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by
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1. 1Introductien

In this paper we continue the investigation of the Nash Equilibria of
market games, begun in [3]. Our aim here is to show that if traders' utili-
ties are C° then for "almost all" market games the set of Nash Equilibria
is finite. Needless to say we take our cue from the analogous results ob-
tained for the Walras Equilibria of markets by Debreu [2] and Smale [5].
However, despite our focus on market games, we can cull out of our proof
a finiteness result for various classes of noncooperative games which need

have nothing to dowithmarkets. This will be amplified in Remark 4 in Section 4.

2. The Market Game

For concreteness we will focus our attention on the "sell-all model"”

of a trading game in strategic form ([3], [4], [7]).

T

For any integer r , let I1I_={1, 2, ..., r} , and let 02 be

r

the nonnegative orthant of the Euclidean space of dimension r . Let In

be the set of traders and Ik+1 the set of commodities in which they trade.
k+1

. c ik i
Each trader i ¢ In is characterized by an initial endowment a e D

i k+1 i,
and a utility function ut 9] + R . (Here aj is the quantity of

*Discussions with Professors S. Kakutani, Y. Kannai and R. H. Szczarba have
been very helpful in the writing of this paper. The research reported here
was supported by NSF Grant No. S0C77-27435, and ONR Grant No. NOOOl14-77 €0518.



commodity 3j held by trader i .) We assume that ai >0 for all 1 ¢ In
To recast the market as a game in strategic form, we single out the

(k+l)St commodity as a money. There are k trading posts, one for each

of the other commodities. Traders are required to put up all of their first

¥ commodities for sale in these trading posts, and use their endowment of

commodity money for bidding on them. The strategy set Si of trader i

consists of bids on the k trading posts, but he is constrained to bid

ithi ai :
w in K+l C

n i k

Given a choice of strategies (bl, ceesy D), b e st s prices p(b) £ @
are formed in the trading posts and the markets cleared, with the final

bundle xl(b) accruing te i , according to the rules:

b )
p.(b) = %4‘ (wvhere b, = z b s, etc.)
J h| iel ]
n
r .
pi
—d- if p.(b) >0
£ o) pj(b) 3
x,(b) = <
]
0 if .(b) =0
§ i PJ( )
for j =1, ..., k; and
1 1 ‘z‘ i Iz‘ i
x (b) = a - b, + p.{b)a’ .
k+l S R A

(We may interpret x?(b) =0 to be a confiscation of goods in the absence



of any bid.) A Nash Equilibrium (N.E.) of this game is a choice of stra-

tegies (Bl, ceny 1530) R bt e Si » such that for all i ¢ In s

wPaTE > utad@etyy , bt oe st

~

where (S[bl) is the same as b but with Bl replaced by bl

3. Finiteness of Nash Equilibria

Let U denote the linear space of all 02 functions from Qk+l
to R, endowed with the Whitney topology (see [6] for definition).
And let Qi denote the strictly positive orthant of
Rk , 1.e., Qi = {x ¢ Qk : x> 0} . In our analysis, the initial money

n

1 . .
ak+1, ceey ak+1 , will--for convenience (see

endowments of the traders ,
Remark 1)--be held fixed, and their utilities and other endowments will
vary. Thus we may think of a rorket game as given by a point

z = (al, vy an, ul, vy un) £ (Qi)n X (U)n = Z . The set of all the
N.E. of this game we will denote by n(z) . We are now ready to state our

result.

Theorem. There exists a dense and open subset Y of 2Z such that, for

any z €Y , n(z) is finite.

Proof. It will help to first break up n(z) into certain subsets. Consider
mappings a : In X Ik + {0,1} , and denote the set of all such mappings
by A . We will interpret a(i,j) =1 (= 0) to mean that--at the N.E.

in question-~trader 1 bids positively (zerc) on the jth trading post,

and partition n{z) by all choices of a ¢ A . Let I(x) = {1i ¢ 1n pa(i,i) =1

for some j ¢ Ik} , and for TC I(a) define



1 r
n(z,a,T) = {(b", ..., b)) ¢ niz) : b; >0 if, and only if,
i

a1 if, and

a(1,7) =1 ; and ] bl =
jeIk J

only if, i ¢ T}

Then clearly {n(z,a,T) : @ ¢ A, T< I(a)} vyields a partition of n(z)
Now fix an a e A, a#0, anda TCI(a) . (Here T may be the empty

set.}) For each 1 ¢ I(a) define Si(a,T) as follows:

if 1eT,

Si(a,T) = {bi 3 Qk : b; >0 if, and only if, a(i,j) =1 ;
i_ 4 .
) by = 8yt s
JsIk

if 1 e I(a\T,

Si(a,T) = {b* ¢ Qk : b; >0 1if, and only 1f, oa(i,j) =1 ;
i i
.EI By < 2!
jel,
Let $(a,T) = >< Sl(a,T) . Denote Z a(i,j) by E; s o, by
iela) jel, iel(a) *
a , and |T| by t . Observe that the dimension of Si(a,T) =a -t

