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Abstract

Functional coefficient (FC) regressions allow for systematic flexibility in the responsive-
ness of a dependent variable to movements in the regressors, making them attractive in
applications where marginal effects may depend on covariates. Such models are commonly
estimated by local kernel regression methods. This paper explores situations where respon-
siveness to covariates is locally flat or fixed. In such cases, the limit theory of FC kernel
regression is shown to depend intimately on functional shape in ways that affect rates of
convergence, optimal bandwidth selection, estimation, and inference. The paper develops
new asymptotics that take account of shape characteristics of the function in the locality
of the point of estimation. Both stationary and integrated regressor cases are examined.
Locally flat behavior in the coefficient function has, as expected, a major effect on bias and
thereby on the trade-off between bias and variance, and on optimal bandwidth choice. In FC
cointegrating regression, flat behavior materially changes the limit distribution by introduc-
ing the shape characteristics of the function into the limiting distribution through variance
as well as centering. Both bias and variance depend on the number of zero derivatives in
the coefficient function. In the boundary case where the number of zero derivatives tends to
infinity, near parametric rates of convergence apply for both stationary and nonstationary
cases. Implications for inference are discussed and simulations characterizing finite sample

behavior are reported.
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Keywords: Boundary asymptotics; Functional coefficient regression; Limit theory; Locally

flat regression coefficient; Near-parametric rate.

*Phillips acknowledges research support from the NSF under Grant No. SES 18-50860 at Yale University and
a Kelly Fellowship at the University of Auckland.



1 Introduction

Kernel approaches to nonparametric regression use localized versions of standard statistical
methods to fit shape characteristics of nonlinear functions in statistical models. These methods
have been extensively used in applied research across the social, business, and natural sciences.
The methods are particularly useful in assessing the role of nonlinearities and parameter insta-
bilities and are used in modeling cross section, time series, and panel data. An especially useful
model for which these methods have been developed is functional coefficient (FC) regression.
Such regressions allow the responses of a dependent variable to depend locally in a systematic
way on movements in other variables.

This paper demonstrates that the limit theory in FC regression depends on the functional
shape of the regression coefficient in ways that involve rates of convergence, asymptotic variance,
bandwidth selection, and inference. Standard limit theory for kernel regression shows clearly
how functional shape affects bias, which is well known to depend on the local first two derivatives
of the regression function and the first derivative of the density of the covariate. The limit theory
changes in material ways when these and possibly higher derivatives are zero at the point of
estimation. Recent work on FC cointegrating regression (Phillips and Wang, 2020) pointed
out dependence of the asymptotic variance on the first derivative of the functional coefficient
in estimating cointegrating equations. But the effects of flat functional shape on the limit
distribution, including the bias function and limiting variance, have not been explored in earlier
nonparametric literature on FC regression in either stationary or nonstationary cases. There
also appears to be no former research on the implications of flat functional shape on the limit
theory for standard kernel density estimation or kernel regression.

The present paper develops new asymptotics that involve these shape characteristics of the
function in the locality of the point of estimation. In particular, locally flat behavior in the
coefficient function is shown to have a major effect on the form of the asymptotic distribution as
well as the rate of convergence, with important differences between stationary and nonstationary
regressions. Local flatness in the coefficient function at some point in the covariate space may
be regarded as an intermediate case between the usual FC model and regression with a fixed
coefficient, allowing for responses of the dependent variable to be unresponsive to movements
in other variables at this point in their support. The primary focus in this paper is to develop
asymptotics for FC regression under such flatness conditions. Related effects to those described
here may be expected to apply in other nonparametric regression models where flatness occurs
in nonlinear nonparametric regressions.

The paper is organized as follows. The new limit theory is given in Section 2, which covers
both stationary and nonstationary FC regression. Section 3 discusses the implications of the
limit theory for inference. Section 4 provides simulation evidence corroborating the asymptotics.
Section 5 concludes. Proofs of the main results, several subsidiary lemmas, and computation

details are given in the Appendix. Additional technical details are provided in the Online



Supplement to this paper. Throughout the paper we use the notation =, to signify equivalence
in distribution, ~, to signify asymptotic equivalence, ~» to denote weak convergence on the
relevant probability space, -] and [-] to denote floor and ceiling functions, [-] to signify the
rounded part of a real number, and p;(K) = [ v/ K (u)du, vj(K) = [ u/ K?(u)du for kernel
moment functions, where K is the support of the kernel function K. According to the context,

we use := and =: to signify definitional equality. Unless otherwise indicated [ denotes fol.

2 Asymptotic theory for locally flat FC estimation

The standard FC regression model is a simple extension of linear regression, taking the following

form

yr =y 8(2t) + us (2.1)

in which the covariate z; determines the strength or weakness of the response of y; to the
regressor x;. The regressor z; is a p x 1 time series, which may be stationary or nonstationary.
The covariate z; is a ¢ X 1 time series and is commonly, although not always, assumed to be
stationary. The error term wu; is a scalar stationary process, often taken to be a martingale
difference. In view of its flexibility as a convenient extension of fixed parameter regression, the
model has been extensively studied and applied in econometrics. A popular textbook reference
is by Li and Racine (2007, Chapter 9.3). Many papers have studied estimation and inference in
this model under various assumptions, including early work by Cai et al. (2000) on stationary
regression and much subsequent work on nonstationary regressions covering both cointegrated
and noncointegrated models (Juhl, 2005; Xiao, 2009; Cai et al., 2009; Sun et al., 2011; Wang
et al., 2019).

Kernel weighted local least squares regression is a standard approach to estimating the
functional coefficient B(-) in (2.1). The local level least squares estimate of (z) is f(z) =
>y mthKtz)fl (>t ey Ky.) with kernel function Ky, = K((z; — z)/h) and bandwidth h.

The estimate $(z) may be decomposed in the usual manner into ‘bias’ and ‘variance’ terms as

(Z xt:n;Ktz> (B(z) — B(z)) = Z z2}[B(z) — B(2)| Ky, + Z Trur K. (2.2)
t=1 t=1

t=1

Under suitable regularity conditions the limit theory for B(z) is normal or mixed normal af-
ter standard corrections are employed for bias and suitable recentering or undersmoothing is
employed (Phillips and Wang, 2020). These asymptotics lead to a theory of estimation and in-
ference for both stationary, cointegrating, and mixed regressor cases. Our treatment extends the
existing limit theory to address the impact of locally flat behavior in the regression coefficient

function 5(-). We start with the stationary case.



2.1 The FC stationary model

It is convenient for exposition to use a prototypical version of the model (2.1) in which the

following conditions are assumed.

Assumption 1.

(i) The observable time series {xy,z} are strictly stationary a-mizing processes with mizing
numbers o(j) that satisfy ZjZIjC[a(j)]1_2/5 < oo for some §d > 2, ¢ > 7(1—2/6) and
7 > 1 with finite moments of order p > 2§ > 4 and Exyxy = ¥,, > 0. The density f(z) of
the scalar process z; and the joint density foj(so,5;) of (2, z+4) are bounded above and
away from zero over their supports with uniformly bounded and continuous derivatives to

the second order.

(i1) {ui} is a martingale difference sequence (mds) with respect to the filtration
Fi=o{{ws 25 {2} s un, w1, -+ b, E(u?|Fio1) = 02 a.s., and E(u}) < oo.

(iii) {xi},{z} and {ws} are mutually independent.

(iv) The kernel function K(-) is a bounded probability density function symmetric about zero
with pj(K) = [ W/ K(u)du, vj(K) = [.u K*(u)du, and support K either [—1,1] or

R = (—00,0).

(v) B(z) is a smooth function with uniformly bounded continuous derivatives to order L + 1

for some integer L > 1.

(vi) n — oo and h — 0.

The stationarity conditions in Assumption (i) accord with earlier work on nonparametric
and functional coefficient kernel regression for which the mixing requirements are commonly
used to enable development of asymptotic theory in time series FC regression (e.g., Fan and
Yao, 2008; Cai et al., 2000). A stronger mixing decay rate condition ¢ > 7(1 — 2/§) some
d >2and 7 > 1in (i) is used in place of the more usual condition ¢ > 1 — 2/§ to assist in
the nonparametric limit distribution theory under dependence. The mds condition in (ii) and
exogeneity and independence conditions in (iii) are convenient for the limit theory. Relaxation
of those conditions requires alternative methods such as FC instrumental variable methods and
additional technical complications that are not within the goals of the present work to address.
The kernel assumptions in (iv) are commonly employed but when bandwidths are very small,
as they are in some of the results herein, kernels with support I on the entire real line R are
better suited, or other methods used to avoid finite sample failure in the kernel-weighted signal
in the regression.

The smoothness conditions (v) on B(z:) and its derivatives are needed for the theory de-

veloped here because the limiting bias expressions rely on higher order derivatives of B(z).



When the smoothness degree parameter L is unknown and estimated a stronger condition may
be required to allow for potential overestimation of L in practice. Condition (vi) is standard
in nonparametric work and specific rate conditions involving (n, h) are given as needed in the
results below. However, as shown in the analysis of limit behavior when L — oo, the optimal
bandwidth may no longer satisfy the contraction condition h — 0 in (vi).

Our first result details the limit theory for the FC regression estimator 3(z) in model (2.1)

for the stationary case under locally flat conditions on the coefficient function.

Theorem 2.1. If Assumption 1 holds, if 5(z) has derivatives 3O (2) = 0 at z for all £ =
1,2,....,L — 1 and some integer L > 1 for which B(L)(z) # 0, then the following limit theory
holds when nh — oo

Vah {() = B(z) = B BL(2)} ~ N (0,9(2)), (2.3)

where L* = (L + 1)1, _oqay + L1{—cpeny, Qs(z) = vo(K)og y—1

) Faa
pr(K) _Gr(2)
wr~ (K) = ML(K) X 1{L:even} + ML+1(K)1{L:odd}7 gL(Z) = HKL* (K)CL(Z) and
N30 (5 (L)(, (L+1)(,
CL(Z) = f.()i!()l{L:even} + g L'< )f(l) (Z) + B(L—i—l()')f (Z) 1{L:0dd}' (25)

Theorem 2.1 shows that flatness in the functional coefficient 5(-) at z affects the limit theory
gr(z)
. f(2)

in (2.3). The bias order O(h*") and the functional form Gy, (z) are affected. The bias function

Gr(z) depends on the first two non-zero derivatives {8%(z); £ = L, L+ 1} of B(z), as well as the

of 3(z) in the stationary z; regressor case only through the bias function h™" B (z) = hX"

density f(z) and its first derivative f(!)(z), the latter appearing as is usual in nonparametric

regression. When L is even the dependence is confined to the derivative 3%(z) and the density

f(2). The limiting variance formula Qg(z) = VO;I((Z))UZ Y4 is unchanged from the standard case

without flatness and the convergence rate remains v/nh. So, the effect of local flatness in 5(z)
affects the limit theory of FC regression only via the bias function.

As L rises with an increasing degree of flatness in the regression coefficient at z, the bias
function in (2.3), which is of order O(hL"), falls when h — 0 as n — oo. When estimation
bias falls it is natural to select a wider bandwidth to reduce variance. Correspondingly, the
usual plug-in optimal bandwidth formula changes, with resulting adjustment to the convergence
rate. This can be conveniently shown in the scalar coefficient function 3(z) case, for which the

optimal bandwidth formula for minimizing asymptotic mean squared error can be deduced from



(2.3) in the usual way, giving (using the scalar x; case to illustrate)

B QS(Z) 2L% 1 1
fopi = <2L*BL(Z)2> U@L (26)

In the conventional case where L = 1 and L* = 2, we have the usual optimal bandwidth rate

hoptx = O(n_%) More generally, and taking L to be even for convenience so that L* = L and

Br(z) = (’B( >(z)) f(z)ur (K), we have

(- 1)0s(2) VELH) -y cr(2) @7
opt® — 2[ nl/(L+1) — p1/(2L+1) )

ur(K) f(2) 80 (2)]?) N

For in-

. 1/(2L+1)
where er(z) = du(=) [LUL = DIVEHD with di(2) = (g 078 g0 >)

Q
stance, when the functional coefficient has the polynomial form g z) =Y 1 ,a; 2I+7 which is
locally flat to order L — 1 at z = 0 when ag # 0, we have SV (z) = L'ZJ -0 (If,rjj,) a;jz’ and
BU(0) = agL! = O(L!). The same applies when the locally flat coefficient function 3(z) has
the asymptotically regular form ((z) ~q agz” as L — oco. In such cases, it is evident that
cr(z) = O([LY/BL)(2)]Y/E) = O(1) as L — oo and the optimal bandwidth hgpex in (2.7) ap-
proaches the non-shrinking rate O(1/n’) = O(1). Hence, for large L the associated optimal

convergence rate is \/W which approaches /n, giving a near-parametric convergence rate
for extremely flat functions.

