;) and

m (e;) increase (decrease) in e; if —u' (z) / (zu” (x)) > (<) 1 for all z. B

Monopolistic Environment without Armament

Here we briefly consider the implications of allowing country A to engage in war without the

possibility for armament. In particular, suppose that
w(m) =w € (0,1] for all m, (A-110)

which implies that country A never invests in armament in equilibrium.
It is then straightforward to see that wars do not occur in any period. This is because

country S can always structure offers to country A so as to replicate the outcome of war while
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making itself better off by avoiding war which costs it ).
Formally, if country A attacks country S over any stock of the resource e;, country A’s
payoff is V(we;) and its path of extraction of the resource following the war {Z;1(we;)}32, is

a solution to (4) when w(m) = w. Note that it satisfies
V(’lf)et) =Uu (it('lf)(ft)) + ﬁV('lf)et — a?t(wet)). (A—lll)

It is feasible for country S to make offers in equilibrium that replicate the payoff of country
A in the event of war. In fact, we can show a stronger statement that country S in any period
can make an offer that makes both countries strictly better off than having a war. Consider an
offer z, = {%; (we;) , €} where € € (0,— (1 — 3) ) . Since the payoff of country A in period ¢ + 1
is bounded by the payoff from attacking country S, V(w (e, — Z¢(wey))), its payoff in period ¢

from accepting offer Z; satisfies

U(-%t(wet)) + e+ BUA(et — jt(wet)) > u(i‘t(ﬂ)et)) + 5V(U7€t — i‘t(’lf)et))
= V(we:)

where the last line uses (A-111). This means country A is made strictly better off accepting this
alternative offer.

Similarly, the payoff of country .S in period t+1 is bounded by the payoff from being attacked
1, since country S can always make an offer which is rejected.?S Therefore, country S’s payoff

following the acceptance of the offer is

—€+ ﬁUS(et — it(wet)) > —e+ [

Since —e 4 B > 1), country S is made strictly better off so that war cannot be an equilibrium
with any endowment e;.

Since wars are never an equilibrium, country S makes an offer z; to extract the maximum
surplus from country A subject to avoiding war. We can then show that such an offer always

satisfies the Hotelling rule. Formally, country S’s maximization problem is

Us (er) = max {—c; + BUs (er41)} (A-113)
z12>0,c4
subject to (3),
u () + ¢t + BUA (ery1) > V (wey) . (A-114)

20 Formally, starting from any e, country S can offer {0,0}, which yields a payoff SUs (e;) if it does not lead
to war and ) if it leads to war. This implies that

Us (e0) > min {8Us (er) , v} = ¥, (A-112)

where we have used the fact that if it were the case that SUs (e:) < ¥ < 0, (A-112) would imply Us (e;) > 0,
yielding a contradiction.
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With the same argument as in the text, the participation constraint is given by (A-114) and
this constraint must bind; if it did not, country S could strictly improve its payoff by offering a
lower value of ¢; to country A. Therefore, in this case, Ua(e;) = V (we;) for all e; so that country
A is indifferent between attacking and not attacking country S in every period. Therefore, the
maximization problem of country S can be written as a maximization of (A-113) subject to (3),
and

u(ze) + oo+ PV (wepr1) >V (wey) .

The first-order conditions to this problem establishes that z; must satisfy Hotelling rule (16).27

It is optimal for country S to equalize country S’s marginal rate of substitution over x to
the marginal rate of transformation since this is the most efficient means of extracting payments
from country A. As an illustration of this intuition, suppose that fu’ (x¢11) > v’ (z;). If country
S extracts € units of resources less in period ¢t and € > 0 more in period ¢+ 1, holding everything
fixed, it changes payoff of country A by (Bu/(z+1) —u' (x¢)) e > 0, which relaxes constraint
(A-114). This allows country S to reduce ¢; and hence increase the payments it receives from
country A. If instead fu’ (x411) < ' (z¢), then analogous arguments imply that country S could
improve its payoff by extracting ¢ > 0 units of resources more in period ¢ and € less in period
t+1.

