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Abstract

We study the classic sequential screening problem under ex-post participation constraints. Thus
the seller is required to satisfy buyers’ ex-post participation constraints. A leading example is the
online display advertising market, in which publishers frequently cannot use up-front fees and instead
use transaction-contingent fees.

We establish when the optimal selling mechanism is static (buyers are not screened) or dynamic
(buyers are screened), and obtain a full characterization of such contracts. We begin by analyzing
our model within the leading case of exponential distributions with two types. We provide a necessary
and sufficient condition for the optimality of the static contract. If the means of the two types are
sufficiently close, then no screening is optimal. If they are sufficiently apart, then a dynamic contract
becomes optimal. Importantly, the latter contract randomizes the low type buyer while giving a
deterministic allocation to the high type. It also makes the low type worse-off and the high type
better-off compared to the contract the seller would offer if he knew the buyer’s type. Our main
result establishes a necessary and sufficient condition under which the static contract is optimal for
general distributions. We show that when this condition fails, a dynamic contract that randomizes

the low type buyer is optimal.
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1 Introduction

1.1 Motivation

In many markets, sellers are constrained to sell products in such a way that buyers obtain a non-negative
net utility once they have realized their valuation. A leading example is the online display advertising
market. In this setting, typical business constraints impose that publishers cannot use up-front fees
and thus instead run a series of “waterfall auctions” that implicitly impose different priorities over
participants. Commonly, higher-priority auctions have higher reserves. ' Another example, is online
shopping, in which shoppers have the chance to return the purchased item after delivery, usually at no
or low cost.

Motivated by this, we study the sequential screening problem as described by Courty and Li (2000)
and in order to match our previous narrative we incorporate ex-post participation constraints. The goal
of this work is to understand when the optimal selling mechanism is static (buyers are not screened
ex-ante) or dynamic (buyers are screened ex-ante) and obtain a full characterization of such contracts.

Our model considers a seller who is selling one unit of an object, at no cost to the seller, to a
buyer who has an outside option of zero. The sequence of events occurs in two periods. In the first,
the buyer privately learns her type and the parties contract—we restrict our analysis to two types of
buyers (low and high). The high type has a valuation distribution that dominates the low type one. The
contract specifies allocation and payment functions. In the second period, the buyer privately learns
her valuation, and allocations and transfers are realized. At this point, the buyer only accepts the
contracting terms if her realized net utility is weakly larger than her outside option. This model aligns
with our aforementioned examples. In the case of display advertising, the first period can be thought of
as the time at which the buyer decide in which auction (priority/reserve) to participate in. The second
period is when the auction is actually run. We begin by analyzing our model in the case of exponential
valuations, which allow us to obtain clean and intuitive closed-form expressions. We then provide a

general version of the results.

1.2 Our Results

One of our main contributions is to characterize when a static contract—that is, a contract that does not
sequentially screen buyers—is optimal. We provide a necessary and sufficient condition for the optimality

of the aforementioned contract. For further reference, we call this condition (NR). The characterization

!See, for example, https://adexchanger.com/the-sell-sider/the-programmatic-waterfall-mystery.



we provide is an average monotonicity condition around the optimal static threshold that encodes
information about the similarity of the ex-ante types. For example, in the case of exponential valuations,
the static contract is optimal if and only if the means of the distributions of the low and high type are
appropriately close.

Our second main contribution characterizes the optimal mechanism when the condition mentioned
above does not hold and a static contract is no longer optimal. Specifically, we prove that the opti-
mal dynamic contract randomizes the low type and gives a deterministic allocation to the high type.
Basically, randomization occurs to prevent the high type buyer from taking the low type’s contract.
To prove this, we first show that when (NR) is not satisfied, such a sequential screening contract with
random allocations becomes feasible and yields an improvement in the seller’s revenue compared to the
static contract. Even though this contract yields an improvement over the static one, it does not need
to be optimal. However, we are able to identify some regularity conditions that imply optimality.

More specifically, the optimal contract is characterized by an allocation probability x € (0, 1), and
three thresholds 61, 02, and 03 with #; < 65 < #3. In this contract, the seller allocates the object to a
low-type buyer with probability x whenever her valuation is between #; and 3, and asks for a payment
of 61 -x. When the valuation of this type is above 3, the object is always allocated to her and the seller
demands a payment of 83 — (63 — 1) - x. The high-type buyer gets the object with certainty and only
when her valuation is above 65, at which point the payment she has to make to the seller is 65. These
parameters are set in such a way that the ex-ante incentive compatibility constraints are satisfied.

A salient feature of this type of contract is that it discriminates the low type in two dimensions.
First, it can be proven that 6; is above the optimal threshold a seller would set if she was selling
exclusively to low-type buyers. That is, the low type buyer is being allocated the object less often in the
presence of high type buyers. An opposite result is true for high-type buyers, they are being allocated
the object more often than if they were alone. Second, there is a range of values for which the object is
sold to the low type with some probability, which further reduces the chances of a low type to receive
the object compared to a case in which there are no high-type buyers. All these values and properties
can be clearly expressed for the exponential distribution case. At the end of the paper, we discuss

directions on how to expand our analysis and results.

1.3 Related Work

Our model builds on the sequential screening literature as pioneered by Courty and Li (2000), in which

there is a buyer who sequentially and privately learns her true valuation. In this classic paper, the buyer



only has partial information about her valuation ex-ante when signing a contract to which she can fully
commit. This feature is represented by an ex-ante participation constraint. In contrast, in this paper
we give the option to the buyer to quit the relationship ex-post after acquiring complete information
about her valuation. We represent this by an ex-post participation constraint.

The closest paper to ours that studies sequential screening with ex-post participation constraints is
Krahmer and Strausz (2015). They establish that the static contract is optimal under a monotonicity
condition regarding the cross-hazard rate functions. This condition imposes strong restrictions on
the primitives as it rules out common valuation distributions such as the exponential distribution.
Furthermore, the condition is only sufficient and thus gives an incomplete characterization of the space
of primitives for which the static contract is optimal. However, Krdhmer and Strausz (2014) also
acknowledge the existence of a necessary condition for the optimality of the static contract. In our
paper, for the setting of a single buyer and two ex-ante types, we close this gap by providing a necessary
and sufficient condition under which the static contract is optimal. Further and importantly, when our
condition breaks we characterize the optimal dynamic mechanism and show that randomization of one
of the ex-ante types is required for optimality.? In terms of approaches, Krihmer and Strausz (2015)
relax both the low to high IC and monotonicity constraints and then show that, under their condition,
the contract that maximizes the Lagrangian is deterministic and that as a result the static contract is
optimal. In contrast, we also relax the same IC constraint but we keep monotonicity. For the relaxed
problem, we perform a first-principle analysis, in the style of Samuelson (1984) and Fuchs and Skrzypacz
(2015), that leads us to identify not only the right structure of the optimal contract but also the main
objects of analysis. In turn, this permits us not only to determine our necessary and sufficient condition
but also to characterize the optimal dynamic contract when our condition breaks. In related recent
work, Heumann (2016) considers a setting in which a seller can design the screening mechanism as well
as the information disclosure mechanism with ex-post participation constraints.

The sequential nature of our model and the incorporation of ex-post (IR) is related to the work
of Ashlagi, Daskalakis, and Haghpanah (2016) and Balseiro, Mirrokni, and Paes Leme (2016). These
authors consider a model in which a seller, constrained by ex-post IR (also motivated by the display
advertising market), repeatedly sells objects to a buyer whose valuations are independent across periods.

Both papers provide characterizations for a nearly optimal mechanism. They are different from ours

2See also Manelli and Vincent (2007) and Daskalakis, Deckelbaum, and Tzamos (2015) for examples of multi-good
environments in which stochastic allocations can improve over deterministic ones. In a related note, Krdhmer and Strausz
(2016) establish that with multiple, as opposed to a single good, generically, the static contract is not optimal for the

sequential screening problem with ex-post participation constraints.



because we consider a single sale and construct the exactly optimal mechanism in a sequential screening

model.

2 The Model

We consider a seller (he) who is selling one unit of an object at zero cost to a buyer (she) who has
an outside option of zero. Both parties are risk-neutral and have quasilinear utility functions. The
sequence of events unfolds in two periods. In the first period, the buyer privately learns her type and
then the parties contract. The type provides information about the buyer’s valuation distribution. The
contract specifies allocation and payment functions. In the second period, the buyer privately learns
her valuation, and allocations and transfers are realized. At this point the buyer only accepts the
contracting terms if her net realized utility is larger than her outside option.

In the first period both parties do not possess information about the buyer’s valuation 6 (or ez-
post type) but the buyer privately knows her type k (or ez-ante type). We assume that the buyer has
probability oy of being of type k € {1,..., K}, with Z,I::l ap =1 and ag > 0. In the second period, a
buyer of type k privately learns her valuation € which we assume to have cdf Fi(-) and pdf fi(-), with
full support in [0, 0] (possibly infinite). It will be convenient to denote the upper cdf by Fj(-) £ 1—Fg(-).
All the distributions are common knowledge.

The terms of trade are specified in the first period by the seller. For a payment ¢ € R and a
probability of receiving the object x € [0, 1], a buyer with valuation € receives a utility of § - x — ¢, while
the seller gets paid t. We assume that the buyer agrees to purchase the object only if she is guaranteed
a non-negative net utility for any possible valuation of the object she might have. That is, we require
0 - x — t to be non-negative for all §. The seller’s problem is to design a contract that maximizes his
expected payment, constrained to guaranteeing the buyer a non-negative realized ex-post utility.

In general, two types of contract can arise as a solution to the seller’s problem: static and dynamic.
A static contract does not screen among ex-ante types and, therefore, offers to all of them the same
terms of trade. A dynamic contract offers different contracting conditions for different ex-ante types.
For example, if we had only low or high valuation buyers, a static contract would offer a unique menu
of transfers and allocations, while a dynamic contract would offer two menus and each type of buyer

would self-select into one of the menus.



2.1 Mechanism Design Formulation

By means of the revelation principle (see, e.g., Myerson (1979) ) we can focus on incentive compatible
direct revelation mechanisms, with allocations x;, : [0,0] — [0,1] and transfers t : [0,6] — R, that
depend on the types (k,6) reported to the mechanism. Then, for a buyer reporting an ex-ante type
k' and an ex-post type @' the mechanism allocates the object with probability z (') and charges the
buyer tg(6').

We define the ex-post utility of a buyer who reported & in the first period and €’ in the second period

while her true valuation is 6 as

up(6;0") = 60 - 2,(0") — (0,

with the understanding that ug(0) equals ug(6;6) . Similarly, we define the ex-ante expected utility of

a buyer whose true ex-ante type is k but reported to the mechanism &’ as

Ukk’ max {uk/ zZ, 9)} fk( )
0 6'€[0,9]

where the maximum is included because double deviations are allowed.
There are two kinds of incentive compatibility constraints that must be satisfied by our mechanism.
The first one is ex-post incentive compatibility or (IC*P) constraint which requires that for any report

in the first period, truth-telling is optimal in the second period, that is,
up(0) > up(0;0") Vke{l,...,K},v0 €|0,0]. (IC*P)

The second one is ex-ante incentive compatibility or (IC*®) constraint which requires that truth-telling

is optimal in the first period, that is,
Ui > Uppr VE, K €{1,...,K}. (1C*)
Also, we require the mechanism to satisfy an ex-post individual rationality constraint or (I R*P)
ur(0) >0, Vke{l,...,K}, V0¢c]|0,0]. (IR"P)

Then, the seller’s problem is

max Zak/ ) fu(2)dz

st (Icza), (chp), (IRUEP)

0<x<1.



Observe that (I R*P) implies ex-ante individual rationality. In fact, if we were to relax (P) by considering

only ex-ante individual rationality we would be in the setting of Courty and Li (2000) for discrete ex-ante

types.

