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Limit theory is provided for a wide class of covariance functionals of
a nonstationary process and stationary time series. The results are relevant
to estimation and inference in nonlinear nonstationary regressions that in-
volve unit root, local unit root or fractional processes and they include both
parametric and nonparametric regressions. Self normalized versions of these
statistics are considered that are useful in inference. Numerical evidence re-
veals a strong bimodality in the finite sample distributions that persists for
very large sample sizes although the limit theory is Gaussian. New self nor-
malized versions are introduced that deliver improved approximations.

1. Introduction. Parametric and nonparametric regressions with nonstationary data
have attracted considerable recent attention in statistical theory because of the prevalence
of nonstationary time series in applied work across many different fields and the need for
asymptotic theory to support methods of estimation and inference in the presence of non-
stationarity. Much of this work has focussed on cointegrating regression where linkages be-
tween nonstationary processes and stationary innovations play an integral role in the notion
of cointegration and its various extensions to fractional processes involving long memory
time series. The literature in this area is now voluminous, as discussed in the recent work of
Dufty and Kasparis (2021)[9] in this journal. In almost all of this literature a key role in the
asymptotic development is played by sample covariance functionals that involve nonstation-
ary processes and stationary time series. These functionals take similar but subtly different
forms in parametric and nonparametric regressions that in both cases are critical in deter-
mining the limit theory needed for estimation, inference and specification testing in such
regressions. The goal of the present paper is to accommodate these two forms in a general
limit theory and analyze self normalized versions of the statistics that are useful in inference.

The formulation employed is as follows. Suppose an observable time series x; is a scalar
nonstationary process, either integrated I(1), near I(1), or a similar time series with frac-
tional process innovations, as detailed in what follows, and wy, = (w1, ..., wqg) is a sequence
of stationary random vectors. The paper is concerned with sample quantities .S;, of x; and
wy, defined by sample sums of nonlinear functions of x; and wy, that take the general form

S =Y flar/hywy),
k=1

where h = h,, > 0 is a sequence of positive constants indexed by the sample size n and
f(z,y) is a real function on R'*¢. The partial sum S, is a scalar nonlinear functional of
multivariate arguments that involve both stationary and nonstationary processes. Such func-
tionals play a dominant role in the development of the theory of estimation and inference in
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nonlinear cointegrating regression, where the regressor is usually a nonstationary time series,
including those with autoregressive unit roots and local unit root properties. In such regres-
sion contexts, a prominent example of S, has the form of a sample covariance function that
involves both the nonstationary regressor and the equation innovations. In this case, two co-
variance functions are most typical, one of the form Sy,, = 22:1 fxg, wok, ..., wag )wig and
the other of the form Sy, = > ;_; f(x)/h)wi), where an auxiliary sequence h = h,, may be
present that depends on the sample size, as in nonparametric kernel regression.

As is now well known in the literature (see, for instance, Park and Phillips (2001)[18],
Wang and Phillips (2009a[24], 2009b[25]), Chan and Wang (2015)[5], Dong and Linton
(2018)[6], Duffy (2020)[8], Hu, et al. (2021)[13], and the many references therein), covari-
ance expressions such as S7, occur in nonlinear parametric cointegrating regression and
expressions such as S, with the auxiliary sequence h arise naturally in Nadaraya-Watson
estimation where f(x) is a kernel function and h — 0 is a bandwidth used in the nonpara-
metric regression.

The limit behavior of Sy, depends on the value of the integral [ g (s) ds, where g(z) =
E f(z,w1). When [*_g(s)ds # 0, it was shown in Wang, Phillips and Kasparis (2021)[28]
that upon suitable normalization S,, satisfies

o

a1 dn g %D/ g(x)dz Lg(1,0),

nh oo
provided d,,/nh — 0 and d,,/h — oo, with d2 = var(z,) and where Lg(t,s) is the local
time of a stochastic process G(t) at the spatial point s, as defined in the following section.
Result (1.1) was established in quite general settings, generalizing and improving previous
related work on convergence to local time given by Akonom (1993)[1], Borodin and Ibrag-
imov (1995)[4], Phillips and Park (1998)[21], Jeganathan (2004)[14], Wang and Phillips
(2009a[24], 2016[27]) and Duffy (2016)[7]. This fundamental limit result enabled the in-
vestigation of asymptotic theory for latent variable nonparametric cointegrating regression in
which some variables were observed with measurement error.

The present work is concerned with developing a limit theory for the sample function S,
in the case where [ _OOOO g (s)ds =0, commonly known as the zero-energy case. Towards this
end in some specialized cases such as f(x,y) = m(z) or f(x,y) = m(x)y, where m(z) is
bounded and integrable, the asymptotic behaviour of .S,, is known and has been considered
in Wang and Phillips (2009b[25], 2011[26]), with the attendant requirement that / — 0, and
in an unpublished manuscript by Jeganathan (2008)[15] (with h = 1). This paper provides a
unified extension of these existing results that encompasses the two cases where h = 1 and
h — 0, together with the setting of general functionals f(z,y) rather than the specialized
forms f(x,y) =m(x)y or m(z).

It should be mentioned that the zero energy case where ffooo g(s)ds = 0 [recall that
g(x) =Ef(xz,w;)] arises naturally in regression applications. For instance, in nonparamet-
ric cointegrating regression, the development of a limit theory for normalized versions of
functionals such as the sample covariance .So,, is vital for both estimation and inference.
Thus, when xj, is an I(1) regressor and wyy is an error process, use of the natural cen-
tralizing condition Ewy; = 0 in turn implies that [%_g(s)ds = [ f(x)dzEwi; = 0.
Such situations arise even in complex settings where endogeneity is present - see Wang and
Phillips (2009b[25], 2011[26], 2016[27]) for details and econometric applications. Similarly,
in regression with nonstationary nonlinear heteroskedasticity when nonstationary volatility
is present in the errors [with u; = f(z,w;), say], the zero energy condition ffooo g(s)ds=0
where g(z) = Ef(x,w) is usually required for the development of an asymptotic theory. In
this case, the use of general functionals such as f(x,y) in the sample covariance limit theory
enables a full representation of nonstationary nonlinear volatility in the regression errors.
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The paper is organized as follows. Section 2 provides the main limit theory for nonlinear
functionals of non-stationary time series and a series of remarks that analyze the findings and
connect to later discussion. Section 3 provides numerical evidence which reveals an intrigu-
ing bimodality for self-normalized statistics that arises in finite samples and that can persist in
extremely large samples even though the limit theory is Gaussian. Section 4 discusses these
findings, explains the slow convergence, and shows how bimodal limit theory does arise in
the presence nonstationary long memory innovations. Alternative self-normalized statistics
are considered that substantially improve finite sample performance. Concluding remarks are
in Section 5. Proofs of the main results are given in Section 6 and supporting propositions
and lemmas that play key roles in proving the main results are in Section 7. Proofs of the
lemmas are in the Appendix.

Throughout the paper = denotes weak convergence of probability measures with respect
to the uniform topology (see, for instance, Billingsley (1968)[2]) and — p is distributional
convergence in Euclidean space. For a vector A = (A, .., Ag), we define ||A|| = |A1| + ... +
| A4|. Constants are represented by C,C1, Co, ..., which may differ in different locations.

2. Main Results.

2.1. Assumptions and Preliminaries. Let \; = (¢;,¢;), i € Z be a sequence of iid ran-
dom vectors with E||\g||? < oc. Let &, = >0 ®j€k—;j be a linear process where the coeffi-
cients ¢, k > 0, satisfy ¢y # 0 and one of the following conditions:

LM: ¢y ~ k™ p(k),1/2 < u <1 and p(k) is a function slowly varying at co;
SM: 307 [dk] <ooand ¢ =307 ¢, # .

The following assumptions are made about the components of S, = >"}'_; f (zx/h, wy) for
the development of the asymptotic theory in our main results.

Al () xr = pnxp_1 + &, Where 29 =0, pp =1 —~yn~! for some constant ~ > 0;
(i) Ee; =0and [~ |Ee* |dt < oo .

A2 (a) wi = (wig,...,wak), where w;, = L'i(Ag, ..., \g—m,) for some fixed mo > 0 and
Ii(.),i=1,2,...,d, are real measurable functions of their respective components;
(b) E|[Jwy|[m@{245} < 00, where 3 is given in A3(I) below.

A3 (I) A bounded function 7'(x) exists such that, for some /3 > 0,

o0

|f(z,y)| <T(z)(1+lyl|”) and / (1+ [2)T (z)dz < oo;
an [ g(x)dx =0, where g(z) =E f(z,w1);
am [ E | f (@, w1)|dx < oo, where f(x,y) = [ et f(t,y)dt.

e
—0o0

Assumption A1(i) accommodates near integrated time series x that are derived from ei-
ther short memory (under SM) or long memory (under LM) innovations, thereby covering
a large class of nonstationary time series. The extra distributional assumption A1(ii) is a
smoothness condition requiring integrability of the characteristic function Ee’*! that is of-
ten useful in establishing convergence to a local time process. The condition can be relaxed
to lim supy,|_, o, [t|*Ee’| < oo for some a > 0, but is generally difficult to eliminate com-
pletely in the development of limit theory for nonlinear cointegrating regression. The zero
initialization o = 0 is assumed for convenience to avoid notational clutter and can be con-
siderably relaxed, as is well known from earlier research. In particular, all the main results still
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hold if instead z¢ = op(d,), where d2 = var(Y_}_, & ). It is also well-known (see Wang,
Lin and Gulati (2003)[23], for instance) that

B2 o Ee2 4 n3721 p?(n), under LM,
n €0 & n, under SM,

and x| /dy, = Z; on D|0, 1], where ¢, = m Jo© @ (x4 1) *dx and
t
Zy=W(t)+~ / e W (s)ds, t>0
0

_ [ B3jo_,(t), under LM,
wit) = {Bl/g(t), under SM,

and By (t)} is fractional Brownian motion with Hurst exponent / and B /5(t) is standard
Brownian motion. In this event, Z; is a fractional Ornstein-Uhlenbeck process, having a
continuous local time process which we denote by Lz(t,z). As in Geman and Horowitz
(1980)[12], the local time process Lz (¢, x) is defined as

t
2.1 Ly(t,x) = lim % /0 I(|Z, — | < €)dr.
These notations will be used subsequently without further explanation.

Assumption A2 ensures that wy, k > 1, is a sequence of stationary random vectors. No re-
striction is imposed on the relationship between ¢ and ey, of A\, = (e, ex)’, which enables the
results established here to be widely applicable in nonlinear cointegrating regression models
with endogeneity. The extension of A2 to include linear process formulations is possible if
f(z,y) has certain structure. We refer to Corollary 2.1 for further details on this extension.

Finally, Assumption A3 provides conditions on the function f(x,y). These, together with
A2(b), ensure that,

(2.2) / [Ef?(z,w1) + Ef*(z,w)]dz < CE [Jwy | |max{245} / T(x)dx < oo,
the Fourier transform £ (¢,) = [ € f(x,y)dx is well defined, sup, g(z) < oo, [ |g(z)|dz <
JE|f(z,wi)|dz < oo, and [%_(1+ |&])E|f(z,w1)|dz < co. Furthermore, it follows from
Ef(0,w;) = 7 E f(2,wy)dx = 0 that

o0

23) Ef (¢, w1)| g/ (¢ — 1)Ef(z,w1)| do < Cmin{L,]¢]}.

—00
On the other hand, using the inverse Fourier transformation, A3(III) ensures the representa-
tion of f(z,wy), almost surely,

(2.4) fx,wy) = 1 /00 e~ f(t, wy)dt.

27 J_ o

These properties will be used in the main results that follow without further reference.
2.2. Asymptotic theory. Our main result is as follows.

THEOREM 2.1.  Suppose Al — A3 hold. For any h = h,, — 0 satisfying nh/d, — oo, we
have
[nt] [nt]
d, dp\1/2
> P (/hown)s (5237 f (/b))
=1 k=1

nh
k=

(2.5) = (72 Ly(t,0), TNLY?(t,0)),
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on Dg:(0,1], where 7% = ffooo E f2(s,w1)ds, and N is a standard normal variate indepen-
dent of Lz (t,0) for 0 <t <1.

Ifin addition -y = 0, where 7 is used in A1 (i), and [~ E{ | f (£, w0) (1+]|wr||?) }dt < 0o
forany r >0, then

[nt] a0\ /2 [nt]
Z 2 (wn,wr), (;) Zf(iﬁk,wk))
k=1

(2.6) = (72 Lz(t,0), n NLJ*(t,0)),
on Dg:[0,1] (recall Zy =W (t) when v =0), where 78 = Go + 23 >0 | G, with
1 £ —iST,
Gr—%/ E{fswo f(s,wy)e }ds
@) — [ E{s @)y + w0}y

REMARK 2.1. Different constants T and T, appear in the second components of results
(2.5) and (2.6). In fact, as h — 0, we have

%Z Z E{ f(xx/h,wi) f(zhy /P wiyj) } = o(1),

k=1j=k+1
(see the proof of (7.2) in Proposition 7.3); but when h =1 and v =0

dp &
(2.8) ; zf(xkawk)f(xk+j>wk+j) —D GJLZ(1¢O)7

for any j > 1 (see (7.5) of Proposition 7.4). These facts indicate that the influence of cross
product terms such as f(xy/h, wg) f (24 /h, Wit ;) on the variance of(g )1/2 > ore ntJ (z/h, wy)
is eliminated as h — 0, but this is not the case when h = 1. In consequence, dlﬁ‘erent con-

stants appear in the two results (2.5) and (2.6). In addition to (2.6), the following joint
convergence holds in which, for any q > 0,

[nt] [nt]

( Zf2 Tk, W), Zf Tk, k) f(Thp1, Whi1), ooy

d [nt] a0\ /2 [nt]
;n Zf(xkywk)f(xk+q7wk+q)7 <n> Zf(xk,wk)>
=1

k=1 n
2.9) = (72Lz(t,0), G1 Lz(1,0), ..., Gy Lz(t,0), 1 NL/*(t,0)),

on Dpa+1[0,1]. The proof of (2.9) involves only minor additions to that of (2.6) and the details
are omitted.