We summarize the results of this section in the following proposition:
Proposition 14 Suppose w (+) satisfies (A-110). Then in any MPME:

1. War never occurs.

2. The equilibrium sequence of resource extraction, x, satisfies (16) for all t.

Competition Among Suppliers

In this part of the Appendix we consider an environment which includes M resource-rich coun-
tries, denoted by s = 1,..., M, as well as N resource-poor countries, i = 1,..., N. The law of

motion of the endowment of each resource-rich country is given by

N
et =€ — ) o (A-115)
i=1

for each s, where x;, > 0 denotes the extraction of country s which is sold to country 7. Clearly,
Zi\il xf, = x4 corresponds to the consumption of the resource by the households in country ¢
and Zé\il e; = e; to the global resource endowment. We assume that each country s holds some

initial endowment eg/M. Country s transfers ¢, units of the consumption good to each country

*To take the first-order condition one needs to assume that Us(e) is differentiable. One can prove the same
result without assuming differentiability by following the same steps as in the proof of Proposition 6.
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t, which implies that the instantaneous utility to country s is — ZZ]\L 1 ¢y~ The instantaneous

utility to country ¢ from its consumption of the resource and the consumption good is equal to
u (Tit) + cit,

where ¢;; = Zs]‘il cj;. All countries discount the future at the rate 3.

Suppose to simplify the discussion here that if any country ¢ goes to war, this causes a “world
war” by all resource-poor countries against all resource-rich countries, where each resource-poor
country is able to capture a fraction w; (mg, m_;;) of the reserves of each research-rich country.
As in subsection 6.1, country i’s payoff from war is V (w; (mg, m_;;) e;) — 1 (my).

It is straightforward to observe that the structure of MPCE in this extended environment
with multiple resource-poor countries is similar to Proposition 2. In particular, in the pure-
strategy equilibrium, war can only take place at date ¢ = 0 and the Hotelling rule applies
throughout. In what follows, we focus on MPME.

In MPME, at each date ¢, each country s simultaneously makes a take-it-or-leave-it offer to
every country g, {xfto , cff}, consisting of a quantity of resource to be traded in exchange of the
consumption good. For simplicity, we assume that rejection of any offer from any country s by
any country ¢ automatically leads to world war. The analysis of the monopolistic environment
is complicated because of the size of the state space, which now consists of the remaining
endowment of each resource-rich country. In addition to this state vector, the offers of resource-
rich countries depend on the vector of armaments of all resource-poor countries and the war
decision of each resource-poor country also depends on the entire vector of offers of resource-rich
countries. Here, to simplify the analysis we simply give a flavor of the results in the context of
a two-period model, with periods ¢ = 0,1. This enables us to solve for the equilibrium using
backward induction. Moreover, to further simplify the discussion, we assume that preferences
and technologies satisfy (17) and (33), and we focus on “symmetric equilibria,” where along
the equilibrium path (when all resource-rich countries have the same remaining endowment), all
countries use symmetric strategies.28 An immediate implication of this is that, because resource-
poor countries 7 all choose the same armament along the equilibrium path, w; (m;;,m_;;) = 1/N.

As in subsection 6.1 all resource-poor countries make their armament decisions to maximize
their continuation payoff from war, which implies that the armament levels of country ¢ at dates

1 and 0 satisfy

mi (e1) = <N]\_f1> (%)1_1/0 and (A-116)
e (c0) = <N]\—[1> (%0>171/a(1+60)1/a’

28 More formally, we focus on pure-strategy equilibria that have the following Markovian property: an offer from
s to ¢ depend only on the payoff relevant variables, and thus not on the identities of countries s and 7. This of
course does not imply that choices off-the-equilibrium path, where endowments are unequal, will be symmetric.
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where we have used the fact that countries arm symmetrically along the equilibrium path.?? The
first equation uses the fact that country ¢ at date 1 competes over resource endowment e; and
thus would acquire total resource equal to w; (m;1, m_;1) e in the case of war. It shows that,
as in our baseline model, a lower remaining endowment of the resource increases (decreases)
the armaments of resource-poor countries if the demand elasticity for the resource is less than
(greater than) one. The second equation takes into account that at date 0, country i competes
over resource endowment ey and following war, it would smooth its consumption of the resource
so that x1 = 8%z, which gives zg = w; (mjo, m_;0) eo/ (1 + 7).