This behavior matches the heuristic that when a functional coefficient is nearly flat and
bias is small from neighboring observation points, averaging over those observations by using a
wider (or asymptotically non-shrinking) bandwidth is useful in reducing variance and thereby
mean squared error. Note, however, that for this optimal choice of bandwidth as L — oo,
in such cases we have Br(z) = O(8")(z)/L!) = O(1) as L — oo so that vnhh! Br(z) =
O(n'/2RL+1/2) = O(nl/anéJLri/lz) = O(1) following (2.7) for the case that L is even. So the
bias term is, as usual, not negligible for the optimal choice of bandwidth. What Theorem 2.1,
formula (2.7), and this asymptotic bias analysis show is that when the coefficient function is
nearly flat in the neighborhood of the point of estimation, near parametric convergence rates

are possible with the same limit normal distribution and variance as in other cases.

2.2 The FC cointegrating regression model

For exposition we use a cointegrating regression equation with full rank I(1) exogenous regres-
sors and functional coeflicients. The model is a prototype of more complex systems and provides
results that show the impact of flat behavioral characteristics in the functional coeflicients on
rates of convergence, estimation, inference, and bandwidth selection in a nonstationary frame-
work. These simplifying conditions enable the use of standard kernel-weighted least squares

regression. Similar analyses to those given here will be needed in more complex modeling en-



vironments under endogeneity and cointegrated equations with possibly cointegrated or even
functionally cointegrated regressors. Extensions to address such complexities would involve pro-
cedures such as ‘fully modified” FCC kernel regression. Some related FM methods have been
designed for the time varying parameter framework of cointegration (Phillips et al., 2017; Li
et al., 2016; Gao and Phillips, 2013) and may be developed for FC cointegrating models. But
they are not the subject of the present work and are left for future research.

The following assumption modifies the conditions of Assumption 1 and provides for a simple

cointegrating regression analogue of model (2.1).
Assumption 2.

1
v

(i) {x+} is a full rank unit root process satisfying the functional law —=x|,.) ~ By(-), where

B, is vector Brownian motion with variance matrix 2, > 0.

(ii) {z} is a strictly stationary a-mizing scalar process with mizing numbers «(j) that satisfy
> i1 §la(i)] =% < oo for some § > 2 and ¢ > T(1—2/8) and T > 1 with finite moments
of order p > 26 > 4. The density f(z) of z and joint density foj(s0,5;) of (2, ze+j)
are bounded above and away from zero over their supports with uniformly bounded and

continuous derivatives to the second order.
(iii) Assumptions 1(ii) - (vi) hold.

The high level assumption (i) on the functional limit behavior of the regressor z; is conve-
nient, commonly used, and justified by standard primitive conditions (e.g., Phillips and Solo,
1992). Assumption 2(ii) mirrors Assumption 1(i) for the covariate z;. The independence con-
ditions in Assumption 1 (iii) are restrictive, particularly in cointegrating regressions. They
may be partially relaxed, as for example in Li et al. (2016, 2020) in time-varying parameter
cointegrating regression. Such extensions require different methods of estimation, as indicated
earlier. In further extensions of this type to FCC regression models, many of the findings of
the present work on the effects of local flatness of the functional coefficient will be relevant and
can be explored in future work. The moment conditions in (v2) on S(z;) and its derivatives
are needed in the nonstationary case because they figure in the development and appear in the

asymptotic variance formula. The remaining conditions are as in Assumption 1.

Theorem 2.2. If Assumption 2 holds, if 5(z) has derivatives 3O (z) = 0 at z for all £ =
1,2,....,L — 1 and some integer L > 1 for which f)(2) # 0, and E||) (2)||? < oo, then the

following limit theory holds under the respective rate conditions indicated:
(i) n\/ﬁ{ﬁ(z) — B(z) — hL*BL(z)} s MN (0, Qns(2)) if nh?t = 0,nh — oo, (2.8)

(i1) /377 {B(2) = B(x) = WX BL(=) } ~ MN(0,94(2)),  if nh? — oo, (2.9)



(iid) n' =7 (B(2) = B(z) — W' Bu(2))
s 27 X MN (0, Q1(2)) + ¢ L MN (0, Qv s(2))
=4 MN (0, cl_ﬁQL(z) + c_ﬁQNS(z)) , if nh*t — ¢ € (0,00), (2.10)

where L* = (L + 1)1{L:odd} + Ll{L:even}7

Qns(z) = W (/ BxB;> _1, (2.11)
Qr(z) = (Zzl)g% ( B B’> </ B,B, (B;5<L>(z)>2> (/ BZB’I>_1, (2.12)
K

and where the bias function Br(z) = f(() )C’L(z) = gL(i)), Just as in Theorem 2.1.

The division of the limit theory of FC cointegrating regression into three categories was
discovered in Phillips and Wang (2020) for the case where L = 1. Theorem 2.2 extends those
results to the general case and reveals the effect on both the limit theory and the convergence
rate of local flatness in the coefficient function at the point of estimation. As shown in Phillips
and Wang (2020) and, as is evident in the proof of Theorem 2.2, the presence of multiple
categories to the limit theory arises because two different sources of variability occur in the
asymptotics — one from the random elements of the bias function and one from the sample
covariance of the regressor and the equation error. Correspondingly, the form of the limit
theory itself changes, according to the behavior of nh?L.

Category (i) where nh?/ — 0 is comparable to the stationary case, but with convergence
rate nv/h that embodies the O(y/n) order of the I(1) regressor x; and a limit variance matrix
that replaces the stationary sample moment matrix limit 3., with the corresponding quadratic
functional [ B,y B] for the nonstationary case in the limit matrix Qg in (2.11). The bias
function A" B (z) in the centering of 3(z) is identical to the stationary case and has the same
order O(h*"). Mixed normal limit theory, but with different rates of convergence and different

variance matrices, applies in cases (i), (ii) and the intermediate case (iii).

Remark 2.1. (Convergence-rate optimal bandwidth order) In case (iii) of Theorem 2.2

where nh?Y — ¢ for some constant ¢ € (0,00), the bandwidth h ~, (c/n)ﬁ and then the

convergence rate in case (ii) becomes \/n/h?L=1 = O(V nHQgZI) O(n' ) Similarly, the
1
2L,

convergence rate in case (i) becomes n\h = O(nlfi) when h ~q (c/n)2

This duality between
the two cases implies that the convergence rates in cases (i) and (ii) merge to the same O(n* 4L)
rate for the intermediate situation where the bandwidth satisfies nh** — c. In fact, the case
nh?t — ¢ € (0,00) yields the maximum convergence rate outcome for FCC regression because,
for the boundary cases where nh** — 0 or nh* — oo, we find that the respective convergence
rates are nvh = o(n! 41L and \/W = o(n 41L Thus, the FCC kernel regression



convergence rate is optimal in the intermediate case where nh* — ¢ € (0,00). The associated
convergence-rate optimal bandwidth, denoted hopi, i Ropt ~q (c/n)i = O(n‘ﬁ). The limit
distribution is a mizture of the mized normal component MN (0,Qr(2)) (which comes from the
random element of the bias function) and the mized normal component MN (0,Qns(2)) (which
comes from the usual equation error term). The coefficients in this mizture are ¢37C and ¢~
For instance, if the locally flat function 3(z) has the asymptotically regular form B(2) ~q agz”
as L — oo, the variance matriz Qp(z) = O(BW) (2)/L)?) = O(1). Then the cl_ﬁQL(z)
component in the asymptotic variance in (2.10) remains stable when L is large just like the
cfiQNg(z) component. Therefore the random element coming from the bias function cannot
be ignored even when the functional coefficient is sufficiently flat at the point of estimation.
However, with h = O(n_i), based on case (iii) of Theorem 2.2, the bias term cannot be

neglected because it is of order O(nlfﬁ X nfgfL) = O(nuiif 71) — 0o when L > 2. Therefore

when discussing the optimal bandwidth order, we need to take the bias effect into consideration,
not only the convergence rate. This requires examination of the Mean Squared Error (MSE)

optimal bandwidth order, as given next.

Remark 2.2. (Optimal bandwidth order) We explore the optimal bandwidth order with
respect to Root Mean Squared Error (RMSE). Let h = O(n"), —1 <y < 0, and B(z) - B(z) =
O(n9-M).  The exponent function gr(v) in the latter expression represents the order of the
RMSE, which is determined by the maximum of the bias order and the standard deviation
order. The subindex L in gr(vy) indicates that the RMSE order function varies with parameter
L.

First consider the case where L is odd in which case L* = L + 1. Based on result (i) of
Theorem 2.2, when nh*" — 0 or equivalently v < — -, we have B(z)—B(z) = Op(n—\l/ﬁ +hl") =
Op(n™177/2 4 n+DY) . Then we have gr(y) = max{—1 — v/2,(L + 1)y} when v < —.
Similarly, based on result (ii) of Theorem 2.2, we have gr,(y) = max{(L—1/2)y—1/2,(L+1)~v}
when v > — 5. Following result (iii) of Theorem 2.2, we have gr(vy) = max{—1+ 2, (L+1)v}

when v = —ﬁ. Straightforward analysis yields

2y, -1/3<y<0

gi(v) = -2, —1/2 <~y <-1/3 (2.13)
—(14~/2), —1<~y<-1/2

and

(L+1)y, —525<7<0
gr(v) = X 2L , (2.14)
—l-3, —l<v<-53

for L > 3.

Similarly, suppose L is even, in which case L* = L, and gr(y) can be derived based on

Theorem 2.2. Thus, if nh®*" — 0 or equivalently v < —5, we have B(z) — B(z) = Op(ﬁ +



hL*) = 0,(n~ 72 £ nl). When v = — 5=, we have gr(y) = max{—1+ ;7, Ly} = max{—1+
i, —1/2} = —1/2; and when v > —5, we have g () = max{(L —1/2)y—1/2, Ly}. Standard
calculations yield

Ly, <7v<0
gr(v) = § “ (2.15)
—1-3 Sl<y<-5q

when L is even. Note that (2.14) and (2.15) can be combined as

L*~, —or2 <y <0
gr(v) = . 2br ) (2.16)
—l-g, 1<y <-3ppm

for L > 2.

The gr1,(y) functions are plotted in Figure 1. FEvidently, when L = 1, the RMSE optimal
bandwidth order is hopp = O(n*1/2), which equals the convergence-rate optimal bandwidth order
hopt. For L > 2, the optimal bandwidth is hop+ = O(nfﬁ%ﬂ), which is smaller than the
convergence-rate optimal bandwidth order hop; = O(nfi) when L > 2. The discrepancy between
these two optimal bandwidth rates is due to the fact that when L > 2 bias dominates variance
in result (iii) of Theorem 2.2. To reduce bias, the RMSE optimal bandwidth prefers to select a
smaller order. When L is large, we can see the order of hop, viz., _2L++1’ 1s close to zero and
then hop+ diminishes to zero at a very slow rate as n — oo. This outcome is consistent with
heuristics as f(z) is close to a constant function at the estimation point z when L is large; and

estimation of an almost constant function requires only a very low degree of localization.

Remark 2.3. (MSE optimal bandwidth formula) The above analysis tells us that the
RMSE optimal bandwidth order, or equivalently, the MSE optimal bandwidth order, is achieved
within case (i) of Theorem 2.2. Taking the standard approach to optimal bandwidth selection
that balances bias and variance (and using the scalar x; case for convenience) leads to the

following formula compared with the stationary regressor case given in (2.6)

1
Qng(z) 77 1 B __2
e = (spmp) | e = (2.17)

where cp(z) = (%) "1 To illustrate, suppose L is even in which case

1 1
Qns(z) 28+t vo(K)o2L\(L —1)! 2041
= =22 = . 2.18
)= (75, (K P ()] BB 219
If, as before, the functional coefficient is flat at z = 0 with polynomial form B(z) = ?:0 asz+j

and ag # 0, then B (z) = L! >0 If,rjj, ajz) = O(L!) and cp(z) = Op(1) as L — oo,

the randomness of cr,(z) arising from the presence of the quadratic functional [ B2 in (2.18).

10
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Figure 1: Plots of gr(v) for L > 1.
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Again, the optimal bandwidth h,,.+ = Op(n_Q/(QLH)) and for large L the optimal bandwidth
shrinks at a very slow rate and the associated optimal convergence rate nM approaches n,
giving a near-parametric convergence rate for extremely flat functions. This suggests that larger
bandwidth is needed for large L. In practice in both stationary and nonstationary cases, L is
typically unknown, so cr(z) and the optimal bandwidth order are also unknown in the absence
of information about B(z) and its derivatives. But while estimation of optimal bandwidths by
cross validation or by the use of derivative function estimates is possible, these methods typically
lead to very slow convergence rates in optimal bandwidth formulae even in the simplest cases
(Hall and Marron, 1987; Hall et al., 1991). So the above findings are likely to be mainly of

importance and use for theoretical work.