Consider R® with {ts axes indexed by "admissible" pairs (i,j) ,
i.e. those for which «(1,j) =1 . For any v ¢ R® s v; will be its

(i,j)th component. We construct a tapping ¢(z,a,T) : S(a,T) = R® . Take

any b in S(«,T) . View it as an element of § = >< st by putting
iel
n

bi =0 for 1ic¢ I;\I(a) . Then define—-for an admissible (i,j) --



- i

1,1 a, i, i a,

s (z,a,m) (b) = DUGE®)) P aut )i
’ sxt b, NS Y
3 J k+1 |

i i \
where the u” and a  are, of course, according to z .

Now suppose b e n(z,a,T} . Then obviously b ¢ §(a,T)
more a moment's reflection reveals that we must have, with

I(i,a) = {3 ¢ I, :ali,g) >0},

i

Y5

(z,0,T)(b) = ¢1(z,a,T) (b)

for all j and ¢ din I(i,a) , and i e T ; and also

¢-j(z,a,T) () = 0

for all j e I{i,a}) and {1 ¢ 1(a)\T .

Hence if we consider A(a,T)c:Ra given by

i

»

Further-

2(a,T) = {y ¢ R : y; =y, if 1T, jeI(ia),

L e 1{i,a) ; y§ = 0 otherwise} ,

we get n{z,a,T) CZ(¢—1(z,a,T))(a(u,T))C: S(x,T) . But now note:

(1) the mapping z -+ ¢(z,a,T) is a C' representation (see [1]

for definition).

(2) 4(x,T) 1is a submanifold of R® of codimension o - t .

(3) S$(a,T) 4is a manifold of dimension a - t .

(4) The evaluation map

e 1 2 x S(,T) ~» R®



glven by

eq,(z,b) = (¢(z,a,T)) (b)

is transversal to A{(a,T) . (See [1] for definition of trans-
versal,)
(1), (2) and (3) are clear. We will check (4) below.

By Thom's Transversal Density Theory (see [1]) there is a dense and
open set Z{a,T) of 2 such that for any z ¢ Z(a,T) , ¢(z,a,T) 1is trans-
versal to A(e,T) . This implies that (¢_l(z,a,T))(A(a,T)) has codimen-
sion a - t » 1.e. dimension 0 . Consequently it is a discrete set and,
being bounded, must consist of a finite number of points. A fortiori
n{z,a,T) dis finite for 2z ¢ Z(o,T) . Disregarding the unique N.E. with

all bids equal to zero, we have
n(z) = U{n(z,a,T) : 0 e A, ¢« # 0, TC I(a)}

Therefore if z ¢ Y = N{Z(a,T) : a c A, a #0, TC I(a)} ,
n(z) 1is finite. But Y , being a finite intersection of dense open sets
in 2, 1is itself dense and open in 2 .

To complete the proof we need to check (4). Take any (z,b) ¢ Z x S(a,T)

(z,b) =we R . Let v be an arbitrary vector in RY .

¢
First we will show that there is a smooth path {(zt, bt)}1=0 in

and suppose e

Z x 5{a,T) such that:



Letting =z = (al, vaes an, ul, .y un) define (zt, bt) by:

where

i— —
b LItX,
/aj) xJ

i i k
ut(x) = u(x) + Z (vj 3

=1

for x ¢ Qk+l .

Then

i_ i i
[e¢(zt, bt)]_] = ¢j(z,0’sT) + tvj
and thus the path constructed has the requisite properties.

To complete the check of (4) we must prove that for any (z,b) £ 2 x S(A,T)
and w A (3,T) such that e (z,b) = w , the inverse image

(T(z,b)eﬁ)-l (?WKSQQ,TU splits. But this is obvious from the finite-

dimensionality of R~

Q.E.D.