Given this armament strategy, we now consider the offer made by (some) country s at date 1.
At date 1, each country ¢ invests mj (e1) and would consume e; /N in the case of war. Moreover,
since date 1 is the last period, without war, we also have that each country s transfers ef/N
to each country ¢. Since each country ¢ receives Zs]‘/il e;/N = e1/N with peace as well as with
war, no transfer of the consumption good will take place along the equilibrium path at date 1,
and thus ¢, = 0 for all 7 and s. Consequently, for any {ef}é\il, the equilibrium at date 1 entails
each country s and each country 7 receiving 0 units of the consumption good and each country
i investing mj (e1) and consuming e; /N of the resource endowment. Therefore, every country
1’s continuation value at date 1 given the aggregate endowment ey is

(er/N) Y7 N1\ rer\1-1/o
()T

1-1/o

N

N

Consider the offer by a given country s at date 0 given this continuation equilibrium. At date
0, each country ¢ invests mg (eg) in armament. Moreover, since we consider symmetric equilibria,
every rival producer to country s makes some offer 2’ and ¢’ to every country i. Therefore, for

country ¢ to accept the offer from country s, we need that

(M —1D)a' +a5) 77 e (ex/N) M AN 1Y rery1-1/o
1—1/a0 +(M_1)C+Ci0+5<1—11/a _< N >(z§>

(A-117)
eo\1-1/o 1/o
> (= 1 7 .
> (%) T+
where the resource constraint implies that

N
e1 = ey — <N (M —-1)2" + me0> . (A-118)
i=1

(A-117) ensures that the the welfare of country ¢ from accepting the offers made by all countries

s weakly exceeds the payoff from war at date 0. Clearly, in a symmetric equilibrium, zj, = «’ and

29Tf a country were to choose a different level of armament, all resource-rich countries would make the same offer
to this resource-poor country making it indifferent between war and no war (in the same way that all resource-poor
countries are indifferent between war and no war along the equilibrium path).
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ciy = ¢/. Given that country s receives 0 units of the consumption good at date 1 independently

of its offer at date 0, it solves the following problem of maximizing its period 0 consumption:

N
max —Zcfo s.t. (A-117) and (A-118),

N
S S .
{%07Cio}i:1 i=1

where constraint (A-117) will necessarily bind, since country s could otherwise strictly increase
its payoff by making a less generous offer. The first-order condition of this problem implies the
following relationship between resource consumption at dates 0 and 1:

w57 = BT 4 B (1 - 1/0) <N—1) (ﬂ)‘””_ (A-119)

N N
Equation (A-119) shows that our main conclusions regarding the MPME are preserved in
this environment. In particular, if preferences are inelastic, i.e., o < 1, then :z:;ol/ 7> Bmil/ 7
and thus resource are extracted at a slower pace relative to the Hotelling rule. The opposite
conclusion holds if preferences are elastic, i.e., ¢ > 1. The intuition for this result is the same
as in our benchmark environment. A resource-rich country internalizes the effect of its resource
extraction decision on the armament of all resource-poor countries in the next period as captured

by equation (A-116). This result is summarized in the following proposition.

Proposition 15 Consider the symmetric MPME of the two-period economy with M resource-

rich and N resource-poor countries and suppose that preferences and technologies satisfy (17)
and (33). Then:

pu' (z;1) > o (wor) if my’ (e1) >0 and

Bu' (xi1) < (xor) if my (e1) <O.

Alternative Preferences

A natural question is the extent to which our conclusions depend on our assumption of quasi-
linear preferences for country A. In this subsection, we focus on MPME and show that the
general insights in Proposition 6 continue to hold. More specifically, consider an environment in

which the instantaneous utility to country A is equal to
[ ($t7 Ct, _mt) )

where u (-) is increasing and globally concave in xy, ¢, and —my. Let lim,_gu, (1) = oo and

= 0.3

limg 00 uz () = 0. For simplicity, we assume that u (-) is defined for all values of ¢; =

30The analysis of MPCE in this case is similar to the baseline environment since u (0,0,0) is either finite or
equal to —oco. Therefore, a direct application Proposition 2 shows that in any pure-strategy equilibrium, war can
only occur in the initial period.
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Note that in this environment, the Hotelling rule can be written as:

Ug (Tp41, Cep1, —Mit1) [Ue (Teg1s o1, —miet1) = (1/8) ug (24, 0, —my) Juc (x4, ¢, —t)

so that the marginal rate of substitution between the resource and the consumption good is
increasing in the discount rate.
Consider the order of events and define the MPME as in Section 4. In this environment, we

can define:

Ve = max u(xg,0,—my) + Zﬂku (244%,0,0)

{$t+k7€t+k+1}zo:07mt =1

subject to (5)-(7). Here V (e;) corresponds to the highest continuation value that country A
can achieve in the event of war and is the analogue of V (w (m* (e:))er) — I (m* (e;)) in the

quasi-linear case. Let m* (e;) correspond to the value of m; associated with V (e;).