3 Elementary Characterizations

We can obtain a more amenable characterization of the constraints by eliminating the transfer from the

constraints.
Lemma 1 The mechanism (x,t) satisfies (1C**),(IC*P) and (IR"P) if and only if
1. zx(+) is a non-decreasing function for all k in {1,..., K} and
0 —
u(0) = ug(0) —|—/ xp(2)dz, Vke{l,...,K},V0 €]0,0]. (1)
0

2. uk(0) >0 for all k in {1,...,K}.
3. ug(0) + foé 2(2) Fj(2)dz > up (0) + foé x(2)Fp(2)dz for all k, K in {1,...  K}.

Proof. The proof of this result is standard and, thus, omitted. m

The first condition in the lemma is the standard envelope condition and it comes from the ex-
post incentive compatibility constraint. The second condition is derived from the ex-post individual
rationality constraint and the fact that ug(f) is non-decreasing. The third condition is simply the
envelope formula plugged into the ex-ante incentive compatibility constraint.

Lemma (1) enables us to obtain a more compact formulation for the seller’s problem. Specifically,
we can use equation (1) and integration by parts to write down the objective of (P) in terms of the
allocation rule x and the lowest ex-post type utilities {ug(0)}£ ;. Also, we can consider each ug(0) as
a new variable which we denote by ug. With this, the new formulation is

K K 5
(P9 max =) apu+ Zak/ o (2) g, (2) fr(2)dz
k=1 k=1 70

0<x<1

s.t xp(0) non-decreasing, Vke{l,...,K}
>0, Vke{l,...,K}

0
Uk —i—/ z)dz > up —i—/ o (2)Fy(2)dz, Yk k' € {1,...,K},
0



where p,(+) is the virtual valuation of the ex-ante type k defined as:
Fy,(0)
fe(8)

Note that in (P%) the variables are the allocation rule x and the vector of lowest ex-post type utilities

p(0) =6 — Vk e {l,...,K},v0 €10,0].

u. Further, once we solve for this variables the transfers are determined by equation (1).

Note that a solution to (%) that screens the ex-ante types is a dynamic contract. However, note
that a solution to (P¢) can also be static as it might pool the ex-ante types into a single type. Formally,
we say that a solution to (P9) or contract is static when z(-) = x(-) and ug = u for all k in {1,..., K}.

It turns out that solving (P?) over the space of static contracts is a simpler problem. The (1C*?)
constraints disappear from the problem because in this case there is effectively only one ex-ante type.
Also, it is clear that any optimal solution sets ux = 0 for all k in {1,..., K'}. So, the static version of
the seller’s problem is given by

(P*)  max /ng(z) . (iakuk(z)fk(z))dz
k=1

0<z<1
s.t x(f) non-decreasing,

which corresponds to the classic optimal mechanism design problem, where the term in parenthesis
corresponds to the virtual values of the mixture distribution times the density function of the mixture.
The main focus of this paper is two-fold. First, to study when the optimal solutions to the static and
dynamic programs, (P?) and (Pd), coincide. Second, when they are not the same, we aim to characterize
the optimal solution to (P%).

We say that an allocation rule z(-) : [0,8] — [0, 1] is a threshold allocation characterized by 6 € [0, ]

4 Leading Example: Exponential Distribution

Before we begin developing our general theory and in order to build intuition we provide our results for
exponentially distributed valuations. In particular, we provide a necessary and sufficient condition for
the static contract to be optimal and, we also give a full characterization of the optimal static contract
and the dynamic contract when optimal.

We consider K = 2 and the density functions

fu(0) = Ape ™0 k={L,H} 6>0.



We assume A;, > Ag, so L and H stand for low and high type respectively. Note that H dominates L
in the sense of the hazard rate stochastic order and the first order stochastic dominance. In addition,
for the ex-ante probabilities we have o, + ay = 1 with ap,ag > 0.

We begin by studying the optimal solution to the static formulation. The optimal static contract
is given by a threshold allocation.® Thus, in the exponential case the seller’s expected revenue for any

given threshold @ is

[
R%(0) £ /9 (o1 pi1(0) f1(0) 4 cuapin(0) f2(0))dO = a0 0 + e 0.

In order to find the optimal threshold we just need to maximize the expression above. The first order
condition yields

1 1
ar(0 — e 4 ag(0 — —)Age 0 =0, (2)

that is, the optimal threshold is a zero of the mixture virtual valuation. Notice that equation (2) cannot
be explicitly solve; however, we can (as we do in the forthcoming results) provide comparative statics.
Interestingly, in Proposition 2 below, we show that we can obtain explicit expressions for the thresholds
characterizing the optimal dynamic contract.

The following lemma provides some initial properties of the optimal static contract.

Lemma 2 The optimal solution to (P*) is a threshold allocation characterized by 6° in [i, ﬁ], solving
1 1

(2). Also, 8° is a non-increasing function of ar, with 6°(0) = 5~ and 6°(1) = 5.

We thus establish that the optimal allocation is given by a threshold allocation between 1/A; and
1/Am. Note that the optimal static contract allocates using the mixture of the valuation distributions
for the low and high types which cross zero at 1/Ar, and 1/Ap, respectively. Finally, the monotonicity
property in Lemma 2 implies that as the proportion of low types increases, the optimal threshold should
be closer to the one the seller would set if the only ex-ante type was the low type.

Next, we state a necessary and sufficient condition for the static contract to be optimal.

Proposition 1 The static contract is optimal if and only if

1
S
H—AL—)\H (3)

We note that the left hand side, 6%, is a solution to equation (2) and, therefore, it also depends on

the parameters A;, and Ag. Subsequent corollaries provide sharper characterizations that only depend

3See, e.g., Riley and Zeckhauser (1983).



on model primitives. It is also worth mentioning that equation (3) possesses a general analog. As a
matter of fact, in Section 5.2 we state the general version of this necessary and sufficient condition.

Proposition 1 provides an intuitive characterization for when the seller is better-off screening the
ex-ante types than not. In terms of equation (3), when Ay and Ay are sufficiently close then the ratio
1/(Ar—Apm) is large and, therefore, equation (3) should hold, in which case the static contract is optimal.
Conversely, when A7, and A\ are sufficiently apart from each other the ratio 1/(Ar — Ag) is small and
potentially smaller than 6°, so the static contract might not longer be optimal.

At a more intuitive level, when the ex-ante types are similar any contract that screens the types
would be close in terms of expected revenue to the static contract because for each type it could get at
most what it would get by setting thresholds 1/Az, and 1/\p for each type, but 6° € [%, ﬁ] However,
when screening, the seller has to pay an extra cost to prevent the types from mimicking each other and,
since the contracts’ revenue will be similar, it is likely that this cost offsets the earnings from screening.

On the other hand, when ex-ante types are sufficiently apart in their mean valuation then the seller can

tailor the contract to each type and in this way extract more from them than in the static contract.
Corollary 1 Assume A, € (Mg, 2], then for any oy € [0, 1] the static contract is optimal.

This result establishes that when the distributions of the low and high type buyers are sufficiently
close to each other then no matter in which proportion the types are, the static contract is always

optimal.

Corollary 2 Assume A, > 2A\p, then there exists & € (0,1) such that for all ay, € (0,&) the dynamic

contract is strictly optimal and for all oy, € [a, 1] the static contract is optimal.

Corollary 2 asserts that when the mean of the low and high type buyers are sufficiently different
then both contracts can be optimal. If the proportion of low type is low enough (but not zero) then the
seller is better-off screening the types. On the other hand, if there is a very large proportion of low type
buyers then the static contract is optimal. This follows because as «j, increases, one can show that 6°

decreases, and at some point condition (3) holds. This discussion suggests our final corollary.

Corollary 3 For Ay and oy fived, there exists A larger than 2\g such that for all A\, € [;\L,oo) the

dynamic contract is strictly optimal.

Now we provide a characterization of the optimal dynamic contract.

10



Proposition 2 Assume equation (3) does not hold, then the optimal allocations are

0 iff<0 0 if6<6
x7(0) = Y and xp(0) = .
x iffr <90 1 ifbp <9,

with optimal transfers t7(0) = 01 - X - 11,1 and t(0) = 0n - 11p>g,,1- The thresholds are

1 1 a;p et

and Oy = — —

0p = ———— e
L )\L_)\H )\H (07 2) )\L_>\H’

with 0, < 0. And low type’s probability of receiving the object is
1

X:@m<_AHLi1_2£A;1AH_ALiAHD' (4)

This results aligns with the discussion succeeding Proposition 1. When the types are different enough
from each other or, equivalently, when equation (3) does not hold then it is optimal to screen the types.
That’s why in Proposition 2 we have different allocations for low and high type buyers. The low type
buyers are allocated the object more frequently ( 01 < 6) but they are randomized. This is done as a
way to prevent the buyers from mimicking each other. Specifically, we must have 65 < 0y; otherwise,
the low type buyers would have an incentive to pretend being the high type since that would get them
allocated the object more often and at a lower price. In general, for exponential valuations the ex-ante
IC constraint for the high type is binding.

It is worth noting that the dynamic contract makes the low type worse-off and the high type better-
off with respect to the contract the seller would offer if he could perfectly screen each type. For the
low type that contract would set a threshold equal to 1/A;, and would always allocate the object when
her value is above the threshold. However, the dynamic contract allocates the object to the low type
whenever her valuation is above 07, > 1/A;, and with some probability. So the low type is worse-off in
two dimensions, it is allocated the object less often and with less probability. On the other hand, the
high type buyer gets allocated the object more often and with certainty because 0 < 1/Ag.

In order to better understand the role of the ex-post IR constraints it is useful to compare our solution
to the one we would obtain if we only had ex-ante IR constraints. In the latter case, the solution can
be derived following Courty and Li (2000).* This solution always allocates the object to the high type
and it allocates the object to the low type whenever her valuation is above some threshold 6*(possible

infinite). Furthermore, the utilities for the lowest ex-post types satisfy uy < ur < 0. Clearly this

4Note that the exponential distribution satisfies first order stochastic dominance; however, the virtual valuations as
[ R ]
constructed in the Courty and Li (2000) setting, p, (0) = 6 — ap e 20— 2L

ar Ape O

condition because uy (@) is not non-decreasing. Nonetheless, it is still possible to obtain the optimal mechanism.

and p g (0) = 0, do not satisfy the regularity

11



solution, that uses up-front fees, is not feasible in our context as the high type buyer has negative utility
for her lowest valuation. Moreover, the allocations differ for both the static and dynamic contracts.
We now illustrate our findings with numerical results where we vary the difference in the mean
between the low and the high type. Specifically, we fix af, to be 0.7 and Ay to be 0.5, that is, the high
type has mean 2. Since we are assuming A7, > Ap, we consider Ar, to be A\ + § with § > 0. Figure
1 shows how the different thresholds vary as 0 increases or, equivalently, as the mean of the low type
decreases to zero. As we can see, there is a value of 0 (6 =0.93) to the left of which the static contract
is optimal and to its right the dynamic contract is optimal. This aligns with Proposition 1, because as
J increases 1/(Ar — Ag) decreases converging to zero and, therefore, we expect it to be below 6° (see
Corollary 2 and Corollary 3). At a more intuitive level as ¢ increases both distribution become more
and more different from each other with one of them having a larger average value than the other. Thus,

there is a gain in screening the types.

Static optimal Dynamic optimal

0.2

Figure 1: Optimal thresholds for static and dynamic contracts when setting A\;, = Ay +4, with ap = 0.7
and Ay = 0.5.

In terms of thresholds, for the static contract we observe that 6° is decreasing at the beginning and
then it increases and goes close to 1/ Ay = 2. This happens because as we increase § we are making
1/Ar smaller ; however, at some point this value is too small and, therefore, the probability of allocating

the object to a low type, P(value low type > %) = e~ 20"

, is going to be so low that the seller will be
better off by choosing a threshold tailored for the high type, that is, close to 1/A\g = 2. For the dynamic
thresholds, the one for the low type is decreasing while the one for the high type is increasing. This
makes sense because in the dynamic case the seller can adjust the threshold for each type; hence, as §

increases the distributions become more and more different and, therefore, is optimal to set thresholds

12



closer and closer to the threshold a seller would set if he knew the types in advance, that is, 1/Az and
1/Ag. Also, note that from equation (4) we see that x is a decreasing function of § because as the mean
of the low type goes to zero we are less and less constrained to offer a high probability of allocation;
however, in the limit x(§) ~ e~!, hence even though the low type buyers will have values concentrated
at zero we still need to offer them a positive probability of allocation so that we prevent them from
mimicking the high type buyers.