Remark 2.4. (Asymptotics with MSE optimal bandwidth) When L = 1, choice of the
MSE optimal bandwidth order hope+ leads to asymptotics that are determined according to case

h2L. = O(1) when L = 1. More specifically, the limit theory for

(ii) of Theorem 2.2 since nhg,

B(z) is given by
¥ (B(2) = B(2) = W Bi(2)) ~» MN (0,620 (2) + 3 0ns(2)) . (219)

which matches the result in Phillips and Wang (2020, Theorem 2.1(c)) for the standard case of
no flatness in B(z). In this case, the bias can be neglected because n3/* xhgpt* = O(n~ %) = o(1).
When L > 2, we have nhopt* — 0 and the limit theory is determined by case (i) of Theorem
2.2. Specifically with h = hopp = O(n_ﬁ), we have

nat51 {3(2) = B(z) — Wy B(2) } =+ MN (0,05 (2)) (2:20)

In this case, the random bias component involving Qr(z ) can be ignored asymptotzcally but the

deterministic bias term cannot be neglected because n2L*+1 X hopt* = O(n2z*+1 X n 2L*+1) =
O(1). Using the MSE optimal bandwidth hep~ = O(n” W), the fastest convergence rate
that B(z) can achieve is Op(n_%il) when L > 2. As L — oo, the fastest convergence rate
approaches Op(n_l), leading to the parametric cointegrating regression convergence rate B (2) —
B(z) = Op(n~1) as L — co. As in the stationary case, this matches heuristic arguments because

B(z) approaches a constant function at the estimation point z when L — co.

3 Implications for Inference

3.1 Procedures for inference

When L is known or is correctly hypothesized standard test statistics for inference about the
functional coefficient 5(z) can be constructed in a standard way. Following Phillips and Wang

(2020), but allowing now for local flatness in the coefficient function, we start with the matrix
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normalization

~

T(z L) = V(2 L)"2[B(2) — B(2) — h¥ " BL(2)], (3.1)
where V;,(2; L) = Ay (2) ' Qu(z; L) An(2) ! with A, (2) = S0 240 Ky,

~

n n 1 .
(2 L) = vo(K)60 > waKpz + xtx;{x;ﬁw)(z)(zt —2)PK,. Y2 (3.2)
t=1 t=1 ’

and

BE(2) fW(z) | pEHD(z)
L! f( z) (L+1)!

. 3(L)
Br(z) = pr~(K) {6 L!(Z) Lir—cven}y +

L{L=0da} } : (3-3)

The statistic T(z; L) follows the same design as the robust t-test statistic developed in Phillips
and Wang (2020) for the non-flat case with L = 1.
The bias component h”" By (z) in (3.1) and the second term of Q,(z; L) in (3.2) are both

infeasible in practical work unless L is known or is stated as part of a null hypothesis such as

HO : 5(2’) = ﬁo,L = L(). (34)

One way to determine L empirically is to test whether successive derivatives of 3(z) are zero at
the point of estimation using consistent kernel estimates,’ B(e)(z), of the derivative functions
B (z) and conducting inference to detect zero derivatives at the point of interest. In most
practical cases this procedure would involve examination of only the first derivative or first two
derivatives (¢ = 1,2). Nonetheless, empirical determination of the correct degree of flatness is
inevitably subject to pre-test bias from testing (and sequential testing) whether the derivatives
are zero. Finding a feasible pivotal test statistic that incorporates such information has proved
challenging. Section 3.3.1 below discusses some of the difficulties involved in the direct esti-
mation of the derivative order parameter L. Fortunately, simulation evidence presented below
indicates that the naive approach of assuming there is no flatness in the function (i.e., L = 1)
works well in terms of coverage compared with the infeasible test procedure that employs correct
information about L.

Under Hy the statistic T(z;Lo) may be used to construct a robust Hotelling’s 72 type
statistic based on the quadratic form T5(z; Lo) = T'(z; Lo)'T(z; Lo), so that

Ty(z Lo) = [B(2) = Bo — W9 B, (2)]'Va(z: Lo) "' [B(2) — fo — h'0Bp, (2)]-

The following result shows that under the null Hy with use of the correct value of L the statistics
T(z; Lo) and Ty(z; Lo) satisty T(z; Lo) ~ N(0, I,) and Ty(z; Lo) ~ X% as n — oo. This pivotal

!Derivative estimates can be obtained in the usual way by differentation of the kernel estimate B(z)
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limit theory provides a basis for performing inference about 3(z) when the functional coefficient
is locally flat and the flatness parameter L is correctly hypothesized. This approach covers both

stationary and nonstationary regressor cases.

Theorem 3.1. Under either Assumption 1 or 2, when the null hypothesis Hy holds and nh —
00, T(z;Lo) ~ N(0,1,) and Ty(z; Lo) ~ X2

3.2 Test power

When the null hypothesis is false and the true value of the functional coefficient 5 (z) # By but
the maintained hypothesis L = Ly is correct, asymptotic power can be explored under local

alternatives of the form
Hi g : B(2) = Bo + pnm(2),

where m(z) is a p-vector function whose modulus is bounded away from the origin and p,, is
a real sequence for which p, — 0. Let X;2; (a) be the 1 — « right tail critical value of the XZZJ

distribution. Then, under H; g3 we have

lim P (TQ(Z;LO) > X;% (a)) =1, (3.5)

n—oo

for any p, satisfying p2nh — oo if x; is stationary and Assumption 1 holds or for p,, satisfying
p2n?h — oo if x; is nonstationary, nh?*° — 0 and Assumption 2 holds. To prove (3.5) first

consider the stationary case. In view of Theorem 2.1 we have, under H, g,
Vnh[B(2) = Bo — pam (2) — hE B, (2)] ~ N (0,Q5(2)) .

Since 2= A, (2) —p Sae f (2) and

Lo, 2l L~ B (2) L 2 2
— (25 Lo) = wo(K)dy —- ; nwiKie + — ; xtxt{mtTO!(zt — )KL =, vo(K) o2 f (2) Saa,
(3.6)
just as in the proof of (A.24), we obtain
- 1 1 1 -
nhVy(z; L) = <nhAn(z)> %Qn(z;Lo) (nhAn(Z)) —p Qg(2). (3.7)
It follows that under H; g and Assumption 1
T(Z; LO) = Vn(za LO)_1/2[B(Z) —Bo — hL*BLo (2)]
= V(2 Lo) V2 [B(2) = Bo — pamn(2) — W Bry ()] + [0hVa(2; L) /2 Vnhpam ()
o N(Q(2) Y2 mhpum(2), 1), (3.8)
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so that (3.5) holds when p2nh — oo and m(z) # 0 in the stationary case.

In the nonstationary case, the analysis can be carried out separately depending on the rate
of nh?Lo. We take nh?“ — 0 as an example. When nh?L0 — 0 and nh — oo, from Theorem
2.2 (i) under H; g, we have

Vi {B(2) = Bo = pum (2) = BB, ()} ~ M (0, Qs (2)) (3.9)

-1
where Qng(2) = ”OS«[((Z))(T% (fo1 BzB/x> . Now
2) fol B, B., so that

7 An(2) ~ fol B,B,f(2) and —: (25 Lo) ~

—1 -1
n?hV,,(z; Lo) = <n;hAn(z)> %Qn(z, Ly) <n;hAn(z)> ~ Qns(z). (3.10)

Hence, under H; g, Assumption 2 and with nh?k — 0 and nh — oo we have

T(Z' Lo) = Vn ( 1 Lo) "V 2[B(2) — Bo — W"0BL, (2)]

Va(2; Lo) T2[8(2) = Bo — pam(z) — K¥0B1y(2)] + [n*AVi(z; Lo)]~/*Vn2hpm(2)
~a MN m(Sxs(2) Y2V nZhpam(2), 1), (3.11)
where MN (-, -) signifies a mean mixture normal distribution.” The test statistic T5(z; L) then
diverges when p2n2h — oo because it is asymptotically distributed as a mixture noncentral chi-

squared variate with the divergent noncentrality parameter n?hp2m(z) Qns(z)~!

m(z) — oo.
It follows that (3.5) holds in the nonstationary case when p2n?h — oo and m(z) # 0.

Results for nh?20 — oo and nh? — ¢ € (0,00) can be obtained in similar ways and the
details are omitted. In the case where nh?/0 — oo, the condition np? /h*0~1 — oo is needed
for the test to be consistent. When nh?%0 — ¢ € (0,00) the test is consistent if nl_ﬁpn — 00
holds.

Before closing this section we point out that this test is not designed to detect alternatives
specifically about L in either stationary or nonstationary cases. To illustrate the difficulties
involved in such alternatives, we take the stationarity case with nh?l0 — 0 and consider the
alternative Hy r, : B(z) = Bo, Lo < L where the flatness degree L exceeds the hypothesized L.

To examine test power observe that
Vah {B(z) = B(2) = BBy (2)} = Vih {B(2) = B(z) = B Bu(2) }+vh {n" Bi(2) — "B, (2)

The order of the second term depends on both L and Ly, noting that the order of BLO(z)

2A random p-vector € has a mean mixture normal density with covariance matrix I, if the density of ¢ is
the mixture density W Joco 67%(1719),<“”719)dp(19) where P(9) is the probability measure of the mean-mixing
variate vector 1.
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depends on Ly and L through the empirical estimates (20)(z) and 30+ () that are used in
the construction of the test statistic. Due to the fact that L is unknown under H ;,, the order
of magnitude of the component v/nh {hL*gL(z) —hkB Lo(z)} cannot be precisely determined
and the power characteristics of the test are not known. Since these properties of the test in
the case of departures L from the hypothesized Ly are unknown, the statistic is not designed

to test hypotheses concerning the flatness order L.

3.3 Challenges in test construction when L is unknown
3.3.1 Direct estimation of L

The statistic T (z; L) cannot be used in practical work if L is unknown or is not part of the
null or an explicit maintained hypothesis. A natural approach if this were not the case but
if L were directly estimable (by L, say) would be to employ plug-in estimates B(ﬁ)(z) and
B@H)(z) of the required derivatives of §(z) in the bias and variance matrix components of
T (z; L). However, as the analysis below reveals, in the general case of unknown L such a plug-
in approach encounters difficulties because of the challenge of direct consistent estimation of
L. Further, as earlier analysis reveals, the optimal bandwidth order in functional coefficient
regression depends on the flatness degree parameter L. Since L is a higher order property of
an unknown nonparametric function 3(z), this dependence poses a subtle question of how to
determine the bandwidth h in estimation and inference.

In this respect, noting that 3 (z;)—(z) = % (2 — 2)* where % lies on the line segment

between z and z and AL (z) # 0 by assumption, it follows that as n — oo and h — 0

Ll =

1 % Z?:l 1B(2¢) — B(2)| Kt
Tog () log ( %Z?ZI K. ) —p L,

as shown in the Online Supplement - see (??). Of course, L}, is an infeasible rate estimator reliant
on the unknown function 3(-) in a neighbourhood of z. It has a slow logarithmic convergence
rate with L}, — L = 0,(1/1og(h)), so that when h = n~° for some § > 0 we have Lh— L=
0,(1/log(n)). More specifically, log(h)(L}, — L) = log (‘ f ) ) +log ([ 5K (s)ds) + 0, (1),

as shown in (?7?).

Setting wy, = K./ Y ;4 Ky, this limit behavior suggests the following ‘plausible’ practical

estimate of L

. 1 LI .
L= ot (; (5@) - 5(2)‘ wtz> , (3.12)

which can be computed using a preliminary bandwidth h satisfying h — 0 and nh — co. How-
ever, when L > 1 the estimator L is not consistent. Intuitively, this is because the nonparametric

estimator 3(-) does not necessarily satisfy 3 (w) = 0 for £ < L and w in a neighborhood of
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A A 3(L)
z. Hence the approximation ((z;) — B(z) ~q %(zt

— 2)¥ no longer holds for z; in the
neighborhood of z. Instead, for z, = z + ph we have 3(z) — 5(z) = Op(h + \/%) when z; is
stationary and /3 (2t) — 3 (2) = Op(h+ %ﬁ) when z; is nonstationary, as demonstrated in Section
2 in the Online Supplement, and these error orders are not sufficient to ensure that L in (3.12)
is consistent. Therefore, the estimator B(z) does not retain the higher order flat property of
B(z) and therefore cannot be used to recover the flatness parameter L. The feasibility of direct

consistent estimation of L requires further study and is left for future research.?