REMARK 2.2. In special cases where f(z,y) = K(x)y (with K(z) bounded and in-
tegrable) and f(z,y) = K(x) ( with [ K(z)dx =0 and K (x) bounded and integrable), a
similar result to (2.5) has been considered in Wang and Phillips (2009b)[25] and Wang and
Phillips (2011)[26], respectively, and a similar result to (2.6) can be found in Jeganathan
(2008)[15]. Theorem 2.1 provides a unified generalization of these existing results to func-
tional limit theorems. Our proof makes use of the methodology initially developed in Wang
and Phillips (2009b)[25], which seems simpler than that used in Jeganathan (2008)[15].
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REMARK 2.3. The quantity mq given in A2 (a) is set to be a fixed constant, but it can
be chosen as large as required in applications. Further, careful examination the proof re-
veals that the result continues to hold when mg = m,, — oo provided the expansion rate is
slow enough. Moreover, when f(x,y) = K(x)y, the stationary component wy, in Theorem
2.1 can be extended to include linear processes and endogeneity, as the following corollary
shows, thereby covering regression models with errors u; and regressors x; that allow for
endogeneity.

COROLLARY 2.1. In addition to A1, suppose that

(a) K(x)isa bounded continuous function satisfying [ K (x)dz < oo and [ |K (2)]dzx < oo,
where K femSK s)ds;
(b) up = ZFO Vi Ak—j, where EXy =0, E||\1||* < oo and the coefficient vector 1y, =

(Y1, Vo) satisfies Y o o k(|th1g| + [thar|) < 0o and Y77 i # 0.

For any h = h,, — 0 satisfying nh/d,, — oo, we have

(% éKQ (:Uk/h)u%, <Z2> v éK(ﬂﬁk/h) Uk:)

(2.10) —p (F2Lz(1,0), #NL/*(1,0)),

where 7% = [ K?(s)dsEui and N is a standard normal variate independent of L z(1,0).
If h =1 and in addition v = 0, where y is used in A1 (i), then

d, & d, d \'"?*&

@.11) —p (FLz(1,0), 7 L4(1,0), ﬁNLW(Lm),

where, for some M = M,, — oo,

‘ n—j
(2.12) jn_ZKz ap)up + 2 Ze( > > K (wk) K (k) g,
k=1

takes the form of a heteroskedastic and autocorreltation consistent (HAC) estimator in which

144 ﬁ) is a lag kernel weight function such as the Bartlett triangular kernel {(5; L)y=1- m

and where 72 = G + 232 | G, with

- 1 [ . i o0
r=o- |K (s))]”E {uo up e """ }ds = / K(y)E {uou, K(y + z,) }dy.
T J— —00
REMARK 2.4. Result (2.10) coincides with (7.4) of Proposition 7.1 in Wang and Phillips

(2016)[27] but with less restrictions on h (the requirement hlogn — 0 used there is removed
here), indicating the following self-normalized result: as h — 0 and nh/d,, — oo,

. > k=1 (mk/h)“k
ST K2

In view of the standard normal asymptotics this result is convenient and useful for purposes
of estimation and inference in nonparametric regression models involving nonstationary time
series and kernel estimation with a shrinking bandwidth parameter h — 0. Result (2.11)
with fixed h = 1 is similar to that of Theorem 5 in Jeganathan (2008)[15]. In this case, a

(2.13) —pN(0,1).
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suitable self-normalized version of the sample covariance statistic can be constructed from
the elements of (2.11) and (2.12) as

(2.14) JE(1) = I/QZK ax) ur, —p N(0,1),
k=1

which again has standard normal asymptotics making the formulation convenient in applica-
tions that involve nonlinear parametric regressions with nonstationary time series. We men-
tion that, the result that J;2 — p 72 L z(1,0) holds for any continuous function {(x) satisfying
£(0) = 1, although we assume here that {( M)ls a lag kernel weight function to ensure the
positivity of Jy, in finite samples. Furthermore, we only prove (2.11) for some M, — co. The
result should be true for all M,, <n and M, — occ. In fact, when l(x) = 1, the latter claim
can be established by using (7.3) in Proposition 7.3. But the proof for a general continuous
function {(x) will involve complex calculations and the details are omitted.

REMARK 2.5. While these naturally constructed self-normalized statistics have elegant
Gaussian limit results, numerical work (reported below in Section 3) reveals that neither
(2.13) nor (2.14) perform well in finite sample simulations. In particular, when x; is gen-
erated with long memory innovations in & and the memory parameter is large (i close to
0.5), bimodality appears in the finite sample densities even when the sample size is as large
as n = 5,000. Such bimodality is known to arise with self-normalized statistics and t ra-
tios in other contexts, especially in the presence of heavy tailed data where individual large
draws can dominate both the numerator and the denominator in the ratio (see Logan et al
(1972)[16] and Fiorio et al (2010)[10]). The explanation of the phenomena in the present
setting is unrelated to heavy tails but is instead related to strong dependence in the data.
Heuristically, strong memory when p is close to 0.5 ensures that the weight function K (xy,)
is generally so small that only a limited number of terms dominate the numerator and denom-
inator summations y ., K(J:k)uk and Y}, K? (xk)ui (see Fig. 4 for illustrative trajec-
tories), thereby inducing bimodality in the finite sample densities of 7, (1) around the modes
+1. To control this behavior, a modification of (2.14) such as the following

(2.15) TE(1) = fn_”z ZK(mk) ur —p N(0,1),

k=1

might be considered where 7, in (2.12) is replaced by

n ‘ n—j
(2.16) jn: 8% ZKQ T +22€< > ZK xk)K(xkﬂ)ukukﬂ,

k=1 =1

for some consistent estimator G2 of 0® = Eu} and with M = M, — oo as n — o0.
The advantage of J, is that the use of G- S K 2 (xk) in the first term, rather than
S K 2 (;Uz) ui, attenuates the bimodality induced by the numerator and denominator sum-
mations Y ._; K (;Uk)uk andy ;| K 2 (xk)uz discussed above and in the heuristic analysis
of (3.4) below. However, the estimate Jy,, in (2.16) is not necessarily positive. For instance,
in 40,000 replications when n = 100 around 15 cases of negative values occur with d = 0.1,
rising to 60 cases with d = 0.55. To address this difficulty the following adjustment to (2.16)
is employed

. n—j
QA7) T =02 ZK2 Tk +2Z£< ) > K (wk) K (@) tk s,
k=1
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where
(2.18) M*:= M x 1(TJp, > 0) + M* x 1(Tp < 0)1(Tpnps- > 0),

in which the truncation lag number M is reduced by one lag at a time when ‘,77; < 0 to the
first value M™ for which Jnpr- > 0. In 50,000 replications with n=100 and n=1,000 the
modification (2.17), with the simple rule (2.18), was found to work well. Using Ty~ in
place of T, leads to the same standard normal asymptotics as (2.15) for the statistic

—~ ——1/2
(2.19) Tn(1) = Tnpre YK (k) we —p N(0,1),

k=1

provided M* — co as n — oo. Simulation results for the statistic j,;(l) are shown in Fig.
3 in the following numerical section and confirm that the statistic removes bimodality in
finite samples and has distributions considerably closer to the standard normal limit than the
statistic J (1) in (2.14) for various values of the long memory parameter d and samples as
small as n = 100.

Similarly, we may use the following result instead of (2.13): as h — 0 and nh/d,, — oo,

(2.20) T(h) = Dot K (wn/h) uy,
V52 Sy K2 (a4/h)

The proofs of (2.15) and (2.20) follow easily from (2.14), (2.13) and the following fact by
using (4.8) of Wang, et al (2021)[28] [see also (7.42) in the proof of Proposition 7.4 with

f(z,y) = K(2)y]: for any h >0,

—D N(O,l).

dp &
(2.21) %ZKz(xk/h)(Eu% —u?) =op(1).
k=1

The details are omitted.

REMARK 2.6. It is of some interest to investigate the asymptotics of % ;. f (:ck/h, wk)
when h — oo. In this case, it seems that new techniques may be required. As an illustration,
suppose f(x,y) = K(z)y with K(x) = e™*" and the ¢; are iid with Ee; = 0, |¢;| < 1, and
Ty = ijl €;. Using Taylor expansion as h — oo we can write

f(xk/h, ék) = K(xk_l/h)ek + ht K/(ka_l/h)éi + h2 R(ka_l/h, Ek),

where |R(x,y)| < C (1 + 22)7L|yl. It is easy to show that, as h = h,, — oo and h/n — 0,

h < ,
(2.22) m; Fan/hex) —p B / K'()dzL(1,0),

where B = {By}1>¢ is standard Brownian motion. Note that \/% # (dn/nh)'? (in fact,
(dp /nh)'/? =1/ (nh?)Y/* for this example). In comparison with (2.5) and (2.6), result (2.22)
has a different convergence rate, indicating that a different approach and technique must be
used in investigating the asymptotics of > ;_, f (:z:k/h, wk) when h — co. A general analysis
of such cases is an interesting topic for future research.
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3. Numerical evidence. We explore the finite sample properties of the self-normalized
statistics .J,, and J¥(1) defined as in (2.13) and (2.14). Since earlier research has considered
models with shrinking bandwidths » — 0, the model employed here focuses mainly on the
case h = 1 for which the general limit theory is given in (2.9). As indicated above, the key
difference in this case is that the cross product term (2.8) is not eliminated when h - 0. The
statistic /(1) takes this into account by estimating the appropriate self-normalizing quantity.
As is apparent from (2.9) and (2.11) the limiting form of the denominator of .J;(1) has the
form of a long run self-normalization, with the major difference that in the present case this
quantity has a random limit since 7, — %12 Lz(1,0) as n — oo in place of the usual non-
random quantity that arises in standard problems with stationary short memory time series.

In the simulations here, x; is generated according to A1 with autoregressive coefficient
pn = 1. The linear process & = Z?io ¢jei—j in LM is generated using the fractional

integration mechanism & = (1 — L) % = >0 (??1 €t—j, wWhere (d); = ngi%, so that

Oj ~ W, where I'(-) is the gamma function and the memory parameter d = 1 — p €

(0,0.5). Endogeneity in x; is introduced by defining the innovations in the linear pro-
cess & by ¢ = (1 — p?)/2e,s + pus where uy is the short memory autoregressive process
ur = Oup—1 + eyt, 0] <1, with ey ~i;4 N(0,1) and independent of €,¢ ~;;4 N (0,1). With
this specification of u; we have

ft = Z¢j€t—j = (1 - p2>1/2 Z (bkfxtfk + /OZ(Z% Zazﬁutjg]
7=0 k=0 =0

j=0 =

00 o) k
=(1=p)'"2> brearrtp) (Z ¢k—€9£> €Cut—k
k=0 k=0 \/=0

(e 9]

3.1 = |:77/_}1k6xtk + &Zkzﬁutk}
k=0

with Y1, = (1 — p?)Y/2¢;, and gy, = pZ;f:O ¢r—_¢. The innovation & has long memory pa-
rameter d and endogeneity measured through the correlation coefficient p.

The self-normalized statistics J,,(h), J,(1), and J;(1) defined in (2.13) and (2.14) are
computed for f(x;/h,w;) = K (x4/h)u; with h = 2/n%2 or h = 1. In the following com-
putations we used K (z) = (1/v/2m)e /2,6 = 0.5, p=5.0 and d € {0.1,0.25,0.4,0.55},
where d = 0.55 lies in the nonstationary long memory region and is included for comparison.
Kernel estimates of the densities of .J,,(h) were computed using

(3.2) T () = b= K (] h)uwe
VS K2 (/)i

for h =2/ n%2 and h = 1 and are shown in Figs. 1(a) and 1(b). The self normalized statistic
J(1) was computed by the explicit formula

Dt K () w

(33) Ji(1) =
[22;1 K2 (a)ud + 2500 0 () S K (wn) K (o) wp n

/2"

with lag truncation parameter M = L2nl/ 6] and its densities are shown in Figs. 1(c) and 2(c).
The number of replications employed was 40,000, with sample size n = 100 in Fig. 1 and
n = 1,000 in Fig. 2.
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The densities in Fig. 1 where n = 100 are all non-normal. Bimodality with modes around
+1 are clearly evident in all cases and all values of d. For J,,(1) the dual modes are evident
but somewhat less pronounced than for J,,(h) with h = 2/n%2. The bimodality is clearly
stronger in the presence of nonstationary long memory innovations &; with d = 0.55 (shown
by dashed green lines). Bimodality is most prominent and with greatest concentration for the
statistic J;*(1). Bimodality is evidently weaker for the lower memory parameters, particularly
cases where d = 0.10 (shown by black unbroken lines).

