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Abstract

A semiparametric triangular systems approach shows how multicointegration can occur
naturally in an I(1) cointegrated regression model. The framework reveals the source of
multicointegration as singularity of the long run error covariance matrix in an I(1) system,
a feature noted but little explored in earlier work. Under such singularity, cointegrated
I(1) systems embody a multicointegrated structure and may be analyzed and estimated
without appealing to the associated I(2) system but with consequential asymptotic proper-
ties that can introduce asymptotic bias into conventional methods of cointegrating regres-
sion. The present paper shows how estimation of such systems may be accomplished under
multicointegration without losing the nice properties that hold under simple cointegration,
including mixed normality and pivotal inference. The approach uses an extended version
of high-dimensional trend IV (Phillips, 2006, 2014) estimation with deterministic orthonor-
mal instruments that leads to mixed normal limit theory and pivotal inference in singular
multicointegrated systems in addition to standard cointegrated I(1) systems. Wald tests of
general linear restrictions are constructed using a fixed-b long run variance estimator that
leads to robust pivotal HAR inference in both cointegrated and multicointegrated cases.
Simulations show the properties of the estimation and inferential procedures in finite sam-
ples, contrasting the cointegration and multicointegration cases. An empirical illustration

to housing stocks, starts and completions is provided.
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1 Introduction

Economic identities that link some variables to partial sums of constituent variables arise fre-
quently in economic data. Examples include common relations between stock and flow versions
of variables such as the capital stock and fixed investment, inventory investment and inventory
stock, housing construction completions and housing units under construction. Many of these
variables have nonstationary characteristics and cointegration models have proved a frequently
used framework for empirical work investigating such time series.

The concept of multicointegration was introduced by Granger and Lee (1989, 1990) to allow
explicitly for linkages among stock and flow forms of integrated order one (I(1)) variables. In
particular, multicointegration was suggested to capture the notion that equilibrium errors in an
I(1) cointegrating relation may accumulate so that they cointegrate with the original variables.
Engsted and Haldrup (1999) remark that this phenomenon is likely to occur in practice when
characterizing the dynamic interactions of stock and flow variables. Granger and Lee (1990) and
Lee (1996) showed how multicointegration can arise in the context of optimum control problems
and infinite horizon quadratic adjustment cost models. One of the latest empirical applications of
multicointegration has been to global climate change modeling, where the effects of accumulating
cointegration disequilibria in temperature and surface radiation raise oceanic heat storage which
leads to a multicointegrated linkage influencing global temperature (Bruns et al., 2020).

In these models the equilibrium errors (or residuals in an I(1) cointegrating relation) are con-
sidered I(0) or stationary, so that upon cumulation these errors become I(1), and then subsequent
cointegration may occur with the original variables or partial sums of them. Somewhat naturally
it has therefore been posited in the multicointegration literature that the following statements
hold:

1. “Engsted and Johansen (1999) show that when variables are multicointegrated the require-
ments for the system to be an I(1) system will fail; in fact, an I(1) specification will be
misspecifed even though the main interest lies in the analysis of the I(1) series. Instead the
system should be formulated as an I(2) model where multicointegration can be shown to re-
sult in cointegration amongst generated I(2) variables and their first differences” (Engsted
and Haldrup, 1999, p.237)

2. “If the process is given by the cointegrated VAR model for I(1) variables, then multicoin-

tegration cannot occur” (Engsted and Johansen, 1999).

These ideas seem natural in the stock and flow framework and appear to have been well
accepted in the literature. But they were developed in a VAR, framework and do not necessarily
hold in more general models, including semiparametric I(1) cointegrating settings such as the
triangular system of Phillips (1991). In fact, as demonstrated here and in related work on fully
modified least squares (Kheifets and Phillips, 2021, hereafter, KP), multicointegration occurs
naturally in a cointegrated (1) model whenever there is a rank deficiency in the long run con-

ditional covariance matrix of the cointegrating equation error. The phenomenon is a general one



and rank deficiency turns out to be the determining factor of multicointegration in an I(1) sys-
tem. Multicointegration arises because singularity in the long run conditional covariance matrix
induces a further long run cointegrating relation simply because the singularity implies a moving
average I(—1) (or higher level) component in that direction in the equation error, which leads
directly to cointegration upon accumulation. This formulation of multicointegration in terms of
rank deficiency in the long run conditional error covariance matrix is intuitive because it points
directly to latent higher order relations in the I(1) system and indicates their direction without
further complications or the use of additional notation. The phenomenon has an analogue re-
duced rank structure in the parametric VAR model context and was noted but not analyzed by
(Engsted and Haldrup, 1999, p.241).

The masterful treatment of reduced rank VAR systems by Johansen (1992, 1995) provides
explicit representations of the reduced rank structures which ensure the existence of cointegrated
I(1) and I(2) VAR systems. The implications of these conditions for characterizing systems
with multicointegration are employed in (Engsted and Johansen, 1999, hereafter, EJ), which
demonstrates the relevance of the I(2) system for embodying multicointegrated structures in
VAR systems. Outside the VAR setting, multicointegration can exist in an I(1) reduced rank
VARMA setting or in I(1) cointegrated systems with infinite order bidirectional lags. These
models and approaches to multicointegration are reconciled in what follows.

The present paper makes three main contributions. First, a general analysis of multicointe-
gration is provided within an 7(1) cointegrated system using the semiparametric triangular model
framework. Multicointegration in such systems depends on singularity in the long run error co-
variance matrix, which in turn is shown to affect the asymptotic behavior of standard cointegrated
system estimation procedures by introducing bias and non-pivotal inference. These findings are
illustrated here in the case of the integrated modified least squares (IM-OLS) approach (Vogel-
sang and Wagner, 2014, hereafter, VW). Similarly, KP(2021) recently developed asymptotics for
the fully modified least squares (FM-OLS) cointegration coefficient estimator under multicointe-
gration, showing degenerate limit theory in general but accelerated convergence over the usual
O(n) rate in the direction of multicointegration, accompanied by second order bias in the limit
theory. In a second contribution, it is shown that an extended version of high-dimensional trend
IV (TIV) estimation with deterministic orthonormal instruments (Phillips, 2006, 2014) provides
a robust approach to estimation with mixed normal limit theory and pivotal inference in singu-
lar multicointegrated systems as well as standard cointegrated I(1) systems. This TIV method
therefore provides a convenient IV approach to estimation and inference in I(1) cointegrated
systems that is robust to multicointegration without the need for pretesting. The system TIV
estimator has the further advantage of a higher convergence rate under multicointegration than
the FM-OLS estimator studied in KP(2021) and this estimator enables robust inference using
standard Wald statistics formulated in the same way with a HAR variance matrix under both
cointegration and multicointegration.

A further contribution of the paper is technical, with a group of new findings concerning the

limit theory of functionals of trend transformed stationary and nonstationary variables in the



case of asymptotically infinite instrument numbers. This contribution includes some new methods
of developing limit theory for estimators and Wald statistics in highly complex cases involving
singularities in signal matrices and partitioned regression asymptotics that require component-
wise analysis or matrix normalization rather than diagonal matrix normalization to extract the
correct asymptotics. These methods and results are of independent interest given recent research
on large instrument numbers and deterministic transforms of variables that enable empirical
investigations to focus on long run behavior.

The paper is organized as follows. The next section explains the source of multicointegration in
the standard semiparametric triangular cointegrated system of (1) variables. Section 3 reconciles
these origins with VAR and augmented regression representations that are commonly used in
practical work. Section 4 presents and analyzes IM-OLS and TIV approaches to the estimation
of cointegrated systems under conditions of multicointegration. Limit theory for both approaches
is provided. Section 5 develops methods of inference using HAR methods that lead to pivotal
asymptotics suited for inference in practical work. Section 6 reports some simulation results and
an empirical illustration is given in Section 7. Section 8 concludes and proofs are given in the
Appendix in Section 9. As noted above some proofs involve complex methods and derivations.
As an aid to readers in following the derivations, a glossary of notation 9.3 for the most common
functionals that appear in formulae is given for convenient reference at the end of the paper.
Proofs and some additional technical results of interest, including a reverse partial summation

formula, are given in the Online Supplement that accompanies the paper.

2 Multicointegration in the /(1) framework

The starting point in developing a framework for the source of multicointegation is the following

I (1) triangular matrix system of cointegration (Phillips, 1991)

yt = A,It + Ut (1)
Tt = Tt—1 +uzt; t:].,,T (2)

Here A is an mg X m, cointegrating coefficient matrix, the I (1) mg-vector x; is initialized at
t =0 by 2o = Op(1), and the composite error vector u; = (u(;, Uy, )" is assumed throughout the

paper to follow the linear process

ue=D(L)npe =Y _ Djme—j, with 3 j|[Dj[| < oo, m ~iid(0, L), (3)
j=0 §=0
where m = mg + m,. Let Iy = Euzuy,, and VIR (uy) = S°32 T denote the long run
variance matrix of u;. The linear operator D(L) and long run variance matrix VEE(u,) =
Q= Y5 Tn = D)D) = 37— D;Dj, and one sided long run covariance matrix
A =37 E(u—puy) of uy are partitioned conformably with u, as

o= Bt} 2] o= Br)o-l3n 2] o

z0 T z0 Tx



where Q. > 0 is positive definite, ensuring that x; is a full rank unit root vector process which
delivers m, common stochastic trends to the I(1) system (1)-(2). This full rank condition is
maintained throughout the paper. The conditional long run variance matrix Qgp, = Qoo —
Q022,100 is the Schur complement of the block €2, in  and this matrix is positive (semi-)
definite if and only if Q is positive (semi-) definite by virtue of the Guttman rank additivity
formula rank (Q) = rank(Qy,) 4+ rank (Qgg.2.)-

The case of nonsingular Q is well studied. The case where (2,, may be singular and the
regressors z; not full rank I(1) processes was studied in Phillips (1995). But the situation where
the conditional long run variance matrix Qgg, is singular seems largely to have been ignored'
in the now vast literature on cointegration and, with the exception of KP(2021), none of the
implications of singularity for estimation and inference have been explored in the (1)-(2) setting.
This neglect is partly because, as we will show, singularity in the long run error covariance
matrix leads to an I(1) reduced rank VARMA representation rather than a reduced rank I(1)
VAR representation. So while such systems fall naturally within the semiparametric framework
above, they do not fall so neatly within the VAR framework, at least without raising the order
of the system to I(2). Nonetheless, the singular long run variance matrix case is especially
interesting because it leads directly to a situation where partial sums of the observed variables y;
and x; (which then become I (2) variables) are cointegrated with z; in some unknown direction
- see (9) below. The importance of this situation is that it provides a primitive (that is, within
the I(1) system) link to the phenomenon of multicointegration, as envisaged in special cases
by Granger and Lee (1989). But the source of the multicointegration is now firmly evident in
the I (1) framework (1)-(2). Moreover, the condition for multicointegration is straightforwardly
expressed in terms of the existing parameters of the I(1) system without further notation or
complications.

The multicointegration model is well known to be empirically important in cases involving
variables such as production, sales and inventories (Granger and Lee, 1990) or housing comple-
tions, starts, and construction (Lee, 1996), where aggregation plays a critical role in relating key
variables of economic interest. More recent applications of multicointegration involve issues of
fiscal sustainability (Berenguer-Rico and Carrion-i Silvestre, 2011; Escario et al., 2012; Kheifets
and Phillips, 2021) and climate change (Bruns et al., 2020). The present formulation is a general
semiparametric one in the tradition of Phillips and Hansen (1990), so that the short run dynamics
are left completely unspecified beyond the linear process framework (3) and both cointegrating
and multicointegrating relations are parameterized with unknown coefficients rather than through
the special case of identities, stock-flow relationships, or posited behavioral relations with known
coefficients.

The time series ugi—1 = ys—1 — Axy—1 is the lagged equilibrium error and the system (1)-(2)

I The possibility of full system singularity with rank failure in Q is mentioned by Engsted and Haldrup (1999,
p-241) but is not analyzed. Singularity in the long run conditional variance matrix and the implications of this
singularity on estimation procedures such as fully modified least squares (FM-OLS) were the subject of a Yale
Take Home Examination in 2011 (http://korora.econ.yale.edu/phillips/teach/ex/553a-ex11a.pdf). That approach
was analyzed in KP(2021).



may therefore be written in the following error correction model (ECM) form (Phillips, 1991)

[ Ayy } _ [ UOt 1 } [AACCt—FUOt }
Axy Ugt
[ YA B[ 225
= ap [ Yon 4 [ AR b ] (5)
or, setting 2z, = (yl,x}) , as
Az = aff' 21 + Uz, (6)
where
a=[ TG ] B =g Al e = | ART (7)

with the m x mg loading coefficient matrix o and the (mg x m) cointegrating matrix 5’. The
vector 3'z;—1 = yi—1 — Axi_1 = upr—1 is just the lagged equilibrium error term from (1). The
ECM error vector u,; in (6) is serially dependent and follows a general linear process induced by
u; and the mechanism (3).

An alternate representation of (1) which is useful in the development of efficient estimation
methods of I (1) cointegrated systems by FM-OLS or trend IV regression (Phillips, 2014) is the

augmented regression

-1 .
ye = Axy+ QoaQppy ATy + Uowt, U0zt 1= Uot — QOzQ Ugt

DAz + FAzy +uo.oe, ATy = Uge, (8)

where both the cointegrating coefficient matrix A and the long run regression coefficient F' =
00,8, are treated as unknown. Importantly, the long run regression coefficient matrix F is

nonparametric. Applying partial sum operations to (8) gives
Y; = AX; + F (21 — x0) + Ug.at, 9)

with Y; = Zizl Ys, Xt = ZZ=1 xs, and Uy e = Zzzl Ug.zs- Now suppose that the long run
(conditional) variance matrix Qgg.,. of ug ¢ is singular of rank 0 < p < mp and H is an m X p

matrix of full rank p spanning the null space of Qgg.,, so that
H' Qoo .H =0. (10)

Then in this direction the transformed error H'ug ,; has zero long run variance matrix and zero
spectral density matrix at the origin. There therefore exists some p dimensional I (0) process
e for which H'ug »+ = Aeme a.s., in the absence of fractional antipersistence? which is ruled

out by the absolute 1-summability condition (3), leading to the representation

H/yt = H/A.It + H/FAI't -+ A€Ht,

2Under fractional antipersistence in which ey = H'ug ¢ = A% gy = (1 — L)%y, for some d € (0,1), the
system (11) would be replaced by the equation H'(1— L)~%y; = H'A(1— L)%zt + H'F(1 — L)~ %uyt + ;. Both
the matrix transform H and the antipersistence parameter d would be unknown in this case, leading to further

complications that are left for future research.



and by partial summation to
H'Y, = HAX; + HF (x; — x0) + (et — €no) -
It follows that
H'Y, = HAX;+ HFx; + (gt —epgo — H Fxo) = HAXy + H' Fxy + 1y, (11)

where ngy = ey — ego — H' Fxg is 1(0) up to (and conditional on) the initial condition zg =
O, (1), and provided no further level of long run degeneracy (or higher order multicointegration)
is present for which VX¥(cpy;) = 0. From (11) it follows that the variables (Y;, Xy, z;) are
cointegrated, involving both the I (2) time series (Y;, X;) and the I (1) time series z;. This accords
with the conventional definition of multicointegration. Importantly, in this general framework
the multicointegration parameters, notably H and H'F = H'Q,Q,.}, are nonparametric.

Now define the partial sum process Z; = Y\_, zs = (Y/, X})" and note that z; = (y},x}) is an
I (1) process whose common stochastic trends are embodied in z;. In the notation of EJ(1999), the
linear combination 7/z¢ := [In,, —A] 2t = ugq is I (0) and the cumulated process 7' Z; = ZZ=1 26
cointegrates with z; in the sense that there exist matrices p’ = H{) and ¢/ = —H{F (again using
the notation of Engsted and Johansen) such that

t
Py e+ Wy = H Iy, Al Zy — H'Fay = H'Y; - HAX, — H'Fay =gy = 1(0). (12)
s=1

The m dimensional I (1) process z; is therefore multicointegrated, which appears to contradict
the claims made in #1 and #2 above that “multicointegration cannot take place in the error
correction model for I (1) variables.” Of course, neither the I (1) ECM (6) nor the I (1) augmented
regression model (8) is specified in a VAR form. It turns out that requiring an I (1) VAR
specification is a binding restriction that eliminates multicointegrated I (1) systems in VAR
format. In this sense the semiparametric setting is materially more general because it admits
multicointegrated I(1) versions simply as a property of the error process in the formulation of
the I(1) system.
The reason is straightforward and is explained by writing the ECM (6) as follows
Az = af 21 + { AAzy + uge } —afz 1+ { ANz + FAzy 4+ ug 2t

Ugt Uzt

0Bz + [ A—(i)—F }Al‘t—i- [ UQ. ot }

Ugt
— a/BIZt—1+|:A$F:|Axt71+|:u,£$ﬁtj|+|:A<5F:|AUIt
e [§ A5 F e [ [ 5 A o
Now the long run variance matrix of the error vector in (13), viz.,



is the same as the long run variance matrix of the first member of (14) and is therefore

Qoo 0
0 Qua |7

which is singular. So the system (13) is a reduced rank regression but has non-invertible moving
average error components (H'ug .+ = Aepgy and Aug) and cannot therefore be written in standard
reduced rank I(1) VAR form with lagged regressors and martingale difference errors. However,
it can be viewed as a reduced rank I(1) VARMA model with MA unit roots; and taking partial

sums of (13), subject to initial conditions, leads to a reduced rank I(2) system

AZy=af'Zi_1 + [ 8 AJ6F :|th1 + [ g?jlt } + [ A—}_F }Uxt, (15)

which provides a reduced rank linear combination of the I(2) vector Z;, the I (1) vectors
zt, Ty, Uy pt = 22:1 ug.zs, and the stationary vector wu,¢. Thus, there is an I (2) multicointe-
grated system with weakly dependent errors corresponding to the I (1) multicointegrated system
(6), matching the reasoning that leads to the I (2) system in EJ(1999). Note that the lower
block of (15) is an identity and the error vector u,; in (15) therefore has lower dimension but has
nonsingular long run variance matrix ,,. The process Uy ,; = ' Z; — Fx;, on the other hand,
is not full rank I (1) and therefore can be expected to affect inference, just as it does in the I (1)

system (8).