We can also compare the different mechanism in terms of revenue. Note that from Proposition 2,

we can derive the optimal revenue for the dynamic contract:
Ri=ap x-0p-eM% pay . 0y e 0,

Then, we can plot the different revenues as we vary §. Figure 2 depicts the results. For values of § above
0.93 the dynamic contract dominates the static one reaching an improvement of 16.5%. Note that when
0 grows large the improvement of the dynamic over the static decrease because both contracts set the
thresholds to maximize what they can extract from the high type buyer. Actually, we have that

—1
. d T S . 67
Jm B (9) = Jm R (0) = an Ay’

which equals the optimal revenue a seller could make if he was only selling to the high type buyer.

Revenue %

—— Static (R®) 1651

0.58+
--- Dynamic (R%)

— 100 x BZR)

0.22

4]

Figure 2: Left: Optimal expected revenue for static, dynamic and ex-ante (IR) contracts. Right:
Percentage improvement of the dynamic over the static contract. In both figures we set set A\, = Ag+6,

with aof, = 0.7 and Ay = 0.5
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5 General Results: K =2

In this section we present our main results for the case when we have two ex-ante types and general
valuation distributions. We begin with notation and stating the main objects of our analysis. Then we
provide the main results for both the static and dynamic contracts. In particular, this section generalizes
Proposition 1 by providing a sharp necessary and sufficient condition for the optimality of the static
contract. Then we provide a general statement, similar to Proposition 2, for the characterization of the
optimal dynamic contract.

First, we give some definitions that are standard in the mechanism design literature.

Definition 1 (threshold) We define the smallest threshold to be:
0r £ min{f € [0,0] : . (0) >0}, Vke{l,... K},

where py(+) is the virtual valuation function of type k.

Also we define the hazard rate and cross-hazard rate functions as follows.
Definition 2 (hazard rate and cross-hazard rate functions)
ht(g) & Fk(0)7

fe(8)

where when £ equals k we refer to this function as hazard rate, and when £ does not equal k we refer to

Ve ke {l,...,K},v0 €00,

it as cross-hazard rate.

With out loss of generality we assume
b1 <. <Ok, (5)

one way of thinking about this is in terms of hazard rate stochastic order. For example consider K = 2,
then:
h?2(0) > h'1(0),¥0 € [0,0] < 0 — h?2(0) < 0 — h'(0) < 1y(0) < 1y (0) = 6, < 0.

That is, hazard rate stochastic order implies the order of the thresholds {@k}le Hence, for K = 2 we
can think of type 2 as being the high valuation type and type 1 as being the low valuation type.
As it is standard in the mechanism design literature we make the following assumption, which we

keep for the rest of paper, about the hazard rate function
h*k(#)  are non-increasing in 6. (DHR)
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This assumption is satisfied by a large class of distributions, for example, all log-concave distributions
satisfy condition (DHR). An important consequence of this condition is that it implies the virtual val-
uation functions are increasing and, therefore, the thresholds {@}szl are uniquely determined. Another

related condition is about the cross-hazard rate functions,
h* () are non-increasing in 0, VC, ke {1,...,n}. (R)

To the best of our knowledge condition (R) was first introduced in the context of sequential screening

by Krdhmer and Strausz (2015). In that paper the authors show that under condition (R) the optimal

solution to (P?) and to (P*) coincide, that is, the static contract is optimal. However, condition (R)

is very demanding and there are many common distribution that do not satisfy it. In fact, our leading

example in Section 4 does not satisfy this condition because in this case the hazard rate is

o~ (M=A0)0
A ’

If we consider A\; > Ay then h'2(f) is an increasing function and, therefore, it violates conditions (R).

hE () = Ok =1,2.

However, notice (DHR) is satisfied because the simple hazard rate functions are constant and equal to
1/ k.

Now we define the key elements in our analysis, the c-ratios and the k -averaged c-ratios.

Definition 3 (c-ratios)

ka(g) A fo(0)py(0) _ 1e(0)

_ = Ve ke {l,... K} V0 e[0,0].
Fk(@) hgk(0)7 ) 6{7 ) }) 6[7]

In words, the ¢’*-ratios correspond to the quotient between type £’s virtual valuation and the cross-
hazard rate function between types £ and k. These quantities are the same as introduced in Krahmer and
Strausz (2014) Section 8.4, to study the role of the cross-hazard rate functions. They provide a sufficient
condition using these ratios and show that if the static contract is optimal then the c-ratios must be
weakly increasing around 6°. Also, note that condition (R) implies that the c-ratios are increasing. In
contrast, condition (DHR) implies that only the c**-ratios are increasing.

The next definition introduces weighted averages of the c-ratios.
Definition 4 (k-averaged c-ratios)
feef Fi(2)c*(2)dz
f 99: Fi(2)dz

The quantity Cyx(6,,0,) represents the average value of ¢* weighted by the tail CDF of type k for

Cui(0a,05) = . Yhke{l,...,K}, 0<60,<6,<8.

values of 0 between 0, and 6. As it will become clear in Section 5.2 these ratios are relevant for the

characterization of the optimal mechanism.
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5.1 Static Contract

In Section 2 we defined a static contract as one that does not screen the ex-ante types and, therefore,
it sets ux, = u and xp = x for all k£ in {1,..., K}. Thus, a static contract can be cast as the optimal
solution to (P?). From this formulation we see that the relevant quantity that shapes the allocation
z(-) is @(h) = Zi(:l i (0) fre(0). In general, independent of any regularity assumptions imposed over

[(0), the optimal way to choose a non-decreasing allocation x(-) that maximizes

0
| e )
is a threshold allocation (see, e.g., Myerson (1981) or Riley and Zeckhauser (1983)). We summarize this

and some other properties of the optimal solution in the following lemma.

Lemma 3 The solution to (P®) is a threshold allocation characterized by 6° in [01,0k], mazimizing

(6). In addition, 0° satisfies the following properties for K = 2:

1. Is a solution to a1c'?(0°) + asc®?(0%) = 0.

2. Is a non-increasing function of aq with 8°(0) = 0 and 6°(1) = ;.

The fact that 6° is in the interval [61,0x] and property (2), follow the same intuition as in the
exponential case presented in Section 4. Property (1) is the optimality condition found by Riley and
Zeckhauser (1983) written in terms of the c-ratios, it establishes that the optimal threshold must be a
zero of fi(-).

5.2 Dynamic Contract

The purpose of this section it to characterize the conditions under which it is optimal to screen the
ex-ante types. In particular, we provide a necessary and sufficient condition for the static contract to be
optimal. For the cases in which the static contract is not optimal we characterize the optimal dynamic
contract.

Our analysis consists in studying the following relaxation to (P%)

2 2 7
(PR)  max —Zakuk+zak/ ok (2)py(2) fr(2)dz
k=1 i=1 0

0<x<1

s.t xp(0#) non-decreasing, Vk=1,2
ug > 0,vk =1,2

Z g
ug +/0 1o (2)Fy(2)dz > uy —l—/o 71 (2) Fy(2)dz.

16



The difference between (77%) and the original dynamic formulation lies in relaxing the type 1 to type 2 IC
constraint (or low to high IC constraint). Importantly, we are not relaxing the monotonicity constraint

and we can obtain a characterization of the optimal solution to (77%) as stated by the following result.

Theorem 1 Consider problem (P%), the optimal solution has allocations

0 ifd <6
. 0 if0 <6y
2i(0) = x if61<0<6y x3(0)=
1 iff, <0,
1 iff3 <6,
and transfers
0 if 0 < 61
. ) 0 iff <0y
100) =461 x if0 <0 <03 t5(0)=
Oy if 05 < 6.

(93 — (93—91) ' if93 < 9,
for some values 6+, 09,03 with 91 <01 <60y<03,0,< 92. And ug = u; = 0.

Next we provide an informal and intuitive description of what leads us to Theorem 1. This de-
scription adapts techniques from Fuchs and Skrzypacz (2015) that enable us to derive the allocations’
structure. We begin with ex-ante type 2, consider an allocation z3(#) equal to some x in some interval

(04, 0p), with x € (0,1). Then the part of the objective for the ex-ante type 2 in this interval is

0y
CWXAMWM@W

If 115(6) > 0 for some 6 € (A4, 0) then because of (DHR), j5(6) > 0 for all 6 > 6 and, therefore, we can
always find a better solution by setting x3(0) = 1 for all 6 > 0 (note that this does not affect feasibility
in (P%)). On the other hand, if p15(0) < 0 for all @ € (0,,0;), then it must be the case that

0 0
U +/0 19(2)Fy(2)dz = uy +/0 x1(2)Fa(2)dz,

otherwise we could decrease x and obtain a strict improvement in the objective. Now, consider splitting

the interval in half, that is, take 6 = (04 + 0y)/2. Doing some manipulations and using (DHR) we get:

L@mm@w:ﬁ@@ﬁwm<ﬁ@<mﬂwﬁwwzﬁwwmm2
f;a Fy(2)dz feea B(z2)dz B ggb Fy(2)dz f@eb Fy(z)dz
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or equivalently Cag (0o, 9) < 622(9 ,0y). We can use this to find an improvement to the objective function.
To do so, modify z3(0) to be x — €1 for 6 € (0,,0) andy + e; for 6 € (0,0;), with €1, e, > 0 and such
that

o 0
—€1 - / Fy(z)dz + €2 - / Fy(2)dz =0,
Oq [4
so the IC constraint still binds. Now, replacing in the objective:

0p

ey [00 Fy(2)dz b
M./aa Hz(z)fQ(z)dz—I—Oéz‘Gz‘/é pa(2) f2(2)dz,

_a2 . é —
fGa Fy(2)dz

which by (7) is non-negative. Then we can keep increasing ey until either x —e; = z5(6,) or x + €2 =
x5(0y). Hence, we can weakly improve the objective function by modifying the solution in a way that
for one of the two halves of the interval the step, x, reaches the boundary given by either z5(6,) or
x5(0y). For the half that did not reach the boundary we can do the same procedure, which we can then
repeat until we eliminate the intermediate step x completely. This argument shows why the high type
allocation is deterministic.

For the ex-ante type 1 (the low type) we can try to follow a similar argument; but, in order to obtain
an improvement to the objective function we would need the analogue of condition (7) to hold, which

considering the high to low IC constraint is:
C12(04,0) < Cr2(0,05). (8)

However, in general this condition is not satisfied, as the c-ratio ¢'2(-) does not need to be a non-
decreasing function. Therefore, we cannot apply a similar argument to show we can restrict attention
to deterministic contracts for the low type. Nonetheless, the optimal contract can be shown to have
the structure given in Theorem 1. To see this, suppose for example that x7(#) equals x, in (6,4, @) and
Xp in (6, 6,) with 0 < x, < x, < 1, and also assume (8) does not hold. Then, we can increase y, and
decrease x; (maintaining feasibility) and obtain an improvement to the objective function. We can do
this until y, and yx; collapse in a single value.

This discussion not only provides intuition about the structure of the optimal dynamic contract but
also highlights the importance of the k -averaged c-ratios. Roughly speaking, when (7) and (8) hold
we can find an improvement over a stochastic allocation, because we can modify the allocation to put
more weight where the average virtual valuation is higher.

Now, we state an important corollary for our analysis that follows from the proof of Theorem 1 that

allows us to focus on (Pj‘%) when characterizing the static contract’s optimality.
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Corollary 4 The static contract is an optimal solution to (P%) if and only if it is an optimal solution

to (P%).

Thus, to find a necessary and sufficient condition for the optimality of the static contract in (P%) it
suffices to find such a condition for (Pj‘fz). The next theorem, which is one of our main results, provides
the condition. Note that the condition implies not only that the allocation must be deterministic, as

discussed in equation (8), but also that the static contract is optimal.