035 a A [—d=010
o

Jil) 7 7 7 Ji(1)

(2) Jn(h) densities (b) Jn(1) densities (c) Jp(1) densities

Fig 1: Empirical densities of J,,(h) with h = -2, J,,(1), and J;(1) for sample size n = 100
and d € {0.10,0.25,0.40,0.55}.

In Fig. 2 the densities are computed for n = 1,000. In Fig. 2(a) bimodality is clearly evi-
dent for J,,(h), applies for all values of d and is again stronger in the nonstationary case. The
densities of .J,,(1) and J;¥(1) in Figs. 2(b) and 2(c), where n = 1,000, are closer to normal
than when n = 100 except for the nonstationary innovation case (d = 0.55); and bimodal-
ity is still more pronounced for J;(1) than for J,(1). When d = 0.1, there are no apparent
modes in the density of .J,,(1) and only minor modes in the density of .J¥(1). Nonetheless,
convergence to normality when 0 < d < 0.5 appears slow and shape differences in the densi-
ties persist between the stationary and nonstationary error cases. The tendency to bimodality
continues to be more marked in the nonstationary case.

Density

JiR) Ji1) ' ' 7 Ji(1)

(a) Jn(h) densities (b) Jn(1) densities (c) Jp(1) densities

Fig 2: Empirical densities of J,,(h), J,(1), and J(1) for sample size n = 1,000 and d €
{0.10,0.25,0.40,0.55}.

As discussed in Remark 2.5, when the innovations £ have strong dependence with mem-
ory parameter d close to the nonstationary boundary 0.5, the weight function K (x) is neg-
ligible except for a very small number of terms in which x; = 2221 & =~ 0. Suppose x; is
closest to zero for t = 7 then K (x;) ~ 1 and so J,,(1) ~ %1, thereby inducing a tendency
to bimodality in the finite sample densities of 7,,(1) around modes at +1. When i — 0 this
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facet of the weight function is accentuated for K (z;/h) and we may therefore expect greater
evidence of bimodality in finite samples for .J,,(h), which is corroborated by the results in
Figs. 1(a) and 2(a).

Further, in Figs. 1 and 2 it is evident that J;(1) shows more evidence of bimodality than
Jn(1). This may be explained by the following heuristic. Suppose z; is closest to zero in the
sample at ¢t = 7 and next closest to zero at ¢ = 7 + 1, so that K (z,) ~ K(0) ~ 1/+/2m and
then K(x;41) ~ K(&r41) = e*fiﬂ/z/\/ﬂ. (Fig. 4 below shows an illustrative case). With
a Bartlett kernel ¢(-) we then have

K(zr)ur + K(2r41)Ur41

(K (z:)%u2 + K (zr41)2u2 +2 (1= 57) K(27) K (2r41)trtir4q]'/?

G =t R 4o, (1> :
K (z7)ur + K(zrg1)urs1| + Op (37)

showing a clear tendency to bimodality.

Jr(1) =~

_ 2
Next note that & = (1 — L)~%e; has variance of = o? ?875‘)@ ~a fi/;; — 00 as d — 0.5.

Let & = aggt where & has unit variance. Then K (z,41) ~ K (£741) = et /v 27 and

K(zr)ur + K(z741)ur41 L Uur + eiaggi“uﬂrl ~ YT @) (‘3—02)
P

JIn(1l) =~ ~ _ ~
"0 Kol + KPP 2 e 8oz ur

1—2d

showing a tendency to bimodality as the memory parameter d — 0.5. The same tendency to
bimodality is also present in the approximation of J*(1) in addition to that given in (3.4),
thereby implying that J*(1) is more likely to manifest bimodal behavior in finite samples
than J,,(1), corroborating the simulation findings.

3.5) %j:1+0p< 1 ),

0.4 04 0.4

2 Exs, i /r’,’ -

7 /
03 i7 ‘\}\ = 03 7 03
2 2 2
202 202 202
[ [ [
[a] [a] a
0.1 0.1 0.1

% 3
4 2 A {
oLt R 0 Y oLl
3 2 4 0 1 2 3 4 3 02 4 0 1 2 3 4 3 02 4 0 1 2 3 4
‘]HV’ Ju\l' Ju\l'

(a) Jn(1) densities, n = 100 (b) Jn(1) densities, n=1,000  (c) Jn(1) densities, n = 5,000

Fig 3: Empirical densities of 7,,(1) for sample sizes n = 100 and for n = 1,000 and d €
{0.10,0.25,0.40,0.55}.

Fig. 3 shows finite sample densities of the statistic j;(l) in (2.17) using the same simula-
tion design with the same set of long memory parameters, endogeneity correlation p = 0.5,
and for sample sizes increasing from n = 100 to n = 5,000 based on 40,000 replications.
As evident in the graphics, the statistic removes bimodality in finite samples although there
are extended shoulders on either side of the origin to around =41, particularly when n = 100.
The distributions are far closer to the standard normal limit than those of the statistic .J;%(1)
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in (2.14) at every sample size with evident convergence in shape to normal for all values of
the long memory parameter and clearest for d = 0.1, as would be expected. These findings
support the heuristic analysis leading to (3.4) and (3.5). For when the variance estimate \/7; e
is employed, the scaling-out effect that leads to bimodality is removed, thereby explaining
the finite sample distributions being closer to the standard normal.

4. Further analysis of the finite sample bimodality. As noted in Remark 2.5, natural
self-normalization of sample covariance statistics does not perform well in finite samples rel-
ative to the asymptotic theory when strong effects of long memory are present in the data.
This result seems new to the literature. But the observed finite sample bimodality has a subtle
connection in its origins with earlier findings on bimodal ¢ ratios where behavior is domi-
nated by a few observations when there is heavy tailed data. In the present case, behavior is
dominated by the few neighboring observations whose impact is not diminished by the kernel
weights under strong dependence. Fig. 4 illustrates with a single shot of the data trajectories
generated for x; and u; with d = 0.1 and n = 1, 000.

ATy

0 100 200 300 400 500 600 700 800 900 1000

Fig 4: Single shot trajectories of x; and u; generated with d = 0.10 and n = 1, 000 according
to the simulation design given below.

Some additional analysis and computations are now provided to shed light on the finite
sample properties of self-normalized sample covariance statistics in which nonstationarity
originates in partial sums of long memory processes. The following simple framework with
no endogeneity is used for the following discussion and data generation.

Simulation design

* both €, and uy, are iid AV(0, 1) and the €, are independent of the uy;

o 25 =35, &, where (1— L)%; =¢;, with0<d <1/2and 1/2 < pp=1—d < 1,50 that
gj = (1 — L)fdej — Z'?i(] ¢i€j—i with ¢z ~ ﬁif(lfd);

« K(z)=e"/2/V2r.

For j =1 and 2, define

Sjn = n.7jn71/2 Z K(l’k) U,
k=1

where Ji, = > pqy K%(zk) and Jop, = > ¢y K?(zx)ui. Under these conditions & is a
long memory process with memory parameter 0 < d =1 — < 1/2 and zj, is nonstationary
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with memory parameter 1 4 d. S2, is a natural self-normalized sample covariance statistic,
matching J;(1) in (2.14). !

Recall that d2 = var(z,) ~ Agn'T2%, where Ay is a positive constant depending only on
d. It is readily seen from (2.11) and (2.21) that

1 1 Ag\1/2
mjlm WJM —D (?> LB(sz)/z(l,O),
(4.1) Ion=Tn
Jln

where By (t)} is fractional Brownian motion with Hurst exponent H and Lp,, (,s) is the
local time process of {Bp(t)}+>0. In view of the independence of z; and uj and since
ug ~iia N(0,1), we have Sy, ~g N (0,1) for all n > 1 and
1/2

4.2) S = (@) Sin —p N(0,1),

an
so that So,, has a standard normal limit distribution. Now consider the finite sample perfor-
mance of the statistics S, and Sa,.

S]n 2n
(a) S1y, densities, n =100 (b) Sa,, densities, n = 100

Fig 5: Empirical densities of S1,, and Sa,, for n =100, d € {0.1,0.25,0.4,0.55}.

A. Simulation results for S1,,: Kernel density estimates of the finite sample distributions
of Sy, are shown in Fig. 5(a) for sample size n = 100 with d € {0.1,0.25,0.4,0.55} from
40,000 replications. The graphs confirm the exact finite sample N (0, 1) distribution for all
values of the memory parameter d, including the nonstationary case d = 0.55.

B. Simulation results for Ss), : Fig. 5(b) shows the finite sample densities of Sy, for
n = 100 and same memory parameter values d € {0.1,0.25,0.4,0.55} again from 40,000
replications. Bimodality in these distributions around the points +1 is clearly evident for all
d > 0.10 and strong in the nonstationary case d = 0.55; for d = 0.10 the density has shoulders
at the same points +1. Figs. 6(a) and 6(b) show the corresponding densities for n = 1,000
and n = 5,000. The slow convergence of these distributions to normality in the presence
of stationary long memory is evident, especially for d = 0.4 where shoulders in the density
around £1 are evident even when n = 5,000. In the nonstationary d = 0.55 case bimodality
remains evident, although it is not as strong as it is for smaller sample sizes.

"When ¢}, and z;, are independent of uy, the term 223‘]\11 é(ﬁ) Zz;{ K () K (2)45) up upj that is

included in Jp, is unnecesssary since the terms Gy appearing in Corollary 2.1 are zero for all > 1.
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Although Sa,, has a normal limit distribution for all memory parameters d € (0,0.5) the
finite sample performance of S,, depends on the value of d, in contrast to S1,,. Bimodality is
strongest for stationary values of d closest to the boundary d = 0.5 and remains present even
for very large sample sizes. This anomalous behavior can be explained in terms of relative
convergence rates as follows. Recalling (4.1), when d = 0.4 we have

( Jin ) V2 Jin=To

Ton j1/2(j1/2+j1/2)
whence J2,,/J1n, —p 1 as n — oo; but the convergence rate is seen to be very slow. With
such a slow convergence rate, even for n = 5,000 (where n~905 ~ 0.65) and with Si,, ~q
N(0,1) for all n > 1, the value of Sy, = (%) Y *S),, can be substantially impacted by

the factor (%) 12 , leading to departures from the normality of 57, and the presence of
bimodality in the dlstrlbutlon

_ Op(n_0'05)

)

——d=0.10 ——d=0.10
o4t 0 005 0.4
.......... o+ |nnend = 0.40
0.3 oy |77 =d =055 03f
=) =
‘@ ‘@
5 5
Sozf Soz2t
0.1 0.1
0 0
-4 2 0 2 4 -4
San
(a) Soy, densities, n = 1,000 (b) So,, densities, n = 5000

Fig 6: Empirical densities of Ss,, for sample sizes n = 1,000 and n = 5,000 and d €
{0.1,0.25,0.4,0.55}.

When zj, = Z;?:l ¢; with (1 — L)4¢; = ¢; and d > 1/2, the input &; is a nonstationary long
memory process) and the limit distribution S, is not normal, i.e., bimodality must appear.
Indeed, in this case, we have

(4.3) Jin—=p A=Y K*(xp), Jan—pBi=) K(xp)ui,
k=1 k=1

where A and B (A # B) are well defined positive random variables. Hence, as n — oo,
T\ /2 AN1/2
Sn=(Z") Sw—=n(F) MO,

since Sy, ~ N(0,1) for all n > 1. The proof of (4.3) is straightforward. Let A,, , =
Sk, K?(zy) and recall that z,, ~q N'(0, d,,) where d2 = var(z,,) ~q Agn't?dasn — oo,
it is readily seen that, whenever d > 1/2 and m,n — oo,

EA, ., = Z EK?(x,) /K2 dpy)e Y 2dy

k=m

<C ) 4= Z (2472 0,

k=m k=m
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Hence, A:= Y72, K%(xy) is a well defined random variable and J3,, —p A. Similarly, we
have EB,, ,, — 0 where By, ,, = > p_,, K*(z1)n?, and hence Jo, —p B.

Fig. 7 gives simulation results for So,, in the nonstationary innovation cases d = 0.75 and
d =1 for n =100, 1,000, and 5,000 based on 25,000 replications. Bimodality appears a
prominent feature of the densities of Sy, for both d = 0.75 and d = 1, showing little tendency
to diminish even in very large sample sizes, corroborating the non-Gaussian limit theory in
the nonstationary case. The bimodality is stronger when d = 1 than when d = 0.75 for all
sample sizes.

o R S R Son
(a) So,, densities, n = 100 (b) So,, densities, n = 1000 (¢) So,, densities, n = 5000

Fig 7: Empirical densities of Sa,, for sample sizes n = 100,1000 and » = 5,000 and d €
{0.75,1.00}.

5. Conclusion. Sample covariance functionals of regressors and innovations play a key
role in nonlinear nonstationary regression models and self normalized versions of these
statistics are a foundation for inference. The limit theory given here covers a wide class of
such functionals and reveals important differences between stationary and nonstationary long
memory innovations. Numerical work shows strong bimodality in the finite sample distribu-
tions, slow convergence to the Gaussian limit theory under stationary long memory innova-
tions and non-Gaussian limit theory when the innovations have nonstationary long memory.
New forms of self normalization are shown to provide improved finite sample performance
suitable for practical work.