3 Reconciliation with the VAR

3.1 Cointegrating relations and the moving average representation

It is helpful to reconcile the above discussion with the analysis of multicointegration given in
EJ(1999). Start by writing the triangular system (1)-(2) as

5 st [%]=umn

Formally solving this system yields the ‘reduced form’
Ly, —A 7171 Ln, AT'A
[u)=["p At ] owm=| e 20 | o,
and factoring A~! leads to

{ yt } -3 { A{)mo Iﬁ }D(L)m =(1-L)" (L) (16)

Tt »

where

cw=[ o A ][ Bell) DB ],

System (16) may be interpreted as the usual moving average Wold representation Az, = C'(L)n;.
In this system EJ(1999) assume that the roots of |C(z)| = 0 are either bounded away from unity

or z = 1. Observe that the matrix

cw=[8 & [ Bot Bt ] =[4]1000) Dot )=ec



has reduced rank, as expected in a standard cointegrated I(1) system, with cointegrating matrix
given by the orthogonal complement ¢, = [ I,,, —A ] (in the more common reduced rank
notation (6) we would have &, = ') so that ¢/, C (1) = 0. The matrix € = [ Dgyo(1) Dgz(1) ]
has full rank m, and, by reordering of coordinates as may be needed, we can assume D, (1) to

be nonsingular®. An orthogonal complement matrix of € may then be constructed as

=[5 ], = ondoa |

Following the algebraic approach in EJ(1999) the derivative matrix of C'(2) is

C=] G §]pe+ [T A b,

My

so that

¢ oe, = ¢, [ DO(())(l) Doﬁ(l) } [ —Dm(l)}lDzO(l) }

_[ Dy (1) Doy (1) ] [ —Dxx(ll)w_mleO(l) :|

— —{Doo (1) = Do, (1) Dy (1) "' Dy (1)}

The matrix Dgg (1) — Doy (1) Dyr(1) 71 Dyo(1) is the Shur complement of the block D, (1) in
D (1) and is singular if and only if the matrix

pw=[ B} Bl ]

is singular since by the Schur determinantal formula
|D (1)| = ‘DOO (1) — Do, (1) wa(l)_lDI0(1)| |Da:a: (l)l =0

if and only if |Dgo (1) — Dog (1) D3z (1) 7' Dao(1)| = 0 because Dy, (1)| # 0 by construction.
But the long run error variance matrix in (1)-(2) is Q@ = D (1) D (1)". It follows that the matrix
§'lC.'(1)e 1 has reduced rank if and only if the long run error variance matrix €2 is singular.
Hence, the criterion given in EJ(1999) for multicointegration in an T (2) system (that & C'(1)e
has reduced rank) reduces to the multicointegration criterion in an I (1) system given here —
namely that the long run error covariance matrix in that system (here the triangular system
given by (1)-(2)) is singular. Importantly, however, the algebraic analysis in EJ(1999) restricts
attention to autoregressive formulations of cointegrated I(1) systems and in doing so eliminates

cointegrated (1) models such as (1)-(2) with singular long run error variance matrices®.

3Since Qpz = Do (1) Do (1) + Day (1) Dyg (1) is positive definite, the matrix [Dgo (1), Dag (1)] has full row
rank mg and the columns (coordinates) may be rearranged as needed to ensure that the mz X mg matrix Dgq (1)
is nonsingular.

4In particular, EJ(1999) show that multicointegration cannot appear in a cointegrated I(1) autoregressive
model because a requisite condition for the autoregressive representation is that )g’lC(l)el‘ #0or §lC"(1)EJ_ has
full rank — see their conditions (1) and (4).



3.2 Parametric augmented regression

The augmented regression (8) provides another mechanism for reconciling the existence of multi-
cointegration without specifying an I(2) system. In fact, (8) may be converted into an equivalent

augmented parametric system of distributed lags as follows. We begin by noting that
yr = Axy + ugr = Axy + Z GrATir + Uo.at (17)
k=—o00

The latter equation arises from the well known relation (Saikkonen, 1991)

(o) oo
uor = Y Grlgrrk + 0wt = Y GeATypk + o

k=—oc0 k=—oc0
which explicitly relates the regression errors ug; and ug.,; in terms of leads and lags of the errors
Uz so that the orthogonality
E (uxt+ku6‘$t) = O7 k= O7 :|:1, :EQ,

holds and the long run variance matrix of (ug ., uz¢) is the block diagonal matrix diag [Q00.2, Qza] -

T

In this formulation we have the long run regression coefficient equivalence Y ;- Gj = Qo Q.
leading to (8) as is now demonstrated.

In particular, using the BN decomposition under the validating summability conditions of
Phillips and Solo (1992) that are satisfied by (3) we have

uy = D(L)ne = D (1) ne + -1 — 7e = D (1) e — Ay,
where 7, = Z;io Djnt,j and Dj = Z;o:j+1 Dy,. The long run variance matrix €2 is partitioned
!

conformably with D (1) = [Do (1) :D, (1)’} as

/ Do (1) Do (1) Do (1)De (1) T T Qo Qos
2=D1) D) = { DIB 08’ nglgnglg’ } - [ 20 g }
and then .
F = Q0,0 = Do (1) D (1) (- (1) D= (1)) = 3 65 =G (1)

because we have

Z GjALEH_j = Z Gjuxt+j = ( Z Gj> Ugt + ﬂ;ct—l — aact = G(l) Ugpt — Aﬂxt,

j=—o00 j=—o00 k=—o0

where @y = G (L) ugy with G (L) = donei1 Gl {j >0} - ijioo Gr1{j < 0} using the two-
sided version of the BN decomposition (Corbae et al., 2002, Lemma D).

It now follows that

o0
vy = Az + Z GrATi ) + Yoot (18)

k=—o0

10



= A.’L’t + G (1) A.’L’t + UQ.xt — Admh
= Axi+G(1) Az + u({xt, with ua'_zt = Uy pt — Nyt (19)

for which we have the long run variance matrix equivalence
ViR (ug_xt) = VI (ug.21) = Qoo — Q0225 Qo

because Atg; has zero long run variance matrix and zero long run covariance with wug ,¢. This
equivalence confirms that the models (18) and (19) are long-run equivalent in the sense that the
difference between them has zero long run covariance matrix. Thus, the multicointegrated aug-
mented regression system (8) has an analogue (18) in the parametric model context but requires
modeling with infinite order bidirectional lags. In both cases, asymptotic theory and inferential
methods need to take account of the singularity of Qg 5. The formulation (18) extends the earlier
bidirectional (leads and lags dynamic OLS regression) model of cointegration (Saikkonen, 1991;
Phillips and Loretan, 1991; Stock and Watson, 1993) to the multicointegration case.

4 Estimation

With the exception of certain specialized models involving known relationships between variables
such as stocks and flows, the existence of multicointegration will often not be anticipated in
practical applied work on estimation and inference in I(1) cointegrated systems. Tests for the
presence of multicointegration have been developed for VAR systems Engsted et al. (1997) but
multicointegration may not be suspected, pre-test analyses may not be conducted or they may
lead to pre-test bias and misleading outcomes; and empirical research may be conducted using
triangular cointegrated systems rather than VAR specifications. In the absence of such tests it
is obviously useful to have methods of estimating I(1) cointegrated systems that are robust to
the presence of multicointegration.

Since semiparametric formulations of cointegrated I(1) systems may be conducted in the
presence of multicointegration, standard efficient methods of estimating these systems such as
FM-OLS or dynamic OLS may continue to be employed in practical work. But the properties of
such regressions are influenced by the singularity of the long run error covariance matrix. The
typical impact of singularity is to raise the rate of convergence in the direction of singularity,
thereby producing a degenerate limit theory for the estimate of the full cointegrating matrix.
Moreover, common semiparametric methods of estimation such as FM-OLS involve the use of
nonparametric kernel estimates of the long run variance and covariance matrices for bias correc-
tion and inference. In consequence, the accelerated rate of convergence in FM-OLS estimation
is affected by the asymptotic behavior of these kernel estimates under rank degeneracy, as in
the analysis of regression with cointegrated regressors and unrestricted VAR regression in the
presence of cointegration (Phillips, 1995). Inference is correspondingly affected with further non-

standard limit distribution complications and non-pivotal limit theory in test statistics. These

11



consequences may be analyzed® but are not pursued here. Instead, for reasons explained below
the present paper explores the implications for integrated modified least squares (IM-OLS) es-
timation of such systems and develops new methods of estimation based on trend instrumental
variable (TIV) methods that have clear advantages for efficient estimation and robust inference.

Another potentially interesting option that is not pursued here is the use of IVX estimation
(Phillips and Magdalinos, 2009; Kostakis et al, 2014), which is known to provide robust estimation
and inference in cointegrating regression and predictive regression models with many integrated
or near-integrated regressors. In the present context, it can be shown that these robustness
characteristics continue to hold. In particular, the same mixed normal estimation limit theory
and chi-squared Wald statistic inferential limit theory applies even when 49, = 0, provided
that Qg9 > 0, which is explained by the fact that the IVX limit theory depends only on qq.
This favorable robust outcome holds because IVX avoids endogeneity corrections by the use of
mildly integrated instrument regressors that are endogenously constructed from the regressors
themselves but with persistence outside the local to unity vicinity. However, the same rate of
convergence is maintained in the limit theory for both singular and nonsingular cases, so that this
procedure is asymptotically inefficient in both cases. The case where gy = 0 is more complex
and it turns out that again IVX estimation has a mixed normal limit theory and the rate of
convergence is faster than when yy > 0. But the IVX estimation method is still inefficient in
this case. While this approach is certainly a worthwhile option to explore in view of its generality
and robustness to departures from integration, it is not pursued here but will be examined in
later work.

The present paper examines two approaches to estimation and inference which offer a rate
efficient method of estimation in both singular and nonsingular cases: TIV regression (Phillips,
2005b, 2014) and IM-OLS regression (VW, 2014). To keep the analysis as brief as possible we
confine attention to a scalar cointegrating relationship, which enables a convenient introduction
of the basic ideas, highlights the main implications, and covers one of the most common cases
arising in practice. Extension to the multivariate model follows usual lines but inferential analysis
using Wald statistics is further complicated® by the need for matrix normalization to take account
of differing rates of convergence in differing directions and arbitrary linear combinations of the

matrix coefficients under test.

5KP(2021) developed the limit theory of FM-OLS estimation under rank failure of the long run conditional
variance matrix of the error in the augmented regression equation.

6This complication is by no means trivial. Often in such cases, simplifying assumptions are made to assure
no loss of rank or degrees of freedom in the limit, e.g., Andrews and Cheng (2012, 2014), and VW(2014). A
general analysis of Wald statistic testing under matrix normalization without such prior requirements is examined

in Magdalinos and Phillips (2019) and under ongoing development.
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4.1 Estimation Approaches

To fix ideas, consider the following scalar version of the augmented I(1) cointegrating equation
(8)
Yo = d'wy+ Az + U, ATy = Uge, U0zt = Uor — L0y Uat (20)

where f' = QOQL.Q;J} and the conditional long run variance Q9. = Q0o — QOzQZJ}on > 0. We will

consider both the standard form of the equation where Qg > 0 and the singular form where

2

Q00.x = Qoo — Q022,120 = 0. In that event, we write ug .+ = Ae; where e; has variance o2

and long run variance we. > 0. The latter positivity condition is not necessary but its relaxation
leads to further complications involving higher order singularity (with consequential effects on
multicointegration) that may be dealt with using similar methods to those developed here but
these complications do not appear to be empirically relevant and are not pursued in the present
work. In what follows, we consider two methods of estimation of the parameters in (20).

We start by requiring the following high-level conditions, which hold under well-known con-
ditions (e.g., Phillips and Solo (1992)). Here and in what follows we use ~» to signify weak

convergence in the relevant probability space.

n-]
1
(@) Z=3 e = Be()=BM(u?), when Qo =0, 1)
t=1
L L)
(b) ﬁ ZUO.M ~ By () = BM (QOO.I)7 when Qoo,x > 0. (22)
t=1

In case (a) we further assume the joint functional law

[n-]

1 ! ee ex :
ﬁZ(et,u;t)f ~ (B (1),B, () = BM ({ gze g“)’m D with (23)
t=1
[ o 5 ] 500 A = 3B (waot) s Ave = DB (aoen) (24)
h=0 h=0
Ay = Z E (uznuon), Aty = Dao — QooQy Azw = Ago — Aga f- (25)
h=0

The functional law (22) already holds under (3), and (23) similarly holds under analogous linear
process conditions, as in Phillips and Solo (1992). Although up ., = Ae; has zero long run
covariance with u.; in case (a) the same is not necessarily so of e;. For instance, if e; = o/uzs + &4
where ¢; ~ iid (0,03) and independent of wu.;, then ug.; = o' Aug + Aey has zero long run
covariance with u,; but the long run covariance of u,; and e; is CVLR (Ugt, ) = Wye = Quaa # 0.
Condition (23) allows for both w,. = 0 and w,. # 0 possibilities.

4.1.1 Integrated modified least squares (IM-OLS)

The first method of estimation that we consider raises the integration order of the system by
partial summation of (20), a process that can be performed whether or not Qg9 = 0. But singu-

larity obviously affects limit behavior, as demonstrated below. The method of raising the order
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of system integration is always available and has been considered in other work, including pre-
dictive regression cases (Phillips and Lee, 2013), and, of course, aggregated VAR representations
and ECM systems such as (15) above. VW (2014) recently proposed an important new version
of this procedure for estimating I(1) systems under the standard condition Qg > 0 and called
the method integrated modified least squares (IM-OLS). The IM-OLS method has an appealing
practical advantage over FM-OLS in that it involves simple least squares regression and does not
require estimation of long run one-sided covariance matrices and avoids use of kernels and band-
width choices. The method does not lead to consistent estimation of all the coefficients in the
system because the equation necessarily has spurious regression components in which the error is
I(1) just as some of the regressors. Moreover, the approach is asymptotically inefficient relative
to FM-OLS and other efficient methods of I(1) system estimation. Procedures of inference are
also considerably more complex than usual because a simple consistent estimator of qg., is not
readily available, due to the partially spurious regression feature of the fitted equation and the
inconsistent estimates of some of the coefficients.” The present paper makes a separate contribu-
tion to IM-OLS inference by providing a new pivotal approach to inference in the cointegration
case. The method developed here makes use of a sandwich-form asymptotic covariance variance
matrix estimator that can be constructed in the usual way and which applies in the same form
for both cointegrated and multicointegrated systems.

Using capitals as before to denote partial summation, write Y; = Zizl Ys, Xt = 22:1 T,
and Up 4 = 22:1 Ug.zs- The transformed system (20), up to initial conditions (in particular,

taking eg = 0), is then

Y; a' Xe+ flzs +ef (26)
62_ = el {QOO.x = 0} + Ug.at1 {QOO.x > 0} s (27)

a formulation that covers both singular and non-singular cases. Applying least squares regression

to (26) gives the IM-OLS error of estimation of the cointegrating coefficients
i—a=(X'QX) " X'Quet, f—f=(2'Qxu) " 2'Qxe" (28)

in standard partitioned matrix regression notation with orthogonal projector Q, = z(z'z) ™12/,
where X' = [X1,...,X,,], 2’ = [21,...,3,), and €™ = [e],...,e}]. There are no modifications in
the OLS estimation procedure, just the use of least squares on the partial summed augmented

system (26). In practice it is useful to include a fitted intercept in regressions on (26), which

7 VW(2014) examine three methods as a basis for inference with IM-OLS: (i) using an FM-OLS regression
estimate of the long run error variance from the original I (1) cointegrating equation, thereby avoiding use of
residuals from the partially spurious IM-OLS regression, but introducing another estimation procedure that is
based on the original model; (ii) differencing the IM-OLS residuals and using these to construct a long run variance
estimate; (iii) bias-adjusting the residuals in (ii) by means of a further regression and using these adjusted residuals
for long run variance estimation. Each of these methods relies on information that there is no multicointegration
in the system and the properties of these methods under multicointegration are unexplored. The present work
provides a new approach to inference in IM-OLS regression that uses a standard form of HAR variance matrix

estimation that leads to pivotal inference in a cointegrated system.
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takes care of any initialization effects if eg # 0 in the singular case where ej =e;1{Qpo.. =0}.

For such regressions, all the following results are modified by demeaning the limit processes in
the usual manner (Park and Phillips, 1988, 1989). To avoid notational clutter we do not make
this modification in the limit theory or derivations that follow so that the results apply when
eg = 0.

Standard weak convergence methods for nonstationary regression lead to the following asymp-
totics as m — oo, where we focus on estimation of the cointegrating vector a. The result given in
Theorem 1(i) below for the case g9, > 0 corresponds to the finding in VW (2014, Theorem 2),
with a somewhat simpler form of the limit theory. The result given in (ii) shows the effects of the
presence of multicointegration on the IM-OLS estimator. These results are not directly needed in
our subsequent development. But they are useful for comparative purposes and in detailing some
of the challenges involved in robust estimation and inference in cointegrated /multicointegrated

systems.
Theorem 1 (IM-OLS Estimation)
When Qoo.. > 0 and (22) holds

. " _ _ e
(i) n(a—a) ~ Ay, [§ BxaoBoo=AyL, Jo Bx.adBo.

1 ==

= MN (0,900 A5, (f) BxaBx) AR,

T

—1
where Ax.o = [ Bx.oBly ., Bxa (r) = [ Bx.a, Bx.o (r) = Bx (r)—J| BxB, ( s BIB;) B, ()
and Bx (r) = fOT B,.