Theorem 2 The static contract is optimal if and only if

max 612(9,98) < miniélg(esﬁ). (NR)
0<6<0° 0°<6<60

Condition (NR) is the general version of the condition in Proposition 1 for exponential valuations
regarding the similarity of the distributions of both types. Note that condition (R) implies the mono-

tonicity of the c-ratios, and therefore condition (NR) holds, because:

0° I 12
— F d
C1a(0,0°) = I SR Ed gy g <o
fe Fy(2)dz

and ) -
Cr2(0°,0) = Jo Fa(2)cP (z)dz
’ f;s Fy(2)dz

Hence, the result by Krdhmer and Strausz (2015) that if condition (R) holds then the static contract is

> c12(0%), Vo > 65

optimal follows as corollary of Theorem 2. We highlight that while condition (R) implies the c-ratios
are increasing, our condition (NR) only implies a type of monotonicity over an appropriate weighted
average of the c-ratios.

We can also compare Theorem 2 with Lemma 12 in Krdhmer and Strausz (2014). In that lemma they
assume h?2(0) > h'!(6), which we already saw it implies 01 < 0, and they establish that a necessary
condition for the static contract to be optimal is to have the c-ratio c¢'?(6) being increasing at 6°. Our
results also contains this lemma, because if c'?(-) was decreasing at #° we can always find § < 6° and
0 > 6° such that

C12(0,6°) > C12(6°,0),

so (NR) does not hold and, therefore, the static contract would not be optimal. Figure 3 illustrates how
our condition closes the gap between the ones by Krahmer and Strausz.
In terms of methodology, our approach differs from that of Krdhmer and Strausz (2015). Their

approach consists of relaxing the low to high ex-ante IC constraint and then — by using their condition
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(DHR)

Kramer and Strausz
Necessity ¢'2(-) non-decreasing at 6°

This paper
Sufficiency and Necessity

1 1

| .

1 1

1 1

1 1
Kramer and Strausz ! ! Outside this set the static contract
Sufficiency ' (R) ' is no longer optimal.
' '
1 1
1 1
1 1

Figure 3: Optimality of the static contract for (DHR) distributions, with K = 2 and a single buyer.

(R) — they relax the monotonicity constraint and prove that the solution must be a threshold schedule
for each type. From there, they show that the threshold for both types must be equal and, therefore,
the static contract is optimal. In our approach we also use a relaxation of the general formulation, but
we do not impose any condition on the primitives and we do not relax the monotonicity constraint. We
perform a first principle analysis which allows us to understand what are the conditions under which is
possible to find objective improvements. From this analysis we not only determine the structure of the
optimal contract but we also identify the main objects of analysis, the k-averaged c-ratios. This leads
us to Theorem 1, once we have that result we realize that the static contract is optimal for the relaxed
problem if and only if it optimal for the original problem. Hence, to obtain a complete characterization
of the optimality of the static contract we can study (77%). Then using this formulation, we use the
KKT conditions to show that condition (NR) yields a sharp characterization as stated in Theorem 2.
An important contribution of our work is that, to the best of our knowledge, we provide the first
characterization of the optimal dynamic contract when the necessary and sufficient condition associated

to the static contract being optimal fails. A first step towards this is given by the following proposition.

Proposition 3 Assume condition (NR) does not hold. Then there exists 0q, 0, such that 0, < 6° < 0,
and C12(04,0°) > C12(0%,0y), for which the following allocation yields a strict improvement over the

static contract:

0 iff <0,
0 iff<6°
1(0) = qx if0,<0<0, x20)=
1 if6° <o,
1 if6, <0,

where x = fees” Fy(2)dz/ f;: Fy(2)dz. And we set u; = ug = 0.
In the proof of Proposition 3 we can see that as soon as condition (NR) breaks two things happen.
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First, a non-static contract becomes feasible as it does not violate the incentive compatibility constraints.
Second, the same contract obtains a larger expected revenue than the static one. So, from this we see
that (NR) is preventing both the feasibility and optimality of a dynamic contract. In terms of the
k-averaged c-ratios, when (NR) fails to hold type 1’s average virtual value in (6,,6%) is larger than that
in (0%, 0y). Hence, by increasing the static allocation in (6,,6°) and reducing it in (0°,0;) (in a feasible
manner) we can find a better dynamic allocation.

The next result characterizes the optimal dynamic contract and it also provides conditions that

allow to compute the optimal thresholds.

Theorem 3 Assume condition (NR) does not hold. Suppose there exist 8, < 03 < 01 such that
1. C12(8,,01) < ming —5g C12(01,0).
2. maxyyp, C12(0,01) < C12(04,01)
3. ay - C12(0y,01) + azc®(6s) = 0.

Then (Ql,ﬁg,gl) characterize the optimal contract of Theorem 1, with 61 = 0,,02 = 02,05 = 01 and
X = Jo! Fa(2)dz/ [y Fa(z)dz.

Conditions (1), (2), and (3) of the theorem ensure that the IC constraint from the low ex-ante type
is satisfied, and can be thought as optimality conditions that characterize the thresholds. Intuitively,
condition (1) asserts that for any @ larger that 1, type 1’s average virtual valuation is always above
its average value in the interval (6;,07) and , therefore, always allocating the object for these values is
optimal. Condition (2) identifies an intermediate interval for which type 1’s average virtual valuation
is largest, thus maximizing what the seller can make from randomizing the low type in the interval
(6,01). Finally, condition (3) is simple a first order optimality condition on 5.

This result generalizes Proposition 2. For the exponential distribution the conditions of the theorem
are always met. We note that in the exponential case we only have two intervals for the low type’s
allocation as we can show that 6; = oc.

We would like to stress that conditions (1), (2), and (3) in the theorem are only sufficient conditions
for optimality. However, there is a more general approach to compute the optimal solution. The key
is that the optimal solution to (77}13) can be shown to be feasible for (P?). Hence, it is enough to solve
(Pj‘fi). From Theorem 1 we already know that the optimal contract depends solely on the variables
01,02,0s and x. It can be shown then that at optimality the IC constraint must bind and, therefore, x
is a function of the thresholds. This implies that we can optimize the objective in (79%) as a function of

the thresholds only and with no IC constraint.
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5.3 Indirect Implementation

Next, we discuss how the optimal dynamic contract can be implemented in practice. By means of the
taxation principle we can verify that the following menu of contracts is an indirect implementation of

our optimal mechanism:

e Contract H: there is a single posted price of py = 6.

e Contract L: in this case, the buyer can choose between two items:

(a) Buy at a price of p; = 6, - x and be allocated with probability x.

(b) Buy at a price of p; = ; — (6; — 6;) - x and be allocated with probability 1.

The prices in the above menu of contracts are set using the values in Theorem 3. This implementation
offers a posted price to the high type buyer, and gives to the low type buyer two options. In option (a)
the low type buyer can pay a low price but it can potentially not acquire the item; in (b), the low type
buyer pays a high price and always gets the object.

An appealing feature of the implementation is that if we think of allocations as quantities, then we
can order the per unit prices. In contract L, the per unit prices are ; and 6, - x + 01 - (1 — x) for (a)
and (b), respectively. Hence, the per unit price in (a) is less than or equal to the one in (b). That is,
the low type in (a) receives less of the good but at a discounted price compare to the low type in (b).
For contract H, the per unit price is 62 and, since 6, is less than or equal to 2, the low type in (a)
receives less of the good at a discounted price compared to the high type buyer. To contrast the per
unit prices of the low type in (b) and the high type is less straightforward. Even-though 65 is between
9, and f; we are not able to compare it to 6; - x + 61 - (1 — x). However, intuitively, if the high type
puts a large mass in values larger than 6; then we expect the per unit price of the high type to be
below the one of the low type in (b) because, otherwise, the high type buyer would have an incentive
to take contract L. Equivalently, the high type or the low type in (b) have to pay a premium for the
additional quantity. We can also refer back to the exponential case of Section 4. From Proposition 2,
the premium the high type has to pay is given by 0 — 01, = log(1/x)/Ag and, therefore, the larger the
quantity the lower is the premium. Finally, note that this implementation accommodates the case in
which the static contract is optimal. In that case, we have y =1 and 8, = 02 = 6, thus both contracts

are the same.
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6 Future Work and Extensions

There are several directions in which we would like to extend the work presented in this paper.

The theoretical and numerical results we presented in this paper are for two ex-ante types. Even
though this setting is already rich and, as it was shown in Section 4 provides good economic insights,
a more general setting with more than just two ex-ante types is an important venue for future work.
We would like to extend Theorems 2 and 3 for multiple ex-ante types. In this sense, an interesting
question concerns the number of ‘intermediate classes’. Theorem 3 establishes that the low type buyer
has an interval in which she is allocated the object with some probability x € (0,1); hence, there is
one intermediate class. An interesting question is whether the number of intermediate classes increases
with the number of ex-ante types. Also, is there a fixed number of intermediate classes that yield a
good approximation to the optimal solution for an arbitrary number of ex-ante types?

Related to the possible number of intermediate classes is the (DHR) assumption. As we saw in the
discussion after Theorem 1, the order of the k-averaged c-ratios plays an important role in determining
whether an allocation has an intermediate class or not. This order is guaranteed (or partially guaranteed)
by conditions over the cross-hazard rate or hazard rate functions such as (R) or (DHR). In fact, as we
weaken condition (R) one intermediate class for the low type buyer emerges. Therefore we postulate
that if we weaken condition (DHR), then more intermediate class might appear, in particular, the high
type buyer now could have an intermediate class. However, in order to make this last point one has to
be careful because in this case relaxing the high type IC constraint might no longer be a valid relaxation
to the original formulation.

Another direction for future work is increasing the number of buyers. This has important practical
consequences particularly in industries that use market mechanisms like auctions, such as display ad-
vertising alluded at the beginning of the paper. We believe that our extension to multiple buyers will
allow us to study whether the market design of running a series of “waterfall auctions” with different
priorities over participants and reserves is effective in screening buyers and how close it is to the optimal

dynamic mechanism.
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APPENDIX

A Proofs for section 5
We will need the following auxiliary lemmata.
Lemma 4 Assume 01 < @2, then
1. a1 mings cp<p C12(0°,0) < —azc??(0,) < aq maxo<g<gs C12(0,0°%).

2. maxoggggs 612(9, 98) S mines S9§9 612(98, 0) Zf and only if a1 maxoggggs 612(0, 93) = —062022 (95) =

Proof of Lemma 4. We prove (1) first. For the inequality involving the min consider ¢ > 0.
Then, from the definition of C15 we have

0°+e 12

_ *te dz .

ap; min_C12(60%,0) < ay - 0 esi(f)c (2)dz 9 041012(95) = —a2c22(95),
93 FQ(Z)dZ

05<0<0

where in the equality we used Lemma 3. A similar argument applies to maxg<g<ps C12(0,6°). Property

(2) is a direct consequence of what we have just proved for (1). m

Lemma 5 Let 0; € [0,0] for i = 1,2,3 be such that 61 < 0 < 03. Also, consider functions f,g :
[01,03] — R4, with f,g > 0 almost everywhere in [01,0s]. Then,

03 03 02 03

z)dz z)dz z)dz z)dz
99131”() - 90231"() if and only if 9012f() - 9623]6() .
6, g(z)dz 9, g(z)dz 9, g(z)dz 9 g(z)dz

Proof of Lemma 5.

03 03 3 3 3 3
9§3f(z>dz o o 1)z (/9 g(=)dz) 0 f(0)dz) < (/9 g(z)dz)(/e f(2)dz)

o, 9(2)dz f;; g(2)dz 02 61 01 02

& (/0939(2)612)( :2 f(Z)dz> < (/:29(2)(12) (/063f(2)dz>

2

oo [R)dz 57 f(z)de
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Lemma 6 Suppose

max 612(0,95) > min_élg(es,e).
0<0<6° 95<0<8

Then, there exist 04,0, € [0,0] with 0, < 60° < 0, such that C12(04,0%) > C12(6°,0;). Note that this
implies that: 0 < f:j Fy(2)ct?(2)dz = f;: Fi(2)ctt(2)dz.