6. Proofs of the main results. Proof of Theorem 2.1. First note that, for any bounded
h >0 and nh/d, — oo,

dp 1/2 -
%) lrgnl?%(n\f(mk/h,wk)!—@(l),

(6.1) (

by a similar augument as in Proposition 7.4%. Due to (6.1), without loss of generality, we
assume

(6.3) f(:L‘k/h,wk):O for kZl,...,Ao,

2Indeed, as in (7.4) of Proposition 7.4, it follows from nh/dp — oo that, for any A > 0,

dn
G s, |/ )
» n 1/2 n
<[90S P2 g ) 1 g hog)| = )] a2
k=1
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where Ay is a fixed constant that can be chosen large enough. This convention will reduce
notational complexity in the proofs of propositions that are given in next section and the
lemmas in the Appendix.

We adopt the methodology employed in Wang and Phillips (2009b)[25], starting with an
outline of the proof of (2.6), where some useful propositions will be given in the next section.
Define, for 0 <t <1,

Sn(t) = 1/2Z:f (k> w),

( 1/%0 + 2 Z TZJW

where for j =0,1,...,q,
[nt]
Wi (2) Zf Thy W) f (Thtj, Whtj),s

andforallai,BjER,O§80<31<...<sm<ooand0§t0<t1<...<tl<oo,

l m
Zna = Z ;i [Cn1(ts) = Cur(tic1)] + Z BiCna(si) — Cnz(si-1)],

i=1
where (,1(t) = ZLMJ €; and (po(t) = ZtmlJ €_;. An application of Proposition 7.4
implies that, for any qg>1,
(6.4) (00,0t sy Yag (1)) = (Go, G s Gy Ag) L (8,0),

on Dga+20,1], where A, = Go+2>7_, G,. This, together with the tightness of {S,,(¢) },>1
(see Proposition 7.2 with h = 1), yields

(6.5) {S ( ), nq(t)a Zn?}nzl is tight on Dpgs [0, ]_]
Hence, for each {n'} C {n}, there exists a subsequence {n”} C {n'} such that
(66) {Sn// (t), Yn//q(t //2} = {77 Aq Lz<t,0), ZQ},

on Dgs[0,1], where

l m
Zy = Z%‘(Bui —Biy, )+ Zﬁi (Bas, — Bays,_,),
=1 i=1

and 7(t) is a process continuous with probability one due to (6.1).

Let Z,3 = Z?:l Yi [Sn(tz) — Sn(ti_l)] and Z3 = Z;jzl Yi [U(ti) — n(ti—l)] , Where v € R
and 0 <tp <ty < ...<t, <s. Since, for each 0 <t <1, S, (¢) is uniformly integrable (see
Proposition 7.1 with h = 1), it follows from Proposition 7.3 (i) with h = 1 that, for any s < t,

Ee'%12) [n(t) —n(s)]

(6.7) = lim Eei(znwa-i-Zn"z)[Sn,, (t) — Spr(s)] =0.
n'’—oo
©62) Sp [/oo 2 (z, w)) (| f (2, 1) ZA)deZ(l,O)]l/Q, as 1 — 0o,

This implies (6.1) since [°7_ Ef?(z,w)I(|f(z,wy)| > A)de < A™2 IS5 Ef*(z,w)dz — 0 by (2.2), as
A — o0.
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See, e.g., Theorem 5.4 of Billingsley (1968)[2]. Similarly, by Propositions 7.1 with h =1
and 7.3 (iii) with A = 1, we have

(6.8) E @20 [n(t) = n(s)]* = [V (t) = Y ()]} =0,

where Y (t) = 72Lz(t,0). Indeed, by letting Y, (t) = A,Lz(t,0) and noting

oo
sup E|Yy(t) — Y ()| < 2|A; — 71|E sup Lz(t,0)<C Y |G, =0,
0<t<1 0<t<L1 r=q+1

due to Proposition 7.5, it follows from Propositions 7.1 with h =1 and 7.3 (iii) with h = 1
that, for any € > 0,

[E 42 {n(t) — n(s)]> - [Y () - Y (5)]}]
< [E A2 [n(e) — n(s)]* — [Yo(t) = Yo(s)] }]
+E|[Yq(t) =Y ()] + E|[Yo(s) = Y (5)]|
< Jim (Bt {[8,0(t) — S ()] — [Varg(t) — Yiwrgls)]} | + 2¢
(6.9) < 3e,
by letting ¢ — oco. This yields (6.8) as the left side of (6.9) does not depend on e.

Let Fs = 0{B1;,0 <t <1;Bg,0 <t <o0,n(t),0 <t<s}. Results (6.7) and (6.8) imply
that, forany 0 <s <t <1,

E([n(®) = n(s)] | ) =0, a.s.

E({In(t) = n(s) = [Y () =Y (5)] } | F) =0, as.

Note that Fs 1, 7(s) is Fs-measurable for each 0 < s <1 and Y (t) = 72 Lz(t,0) (for any
fixed t € [0,1]) is Fs-measurable for each 0 < s < 1. It follows from Lemma 3.4 of Wang
(2015)[22] that the finite-dimensional distributions of (7(t),Y (¢)) coincide with those of
{NY2(t), Y (t)}, where N is a normal variate independent of Y (t). Since 7(t) does not
depend on the choice of the subsequence {n"}, it follows from (6.5) and (6.6) that

(6.10) {Sn(t), Yog(t)} = {[nLz(t,0)]"/?N, AyLz(t,0)},

on Dp2[0,1], where N is normal variate independent of Lz(t,0). This, together with (6.4)
and the continuous mapping theorem, yields (2.6).
The proof of (2.5) is similar. Set, for 0 <¢ <1 and h > 0,

nt] d, Lnt]

S0 = (B2 S fafhwn). Zalt) = 57 P fhw).
k=1 k=1

n

As h — 0 and nh/d, — 00, Zyp(t) = Z(t) := 72 Lz(t,0) by (7.4) in Proposition 7.4.
The same arguments as those leading to (2.6) can be used to establish (2.5) except that
Sn(t),Yne(t) and Y (t) are replaced by S, ,(t), Z, n(t) and Z(t), respectively. The corre-
sponding propositions with i — 0 are given in next section. U

Proof of Corollary 2.1. We only prove (2.11). The proof of the other result is similar. Let
Ul = Z;n:oo ’gbj )‘;cfj’ U2k — Uk — Uk = Z?imo—&-l ’lﬁj )‘;cfj and, for r = O, 1, 2,

GT7m0 = / K(?/)E{Ulo Ulr K(y+xr)}dy
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Using (2.9), for any mg > 0 and ¢ > 0, we have
dy — —
=N K2 2, 2N K K
(= ; (e, ; (1)Ut K () i1

dy & dn\ V2 &
LS Kok e ()

Z K(xk)u1k>
k=1 _

= (Gomo Lz(1,0), G1me Lz(1,0), ., Gymo Lz(1,0), TlmoNL1/2(1,0>),

where 71, = G'O,mo + 22?‘;1 ér,mm This implies that, for any mg > 0,q¢ > 0 and any
continuous function with /(0) =1,

dn n o dn 1/2 n
(? ZK2($k)u%kv TIna: <n> ZK($k>U1k)
k=1 k=1
—p (7 Lz(1,0), 7, Lz(1,0), %17qNle/2(1,0)),

~2 A a9 A
where 77, = Go,m, + 2 > t—1Grm, and

. n—j
~7n7q— ZK2 (z U1k+25< ) ZK (z1) K (k) Uik U1 ot
k=1

Consequently, to prove Corollary 2.1, it suffices to show the following:

(a) as mg — oo,

6.11) |Go = Gomol + D |G = Gy | = 0;
r=1

(b) for any mg > 1,

(6.12) E| ug K(ap)|* < C(n/dy) Z G4 (5] + D]

k=1 Jj=mo

(c) for any r > 0, as n — oo first and then my — oo,

dn,
(6.13) o Z K (2) K (2htr) (uik U forr — wkttirr) = op(1);

Further, if mo = my(n) — oo, i.e., mo depends on n, it also follows that there exists
M, = My, depending on myq such that, as n — oo,

1

6.14) R, :=— Z !ZK ) K (@) (w1 U e — wktisr) | = op(1).
r=1 =

(d) there exists M = M,, — oo so that, as n — oo first and then ¢ — oo,

(6.15) — Z f( )ZK .Ik ZU]H_,«) ukuk+T:0p(1).

r=q+1

For the proofs of (6.11), (6.12) - (6.14) and (6.15), we refer to Propositions 7.5, 7.6 and 7.7,
respectively. []
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7. Subsidiary propositions. This section proves the following propositions which are
required in the proofs of Theorem 2.1 and Corollary 2.1. The notation is the same as in the
previous section except where explicitly mentioned.

PROPOSITION 7.1. For any fixed 0 <t <1, r > 0 and any bounded h > 0 satisfying
nh/dy, — 00, Yy (t), Zy p(t) and 52 (1), n > 1, are uniformly integrable.

PROPOSITION 7.2.  For any bounded h > 0 satisfying nh/d, — 0o, {Z, p(t)}n> and
{Snn(t) }n>1 are tight on D[0,1].
PROPOSITION 7.3.  Forany 0 < s <t <1, we have that
(i) if h > 0 is bounded satisfying nh/d,, — oo, then
(7.1) lim Ee'(Znat22)(S, (1) — Sy p(s)] = 0;

n—00 ’

(i) if h — 0 satisfying nh/d,, — oo, then
(7.2)  lim et 218, () = Sun(s)]® = [Zun(t) = Zag(s)]} = 0;

(iii) for any € > 0, there exists a qo > 0 such that
(7.3) lim [E e 7t 72 {[S,,(t) = S ()]* = [Yg(t) — Yag(s)]}| <e,

n—oo

for all q > qo.
PROPOSITION 7.4.  For any bounded h > 0 satisfying nh/d,, — oo, we have
(7.4) Zypp(t) = 72Ly(t,0),
on Dg[0,1]. If, in addition, v =0 and [ E {\f(t,wo)(l + [|wy||?) }dt < 00,0 <7 < 'm, then
(7.5) {0 (), Y1 (t), -cos bnm (t) } = {Go,G1,...,Gm } Lz(t,0),
on Dpm+1(0,1].

PROPOSITION 7.5.  Ify =0, we have >.°° | |G| < 00 and >°° | |G| < 00, and (6.11)
also holds.

PROPOSITION 7.6.  Results (6.13) and (6.14) hold and, for any bounded h > 0 satisfying
nh/d, — oo, we have

(7.6) E|Y ug K(z1/h)|* < C(nh/dy,) Z G4 (] + [was)]
k=1 Jj=mgo

PROPOSITION 7.7. Result (6.15) holds.

7.1. Preliminary lemmas. Except where explicitly mentioned, the proofs of all lemmas
are given in the Appendix. Throughout this section, we let Fj, = o (Ag, Ag—1, -..).

LEMMA 7.1.  Let p(s,S1,...,Sm) be a real function of its components and t1, ..., t,, € Z,
where m > 0. There exists an Ag > 0 such that the following results hold.
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(1) Forany h > 0and k > 2m + Ay, we have

Ch [
a7 B (/B My oos M) gdk/ Elp(t, A o) A -

(i) Foranyh>0,k—j>2m+ Agand j+1<tq,....t;, <k, we have

Ch/ Ep(t, A1, orrs Am)| 2.
A | o

—-J

(7.8) E{|p(zr/h; Aty - A, )| | F5] <

(iii) Forany h > 0and k — j > 1, we have

Ch [

(1.9) E [|p(zr/h)| | F;] < .

Ip(x)|dz,

—0o0

Proof. For the proofs of (7.7) and (7.8), we refer to Lemma A.1 of Wang et al (2021)[28].
As ¢g # 0, the proof of (7.9) is simple. See, for instance, Lemma 2.1 (iii) of Wang (2015)[22].
O

Recalling (6.3), f(z,y) < T(x)(1 + ||y||?) and E |jw;||>{248} < oo, where T'(z) is
bounded and integrable, a simple application of Lemma 7.1 (i) and (ii) yields that, for any
h>0,

(7.10) S f*(ax/hywy) < Cnh/d,, E [Zﬁ(wk/h,wk)r < C (nh/dy)’.
k=1 k=1

and (7.10) still holds if f2(x/h,wy) is replaced by Y,fj defined by

Vij =B [f(xr/h,wi) | Fe—j] — E [f(@r/h,wi) | Frej1],
where j > 0 is a fixed integer. Furthermore, it follows from Lemma 7.1 (iii) that, for any
r>1,
1/2 1/2
E [|f (k- /Ty i o)1 Fi] < {B [T (wrgr/B) | Fie] 72 LB [+ [fwr| 2| F]
< Ch'? Ry,

where Ry, = {E [(1 + |[wk-[|*7)|Fx] }1/2 depending only on Ag, ..., Ax—m,, - Hence, for any
r>1,h>0and 0 <s<t<1, we also have

Lnt]
> E[lf@r/hwl 1f @rsr /B wyn)] | Fin
k=[ns]+Bo
[nt]
< Z E [|f($k/h,wk)|E{!f($k+r/h7wk+r)\ | Fi } "F[ns}:|
k=[ns]+Bo
Lnt]
< Ch'/? Z E{|f(zx/h,wi)| Ry | Fing }
k=[ns]+Bo
(7.11) < Cnh3%(t —5)%/dy,

for some a > 0, whenever By is sufficiently large so that (7.8) is applicable. We remark that
(7.11) holds for r = 0 if h3/2 is replaced by k. These results will be used later.