When Qoo =0 and (23) holds
-1
(i) n? (a—a) A5, { Jy Bx.adBe — (fy BxBL) (Jo B.BL) Am} .

Importantly and as expected, the limit distributions (i) and (ii) are very different for the two
cases Qoo > 0 and Qg = 0. Singularity raises the rate of convergence in (ii) to O (n2) but
introduces nonstandard asymptotics with second order bias effects from endogeneity (correlation
between the Brownian motions B, and B, when w,. # 0) and serial dependence (A,e). Thus,
raising the integration order of the system fails to resolve these standard problems of least squares
asymptotic theory. Even when w,. = 0, bias remains whenever A, # 0. When Qg9 . > 0, mixed
normal asymptotic theory applies as for other procedures like FM-OLS but with some efficiency
loss and some complexities in inference, as discussed in VW(2014) and further complexities in
the estimation of Qg due to the partial spurious regression feature of (26).

Thus, while this approach of raising the integration order leads to a viable estimation and
testing methodology in nonsingular systems, it does not provide a robust methodology for singu-
lar, multicointegrated models, at least without the introduction of new modifications to address
endogeneity and serial dependence. Akin to other methods like FM-OLS, IM-OLS does not
provide a generally robust estimation methodology for cointegrated systems that encompasses

multicointegration. A new approach is needed to accomplish this.
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4.1.2 Trend Instrumental Variable Estimation

The approach we develop here is based on the trend IV (TIV) method of Phillips (2014)® which
employs orthonormal (ON) deterministic trend functions as instrumental variables for the re-
gressors in (20). These ON instruments are designed to transform the system so that its long
run properties are brought into primary focus both for regression estimation (Phillips, 1998) and
for long run variance matrix estimation Phillips (2005b); Miiller (2007). These methods have
recently become popular in examining various properties of long run relations among time series
variables (e.g., Phillips (2005a); Miiller and Watson (2018); Hwang and Sun (2018)) and have
numerous empirical applications as revealed in these studies.

In the TIV method of estimating cointegrating equations such as (20), deterministic instru-
mental variables {¢, (L) }le are employed, where {¢y (r)};—, are orthonormal basis functions
of L2 [0,1] and K is allowed to pass to infinity as n — oco. This approach is high-dimensional TTV
estimation. An alternate version of this method is based on a fixed number K of orthonormal
trend instruments and is used in recent work by Hwang and Sun (2018). We call this method
the fixed-K approach of TIV regression. Various classes of orthonormal functions may be used
in these regressions without materially affecting the limit theory or finite sample performance, as
demonstrated in Phillips (2014) and Hwang and Sun (2018). The latter paper shows a particular
advantage in terms of F' and t distribution limit theory for conventional test statistics of coeffi-
cient restrictions, which can enhance inference in finite samples in standard cointegrated systems.
This advantage has received wider attention recently (Lazarus et al., 2018). But as shown later
in the current work, the fixed-K approach does not deal as effectively with multicointegrated
systems.

In what follows, we let @ (1) = (01 (1), ..., K (r))/7 and ®% = [PK1, ..., PKrn] Where Py =
o (L) = [p1 (L), ..ok (%)}/ The projector matrix onto the space of the instruments is
Pg, = Ok (<I>’K<I>K)71 t. For trigonometric orthonormal polynomials we have n=1®% . ®x =
Ik + O (), as shown in Phillips (2005b, Lemma A) when ¢ (r) = v2sin {(k — 3) 7r}, so
that Py, ~n~1®®%. TIV estimation of (20) is then asymptotically equivalent to simple least

squares regression on the linearly transformed K-dimensional system

Vy=Vea+Vasf+V, (29)

0.z

where we use the general notation V., = ®j.c = Y | Pk} for the trigonometric transform of

a time series ¢;. The resulting coefficient estimates of (29) have the following form in standard

8The TIV approach was originally proposed by the author in a York University Workshop conference presen-
tation given in 2003. The same paper was presented in the Faro Time Series Econometrics Conference 2005 and
distributed as a Cowles Foundation Discussion Paper (Phillips, 2006). That paper also introduced the concept of
a trend likelihood associated with the low frequency components of a time series obtained by fitted regression on a
number of deterministic orthonormal regressors. Phillips (2005b) introduced the related idea of trend coordinates
based on these fitted regression components to study long run covariability among trending time series, a subject
that has been extensively investigated recently by Miiller and Watson (2018). The approach has earlier origins in
band spectral regression (Hannan, 1963; Engle, 1974; Corbae et al., 2002) in the frequency domain.
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partitioned regression notation

arry —a = (VIQua,Va) ™ ViQva, Vi, (30)
friv—1 = (VA.Qv.Var)  VA,Qv. Vi .. (31)

This least squares procedure is called transformed augmented least squares (TA-OLS) in Hwang
and Sun (2018), who investigate its asymptotic properties when Qgg, > 0 and K is fixed as
n — oo. It is asymptotically equivalent to fixed-K TIV.

The approach we suggest here is designed to robustify the TIV procedure to the presence
of multicointegration and singularity. The idea is to apply TIV regression to the following

augmented regression form of (26)
Vi=dXi+ flo+ g Duy+ef =d X+ f'oe+ g uar + €, (32)

where the additional (redundant) regressor Az, is included with coefficient g = 0 and the re-
gression error is e = e;1{Q00., = 0} + Ug.2+1 {Q00.. > 0} as before. Thus, this time aggregated
version of the model is augmented by the inclusion of the additional regressor Az;, analogous
to the original system (8). As before, in practical work it is useful to include a fitted intercept
in (32), which is innocuous but takes care of initialization effects in the singular case where
ezr =e;1{Q00.. = 0} and eg # 0. Again, the limit theory is simply adjusted to employ deviations
from means for the relevant stochastic processes, which for ease of notation is not done here.

In observation form, we write (32) as
Y =[X,C.)y+et, withy = (d, f,g) = (d,¢) (33)

and
!

T oo €T €T
C! = [ca1y ons Can] = no| = )
x [ xls ) atn] Uzl e Ugn ulx

Equation (32) may, of course, also be estimated by direct application of least squares, leading

to a form of augmented IM-OLS regression with
a=(X'QwX)" (X'QwY),

where Qw = Q. — Qzuy (u;Qwugg)_l ul, @, in standard notation. The asymptotic theory for
such direct least squares estimation is derived in the Appendix. For the cointegration case with
Qoo.2 > 0 we find that

1
n(a—a)~ A)_(.l;c/ Bx :Bo.x = MN (0,Q00.2 X Qxx) (34)
0
with
1 ;
Qxx = Axl, (/ Bx.z (1) Bx.q (1) dr) A (35)
0

which is identical to the limit distribution of the IM-OLS estimator. Thus, inclusion of the

surplus and irrelevant regressor u,: in the fitted model (32) has no effect on the limit theory
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under cointegrating regression and the same limit theory as in Theorem 1(i) applies. In the

multicointegrated case, we find that
1

1 1 1 -
n? (a—a) ~ Ay, {/ Byx.+dB, — (/ BXB;) </ BxB;.) Age
0 0 0

1

1 1 1 -
/ BX_de;—< / BXB;> ( / BxB;> A,
0 0 0

!
xt

Z:c;co'a:e} ; (36)
where Y., = E (ugiul,), 0ze = E(uger) and the one-sided long run covariances are given
in (24). But inference in this system is further complicated by the fact that in the partially
spurious regression (32) the coefficients of the additional regressors Az; = u,; are inconsistently
estimated in both cointegration and multicointegration cases. So, the use of direct least squares
on the augmented system does not resolve the endogeneity and serial dependence issues of IM-
OLS and nuisance parameter dependencies in the limit. Some form of fully modified version of
least squares regression on (32) might be employed to improve asymptotic properties but this
avenue leads to further difficulties and will not be pursued in what follows.

Instead, we proceed with the analysis of TIV estimation of the augmented system. The TIV

estimator of @ in (32) has the form
arpy =argmin (Y — Xa)' Rg (Y — Xa) = (X’RxgX)” " (X'RkY) (37)

where the projector matrix is Rg = Pp, — Pp,Cy (ChPp,Cy) ' C.Pp, and Y/ = [¥1,..Y,].
The TIV estimation procedure projects all the variables in the augmented system (32) onto the
deterministic instruments using the projector Pg, . For fixed K, this approach is, as above in

(29), asymptotically equivalent to least squares regression on the transformed system
Vy =Vxa+ Vof +Vaeg + Ver = Vxa+ Vel + Vs, (38)

where we employ the notation Vz = &% Z for an observation matrix Z. Standard partitioned

least squares regression on (38) leads to the following estimator of a
arriv —a=(ViQueVx) ™ VkQvoVer, (39)

giving the fixed-K trend IV (fTIV) estimate.

The results that follow provide the asymptotic theory for TIV estimation with fixed-K and
as K — oo in both Qgg., > 0 and Qg = 0 cases. The proofs involve new complications due to
the presence of the redundant regressor Ax; in the fitted equation, the partially spurious nature
of the regression equation when g, > 0, and the impact of singularity when Qgg., = 0.

New asymptotic theory is provided to address these complications. The analysis is particularly
difficult when K — oo as n — oo and the development of the asymptotic theory of inference in
the following section involves new methods and results. But the final limit theory is satisfyingly
simple for both the singular and nonsingular Qg , cases. The result for fixed-K TIV estimation

is given in Theorem 2. The main result is given in Theorem 3 for TIV estimation when K — oo.
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This approach leads to mixed normal limit distribution theory in Q49 > 0 and Q¢g., = 0 cases,
therefore providing a basis for robust estimation and inference in cointegrated /multicointegrated

systems even when the presence of multicointegration is unknown a priori.
Theorem 2 (TIV estimation with fixed K)

When Qoo > 0, (22) holds, K s fixed, and n — oo
(lii) n (&fTIV — a) ~ S}(\IJOIK = MN (O,Qoo,wSk <f01 fol (T AN S) DK (7”) PK (S)/ drds) SK) s

where Si = Jrepur (e Jrcpire) ™" s i = f3 Bl Yoo = [y PxBos e = Qexe—Qereic (M Qerenie) ™ mie Qeres
1 - 1 ~ —
Nk = [y $x (r) Bo (r) dr, €k = [y ¢k (r)dBy (), and Q¢,c = I — Exc (Exc€x) ™ €

When Qoo.. = 0, (23) holds, K is fized, and n — oo
(iV) n2 (&fTIV — a) ~ S}{weK,
where Yo = fol PrdBe. When we, = 0, the limit distribution is mized normal and

(iv)* n? (afrrv —a) ~ MN (O,wee (,LL/KRK,LLK)_1> .

Theorem 3 (TIV estimation with K — o)

When Qoo > 0, (22) holds, and (K,n) — oo with K = o (n*/°~%) for some § > 0

. _ _ —_—
(v) n(arry —a) = AL (Jo BxaBos) = Ax, Jy BxdBos

= MN <07 QOO:UA;(II 01 BXmBXm/.A;(lw) .

When Qoo.. =0, (23) holds, and (K,n) — oo with K = o (n*/5~°%) for some § > 0

T

(vi) n? (arrv — a) ~ AL ( In Bx,dem) = MN (0,wee 0 AXY) s

where Be (1) = Be (1) —wex QL By (1) = BM (Wee..r) where Be . is independent of the Brownian

. _ -1
motion By and Wee.q = Wee — Wea2py Wae-

As expected, in both Theorems 2 and 3 the limit distributions differ for the two cases Qpp.. = 0
and Qgg., > 0. For Theorem 3 we employ the expansion rate condition on the instrument number
K = o(n*°79) for some § > 0. The same condition was used in Phillips (2014) and facilitates
the joint limit theory (K,n) — oco.

The non-singular TTV regression has the usual O (n) convergence rate for cointegrating regres-
sions when g, > 0 in both fixed K and K — oo cases. Just as in the standard cointegrating
regression theory with Qg , > 0 mixed normal limit theory applies, as it does for other methods
of estimation such as FM-OLS regression. Noticeably, when K — oo as n — oo, Theorem 3 (v)
shows that TIV reproduces the limit theory of the IM-OLS estimator given in Theorem 1 (i). As
remarked above in connection with (35), IM-OLS may also be applied directly to the augmented
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model (32) with the redundant regressor Az; but without the long run transforms and again
the same limit theory applies as in Theorem 1 (i) and Theorem 2 (iv). So the presence of the
redundant regressor Ax; in the fitted regression model (32) has no asymptotic effects, at least
when Qgg., > 0. There are, however, non-trivial effects on the estimated residuals from the use
of IM-OLS on the augmented system (32) that make inference difficult.

The singular case with Q49 = 0 is much more intriguing. First, rates of convergence rise
to O (n?) as they do for IM-OLS. But the limit theory for TIV is much simpler because the
long run transforms are effective in focusing attention on long run properties. Second, the TIV
regression is successful in removing both endogeneity and serial correlation biases in both singular
and nonsingular cases under joint convergence when K — co as n — oo. Third, the limit theory
is mixed normal and conducive to pivotal inference in both cases, even though the rates of
convergence are different for singular and nonsingular systems. Fourth, the mixed normal limit

theory in (vi) may be written in standardized form as
MN (O,MESJQI_;/QA;V%X.ZQ;;/Z) = w 1207 Y? x MV (O,A;fo,m) , (40)

with Aw, x.» = fol Wx oW .., since by simple matrix scale manipulations we have the represen-
tation

-1

B =8x0) - [ mem ([ ) B
=2 {WX (r) — /0 1 WxW, ( /O 1 WIWQ_1 W, (r)} = W, (41)

where B, = QM>W,, Bx (r) = ol Jo Wa, and Wy = BM (I,,,) . The limit distribution (40)
is then a matrix scaled form of a mixed normal distribution that depends only on functionals
of standard Brownian motion. Importantly, the convergence rate of TIV regression is faster
than that of FM-OLS in the multicointegrated case where the rate does not achieve O(n?) — see
KP(2021).

Theorems 2 and 3 highlight differences in TIV estimation between the fixed K and high-
dimensional K — oo cases. For the fixed K case. TIV does not fully remove endogeneity bias
as the limiting error transform ¥.x = fol Pk dBe in the limit distribution (iv) remains correlated
with the regressor variable limiting transforms (u s, 75, Ex) = (fol oK By, f::O Pr BLdr, fol @'KdBI)
when the long run covariance we; # 0. But when we,, = 0 and K is fixed the TIV estimator arry

does have mixed normal limit theory, given by
n2 (dTIV — (l) ~ MN (0,0.)56 (LLII(RK/LK)71> s (42)

which may be written in standardized Brownian motion form, analogous to (40) in this case. So
under the long run orthogonality condition we, = 0 TIV estimation with fixed K instruments
provides robust estimation and is effective in pivotal inference. But in the general case where the

long run covariance CV-R (et, Uyt) = Wer # 0 and there is long run endogeneity in the singular
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multicointegrated model, the limit distribution in (v) for the fixed K case is no longer mixed
normal.

These results show the key advantage of high-dimensional trend IV regression on the aug-
mented aggregated system (32). The limit theory of TIV regression is mixed normal in both
non-singular and singular cases when K — 0o as n — o0o. The method therefore provides a use-
ful foundation for a robust approach to estimation and inference about cointegrating coefficients
in both cointegrated and multicointegrated systems.

Our primary focus in this paper is on the estimation of the cointegrating vector a, the key
linkage parameter in an (1) cointegrated system and to develop a new procedure that is robust
to the possible presence of multicointegration. In cases where multicointegration is known to
be present, or at least strongly suspected, the methods developed in this paper also provide for
estimation of the multicointegration vector f.

For completeness but to keep the present paper within manageable length we give only a
brief outline here of TIV estimation of f. For this purpose, it is convenient to use a different

partitioned model representation than (33). In observation form, we write (32) as

Y = [2,Cx] v + e, with v, = (f',d',¢") =: (f', 1) (43)
and )
X, --- X, X
C;( = [CXhm’CXn} = uxll o Ugn :| = |: Ulz :| .

The TIV estimator of the multicointegration parameter f is then

friv = arg min (¥ — ) Sk (Y —zf) = (2/Skx) " (&' SkY),

where the projection matrix is now Sx = Py, — Py, Cx (C’}(HpKCX)_l C% Py, . The following

limit theory for fT 1v extends Theorem 3 to the multicointegration parameter.
Theorem 4 (TIV multicointegration parameter estimation with K — c0)

When Qoo =0, (23) holds, and (K,n) — oo with K = o (n4/5*5) for some § >0, friv —p f
and )
n (fTIV - f) ~ -A;1X </ Bw.XdBe.m> = MN (07wee.w-/4;_1X4) ’ (44)
0
-1
in which  Asx = [y BoxBlx, Bax () = Bo(r) = [y BoB (Jy BxBy)  Bx (1), and
Beo (1) = Be (1) —wee U1 By (1) = BM (Wee.r) , where Bep and wee .. are defined in Theorem 3.

xrx

The convenient mixed normal limit theory (44) enables pivotal inference in a similar way
to that for the cointegration estimator a. The O(n) convergence rate matches that of simple
cointegration estimation without multicointegration. Moreover, the high-dimensional TIV esti-
mator fTIV has analogous optimal estimation properties for the multicointegration parameter
f as those of the TIV cointegration estimator in a semiparametric cointegrated system without
multicointegration (Phillips, 1991, 2014). These properties will be analyzed in full in later work,
as will the proof of Theorem 4 which is lengthy and complex.
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5 Inference

Theorems 1-3 show that both TIV and IM-OLS methods provide consistent and asymptotically
mixed normal estimation procedures which might be expected to form a basis for inference in the
standard I (1) cointegrating regression model with nonsingular Qg9 > 0. But when Qg , > 0 the
augmented system (32) is a partially spurious regression, just like the original aggregated system
(26) with I (1) regressors and an I (1) error. The spurious nature of this regression complicates
inference and requires special methods to estimate the long run variance 2yg., in constructing
Wald tests. Moreover, when Qg = 0, IM-OLS suffers from asymptotic second order bias and
limit theory that is unsuited to pivotal inference, thereby failing to resolve endogeneity and serial
correlation bias problems in the limit. In what follows we therefore concentrate on the TIV
approach to testing.