Proof of Lemma 6. Suppose the result is not true. That is, for all 6,8 € [0, 0] with 8, < 6° < 6,

we have

C12(04,0%) < C12(0°,6y). 9)

Take € > 0 and consider 0(€) = 6° + ¢, then from equation (9) we have
612(96“ 98) < 612(98, 0° + E), Ve > 0,
taking the limit as ¢ approaches to 0 yields C12(8,,0%) < ¢2(6°) for all §, < 6°. This implies that

al s\ _ 12/ps
omax, C1a(6,0%) = c*(8°).

Using equation (9) again, we can do the same for the minimum and, therefore, we obtain a contradiction.

To finalize, we argue why 0 < f;: Fy(2)c'2(2)dz. Note that since 8, > 6° > 01 we have C12(6°,6,) >
0. Therefore, C12(64,6°) > 0 which implies the desired inequality. m

Proof of Lemma 3. The fact that the optimal solution is a threshold allocation and property
(1) are explained in the main text. Thus, we only need to provide a proof for 6° being in the interval
[01,0k] and property (2).

We begin showing that 0° belongs to the interval [f1,0x]. Note that for all 6 below 6y, u;(6) is
negative for all k € {1,..., K'}. Therefore, 1i(f) is negative for all 6 below 6. Similarly, for all § above
O, f(0) is positive. Since the allocation is of the threshold type, it is optimal to set z(6) equal to 0 for
0 below 01 and to set z(6) equal to 1 for 6 above f. This necessarily implies that 6° is in [0, 0.

As for Property (2), note first that #° can be seen as a function of a; and ag but since aa equals
1 — a1, we can effectively consider #° just a function of «;. Then, when «; equals 0 is as we only had
type 2 buyers and, therefore, the optimal threshold is 0. While when oy equals 1 is as we only had
type 1 buyers so the optimal threshold is 6,. Hence, 6° (0) equals 6, and 6°(1) equals 6.

Now we prove that 6°(a;) is non-increasing. Consider o < of and suppose that 6°(ag) < 6°(a8).

Define _
0
00, an) 2 /9 o fu(2)u(2) + (1 — o) fa(2)pa(2)dz,
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note that this is a linear function of ay and, for fixed a1, it is maximized at 6°(ay). Hence,

£(6°(af), ) <

14
U(6°(a), o — af) + £(6°(a]), af)
14

< (8°(0}), 0} — af) + (6 (af), o)
therefore
@l . 6°(a})
Loy AREmE A —abpEmaEa < [ atiGmE) + (0 -aDpEmEdE 10)

Recall that 6° is in [0y, 6] and, therefore, 81 < 6°(a?) < 6°(a}) < . This in turn implies that
pi(z) >0 and py(z) <0, Vz € (6°(af),6°(a])),
so for z in (6%(a$),0°(a})) we have
Al fi(2)m(2) + (1= af) fa(2)pa(2) < o fi(2)p (2) + (1 = af) fa(2)pa(2),
which contradicts (10). m
Proof of Theorem 1. For easy of exposition we restate the problem’s formulation.
2 2 9
<%>£@1—;%W+;%Axmmym@w

s.t xp(f#) non-decreasing, Vk=1,2
up >0,k =1,2

0 0
Uz +/0 12(2)Fa(2)dz > ug +/O 11(2)Fa(2)dz.

For any optimal solution to (77]%) two possible situations may arise:

1. The allocation has an interval in which is continuously strictly increasing.

2. The allocation does not have an interval in which is continuously strictly increasing, but is a

piecewise constant non-decreasing function.

The proof idea is as follows. For each ex-ante type, we prove that if we are in case (2), we can
modify the allocation in that interval to be constant and obtain at least a weak improvement in the
objective. This implies that for any optimal allocation, we can construct another optimal allocation

that is a piecewise constant non-decreasing function. Therefore, we can always assume we are in case
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(3). In this case, we show that for ex-ante type 1 there is only one intermediate step, and for ex-ante
type 2 there is no intermediate step. We split the proof in ex-ante type 1 and 2.
Let x7(f) and x35(f) denote the optimal allocations. We begin with ex-ante type 1.

e Ex-ante type 1 case (1): Suppose there is an interval (01, 62) in which z7(0) is continuously
strictly increasing. Before we start with the main argument, note that if 8; > 6; then we can set
23(0) to be equal to 2%(6;) for all @ in (61, 6,). This strictly increases the objective function while
maintaining feasibility. So we can assume 6, < 01, which in turn implies that u,(-) is non-negative

in the interval (61, 62).
Now we give the main argument. Note that by Theorem 1 in Luenberger (1969, p. 217), x7(0)
must maximize the Lagrangean

Llu,x, A\, w) =uj(w; — X —ag) +uz(X — ag + wy)

0 0
+ /0 1(2) - a1 () a(2) = APy(2) | dz + /0 22(2) - [anpa(2) fa(2) + APs(2) | dz,
with A, wy, we > 0. Define L (-) by
L1(0) £ a1p1(0) [1(0) — AF(0),

then it must be the case that L;(#) = 0 for all € (61,62). Suppose this is not true, then we could
have 6 € (61,05) such that Ly(0) > 0, since L;(-) is a continuous function this must also be true
for all @ € () — €,0 + ¢€) for € > 0 small enough. But then we can obtain an strict improvement
by setting z1(0) = 2}(f + €) for all § € (0 — €,0 + €). A similar argument holds when L;(8) < 0.
Therefore, we have just proved that L;i(6) = 0 for all § € (61,602). In other words,

all% = /\, Vo € (01,92). (11)

Also, by the second mean value theorem for integrals there exists 6 € (01, 62) such that

02 % n
5 27 (2)Fo(2)dz
f01 Fy(2)dz
Going back to (P%), we have that the part of objective associated to a7 in (61, 65) is
02 02 _
[ ami@m@ned =2 [ s e (13)
91 91
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where in the equality we have used (11). Now, consider modifying x} to be Z7 equal to a:’{(@) in
(01,02). Then from (11), (12) and (13) we get
0,

05 R
/9 riE)an () (i = X-ai@) - [ P

N

02
—5i0)- [ aum(@n()ds

01

02
- / B (=)o () f1(2)dz,

01
therefore, the modified 27 has the same objective value than the old one. Also, note that we have

preserved feasibility because

0 02 B _
uy -l—/o 75 (2)Fy(2)dz = uy -l—/ i“{(z)Fg(z)dz—l—/ 1 (2)Fa(z)dz

01 (01,02)¢

R Oz _ _
=u +x7(0) - / Fy(z)dz +/ z}(2)Fa(z)dz
01 (01,02)°

“ 02 B _
@ Uy —l—/ z}(2)Fa(z)dz —|—/ 21 (2)Fa(z)dz
[/ (91,92)0

0
=uy +/ x1(2)Fy(2)dz,
0
where in (a) we used equation (12).

Ex-ante type 1 case (2): Suppose for z7(-) there exists 6; < 03 < 3 and 0 < x; < xo < 1
such that x7(0) = x; in (01,02) and 27(0) = x5 in (f2,63). Since type’s 1 allocation is piecewise

constant we must have z}(07) < x; and x, < 25(03).

Then, the part of objective associated to ex-ante type 1 in these intervals is
03

02
a1 % - /9 11 (2) fa(2)dz + o - Xz / 11 (2) fa(2)d. (14)

02

If 11,(6) < 0 for some 0 € (A1, 03) then because of (DHR), 1,(f) < 0 for all # < # and, therefore,
we can always find a better solution by setting z%(6) = 0 for all § < @ (note that this does not
affect feasibility in (P%)). So assume j;(6) > 0 for all § € (61,03), then it must be the case that

0 0
Uz +/0 29(2)Fy(2)dz = uy —i—/o z1(2)Fa(2)dz, (15)

otherwise we could increase x; and obtain an strict improvement in the objective. There are two

cases:

28



[52 m@AEdE o} m e ()
f9012 Fy(2)dz f9923 Fy(2)dz
X1 by €1 > 0, in such a way that equation (15) remains with equality, that is,

a)

: In this case consider decreasing x, by €2 > 0 and increasing

02 _ 93 _
€1 - / FQ(Z)dZ — €9 FQ(Z)CZZ =0. (16)
91 02

The change in equation (14) is

€ fgj Fy(2)dz (02 %
o - 2f9‘9129152(2z)dz '/91 1 (2) f1(2)dz — aq - €3 - /92 1 (2) f1(2)dz, (17)

which under our current assumption is non-negative. So we can weakly improve our objective,

indeed we can do it so until x; + €; and x5 — €2 are equal,

03
Fy(2)dz _
wramae e I oo e
72 Pa(e)ds LR
fegf Fy(z)dz

since xo > Xx; we have €3 > 0 and, therefore, we have shown that it is possible to increase
x; and to decrease x, in such a way the objective is weakly improved and the solution is

constant in (61, 63).

Jo2 m Az [o3 () f1(2)do
f6012 Fy(z)dz f6023 Fa(z)dz
X1 by €1 > 0 in such a way that equation (15) remains with equality. By doing this the change

: In this case consider increasing x, by €2 > 0 and decreasing

in the objective is strictly positive, and we do it until either x; = 2*(67) or xo = 2*(67).
This proves the result for ex-ante type 1 and case (2).

In conclusion, putting together what we have proved for cases (1) and (2), we can always consider
27 to be a step function with at most one intermediate step.

Now we proceed with ex-ante type 2.

e Ex-ante type 2 case (1): Suppose there is an interval (0,62) in which z5(6) is continuously
strictly increasing. Before we start with the main argument, note that if 6, < 05 then we can set
23(0) to be equal to z5(0y) for all 6 in (Ao, #2). This strictly increases the objective function and
maintains feasibility. So we can assume 65 > 65, which in turn implies that o (+) is non-positive

in the interval (61, 63).
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Now we give the main argument. Note that by Theorem 1 in Luenberger (1969, p. 217), x5(6)

must maximize the Lagrangean

L(u,x, A\, w) =ug(w; — A —aq) + ug(A — ag + wa)

0 0
+ [C a1 [ ) = AR a4 [ a(a) - [oarn) fle) + AR,
with A\, w1, wg > 0. Define Lo(+) by
Ly(0) £ azpiy(0) 2(0) + AF(0).

then it must be the case that Lo(0) = 0 for all 8 € (61, 62). Suppose this is not true, then we could
have 6 € (01, 62) such that La(f) > 0, since Lo(+) is a continuous function this must also be true
for all 0 € (@ — 0+ €) for € > 0 small enough. But then we can obtain an strict improvement
by setting 22(0) = x5(0 + €) for all @ € (0 — €,0 +€). A similar argument holds when Ly (6) < 0.
Therefore, we have just proved that Lo(6) = 0 for all 6 € (01,02). In other words,

aﬁw = -\, VO € (61,05). (18)

Also note that by the second mean value theorem for integrals, there exists 0 € (01, 62) such that

b2 15(2) Fydz

zy(f) = 22 (19)
f91 Fy(2)dz
Going back to (P%), we have that the part of objective associated to a3 in (61, 65) is
02 02 _
/ " a2 )z = ) / ECLOrA (20)

where in the equality we have used (18). Now, consider modifying =3 to be 5 equal to xg(c@) in
(01,02). Then from (18), (19) and (20) we get
02

> . B
| a0 ool = -x-w3(@) - [ Pate)as

91 01

02
— 23(0) / uopin(2) fol2)dz

01

02
- / T5(2)anpia(2) fol2)dz,

01
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therefore, the modified 25 has the same objective value than the old one. Also, note that we have
preserved feasibility because

0 02
U —i—/o T5(2) Fy(2)dz = ug +/ @(z)Fg(z)dz—i—/ T5(2) Fy(2)dz

61 (61,02)°

~ 92 — —
= ug + 25(0) - / Fy(z)dz + / x5(2)Fa(z)dz
01 (61,02)°

02
@ o+ /0 23(2) Fa(2)dz + /( 23(2) Fa(2)dz

Z
= uy —l—/ x5 (2) Fy(z)dz,
0
where in (a) we used equation (19).

o Ex-ante type 2 case (2): Suppose z3(-) is an optimal solution to (P%) for which there exists
01 < 62 and 0 < x < 1 such that z3(0) = x in (61,602). Similar to the proof of type 1 assume
w3(07) < x < 25(63)-

Then the part of the objective for the ex-ante type 2 in this interval is

02
an - / s (2) fol2)dz. (21)

01

If 115(0) > 0 for some 6 € (61,0) then because of (DHR), py(#) > 0 for all § >  and, therefore,
we can always find a better solution by setting x3(f) = 1 for all § > 0 (note that this does not
affect feasibility in (P%)). So assume p,(6) < 0 for all § € (61, 65), then it must be the case that

0 0
U +/ x9(2)Fa(2)dz = uy +/ x1(2)Fa(2)dz, (22)

0 0
otherwise we could decrease y and obtain an strict improvement in the objective. Now, consider
splitting the interval in half, that is, take § = (6, + 65)/2 and note that because of (DHR) we

always have

feél p12(2) fa(2)dz < f@eQ u2(z)f2(z)dz.

f(,ol Fy(2)dz B fé% Fy(2)dz

We can modify x35(0) in (01, 62) as follows and obtain an, at least weakly, objective improvement.