LIMIT THEORY FOR NONLINEAR FUNCTIONALS OF NONSTATIONARY TIME SERIES
In the next lemma, €2; is set to be a subset of Q = {1,2,...,k}, Q3 =Q — Q; and
k
2(t) = € (ton + By).
v=1
LEMMA 7.2. Suppose that Zle a? < CT,? and, for any Q satisfying #Q1 < Vk,

(7.12) Bipi= Y al>1i,
VENS

for some constants sequence Tj,. Then, for any § > 0 and s1, 52 € R, we have

/ min{1, s [t|° + SQ}‘EGiZ’“(t) ‘dt

k
(7.13) < O 345 0 14 (D082 + sam s

v=1

/min{l,sl ’t’}min{l,‘t‘}‘Eeizk(t)‘dt

k
(7.14) < CEP+sm P [+ 62).

v=1

If in addition Zle B? < a < oo, then
(7.15) / [Ee®|dt < C(k™% + 7, 'B™),
[t|>B/7k

for any B > 2al/2.

Proof. The proof of Lemma 7.2 is similar to that of Wang and Phillips (2011, pages 246-

21

247)[26] and is therefore omitted. But an outline of the proof is given in Appendix A.1 for

completeness.

Since Lemma 7.2 still holds when 2(t) is replaced by zj_,, (t) when k > m2 and since
wy, depends only on Mg, ..., Ak, . the following lemma is a direct consequence of Lemma

7.2.

LEMMA 7.3. Let g(x,y) be a real function satisfying
e |[Eg(t,w1)| < Cmin{l,|t|} and sup, E {(1 + ]60])|g(t,w1)]} < 00.
For any bounded h > 0 and 1, < C k2, we have
(7.16) / [Ee=/M g(¢,wy)|dt < Chr 7t
—

for all k > m3. Instead of (7.16), we also have

/OO UE eiz"(t/h)g(t,wk)}dt

k
(7.17) < Ch{(1+ono)m 2 [1+ (D82 + Bromi 1,
v=1

O
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where Qo = MaXo<j<mov(k—1) |k—i| and Bro = maxXo<i<mov(k—1) |Bk—i|- Similarly, when
supy, ago = O(1), we have

/ min{1, [t|/h} |E e /M g(t,wy)|dt

(7.18) <Ch{k™+ [Bro(r, 2 +k72) + 7% 1+Zﬁ2
Proof. See Appendix A.2. U
Let Ik f]E ( lsx"/h—HZg m+1 'YJEJg(S ’U)k) ‘ Fn )dS and
Ik l // lsmk/h+itml/h+izj':'rrL+1 77€7g(svwk)g(t7wl) ’ ‘Fm)det7

where g(x,y) is a real function given in Lemma 7.3, and let

IIk,l(B) — / / g1 (t)QZ (t) E (eisxk/thitxl/thi 23:1 Vi€ | .F[))dsdt,
|s|>B/dy J|t|>B/d;

where g;(t) and go(t) are bounded real functions. The next lemma is an application of
Lemma 7.3.

LEMMA 7.4. LethO,l—k2A3+1andk—m2A3+1,whereAOZmoandmo

is given as in Lemma 7.3. Suppose a := Zé-:l 'yjz < oQ.

(i) For any h > 0, we have
(7.19) k(m)| < Chld 2, (1+a'?) + Bod, ],
(7.20) Lea(m)| < Ch*d 7t [d7 % (1+a' %) + B d Y]

where ﬁlO = Inaxogjgmo |’7l—j|-
(i) Under SM, if || < C/v/n where m < j <1, for any h > 0, we have

(721 [Ix(m)| < Ch((k—m)"" +Vk—m/Vn),
(722)  [La(m)| <CR2[(1—k) " (k—m)™  + (1— k)32 (k —m)~/?].
(iii)) For any h>0and B > 2a'/2, we have

(7.23) I (B)| <CR*[(1- k)2 + B d Y ] d

Proof. See Appendix A.3. U

Let I;(h) = f(zx/h,wi) exp {i > mi1 pjej/v/n} and
1Ty, (h) = f(xr/hywy) f(a/how) exp{i > pje;/v/n},
Jj=m+1

where (i are constants satisfying || < C. Using Lemma 7.4, we have the following results.

LEMMA 7.5. There exists a Bg > myq such that, for allm > 0,1 —k > By, k —m > By
and bounded h > 0,
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(1) under LM,

(7.24) |E [Ik(h) | Fin]| < Ch(d?,, + di—m/Vn),
(7.25) E [1Iik(h) | Fu] | < CR* ;1 (4% + dimi /),
(i1) under SM,
(7.26) E [Ie(h) | Fu]| < Ch((k —m)™" +VE—m/v/n),
E [ILk(h) | Fn]| <CR* [(1— k) (k—m)~!
(7.27) + (1= k)32 (k —m) 2]

LEMMA 7.6. There exists a By > myq such that, for allm >0, 1 — k > By, k —m > By
and bounded h > 0,

(1) under LM,
(7.28) |E{f(z1/h,w)E [f(zk/h,wi) | Feem] | < CR2d "t d2,
(ii) under SM,
}E {f(xl/h,wl)E [f(xk/h,wk) | ./_-'k_m} }}
(7.29) < CRP[(I—k) "V 4 (1 - k)32 1)

The proofs of Lemmas 7.5 and 7.6 will be given in Appendix A.4 and A.S5, respectively.

LEMMA 7.7. Let T(.) be a measurable function with T'(\1) = 0 and EI'?(\;) < cc.
There exists a Ag so that

(@) forall k> Ay and |l — k| < Ay,

(7.30) ‘E {F()\k_j)F()\l_j) K(xzk/h) K(xl/h)}‘ < Chd/,;1
(b) forall k> Ag, | — k> Agandl — j <Kk,
(7.31) [E{T(Ak—j) T(N\i—j) K (zr/h) K (21/h) }| < Ch* i di .

(¢c) forallk > Ay, l — k> Apgandl — j >k,
[E{T(Ae—j) T(Ni—j) K (x1,/h) K (1 /D) } |

<O K {Zi_o | Pkl dlzl df_Qk under LM,

7.32
(71.32) E 1= k)" 4+ kY2 (1= k)32 under SM

Similarly, uniformly for y € R, we have

[E{K(y+z:/h)T(N—j) T(A—g) }|
di’! ifll—j+kl < Ao,
Sdcoldsl T 105l 1(d® +17%), if 1 =5+ k] > Ao,
forany Ay > 1 and j,k > 0.

(7.33) <Ch {

Proof. See Appendix A.6.

Our final lemma gives a tightness criterion for a class of stochastic processes on D[0, 1].
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LEMMA 7.8. Let X, be a sequence of random variables and X, (t) = Z,EZ{ Xk The
sequence {X,,(t)} is tight in D|[0,1] if maxi<k<n |Xnk| = op(1) and there exist an integer
Ao > 0 and a number o, (€, 6) such that

[ns|
P(\ Xo| > €] X (t), ...,Xn(tm)> < an(e,9),
k=[nt.]+Ao

and

lim lim sup ay,(€,6) =0,
6—0 n—00

for each positive € > 0, where 0 <t] <ts <...<tp,, <s<lands—t, <d.

Proof. If Ag =0, Lemma 7.8 is a special case of Theorem 4 in Billingsley (1974)[3].
Extension to integer Ay > 1 is trivial under the condition that max;<x<y, | Xnx| = op(1). The
details are omitted. Il

7.2. Proofs of propositions. Propositions 7.4 and 7.7 are treated separately due to their
complexity and their proofs are given later in Sections 7.3 and 7.4, respectively.

Proof of Proposition 7.1. We only prove uniformity of S, (1) for bounded h > 0 satis-
fying nh/d,, — cc. The other results are similar and simpler. Let m > mg be a constant that
will be specified later. Let

dn

Sin = <%) v kZ]E [f (@ /By wi)| Frm),

Note that, for any A > 2,
ES2 ,(1)I(S2 (1) > A) < 2ES}, + 2ES3,1(S}, + S5, > A/2)
<2ES? +8ATES], +2ES3 1(S3, > A/4)
<4ES? +16A7'ESS,.
It suffices to show that, for some ¢y > 0,
(a) ES3 < com?;
(b) under LM, ES2, < codp> ™"

() under SM, ES2, < ¢y (dm/? +log?n//n).

Indeed, for any € > 0, by taking A, n sufficiently large and m = AY/8 it follows from (a)-(c)
that
ESZ,(1)1(S2,,(1) > A) < deg(dy/? + dy* ) +16c1 A2 + colog? n/Vn < e,

under both LM and SM, due to d,,, — 0 and p > 1/2.
To prove (a), let Y;,; =E [f(a:k/h, Wk)|fk_j] —E [f(xk/h,wkﬂ}'k_j_l],o <j<m-1.
We may write
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Note that Yj; forms a martingale difference. Holder’s and Burkholder’s inequalities imply
that

m—1 n
ES3, <m?( ni IO
7=0 k=1
2m 1 n )
§C2m 72 JZOE(EYij) §00m4,

for some ¢ > 0, which yields (a), where we have used the result (7.10) with f 2() replaced
by Y2,

We next prove (b) and (¢). Let g, = E [f(:ck/h,wkﬂ}"k_m] For some ¢ > 1, we may
write

n k+q
Es%n: [ZEngZ S Egkg]—FQZ Z E( gkg]]
k=1 j=k+1 k=1j=k+q
(7.34) = Rpy + Rop + Rus.

Recall (6.3). It follows from (7.8) in Lemma 7.1 that |g;| < Ch/d,,. On the other hand,
E|gk| <E|f(zk/h,wr)| < Ch/dj. As a consequence, we have

- .
|Rn1| + |Rn2| < Cqh /dy, - ;; E|q:| < Cqhd; L.

As for Ry3, by taking m > By where By is given in Lemma 7.6,
(i) under LM, it follows from (7.28) that, for any q¢ > By,

IRn3\<7Z Z IE (9kg; |<07 Z Z di '),

k=1 j=k+q k=1j=k+q

SCh/ 2 73p72 () d.
q

(ii) under SM, it follows from (7.29) that, for any g > By,

| Rns| < f Z Z IE (9k95)|

k=1 j=k+q

Z Z —1p-1 + (] - k)73/2 ]{771/2]

k 1j=k+q
gCh(loan/\/ﬁJr/ a32dz).
q

Taking these estimates into (7.34), we obtain (b) and (c) by letting ¢ = V/d,n, as h is bounded.
This completes the proof. O

Proof of Proposition 7.2. We prove tightness of .S, ,(t). Tightness of Z,, j,(t) is shown in
a similar way to Theorem 2.20 in Wang (2015)[22] and the details are omitted.
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Recalling (6.1) and Lemma 7.8, it suffices to prove the folllowing: for any fixed s € [0, 1],
for each € > 0 and any bounded h > 0 satisfying nh/d,, — oo, there exists a sequence of
an(€,0) satisfying lims_,o limsup,,_, . a,(€,6) = 0 such that

Lnt)
(7.35) I,:= sup P<‘ Z f(@y/h,wi)| > e (nh/d,)'/? ’]—“[m}) < ap(€,0),
lt—s|<o k=[ns]+Bo

where By is chosen as in Lemma 7.5. In fact, by noting

[nt)
Tn(s,1) = EH 3 f(;zk/h,wk)]2 | f[m]}

k=[ns]+Bo

[ nt]

<2 Y Y E(f(er/hwp)| |f (@/hw)| | Fing)

k=[ns]+ By k<I<2B,

1203 S B /b fla/how) | Fug)

k=[ns]+Bo l=k+2B,
it follows from (7.11) and Lemma 7.5 that, for some o > 0:
(a) under LM [using (7.25)],

LntJ n

Tu(s,t) SCnh(t— )" /dy +CH* > > dt ms] Tk
k=[ns]+11l=k+1

<2Cnh(t—$)*/dp;
(b) under SM [using (7.27)],
Jn(svt) < C\/ﬁh(t - 8>a +

I_Tltj n

ORt Y3 (=R = sl (= )2k~ [os]) ]

k=[ns]+11=k+1
<2C+/nh(t—s)*.
Now (7.35) follows by choosing av,(€,) = 2Ce~25% and the fact that

I, < e 2d,/(nh) sup Ju(s,t) < an(ed).
|t—s|<d

g

Proof of Proposition 7.3. We start with (7.2). Due to the iid properties of Ay, there exist
constants p; with |p;| < C,

‘Eei(an-ﬁ-an){[Smh(t) — S () = [Zan(t) — Zn,h(s)]}‘

<E ‘E [P 5 { [, (8) = S () = [Znn(t) = Zu ()]} | Fing | ’

L;L Z ZEME Lie(h) | Fing] |

k=[ns]+11=k+1
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k+By

—nh Z (>~ Z ) BIE [11i() | Fiay]|

k=[ns|+1 I=k+1 I=k+Bo
(7.36) =: Rpa + Rps,
where By and I1j;(h) are defined as in Lemma 7.5. Similar to (7.11) with minor modifica-

tions, under both LM and SM, we have R,,, < C' h'/2. To estimate R,,5, under LM, it follows
from (7.25) that

Cdy g s O
<ERREYD YT dt (A 4 diw/ V) < Ch.