More specifically, consider a Wald test of the linear hypothesis Hg : Ha = h about the
cointegrating vector a where H is ¢ X m, of rank ¢ and h is a ¢g-vector. Just as in estimation, the
problem of inference is complicated by the fact that it is unknown a priori whether the system
is singular or not in the absence of prior information or pre-testing. Robust inference therefore
requires that the same approach be employed in both cases since Qg is, of course, unknown.
For this purpose it is convenient to employ a sandwich form in estimating the covariance matrix
metric for the Wald statistic in order to deal in a comprehensive way with the different types
of temporal dependencies that arise in the nonsingular €., > 0 and singular Qg = 0 cases.
This matrix can be constructed in a general way by using the form of the TIV estimate arjy .

In view of (33) and (37), aryv satisfies
~ o / —1 / +y ;o - ~ t +
(ZT[V_a—(X RKX) (X RKe )—GK(DKe —GKZQOK ; €y (45)
t=1

where Rg = Py, — Pp, Cy (CL.Py, Cy) " C,Ps,, so that

- t
H (arpy —a) = HGg®het = HGy (Z Pr () et+> ,
t=1 n
in which the coefficient matrix Gg has the form
i = (X'RicX) " { X' (@4 01) ™! = X'Po O (CLPay €)™ Lo (@ci) ™'}, (46)
and et =31 POk (%) e; is the transformed error vector in the model after projection on
the instruments ® . We may estimate the residuals e;” from the fitted TIV regression giving
& = Yi—aryXi - JE/TIVJUt — Grrv Az
. /
= ef —(arrv —a) Xy — (fTIV - f) ze = (Gr1v — 9) tar.
and construct the kernel estimates

= 543

j=—M+1

n . ¢ } t-i—j /A )
Z YK (n) YK (n) e?etij, (47)

1<t,t+j<n

S
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M ] 1 n
~2 s+t
Wer = . Z k (M> n Z €t Citj> (48)
j=—M+1 1<t,t+j5<n
as if we were estimating a long run variance matrix of Qg (%) e?‘ and long run variance of e:’,
thereby ignoring the spurious nature of the regression when g, > 0.

The lag kernel function & () : R — [0, 1] used in (47) and (48) is assumed to be a symmetric,
piecewise smooth density with & (z) = 0 for |z| > 1, and f_ll k (x)dx = 1. In the case of standard
HAC estimation, the lag truncation parameter M is assumed to satisfy ﬁ + % — 0 asn — oo.
In the case of HAR inference with a fixed-b setting leading to M = bn, we use the notation

ky (z) = k(%) and correspondingly define the HAR kernel estimator as

n—1 ] 1 n n t—|—j /
0 _ = = At At
Vokn = . Z ke <n> o Z YK (n) YK (n) €t Cyj- (49)
j=—n+1 1<t,t+j<n
With these components we can construct the following HAC and HAR Wald statistics in

conventional form as follows
~ ! > / ’ -1 ~
WaldT]V = (HCLT]V — h) [HGK (nVK,L) GKH] (HGTIV - h) ) (50)
R —1
Waldrrvy = (Harry —h)' [HGK (anKn) ’KH’] (Harry — h). (51)

The regression error is e;” = e;1{Q0o.» = 0} + Up.»+1 {Q00.. > 0} . So the asymptotic properties

of (47), (48) and therefore both Wald test statistics Waldpry and Waldrry,, depend on the
asymptotic behavior of the residuals é;, the long run error variance estimate d)§+, and the long

run variance matrix estimates Vi, and Vjk, associated with the transformed error components
+

o (5) el

Two forms of TIV inference can be considered, corresponding to fixed-K and K — oo cases,
just as in estimation. A disadvantage of the the fixed-K approach is that the partially spurious
nature of the fitted regression carries the inconsistencies of the estimates ( fT v, 4T IV) into the
regression residuals éz’ and their I (1) character in the usual Qg > 0 case. This leads to
divergence of statistical tests as n — oo under the null hypothesis, just as in standard spurious
regression limit theory (Phillips, 1986). Even with the use of sandwich formulae and HAC
estimators such as (47) the divergence rate of the Wald test for fixed K is O, (ﬁ) , as shown in
the proof of Theorem 5 below”. This divergence rate for the Wald test with a HAC covariance
matrix estimate is the same as that obtained in Phillips (1998) for standard spurious regression
inference with HAC error variance matrix estimators. Hence, use of fixed K inference with
HAC variance estimation is not readily compatible with both singular and nonsingular cases and
encounters difficulties similar to those arising in the use of IM-OLS and FM-OLS. In view of
these drawbacks, we do not pursue the fixed-K TTV approach further in this context of potential

singularity and multicointegration in I(1) systems.

9See equations (111) and (112) in the proof of Theorem 5 for the residual inconsistency and (120) for the
divergence rate of the Wald test of O (%) when K is fixed.
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The use of HAR inference leads to very different limit theory that is much more useful
in practical work. Importantly, fixed-b settings for the bandwidth parameter as in (49) with
M = bn and b € (0, 1] control divergence, just as in other work on spurious regressions with HAR,
inference methods (Sun, 2004; Phillips et al., 2019). As usual, the HAR approach introduces
nonstandard limit theory. But, as we see below, the limit theory is pivotal even for quite general
linear hypothesis tests such as Hy : Ha = h, so that simulation based techniques and bootstrap
methods are available for inference.

Under HAR inference, a substantial degree of robustness in terms of asymptotic size control in
testing is achieved. Importantly, this robustness covers both cointegration and multicointegration
cases. The following results give the limit theory of the two test statistics Waldrry and Waldr v
when (K,n) — oo when Qg > 0 and Qgg., = 0.

Theorem 5 (TIV inference with K — oo) Under the assumptions of Theorem 3 and under

the null hypothesis Hy : Ha = h, the following hold as (K,n) — oo with K = o (n4/5’5) for
some 6 >0 :

When Qop.z > 0:

(Vii) WaldT[V = Op (ﬁ) , WaldTIV’b ~ T]/EWL {LL/}il L/T]gw,
where L = E%ZQ +/2H, and setting ky ()=k(3),

Ew = Ayl ( /0 /0 ki (r = p) (W (1) Wa (0)) Woe () Wor (1) drdp) AW X2

1 -1
_ —
New = Et'? ( /O WX_QCW)’M> /0 W 2dWo .

where

WO.w (’I") = WO( ) QOIQ W ( )

Wo (1) = Wo (v /WOxWM(/WXmW“) W ) = [ Wo W (/W XW’)

Wi x(r) =Wy ( /W W (/WXWX)_l Wx (r),

Waa(r) = W (1) = [ Wit ( / meg) W, ()

When QOO.I =0:

(viil) Waldyry ~ x2, Waldgrryvy ~ 7o T0 {TeFw T} Tye.as
where

Fw = ‘A;V%X.o: </0 /0 ky (1 —p) Wx .o (p) Wx .z (T)/dQW (p) dQw (r)> A;Vl,X.w’
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1
TNe.x ‘= A;vl,XT (/ WX.xdWe.ac> , Wen (T) = w;;géQBe.x = w;gég (Be - wer;xlBac) y
0

1
»AW,X.x = / WX'QjW),(.xv and jq = [Iq70] .
0

Fw and ne.,. depend only on the vector standard Brownian motions (W, Wx) and the standard
Brownian motion W, , which is independent of (W, Wx). The stochastic process Qw (+) is also

a functional of these standard Brownian motions and is defined in (136).

Remarks

(a) The first result of (vii) shows that the HAC-based Wald statistic Waldrry diverges at rate
O, (%) , just as the squared t-statistic in Phillips (1998). So HAC variance matrices in
the construction of the Wald statistic fail to resolve the partially spurious nature of the
regression (32) and are therefore not recommended in the present context where there is

potential multicointegration.

(b) On the other hand, the second result of (vii) shows that the fixed-b HAR variance matrix
estimator leads to the modified Wald statistic Waldr;y,, whose limit distribution can be
represented by the pivotal quadratic form quantity ng L {LL’ }_1 L'ne,, . Importantly, the
random projection matrix P, = L{LL'} " L’ has rank ¢ = rank(L) = rank(H) a.s. and
is diagonalizable by an orthogonal matrix. Since the distribution of the random vector
New = S%an is invariant to orthogonal transformation in the same way as the vector
standard Brownian motions (W, Wx), the random quadratic form ng L {LL’ Y e,
which is a nonlinear functional of these standard Brownian motions and W ., depends
only on the rank of the matrix L, viz. the number of restrictions ¢g. This pivotal limit
theory for the HAR statistic Waldr vy, makes valid asymptotic inference possible by direct
simulation or by use of the bootstrap. The HAR statistic Waldrv,; is constructed in the
usual manner for trend IV inference and in the cointegration case with 49, > 0 provides

a simple alternative to the procedures suggested in Vogelsang and Wagner (2014).19

(c) Analysis under the local alternative hypothesis H4 : Ha = h + @ shows that the Wald
test based on the Waldr v, statistic has non-trivial asymptotic power under cointegration,
with strength that depends on a random noncentrality parameter involving the quadratic
form 6y = d(a) €2 L{LL'} " L' d(a).

(d) In (viii) under multicointegration, the HAC-based Wald statistic Waldpsy ~» x2 and the
HAR-based statistic

Waldr v, ~ 1 o Ti A TaFw T} Tyews with Ty = [I,0].

Both test statistics have nontrivial asymptotic power under multicointegration and local
alternative hypotheses of the form H4 : Ha = h + %. The statistic Waldyyy has a

10The procedures suggested in Vogelsang and Wagner (2014) are designed only for the cointegration case with
Q00. > 0 and do not apply under multicointegration.
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noncentral x> limit distribution with noncentrality parameter d(a)’d(a); and the Waldrv,,

statistic has a noncentral limit distribution involving the random noncentrality parameter

Wa = d(a) T, { TeFw T}~ Tyd(a).

(e) Theorem 5 (vii) and (viii) show that the same HAR Wald statistic Waldrrv,, is asymp-
totically valid and pivotal for both cointegrated and multicointegrated systems, therefore
providing a robust approach to inference concerning the cointegrating coefficients even

under singularity.

(f) These findings for the Wald test Waldr v, extend in a straightforward way to HAR-based ¢
ratio statistics which produce asymptotically pivotal tests for both Qg9 = 0 and 2¢g., > 0

cases.

In nonsingular systems with g9, > 0 we can expect some loss of cointegration estimation
efficiency and test power when using TTV estimation on the extended system (26) and the associ-
ated robust Waldpyy,, test rather than TIV estimation of (8) and associated Wald tests that rely
on correct prior knowledge that the conditional error variance 299, > 0. But when Q9. = 0,
the faster O(n?) convergence rate of the estimator sharpens estimation efficiency and improves
the discriminatory power of both the Waldry test and the Waldrrv,, test.

We close this section by mentioning that the inferential apparatus above that leads to the
high-dimensional TIV Wald statistic Waldrry,, for inference about the cointegration vector a
may be applied to construct similar high-dimensional TIV Wald statistics for testing hypotheses
about the multicointegration vector f. The associated limit theory is chi-squared for a HAC
based Wald statistic which uses a consistent estimator of we. , and nonstandard but still pivotal
when a fixed-b estimator of wee, is used. These results align with those given in Theorem 5
(viii) for the two Wald statistics Waldry and Waldryy,, for testing hypotheses about a. Both
results rely on the mixed normal limit theory given in Theorem 4 for the estimator fT 1v- Details

of these results will be reported in later work.

6 Simulations

This Section reports the finite sample performance of TIV estimation of cointegrating relation-
ships and compares TIV performance with IM-OLS estimation for various model specifications
that include time series with and without multicointegration. Finite sample properties of the
TIV Wald statistics are also studied in cases of cointegration and multicointegration. As a base-
line for cointegrated series without multicointegration, simulations in past work (Phillips, 2014)
showed good performance characteristics for TIV estimation in relation to other standard proce-
dures such as FM-OLS and Dynamic Least Squares in triangular systems as well as reduced rank
regression (RRR) in VAR system formulations with cointegration but not multicointegration.

Those findings are now extended to include comparisons with IM-OLS in the present case.

26



Several experimental designs were employed based on the data generating process

Yt = aTt + Uot

Ty =1 F Uz, t=1,...,n,

where uy = ny + Dymp—1, pp ~ 1dN(0,%), ¥ = [ 2)

the initialization of z; is 9 = 0. Both cointegrated and multicointegrated systems are considered

'f } , the cointegrating coefficient a = 2, and

and these are determined by the parameter settings of the (endogeneity) correlation coefficient
p and the moving average coefficient matrix D;. Various sample sizes are used and the number

of replications in each experiment is 10,000. The following models were used.

Cointegrated models
Model 10: D1 = 02><2, p = 0

Model 11: D1 = 02><2, p = 0.5

Model 12: Dy = [g:3 (], »=05

Multicointegrated models

Model 20: D, — [_01 8} L p=0

Model 21: Dy = [‘1 0

Model 22: D, = [gf;’ 8:%} L p=05

Model 23: Dy = [ g p=05

The models with p = 0 and zero diagonal elements in D; do not generate endogeneity or serial
cross-correlation. So those models are pure cointegrated systems with exogenous regressors and
tid innovations. Model 12 has been used in the cointegration literature in earlier work (Phillips
and Loretan, 1991), and Model 22 modifies model 12 by introducing multicointegration into
the system. Model 23 also generates a multicointegrated system, but with less variability in u,
compared to Model 22.

For TIV estimation the orthonormal trigonometric polynomials ¢y (r) = v/2sin{(k — 1/2)7r}
were used as instrumental variabes and the number of instruments was based on the setting
K = n?%/5 in accord with the requirement in Theorems 3 and 4 that K = o (n4/ 5_5) for some
0 > 0. Following the recommendation in the paper the model was estimated by TIV with a
fitted intercept. The asymptotic distributions in Theorems 3 and 4 were obtained by numerical

computation from simulations with time series of length n = 1,000 using 1,000 replications.
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6.1 Finite sample distributions of the estimators

This subsection compares finite sample performance and convergence rates of TTV, RRR and OLS
estimators of the cointegrating parameter a. Empirical densities of the centred and scaled TIV
and IM-OLS estimators are calibrated against the asymptotic distributions given in Theorem 3.

The centred densities of the TTV, RRR and OLS estimators are shown in Figure 1 for n = 50
for three models. In the pure cointegration model 10, the three estimators show similar behavior
although TIV, which is not needed in this pure cointegration case, shows somewhat greater
dispersion than OLS and RRR. In models 22 and 23 under multicointegration the TIV estimator
shows much greater concentration and little bias compared with OLS and RRR which are biased
and skewed with greater dispersion. These results corroborate the limit theory in which TIV
has an O(n?) convergence rate in multicointegrated models instead of the usual O(n) rate for
cointegrated systems.

We now compare the performance characteristics of TITV and IM-OLS in finite samples. Fig-
ure 2 plots the densities of the centred TIV and IM-OLS estimators scaled by the appropriate
convergence rate for each model against the mixed-normal asymptotic distribution. For the coin-
tegration models 10-12, Figure 2 plots the densities of the standardized TIV estimator n(arrv —a)
based on the sample sizes n = 50 and n = 100 together with the asymptotic mixed normal density
given in Theorem 3(v). For the three models, the mixed-normal approximation works well as an
approximation to the finite sample distributions of TIV, even for n = 50. The same is true for
the densities of the standardized IM-OLS estimators, confirming the result in Theorem 1(i) and
earlier results in VW(2014).

For the multicointegrated models 20-23, the densities of the standardized TIV estimator
n?(arrv — a), based on sample sizes n = 50 and n = 100 and the simulated asymptotic mixed
normal density, based on Theorem 3(vi), are plotted in Figure 3. For all these models and cases
the mixed-normal approximation to the distribution of the TIV estimator works well, again even
for n = 50, whereas the IM-OLS estimator shows clear evidence of bias, skewness and greater
dispersion for models 21-23. For model 20, where no endogeneity or serial correlation is present,
which is the perfect set of conditions for the IM-OLS estimator, the densities of both estimators
are approximated well by the mixed normal density, as predicted by Theorem 1(ii) and Theorem
3(vi) with some finite sample advantage in terms of reduced dispersion to the IM-OLS estimator

in this case.

6.2 Size and power properties of the Wald test

Finite sample performance of Wald test statistics for testing the null hypothesis Hg : a = 2 were
explored next. The empirical rejection rates under the null for the Wald statistics using the HAR
variance estimate and the fixed-b asymptotic distribution given in Theorem 5 were calculated
with the setting b = 1 and are reported in Table 1 for levels 10%, 5% and 1%. The results show
excellent size control in all cases even for n = 50 in both the cointegrated and multicointegrated

models.
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For the Wald statistics using the HAC variance estimate calculated with the setting M =
3n'/5 and using a x? asymptotic distribution are presented in Table 2. For the cointegration
models size is not controlled and the statistics diverge with the sample size. For the multicointe-
gration models the rejection rates are 2-3 times larger than the nominal ones. Both cases show
the importance of the HAR specification and appropriate limit theory for controlling size in Wald
statistic testing.

Two control parameters — the number of instruments K and the bandwidth M (or b, the
sample fraction) — are used in variance estimation. These parameters need to be set by the user.
We analyzed the sensitivity of the Wald test to these parameter settings for models 12 and 22.
Empirical rejection rates of the Wald test at the 5% nominal level were studied, varying K as
fractions {0.2,0.4,0.6,0.8} of the sample size n and M as fractions {0.2,0.4,0.6,0.8,1} of the
sample size n. The rates under the null in Table 3 show: (i) that size is stable across a wide
range of values of K and b in the cointegrated case; and (ii) that the size is stable across a wide
range of values of K, when b > 0.5 in the multicointegrated case.