(23)

For 0 € (91,9) set 25(0) = x — €1 and for 0 € (é,ﬁg) set 25(0) = x + €2 with €1, €2 > 0, and such
that equation (22) remains with equality. That is,

02

b
—€1 - / Fy(2)dz + e+ | Fy(z)dz = 0.
01 0
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With this modification the change in the objective is

_az .

EQ'IéGZFQ(Z)dZ‘ 0 - 02
T on jélliz(z)fé(z)dz'+<12 o [ i hE

which thanks to equation (23) is non-negative. Then we can keep increasing ey until either
X — €1 = 25(07) or x + ez = x5(05). This proofs we can, at least weakly, improve the objective.
It also proves that we can modify the solution in such a way that for one of the two halves of the
intervals the step reaches the boundary bound given by either 2%(67) or z5(5 ). For the half that
did not reach the boundary, we can do the same procedure described above and then repeat this
procedure until we completely get rid of the intermediate step between (z3(67),25(65)). Note

that this process can be potentially infinite, in which case a more rigorous argument is required.

Suppose the process described above goes for infinitely many steps. In this case, an allocation
sequence {x5(0)}nen defined in [01, 62] is generated. To prove that the argument works, we need
to show that there exists 0 € [01,02] such that
02 0 02
i, [5G s = a30n) [ ) Rz 4 a0 [ mne @0

n—00
01 oo

To prove this, let {0,,, 0., 9n}n€N be the sequence generated in the infinite process where:

— 0,, and 6, correspond to the lower and upper bound of the interval. For example, at the
beginning 0, = 6; and 61 = 05. At the next iteration we will have either 6y =0, and 0y = 0

or f, = 6 and 05 = 5. Note that for all n € N: 0,0, € [01,02].

— 0, is defined to be the half of the interval. So 61 = 0, and 0y = (6 + 02)/2.

From these definitions we have that §,, and 6,, are bounded monotonic sequences (the first non-
decreasing and the second non-increasing), thus both converge to a limit. Also,

. 0,+0

On = - 2 n)

then all three quantities, 6,,, 0,, and 9n, converge to the same limit which we denote by 0 € [01, 02]
(if the limit was not the same we could continue iterating the process). Now, from this we have
that

25(07) i 0 < O
lim z5(0) = a.s in [01, 02]. (25)
e 25(05) if 0> 0,
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To see why (25) holds, consider 6 € [01,6~) then from the convergence of §,, we have
dng € N,Vn >ng, 0<6, <0x.

Then, from the way «% is constructed, it must be the case that 2% (6) equals x5(6;). A similar
argument holds for 6 € (0, 02]. Thus, x5 (0) satisfies the almost surely convergence in equation
(25). Finally, we can use the almost surely version of the dominated convergence theorem to

obtain (24). This completes the proof for ex-ante type 2 and case (2).

Proof for the reminder of the properties:

From the previous discussion we can write down (731%) as follows

0

i1 (2) fa(2)dz + g / 1o (2) fa(2)dz

02

2 03 0
max =3 ot ay [ mEAEE+a |
k=1 91 03
st xe€ [07 1]7 91 < 93
up >0,k =1,2
0 03 0

[%
U2 —l—/ Fy(2)dz > uy + X/ Fy(2)dz+ | Fa(z)dz.
62 01 03

e u; = 0: From the formulation above it is clear that is always optimal to set u; = 0.

o 0, < 0y Suppose the opposite, that is, 07 > 6;. This implies that between #; and 91, pq(-) is
negative. Then, we can increase #; while keeping feasibility and, at the same time, increasing
the objective function. Note this argument is also valid when 6; = 63. Also, note that we can
obtain a strict improvement only when x > 0; however, when xy = 0 we can only obtain a weak

improvement. In either case, we can always consider 01 < 6.

o Oy < @2: Suppose the opposite, 5 > @2. Since p(6) > 0 for all § > 92, we can can decrease #5 and

obtain an objective improvement while maintaining feasibility.

e uo = 0: Suppose us > 0, then we must have

6 63 6
U2+/9 Fy(2)dz = x Fg(z)dz+/9 Fy(2)dz, (26)

2 01 3

otherwise, we could decrease uz and, by doing so, improve the objective.

Since ug > 0, equation (26) yields

63 6 6
0<ug = X/@ Fg(z)dz—l-/e Fy(2)dz —/0 Fy(2)dz, (27)

1 3
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then it must be true that 6 < 0; otherwise, from equation (27) we would have

0 03 o 05 o

/ Fy(2)dz + / B+ | Bz <y [ Fa(z)dz+ / Fy(2)dz,

02 01 03 01 03

which implies
61
/ Fy(z)dz <0,
02

a contradiction. Thus, 8; < 65.

Now consider, a new contract for type 2 which consists on decreasing the cut-off #2 by € > 0
sufficiently small, but at the same time maintaining the equality in equation (26). Specifically, let

02(€) = 62 — € > 0 (this is true because we just saw that 62 > 6; > 0) and let ua(e) be

o5 i o
uz(€) = x Fy(z)dz —I—/ Fy(2)dz — / Fy(2)dz,
01 03 02(€)

note that by taking e small we still have ug(e) > 0. We claim that this new contract, character-
ized by 61,03, x,02(¢) and ua(e€), yields a larger objective that the old contract, characterized by
01,03, x,602 and us. The old contract objective’s is
03 0 0
—amtan [ m@AEE o [ @ e [ oG R
91 6'3 92
and using equation (26) it becomes
0 ) o ) 9
X/ (arpy(2) f1(2) —a2F2(Z))dZ+/ (arp1(2) f1(2) —042F2(Z))dz+042/ zf2(z)dz.
01 03 02
We obtain a similar expression for the new contract’s objective. Specifically, the first two terms

in the expression above are the same and the third term differs in 5. Hence, the new contract

yields an improvement over the old one if and only if

0 0
/ zfa(2)dz < / 2 fa(2)dz.
0o 02(€)

Since f2(e) < 0y this last inequality is true. Thus, if ug > 0 we can always construct a new
contract yielding a larger objective value and, therefore, at any optimal contract we must have

us = 0.

e 5 < f3: Since at any optimal solution us = 0, the IC constraint is

/  P()dz >« / " )z + / ’ Py

02 91 03
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Hence, if 65 > 03 from the expression above we would have

0 05 0, i
/ Fy(2)dz > X/ Fy(z)dz + Fy(2)dz —I—/ Fy(2)dz,
92 61 95 92

which implies 65 = 03, a contradiction.

o 01 < 09: First we show that ; < @2. Suppose the opposite, that is, 81 > @2. Then, since @2 > 09

we must have 01 > 5 and, therefore,

/ ’ Pu(e)dz = / " Fy(ayde / ’ Pz

72 02 01
@ —
> [ Fy(2)dz
01
63 6
:/ Fg(z)dz+/ Fy(z)dz
01 93

03 0
Zx/ Fg(z)dz—i—/ Fy(z)dz.
01

03

That is, the IC constraint is not binding. Therefore, since 6; > 0y > 6, we can slightly decrease
01 and, in this way, obtain an objective improvement whenever y > 0. When x = 0, because
03 > 01, we can decrease #3 and obtain an objective improvement as well. Hence, at any optimal

solution we must have 6; < @2.

In order to complete the proof, suppose 61 > 65 then, as before, we have

/ Bz >« / " Fy(oyde + / ’ Fu(2)d.

62 01 03

Using that 01 < 05 implies 05 < 5, we can slightly increase 6, (maintaining feasibility) and thus

obtain an objective improvement. In conclusion, at any optimal solution we must have 67 < 0.

Proof of Corollary 4. From Theorem 1 we know that we can formulate (771%) as

0

03 0
(PH) max ary /9 w1 (2) fr(2)dz + o / i1 (2) Fr(2)dz + s /@ 1o (2) fa(2)dz

03

st x €10,1]

01 <61 <6y <63,600 <0

/0 By(2)dz > X/GS Fy(2)dz + /0 Bo(2)dz.

02 01 03
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It is easy to see that if the static contract is an optimal solution to (P%) then it is also an optimal
solution to (P?). This is true because the optimal value of (771%) is always an upper bound to the
optimal value of (P%), and the static contract is always feasible for (P9).

For the other direction, suppose that the static contract is an optimal solution to (Pd) but is not an
optimal solution to (771%). We will find a contract that is feasible for (P?) and yields a larger objective
than the the static contract.

Let 01,605,035 and x be the optimal solution to (771%). Then, it must be the case that

0 03 0 0
/ A(2)dz < onx / 11 (2) fa(2)d + o / 1 (2) Fu()dz + / ho(2) fo(2)dz. (28)

02 01 03 02
This is true because the static contract (u,uz,71,72) = (0,0, 119>,}, L{9>p,}) is a feasible contract
for (P?) and, therefore, it must yield a lower objective than the optimal static contract. Under the
current assumption, the optimal static contract yields a strictly lower objective than the solution to
(P4). Therefore, equation (28) holds.
From the formulation of (Pld%) we know that 81 < 01 < 05 < 05. Then, this and equation (28) deliver

03 03
0< /0 i (2) fi(2)dz < x /9 11(6) f1(2)dz

Hence, 6, < 63 and
o p1(2) f1(2)dz
o p1(2) f1(2)dz

Also, since xy < 1 we must have 61 < 0.

< X. (29)

Now we argue that the contract optimizing (P%) is feasible for (P9). Since the high to low IC
constraint is satisfied, we only need to verify the low to high IC constraint. That is, we need to verify

the following inequality

03 0 0
X Fl(z)dz—{—/ Fl(z)dZZ/ Fi(2)dz,

01 03 02

or equivalently
9 —
o, F1(2)dz

PR (30)

When 65 = 03, equation (30) trivially holds. So, assume 62 < 3. Then, to see why (30) continues to

hold in this case, observe that from Lemma 5 we have

fgl p1(2) f1(2)d f92ﬂ1 z) f1(z )dz<:>f91:ul z) fi(z)d f@ 1 (2) f1(2)dz
I Fi(z)dz  — [ Fi(2)dz I Fi(z)dz — [P Fi(2)dz

(31)
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The right hand side in (31) always hold because thanks to (DHR) we have:

Jo: m( A1)z g7 Fie'! (2)d

9923 Fietl(2)dz B feig wy(2) f1(2)dz
Jo? Fy(2)dz Jo? Pi(2)dz - :

Jow Fr(2)dz [y Fi(2)dz

< () <

Thus the left hand side in (31) holds. Equivalently,

by Fi(2)de _ Jp2 m(2)fi(2)dz
R (2)dz [ p(2) fi(2)dz

Using this, together with equation (29), delivers equation (30). This concludes the proof. m

Proof of Theorem 2. The proof relies on the global theory of constrained optimization. Specifi-
cally, we make use of Theorem 1 in Luenberger (1969, p. 217) and of Theorem 1 in Luenberger (1969,
p. 220).