Similarly, under SM, we have R,5 < Ch by (7.27). Taking these estimates into (7.36), we
have (7.2) as h — 0.
In a similar way for any ¢ > By, we have

‘Eei(Zns-&-an){[Sn(t) — Sn(s)]2 — [an(t) - an(s)]}‘

§ﬁn Z ZE‘EIIlk ) | Fins] |

k=[ns]+1 l=k+q

du -1 -2
Zz [ns]+1 Zln:k—‘rq dk—[ns] dl*k’ under LM,
77 Lh=nsl 1 Zl pig (L= F) Tk = [ns]) ™ + (1 — k) =%/2(k — [ns]) ~1/2],
under SM,
C foo 2?3 dz, under LM,
f $_372da: + log? n/+\/n, under SM,
< e+ Clog?n/v/n,

by choosing g sufficiently large. This proves (7.3). The proof of (7.1) is similar and simpler,
so the details are omitted. 0

Proof of Proposition 7.5. With v = 0 where ~ is used in A1 (i), we may write

(7.37) T, = ZZ@Q = Zar €+ Z arij — ajle_j,

=1 j=0

where a; = Zi:o ¢sand q; =0if 1 < 0. Let 2z, =Y, €ga,_j and 21, = Z;”:OO lary; —
ajle—;. We have var(z,) ~ d2 for r > 2mg and, when my is fixed,

[Bf(s,wo)e™ | <E|f(s,wo) (e "% —1)| + [Ef (s, w0)|
< C(1+]ay|)min{1,|s|}.

Now it is readily seen from the iid properties of €, and (7.18) in Lemma 7.3 that

1
6ol < 5 [ IE{fls.um)e™ = B {Fsvw)e> s

<C(1+aT|)/ min{1, |s|} [E { f(s,w,)e " }|ds

<C+]a))(d 2 +773).
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Hence ) %, |G| < oo due to |a,| < C under SM and |a,| < d, under LM.

To prove (6.11) and > 2, \érl < 00, we make use of (7.33) in Lemma 7.7. In fact, for
any r > 1 and y € R, it follows from (7.33) that

E { (urou1, — uour) K (y + ) }|
g( SO S ) E N Ky}

k=mo+1j=0 k=0j=mo+1
00 r+k+1

<2 Y > d 1wl

k=mo+1j=r+k—1

r+k
+2 Z ZH%I!H%HZ!%IZ\%Hd +r7?%)
k=mo+1 7=0
] 1
<2d0 > 1l D 1l
k=mo+1 j=—1
r+k
+2C Z ZH%HII%HZ!%IZI%II ).
k=mo+1 j=0

Note that 27 _ [¢s| S04 ¥ [¢s|(dy +773) < C§1/2 kY/27~3/2 under both SM and LM. It
is readily seen from S0 o kY2 ||| < oo that

00 00 [e's)
Z|ér - ér,mo‘ S / K(ZJ)Z ‘E{(uloulr _UOUT)K(y_‘_xT)}‘dy
r=1 o r=1

(7.38) <C Z k2| ¢k||/K )dy — 0,

k moJrl
as mg — co. Similarly, we have |Gy — G m,| — 0, as mg — o0 , and 3.°° | |G| < co. The

proof of Proposition 7.5 is then complete. |

Proof of Proposition 7.6. The proofs of (6.13) and (6.14) are simply established using
Lemma 7.1. Indeed, by noting that

n—r

} ZK(xk)K(ka) (Ulk UL k4r — ukukJrr)‘
k=1
(3 Y+ ) ) [t N |

l=mo+11;,=0 [=01l,=mo+1 k=1

it follows from Lemma 7.1 (i) and ) ;2 ||+1| < oo that, for some constant Ag > 0,

0 &) dn " _
Elfnl CMy > STl ]I [(Ao+2) + Y ]
I=mo+11,=0 k=1
<My Y |l < CMimg
l:m0+1
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Hence (6.14) follows if we take M = /mg. The proof of (6.13) is similar.
We next prove (7.6). Let Zé:k =0 for k£ > [ and I'(.) be a measurable function with

(A1) =0 and EI'%2(\;) < oco. Since K (z) is bounded, for Ay being chosen as in Lemma
7.7, we have

Ao

< 2| Z Nemg) K (/1) P+ C (3 Ty )
k=Ag k=1
:2(2 3 +zz Z) (A=) T(Ni—y) K (/1) K (21 /h)
k=Ao |k—1|<Ao k=Ao I=k+Ao
Ag )
C (D IT(e=)l)
k=1
(7.39) =:A1p + Aoy + Az, say.

It follows from Lemma 7.7 that

E[A1,| <ChY Y 1/dy < Cinh/dy,
k=1 |k—I|<Aq

— nA(k — n —
Sih, et (SIS di + S |0kl Sl 4 %), under LM,
}E|A2n‘ S Ch2 ZZ 1 k 1/2 TL/\(kJrj) (l —k?) 1/2

I=k+Ao
Zk Ao Slkas [k (l—k)_1+k_1/2 (I—k)=32],  under SM
j/d; ] der LM
C (nh?/dy,) j{ 2] +Z,§:0\¢k\, under ,
Y2 +log?n//n+1, under SM,

< Cj'?nh?/d,,

where we have used the fact ZZ;:O o] < Cj/d; < C§'/? under LM. On the other hand, it
is readily seen that E|Ag,,| < C A3.
Taking these estimates into (7.39), for any bounded &, we have

(7.40) E| ZF Mej) K (i /h) |? < C j1%nh/d,.

The result (6.12) now follows from

B> wm, K (/0| =E| S S wy N K (a/h) [
k=1

j:mg k=1

< S0 Ml + heegl) S 5] + ey ) IE!Z% K(ay/) |

j:’H’Zo j:mo

<2 Gl s]) > 5]+ 1)

Jj=mo Jj=mo
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(E’ZEk —;i K(xi/h) ‘ +E}Zek —j a:k/h)} )

C (nh/dy) Z 34+ ],
Jj=mao
where we employ Holder’s inequality and (7.40) with A(A\;) = € and ey, respectively. The
proof of Proposition 7.6 is complete. O

7.3. Proof of Proposition 7.4. We start with (7.4). The tightness of Z,, j,(t) has been
established in Proposition 7.2. It suffices to show that the finite-dimensional distributions of
Zpnn(t) converge to those of 72Lz(t,0). To this end, let g(z) = E f?(z,w1). Under A2(b)
and A3(I), g(z) is bounded and integrable. Furthermore, by using Theorem 2.20 of Wang
(2015), we have

d [nt]
n 2
(7.41) nh;g(;ﬁk/h) = 72Ly(t,0),

whenever d,,/h — oo and d,,/nh — 0. In terms of (7.41), the finite-dimensional distribution
of Zy, 1 (t) will converge to those of 72Lz(t,0) if we show that, for any fixed 0 < ¢ <1,

[ nt]

(7.42) nhz g(xr/h) — f(xx/hywi)] = op(1).

This is essentially the same as in the proof of (A.20) for ¢ = 2 in Wang, et al. (2021)[28] (also
see (4.8) in the paper) and hence the details are omitted. (7.4) is now proved.
We next prove (7.5). It suffices to show the following:

(a) foreach 0 <7 <m, {¢n,(t)}n>1 is tight on D[O 1]; and

(b) the finite-dimensional distributions of {d)no U (t), .. ,¢nm(t)} converge to those of
{GO 9 Gl 9. G } LZ t 0
The proof of part (a) is simple. Indeed, by noting

[nt]

dn,
|wnr(t) _¢nr(8)| S ; Z |f(xk7wk)f(‘rk+rawk+r)’
k=[ns]+1
d [nt]+r
= " [Z} 1f2(“’“’k) <|Zna(t) = Zna ()] +op (1),
=|ns|+

uniformly for s < ¢, the tightness of ¢, (t) is implied by that of Z,, 1 (¢).

To prove part (b), let h,(y) =E {f y,wo) f(y + xr, wr)}. We have h,(y) is bounded and
integrable due to A2(b) and A3(I) Hence, as in (7.41),

d [nt] m
—_ Z [agho(xk) + ..+ amhm(mk)} = ZarGTLZ(t,O),
n k=1 r=0
on D|0, 1], for any (v, ..., ) € R™HL. The Cramér-Wold theorem now implies that part
(b) will follow if we prove
[nt]

(7.43) | (8) — — Zh zi)| = op(1),



LIMIT THEORY FOR NONLINEAR FUNCTIONALS OF NONSTATIONARY TIME SERIES 31

for any » > 0 and any fixed 0 <t < 13.
The proof of (7.43) is quite technical, starting with some preliminaries. Let a; = lezo s
and a; =0 if I < 0. With v =0, we may write

0 k
(7.44) T = E [ak,j — a_j]ej + E Gf—5€j,
j=—oc =1
and
k k+r
Thar =Tk = D [Grpr—j — Ghjlej + D Qhprj€
j=—00 j=k+1
0 r
= > larj—a jlein+ > ar i€
(7.45) = 21k, + T2k,
where
— A
Tige = D lar—j — a_jlej
j=—o00
0 r
o= Y lar—j—ajlejint ) ar—jejine
j=—Ao+1 j=1

It is readily seen that, for any Ag > 0, 1%, is independent of x9; , and 1y, is independent
of wy, and wy, 4, when Ay > mg+1. By letting v; = a1 ; — a;, we further have E(;il 7]2- < 0
and

_AU k— AO
(7.46) Lik,r = Z [ar—j a_j €J+k— Z Yi—q€q + Z Yk—q€q-
Jj=—00 gq=—00
We next let f(t,s) = [°°_e' f(, s)dx,
Vk(t 8) = f(—t,wi) (8, Whpr)e 57207,
A ( E{f —t,wo) f(s,w,«)e_isx”‘}.

Using the Fourier transformations, under A3 (III), it is readily seen that

L (=5 —is ¢ —1ST20,r
har (y, 5) :=27T/el(t WEVy(t,s)dt = e Y E{ f(y,wo) f(s,w)e "0},

h2r(y,5) = % /ei(t_s)yAr(t, s)dt _ e_isyE{f(y,wo)f(s wT) isxr}’
he(y) = E{f(y,wo) f(y+ zp,wr)} = ;ﬂ/hzr(y,S)ds.

3We remark that the  in (7.43) is allowed to depend on n and we have in fact established the convergence in
(7.43) in L1 rather than in probability. These enhanced properties will be useful in the proof of Proposition 7.7.
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We are now ready to consider (7.43). Without loss of generality, assume ¢ = 1. We have

wnr( 27rn Z f Lk> Wk /f S wk+r ZSxk+rdS

= @n? Z / / —t,wg) f (5, wpp ) IP T ETE) dsdt 4 Ry,
n |s|<A

_ Z// i(t=9)o—iseier BV (4, 5)dsdt + Rya + Roa
|<A

2n
dn z”:/ e T by (2, 8)ds + Ria + R
= — TN\ Tk, 1A 0A
2mn 1 JIsl<a
dn = —iST
= Z/ e ik ho (g, S)ds + Roa + Ria + Roa
™n el |s|<A
dp <
= 2 Z/ hor(xk,s)ds + R3a + Roa + Ria + Roa
™n el |s|<A
dp
(7.47) e hy(x) — Raa+ Rsa + Roa + Ria+ Roa,
k=1

where
n

d A )
Roa= —— f(a?k,wk)/ (s, Wiy )e” T 0 ds,
2mn
k=1 |s|>A

dn

RMZW /|<A/ t=s)ne—isminr [V (4, 5) — EVi(t, 5)] dt ds,

d ~
77,1 e—lsl‘lk,r hlr(xlﬁs) — hQr(xan) d87
2mn |s|<A ; [ }

d - ,
Rgq = 2 (e’“xl’” — 1) hor(xg, s)dtds
27Tn |S|SA 1

t S mk —zszlk o
2n Z/|<A/ 1) A (t,s)ds,
dn,

R4A:7 / hgT(wk, )ds.
2m™n ; ‘ \>A

Recalling wy, depends only on Ak, ..., \g—m,, Where mg is a fixed integer, it follows from
Lemma 7.1 (i) and | f(y,wo)| < T(y)(1 + |Jwol|?) that

BlRl <O [ B{1F Il o) s

dn N~ 1 ;
=¢ n ;dk /|S|>A/E{’f(vao\f(S,wr)\}dyds
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<O/f@MthﬂHM@wma+WmWH%%&

as A — oo. Similarly,

E|R4A|<C Z/ E |hoy(zk, s)|ds

dy, ~
<C— de1/ /Ihzr(yﬁ)ldyds
n |>A

k=1 |s
= /5>A/E {17y wol | £ (s,wr)| }dyds — 0,

as A — oo. Hence, =op(1), as n — oo first and then A — oo. This, together
with (7.47), implies that (7.43) will follow if we prove: for any fixed A > 0,

(7.48) RjA = Op(l), J=123,

as n — oo frist and then Ay — oo.
The proof of (7.48) for j = 2 is simple. Indeed, due to the independence between x1g ,
and wy, w,, we have

/<A/}h”(y’s) — har(y, 5)] | dyds

3/ /E{f(y,wo)l |f(s,wp)|[e”10r — 1| }dyds
|s|<A

SA//Eﬂﬂ%me@wmwwEumA

[e.9]

< CA [ Z (a'r—l-j _aj)2]1/2’

Jj=Ao

for any fixed A > 0. This yields that

E[Roal < 5 ZE}hlr T, 5) — hop(Tk, 5)|ds
|s|<A k=1

< on Zd /|<A/\hlr y,s) — hor(y, s)|dyds

o0
1/2
SCA[ Z (ar+j—aj)2] / —)O,
Jj=4Ao
as n — oo first and then Ay — oo, as required.
It is readily seen that (7.48) for j = 1 and 3 will follow if we prove: for any fixed A > 0,

n

(7.49) dn sup E Z/ei(us)xki““” [Vie(u, s) — EVk(u,s)]du‘ =o(1),
n |s|<A k=1

(7.50) —n sup E’ Z/ H(u=s x’“ e tsTkr _ l)AT(u,s)du‘ =o(1),

n|s|<A



34 Q. WANG AND P.C.B. PHILLIPS

as n — oo first and then A9 — oo.
We first prove (7.50). We may write, for any B > 1 and |s| < A,

n
Z/eiuxk (e—iﬁﬁm,w- _ 1)Ar(u + s, S)du
k=1

n

- Z (/ +/ )6iuwk (efisx““*’" — 1)Ar(u + s,8)du
k=1 [u|>B/d, |u|<B/ds,

(7.51) = A1p(s) + Agn(s), say.