Size-adjusted power calculations under the alternative Hy : a = 2.1 are reported in Table 4.
The results show that power is stable across all K values with a minor drop for larger bandwidths
in the cointegration case. The size-adjusted power results in the multicointegration case under the
alternative Hy : @ = 2.001 in Table 4 show that the power is high and increases with the sample
size but with a minor drop for larger K and bandwidth size. In view of the faster convergence rate
in the multicointegration case, local power in this case is evident for the much smaller departure
H, : a = 2.001 from the null compared with the cointegration case where results for H; : a = 2.1
are reported.

Finally, in Table 5 we calculate the empirical rejection rates of Wald test statistics at the
5% level varying K as fractions {0.2,0.4,0.6,0.8} of the sample size n and (small) bandwidth
as fractions {0.02,0.04,0.06,0.08,0.1} of the sample size n using a x? approximation instead of
the correct limit theory. The test statistic diverges for all values of K and bandwidths in the
cointegration case, while the size in the multicointergation case is sensitive to both number of

instruments and bandwidth size.

7 Empirical Illustration

Lee (1996) considered a model of the housing market that implies a long run equilibrium re-
lationship between time series of housing starts and housing completions. If these series are
multicointegrated then a parametric VAR I(1) model will be misspecified. Engsted and Haldrup
(1999) therefore analyzed the time series within an I(2) framework allowing for multicointegra-
tion. In this section, we analyze the long run relationship between housing starts and completions
over the five decade period 1970 — 2020 in an (1) semiparametric triangular model using the
new TIV estimator and associated Wald tests.

The data are provided by the U.S. Census Bureau and the U.S. Department of Housing and
Urban Development. They were obtained from FRED, the Federal Reserve Bank of St. Louis
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on March 16, 2021. We consider two series: starts = Housing Starts, which comprise Total New
Privately-Owned Housing Units Started [HOUST]; and completions = Total New Privately-
Owned Housing Units Completed [COMPUTSA]. Both series are reported in thousands of units
and are seasonally adjusted. Our empirical analysis considers the following five decadal periods:
(1) 1970-01-01 — 1979-12-31, (2) 1980-01-01 — 1989-12-31, (3) 1990-01-01 — 1999-12-31, (4)
2000-01-01 — 2009-12-31, (5) 2010-01-01 — 2019-12-31.

The cointegration relationship between completions and starts is estimated in each of these
decades. In estimation no a priori assumption is made about the existence or non-existence of
multicointegration. The results are given in Table 6. Over decades (1) and (2) to 1990, the
estimate 0.98 is basically the same as that found in Lee (1996). The estimate then declines to
0.96 in 1990-2000 and to 0.95 in recent years. A possible interpretation is that 5% of houses
under construction were never completed in those decades. A practical question is whether
this fraction of uncompleted houses is significant, which can be formalized as a test of the null
hypothesis Hy : @ = 1 against the alternative H; : a < 1.

The equilibrium errors from the cointegrated relationship between completions and starts
accumulate into a stock variable of incomplete constructions. In each period, the inventory stock

variable is measured as

t
Stocky = Z (arrv * start; — completed;), (52)
j=1

and is plotted together with the flow variables starts and completions in Figure 4. The figure
reveals that these variables are again cointegrated, revealing a multicointegrated relationship
between completions and starts. To conduct a test of the null Hg, the asymptotic distributions
of the Wald test statistic given in Theorem 4 are approximated by Monte Carlo simulations
with 1000 replications for a sample size of 1000, and p-values for the two distributions (under

cointegration and multicointegration) are calculated for each period.
The empirical findings for these tests are shown in Table 6. Allowing for multicointegration
in the relationship we conclude that the null hypothesis Hg : a = 1 is rejected for periods (2), (3),
and (4) (and nearly rejected for period (5)) at the 5% level as indicated by the p-values shown
in the column ‘pvalue-M’. If the multicointegrated relationship is ignored, the null hypothesis
would not be rejected for any period, except for period (4), as indicated by the p-values given
in the column ‘pvalue-C’. Allowing for the presence of a multicointegrated relationship among
starts, completions, and the housing stock therefore has a material impact on the empirical
(cointegrating) relationship between starts and completions that suggests a significant shift in

the relationship that raises the fraction of uncompleted houses.

8 Conclusion

This paper has studied the effects of singularities in long run conditional covariance matrices on

estimation and inference in cointegrating regression models. Such singularities are shown to be
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present whenever a cointegrated I(1) system happens to involve multicointegrated time series.
Singularities complicate estimation and inference by leading to non-pivotal, nuisance parameter
dependencies in all existing methods of estimating nonstationary time series regressions. But in
view of their natural focus on the analysis of long run properties, instrumental variable regression
with deterministic trend regressors or similar trend transforms have appealing properties even
under singularities. The results of the present analysis show that, in spite of the complications
introduced by long run variance matrix singularities, certain key advantages of the trend IV
regression approach continue to apply. Notably, the limit theory of trend IV regression is mixed
normal and Wald tests based on traditional sandwich formulae may be conducted under pivotal
asymptotics without knowledge of potential singularities or the presence of multicointegration in
the time series. Use of fixed-b methods in conjunction with trend IV regression are particularly
helpful in achieving pivotal limit theory when the regression equation is partially spurious with
nonstationary errors and usual HAC-based test statistics are divergent under the null.

The analysis in this paper deals with estimation and inference in a scalar cointegrating rela-
tionship. The main ideas and methods of estimation and inference extend to systems estimation.
In such cases, the higher convergence rate O (n2) applies in the (possibly matrix) direction L; of
singularity of Qgp., for which L) Qg L1 = 0 and the slower O (n) rate applies in the orthogonal
direction Lo. The full matrix of cointegrating coefficients then converges to a mixed normal limit
distribution which is a matrix transform of the slower rate limit distribution, just as in usual
cointegration limit theory (Park and Phillips, 1988, 1989; Phillips, 1988, 1989). The analysis and
algebra in this general case follows the same approach as that in cointegrated regression systems
with cointegrated regressors and unrestricted VAR estimation with cointegrated variates, as de-
tailed in Phillips (1995). But inferential limit theory is more subtle in this case of singularity in
the matrix Qg because of interaction between the restriction matrix H, the rotation matrix
L = [Ly, Lo] isolating the two directions of convergence, and the matrix normalization involved
in standardizing the TIV estimation errors. A full analysis of this case requires the use of meth-
ods and limit theory for Wald tests under general conditions of matrix normalization as recently
developed in Magdalinos and Phillips (2019). The application of those methods in the present

context is left for subsequent work.
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Figure 1: Kernel estimates of the density functions of the estimation errors @ — a for the TIV,

RRR and LS estimators for sample size n = 50 in the pure cointegration model 10 and the

multicointegration models 22 and 23.
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Figure 2: Kernel density estimates of the density functions of the estimation error n(a—a) for the
TIV and the IM-OLS estimators and the density of the mixed-normal limit of the TIV estimator

for sample sizes n = 50 and n = 100 and cointegration models 10, 11, and 12.
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Figure 3: Kernel density estimates of the density functions of the estimation error n?(@ — a)
for the TIV and the IM-OLS estimators and the density of the mixed-normal limit of the TIV

estimator for sample sizes n = 50 and n = 100 and multicointegration models 20, 21, 22 and 23.
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Table 1: Test size using HAR variance estimates. Empirical rejection rates are shown at nominal
10%,5% and 1% levels Wald test using the fixed-b asymptotic approximation, calculated for

different models and sample sizes.

Model n 10% 5% 1%
10 50 0.I178 0.0612 0.0163
10 100 0.1100 0.0591 0.0139
11 50 0.1178 0.0612 0.0163
11 100 0.1100 0.0591 0.0139
12 50 0.1139 0.0585 0.0154
12 100 0.1141 0.0581 0.0163
20 50 0.1070 0.0552 0.0130
20 100 0.0958 0.0479 0.0095
21 50 0.1070 0.0552 0.0130
21 100 0.0958 0.0479 0.0095
22 50 0.1242 0.0653 0.0139
22 100 0.1161 0.0623 0.0138
23 50 0.1201 0.0613 0.0135
23 100 0.0950 0.0513 0.0121

Table 2: Test size using HAC variance estimates. Empirical rejection rates are shown at nominal
10%,5% and 1% levels for the Wald test using x? critical values as approximations, calculated

for different models and sample sizes.

Model n 10% 5% 1%
10 100 0.7302 0.6852 0.5949
11 50 0.6981 0.6442 0.5494
11 100 0.7302 0.6852 0.5949
12 50 0.6893 0.6348 0.5391
12 100 0.7359 0.6833 0.5907
20 50 0.2212 0.1488 0.0661
20 100 0.1722 0.1056 0.0396
21 50 0.2212 0.1488 0.0661
21 100 0.1722 0.1056 0.0396
22 50 0.2492 0.1730 0.0788
22 100 0.2318 0.1560 0.0638
23 50 0.2601 0.1871 0.0932
23 100 0.1983 0.1312 0.0536
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Table 3: Test size across K and b. Empirical rejection rates at nominal 5% level Wald test
using the fixed-b asymptotic approximation, calculated for different models and sample sizes,
for a range of instrument numbers K (in rows) and a range of bandwidths used in the kernel

estimation of the variance determined by b (in columns).

Model n K\b 0.2 0.4 0.6 0.8 1
[2 50 0 0.0533 0.0550 0.0576 0.0622 0.0633
12 50 20 0.0582 0.0541 0.0553 0.0593 0.0577
1250 30 0.0580 0.0549 0.0540 0.0582 0.0581
12 50 40 0.0577 0.0543 0.0543 0.0587 0.0585
12 100 20 0.0612 0.0594 0.0606 0.0646 0.0625
12 100 40 0.0607 0.0557 0.0555 0.0588 0.0583
12 100 60 0.0599 0.0546 0.0544 0.0579 0.0567
12 100 80 0.0594 0.0548 0.0542 0.0576 0.0554
22 50 10 0.0345 0.0604 0.0660 0.0682 0.0662
22 50 20 0.0744 0.0766 0.0753 0.0716 0.0670
22 50 30 0.0982 0.0856 0.0803 0.0781 0.0713
22 50 40 0.1070 0.0935 0.0889 0.0839 0.0766
22 100 20 0.0622 0.0634 0.0627 0.0631 0.0599
22 100 40 0.0886 0.0723 0.0715 0.0672 0.0612
22 100 60 0.1020 0.0798 0.0716 0.0710 0.0629
22 100 80 0.1011 0.0855 0.0823 0.0754 0.0672

Table 4: Size-adjusted power across K and b. Empirical rejection rates at nominal 5% level Wald
test using fixed-b approximation, calculated for different models and sample sizes, for a range
of number of instruments, K (shown in rows), and a range of bandwidths used in the kernel

estimation of the variance determined by b (shown in columns).

Model n K\b 0.2 0.4 0.6 0.8 1

12 50 20 0.8143 0.7883 0.7593 0.7278 0.7057
12 50 30 0.8177 0.7883 0.7644 0.7320 0.7058
12 50 40 0.8208 0.7884 0.7624 0.7311 0.7019
12 100 20 0.9440 0.9233 0.9044 0.8819 0.8650
12 100 40 0.9484 0.9276 0.9095 0.8905 0.8747
12 100 60 0.9493 0.9289 0.9116 0.8921 0.8778
12 100 80 0.9494 0.9281 0.9126 0.8926 0.8786
22 50 10 0.5742 0.5313 0.4955 0.4627 0.4291
22 50 20 0.5222 0.4793 0.4369 0.3966 0.3621
22 50 30 0.4229 0.3749 0.3280 0.2976 0.2782
22 50 40 0.3129 0.2693 0.2423 0.2148 0.2049
22 100 20 0.9671 0.9577 0.9453 0.9282 0.9108
22 100 40 0.9396 0.9246 0.9084 0.8891 0.8652
22 100 60 0.8941 0.8722 0.8533 0.8258 0.8006
22 100 80 0.8274 0.8013 0.7787 0.7488 0.7238
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Table 5: Test size across K and small b. Empirical rejection rates at nominal 5% level for the
Wald test using x? critical values, calculated for different models and sample sizes, for a range
instrument numbers K (shown in rows), and a range of bandwidths used in the kernel estimation

of the variance determined by b (shown in columns).

Model n K\b 002 004 0.06 0.08 0.1

12 50 20 0.7460 0.7460 0.7174 0.6838 0.6614
1250 30 0.7497 0.7497 0.7222 0.6891 0.6660
12 50 40 0.7518 0.7518 0.7222 0.6905 0.6658
12 100 20 0.8140 0.7525 0.7081 0.6773 0.6565
12 100 40 0.8238 0.7617 0.7182 0.6853 0.6615
12 100 60 0.8250 0.7635 0.7189 0.6865 0.6612
12 100 80 0.8256 0.7631 0.7183 0.6863 0.6607
22 50 10 0.0009 0.0009 0.0025 0.0129 0.0340
22 50 20 0.0172 0.0172 0.0301 0.0694 0.1172
22 50 30 0.0686 0.0686 0.0953 0.1524 0.2047
22 50 40 0.1481 0.1481 0.1757 0.2214 0.2549
22 100 20 0.0008 0.0062 0.0401 0.0863 0.1238
22 100 40 0.0104 0.0544 0.1367 0.1946 0.2285
22 100 60 0.0483 0.1284 0.2100 0.2511 0.2702
22 100 80 0.1172 0.1890 0.2378 0.2617 0.2761

Table 6: US housing construction data. Wald test statistics and p-values for the null hypothesis

Ho : a = 1 under cointegration and multicointegration for successive decades over 1970-2020.

Period begins Period ends TIV  pvalue-M pvalue-C

1980-01-01 1989-12-31  0.9735254 0.01492537 0.07462687
1990-01-01 1999-12-31  0.9606591 0.02736318 0.11691542
2000-01-01 2009-12-31  0.9709445 0.00497512 0.04477612
2010-01-01 2019-12-31  0.9454967 0.05223881 0.16666667
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Figure 4: Housing starts (Starts), completions (Completions) and accumulated difference (Stock)
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9 Appendix

This Appendix provides proofs of subsidiary results and all the main theorems in the paper. The

following glossary of notation that is used in the paper is provided for convenient reference.

9.1 Subsidiary Results
Lemma A (Reverse partial summation) : > asbs =Y 1, O, as) Aby if by = 0.
Proof of Lemma A

By partial summation f,,g, — fogo = Sory (Aft) ge + Sop—y fro1Ag;. Setting f; = S°'_, as so
that Af; = a; and by = g; we have, with by = 0,

éasbs = (Zj; as> bp — Zn: (ti as> Ab, = (zj; as> by — Z <Zn: Qs — Zas> Ab,

t=1 s=1 t=1 s=1

= (Zn; as> by — (zn; as> (bp — bo) + tzn; (ZZ as> Aby = Z <Z as> Aby,

t=1 s=t
giving a reverse form of the usual partial summation formula which involves only a single term

and is useful in simplifying finite sample expressions and limit formulae.

Lemma B:

n1/2 Zn K (L)e Q =0
i) a ‘/e f— nt:]~ n t 00.z
(@) anVer { n=32 30 Bk (L) Unar Qo0 >0

fq PrdBe Qpo. =0 :.{ Yerx ooz =0
0 bOrxBox 0.z >0 ' Yoz ooz >0 0

(if) 2z Ve =2 50 G (L) 2 ~ [y G5Bl = nc;

(i) J=Vao = Xy 6 (£) %~ fy oxcdBl = &x;

(iv) 2Vx =150 ok (L) = W ~ [ $xBly = px;
(V) A3 6 (1) 5~ Jy éxBy = fy (J) oxc) dB,
(vi) E(niéy) = f::O ¢k (1) [y @k (p) dpdr x trace [Q,] .

where i (1) = (p1 (1), ..., K (r))/, and Bx (r) = for B,.
Proof of Lemma B

Parts (i)-(iv). These results follow by standard weak convergence methods for these orthonor-
mal linear transform functionals (Phillips (2005a, 2014).

1. - . . .
Part (v) Convergence to fo P By is immediate. for the second representation, we use a version

of partial integration, analogous to the version of partial summation given in Lemma A, viz.,

1
/ ¢k B,
0

- ([ extons) B;<r>I) w [ ([ xtons) s
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using the fact that B,(0) = 0.

Part (vi) Direct calculation gives

sonc) =e{ [ excrB [ am e}

[ Lot [ a0 am ) o o

1 r
/ oK (1) / DK (p)/ dpdr x trace [Qz] .
r=0 0

The following results provide limit theory for certain quadratic forms of 1(2), I (1), and I (0)
time series where the quadratic forms involve projection matrices onto the space of orthonormal
polynomials in which the dimension of the space K — oo as n — co. The resutls are stated here
for convenient reference and proofs are available elsewhere. In particular, results (54) and (55)
are proved in the proof of Theorem 3, (58) is proved in Phillips (2005a), and (53) and (57) are
proved in Phillips (2014).

Lemma C: As (K,n) — oo with K = o (n*/°~?) for some § > 0,

1 12'® 1 19 . 1
e = () (oo () G) = [ 2est o
0
1 X'®p 1 1. X 1
ﬁxfp%x = (; —72 ) (1K+o (;>> (; n§/2 ) W/o Bx B (54)
1 1 X'®p 1 1z 1
gX/P(PKx = (; —72 ) (1K+o(;>> (; an/Q) A Bx B, (55)
1 1 X'®g 1 1 Uo.c L
—X'Py, Upy = ht Ik +0 (= it YA L) VS BxBo.a 56
o reton = (G {0 (D)} (oedz) ~ [ meme o0
, 1 1
iy P@KUIW = Op iz ) = o (1), (57)
1 1 ul® 1 D uz
Eu;Pq)Kux = % i/ﬁK (IK—FO(%)) \I;ﬁ —p Qe (58)

where Py, = ®x (P Px) " P and @ = [Px, ., Grca] s where Grey = G () = [01 (£) 5o 0m (5)]'

9.2 Proofs of the Main Theorems

Proof of Theorem 1

Part (i) When Qg > 0, this result follows as in Vogelsang and Wagner (2014) with only
minor modification. The system (26) is Y; = a’X; + f'@: + Up.»+ and then

i—a=(X'Q.X) " X'QuUos, f—f=('Qxx)" 2'QxUp..