4, Remarks and Extensions

(1) The requirement that the money endowment be positive is easily
waived. Indeed suppose Z = (Qi+1)n x (D" . Now the domain 5(,T) of
the mapping ¢(z,a,T) depends upon z ¢ Z . However define é(u,T) exactly
like S(a2,T) but with ai+1 put equal to 1 for all i £ T ., Note that
5(a,T) 1is diffeomorphic to §(u,T) in the obvious way. Via this diffeo-
morphism we can consider each ¢(z,a:T) to be defined on 8(a,T) , which
is invariant of z , and go through the same proof with straightforward
changes.

(2) Also we could have kept the endowments (or utilities) fixed with
zZ = (I.I)rl (or Z = (ij"l)n ) and clearly arrived at a similar finiteness
result,

(3) The existence of N.E. for such market games has been explored

in [3], [7]. For instance let

U' ={ueU: Du> 0}

. k+1, 0 . '
and Z' = (Q+ } x (U')" . Then we know that for any 2z ¢ 2' , n(z) # ¢ .
But Z' is an open set in Z . Hence our theorem enables us to say that

there is a dense and open subset Y' of Z' (to wit: Y N Z' ) such
that for any z ¢ Y' , n(z) is nonempty and finite. Of course bigger
open sets than Z' exist which guarantee existence of N.E. (see [3], {71).
We took Z' only for ease of description.

(4) From our proof we can extract a finiteness result for Nash Equi-

1 n

libria of noncooperative games in general. Let S, ..., S be the strategy

sets of the players in In . Assume that each Si is a bounded subset of

k
R 1 for some integer ki and that it is "smoothly triangulable" with each

of the simplices diffeomorphic to the standard simplex. Denote by 1 the



set of all 02 functions from )( Si to the reals. For each
iel
n

1
= {1, .., nn) E (H)n consider the noncooperative game which has 1

i
as the payoff function of player i . Let n(r) be the set of all its
N.E. Then imitating our proof—and indeed with more ease--we can show

that there exists a dense and open subset T' of 1 such that n{n) is

finite whenever 7 e II' . 1In fact there is no real need to even keep the

1
Si fixed. Let M be a C -manifold (for {1 ¢ In } and suppose that the
strategy sets Si(m) vary with m ¢ Mi .  Suppose however that (a) each
k
Si(m) is diffeomorphic to some smoothly triangulable set SiC: R 1 (as
k.
before) via di(m) : Si - Si(m) » (b) the mapping V : Si X Mi +R T given
by ¥(s,m) = (dl(m))(s) is C1 . Let the space of games be W = ()( Mi) x (M?,
icIn
2 k1+...+kn
where I now consists of C functions defined on R . Again,

by imitating our proof we can exhibit a dense and open set W' in W for
which the Nash Equilibria are finite.

(5) A related result has been obtained by Harsanyi [5] and Wilson [8].
However, they dealt with "finite" games in which the "pure strategy sets"
of the players are finite. Where finiteness (only) of the NE is concerned
our method yields a simpli:ication of their proof. On the other hand, it is
very likely that oddness of the NE can be proved in our context as well, but
it would require & more delicate analysis.

(6) Finiteness of the NE can be established even tor non-atomic
market games (see {4] for a detailed description oi these) under appropriate

differentiability assumptions.



[1]

(2]

[3]

[4]

[5]

[6]

[7]

[8]

10

REFERENCES

Abraham, R., and J. Robbin, 1967. Transversal Mappings and Flows
(W. A. Benjamin, New York,

Debreu, G., 1970. "Economies with a Finite Set of Equilibria,"
Econometrica, 38, pp. 387-392.

a Continuum of Traders,

Dubey, P., 1977. "Nash Equilibria of Market Games: I. Existence
and Convergence," Cowles Foundation Discussion Paper No. 475.

and L. 5. Shapley, 1977. '"Non-cooperative Exchange with
" Rand Report P-5964, forthcoming in Econometrica.

Harsanyi, J., 1973. "Address of the Number of Equilibrium Points:
A New Proof," International Journal of Game Theorv. Vol. 2, Issue &,
pp. 235-250.

Smale, S., 1974, '"Global Analysis and Economics IIA, Extension of
a Theorem of Debreu,” Journal of Mathematical Economics, 1, pp. 1-14.

Shapley, L. S. and M. Shubik, 1977, '"Trade Using One Commodity as
a Means of Payment," Journal of Political Economy, 85, pp. 937-968.

Wilson, R., 1971. "Computing Equilibria in N-person Games,' SIAM
Journal of Applied Mathematics, 21, pp. 80-87.