3.3.2 Adaptive statistic design

This section comments briefly on the possibility of constructing an adaptive test statistic that
does not require knowledge of L. The idea stems from Remarks 3.2 and 3.3 in Phillips and Wang
(2020) where a statistic is developed that incorporates bias and variance matrix estimators that
do not involve L but instead rely on local information about the function obtained by kernel
estimation. In principle, it is straightforward to extend this idea to the case where L > 1. Take

the stationary case as an example. The adaptive bias estimator is defined as

B(z) = Ay(2)" (z xm) LYl - B (),

t=1 t=1

where the sample average X Y1 | [B(z) — B(2)| K (25-2) is introduced to approximate E[S(z) —
B(2)]Ky.. Unfortunately this adaptive bias estimator B(z) is not consistent for the true bias
when L > 1 because local kernel estimation in J3 (z¢) — B (z) is insufficiently precise to capture
the required derivative components. In consequence, the limit of B(z) has many additional
terms when L > 1. Moreover, direct (bias correction) adjustment to achieve consistent bias
estimation is not possible because the limit of B (z) depends on the unknown value of L. More
details are provided in the Online Supplement showing how the adaptive bias estimator fails in

flat regions of the function where L > 1 in both stationary and nonstationary cases. There are

3A further complication that should be mentioned is that even if a consistent estimator of L were available,
bias correction requires specification of the bandwidth factor h(L) = h™ in h*Bg(z), which presents additional
difficulties. For example, whereas the infeasible estimator L{, —, L, the consistency of L}, does not mean that

hLh ~, L. Indeed, by Taylor expansion

h(L) = h(L) = ALY (L' = L) = h¥ log(h)(L' — L) = h” log ( B(LL)I(Z)

/|5|LK(s)ds> +o0p(h")  (3.13)
since L is on the line segment between L' and L and L' —p L. Then

8" (2) /|3|LK(s)ds)) +op(h"),

h(L") = h(L) x (1 +1og( i
and h(L") = RET drh", where dp = (1 + log (’% f\s|LK(s)ds))7 so that h is inconsistent. Thus,

the slow rate of convergence of L, interferes with the consistent estimation of the factor h” needed for bias
correction.
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further obstacles to inference in the adaptive bias estimator B(z) due to additional variation that
affects the limit distribution of the bias centered term ((z) — 3(z) — B(z). In the nonstationary
case, the variance of this term depends on L and B(L)(z), making it difficult to estimate the
limit variance adaptively without introducing further bias effects. These complications combine
to make it difficult to design an adaptive statistic in cases where the flatness degree is unknown,
leaving this pursuit as a challenge for future research.

Section 4.2 below studies the finite sample performance of the infeasible oracle statistic
T(z; L) where the unknown true value L is used in construction of the test. For comparison, the
naive t-ratio T(z; L = 1) which sets L = 1 is implemented to reveal the consequences of ignoring
potential local flatness in the coefficient function and using the base statistic T'(z; L = 1). The
findings shed light on the empirical relevance for inference of failing to utilize local flatness

information about 3(z) when flatness is unanticipated.

4 Simulations

The simulation experiments that follow employ a simple prototypical framework for evaluating
the adequacy of the asymptotic theory. We explore the behavior of the functional coefficient
estimators and the adequacy of the limit theory in locally flat and non-flat regions of the func-
tion. The following sections consider estimation and inference in stationary and nonstationary

cases, separately.

4.1 Estimation

Nonstationary z;

In the first experiment the model (2.1) is used with a single I(1) exogenous regressor z; generated
as a random walk with iid N(0,02) innovations €,; and zero initialization zg, iid N(0,02)
equation errors uy, and iidU[—1,2] covariates z;. We set 02 = 1 and 02 = 1. Throughout
the simulations, the number of replications used is 10,000 and the coefficient function is the
quartic 8(z) = 2%, for which the first three derivatives at z; = 0 are zero, (¥ (z;) = 4! and
BW (29) = 423 =4 at 2y = 1.

Figure 2 shows the mean bias (plotted in the left panel), standard deviation (plotted in
the middle panel) and RMSE (plotted in the right panel) for B(z) calculated at the points
{z = 0,1} using samples of size n = 100,400 and 800, based on 10,000 replications. In
estimation we employ a Gaussian kernel and the bandwidth formula h = 6, x n7. The range
—0.90 < v < —0.05 is used to meet the condition nh — oo and to avoid extremely small
bandwidths for which there is considerable imprecision in the simulation estimates, as is evident
in the plotted curves for the standard deviation and RMSE near the left limit of the domain of

definition.” The plots show significant differences in estimator behavior between the two points

“This imprecision is related to the fact that when nh — ¢ < oo the asymptotic theory changes and no
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of estimation {z = 0,1}, which we summarize as follows.

(i) Bias increases as the bandwidth widens and the bandwidth power v — 0. For very wide
bandwidths, estimates at both z; = 0 and zo = 1 suffer large bias. However, bias is smaller and
usually much smaller at the point z; = 0 of locally flat functional form than at point zo = 1.
These findings all match the asymptotic theory in Theorem 2.2, which shows that bias has
order h™", which is h* when z; = 0 where L* = L = 4, compared with k> when z; = 1 where
L*=L+1=2with L =1.

(ii) Standard deviation rises in estimation at both points of estimation as the bandwidth be-
comes very small when v — —1 or as bandwidth becomes very large when v — 0. This outcome
corresponds to asymptotic theory where there are three convergence rates for the cases given
in Theorem 2.2, where it is shown that the highest convergence rate (or minimum standard
deviation) occurs in the intermediate bandwidth contraction case with h = O(nfi). When
the bandwidth is very small (v close to -1), considerable volatility in the standard deviation
estimates was found even with a large number of replications, particularly for smaller sample
sizes. We therefore only report results for v > —0.90 and some volatility in the estimates is
evident in the graphics close to this lower limit. The standard deviation of B(z) at zo = 1 is seen
to be substantially greater than that at z; = 0 except for small bandwidths, again matching

the limit theory.

(iii) The RMSE curves demonstrate similar U-shaped patterns to those of the standard deviation
curves. This simulation evidence corroborates the analysis in Remark 2.2, where it is shown
that the RMSE order gr(v) has a check function shape with L = 4. Further, the RMSE is
considerably lower when f(z) is flat at z; = 0 than when the coefficient function is rising at
zo = 1. These gains hold throughout a wide range of bandwidth powers except for smaller
bandwidths.

(iv) Across panels (a) (b) and (c) in Figure 2, the main impact of larger sample sizes is the
anticipated reduction in the bias, standard deviation, and RMSE, which applies to both z; =0

and zo = 1 cases and across all bandwidth powers.

Table 1: Finite Sample Optimal Bandwidth Order Estimates

x; is nonstationary x; is stationary

StDev optimal RMSE optimal RMSE optimal

2’120 2’221 2120 2’221 2120 2’221

n=100 -0.19 -0.56 -0.27  -0.56 -0.20  -0.40
n=400 -0.18 -0.56 -0.26  -0.56 -0.17  -0.38
n=2800 -0.18 -0.55 -0.25  -0.55 -0.17  -0.36
n=o00" -0.13 -0.50 -0.22  -0.50 -0.11 -0.20

invariance principle applies. Readers are referred to Phillips and Wang (2020) for further analysis and discussion
of this phenonomenon.
5The numbers in this row are the optimal bandwidth orders based on the asymptotic theory as n — oco.
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To better illustrate the optimal bandwidth order discussed in Remarks 2.1 and 2.2, we report
the bandwidth power values corresponding to the minimum points of the standard deviation and
RMSE curves from the simulations in Figure 2. Results are collected in Table 1 under the panel
headed “z; is nonstationary”. According to Remark 2.1, the convergence-rate, or equivalently,
the standard-deviation optimal bandwidth order is achieved at —ﬁ, which is —% ~ —0.13 for
21 =0(L =4)and —% for zo = 1 (L = 1). Following Remark 2.2, the RMSE optimal bandwidth
order is —ﬁ = —2~ —0.22for 2y =0 (L =4) and —3 for 2 =1 (L = 1). These are the
figures reported in the last row of Table 1 for n = co. Only when L = 1 are these two optimal
bandwidth orders the same both here and for zo = 1 in Table 1. When L = 4, the convergence-
rate optimal bandwidth power is larger than the RMSE optimal bandwidth power. In Table 1 it
is evident that for z; = 0, the standard-deviation optimal bandwidth order estimates are larger
than the RMSE optimal bandwidth order estimates. Moreover, as the sample size n increases,
the optimal bandwidth order estimates approach the corresponding limit values reported in the
last row for n = co. These results again corroborate the analysis in Remarks 2.1 and 2.1 showing
that the RMSE optimal bandwidth rate equals the convergence-rate optimal bandwidth order

when L =1 or is less than the convergence-rate optimal bandwidth order when L > 2.

Stationary z;

In the second experiment the same model (2.1) is used but with a stationary exogenous regressor
r; generated by the autoregression x; = 01 + €4 with iid N'(0,02) innovations e,; and zero
initialization g, iid N'(0,02) equation errors u;, and iidU[—1,2] covariates z;. We set 02 = 1,
02 =1, and § = 0.5. Again 10,000 replications are employed. The results for bias, standard
deviation and RMSE are shown in Figure 3. The plots for the stationary case mirror those in
Figure 2 for the FCC case. The imprecision in the simulation estimates at small bandwidths
is more severe than in the nonstationary case and results are accordingly reported here for the
reduced bandwidth power region —0.8 < v < —0.05. The findings for the stationary case are

summarized below.

(v) The main difference with the nonstationary model occurs in the standard deviation curves.
Different from the nonstationary case, Theorem 2.1 shows that the convergence rate on the
left hand side is unaffected by the local flatness parameter L or the bandwidth rate condition
nh?Y. We therefore expect to see monotonously decreasing standard deviation curves for both
points of estimation {z = 0,1} as the bandwidth power = increases. From the middle panel of
Figure 3, we observe that the standard deviation curve for z; = 0 indeed shows a decreasing

pattern as  increases to 0, but that for zo = 1 the curve starts to rise slightly when ~ is close

For the case that z: is nonstationary, the standard-deviation optimal bandwidth order is the convergence-rate
optimal bandwidth order analyzed in Remarks 2.1. It is given as — -, which is —1 ~ —0.13 for 2y = 0 (L = 4)
and —1 for zz = 1 (L = 1). The RMSE optimal bandwidth follows Remark 2.2, which is fﬁ =-2~-022
for 21 =0 (L = L* = 4) and —3 for 2o = 1 (L = 1). For the case that z is stationary, the RMSE optimal

bandwidth order is —ﬁ as given in (2.6). Then the true value for z; =0 (L = L* =4) is —% ~ —0.11 and

that for 22 =1 (L =1, L* =2) is —1.
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to 0. This is explained by the randomness that is present in the bias function in finite samples.
Although the randomness in the bias function is of smaller order than that of the usual error
term asymptotically and therefore does not figure in the limit theory, it can still affect finite
sample performance. Moreover, the finite sample effects are less severe when the functional
coefficient is locally flatter (with larger L) because the bias is smaller when L is larger. This
explains why a marked rise in the curve is only observed towards the right limit near v = 0 of
the domain of definition of the standard deviation curves for zo = 1 but not for the curves for
z1 = 0.

(vi) For both RMSE curves, there is also a clear minimum RMSE bandwidth choice as in the
nonstationary case. Furthermore, the curves indicate that the minimum RMSE bandwidth
power « is larger for estimation at z; = 0 than at zo = 1. Direct evidence of this difference is
given by the estimates of the RMSE optimal bandwidth power reported in Table 1 under the
panel ‘x; is stationary’. These findings corroborate the analysis concerning the optimal RMSE

bandwidth order following Theorem 2.1.

(vii) The plots in Figure 3 show the finite sample gains in estimation that occur from local
flatness of the functional coefficient. These gains occur for bandwidths large enough to be
well beyond the region where there is imprecision in the simulation estimates of the standard
deviation and RMSE.

4.2 Inference

This Section reports findings on the finite sample performance of the ¢t-ratios discussed in Section
3. Three statistics are considered: (i) the infeasible statistic T(z;true L) in which the true value
of L is used; (i) the ‘naive’ statistic T'(z; L = 1) where L = 1 is used as the simplest case without
any attention to potential flatness; and (iii) the oracle ¢t-ratio T'(z;true L), which assumes L,
the derivatives (35 (z), (£ (2)), and other components o2, f(z) and f)(z) are known. The
oracle and infeasible statistics provide two baselines to assess the relative performance of the
naive statistic for comparative purposes. Other details concerning computation are given in
the Appendix. The same generating mechanism is used as in the previous section and we again
consider the two evaluation points z; = 0 (with L = 4) and 23 = 1 (with L = 1). A second
order Epanechnikov kernel is used in the computations.