We begin by seeting up the stage for the proof. Define the set of functions

F2{2:]0,6) — [0,1] : 2(-) is non-decreasing},
that is, F is the set of all feasible allocations. Then, the domain we are optimizing on is
Q=R xRxFxF.

An element of  is (u1,ug,z1,22), the ex-post utility for the lowest ex-post type for both ex-ante
types and, the allocation schedule for each ex-ante type. The constraints of the problem are the
ex-post individually rationality constraints and the ex-ante incentive compatibility constraints. The
optimization problem is then
0
(P max —Qiu] — Qoo + /0 (alxl(z),ul (2)fi(z) + OZQSUQ(Z)MQ(Z)fQ(Z))d@

(u1,u2,x1,22)EQ

0 0
s.t u1+/0 :Ul(z)Fl(z)dz>uQ+/O 2o(2)Fi(2)dz

0 0
ug +/0 2o (2) Fy(2)dz > uy —l—/o 71 (2) Fy(2)dz

ug,ug > 0.

Note that from Corollary 4 we can relax the low to high IC constraint. We present here a more general
proof which does not relay on any relaxation. Nonetheless, the next argument also applies to the relaxed

formulation.
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The lagrangian for this problem is
9

L(w, %, A, w) 2wy - (—ag +wp + A — ) + / 1(2) [al,ul(z)fl(z) F NP (2) - AQFQ(Z)}dz

0

(7
g (—an +ws — A1+ Ao) + /0 22(2) - [aqu(z)fg(z) “ME(2) + AQFQ(z)} dz,

where wy,wy > 0 are the multipliers associated to the ex-post individually rationality constraints and,
A1, A2 > 0 are the multipliers associated to the ex-ante incentive compatibility constraints.

Now we are ready to begin the proof. We prove both implications separately. Suppose first that the
static contract is optimal, we want to prove that condition (NR) holds. We proceed by contradiction.

So assume (NR) does not hold, then by Lemma 6 there exist 0, < 68° < 0}, such that

Jo, Fa(2)c'?(2)dz . O Fy(2)ct2(2)dz

- = 32
f;ﬂ Fy(z)dz f;f Fy(2)dz (32)

We resort to Theorem 1 in Luenberger (1969, p. 217). In order to use the theorem we need to verify

the interior, or Slater, condition. So we need to find (u1,uz2,x1,x2) € £ such that

up > 0,u2 > 0,

0 0
Ul +/0 x1<9)F1(9)d9 > UQ+/O $2(0)F1(9)d0

0 0
UQ+/O $2(9)F2(9)d9 > Ul —f—/() ﬂjl(e)Fg(Q)dQ

To see why this is true, consider equation (32) and note that together with Lemma 5 it implies

963” Fy(2)dz - 0931’ Fy(2)c'?(2)d=

: 33
feib Fy(z)dz 99; Fy(2)c'?(2)dz (33)
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Also, note that

9951’ Fy(2)ct?(2)dz B feesb Fi(2)ct(2)dz
f(fsb Fi(z)dz ; f:sb Fi(z)dz

fgesb Fi(2)dz

f;’s” Fi(2)dz

> 011(93)

_ (9%

fois Fy(2)dz

f;: Fi(2)dz

_ Jo i) (2)dz
f:: Fi(2)dz

_ Jp. Bo(2)e*(2)d
f:: Fi(2)dz

> 011(98)

where the inequalities come from the fact that c'!(-) is an increasing function. This in turn yields

063” Fy(2)ct?(2)dz S 9986 Fi(z)dz
99: F(2)c'2(2)dz 99: Fi(z)dz

(34)

Putting equations (33) and (34) together implies

09317 Fy(z)dz - 06317 Fy(z)dz

Iy € (0,1): — :
990” Fy(2)dz 0, Fi(2)dz

Now, take u; = us > 0 and

0 ifd<0,

z1(0) =4\ ifl, <0<0,

1 iff,<0
and
0 ifo <o
z2(0) =
1 if6° <o,

then is not hard to check that for this choice of (uq,ug, x1,x2) €  the interior condition is satisfied, as
required. Theorem 1 in Luenberger (1969, p. 217) gives then the existence of Lagrange multipliers and

it also states that the static contract

(ula U2,T1, 1:2) = (07 07 1{9208}5 1{0293})7
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should maximize the lagrangean. In other words, 9, A, w > 0 such that
5(0,0,1{629%1{9295}7)\,111) = E(u,x, )\,UJ), V(ul,u2,m1,x2) € (. (35)

Since this is for any (u1,ug,z1,2z2) € £ we can take uj,us = 0, xo defined as above and two possible

r1: one equal to 1g5>4,) and the other equal to 1;p>4,3. Then from (35) we get

feis Fy(2)c'?(2)dz
fe: Fy(2)dz

feib Fy(2)ct2(2)dz ) 99!’ Fi(2)dz
— 1=
9 Fy(2)d2 O Fy(2)dz

987
Fi(z)dz
0, F1(2) <o

+ A= <) <
fea Fy(z)dz

a1

this and equation (32) imply
0° = -

A Jo., Fi1(2)dz < 99;’ Fi(z)dz

f:j Fy(2)dz feesb Fy(z)dz’

if A1 = 0 we get a contradiction. While if \; > 0 from equation (32) we deduce

095’ Fi(2)ct(2)dz 9951’ Fy(2)dz 9'9;’ Fi(2)dz
f;: Fy(2)ctt(2)dz f;: Fy(2)dz f;: Fi(z)dz

which in turn implies

_ 05 =
90517 Fi(2)ctt(2)d= _ fea Fi(2)ctt(2)dz

611(98) < T o
fesb Fl(z)dz fea Fl(z)dz

< c'(0y), (36)
a contradiction.

For the other direction we assume condition (NR) holds and we want to verify the static contract is
optimal. In order to do so we use Theorem 1 in Luenberger (1969, p. 220). This theorem states that if
we are able to find lagrange multipliers A, w > 0 for which equation (35) holds, then the static contract
is optimal.

So, set the lagrange multipliers as follows
w] = aq — a2022(95),w2 = a9 + a2622(95), M =0,) = —0@022(05), (37)
these multipliers are non-negative because c?2 (0s) <0 and
wy = ag + aac?(0,) > 0= *2(0s) > -1 < [0, — h*(0,)] > —h*2(0) < 0, > 0.

We first claim that

max /09 x1(2) - [alul(z)fl(z) - )\QFQ(z)] dz = /: [alul(z)fl(z) - AgFg(z)} dz. (38)

1E€Q
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To prove this first note that the optimal solution z; on the left hand side of (38) is of the threshold
type, that is, 1 = 1y9>g~). We proceed by contradiction, suppose
0

/{: [alm(z)fl(z) - )\2F2(Z)}d2 > /0 [Oéllh(z)fl(z) — o Fy(z)|dz, (39)

if 0 > 0, then the previous equation is equivalent to

6*
0> [ [am@h) - 2ol dz,
05
or put it in another way

fe alMl( )f1(2)dz .fge* Fy(2)ct?(2)dz

—ac??(0,) > =Q1 T ;
fe Fy(2)dz IHS Fy(z)dz

which thanks to Lemma 4 implies

max C12(6,0°) > min_Ci5(0%,0),
0<0<6° 0°5<0<6

contradicting condition (NR). If 0* < 65 then equation (39) is equivalent to

0s
/9* [al#l(z)fl(Z) - Ang(z)] dz > 0,

which is the same that

Jor Fz 12( )dz
aq -
which thanks to Lemma 4 contradicts condltlon (NR). This proves equation (38).

> _O[2C22(93),

Now, recall our choice of lagrange multipliers in (37) and consider the lagrangean evaluated at some

arbitrary (u1,us,x1,z2) € Q. Then, we can verify (35)

0 0
L(u,x, A\, w) = /0 x1(z) - [al,ul(z)fl(z) - )\2152(2)}(12 +/O xa(z) - [a2u2(z)f2(z) + Mo Fy(2)|dz

< max /0 x1(z) - [al,ul(z)fl(z) — AQFQ(Z):| dz

z1€Q 0

+ max /09 x2(z) - |:Oé2,u2(2:)f2(2) + Aoy (z)} dz

z2€)

“ /‘9 [al'ul(z)fl(z) - )\QFQ(z)}dZ + /936 [O‘2“2(z)f2(z) + Ao Fh(2)|dz

/9;
[l

= L£(0,0,1(g>ps}, Lo}, A, w),

0
[awl( J1(2) + 0ac®(0,) Fy(2) | = + /9 [aaa(2) £2(2) = 2P (0,) Fu(2) | a2

a1y () 1(2) + aapiy () fo(2) ] dz
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where in (a) we have used (38) and the fact that
Cap1y(0) f2(6) + NaFr(8) > 0 5 2(6) > ¢2(6°),

which, since ¢?2(-) is increasing, holds if and only § > #°. Thus, we have proved that for this choice of
lagrange multipliers the static contract maximizes the lagrangen and, therefore, thanks to Theorem 1
in Luenberger (1969, p. 220) it is optimal. m

Proof of Proposition 3. Take 0,,0; from Lemma 6. In the proof of Theorem 2 we already saw
that this allocation is feasible. So we only need to verify that it yields a larger payoff than the static

contract, that is, we want

0 0, 0
/ o fr ()11 (2) + o (2)ag(2)]dz < x - / o f1 (2 ()d + / o f1(2)pa (2)d

s 0,
0
4 / a2 fo () ia(2)dz,
95
this is equivalent to
O & 0 0
s Fy(z)dz b b
P [ pi@m e [ s e
o, Fo(z)dz Jo. 0°

which is the same as b )
o, Fa(2)c?(2)dz . ;J’ Fg(z)clz(z)dz.

Jo Fy(2)dz 9 Fy(2)dz
which is exactly the property satisfied by 6,,0,. =

Proof of Theorem 3. We relax the constraint associated to type 1 from (P?) , that is, we relax

the following inequality

0 0
ur + /0 21(0)Fo(0)d0 > us + /O w2 (0) 1 (0)d6 (40)

thus we end up with the same optimization problem that in the proof of Theorem 1: (Pj‘é).

We use Theorem 1 in Luenberger (1969, p. 220) to prove that the proposed solution actually
optimizes (P%). Then, we show that this solution is feasible for the original problem and, therefore,
optimal.

For easy of notation set 61 = 0, 02 = 02 and 03 = #1. With this notation our assumptions are:

there exists 01 < 65 < 3 such that
1. 612(91, 93) S mingggegg 612(03, 9)
2. maxg<p<gs C12(0,03) < C12(01,03)
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3. aq -612(91, 93) + 042622(02) =0.

Note that from this condition is immediate that él < @1 and 09 < @2. For easy of exposition we
assume 07 < 03 < 03, but the next argument still goes through if we don’t assume this.

Now, the Lagrangean for (P%) is

L(u,x, X\, w) =ui(w; — A — 1) +uz(A — ag + ws)

0 0
+ [0 [ AG) - AR @]+ [ 2a(6) - (a2 () + Aa(a)]dz,
0 0
consider the following multipliers
03 12
Fy(2)c*(z)dz
=y o ;o wr= At o, wr = A+ ag,
Jo Fo(z)dz

note that A\ and w; are trivially non-negative, and for we we have

wy > 0 ag + 042022(92) >0 622(92) > -1 [92 — h22(92)] > —h22(92) S0y >0,

where in the first if and only if we used condition (3). in our hypothesis. Thus when we optimize the

lagrangean we obtain

0 0

max L(x,u, A\, w) = max/ [alul(z)fl(z)fAFQ(z)} dz+ max/ |:O[2[L2(Z)f2(2)+>\F2(Z):| dz. (41)
(u,x)eQ 0<6<6 Jo 0<6<6 Jo

If we are able to show that £(x,u, A, w) evaluated at our candidate solution is an upper bound for the

RHS above we are done. Let’s begin with the second term, take any 0 < 6 < 6 then
0 0

/ " [oama(e1 () + ABs()] = | [oam(@1n(e) - aac02) Po(o)]

¢ _
_ /e 0 Fo(2)[¢2(2) — 2(6)| dz

< /9 asFy(2) [022(2) - 622(92)} dz

”
— [ 30 [aama(e) o) + AP
0

where in the first equality we used condition (3) and the inequality comes from the fact that ¢?2(-) is

non-decreasing. Now we look into the first term in equation (41), consider first 6 > 03

[ fem ) - ARz = [

03

0
() f1(2) = AEa(2)|d=

0
~ [ [omne) - ame)] s

< /0 6 |01y (2)1(2) = AFa(2) | d,
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where we have used the following

0 _ b5 Fy(2)ct2(2)dz fe Fy(2)c'?(2)dz
61 _ - 208
= /93 [alm(Z)fl(Z) - )‘F2(Z)}dz <0&ap- % hy(dz A< 7 )i

which thanks to condition (1) in our hypothesis is true. A similar argument holds for § < 3, but using
condition (2).
Since £(0,x*, A\, w) equals
03 B 0 0
[ fam @A) - )] d+ [

01 03

() a(e) - ARz + [

[ |oamae) () + ABy()

which by the definition of A simplifies to

[ oo - rBwla [

03 02

0
|2112(6) £2(8) + AF2(6) ] o,
we conclude that

max L(u,x, A\, w) < L£(0,x*, A, w),
(u,x)eN

as required.