Standard weak convergence methods (Phillips, 1986, 1988) give the following component limits:

_ n 1 _ n 1
(a‘l) n=? Zt:l 2Ug ot ~ fO B By.x, n 3 Zt:l XiUg.zt ~ fO Bx By .z,
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where n*3/2XLqu = p~3/2 thlJ x; ~ Bx (r) = for By, By (r) = BM (), and By, (r) =
BM (Q00.2) » where Q00,2 = Q00 — Q02255 o

(a-2) nAX'Qu X ==t S0, Xo X[ — (n3 0, Xeal) (n 72 o mat) T (n0 0 i XY)
w o BBy — (f) BxBL) (Jy BB) " (Jy BeBY) = Ji BxBh

(a-3) =3 X'QuUo0 = ™3 L)y XelUp oo~ (=2 1y Xawt) (2 Ly meat) (2 L0, 2l
o i BxBos — (1 BxB) (Ji B.B.) " (Ji BoBos) = [ BxaBor

1
where Bx . (r) = Bx(r) — (fol BXB;> (fol BmB;) B, (r), the Ly projection residual of By

on B,. It follows that
1
< / Bx.mBo,x) ,
0

-1

n(a—a)= (n74X/QmX)_1 (N X'QeUo.) ~ (/01 BX-IBS(.:&>

as stated in (i). Note that
1 1
| Bxabos = [ Bxl)dbo. ) (59)
0 0

—
where Bx , (1) := frl Bx ... The representation (59) follows as in Lemma B (v) or by using reverse

partial summation as in Lemma A. l

Part (ii) In this case up .t = Aey, ZtLZlJ Uo.zt = €|p.| — €0 ~ €x — €9 as N — o0 and no

invariance principle holds for thlJ ug.z¢- Instead, the following limits hold for the component

sample moments:
(b-1)
(b-2) ™3 Y1, Xuw) ~ [y BxBy;
(b-3)
(b-4) n™2X'Que = Y1y A8 — (070 L0y Xawp) (n 2 X0 way) T (07t 0 weer)
Ji Bx,dB, — (f01 BXB;) (fol BIB;)% Ao,

Results (b-1)-(b-3) follow by standard manipulations as in Part (a). Setting E; = Y\_, es,

Ey =0, we have n='/2E|,,,.| ~ Bc (r), and to confirm (b-4) use partial summation to write

ZXtet = ZXtAEt =A (Z XtEt> — ZAXtEtfl = XnEn — Z"EtEtfl.
t=1 t=1 t=1

nTEY N mep fol B,dB. + Age, where Ay =Y 72 B (ugoen) ;

nTiX'QuX ~ fol Bx B , as in (a-2);

=1 =1
Then
1 & X, B, 1 a0 B
n? ZXtet T 32 apll2 T q Z nl/2 pi/2 (60)
=1 =1
1 1
~ By ()B.(1)~ [ B.B. = [ Bxdb., (61)
0 0
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by integration by parts since Bx (r) = for B, is of bounded variation and so fol BxdB, =
[BxBely — Jyy BeBe = Bx (1) B¢ (1) — [i ByB.. Using (b-1) and (61) we have

1 1 1 -1 1
”’QX’Qxe > / BxdB, — (/ BXB;) (/ BIB;> (/ B,dB, + Aze>
0 0 0 0

1

1 1 1 -
- / BX.dee—< / BXB;) ( / BIB;> A,
0 0 0

giving result (b-4). Combining (b-3) and (b-4) and using continuous mapping leads to the stated

limit result

n? (@ —a) ~ (/OlBXAZBgI) B {/OlBX_dee - (/01 BXB;> (/0le3;> _IAR}

giving (ii) for the limit distribution of n? (& —a). W

The following proofs refer to the augmented model given by (32) in the text, which is repeated
here for convenience

Vi=d'Xe+ floe + g’ Awe + ¢ =d' Xo + flae+ g'uae + f, (62)

where the regression error is e = e;1 {Q00.. = 0} + Up.2t1 {Qoo.x > 0} and Up. »r = 22:1 UQ. s
We first derive limit results for the application of IM-OLS in this augmented model and then
consider the use of fixed-K TIV regression and TIV regression with K — oo.

Proofs of (35) and (36)
When Qgp.. > 0, the system (62) is
Y, =d' X+ floe + g uwy + Upwr =: ' Xy + d'wy + Uppe, (63)
with d' = (f',¢') and w; = (4, ul,) . Least squares estimation of (63) gives
i—a=X'QwX)" X'Qwlo.

where Qw = Qo — Quua (U, Quug)” ' u.Q, in standard notation with Q, = I, — z (¢'z) ™" .

Thenn (a —a) = (n*X'QwX) ! (n™3X'QwUj..) and the component limits follow by standard

methods. In particular

1 1 1 / / -1 /
7u:/1:Qwuz = *u;um - (Uz$> (m> (x uﬂi) _>p E (uItu/zt)a
n n n n
1, u' Uy u x A ' Up.a
- ZU T = = - L —
nuIQ 0 NLORVAD n n? n?
1 1 1
- / dB,Bos + AL, — (/ dB, B’ +Am> </ BIB;>
0 0 0
1 X' 1 X' AN A
Lo, = X we  (1X (20N
n n3/2\/n n n? n? Vn/n
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-1

- (/Olgde;)_UoleB' (/01 ) </1BIdB;+A;Z>

1
= / Bx »dB;, — ( BXB/) < b= ) "
0
1, 1 X U (1X 19” UOZ
) 1
() () ([ o) ([ 5
) 0
1
= / BX.xB(,).aw
0

where A&E = Aoz — Q02051 Ave = Aow — f'Ase. Using these results and (b-3) above we obtain

1 1
1 /1 1 1
n_4X/QWX = n_4X/QzX - - 7X1Qmuw 7U;Q:puw 7U;Qa:X ~ / BX:DBS( )
n \ n? n n? 0 '
(64)

and
n_sXIQWUO.w = _3X QwUO T ’I’L_3X Qz (UI Q:c :L’)_l U;;;QwUOa:
1 i
= niglexUO.w - — <2X/Q£U1) <U1Q1U3,> (U;QxUOx>
n n n n

1
~> / BXJ.BEM..
0

It follows that

. 1 -1 1
n (d — CL) = (n_4X’Q$X) (n_?’X/QwUOA:E) M (/ BXxBS(;E> (/ BX.xBO.z)
0 0

MN (0,900.95 ( /0 1BX.IBS(_m) < / By (r) Bxa (1) dr) ( /O 1BX.IBS(.I>1>,

which is identical to the limit result for the IM-OLS estimator in the Qgg., > 0 case. Thus,

inclusion of the surplus and irrelevant regressor u,; in the fitted model (62) has no effect on the

limit theory of IM-OLS in the base case of cointegrating regression. This proves (35).

To prove (36), consider the singular case where Qo = 0. The system (62) is now
Y, =d' X+ floe + g uwy + Upwr =: /' Xy + d'wy + e, (65)

with d = (f',¢') and w; = (at,ul,). Least squares estimation of (63) now gives @ — a =
(X'QwX) "' X'Qwe. Thenn? (4 — a) = (n’4X'QWX)71 (n=2X’'Qwe) whose component limits

are as follows

1, 1, 1 fula\ (2 2y, ,
Euzqum = ﬁumuz B G ey - —p E (ugittyy) = e,

1 1 1 (ux 2\ [2e
gU;;Qme = ﬁu;e — E ( f], > (n2> 7 _>p E(’U,wtet) = Oge,
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1, X' g 1 X'z Ll oy,
meumzwﬁ-(wg)( )) ()
1 1
~ BxdB. ) — Bx B! B BudB. + Ay,
() = ([ mn) ([ ) ([ )
1 1
= | Bx.dB, — BxB, B.B, | Au,
[ e (f o) (f mert)
1., X/ 1 X'z -1
X Qw:wfm‘@m) (ff) (xn n)
1 1 1
= ()= (foem) (f 22) ([ o)
1 1
:/ BX.;EdBe - (/ BXB;) ( B B/) Aa:e7
0

where A, Zh o E (ugouly,), and Age = Y 7o E (ugoen) . Using these results, (b-3), and
nX'Qw X ~ fo Bx .. B , from (64), we have

-1

n2X'Qwe =n"2X'Que — n 2 X' Quuy (u;Qwuw)_l u, Qe

o 1, 1, -1 /q ,
= n XQIG* 72X Qmuz 7uszum *ugcQIe
n n
1

- / Bx..dB, — (/1BXB;> (/OleB;> Age
{/ Bx.,dB, — (/ BXB;) </OleB;)_1A;m}Emam. (66)

It follows from (64) and (66) that

(@—a)= (n*X'QwX) " (n 2X'Qwe)
1

(/ BX,,BH> {/ Byx.pdB. — (/ Bx B, Z(/ BwB;)_ Age
{/ By..dB!, _(/ BXB;.> (/0 BxBx> Am}zmame},

as stated in (36). W

2

Proof of Theorem 2

Part (iii) The proof proceeds as follows. In this case Q. > 0 and e;” = Up .+ so we have
1 !
n(Gfriv —a) = (mV)/(QVCVX) (nAlV}/(QVCVUO.z> .

By standard partitioned regression, Q. = I-Ve (VEVe) ™ Vi = Qu, —Qu, Ve (V/Qu, Va) " VIQu.,,

so that by the results in Lemma B for the component factors we have

nVEQuo Vi = 07 Vi {Qu, — QuVe (VIQWVa) ™ ViQu. | Vi
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Ve Vx o Vi Va, (VAI VM)I VA, Vx

- nl/2 n1/2 nl/2 n5/2

]‘ / / —1 / /
nd/2 n5/2 nd/2 pl/2 - ﬁvaux Ve (VIQUZ Vx) VmQUz VX

—1 -1
ek — ili (E€r) T Exbir — W Qexni (M Qexcni)” M Qe i
= WrJKiK, (67)

where px = fol P By, nk = fol $r By, and
-1
Ji = Qe — Qereniic (M Qereic)” M Qere
with Q¢ =1 — £ (5}(&()71 & and £ = fol PrdB.. In a similar way, using Lemma B we have

1 _
Vi {Qu = QuVa (V/QuVa) " ViQu Vi,

. V}I( VUo.x V)/( Ve Val; Va - Vzl VUo.w
— n5/2 Qul n3/2 - n5/2 qu n3/2 n3/2 Qul n3/2 n3/2 QU: n3/2

—1
~ M/KQEK\I/O.JUK - N/KQ&(”K (anQSKnK) 77/KQ§K\IJ0'IK

= prJrVouk-

(I /01 ¢rBor =N <0, Q0.2 (/01 /01 (rAs) ¢k (r) Px (s)’drds>> ,

1 1 1 1
Eﬁ%mKwaﬂa:3/ /ﬁ@KE{Bumwlﬂhiﬁ}ﬁkmﬂs:f%ma/‘/ (r A ) B () ¢ (3)' drds.
0 0 0 0

Now,

as

It follows that when Qgg., > 0
n(agrrv —a) ~ (Wi dicnr) (W Tk Yorx) = SiWo.ux

= MV (O,QOO,IS}( ( /O 1 /0 A ) B (1) B (s)’drds) SK> , (68)

where Sk = Jxpr (W Jrxp K)_l . Mixed normality follows by virtue of the asymptotic indepen-
dence of ¥ .k and (px,&x,nK). W

Part (iv). In this case g, = 0 and e, = e; so we have

R 1 i
n2 (afTIV — a) = <n5V)/(QVcVX> (mV)/(QVcVe) . (69)

As in (67) of Part (iii), n 5V Qv, Vx ~ Wy Jx . The second component of (69) is

1, Ve Ve Ve U (UL U\ ULV

ﬁVXQVCV; T b2 pl/2 T 552 /2 \ p1/2 pi/2 nl/2 nl/2
%4 Ve (V! v, \' v/ V.

T 5/2 Qu, n3/2 (ns/z Qu, n3/2 n3/2 Qu, nl/2

Wk ek.
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Combining these factors and using continuous mapping we deduce that
N -1
n? (agrry — a) = (Wi Jicpr) - (W Tkber) = Sictber, (70)

as stated in (iv). Note that this limit distribution is not mixed normal because when we, # 0,
the component V. = fol PrdB. is not independent (£k, 1tx, NK), all of which depend on B,
which is correlated with B.. However, when we, = 0, the component 9.x is independent of

(€x, r, i) and mixed normality holds, giving part (iv)*. In particular

1
n?(aprrv —a) ~  Sktbex = MN (O,weeS}( < / @Kgb}{) SK>
0

= MN (O,Wee (/JJII(JK/JJK)71> )
since SK = JK,LLK (MIKJKMK)_l and (fol @K@/K) = IK. | |

Proof of Theorem 3
Part (v)

The proof follows a general line of argument that was developed in the proof of the main
theorem of Phillips (2014) but with considerable additional complications in the present case
arising from the more complex augmented model and the singularity in the conditional long
run variance matrix. To facilitate the development of joint (K,n) — oo asymptotics we use an
expansion of the probability space that includes the limit processes (B, By, Bo,) and within
that space use an ‘in probability’ version of weak convergence to the limit Brownian motions
(Be, Bz, Bo.z), as in Lemma A of Phillips (2014) or Lemma C of Phillips (2007). This device
leads in the usual manner to the establishment of weak convergence in the original space.

In the present case the full TTV approach projects the entire aggregated system
Y, =a'Xs + flag + g’ Axy +ef =a' Xy + flag + g uge +eff, (71)

onto the range space of the instruments ®x using Pp, = ®x (<I>'K<I>K)71 . When Qo > 0

the regression error is ;" = Up 4t = Z§=1 ug.zs and then (71) is
Y =a'Xe + floy + g uge + Uowe =2 ' Xy + 0 cur + Up ot (72)

where ¢} = (z},ul,) and ¢ = (f’,¢') = (f’,0) since the true value of the coeflicient of u,, is zero.

Write (72) in observation matrix form as
Y = [X,C.]v + Ug.s, with ' = (a,0),

where Y' = [V1,..Y,], X' =[X1,..,X,.], Uy = Wo.z1s -, Uown) , and

u:vn

!/
/ _ _ xl DR xn . l‘
Cr - [Czla "'7czn] - |: Ugpl N —_ le ’
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noting that w, is the matrix of observations of u,; = Az, in contrast to the vector of partial

sums Uy .. The centred and suitably scaled TTV estimator of a then has the following form
A 1 !/ - 1 /
n(aTIV — a) = 7X RKX ng RKUO.ZE
n n
- - / -1 / 1 -
= FX Py, X — EX Py, C,F, | (F,C,,Pg, C,F,) FanPq)KXﬁ X
1 1 _
{n,SX’Pq)KUO_Z. — 5 (X'Po, CoFy) (FuC Py, O Fy) ! Fnc;P%Uo_w} : (73)

where F,, = diag [n_llmw,K_l/QImJ . We now proceed to derive the limit theory for the two
major factors in this matrix quotient.
The first factor in braces in (73) is

—1
1, 1, 2'Pp.x x'Pgp, uy 2Py, X
(74)

and the components of (74) are now considered in turn. Proceeding as in the proof of equation
(34) of the main theorem and Lemmas B and D of Phillips (2014), we find that as (K,n) — oo
with K = o (n4/5*5) for some § > 0

1 1X’<I> 1 X
—X'Pp X = K{IK+O<)} K
n n n

n n2

X'®y o X
e (o)) [ o )

To show (75) we use the a.s. convergent series representation Bx (1) = Y.~ @ (1) v, of the
continuous stochastic process B, in terms of the orthonormal sequence {&m}oe_y over [0,1]. This

series can be constructed by integrating the uniformly and almost surely convergent Karhunen-

Loeve series By (1) = > p Mk (1) Exk, giving

B ()= [ Bes)ds Z ([ oo ds) 6= Z At (r)
i Ak <Z Okm®m (7 ) ok = Z m (r <Z 5km)\k§xk>
k=1 m=1

= P (1) Vm, (76)
m=1
with vy, (r fo @ (1) = 07 Okm@m (1) in which each 1y, (r) is represented by its expansion in

terms of the ON functlons {¢;}, and the random sequence vy, is defined by vy, = > pe | Skm Meak-
Using this representation of the process Bx (r) and the expanded probability space, we have

n

s wion (5) = [ e, 0)

t=1
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= /O{Zsom } x (1) dr {1+ 0, (1)}

K 1
= Y [ en )0 dr {140, (0} + > um/ o (1) Gxc (r) dr {1+ 0, (1)}

mKl 1 m=K+1
= Y [ en () 0 dr {140, (D} = Vic {1+ 0, (1},

where Vi = [v1, ..., k] . Standardizing the matrix quadratic form X’ Pg, X and allowing (K, n) —

00 we have

1 X'®y O X 1
HX’Pq)KX_iK {1+O ( )}zVKVk{HOp(l)}

/2 p5/2
K 1
= Y v (10,0} = [ BxBy 140, (1)) (77)

m=1

because

1 1 o0 00

/0 Bx B :/o {Z(pm (r) l/m} {Z }dr— Z vaé/ Om (1) g (1) dr = Zymym,

m=1 =1 m =1

which is a series representation of fo Bx B in terms of the component Gaussian vector variates