The empirical densities of these t-ratio statistics are shown in Figure 4 for stationary x; and
in Figure 5 for nonstationary x;. From Figure 4, at the flat point z; = 0 the densities of the
oracle statistic are evidently extremely close to the standard normal. Densities of the naive and
infeasible statistics show some discrepancy from the standard normal, but the distribution of the
infeasible statistic is closer to standard normal when the sample size is large. The improvement
of the infeasible over the naive statistic reveals the gains from knowledge of L, or equivalently,
the consequences of ignoring local flatness in the coefficient function at the point of flatness.

At the non-flat point, the oracle statistic is the one closest to standard normal. The naive and
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infeasible statistics are identical in this case because the true value of L is 1. Compared to
the performance at the flat point z; = 0, the densities are closer to standard normal at the
non-flat point. In the nonstationary case in Figure 5, the oracle statistic is again extremely
close to standard normal at the flat point. The naive and infeasible statistics are competitive in
performance, although both are too densely distributed at the origin. At the non-flat point, the
naive and the infeasible distributions are again identical and their performance is competitive to
that of the oracle statistic. In conclusion, ignoring local flatness in the coefficient function seems
to cause some efficiency loss at the flat point. To see this feature more clearly and examine
its implications for inference we examine coverage rates and confidence interval lengths of the
associated test statistics.

Table 2 reports coverage rates and lengths of the confidence intervals constructed at the two
points z; = 0 and 2, = 1 using the three statistics T'(z; true L), T(z; L = 1), and T(z; true L).
In the stationary case, the oracle statistic has the best coverage rates and these are close to
the nominal level. The naive and infeasible statistics have similar coverage rates but these are
lower than those of the oracle statistic. At the flat point, the infeasible statistic has narrower
confidence bands than the naive statistic. This finding reflects the efficiency gain of knowing
L, or the efficiency loss of ignoring local flatness. In the nonstationary case, the efficiency loss
of the naive versus the infeasible statistic is evident from the much wider confidence bands
produced by the naive statistic at the flat point. The naive choice and the infeasible statistic
suffer a mild over-coverage problem in the nonstationary case. In sum, the naive and infeasible
statistics share similar coverage rates but with wider confidence bands at the flat region in
the naive statistic case. So ignoring local flatness has greater consequences in terms of wider
confidence bands than lower coverage rates.

The coverage rate curves and lengths of the confidence intervals are plotted in Figure 6 over
the support [—1,2] of z; for sample sizes n = 200 and n = 800. The oracle statistic shows
an evident advantage in coverage over the other two methods. The naive and the infeasible
curves are identical except at the flat point z = 0. The efficiency gain in the infeasible statistic
compared to the naive statistic manifests in the narrower confidence bands at z = 0, especially
in the nonstationary case. This finding is consistent with what is observed in Table 2. The
conclusion is, again, that naive inference using L = 1 leads to wider confidence bands in the
flat region as a consequence of ignoring the local flatness in the coefficient function.

Thus, at the cost of some efficiency loss in terms of wider confidence interval in the flat
region compared to the infeasible statistic which uses the true value of L, the naive statistic that
employs the simple setting L = 1 remains an adequate option for inference when straightforward

implementation is a priority.
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Table 2: Coverage rates and confidence interval length (in brackets) at points (21, 22) based on
the t-ratios T'(z;true L), T(z; L = 1), and T'(z;true L)

x; is nonstationary x; is stationary
n T(ztrue L) T(z;L=1) T(z;true L) T(z;true L) T(z;L=1) T(z;true L)
21:0<L:4) 21:0<L:4)
100 0.96 0.97 0.95 0.85 0.85 0.95
(0.24) (0.67) (0.21) (0.62) (0.74) (0.66)
200 0.97 0.97 0.95 0.88 0.87 0.95
(0.12) (0.31) (0.11) (0.44) (0.56) (0.48)
800 0.98 0.97 0.95 0.91 0.90 0.95
(0.04) (0.10) (0.03) (0.24) (0.32) (0.25)
zo=1(L=1) zo=1(L=1)
100 0.96 0.96 0.95 0.91 0.91 0.94
(0.78) (0.78) (0.71) (1.14) (1.14) (1.15)
200 0.97 0.97 0.96 0.91 0.91 0.95
(0.39) (0.39) (0.36) (0.79) (0.79) (0.80)
800 0.97 0.97 0.95 0.92 0.92 0.95
(0.12) (0.12) (0.12) (0.40) (0.40) (0.41)

5 Conclusion

This paper extends existing limit theory in functional coefficient regression to accommodate
locally constant coefficients in the regression model (2.1), allowing for both stationary and
nonstationary regressors x;. The findings show that, in the stationary case, the primary effects
on the limit theory involve estimation bias, which in turn affects optimal bandwidth choice and
optimal convergence rates. In the nonstationary case, both bias and dispersion are affected in
the limit theory. As a result, the conditions that separate the limit theory into three different
categories are affected by the flatness degree parameter. In particular, both bias and variance
depend on the number (L — 1) of zero derivatives in the coefficient function, with consequential
effects on optimal bandwidth choice and rates of convergence. In the boundary case where L —
oo near parametric rates of convergence apply for both stationary and nonstationary cases. In
both cases, locally flat functional coefficients make wider bandwidth choices beneficial compared
with those implied by standard limit theory. But optimal bandwidth choice is complicated by
the fact that bias-variance trade-offs may not correspond to optimal convergence rates and bias
correction is more complex due to the locally flat behavior of the coefficient function.

In closing it is worth mentioning that extensions of the type given here are relevant to existing
asymptotic theory for nonparametric estimation whenever locally flat functional behavior is
present in other models such as probability densities, models with nonstationary regressors
that are more complex than I(1) processes and models with time varying parameters. Common
practice in the latter models, for instance, is to use weak trend formulations of the parameters,
leading to time dependent coefficients of the form 5(+). Trend formulations of this type in both

t
n
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stationary and nonstationary systems will lead to asymptotics that involve extensions similar to
those developed here, particularly in the stationary regressor case where bias expressions, bias
order, and optimal bandwidth choice will all be influenced by flatness in the function. Similarly,
in time varying parameter cointegrated systems of the type studied in Phillips et al. (2017),
the limit theory will be affected by locally flat regions of the coefficient function. An important
simplification in both these cases is that the coefficient function §(-) is deterministic, which
means that the bias component affects centering but will not contribute directly to variability
and the form of the limit distribution, as it can do in models with nonstationary regressors.
These are some extensions of the present theory that seem worthy of full investigation in future
research.

In all of the above models, any regions of flatness in the function being estimated are typically
unknown a priori, including the degree of local flatness, just as the function itself is unknown.
Our analysis shows that in such cases the formulae based on standard asymptotics that are
used to measure bias and variance in nonparametric estimation are only approximate and rates
of convergence may be wrong, especially in cases of nonstationary regressors. After extensive
attempts we have found it extremely challenging to devise a feasible inference procedure that
accommodates empirical information about unknown locally flat characteristics of a functional
coefficient. Fortunately, simulation results reveal that use of the naive test statistic that simply
ignores the possibility of local flatness is an acceptable approach to inference in practice. In
fact, the naive procedure achieves similar coverage rates to those of the infeasible statistic that
uses additional correct information about the degree of local flatness at the cost of slightly wider
confidence bands. Empirical estimation of the degree of local flatness and improved inferential

procedures that take account of potential flatness both merit further research.

Appendix

A Proof of the Theorems

Proof of Theorem 2.1 We analyze the components in the following normalized decomposition

of the estimation error

(Z thﬂngtz) (B (2) - B (2')) = Z xtﬂf:e[ﬁ(zt) - 5(2’)]Ktz + Z rrur Ky .
t=1 t=1

t=1

n n n
= maiBla + Y mim + Y wuk, (A.1)
=1 =1 =1
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with £ = [B(2) — B(2)| Ky and 1y = &g — E€p;. Starting with the kernel-weighted signal

matrix, we have

h thﬂl‘thz = h, Z .'IftIL’t]E Ktz h, Z LL’tIL'tCtK (A2)

where (i = Ki» — E(Ky,) and EKy, = h [ K (r) f(z+7rh)dr = hf(z) + O(h?). Since
EKZ =h [ K2(r) f (z+rh)dr = hf(z) [ K*(r)dr +o(h) = hf(2)vo(K) +o(h), where vj(K) =
[ W K?(u)du, it follows that Var((ix) = EKZ — (EKy,)? = O(h) and so (ix = Op(vVh). We
deduce that when nh — oo

ihZ:Ew;KtZ:%th:z:;{f( ) +o(1 }+7Z 4T CtK —p Yz f(2), (A.3)
t=1 t=1

since \/% Yoy 2t @ G ~> N (0,00(K) f(2)E [242; @ zpxy]) from Lemma B.1(d)(i).
Next, from the proof of Lemmas B.2(c) and (B.6), we have

Eég = W2 TLCL(2) + o(hTY),

where L* = L X ]-{L:even} + (L + 1) 1{L=odd}a KL+ (K) = HL(K) X 1{L:even} +ML+1(K)1{L=odd}
and C(z) defined in (2.5). Upon normalization and using Lemma B.2(c), the first term in
(A.1) is then

1
nhL*+1 thxtE gﬂt) —p Ex:cCL( ) (A4)

The second term of (A.1) is, upon normalization and using Lemma B.2(b)(i),

v K z / / / /
\/W thxmt ~ N( QL((L'))J;()E [(3«"1:5@)(2))2%%}) =N (O’E [(xtvnmth)fUtl't]) )

(A.5)

provided nh — oco. Otherwise \/W > oieq xexyny = Op(1) but no central limit theorem holds,
as shown in Lemma B.2(b)(ii). The final term of (A.1) is, after suitable normalization and

using Lemma B.1(c)(i),

\/%h > wrtunKe: ~> N (0,00(K) f(2)03S) (A.6)
t=1

provided nh — oo. Otherwise from Lemma B.1(c)(ii), ﬁzgl zu K, = Op(1) but no
invariance principle applies.

Standardizing by the weighted signal matrix and recentering (A.1) we have the estimation
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error decomposition
n -1 n n -1 n
B(z) — B(2) - <Z wt%ﬂ%) > wmaiEép = (Z xt:rngtz> > mim
t=1 t=1 t=1 t=1
n -1 n
+ (Z xt:ngKtz> thuthZ, (A7)
t=1 t=1

or, with each component appropriately standardized, as

-1

. . 1 &
B(z) — B(z) — h* ( Z ﬂftl“thz> YN ARy Z AV
h2L—1 ! ! 1 &
./ K| — 'Ky, K.
o Z TyTy Iy \/W Z Ty + Z TpTy Iy Joh ; TpUg £y

(A.8)

Using (A.4), (A.5) and (A.6) in (A.8), we have

-1

R B S R
t=1

-1 -1
1 n 1 n 1 n 1 n
:hL i l‘tl'/Kt — xtx'm + | — .’Etl‘/Kt — xtuth

t=1
1 n
:O hL < Zl‘tZCthZ> nthtuthz (Ag)
t=1
w (K)o —1>
/\/(0, o) ) (A.10)

Using (A.3) and (A.4) we have

-1

1 O / 1 = / gL(Z)
(nh tzl .’I,'tl'thZ> W tzl fl?t.T)tEfﬁt —>p f(z) s (All)

which leads to

Vnh (B(z) —B(z) — hL*BL(z)) s /\/( ;18 S uy— > (A.12)

where B (z) = gfL((ZZ)), giving the stated result for the first part, which holds whenever nh — co
ensuring the central limit theorem (A.12).