Proposition 16 In an MPME,

U (Tp41, Ce1, —Mig1) [Ue (Tpg1, g1, —Mug1) > (<) (1/8) ug (24, ¢, =) Jue (¢, cp, —mg)

7 R
m*/ (et-i-l) + (et+1) <1 - U ($t+1 Ct41 mt+1)> > (<) 0.

Um, (-’Et+1, Ct+1, *mt+1) Ue (fb“t, Ct, *mt)

Proof. Analogous arguments as in the proof of Proposition 6 imply that m; = m™* (e;), that
Ua(er) =V (er),
and that country S’s optimal offer must satisfy:

Us (et) = max {—c; + BUg (er41)} s.t. (3) and

xt2>0,c¢

w (g, ¢, —m* (1)) + BV (1) = V (er).-

Let ef,; denote the implied optimal value of e;y; starting from e;, and let e}, , denote the

implied optimal value of e;;2 starting from ej, ;. Let ¢; (¢) and ¢;41 (€), respectively, solve:

u(er —ef — €6 (e),—m* (er)) + BV (ef1+e) = V (e;) and (A-120)

u(ef ) — €fo+€Cy1(€), —m* (ej,1 +¢€)) + BV (efra) = V(efp1+e) (A-121)
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for e 2 0. Note that by implicit differentiation:

Uy (1, ¢, —my) — BV (err1)

/-\.f

c(0) =

t( ) Uc (l‘t,Ct, *mt)
~ =g (Teg1, Cep 1, —Mg1) + U (T, Cep1, —M41) m* (et+1) + V' (er+1)
i1 (0) =

Ue ($t+1, Ct+1, —mt+1)

Optimality requires that

—¢ (0) + BUs (e;ekﬂ) > —ct(e) + BUs (e;ekﬂ + 5)
—¢ (€) + B (—Crv1 (€) + 41 (0) + Us (ef41))

Y

which implies that
ct (0) —c(€) < B (1 (€) — 41 (0)) . (A-122)

Divide both sides of (A-122) by ¢ 2 0 and take the limit as e approaches 0 so as to achieve:

which by substitution yields:

Up (Teq1, Copt, —Muy1) LU (T, ¢ =) | U (Teg1, Copt, —Mag1) 4
= = + m* (es41)
Ue (Tp415 Coa1y —Mi41) B e (x4, ¢ty —mt) Ue (41, Coy1, —Mis1)

7 (ernn) ! ),

Ue ($t+1, Ct+1, —mt+1) Uc (1‘t7 Ct, _mt)

which completes the proof since u. (+), up, (1) > 0. =

Proposition 16 states that the shadow price of the resource increases faster (slower) if ar-
mament increases (decreases) in the size of the total resource endowment, which is similar
to Proposition 6. Nevertheless, in relating this rate of growth to the rate of time preference,
Proposition 16 differs from Proposition 6 because the rate of growth of the shadow price not only
depends on m* (e;11) but also on an additional term (which was equal to zero when preferences
were quasi-linear). This term emerges because even in the absence of endogenous armament,
there will be distortions in the growth rate of the shadow price provided that the marginal utility
of the consumption good is time varying. Intuitively, when country A’s marginal utility from
the consumption good is lower, it is cheaper for country S to extract payments from country A
while still ensuring that country A does not declare war. Therefore, if the marginal utility of
the consumption good is higher (lower) today relative to tomorrow, country S will deplete more
(less) of the endowment today. Proposition 16 therefore shows that in addition to this force, the

sign of m* (es41) continues to play the same role as in the quasi-linear case.?!

31Tt may be conjectured that in a richer environment with additional smoothing instruments such as bonds,
this marginal utility of consumption will not vary significantly along the equilibrium path so that the dominating
effect would come from m* (et41).
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