Recalling | f(z,y)| < T(z)(1+ ||y||?), where T'(z) is a bounded and integrable function, we
have

(7.52) sup |Ay (u, s |<//E{|f z,wo)| f (y, wr)| }dady < oo,

u,s

sup [ 14w s)ldu < [ [E{1 w0 fo w0 }dtda

(7.53) </ (z)dzx /E{|ft (t,wo) (1 + ||wr||?) }dt < oo,
sup/’/A t+s,s ztydt’dy—sup/|hg7~ Y, s)|dy
(7.54) gC’//E{|f(t,wg)|f(a:,wr)\}dtdx<oo.

Due to (7.52), it is readily seen that, uniformly for |s| < A and any B > 0,

E|Ag,(s)|<C sup |A(u+s,s)|B Zd;lE]a:mA

[ul,|s|]<A =1
(7.55) <O Bnfdy [ Y (arn —ar)?]">.
k:AO

To consider Ay, (s), writing A1y, (s) = A1y,1(5) + A1p,2(s), where

Aln,l(s) = Z/u|>B/d eiuxk_ismlk’TAr(u—F S,S)du,

n

Atnale)= 2 /U|>B/dk At 5, s)du,

then (7.50) will follow if we prove

(7.56) dn sup E|A1,,i(s)| < C(n/dy) \/B*1 + BA%d,/n, i=1,2.
n |sj<A

Indeed, due to (7.51) - (7.56) and 74, := ZI?;AO (arir — ag)? — 0 as Ag — oo, (7.50) fol-

lows by taking B =17, ~173,

We only prove (7. 56) for ¢ =1 as the result for ¢ = 2 is similar. We have

B <33 /

/ Ar(t+s,s)Ar(u—l—s,s)ETkjdtdu‘
k=1j=1 YIt1=B/dy Ju|>B/d
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_ ( > o+ Y )}/ / Ap(t+s,8) Ar(u+ s,8) ETydtdu |
k—j|>A34+1  |k—jl<az” 7 IH2B/de Slul2B/d;
(7.57)=: Qp + Qopn, say,
where T}, ; = etoe+iue; e =is(@ier+2150) Recalling (7.46), it follows that
[E(T | 7o)l

. . . k—Ag . i—Ag
S ‘]E ezt‘rk"r“"mj 6_152q=1 ’Yk—qfqe_lsz:q=1 Yi—q€q |]—'0)’

(758) = ‘]E( itx,+iuT; e—zzq 1s'yqeq ‘—FO)‘
where

’Yk—q+7ij’if1§q<k/\ja
Vg =14 Thvi—q» itkNj<q<kVj— Ao,
0, ifg>kvj— A,

satisfying Z;il 7:12 < 00. Now, by noting (7.52) and using (7.23), we have that, uniformly
for |s| < A,

Qn <2E / / |A,(t + s,8)Ar(u+ s, 8)| [E(Ty; | Fo)|dtdu
k—j>A2+1 [t|>B/dy J |u|>B/d;
<C 3 [U-k7+ B!
I—k>A%+1

< OB (n/d,)?.

Turning to consider €2s,,, note that

E‘/ Ar(t—i—s,s)eit”dt} < B/djsup|A,(t + s, )|
|>B/dy t,s
—|—E‘/Ar(t+s,s)em’“dt‘

< CB/dy + Cd;* /‘/Ar(t—i—s,s)e“ydt‘dygCB/dk,

due to (7.52) and (7.53). Uniformly for |s| < A, we have

0] < Z /

ez lul=B/d;

< Z / |Ar(u+5;8)|E‘/ Ar(t—l-s,s)eitivkdt‘du
lk—j|<Az / 1ulZB/d; It|>B/d,

< CBA%n/d,.

|Ar(u+s,s |duE‘/

A (t+s,s) Tkjdt)
\t|>B/d,

Taking this estimate into (7.57), for any fixed A > 0, we have
(7.59) sup E|A1,1(s)? < C(B™' + B A§d,/n) (n/dy)?,

[s|<A

yielding (7.56). Then (7.50) is established.
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Finally, we prove (7.49). Let 0y (¢,s) = Vi (t,s) — EVi(¢, s). Uniformly for |s| < A where
Ais fixed, we have

n
E‘Z/eit:ﬂkisx1k,ro.k(t+878)dt}2
k=1

n n
= ZZE//e—iS(Ilk,r“l'l‘lj‘r)eitl‘k"riuwj O'k(tJr s,s)aj(qu s,s)dtdu

k=1j=1
= ( Z + Z )]E//e—is(mlk,r-i-wlj,r)eitwk-i-iufvj Ok (t + s, S)O'j (u + s, S)dtdu
li—kl=AZ+1  |j—k|<AZ

(7.60)
=: R+ Ru7, say.

Note that o (¢ + s, s) depends only on €, ..., €x—4,, Eox(u+ s,s) =0 and

sup (4 5,9)] < C -+ sup (¢, we) sup | F(t, wi)|
,S

< C(1+ w7 + [[wrsr||*).
As in the proof of (7.50), it follows from (7.20) in Lemma 7.4 that

| Rne| < Z ‘E//e_is(gc”"””“*’”)em”w%Uk(t,s)aj(u,s)dtdu‘
li—k|>AZ+1

< Z E // ‘E[em’“”“%_“zsﬁ TiCaoy(t + 5, 8)0(u+ s, 8) | Fo |dtdu
lj—k|>AF+1
(where 7[1 is given as in (7.58))
—1 ;-2
<C ) 4Ry
[7—k|>AG+1

n/d,, under LM,
n logn/d,, under SM.

To consider R,7, let I (y) = [ ™oy (t + s, s)dt. It is readily seen that
()] < f (g, w)llf (s, wrir) |+ E{ | f (g, wi) | F (5, whr) |}

< Cf (g wi) |1+ [[wrr ) + CE{[f (g, wi) (1 + [Jwrr]17) }
and by Lemma 7.1

(7.61) <C {

E |lx(zg)|? < Cd "E (1 + |un||*) < Crdy .
This yields that

(7.62) [Rurl< > E{lk(@)llli=)l}<C Y dpt <CAgn/d,.
li—k|<AZ+1 l7—k|<AZ+1L

It follows from (7.60)-(7.62) that

n
%E‘ Z/eim:k—ismlk’rgk(t-f-S,S)dt’
k=1

<O (4 +1ogn) (1)1 0
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as n — oo first and then Ay — oco. This proves (7.49) and also completes the proof of Propo-
sition 7.4. [J

7.4. Proof of Proposition 7.7. Recall (6.14) and that [(x) is continuous with [(0) = 1. It
suffices to show that there exists M = M,, — oo so that, as n — oo first and then ¢ — oo,

(7.63) — Z 5(*) ZK ) K (Thtr) w1 prr = 0p (1),
r=q+1

where u1;(= uld) > ity wiX;_; for some mg = mg(n) — oo and mg = o(v/n/dy).
To this end, as in (7.45) and (7 46), for Ay =mg + 1, we write

Thtr — Tk = T1kyr + T2%k,r)

where, by using the notations a; = ero ¢ps witha; =01ifl <0 and v, = a,4; — ay,

7140 k— Ag
Tik,r = Z [(LT,J' a—j €]+kz— Z Vk—j€5 + Z Vk—3€55
j:—oo j—*OO
0 r
wokr= > lar—j—ajlen+ Y arjeipn
j:—Ao+1 j:l

Recall that K (x) = i / et | (t)dt under the condition (a). For any » > 0 and [,, > 0, we
have

Z K (2) K (Thgr ) uin U jor
k=1
1 n—r . '
=5 Z K(xk) UL UL fotr K(s)e " +rds+ Ly,
_ [s|<ln
(7.64) = L1, (r) 4+ Lop(r) + L3y (1),
where, with Vj,(s) = e %%k g9y, UL k)
1 n—r . p
Lin(r) = o Z K (2) uik vt ogr K(s)e """ irds,
™ k=1 |S|>ln
1 n—r . '
_ —is(Te+Tik,r)
Loy (r) = 5 ;K(xk) /|S|<ln K(s)e EVi(s)ds,
1 n—r . '
Ly (r)=— Z K (zy) K (s) e~ @it [Vi(s) — EVi(s)] ds.
27’[’ 1 |s|§ln

Using Lemma 7.1(i) and [ |K (s)|ds < oo, for any mg — oo satisfying mo = O(n/dy,),
there exists M7 = M7, — oo so that, whenever [,, — oo,

M,
dn
— E|L1,
™S ElL()

r=q+1

3m0

<C Z [ZE\ulkulkHH- Z d;; }/ |K (s)|ds

r= q+1 3mo+1 [s|>L,,
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(7.65) <CM, / |K(s)|ds — 0.
|s|>1

To estimate Lo, (r), let h,(y) = E[K(y + $20,T)U10U1r}- It is readily seen that h,(y) is
bounded and integrable. Furthermore, using (7.33) in Lemma 7.7 with minor modifications0,
we have

mo Mo

< Z Z |E [K(y + x20,1 )N thu, ] |

1=0 v=0

mo Mo d— if|T—U+l|§1a
<C v r i
o> il {Zs o6s] ST (A3 +773), if fr—v+1] > 2,

=0 v=0
mo r4+l+1 mo Mo
<C d—l C l1/2 1/2 d—3/2
<CY Ml D lldt+C > Ml v |l d;
=0 v=r+4+l—1 =0 v=0

<Corld;t +orr <o

uniformly in y € R, where we have used the facts that d; 1 < Cr~1/2and >"7_ | 5] ZTH |ps|(d 3+
r=3) < Cv/21/2p=3/2 under both SM and LM and 3" v||1), || < co. Now, by noting that
EVi(s) =EVy(s), sup, E|Vo(s)| < Eluipuir| < C < oo and

i) = 5 [ K(s)e BV ds,

standard calculations, together with the Holder inquality, show” that

dn < .
7E|L2n ]<— E E $k ’h (xk + 1) H—FC— g EK(mk)/H l | K (s)|ds
k=1 S>>y

< [% ZEK4/3(xk)]3/4 [%” > Elhe(zg + T15,r) ]4} e |K (s)|ds

k=1 k=1 [s1>4n

<ol [ k@™ [ [ wla] v o [ (&)

|s|>1n

< C’rg/g—i—C’/ | K (s)|ds.

[s|>1,,

As a consequence, for any [, — oo and M7 — oo as given in (7.65), we have

M,
dn
— E|Lay,
=3 ElLaa(r)

r=q+1

M,
<C Z r9/8+CM1/ |K (s)|ds

r=q+1 |S|>l"

(7.66) <Cq V¥4 My / |K(s)|ds — 0,

|s|>1n

“#Note that T+ g, = Efzfoo aj_jej whereay_;=ap_j+vp_;I(j <k—Ap)ifj>1landa,_; =
af_j —a_j +Yg—j if j <0, and Z?:_Oo EL? = d%. Lemma 7.1 still holds when the xj, is replaced by zj, +
L1kr-
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as n — oo first and then ¢ — oo.
We finally estimate Ls,, (7). It follows from the Fourier transformation that

_ i(t—s)zr ,—isT1k,, _ dt
Ls,(r on 22//<l K(s)e e [Vk(s) EVk(s)] ds

1 .
(7.67) = — K(s)Ly(s,r)ds,

27 Jys1<t,
where £,, (s, 7 1 [ K(—t) etz emismier [V (s) —EVi(s)] dt. Let oy (s) = Vi (s) —
EVi(s). Un1form1y fo \ | <, ehave

EL2(s,r) = ElZ/f((t-i—s) eim’“_iml’malrf(s)dt’2

—ZZE//K (t+s)K(u+s)e ”(ml’“*r”l“)em"‘““wjak(s)aj(s)dtdu

k=1j=1
:( Z + Z //K t_|_8) K(U—I—s) —i8(T1k,r+T14,r) zta:k—f—zua:go_k( )U]( )dtdu
li—k[ZAZ+1  [i—k|<AF

(7.68)
=R (S) + Rng(s),

Note that o (s) depends only on €k, ..., €x—a,, Eog(s) =0 and

sup o (s)] < C(1 4wk |ug grr)-
S

As in the proof of (7.50), it follows from (7.20) in Lemma 7.4 that

|Rn1(s)] < Z ‘E//eis(zl’””“*’“)eit’”’cﬂwﬂ'ak(s)aj(s)dtdu‘

li—k|>AZ+1
< Z //‘E zt:tk—i-zu:cj—zszkvl’)’q qu( ) )’JT-'O] ‘dtdu
|[j—k|>A2+1
(where vq is given as in (7.58))
<C N dtd ()
li—k[>AZ+1

n/d,, under LM,
(7.69) <C(1+1s|) {n loén/dn, under SM.