In cases where nh — ¢ € [0,00), in view of Lemma B.1(c)(ii) and Lemma B.2(b)(ii), we
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still have \/% Soiq zu Ky, = Op(1) and \/ﬁ S oiq mexyny = Op(1) although no invariance
principle holds. Further, in view of Lemma B.2(c) we have > 1, z;7,E€s = Op(nh"+1). But
the signal matrix Y"1 | 221K, = Op(v/nh) and so the last term in (A.7) is O,(1). Therefore
() is inconsistent when nh — ¢ € [0,00). W

Proof of Theorem 2.2

Case (i) We start again with the decomposition (A.7) and rescale the components according

to their asymptotic behavior, as determined in Lemma B.3, so that

A~

n -1 n
" 1 1
B(z) - B(z) — h* <n2h > xtx;Ktz> IR AT AT
t=1 t=1

\/thf_1 [ S D RIS R
Vo K AT A — | == K — K;..
n n2h ;I’tl't tz \/W tz;fl?tl'tnt + n\/ﬁ 2h ; Tyt n\/ﬁ tz;xtut "

(A.13)

h2L

Then, since n — 0 in this case, we rescale the equation by nv/h, giving

n -1 n
R " 1 1
nvh B(z) = B(z) — h" <ngh Z ftxfthz> 2R L Z AV
t=1 t=1
1 & o & 1 & T
= nh2L<th:r'K > me’n—k(wa'K ) —ZazuK
3 e T4 3 1Ty Ktz tut Iy
n*h 5 VndhAltt i n*h 5 nh

n -1 n
1 1
= Op(l) + <n2h E thl?;KtZ) r\/ﬁ E CUt’U,thz
t=1 t=1

- (f(z) / BmB;>_1 ( / BdeuK> o MN (o, ”)gfz))"Q ( / BzB’z>_1> | (A14)

the mixed normality following from Lemma B.3 (d)(i). In view of Lemma B.3(b) and Lemma
B.3(c)(i) we have

-1
R 1 = Gr(2)
(’)’LQh tZ:; CUt.’EQKtZ> W tZ:; .’EtiUéEgﬁt —>p (Z) y (A15)
for the bias function. Hence,
Vi (B(2) = B(2) = B Bu(2)) ~ M (0,Qws(2)), (A.16)

with Qng(z) = % (f BJCBQ’C)_I7 as given in the stated result (2.8) for case (i). B

Case (ii)
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When nh?! — oo the bandwidth goes to zero slower than O( ). To derive the limit theory

\/W
in this case, rescale (A.13) by \/n/h?L=1  giving

n -1 n
n ~ L* 1 1
1 n -1 1 -1 1
N /
= (th ; $txthz> \/W Z Tt tnt + — \/W <n2h th:Bthz) n\/ﬁ z:: xtUthZ

-1
1 < 1
= | — E K, [ — E ! 1
(th 2 TrTy tz> FEy TS, 2 TrTyny + Op( )

~ (f(Z)/BxB;> B </ BmB;dBn,L) (A.17)
EdMN<o,m</BxB’> /B B, B’ </B B’> ) (A.18)

using Lemma B.3(a) and (A.3), where B, r, is Brownian motion with variance matrix V;,, 1 =
K
S e OEIOR
Since By, is singular Brownian motion whenever p > 1 we may write the inner product
By (r)' By 1(r) in the equivalent form B,(r)'B, (r) = (Bw(r)’ﬂ(L)(z)) By 1(r), where By, is
scalar Brownian motion with variance % Then in view of the independence of B, and

B, 1, we have

/ B,BLdB, 1 =4 MN (0, ’“Eg)):f(z) / B,B. (B;5<L>(z))2> , (A.19)

which leads to the mixed normal limit distribution given in (A.18). Combining this result with

the bias function evaluation obtained earlier in (A.15) yields

\/E@(z) — B(z) — hL*BL(z)> - (f(z)/BIB;)1 (/ BzB;dBn,L> =q MN(0,Qr(2)),

(A.20)

where Q. (z) = W ([ B:By)~ ! | B.B., (BJ’CB(L)(z))2 (f BxB;)_l, giving the stated re-

sult (ii) of Theorem 2.2. W

Case (iii)

Since nh? — ¢ for some constant ¢ € (0,00), h ~g (c/n)ﬁ and then y/n/h?L=1 = O(V n“‘%zl) =
O(nl_ﬁ) = nv/h. Tt follows that the first and second terms on the right side of (A.13) have

the same order and both therefore appear to contribute to the asymptotics. So, upon rescaling
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(A.13) by n'~1r we find that

n -1 n
ST < 1 1 E {
n'7i | B(z) = B(z) — A <n2h E xt@KtZ) n2hL T i B gy
t=1

t=1

n -1 n -1 n
o (LS IR !
= (nh*")27 1L <n2h tz:;xtfcthz> W Z Ty + n hQL)% <n2h tz:;xtxthz> " ;xtuthz,

(A.21)

The asympototics are then jointly determined by the two terms of (A.21). Conditional on F,,
these terms are uncorrelated as the conditional covariance involves the matrix
n

/
1 S 1< 1 'oos _
E (W ;wt-rtnt) (n\/ﬁ ;l’t@h&Ktz) = mhL"Fl tz E (xtxs(xtntUsKsZ)) = 0.
(A.22)

)

From (A.21) and the bias function calculation (A.15) which continues to hold, it follows that
when nh?t — ¢ >0

nl- iz (5(2) —Blz) — hL*BL(z))

~g C2TIL X <f(z)/BxB;> B (/ BIB;dBn,L> tear <f(z)/BxB;> B (/ BdeuK>

=4 c2710 x MN (0,Q1(2)) + ¢~ MN (0, s (2))
= MN (0,e17 20 (2) + ¢ 22 Ons(2) ) (A.23)

This proves result (iii) of Theorem 2.2. B

Proof of Theorem 3.1

(i) Stationary z; We assume L is known. Using Lemma B.1, 62 —p O 2 and any consistent

derivative estimator (X (2) of () (2), we have

2
Qn(z; L) = vp(K Z:Etxthz + Z:cta:t {xtL' )( ) (2 — Z)LKtz}

2
VO(K>U121 En: / 1 zn: / /B(L)(z) L
~a nh T 2 ZL'tZL'thZ + % . Tty ﬂftT(Zt — Z) Ktz
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2
1 (L)
~q nh Z/O(K)O'if (Z) me =+ EE l’tl'; {x;ﬁll‘(z)(zt _ Z)LKtZ}

| |

o nh | Vo (K)O2f (2) Saw + %E 247, <x;5 (LL)!(Z)>2] / {(zt _ K (Zt - Z) }2 () dzt)

2
) } /{(sh)LK(s)}2f(z+sh) ds)

B (2)
!

~anh | (K)ol f (2) Spe + E |:1‘th (xé T

(L1)?
~a nhig(K)o2 f (2) Laa. (A.24)
Then
—1 -1
i) = [ 2@ D] | Ao
14 0'2
o [ (2) Saa) " [0(E)02 £ (2) S [ (2) ]! = %‘zx; —0g(z).  (A25)

Combining (A.25) and Theorem 2.1 gives

Tz L) = V(s L)% (B(2) - B(z) — bV Bu(2))
~a [25()] 72Vl (B(=) = B) = WY Bu(z)) ~ N (0,1,),

and T (z;L) ~ X; follows. Further, in view of (A.24) in the stationary case, the simpler
estimate Q,,(2; L) = vo(K)62 SO0, a2} Ky, which is based solely on the variance term, can be
employed and the same limit theory applies.

(ii) Nonstationary x; We again assume that L is known. We analyze each case of the Theorem
in turn.

Case (a) Using Lemma B.3(c) we have — > 1" | 2Ky, ~ f(2) [ ByBj. In place of (A.24)
and again using a consistent derivative estimator ") (z) —, BF)(2) and 62 —, 02, we now

have

N . n n 1 - 2
Qn(z; L) = l/o(K)O‘,Z fotx:fKtz + Zl‘tl‘; {$2L|ﬁ(L)(z)(2t - Z)LKtz}
t=1 t=1 '

n n 2
2h VO(K)U?‘Z:UQU’K 24— 2 +ﬁ2xx' x'B(L)(Z) 24— 2 LK 2t — 2
‘ n?h T h n?h & L h h
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B 2
1 a o) [ @ BEN(2) [z — 2\ 2t — 2
2 2 / 2r—1 | 1 t Ty t t t
o n2h VO(K)auf(z)/BmBz+nh P R R < - ) K< . >

N (z)/BxB;—i—nhQLl _/BzBm {B;B(Lgfz)}QE{(Zt}:Z)QLK (zthz>2}])

- ) )
~a n2h | vo(K)o2 f (2) / B, B, +nh*1 /BIBI {B; 5(LL'(Z) } /pQLK (p)? f (z + ph) dph] )

o n2h (o (Vo2 £ (= /HLM T OIS
ot (soK)ts o) [ By mtt 2O [ p, {350 )} (A.26)
~a thl/o(K)aif(z)/BIB; when nh?F — 0. (A.27)

It follows that in this case

n2hVi (2 L) = “hAn (z)]_l[ ;hQ (2 L)] [nihAn (z)] -

[ ) [ 5. B'] [UO o2 f (= )/BmB;} [f (z)/BmB;y1
Z)“( / BIB;> — Qs (2). (A.28)

from which we deduce from Theorem 2.2(i) that

Tz L) = Va(z 1)~/ (B(2) - B(z) — bV Bu(2))
~a [Qvs (2)] 2 Vi (B(z) —Blz) - hL*BL(z)) ~ N(0,1,).

Then T (z; L) ~ X3, as required.

Case (b) When nh?” — oo we have by calculations similar to those leading to (A.26)

2
Qn(z; L) = vp(K th:cthZ + Za:ta:t {xtL' ( )zt — Z)LKtz}
2
~q n7h <V0(K)qu(2)/B B, + hQLVQL /B B, B’ (L) ( } >

1
= n3p2ttl <h2L o(K 2f /B B! + V2L /B B, B' } )

var, (K) f (2) / 2
~a ”3h2L+12L(T / B,B, {BML (,z)} .

Hence, in this case
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st =[] [t ]

~ [ B B’} [UQL B B, {3;5@)(,2)}2] [f (z)/BxB;}
_ (L'2)L<j{(()) (/ Bng/c> ( / BB, {B’B(L)(Z)}2> (/ BxB;)_l —Q(x),  (A29)

and from Theorem 2.2(ii) we deduce that

-1

(L) = Va(z 1) 772 (B(2) - Bz) — h¥ Bu(2))

[hm ) F < >—ﬁ<z>-h%w>
~g m\/hﬂil —n Br(z )) ~ N(0,1,),

and Ty (z; L) ~ an as required.

Case (c) When nh?l — ¢ € (0,00) we have by calculations similar to those leading to (A.26)

2

Qn(z L)=uw(K Z:z:txthz —I—Z:Utxt {xtL' L)( ) (2t —z)LKtZ}
~anh<()2f /BB’+ h2LV2L /BB B’ @) (2 )

~a n2h <VO(K)a§f (2) /BIB; + cVZL((]Z))Qf()/Bme {B;B(L (Z)}Q) .

i) o] (] [anc)

ey BzB;]l wiki0is ) [ B3, v 2O [ 5., {move)} | [re) [ Bor]

= Qns(2) +cQp (2) . (A.30)

-1

1 19 1
Hence, when nh?% — ¢ or h ~, (¢/n)2E and n?h ~, c2Ln?73L as n — oo we have
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h2L

From Theorem 2.2(iii) it now follows that when nh*" — ¢ we have

N

(L) = V(2 L)% (B(2) = B(2) — - Bu(2))

-1/2 | .

= [V 0]l (B2) - B(=) - hEBu(2))
o 673 Qs (2) + € Q)] A0t (B() - Bz) — Y Buz)) - N (0,1y),

and again T (z; L) ~ xg, as required. W

B Useful Lemmas

Lemma B.1. Under Assumption 1, the following hold as n — oo:

(a) (i) 1f nh — o0, {53 G, o S wiko} ~ {Bee (), Burc(9)}, where {Bex, Burc}
are independent Brownian motions with respective variances vo(K) f(2), and vo(K)o2 f(z),
’LU’Lth CtK = Ktz — EKtz and Ktz = K(%),

(i1) If nh — ¢ € [0,00), then {ﬁ Zthlj Gk, \/% ZthlJ w Ky} = Op(1) but no invariance
principle holds.

(b) (i) If nh — 00, =31 | 2@, Ky —p Saof (2);
(ii) If nh — ¢ € [0, 00), ﬁ Yoty mery Ky, = Op(1) but no invariance principle holds.

(¢) (i) If nh — oo, \/%Z?:lmtuthZWN(O,VO(K) o2 f(2)%, )
(ii) If nh — ¢ € [0, 00), % Yo mu Ky, = Op(1) but no invariance principle holds.