{Vm bz -
Moving to the second term of (74), consider the central matrix factor

¥’ Py,.v 7' Ppu, _ Ha'Pyx Lo/ Pyuatirs
I [ o Pp, X u,Pp, Uy Fn = U Po s P ug : (78)
First, as (K,n) — o0

K™l Py uy —p Qs (79)

by Phillips (2005a; 2014, Lemma C). Further
Lt (@ ) By = (L) (Lo 0 (L,
Ly, {I +0(1> "ot ) =0, (1) (30)
= - = K - PKt—— | = )
n N n — t\/ﬁ P

and

E O 2
as in equation (46) of Phillips (2014). Thus, as (K,n) — oo
1 1 ul @ Phu,
1 1
7' Pp, uy Tz = 0, <K1/2> =o0,(1), (83)



1 1
ﬁx'P@K:c ~ /OBxB;, (84)

so that, at least to first order, we have

2Py, x ' Pp,ug 1BIB’z 0
Fr u;R;;z U;P@I:(U;c Fo fo 0 Quz | (85)

Higher order terms in the off diagonal elements of this matrix will be needed and constructed
later in analyzing the second major factor of (73).
Next consider the first matrix factor in the matrix quadratic form in the second term of (74),

viz.,
%X/qu[x Up |Fy = [ 35 X'Poe X Potogin |
= [ (Bnen) G (Rok) X Pl |
= [ (22500 (I + 0 (2} (204 %) HX Pz |

- [ fiBxBL 0], (86)

where series arguments similar to those yielding (77) and (81) above are used to show that as
(K,n) = o0

L xpy o= (22 o) {02 Ly 2 SO AmVimé! /13 B, (87)
N — — — — EONY =
n3 Pr nn3/2 K K n n K\/ﬁ L mYmSm, o XDy
Combining (85) and (86) we have
I, 2Py, x ' Pp, Uy - 2Py . X | 1
(an Po[ @ ua }F”) (F" [ u;Pq:;x u;qu{um Fn En |y Pq:;X n2

1 ‘. 0 | [ (‘BB
~ [ finxn, OHIOO - Jo B:Bx

_ (/01 BXB,;> </0le3;> ;

1
( / BIB§(> . (88)
0
Using (77) and (88) we then obtain

1 1 1 -1 1 1
/ BXBQ(—( / BXB;) ( / BZB;) ( / BIBQ(): / BB,
0 0 0 0 0
1
B

where By (1) = By (1) — ( I8 BXB;) ( IS BxB;)_
of Bx on B,. Thus,

-1

. () is the orthogonal projection residual

1 1 _ 1 !
—X'Pp, X (nZX’Pq)KC’an) (F,C'. Py, CyF,) " (Fnc;RpKXnQ) W/O Bx..DB ..
(89)
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Next we move to the second major factor in braces in equation (73), which we write as

U vz -1 UO{L’

(90)

n3/2

The first term of (90) is

Uo.x 1 X 1 1 U
- (o) (fmn) (%)

n/ nn3/2
1 X' 1 1., U !

= 0] I O - oY T Bx B/
(nn3/2 K>{ K (n)}(n K\/ﬁ>w/o A0

just as in (86). The second term of (90), ignoring the sign, reduces as follows

-1 Uo.x
< /XRDKCF)(FnC;P@KCan) (FnC’RbK 3/2>
@'Pox 2'Pous | p - r | ¥Po,Uoa 1

( XP‘I)K T Uy ]Fn> (Fn |: U;P@KX ’I,L;/,P@KUQL- n
1 , -1 1
- [ Wm0 [ bo BB o } [ Jo ByPo- }
1 1 -1 1
0 0 0
since Lx/P U 1 /P U
2 D V0.2 :| _ |: 2l eV ]

’ ’
K1/2nuwP<I>K Uo.x KI/ZTLU$P¢KUO.1E

/
and
1 1 1 / =1 x7
ﬁfﬂ P(I)KUO T = ﬁﬂ? (I)K ( K(I)K) (I)KUO_ﬂc
I/ 1 12 UO:E !
= W(I)K {IK +0 (n)} K3 /0 B Bo .z,
analogous to (81), whereas
1 1 1 1 1
*Uo P le 775 K12 EU(I).:C(I)K( Kk ®r) }(Uzm

1 Uy 1 1

analogous to (80). We deduce that

1 UO.;E -1 U()w
/ ( 3/2X Py, C,F, ) (FnC;;P%KCan) (FnC’ Py, 3/2)

n3/2 Px 372
-1

1 1 1 1
- [ B - </ BXB;) (/ BIB;> </ B BM> [ Brasi. o0
0 0 0 0
It follows directly from (89) and (91) that

—1 1 1 -1 1
—
n(arry —a) (/ Bx .. B w) (/ Bx‘mBé,w) = (/ BX.mBS(,$> / Bx »dBy
0 0 0
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-1

1 1 1 -1
- M (07900,:” ( / BX.IBsf,I) / Bxs Brs ( / Bx.mBsg,m) ) (92)
0 0 0

—

where Bx . (r) = f: Bx .., using the same argument as in Lemma B(v) and (59). The limit
distribution is therefore identical to that of IM-OLS in the case where g9, > 0. Nothing is lost
in the asymptotic theory in this case by working with the additional augmentation of the model

to include the regressor Ax; = ;. B
Part (vi)
In this case the model is written in observation matrix form as
Y =[X,C.]y +e, withy = (', ),

where Y/ = [V1,..Y,], X' = [X1,..., X,], ¢ = (e1,..,en), L= (f",¢') and

uéETL

l‘ e x a;‘/
The centred and scaled TIV estimator of a then has the form

2 .
n” (arrv —a)

1 1 -1 1\ ¢
_ {Fxfpﬁx—(ﬁx’p%cr) (Cl Py, Cr) (C;Pq)KXﬁ)} x

1 / e 1 ! / —1 / e
{7 Pan s — (o PonCe) (ChPac €)™ Cabay 5 ) %3)

We derive the limit theory for the two factors in this matrix quotient. The first factor in braces

in (93) is identical to (74), and its limit behavior is therefore determined as in (89), giving

1 1 1 1
{T#X’P@KX - (nQX’P@KCIFn> (F,C". Py, CoF,) (FnC;Pq)KXnQ)}

1 1 1 1 1
- / BXBQ(—< / BXB;> ( / B$3;> ( / BIB§(>: / Bx.Blk..  (94)
0 0 0 0 0

—1
where By, (r) = Bx (r) — [, Bx B ( I8 BxB;> B, (r), as before.

The second factor in braces in (93) is

-1

1 , e 1 , , _1 , e
For the first component of (95) note that
X' e X'®g e
n3/2 Po a2 = Tpp/2 pi/2 {1+0p(1)}. (96)

For the second component of (95) a more complex calculation is required. It turns out that

because of the relative orders of magnitude of the submatrix elements in the matrix multiplication
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involved in this second term we need to include higher order terms in the inverse of the matrix

F,C! Py, C,F,. To do so we employ the standard block inverse formula

-1 _ -1 _
[ A:1A1 A:1A2 } — A111.2 1 1 - (A/1A12 A/1A2A111.2 1
Axdr AzA —Agy A Ay (A1A1) T (A5A2) T + (A5A2) T AG AL AT, A Ag (A5 A)

which gives, using the fact that C,, = [z, uy],

—1
-1 P Do /P e Pheu 1
/ / T K K T K KUz
F X P@KJ? x P@KUI F _ n3/2 13/2 n3/2 npl/2 K172
" ou Pp.x u Pp.ug n o 1 u, Pk Pz 1./ P
T K T K Ki/7Z pi/2 p3/Z KU LD U
—1
/ / -1 / =1 4/ -1
. [ ﬁ’lil ﬁ}ﬁz ] — [ L Atrs 1 _(AlAl) 1141142141142 ] (97)
' — ! I - —
2471 2472 — Ay 1 A5 AL (A1 A1) Az

with Ay o = AJA; — AL Ay (AQA) P AQAL, and Agey = ALAy — AQA; (AL A) " AL Ay, Using
the results above, direct calculation of the block entries in the matrix (97) leads to

-1

'@ Phexr 'O Dru, 1 1 1 u,Px Pl
A2 = — I

!/
32 m32  p3/Z pl/z K12 “quWW) K172 ni/2 p3/2

B Jc’<I>K<I>’Km_ 1 2k Pruy 1 ' p -1 1 20k Dhru, !
= K Yot oxla K172 2372 /2

n3/2 p3/2 K172 372 pl/2

' O 1 /1
= TOETRY Lo~ B.B..
Wz e T\ ) T ), P

A _ lup 1w @y P (2O Pz [ 1 X' Ok Ppu,
221 = Eufﬂ DUz — K172 p1/2 p3/2 \ p3/2 ;372 K1/2 p3/2 p1/2
1 1
= EU;P@KUJC +0, (K) —p gz,

and the off diagonal block entry

— A A AL (ALA) T

1, -t 1 1 Ul(I)K(I)IKZE :17’<I)K<I)’Kx -1 1
= —{(KU;CPq)Kux) +Op <K>} (K1/2 ;1/2 n3/2 n3/2 n3/2 +Op E

-1
1 (u, Ok D ! ,
- 7K1/29m < nl/2 p3/2 /0 B, B; {140, (1)}

P ' Pox ' Pous 5 -
"1 upPor  uyPoug n

1 -1 1 L e B Uy e
(J; B.B.) —iz (Jo BoBL)  Za B!
“ 1 1 (ULdg Pz 1 A 1 : (98)
7}(1/2951' ( ;1/5{ n?f(/z) (fo Bsz) Qz_

Retention of the O, (K -1/ 2) off-diagonal blocks in (98) is particularly important, as will now

~

become apparent. In particular, the second component of (95) is

1 ’ / -1 ’ €
_ (nmx Pq)KCIFn) (F,C'. Py, O, F,) (Fncwp%m) .

o1



The component matrices involved in this block multiplication are

ﬁX'RpKCan _ { X'®g Pz X' ¢K®KU$K1/2 } +o0,(1),

nb/2 13/2 no/2
—1
/ 1 / 1 2/ D D Uz 1
(FnCl Py, CoFn) ™ (4o BIBZ) Tor (D) - (Jo BeBL) b 2t iy
nMrs PrTELm - _ ! D Do 1 - —
~032 (i 5 2% ) (Jo BaB) Q! + 0, (1)
and
, 12’ ®x Pie
e __ 1/2 ,1/2
FnCIP':bK ni/’z — K}:IQ Z;P(;,K 18/2 + Op (1) .
n
Then

—1 e
( =X P¢KCan) (FnCiPo CaFn) ™ FuCiPay— 75

—1 ’ ’ —
P/, - Dy D 1
(Z2%s2) (fy BoBL) - % EBr0kw0z! (S0 2k2) () BIB;)
X' @5 "D Pus X'®
- Lo/g( n:ef(/z (fo BlB/) K}/z a;e,/é( ,ﬁ}; Q:m + ns/zk ¢Kul K1/2 Q:ml
1z ‘PK ‘I)K@
x n n1/2 1/2 +op (1)
K1/2 urRI’K 1/2
-1
_ X'®p O B B ' By Pe
T\ pp/2 p3/2 0o T n3/2 pl/2
-1
1 X'®g @KuxQ uly® e rex 1B B 2By Dhee
TOK pb/2 pl/2 Tt 172 p3/2 o T n3/2 pl/2
—1
X0 DX ! , 2 Ppur 11 X' Oy Pheug 1 1
R (/O BB ) s i S e Pee + T om s K“””P‘I’Ke+o”(1)
1 1 - 1 1 -
B N\ X ok <I>Ke 1 N\ XD Oheus
_/0 Bx By </0 BmBgc) n3/2 n1/2 OP (K) - o Bx By o By By, n3/2 n1/2 szwwe
X (I)K ¢’ Uu. 1
7 a7s s wse +0p (1)
1 1 -1, / ro—1
o / 'y Dy (e_qu:r:vwze) XCIZ'KCI)KUL
= (‘/0 BXBT) <‘/0 BrBw> n3/2 n1/2 + n5/2 1/2 waw're +0p (1)
1 1 -1 1
X'® e O
= (/O BXBZ‘) </0 B:L’Bg/c> </0 Ba:dBez) n5/;< 11{/21 Qxa}uh:e + OP (1) (99)
since

e qu)Ke —p Wze,

just as in (79). Now combine (99) with (96) in (95) and we have

1 e 1 1 e
n3/2 X/P<I>K n1/2 — (n3/2 X’P@KCan> (FnC;P.:I)Kcan) FnC;‘P@KW

X' & X' & 1 1
- KZrC 2 K Zkbzg- wwe—/ By B, /BmB;

/ (I)/ _ JQ e 1 1
_ X'ek (e—u w)/BXB /BB,
nd/2 NG o
1 1
~ /BXdBm—/ Bx B, (/ BB’) /BdB” /BdeBw (100)
0 0
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-1

1
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Finally, combining the results for the two factors (94) and (100) and using continuous mapping
we obtain the stated result that

-1

1 1 1 -1
le (dTIV - a) ~ </ BXIBS(I) / BX.dee.z = MN <waee.z (/ BXZEBS(’L‘> > ’
0 0 0

(101)

With Wee 7z = Wee — Wez Qpzwze. B

Proof of Theorem 5: Construction of the Wald statistic
We start the proof of Theorem 5 with some preliminary exposition of the two forms of the Wald
R -1
statistic. The HAC Wald statistic Waldry = (Hazry — h) [HGK (nVKn> G;H’] (Hérry — h)

uses an implicit sandwich form and relies on the kernel estimate

M . n N/
. j 1 N t\ . t+7 A
Vin = Z k (M) ﬁ Z PK (n) PK (n) eje?_ﬂv (102)

j=—M 1<t t+j5<n

with TIV regression residuals
P + ~ / r ! A~ /
el =ef —(arry —a) Xy — (fTIV - f) e — (gr1v — 9) Uat, (103)

where f = Q0,Q42, g = 0 and the true regression error is e;” = ;1 {Q00., = 0}+Ug.2+1 {Q00.2 > 0}.
The limit behavior of the statistic Waldyy depends on that of the estimate aryy, viz.,

- - t
dTIV —a = (X/RKX) ! (X/RK€+) = GK(I)IK€+ = GKZ@K (n> €t+7

t=1

where Rg = Py, — Py, Cy (C.Ps, Cy) "' CL.Pg, and

Gk

(X'RiX)"" {X’(I)K( D) = X Py, Oy (CLPy, Cy) Ol (<I>’K<I>K)*1}

= (X'ReX) " {X'®k = X'y, €y (CLP0, C) ' Ol f (@)™

as well as the estimation error effects of fTIV — f and gryv — g = grrv on the fitted residuals
&

In the nonsingular case where Qgg., > 0, we have e;" = Up.;+ so the true regression error is
I(1) and the regression equation is a partially spurious regression, as discussed in the text of the
paper. Usual long run variance estimates of the equation error are therefore no longer consistent
but tend to a random variable after suitable renormalization. The same is true for IM-OLS
regression, a fact that substantially complicates inference in IM-OLS regression, as recognized in
Vogelsang and Wagner (2014) and discussed in the main text — see footnote 7.

In the singular case where Qo = 0, we have e;r = ¢; and the regression equation is an
augmented cointegrating regression with an I (0) error. This equation no longer involves spurious
elements and conventional methods of long run variance estimation work as usual. The limit

behavior of the residuals and the kernel estimate VKn are therefore very different in these two
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cases, as is to be expected. They are examined separately below in Part (vii) and Part (viii) of
the proof corresponding to the results given in the statement of Theorem 5. Similar considerations

apply to the long run error variance estimator

M . n
. J\1 .
Glo= >k (M> - > etel, (104)

j=—M 1<t,t+j<n

based directly on the residuals (103).

The second form of the Wald statistic uses the HAR long run variance estimate leading to
. —1
Waldr vy = (Harry = h) [HGx (nVocn ) GRH'| (Hazry = b)),
which uses an implicit sandwich form with the fixed-b kernel estimate in (49)
n—1 1 n ¢ ¢ +] /
Vikn = Y ks (5) - Y. ok (n) PK (n) & el
j=—n+1 1<t,t+j<n

where ky (j) = k (bj—n) With these preliminaries in hand we now proceed with the proof of
Theorem 5

Part (vii)

The HAC Case In this case Qg > 0, e;r = Uy.,+ and the fitted equation is a partially
spurious regression because of the presence of the I (1) regressor x; and the I (1) error Up 4 in

the transformed model
Y, =ad'X¢ + flay + g Axy +ef =ad' Xy + 2y + g'uwe + Uo o, (105)

where f = Q10,0 and g = 0 by construction. The TIV regression produces consistent estimates

of the cointegrating vector a, as shown in Theorem 3 (v), where
-1 1 1
1 1 -
n(arry —a) = {4X’RKX} {3X/RKU0.I} ~> (/ BXAIBE(AE> / Bx..dBg.s
n n 0 0

1 -1 1 1 -1
= MN (0,900,93 </ BX.zBS(,m> / Bx.. Bx.' </ BX.IBS(,x> > . (106)
0 0 0

But due to the spurious regression feature of (105), the estimates fTIv and gryy of f and g are

-1

not consistent. In particular,

-1
A 1 1
friv—f= (n2 lefK$> (ng $/RfKUo.a:> )

where
Rix = Poy — Po, Cp(ChPy,Cy)”" ChPyy,
X, - X, X/
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, —1
After some calculations, using Pg, = Pk (<I>’K<I>K)_1 o = %@K (w) o = %@K (IK +0 (%)) D,

n

we obtain

1 1 1 1
—2(E/Rf[{l‘ ~ / BzB;, —/ B$BS( (/ BXB;()
n 0 0 0

1 1
/ BxB. = / B..xB., «, (107)
0 0

where B, x (r) = B, (r)ffo1 B, B (fol BXBS() Bx (r) . Using the normalization matrix L,, =
diag [n=2I,,, K~'/?I,,,] , we have

—1

1 1 1 -1
ﬁlewKUOJ = (233/P<I>KU04$ — —Qx/P@KCan (LnC}P¢KCan) LnC}P¢KU0_w)

1, Ok @4 Uy,

:Zil(p]( @l]{UO/I) T (DK (I)KCf —
T 32 p3/2  p3le vn Ly (LnC}RDKCan) Ly, N +0p (1)
1 1 -1 1
o [ By, - [ ([ Bxesx) [ Bxbin= [ Boxbi. (108)
0 0 0 0 0

since

X' &g PrX 1 X'y Pius fl BB 0
l _ n5/2 n)/z K1/2 nb/2 pl/2 X
LanPq>KCan - 1 ul 2 PK <I>, X 1 ul Dy <I>Ku1 e 0 0 X QO ) (109)
Ki/2 n1/2 n5/2 K 1/2 nl/2 e

and the terms involving u, are o, (1) because 1% ;}K P _ (K~'/2) . Then

K2 vn
1
’
/ BxAXBO_;m
0

and frry is inconsistent. Next consider grjy. Since g = 0 by construction, we have

) 1 i 1 1
griv = (KuwRunw> (KuwRqu ) = (Kquung;) <K“zRqKU0.I> , (110)

where

-1

. 1 -1 1
friv —f = <n2$/RfK$> (ﬁlefKUOw) ~ (/ Bw-XB;/c.X>
0

-1
Ry = Po, —Ps, Cy (C;P¢K0g) C;P@K,
’ X, - X,1_| X
Cg_[xl mn}_[az']
Using the normalization matrix D,, = diag [n?I,,,,n "I, | we have
1 1 1
KungKux = ?U;P@(Um - K P@KC D (DnC;P<pKOgDn) D C;P¢Kux
1 1w, @ [ 22X L i T iy, 1
= —u.P. - === nw | (D,C! Py, CyDy, nony K=
K 3’,‘ @Ku;c <\/E \/ﬁ > %‘I)\;%L ( nYg Pig ) %l\/ﬁK ( \/ﬁ \/}—?)