As for Rna(s), by recalling K (z) = 5~ [ K(t)e*dx and Ag = mg + 1, we have

|Ru2(s)| < Y E[K(ax) K(x;)sup ox(s)| sup|o;(s)]]
i—k|<A3+1 ’ °

(7.70) <C Y dt < Cmin/dy.
|7 —k|<AG+1



40 Q. WANG AND P.C.B. PHILLIPS

It follows from (7.67)-(7.70) that, for any [,, — oo satisfying I, = o(y/n/d,) and mg =
o(v/n/d,), there exists My = My, — 00,

Mo
dn
— E|Ls,
S ElLan()

r=q+1
< CM; sup E|Ly(s,r)| |K (s)|ds < CMy sup [E/L?L(S,T)]l/z
|s|<ln Is|<L» |s|<ln

(7.71) < C My [ln(1+10gn)—|—mg]1/2 (%)1/2%0‘

By virtue of (7.64), (7.65), (7.66) and (7.71), for any M = M,, — oo and M, <
min{ M, Ma, }, we have

M n—r
dj ¢ r E K(xk)K(xk+7~) Uk U, k4
2 (5
k=1

r=q+1

dy & Cd, &
<Cc-= E|L1, E|Ls, - E|Ls, 0,
< ”T;H( | Lin(7)] + E| Lan (7)]) + T;l | Lan(r)| —

as n — oo first and then ¢ — oo. This proves (7.63) and completes the proof of Proposition
7.7. g
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APPENDIX: PROOFS OF LEMMAS

A.1. Proof of Lemma 7.2. The idea of the proof is similar to that of Wang and Phillips
(2011, pages 246-247)[26] and the following outline is provided here for completeness. We
first prove (7.13). Write Q1 = Q4 (t) (2, respectively) for the set of 1 < v < k such that
|t + By| > 1 (Jtay + By] < 1, respectively), and

By=Y ayf, and Bz= > fo.
veE), v€EQ,
Since B2 < By Bs by Holder’s inequality, we have
> " (tow+By)* =1* Bix + 2By + By
qeQs
= Bix(t + Ba/Buix)* + (Bs — B3 /Buy)
> Biy(t + Ba/By)>.
On the other hand, there exist constants y; > 0 and 3 > 0 such that

eI >1,

iell < 5
@1 (B <\ et i <1,

since Ee; = 0, Ee? < oo and ¢ satisfies the Cramér’s condition due to [ |Ee®|dt < oo.
See, e.g., Chapter 1 of Petrov (1995)[20]. Without loss of generality, assume «; # 0 and let
g(t) = E e From these facts and the independence of ¢; it follows that, for k sufficiently
large and all ¢,

k
‘EeiZk(t)‘ <|g(t)| H |E€i51(to‘q+ﬁq)‘
q=2
<lgt) exp{ —n# () =12 D (Faw+Bu)?}
VENS
(A.2) <|g(t)] exp{ — # () — 72 Bix (t + Ba/Bx)*}.

Hence, by recalling (7.12) and | Bs| < szl |y Bol,

/ min{1,s; [t|° 4 s2} ‘Eeizk(t)‘dt

<

/ lg(®)e™VEdt +C / (51 [t° + sg)e 72 Bx (t+B2/Buo)? gy

<CeVFiCs / ([t] + | Bal/Bux) e B I(Byy, > m2)dt
+C 59 / e 2Bt (B > m})dt

§C(k*3—|—31[ —i—m,;l 25 Z!avﬂv —i—stk )

Result (7.13) now follows from the fact that

k k k k
Z‘avﬁﬂﬁ(Z‘av|2)1/2(2‘5v|2)1/2§ka(2’ﬁy|2)l/z.
v=1 v=1 v=1 v=1
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The proof of (7.14) is similar and hence the details are omitted. We finally prove (7.15). In
fact, by recalling B3/B1y < Bz < a, i.e, Ba/Biy, < a'/?/my, due to (7.12), it follows from

(A.2) that
/ |E e’ ("] gt
[t1>B/m

g(t) e VEdt + C / ¢ B (B /B gy
#(Q) <V, |t|>B/my

<

/#(91)2\@
<Ck3+ / e 2Bt (B, > mi)dt
[t|>2-1B/my,

<Ok +m;' B,

as required. [

A.2. Proof of Lemma 7.3. Let Vi (t) = Zfzk_mo 41 (tay + By)ey. Note that

<Elg(t,w)| [E e mo /M),
It follows from (7.13) with s; = 0 and sy = 1 that
/\Eem(t/h)g(t,wkﬂdt <Ch / |Eei==m®]dt < Ch (k73 + 771,
yielding (7.16). Similarly, by noting that
BV Mgt wy) | < [B (VM —1)g(t,wp) |+ [Eg(t, wh)|
< 2min{1, oo [t /h + Bro }E {|eo||g(t,w1)|} + C min{1, |¢]}

(A.3) < CPBro+ Cmin{l, ago|t|/h} + Cmin{l, |t|},

we have

/!E{eiz’“(t/h)g(t,wk)}’dt
<C /min{l,ak0|t|/h}‘Eeizkmo(t/h) |dt+0ﬁko / ’Eez‘zk,mo(t/h) ‘dt

+C / min{1, |¢|} |Ee’ -0 t/") |t

K
< Ch{(1+apo)r 2 [1 + (Z,Bf,)m] + BroTy '},

v=1

as required in (7.17). As for (7.18), by noting that
[Ee™Ve/M g(twy) | < C Bro + Cmin{1, [¢[} + C'min{1, |t|/A},
due to (A.3) and sup;, ago = O(1), it follows from (7.13) and (7.14) that

/min{l, t]/h} |E{ e M g(t,wy) }|dt

< CPhro / min{1, [t|/h}| Ee2=mo /M) |dt 4 C / min{1, (|t|/h)?}|Ee'#—m0t/M) | gt
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+C /min{l, [t|} min{1, |t|/h}’Eeizk7mo(t/h) |dt

<SCh{k™ + [Bro(r 2+ k=) + 7% (1 + ZBQ
This proves (7.18).

A.3. Proof of Lemma 7.4. We only prove (7.20) and (7.22). The other proofs are similar
and simpler. Note that

k k j 0
B A=A (D 2 e
j=1 7=1 uU=—00

k 00
(A.4) = Z €y Qf—y + Z 6—ubu,lm

u=1 u=0
where aj,_,, = Zf 0 pE—v=5¢, and by = Zle pE=% ¢s 1. Tt follows from the indepen-
dence of the ¢; that

[Tk ()]
S//’E{eisz,f:mﬂakvev/hﬂ‘tZi,:mﬂazvev/h+i23=m+1Vjejg(sjwk)g(t’wl)}‘dsdt

<C / ‘E {eizi;:k#—l(tal—v/h'f"}/v)ev g(t,wl)}‘ A(t, k)dt,

(AS)

where
A(t,k) _ / ‘E {eing:mH(sakfv/h—s-tazfv/h—wu)eu g(s,wk)} ‘ds.

As in Lemma 7.2, denote by Q7 a subset of 2 = {m + 1,2,....,k} and Qo = Q — Q. Note
that, for any kK — m > 1, ZUEQQ aiiv = d%fm whenever #2; < vk — m. It is readily seen
from (7.16) with o, = ax_,, and S, = ta;_,/h + ~, that

(A.6) A(t, k) < Chd; !

k—m>

By similar arguments it follows from (7.17) with «,, = a;_,, and 3, = =, that

/ ‘E {eiZf;:k-#l(tal—'u/h"!")/v)gv g(t,wl)}‘ dt

l

<CH{U=k) P +and % 1+ (Y )+ Bod}

v=k+1
(A.7) < Ch[d %1+ a'?) + Bod L],

where a = szl Y2, B0 = maxo<j<m, |i—;| and we have used the fact:

0 Og;g;gmlaz il o?ﬁ%ﬁo‘a” O(1)
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It follows from (A.5)-(A.7) that
|Ik,l (m)\ <Ch d;}m / ‘E et i@y /Rty )ey g(t, wl) ‘ dt

<CR !, (4751 +a' ) + Bod ],

implying (7.20).
The proof of (7.22) requires some modifications. First notice that, under SM, we have
(A.8) A(t, k) < Ch[(k —m)~" + min{1, |t|/h} (k —m)~/?],

rather than (A.6). Indeed, under SM, it follows that

(a) A(t,k) < Ch(k—m)~1/2 by (7.16) and, for any t € R,
(b) A(t,k) < Ch[(k —m)~t + [t|/h(k — m)~Y?] by (7.17) with o, = ay_, and B3, =
tar—y/h+ po/v/n,

implying (A.8). Now, by using (A.5) first and then (7.17) and (7.18), we have
[Tkt (m)]

S Ch(k — m)_l / ‘E {eizi):k-ﬂ(talfv/h""y’”)e” g(t,’wl)Hdt

+Ch(k —m)~/? / min{1, [t|/h}|E {eiZi=k+1<ml—v/h+%>fv g(t,wy) }|dt

<CRA(I— k) (k—m) 4+ (1 — k)32 (k —m) =1/,
which yields (7.22). O

A.4. Proof of Lemma 7.5. We only prove (7.25). The other proofs are similar and use
the corresponding results in Lemma 7.4. Recalling (2.4), we may write

(A.9) unk(h)z(;)2 / / F(twg) f (s, )it s gt S sV gy s
Y8

It follows from (A.4), the independence of ¢; and (7.20) with ; = p1;/y/n and g(s,wy) =

f(s,wy) that
|E [111,(h) | Fn] |

1 ) ) . R )
(2 )2 //E (ezsmk/thztmz/thJrlZj=m+1 ijj/\/ﬁf(&wk)f(t,wl) | fm)dsdt
T

<Ch*d! (d% +di—i/vn),
as required. O

<

A.5. Proof of Lemma 7.6. Recalling (A.4), as in (A.9) we have
[E{ £ a1/, w)E [f (i /s we) | Fim) ||

= [ [ IE{et= /-t Bl s, Fi] s
S//‘E{eith_IZix—kal”E” f(—t,wl)}}
R [e(ish ™" Sumy armveotith™ S0 arves) (5 )] disdlt

<C / ‘E{emﬁ1 I TR f(—t,wl)}‘A(t,k:)dt,
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where, by letting a;_, =0ifk—m+1<v<kanda; ,=a;_,if 1 <v <k —m, we have
A(t, k) = / ‘E{eizle(sak,v/h+taz:u/h)eu f(&wk)} !ds.

The remainder of the proof is the same as that of Lemma 7.4 and is omitted. [J

A.6. Proof of Lemma 7.7. Take Ay as required in Lemma 7.1. Recalling K (x) is
bounded, (7.30) follows immediately from Lemma 7.1 (i). If £ > Ay, | — k > Ap and
[ —j <k, it follows from Lemma 7.1 (ii) and the conditional arguments that

1= [E{T(Ae—y) T(Ni—g) K (/) K (21/D) }|
< E{[T(—y) T(Ni—j) K (i /h)| [E [K (z2/h)|F] |}
< CE*(\) h*d;td 2,

indicating (7.31).
We next assume that k > Ay, | — k > Ag and [ — j > k. Recalling (A.4), as in (A.9), we
have

1://\E{emz/hemk/hruk_j)F(Al_j)}uk(—sm|f((—t)|dsdt

<C / }E {eith* S G—uEy F()\l—j)}} A(t, k)dt

where
f ‘E {6iZ’E:l(sak_v/h—i-tal_,,/h)ev e—i(SEk_jb]_kwk/hﬁ-tél_kbl_k,k/h) P()\k—j)} ‘d87
A(t, k) = ifk—j<o0,
[|E {ez‘2’5;1(sakﬂ,/mml,v/h)eu I( )\k;—j)} |ds, ifk—j>1.

It follows from arguments similar to those given in the proof of Lemma 7.4 with some minor
modifications that:

(a) under LM, A(t, k) < C’hal,;1 and

I<Chd? /yE{eithlealvevr(m_j)}] dt

J
<C Y bl WP di M
s=0

(b) under SM (noting b, m| < g:j_m |¢i| < C < oo forany m > 0 and max<,<g |ay| <
C < 00),

At k) < / |E{eiELl,v#H<sak—v/h+mz—v/h>6v }] (min{1,|s|/h} + min{1,|t|/h} )ds

< Ch (k™ +min{1, |t|/h}k~1/?)

5Replace mq by j, set yp = 0 and take m = 0. In this case, oy used in (A.7) satisfies
J

ajg = max |oj_,;|= max |a;| <
10 O§i§j| 1—il ogigj“l*S;)WS"

which can not be eliminated.
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and

+Ch k—1/2 /min{l, |t|/h}|E {ez'th*1 Zi:k Ap—y€Ey F()‘l—])}| dt

<CRE Y1 —k) '+ Ch2 V2 (1— k)32,

This proves (7.32).
Similarly, by letting zo, = ;_; kfr—;j €kOr—k» W€ have

[E{T ()P g)el= /M|

1, if |[r — j + k| < Ao,

<o =
<0 Vo arsr — aplmind1, |52}, if [r — 4+ K| > Ao,

implying that, uniformly for y € R,

E{K(y+ /R (A ;) T(Ax) }|
< / K (s))||E {eisx’/hf()\l,j)F()\,k)}‘ds

! if |1 — j + k| < Ay,

<Ch . . _ . .
T olosl U sl [(d 2 +173), i |1 — j + k| > Ao,

as required in (7.33). L.
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