(

(d) (i) If nh — oo, r Yo 5 2t @ G~ N (0, 0(K) f(2)E [2i2) @ 2p}]);

(it) If nh — ¢ € [0,0), m oy e = Op(1) but no invariance principle holds.
Proof of Lemma B.1
Part (a) (i) and (ii) See Lemma B.1(a) of Phillips and Wang (2020). For later use, note that
EK:, = hf(z)+o(h), and EK? = hf(2)vo(K)+o(h), so that Var(¢x) = hf(2)vo(K)+o(h) and
G = Kio — E(Ky,) = Op(Vh). Further, Var(usKi,) = hvo(K)o2 f(2) 4 o(h) and Bu K7, = 0,
so that the limit processes (B¢ (), Buk(r)) are independent. The functional laws follow by
standard weak convergence methods when nh — oo and (ii) follows by showing the Op(1)
property directly whereas the CLT does not hold because of failure of the Lindeberg condition,
just as in the proof of Phillips and Wang (2020, Lemma B.1(a)(ii)). B
Part (b) (i) We have

n

1 — 1 EK, 1 —
7}1 Z xtx;Ktz = ﬁ Zl’,ﬂ?;% + E Z .'IZ‘tIII;CtK
t=1 t=1 t=1
—lim'{f(z)mu)ﬂo <1> Sy S f (2) (B.1)
n s tlg D m p “rx ) .
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as in (A.3) by virtue of Lemma B.1(d)(i) and the law of large numbers. For Part (ii), when
nh — c € [0,00) we have \/% Yot xryCix = Op(1) as in Lemma B.1(d)(ii) with no invariance
principle holding. Then, as in (B.1),

\/1Th Z vy Ky = Vnh= Z vy {f(2) Z zxy G = Op(1), (B.2)
t=1

as stated. W
Part (c) Result (i) follows by the martingale central limit theorem. Stability holds because

the martingale conditional variance matrix is

<\/1Th ZCCtuthz> = Uﬁf(Z)VO(K)ﬁ Z:th; —p USVO(K)f(Z)Em. (B.3)
t=1

t=1

Setting wig = Tu Ky,

2
tT;L{H < oo we have, given € > 0,

1 < {HwtK
nz
t=1

and the Lindeberg condition holds when nh — oo, giving the stated result. Part (ii) follows

||wtK|>ex/m} —0 (B-4)

because, although the stability condition continues to hold as in (B.3), the Lindeberg condi-
tion fails when nh — ¢ € [0,00) as (B.4) no longer tends to zero. In the present case, with
scalar xy, iid {(u¢, z¢) } and independent, strictly stationary components with respective densities

{fz(x), fu(u), f(s)} we have, given € > 0 and nh — ¢ € [0, c0)

{0 ] L

2
Z) fz(x)fu(u)f(s)luzu[((%)’>Em]d$duds

—/ () fu(u) f(z ‘f’ph)l[\m[((p”x\/ﬁ]dxd?idp
vo(K) f(2)E(x?u?) > 0 ifnh —0
[ 2?u? K (p)? fo () fu(u) f(2)1 (20K (5)[>eye] drxdudp >0 ifnh —ce€ (0,00)

leading to failure in the Lindeberg condition.

Part (d) Parts (i) and (ii) follow in the same way as Parts (c)(i) and (ii). B

Lemma B.2. Under Assumption 1, if 39(z) =0 for £ =0,1,--- ,L—1 and () # 0, then
the following hold as n — co and h — 0:

(a) (i) If nh* 1 — oo, \/ﬁxﬁf m ~ Byr(-), where By 1() is Brownian motion with
variance matriz Vo, 1, = %B(L)(z)ﬂ@)(z)’, with ny = &ar — E&py and &g = [B(2e) —
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B(2)] Ktz

(i1) If nh — ¢ € [0,00), then Zttzlj e = Op(1), but no invariance principle holds.

1
A /nh2L+1

(b) (i) If k4! — oo, W i i~ N (0, 2B R (2180 (2) 2aiay) )
(ii) If nh — ¢ € [0, 00), \/W oy zexyny = Op(1), but no invariance principle holds.

(C) WI*-H E?:l xtx;fE‘f/Bt —p gL(Z)ZSUZ; where L* = L X 1{L:even} + (L + 1) 1{L:odd}; gL(Z) =
pr(K)Cr(2) with pr+(K) = pr(K)1{r=cven) + r+1(K)1{L=0day, and

F(2)8" (2)

Lt ooy + BE(2) BED ()
L! =even

Il AT

CrL(z) = f(Z)] Lr—oday- (B.5)

Proof of Lemma B.2

Part (a) (i) Phillips and Wang (2020) proved a related result when L = 1 in their Lemma
B.1(b). A similar argument is employed here. But for general L we need to compute the first
and second moments of 7; = {g; — [E{g; and deal with the precise form of the local behavior of
the coefficient function 5(-) in the neighborhood of the point of estimation z. To this end, the
proof uses the following Taylor representations

8z +ph) - B(z) =88 (5 L

f(z+ph) =f(z) + 1V (%) ph,

pL+1 hL+1

+ BET (z,) T

where {B(j) (2)=0;5=1,...,L — 1} and with Z, and Z, on the line segment connecting z; and
z. The first and second moments of n; may now be deduced. Specifically, using the symmetry

of K, we have

1

E&pr = E[B(2) — B(2)] Ki. = / [6(s) = B()E((s — 2)/h) f(s)ds

-1

1
= [ (64 ph) = BN+ )y
L rplpl L41, L+1
= h/1 [h[ﬁ 5(L)(z) + h(IA—pl)!ﬁ(L—i_l)(Zp)} K(p) {f (2) 4+ (ip)ph} dp
1L
- {h o %B(L)(@f (=) p" K (p)dp + o(h”l)} % 1{1—oven}
1 rpL+1 ] pLA )
+ {h/1 { 7 B () f1) (%) + MB(LH)(Zp)f(Z)] PEUK (p)dp + O(hL+2)} X 1 —odd)
(L)(,
= {hL-'_l:u'L (K> g L'( )f(Z) + O(hLJrl)} X 1{L:even}
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(L) (4 (L+1) (4
i {hmum ) | P 210 @+ T o+ o) +o<h“2>} X 11 oan)
= hE L (K)COp(2) + o(RE+Y) =2 hE"F1GL (2) + o(REHY), (B.6)

where L*, pp+«(K), Gr(2) = pr+(K)Cp(z), and Cp(z) are defined in the statement of the Lemma.
Next

Eésill = E[(B(2) — B(2))(B(z) — B(2))' K (2 — 2) /)]
1
—h / (B(= + hs) — B(=))(B(= + hs) — B(2)) K(5)2f (= + hs)ds

-1

1 LgL LgL /
=i [ [P e o) [ M a0 +o )| K217 )+ ott)as

h2L+1

Ty

h2L+1
C(L?

It follows that

(2) BD(2)8D (2)’ / | LK2(5)ds + o(h2EH)

-1

vor(K) f (2) BE) ()88 (2) + o(*ET1).

2L+1

Var(m) =Bt — (Ba0) (Bp)' =~ g var (K )/ (2) P ()P (=) +o(n?HHY), (BT

and 7, = O, (h“‘é) . Next, in view of (B.6) the serial covariances satisfy
C ) =Eailly,; — (Eépr) (B€sr) = Bl O(h*+2
ov(&pe, Epr+j) = Eplpy; — (Bépe) (Eat) = E€pipiy; + O( )

and by virtue of the strong mixing of z;, measurability of 5(-), and Davydov’s lemma the

covariances satisfy the bound

200 e -
Cov(€an, €as)l <8 (Elanl”) " [a()I'™/% = Agh? 20 |a(j) 1720 + o(h242/%), (B.S)

L)(z . L) (z
where Ag = 8 f‘ﬁ (” ‘ Ip|°L K (p )5dpf(z))2/5,smceE]fgt\(s = hHL‘sf‘ﬁ (” ]p\‘SLK( )odpf(z)+

o(h'*1£9) in a similar way to (B.6), and where 2, is on the line segment connecting z and z -+ hp.

Further, for j # 0 and using the joint density fo ;(so,s;) of (2, 2zi4+;) we have

Eépi&hyj = EBI(B(2) — B(2)) (B(2144) — B(2)) KiK.z

// (s0) (sj) = B(2)) K <50;Z> K <8‘7;Z> fo,i(s1,55)dsods;

ye / / (2 + hpo) — B(2)(B(z + hp;) — B2)Y K (p0) K (07) foj (= + hpo, = + hip;)dpodp;
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(L) (L) (2
- {hwﬁ A2 e [tk | p§K<p2>dp2+o<h2L”>} X L1 ven)
+ {h2L+4

B (z) B (2)
L+1)! (L+1)
B (z) BV (2) Do, B (2) B (=) & foy
R 1T e R T Ry A R v / P K(p1)dp) / Py K (p2)dps

+o(h* )} X 11 Coqay
= O(h*"+%) < O(hS) for L > 1. (B.9)

BED () BB (2) D fo
L+1)! L asj](z’z>

f(),j(z, Z) +

+

We now deduce that the long run variance matrix of 7, or variance matrix of the standard-

. . 1 n .
ized partial sum NeTEie=t Dot M, 18

1 - 1
VEE () = E Z”t] [ Znt] = R2LFt ZEmnt —arr D Bl
\/Wtzl Vnh2L+1 h + nh2L+ oy
1 vor,(K) f (2
- thHEnmé +o(1) = Q((L!))g()ﬂ(m(z)ﬂ@)(z)l =: Vim.L, (B.10)

which follows from (B.7) and standard arguments concerning the o(1) magnitude of the sum of
the autocovariances of kernel-weighted stationary processes. In particular, from the o mixing

property of z; and using a sum splitting argument and results (B.6), (B.8) and (B.9) above, we

have
1 ’ 1 = ’]‘ ’
Y)Y ZEUWS = 3301 Z - [E€stéh; — (E&pe) (E&pr)']
s j=—nt1,j#0
M
1 J
—r 2|1 D) (Bt ~ (B (B0
=~ Mj#0
1 J
tmr X (1) Eenghn - (6 (60
M<|jl<n
MhQL*-i-Q 1 5 2/6 1-2/6
= O( B2+l > +0 (thH (E|€5t’ ) .9
M<jl<n
2 _
_ 3 o 1-2/6
= O (Mh X 1{1—even) + MD* X Liz—oaay) + O | 5051770 Y. i
M<|jl<oo
1 _
3 o 1-2/6
:O(MhX1{L=even}+Mh Xl{L:odd})+O W Z J aj /
M<|j|<oo
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1
_ 3 _
=0 (Mh X 1{L=even} + Mh° x 1{L=0dd}) +o0 <( 17;/5 h)lZ/é) =0 (1) s (Bll)

for a suitable choice of M — oo such that Mh — 0, M™h — oo, and % — 0, with 7 > 1,
¢>7(1—2/0) and ¢ > 2. It then follows by arguments similar to the central limit theory for
weakly dependent kernel regression in Robinson (1983), Masry and Fan (1997), and Fan and
Yao (2003, theorem 6.5) that the standardized partial sum process of 7, satisfies a triangular

array functional law giving

[n]
1
NIz ; ne ~ By r(+), (B.12)

where B, 1, is vector Brownian motion with variance matrix V,, 1 = %B(L)(z)ﬂ(m(z)’.

The effective sample size condition nh — oo is required for this result. B

Part (a) (ii) Otherwise, when nh — ¢ € [0, 00) we have
L]

1
WZ% = 0,(1), (B.13)
t=1

but no invariance principle applies. Taking scalar x; and éid {z;} for ease of notation, the

stability condition

2 n 5 2
Z 1 Z t B (z)
(f h2L+1> T n — & < hZL-l—l) = n(K)f(z) < L ) +O(h),

is satisfied so that \/ﬁ S oiqym = Op(1) but the Lindeberg condition fails. To show this,
note that 1, = &g — E&gr = g + O(AL ). Given € > 0, nh 4 oo and 87 (2) # 0 imply

() o)

_ [[ﬂ(Zt)—ﬂ( ) K + O(h P2 d
= J2LAT [18(0)— B e+ O 1)) > ez f () dze
(L)(» .
_ / E L K (p) + O(RE )2 Fo b b
h2k [\LLL)!(Z)thLK(p)+O<hL*+1)|>e¢W]
2
= (8P (2)/L! / 2L (p)1 dp + O(h
CRIONANON S S 4000 ] © O
2
(%) F(2)var(K) > 0 if nh — 0,

— (ﬁ(Lgl(z)yf(z)fp2LK(p)21HB(L)(z>p }dp >0 ifnh—ec
L!

LK (p)|>ev/e
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|
Part (b) This part follows in essentially the same way as Part (a) and the proof is omitted. W

Part (c) From (B.6) we have
Efg = B 4 up- (K)Cp(2) + o(h" 1) = B¥#1G(2) 4 o(A 1) (B.14)

from which it follows directly that ML%H Yoy vy EE g —p Gr(2) X4, as required. W

Lemma B.3. Under Assumption 2 and if 39(z) =0 for £ =1,--- ,L —1 and X (2) # 0,
the following hold as n — co and h — 0:

(a) (i) Ifnh — oo, ﬁ S 2 Gi ~ [ BeBlLdBex =q MN (0,10(K) f(2) [ B.Bj ® ByB,,),
n _ vor (K 2
and mthl xtfgnt ~ foB;chW,L =d MN( 72L(L,)f fB B, [B,ﬁ( )( )] ) ;

(ii) If nh — ¢ € [0, 0], \/ﬁﬂll iy = Op(1), and mthl G = Op(1),

both without invariance principles holding.
(b) With Cr(z) defined as in (B.5) and Gr(z) = purp+(K)Cr(2),

1 n

NOTNZESY > wewiEp ~ ML*(K)CL(Z)/BzB; =G1(2) / B.B., (B.15)
t=1

where L* = L x 1{L:even} + (L + 1) l{L:odd}-

(c) (i) If nh — oo, ﬁZle xth;:Ktz ~ meBg/cf (2);
(ii) If nh — ¢ € [0, 00), \/ﬁ Yoy Ky, = Op(1) but no invariance principle holds.