In order to conclude the proof we need to verify the proposed solution is indeed feasible for the
original problem. That is, we need to verify it satisfies equation (40) (note the other (IC) constraint is
satisfied with equality), which is equivalent to

03 6 6
X / Fi(z)dz+ | Fi(z)dz > / Fi(2)dz,
01 03 02

or in a more compact form
03 7 03 7
Jo. Fo(z)d . Jo, Fi(z)dz
f:f’ Fy(2)dz f:f Fy(2)dz

In order to verify equation (42) consider condition (2) with 6 = 62, that gives us

(42)

9923 Fy(2)dz . 0623 Fy(2)c!2(2)dz
9913 Fy(2)dz 9913 Fy(2)c'2(2)dz

I

but thanks to (DHR) is not hard to check that

b5 Fy(2)ct2(2)dz . b5 Fy(2)dz

92 92
9913 Fy(2)c'2(2)dz 9913 Fi(2)dz

and, therefore, under our assumption equation (42) is verified. This concludes the proof. m
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B Proofs for section 4

Proof of Proposition 1. We make use of Theorem 2. Condition (NR) for the exponential distribution

is

{956—/\165 — fe—M0 }

96—>\16 o 986—)\103
o020 _ oAb { }

A0 _ oAb (43)

< min
0°<6

max
0<6°

Before we begin the proof we need some definitions and observations. Define the following functions

056—)\195 _ 06—)\19 96—>\19 _ 986—)\193
A A
g1(0) = o220 _ o—ab and gy (0) = o220 _ o—ab"
Note the following
. . (A0° — 1) _gsia,—a
i v (@)= I 91(0) =" e , ()
and
lim gy (0) = 6° - e 0" M122), (45)
6—o00
Finally note that
(M0° = 1) _ps(a—n0) —05(A\1—A2)
— <0 1mA2 6° < . 4
o © =ve TSN a (46)
Now, suppose condition (NR) holds and
1
6° 4
> Ny (47)
From equations (44),(45) and (46) we see that
gu(0°) = gr(6°) > lim gr(0),
0— 00
which implies
686—>\19s o 96—>\19 ) 06—)\19 o 956—)\195
]gé%)s({ e=A20" _ p—A2f } > gl%%{ e=A20 _ p—A20° } (48)

contradicting the fact that condition (NR) holds.
For the other direction, assume equation (3) holds. We first prove that for < 6° we have gr,(0) <
g,(0%), indeed

0867)\195 _ 967)\19

S ()\198 - 1) _ps _

gr(0) < g.(0°) = o < o e 9°(A\—A2)

= do- (07N — e M) > (e — e (A0 — 1) e )
0 . .

= 200" (1= e MO) — (1= 70 (g0 - 1) > 0,

so we just need to see that this las inequality holds for 8 < #°. For doing so define

DO (1RO (90 1),

H(O) 2 2" - (1 - o
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and note that H(#°) = 0 and
H(0) = Xab° + (€27 — 1) - (M10° — 1) > Xab° + XaB°(M\10° — 1) = Xo® - X1 0° > 0,

where the inequality comes from convexity of the exponential function and the fact that 6° > 1/A;.

Furthermore the derivative of H is given by

% = da(M0 — 1)e MO0 _ 2y (00° — 1)e 0=,

and it can be easily verified that for § < 6° we have dH/df < 0. This together to the facts that H(0) > 0
and H(0%) = 0 imply that g7,(6) < gr(0°) for all # < #°. Which in turn implies

max
0<6°

Gse~MO° _ ge—Mb A0O°—1 05 (n.
{ T30 b } o ! e,
e —e Ao

Now we prove that for § > 6° we have gy (0) > gy (6°). Note that if we prove this we are done because
this and what we have just proven imply condition (NR). As before we do

967)\19 _ 0567)\195
gu(0) 2 gu(0”) = — 5 — o 2

M0 = 1) _po(a-n0)
A2

= X0 — M) = (M5 — 1) - (720 — e M) TR

= Ag(6° — 9 M=) (105 —1) - (1 — e 200y >0,

note that the LHS of this last inequality is again the function H(-) but this time defined for § > 0°. We
have H(6°) = 0. It is easy to prove that for ° < 0 < 6 the function H (0) is increasing, and then for
0 > 0 is decreasing, where 6 > 6° and dH(0)/df = 0. Also,

lim H(0) = \0° — (\6° — 1) > 0,

f—o00

hence for § > 6° we have H () > 0 and, therefore, gi7(6) > gy (0°) for all 6 > 6%, as desired. m

Proof of Corollary 1. Recall that for any A, > Ay from Lemma 2 we have

1 1
- < 98 < —
AL T (ar) < Au’

and

therefore, for any oy, € [0, 1] equation (3) is satisfied. Then by Proposition 1 we conclude that the static

contract is optimal for any az € [0,1]. =
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Proof of Corollary 2. First we show 6°(-) is continuous from the right at zero. Let {a}} € [0, 1]
be any sequence such that

3 n
lim af =0,
n—o0

and suppose 0°(a}) does not converge to 6°(0) = 1/Ag. That is,
1
de > 0, Vng, In > ny, ]/\— —0°(a})| > €,
H

: EYoN 1
since 6°(a}) < 5 we have

1 1
| — —0%(al)| > e <= — —0°(al}) > e
)\H )\H

This in turn means that we can create a subsequence {O/L"} C {a}} such that

1
Vn, — —e> 98(042"). (49)
AH

But since 0°(a'") is a maximizer of R®(-) we must have
s(qftn s(tn 1 )\ L 1 _ 1

0§00l ) ) (1 — o)) O > afp LR 4 (1) e,

H

because A;, > Ay we can bound the LHS above to obtain

Note that the function fe~*#¢ has a unique maximum at 6 = 1/Ag and since HS(O/L") satisfies equation
(49), we can always find d(e) > 0 such that

1 - — € _ s n
(7 +5(€))e M (x5 +8(e)) N es(a%)e Ap 6% (ot ) Vn,
g

plugging this in equation (50) yields
1 (< 1 A, 1 L
(* +5(e))e MG S g — ¢ Mxg 4 (1= aln)—e M3, Wn,
AH AH AH
so taking the limit over n gives a contradiction. In conclusion we have proved that 6°(-) is continuous
from the right at zero. Now, to finalize the proof recall that we are assuming Az > 2Ag or in other

words
1 1

g ” AL — AH’
but since 6°(0) = 1/Ag and 6°(+) is continuous from the right we can always find a; € (0,1] such that

1 1
> 0(a) > ——
Am (cn) 2 AL — A’
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so thanks to Proposition 1, the dynamic contract is optimal when we set a;, > &71. Note that the same
arguments is valid for 1/\;. That is, we can show that 0°(«y) is continuos from the left at 1/A\;, and

then using the fact that
1 1

)\L_AH>E7

we can find @y € [@1, 1) such that
1 1
— >0 () > —,
AL — AH (@) 2 AL
hence in [a, 1] the static contract is optimal. All of this implies that since 6°(-) is a non-increasing
function we can always find & € (0,1) with the desired property. m

Proof of Corollary 3. Fix Ay and ap. Suppose the result is not true, that is,

- - 1
VAL > 2Xg, I > A, 0°(A\p) £ —7r—.
AL —Am
From this we can construct a sequence A} > 2\y such that
lim A} =o0 and 6#°(\}) < ! Vn e N
n—+00 L) = )\2 — )\H’ ’

therefore 6°(\}) converges to 0, and we have
RO(O° () = 0°(\3)e O (e G200 00 1,7} < 9°(xg)e 0D 52,
However, since #°(\}) maximizes R*(-) it must be the case that R*(1/Ay) < R*(0°(\})), that is,

L —xis L sy o psegs(yn
O[LEE H +QHE€ H < R (9 (AL))

Taking limit over n at both sides of the previous equation yields

1 -
ozHEe A3m <0,

a contradiction. m
Proof of Proposition 2. We need to find 61 = 6, 6 = 6 and 03 such that #; < 65 < 03 and

the following conditions are satisfied
1. 612(91, 93) § min93§9§g 612(03, 9)
2. maxo<g<p, C12(6,03) < C12(61,03)

3. aq -612(91, 93) + 042022(62) =0.
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And then we can apply Theorem 3.
First note that since the support of the exponential distribution is unbounded from above, we can

take 63 = oo which eliminates condition (1). Conditions (2) and (3) can be cast as
916_010\1_)‘2) Z 96_90\1_)‘2) Vo Z 0 and aq - )\2916_91()‘1_/\2) = —Q9 - ()\292 — 1), (51)

By optimizing the first term in (51) we obtain

1
o=
1 )\1_)\27

and then solving for 65 yields

1 a; et
O =——— .
)\2 a9 )\1 — /\2

What we need to check (and it is not obvious at a first glance) is that 6; < 5. First, we show

1 1
[e%1 (91 - )\71))\16—)\191 + 042(91 — 72))\26_&91 < 0. (52)

To prove this inequality notice that since 6° is the optimal static cutoff we have
10°¢ MY 100%™ > 010,670 4 b e 20 (53)
then

1 1
051(01 — )\71))\16—>\191 + 042(91 — )T2))\26_>‘201 = 05191()\1 — )\2)6_>\191 + 01191)\26_)\191 + 04291)\26_)\291

_ 0416_)‘191 _ OQG—)Q@l

= aje M0 4 )\2(041916_)\191 + 042016_)\291) — ape M0

— 0426_>\201

(a) s s
< )\2(0{1086_>\19 + e 20 ) — e 20

(b) Y s g
< Aa(a1f%e MO 4 pfseA20 ) — age 20

S S 1
= )\2&1986_)\10 + )\20[26_/\20 (98 — )\7)
2
(i) s _—\6° —\10°%/ps 1
= )\20419 e — )\10416 (9 — )\7)
1

::ale—Aﬁs(-HSQxl—-A2)4-1)

d
9,
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where (a) comes from equation (53), (b) is true because the function —e~*2? increasing and 6; < 6,

(c) comes from equation (2). And (d) comes from 6; < #°. With this we have proven (52) and thus

1
/\10&2 . (92 — 7) ; —)\1051 . 016

—~
N

—01(A1—A2)

A2
- _ L PGV 1 g u-n)
= -\ (91 )\1>e A\ )\16
b 1
(>) ag (0 — )\—2))\2 — Q- e~ 01(Mi—A2)
© L2 e, L
= an (b1 /\2))\2—1- 7, (0 )\2),

where in (a) and (c) we used the definition of #3, and in (b) we used equation (52). From this we have

that

1 (6] 1
(92 — );) . ()\1052 — E) > 042(91 — 72))\2,

but replacing 61 with 1/(A; — A2) in this last expression we get 65 > 6.
Finally, following the result in Theorem 3 for x we have

Jo Fa(@)hP (w)dw =Pt e ( A [ 1 a et 1 D
= e f— X - — _ .
7 fo(w)h?2 () da N I Vv W VS W

- ef)\ggl

20
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