(d) (i) If nh — oo, ﬁ Sty ww Ky ~ [ BedByx =g MN (0,v(K)o2 f(2) [ BoBL):
(ii) If nh — ¢ € [0, 00), ﬁ Yoy 2Ky, = Op(1) but no invariance principle holds.

Proof of Lemma B.3

Part (a)(i) First observe that when nh — oo we have the joint convergence

<ﬁwLnJ7 \/%Z CtK’ \/Wzt 17775) (BI()’ BCK(')7 Bn,L('))a (B16)

by virtue of Assumption 1, Lemma B.1(a)(i) and Lemma B.2(a)(i), where the Brownian motion
{B,} is independent with {B¢x, By 1} by virtue of the exogeneity of z;. The covariance be-
B <LL)!(Z) vr,(K) f(z). This follows from the fact that the contemporaneous
covariance Eyen, = EKZ (8(z1) — B(2)) — EKnEK.(B(zr) — B(2)) = W 200 () £(2) +
O(hL"+2) = O(h*!) and the cross serial covariance E¢;xm;1; = O(hL"+2) for j # 0, so that

combined with the weak dependence of z; and an argument along the same lines as that leading

tween B¢k and B, is
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o (B.10) we have

1
Vnh ;Ct X W;m = LTl (Gxme) {1+o(1)} =

Weak convergence to the stochastic integral limits

CtK /
Z(ff)ﬂ B,B.dBk, (B.17)

n

1 I _ Lt Ly Ua ,
ﬁZZ(N) e [maman, ma

then follows directly from Ibragimov and Phillips (2008, theorem 4.3) when nh — oo, respec-

tively. Both stochastic integrals have mixed normal distributions, viz.,

/ B, ® BydBex =g MN <0, v (K) f(2) / B,B. ® BxB;,> , (B.19)
/BIB;dBn,L =4 MN( ”2L K /B B’ Y B0 (2 )) > : (B.20)

and the stated result holds. B

Part (a) (ii) When the rate conditions nh — oo fails and, instead nh — ¢ € [0,00) ap-
plies, it follows from Lemma B.1(a)(ii) and Lemma B.2(a)(ii) that —— Zt 1 Gex = Op(1) and
\/ﬁ Yoieq e = Op(1), respectively, but with no invariance prln(:lples holding. Correspond-
ingly, in place of (B.17) and (B.18), we have

Z:ﬂta:tCtK Z (\/ﬁj%) \C/t% = 0p(1), (B.21)
W Z Tei = ; <5ij3 \/# = Op(1), (B.22)

again without invariance principles. W

Part (b). Using (B.14) and standard weak convergence methods we have

1 < 1~ 2 7, E&g
! _ t t t !
W;$t$tEfﬁt — n;\/ﬁ\/ﬁh[/*‘i’l ~ gL(Z)/B;UBm7

giving the stated result. W
Part (c). Using (B.21), Part (i) follows as in Phillips and Wang (2020, Lemma B.1(c)(i)),
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giving

1 - 1 "~ Tt 1’2 El(t
— Ky, =—y —Lt -t 1) ~ | B.B.f(z). B.2
o 2 e = e ol / »Bof(2) (B.23)

The proof of (ii) follows as in Phillips and Wang (2020, Lemma B.1(c)(ii)). W

Part (d). As in Part (a)(i), when nh — oco we have \/% Z?:Lf u Ky, ~ Byuk(+) as in Lemma
B.1(a) and then weak convergence to the stochastic integral \/ﬁ Yo wueKy, ~ [ BydByk
follows directly from Ibragimov and Phillips (2008, theorem 4.3). Due to the independence
between B, and Bk, we have [ BydByx =q MN (0,10(K)o2f(z) [ ByBY) .

(i) If nh — ¢ € [0,00), then -1 Sl wK;. = Op(1) as in Lemma B.1(a)(ii), and then
\/ﬁ Y ieq zrug KKy, = Op(1) but no invariance principle holds. W

C Additional Computational Details

The following paragraphs provide further details of how the three statistics in Figures 4, 5, 6
and Table 2 were computed.

(i) Computation of the naive t-ratio T'(z; L = 1) follows the definition (3.1). Since the use
of T(z, L = 1) implies belief that L = 1, the optimal bandwidth order for that case is employed
in the computation. For the computation of B(z) and Ky, the bandwidth A = 6,nY was used
with v = —1/2 for nonstationary z; and v = —1/5 for stationary z;. For the other unknown
components (1), 33)(2), f(z) and £ (2) involved in (3.2) and (3.3), different bandwidth orders
were used. Specifically, f(z) used v = —1/5, f()(2) used v = —1/7, BV was estimated using
local linear estimation with v = —1/7 for stationary x; and v = —2/7 for nonstationary z;, and
B (2) was estimated by local quadratic estimation with ~v = —1/9 for stationary z; and v = —2/9
for nonstationary x;. Those orders were selected based on optimal bandwidth order rules in
the case of local p-th order polynomial estimation to estimate S®)(z) for p = 1,2 and rely on
ongoing work by the authors for local p-th order polynomial estimation in functional coefficient
regression.

(ii) For the infeasible statistic T'(z;true L), the true L is used in the computation. For
L =1, it is identical to the naive choice. For L = 4, we need to estimate 5(¥)(z). We use local
4-th order estimation with bandwidth order v = —1/13 for stationary z; and v = —2/13 for
nonstationary z;. For the computation of 5(z) and K. the optimal order y = —1/(2L* +1) for
stationary x; and v = —2/(2L* + 1) for nonstationary x; were used.

(iii) For computation of the oracle t-ratio T'(z; true L), the quantities L, 3V (z), gD (2),
f(2), fMD(2) and o2 were assumed known. Given a known L, the optimal order was used in the
estimation of 3 (z) and computation of Ky,. More specifically, for L greater than 1, the optimal
order used is v = —1/(2L* 4 1) for stationary z; and v = —2/(2L* + 1) for nonstationary ;.

For L = 1, the optimal order is v = —1/5 for stationary z; and v = —1/2 for nonstationary x;.
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(v) For the residual variance o2 the same estimate was used in the naive choice and the
infeasible statistics. We used v = —1/2 to compute B(zt) and hence the residual estimates

Uy = Yy — xtﬁ(zt). Then o2 was estimated by 62 = % Sr o al.
Supplementary Material

Peter C. B. Phillips and Ying Wang (2021). Online Supplement to “Limit Theory for Locally

Flat Functional Coefficient Regressions.”

42



References

Cai, Z., Fan, J., and Yao, Q. (2000). Functional-coefficient regression models for nonlinear time
series. Journal of the American Statistical Association, 95(451):941-956.

Cai, Z., Li, Q., and Park, J. Y. (2009). Functional-coefficient models for nonstationary time
series data. Journal of Econometrics, 148(2):101-113.

Fan, J. and Yao, Q. (2003). Nonlinear time series: nonparametric and parametric methods.

Springer Science & Business Media.

Fan, J. and Yao, Q. (2008). Nonlinear time series: nonparametric and parametric methods.

Springer Science & Business Media.

Gao, J. and Phillips, P. C. B. (2013). Functional coefficient nonstationary regression with

non-and semi-parametric cointegration. working paper.

Hall, P. and Marron, J. S. (1987). Extent to which least-squares cross-validation minimises
integrated square error in nonparametric density estimation. Probability Theory and Related
Fields, 74(4):567-581.

Hall, P., Sheather, S. J., Jones, M., and Marron, J. S. (1991). On optimal data-based bandwidth
selection in kernel density estimation. Biometrika, 78(2):263-269.

Ibragimov, R. and Phillips, P. C. B. (2008). Regression asymptotics using martingale conver-
gence methods. Econometric Theory, 24(4):888-947.

Juhl, T. (2005). Functional-coefficient models under unit root behaviour. The Econometrics
Journal, 8(2):197-213.

Li, D., Phillips, P. C. B., and Gao, J. (2016). Uniform consistency of nonstationary kernel-
weighted sample covariances for nonparametric regression. Econometric Theory, 32(3):655—
685.

Li, D., Phillips, P. C. B., and Gao, J. (2020). Kernel-based inference in time-varying coefficient
cointegrating regression. Journal of Econometrics, 215(2):607-632.

Li, Q. and Racine, J. S. (2007). Nonparametric Econometrics: Theory and Practice. Princeton

University Press.

Masry, E. and Fan, J. (1997). Local polynomial estimation of regression functions for mixing

processes. Scandinavian Journal of Statistics, 24(2):165-179.

Phillips, P. C. B., Li, D., and Gao, J. (2017). Estimating smooth structural change in cointe-
gration models. Journal of Econometrics, 196:180-195.

43



Phillips, P. C. B. and Solo, V. (1992). Asymptotics for linear processes. The Annals of Statistics,
pages 971-1001.

Phillips, P. C. B. and Wang, Y. (2020). When bias contributes to variance: true limit theory
in functional coefficient cointegrating regression. Cowles Foundation Discussion Paper No.
2250, Yale University.

Robinson, P. M. (1983). Nonparametric estimators for time series. Journal of Time Series
Analysis, 4(3):185-207.

Sun, Y., Hsiao, C., and Li, Q. (2011). Measuring correlations of integrated but not cointegrated

variables: A semiparametric approach. Journal of Econometrics, 164(2):252—267.

Wang, Y., Phillips, P. C. B., and Tu, Y. (2019). Limit theory and inference in non-cointegrated

functional coefficient regression. Working Paper, University of Auckland.

Xiao, Z. (2009). Functional-coefficient cointegration models. Journal of Econometrics,
152(2):81-92.

44



1.6 1.4
1.4 /
’ 1.2
12 //
1 / !
/ 5
1 2
¢ 08 ! kS| 08
8 i 3
@ 06 / Q06
/ o
0.4 / @
/ 0.4
0.2 7/
7
0 = 0.2
-0.2 0
-1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0
BW power vy BW power BW power v
(a) n =100
1.6 0.6 1.5
/
1.4 , /
; 05 I
1.2 i Il
1 1
1 ] 0.4 1 1
! S |
0.8 I 5 W I
8 1 303 2
@ 06 /I a) o
04 / P02 0.5
02 ,/
v 0.1
0 -
-0.2 0 0
-1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0
BW power v BW power ~ BW power ~
(b) n = 400
1.4 7 0.25 1.4 7
1 1
1.2 I 12 1
[ 02 1
4 I : I
1 1 I
08 1 c 1
- [ S 0.15 !
7 / kS w 0.8 I
g %]
.8 0.6 1 > = i
o / 8 X o6 !
1 — 0.1 . 1
0.4 h 1) |
/ 0.4 /
0.2 // !
0.05 /
7
== 0.2 \ /
0 N /
_ '
-0.2 0 0 =
-1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0
BW power v BW power

BW power ~

(¢) n =800

Figure 2: Nonstationary case: bias, standard deviation and RMSE plots for FCC estimator
B(z) at points z; = 0 and zp = 1 for the quartic coefficient function 3(z) = z*. The figures

show bias, standard deviation, and RMSE in the left, middle and right panels as functions of
bandwidth power v (—0.9 <y < —0.05) in h = 6, x n” for Model (2.1) with I(1) regressor z;

and sample size n = 100,400 and 800.
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Figure 3: Stationary case: bias, standard deviation and RMSE plots for the FC estimator 3 (2)
at points z; = 0 and 2o = 1 for the quartic coefficient function 5(z) = z*. The figures show bias,
standard deviation, and RMSE in the left, middle and right panels as functions of bandwidth
power v (—0.80 < v < —0.05) in h = 6, x n? for Model (2.1) with a stationary autoregressive

regressor x; with autoregressive coefficient 6§ = 0.5 and sample size n = 100, 400 and 800.
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Figure 4: Empirical densities of the self-normalized t-ratio T'(z;true L), T(z; L = 1) and
T(z;true L) when z; is stationary.
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Figure 5: Empirical densities of the self-normalized t-ratio T'(z;true L), T(z; L = 1) and
T(z;true L) when z; is nonstationary.
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Figure 6: Coverage rate (left scale) and length (right scale, with lines marked by circles) of the
95% confidence bands over the support of z; for n = 200 and n = 800, from 10,000 replications.
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