1 1
= K ’I,'P':I)KUT+O (K) —p Q7

Turning to the second factor in (110) and using the normalization matrix D,, = diag [n™ 2L, ,n I, |

we have

1 1 _
~t,RycUn.e =, Pay Uow = 10, P, Oy Dy (DuCy P, Cy D) ' D,C! Py, Us.s
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u, (@’K@K)l O Up . (u;<I>K> 1202 (DuC Pa CyDu) [ T | ko
- 1 D nYg K Yg-n 12'®
vn n n3/2 vn v o n3/2
1 1 1 -1 1 4

—1
where BE, (r) = Bo.o (r) — fy BowBly ( I B[Xym]BfX}z]) Bix.4 (r) and By, = [Bx, Ba].
Then

—1
. 1 1 _ n
griv = (KUQRgKUw) (KU;RgKUO.m> ~a Uy X O (g)

so that the TIV regression residuals are
e = Uowt = Uput — (arrv —a) X; — (fTIV - f)lﬂﬂt — Gyt

= Uyt —nlarrv —a) % - (fTIV - f)/xt — v,

and, standardizing, we have

et:[nr] _ UO.anrJ .

n(arry —a)’ - (f _f)/gcwJ _ gl dat
n Jn TIV 372 TIV NG griv Jn

Uo.x [nr] N I XI_TLTJ 7 ! Lnr] \/FL
ety S () 210, (3

UO.anrj N / XLnrJ A ! T nr|
= \/ﬁ —n(aTIV —a) n3/2 — (fTIV — f) \/’E —|—Op (1) (111)

ifn= o(Kz) as n — 0o. Then
At

eznr UO.J: nr ~ an 7 AT
t\/LﬁJ: \/%J—”(GTIV—G)/ né/;—(fnv—f) 4o, (1)

NG
wBoat) - ( [ 1 w052 (| 1 peatis) Bt ([ masy) ([ 1 BoxBly) B

= By (1) — (/01 BO,IBSM> (/OlBX,zB;('J ABX (r) — (/01 Bo.zB;.X> (/Ole.xB;‘x>1Bz (r)

=: By (r).

-1

(112)

Using these results, the HAC kernel estimate of the transformed residuals and standardized
residuals based on é?' = Uo.;ct is

Y- > > s+ ot
Vin = ‘ E k <M) E  ¥x (n> YK ( " ) € Etyyo
j=—M 1<t,t+j<n

and using (112)

SRS

1 -
7VKn =

i1 . t\ . t4+3\ Uoat UO.:ct+j
w2 () e 2 () e ()
nM M Z M nlgt;;jgn n n Vvnoo/n
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- (5 ;;;@K(;)@K(;)'(@gt):w
([ o) i

. ( / k) dr> / o (1) 6 () B ()2, (113)

-1

where Ay, , . = diag [(Uo,ml/\/ﬁ)Q N (UOIH/\/E>2] . Hence,

1 1 1
R 1 .
nVicn ~a n2M </ Ek(r) dr) =P Ay, , nPr ~a n’M (/ k(r) dr) / oK (1) @K (7’)/ By . (1")2 dr.
-1 n -1 0
(114)
Next observe that

1
Gk (nf/m) G}, =nM (/ k(r) dr> Gk Pk A, , n PG, + 0p (1)
-1

1
= nM (/ k(r) dr) (X'RicX) ™ { X' @ = X' o, €y (ChPo,c Co) ' Cltbic | (i)™ @Ay

-1

x O (O Pk) " { O X = O Cy (CLPu, o) ChPo, X | (X'RiX) ™ 40, (1) (115)
=nM (/11 k (r) dr) (X'ReX) ™ (X/P{)K ~ X'Pp,.Cy (ChPp, C) ™' C;P<1>K) Ao o

X <P<1>KX Py, Cy (Cl Py, Cy) " C’;P@KX) (X'ReX) " + 0, (1)

. </1 b dr) (X’RKX> -1 <X’P<1>K — X'Pp, Cy (C4Pp, Ca) CZEP<1>K> Avy o

-1 n4 'fl4

B / —1 v / -1
X<p<I>KX Pp,.Cy (C. Py, C.y) cqumX> <XRKX) o, (1), (116)

n4 n4
Consider the first term in the expanded form of the central three factors in (116), viz.,

X

K

X' (PP (1 T P\ P X

T oW\ p KOUeen TR n nb/2
X0k (1 )X

B W (n(b/KAUO,mTLq)K> 5/2 +0p( )

N 2
X0 (1SS [t . [(t\ [Uowt X
= 5 nZ<PK<n)<PK<n) <\/ﬁ N +op (1)

~ ( By (1) gx o) ( o (1) @x (1) B wrar) (| o (r) B ')

Using the normalizing matrix F),, = diag [n’lfmm , Kﬁl/zfmi] as earlier, the cross product terms

1 1
EnO = FX/P‘I’KAUO.M”P‘I’KX = EXIP(DKAUD.(E)”P@

in the expanded form of the central three factors in braces in (116) are (ignoring the negative
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sign): first

X

K

1 _
Enl = HXIP‘PKCI (C;P<I>ch) ! C;P¢KAUO.%”P¢

1 _ 1
- (an’Pq)KCan) (F,C! Py, CoF,) 1(Fn0;P¢KAUOMP¢KX )

n2
_ X%k (P Pk (9 CLF,
nb/2 n vn

(25) (52 no) (2) 2
- (] 1 o) (| 1 BwB;)l (f B, () éx o) ( o (1) @ (1) B tar)
y (/01 xc (1) By (r)’dr) ,

and second (again ignoring the negative sign)

1

) (F,C.Pg, C,F,)"

1 _
E,o = FX’P%AUOMP@KCQC (C.Pp, Cy) " C.Pp, X

1 _ 1
- (lexqu)KAUo_z,nP@Kcan) (FoC.Pp, CoF,) " <Fnc;P¢KXnQ)

X'y (DD /1 & .C,F _
:K( K K> (n%AU&M@K) <KC””") (F\C'. Py, CyF,) ™"

nb/2 n NG
(i) (PP ol X
vn n nb/2

~ (/[ By (1) o () o) ([ ok (r) @ (r) B () o) ([ ok (1) B, ' ar )
() ([ )

The third term in the expanded form of the central three factors in braces in (116) is
1 — —
Bny = —X'Po, Oy (CuP,c Co) Y (CL Py, Auy . 0P, Co) (ChPp, Cy) ' ClPp, X
1 _
= <n2X’P<I>KCan> (F,,C!. Pg, . C,Fy) 1 (FCl Py, Ay, , n P CoF)

/1
x (FoCl. Py, CoFp) " (nQFnC;PcpKX)

X'®p (O O\ " (O CLF, , 1 (FuCldgc (@ ®r\ (1,
= F,C! Py, C,F, z — @ Ay, n®
n5/2 < n \/ﬁ ( CyPs, C. ) \/ﬁ n n K Uo.zn* K

—1 —1
L (P Vo) (o p ot (FCBi) (Rcic) T B
n NG s R vn n nb/2

- (] 1 ) ([ 1 na) ([ B, (1) g o) ([ o (r) @ (1) B ()? ir)
« (/01¢K (r) B, m'm«) (/OleB;>1 (/OleBS(>.
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sting for sign, and including the leading term we obtain

Combining these three terms, adju

(RpKX — Py, Cy (C Py, Cy) "t C’;P¢KX)

(X'Posc = X' Py, Co (CiPuic Co) ™ ChPaye ) Avym

1
nt

1 -1 1 .
) ([ 5)
0

EnO — Enl — En2 + En3

/
(

Ba ()oY i) ([ o 1w 07 B 0 ar) ([ e () Ba 0 ).

(117)

sion for G (nVKn) Gy is then

The full expres

1 )_1 +0,(1)

1
nM (/ k(r) dr> GrPAv, ., nPr G + 0, (1)
-1

. (/k()d)(

X'ReX\ !
n

Gx (nf/m) G

X'Rx X
n

4 ) (EnO - Enl - En2 + En3) (

L/ R o) ([ 1 BB ) B (/ B (1) @ () or)

(118)

([ Beeeneyar) ([ onwron o B rar) ([ o Beayar).

(119)
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It follows that the Wald statistic is

~ —1
WaldT[V = (H&TIV — h)/ {HGK (nVKn> G/KH/:| (HdTIV — h)

(n(arry —a)y H' [n2HGK (nVKn) KH] " Hin(ary —a))

2

XH{TL (&TIV — a)}

= (&) tnlarry —a)) B [H { (/11 k() d’") </01 BXBS{)

X H{TL (dTIV — a)}
n
O, (M) for fixed K.

-1

Thus, for fixed K, the HAC Wald statistic is O, (%) and diverges whenever the lag trunction
parameter M = o(n). This outcome is analogous to the result in Phillips (1998) corresponding
to the behavior of the coefficient ¢ statistics constructed with HAC standard errors in a spurious
regression of an integrated time series on deterministic orthonormal regressors {@k}le It is, like
that result and as subsequent research (Sun, 2004; Phillips et al., 2019) has confirmed, indicative
of the important property that when M = bn for some fixed b € (0,1] we would expect to have
test statistic asymptotic behavior of the form Waldr;y = O, (1). In the HAR section of the
proof given below we show that this is indeed so and establish the limit theory in this case of
fixed-b long run variance matrix estimation.

First we complete the development of the limit behavior of the HAC Wald statistic when
K — oc0. To do so, working from (120) we need to evaluate the asymptotic behavior of E, k.
Observe that

Buc = ( [ By, )6k ) ([ o (r) @ (1) B ) (| o (1) B (')

/0/ O/ OBXz BX$() (T)ICﬁK(S)@K()/N ()Boz()Qd’l"dep

~a /OBONT() Bx . (r) Bx . (r) dr, (121)

To verify (121) we proceed as follows. First, as in the representation (76) in which Bx (r) =
> @m (1) Vm, we note that By , (r) can be written in orthormal expansion form as Bx (7")
Zj:1 @, (r)¢; for suitably chosen mg-vector variates {CJ} . Then, fo Bx . (r) ¢ (1) dr
(1. Cr) =: 9k and

E.x :/o [k @x ()] [ox (r) V] Bo.o (r)*dr

l
K

1 K —
:/0 Yoo (MG| D e ()¢ Bow(r)dr

j=1 j=1
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1
as / Bx.o(r)Bx.2(r) Boo (r)* dr, as K — oo, (122)
0

giving (121). Using the fact that n (drrv — a) = Op (1) with limit distribution given by (106) as
(K,n) — oo, we deduce that the Wald statistic Waldryy has the following asymptotic behavior

) 5 1,
Waldry = (Happy —h) [HGk (n£Viy) GLH'] (Hagry — h)

~a (%) {n(arrv —a)} H' x
Bow (0 B () B 0 dr ) ([ BB Ry )
0 0

(7 02) ([ )

x H{n(arrv —a)} = Op (%) :

—1

so that the Wald statistic Waldyy diverges at rate O, (%) even as K — oo when M = o(n) as
n — 0o0. The same divergence result therefore holds for this case as for the regression with fixed
K.

The HAR Case When M = bn and a fixed-b kernel approach is employed, we find that
Waldrry = O, (1) . To find the limit distribution of Waldzy in this case we proceed as follows.
Define k& (%) =k (bj—n) , where k (+) is the lag kernel function as before, and set M = bn for some

b € 0,1]. First, consider the limit behavior of the fixed b kernel long run variance estimator Vokcn,
defined as

R n—1 j n ¢ t—l—j I R
Wikn= Y k (bn) > éx (n) PK (n) Uo.2tUo.at+;-

j=—n+1 1<t,t+j<n

Then, in place of (113) and using (112), we have as n — oo

n—1 . n N T A
1 - 1 J - N - [(t+TY Uoawt Uity
—Vikn=— > k (> > ¢k <) PK < )
2 2
" L E—— bn 1<t t+j<n " " Vi Vi
1 - s—1 ~ t ~ s\’ UO.xt UU.ZL’S
-5 (e (D))
n? Z b ( n ) K (n) eV vnoo/n

- / / ko (r — p) G5 (r) @5 (o) Boww (r) Bow (p) drdp.

Hence, nVpin ~a 13 fol fol ky (r — p) ¢k (1) P (p)' By (r) By (p) drdp and so, in place of (118),

the expression for Gx (nViky ) G is now

Gx (anKn> G

n2 1
~a g4 B :EB/
([

-1

(/ B (1) B () ar)

([ [ )6 () 0 B () B ) ) ( [ ok (1) B (1) o) (| 1 BraBi)
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1 1 -1 1 -1
n 0 0

and where, with C := fol Bx.o (r) ¢x (r)'dr,

Epnc = Cic /0 /0 ko (r — p) 85 () 65 (9)) Bos (r) Bo (p) drdp Cl.

Hence

—1 —1

1
0

n2HG (nf/bm) G\ H ~y H ( /0 1 BX,EB;(&)
e 1 / o (r = p) 65 (1) @ (5) B (r) B () ira )

1 —1
= H(/ BX.mBS(,w)
0
1 —1
X C) ( / BX_EBQ(_I> ",
0

This expression simplifies in a similar manner to (121). Indeed, in place of (122) and using the

representation Cx = fol Bx.. (r) ¢k (7")/ dr = (1, -..,(k) =: Uk as before we now have
Bk = / / ko (r — p) Wk Bxc ()] [Bx () 9] Bow () Bow (p) drdp
/ / o (r = p) (Bx.a (r) Bxs (0)') Bos (r) Box (p) drdp,

as K — oo since Y P (1) = Zszl 0 (r) (G —as Bx.a(r) = Z;’il @; (r) 5. Thus, as (K,n) —

00 we have

n?HGg (anKn) G H'

-1

Sy 1 BX.IB;(.I)l (/ 1 / "k (r— ) (Bro (1) Bx 0)) Bo () B () ) ( [ 1 Bx.Br.) H-

We deduce that the modified Wald statistic with fixed b HAR kernel construction is

A ~ -1 o
Waldy v, = (Harry — h)' [HGk (n£Vykn) GxH'] ~ (Hapry — h)
X —1
= {n(arrv —a)}' H' [NZHGK (nVokn) G}(H/} H{n(arrv —a)}

~ a {nlarry —a)} H'
1 -1 1,1 - - 1 -1 -1
X |:H (/0 BXxB.le> <‘/0 A kb (T _p) (BXm (T) BX.z (p)/) BO.m (T) BO.m (p) drdp) (/0 BXIB;(:E> H/:|
xH {n(arrv —a)}

= Op(1) as (K,n) — oco.

Now

n(arry — a) (/ Bx..B. a:)

-1
e
/ BX.IdBO.w
0

62



—y Q2 Q-2 (/ WX:EWX1> / W adWoe — QU2 x Q712 g

1 —1
—y MN (o Quo.e x Q12 < / WX,xW)’(_m> / Wxa W < / Wx.zw)’(_m> Qm;/?),
0 0 0

—1 \
where ny = (fol meW)/(x> fol Wx 2dWo. and Wy, = QO_OIfBO,x is a standard Brow-

1/2

nian motion which is independent of W, = Quz’'"B; and, in consequence, all functionals of

-1
Wm, including Wxa(r) = Wx (r) — [ WxW, (fo W, W’) W, (1), = [T W,, and
WX 2 f Wx 5. The limit distribution of Waldryy, therefore takes the followmg form

WaldT]VbWQOOIX’I]WQ I/QH/{HS H} HQ 1/2771/1/,

where

£ = (/BXBX) (/ / b0 =) (B (1) B () B (1) B ) v (/BXBX)

Qs x 1 (/ WXxWXw) (/ / oy (r >(WXx(>WXz<)’)%(r)v/%(p)drdp)

—1

1
x( / Wx.mng) ;12
0

= Qoo X Q12 x Ew x Q712

—1

where o, (r) = (2001:/5230 2 (r) and By, is defined in (112). Next observe that
Qoo.e X N Qo 2H {HEGH'Y " HOQZ M 2ny
mvEw'’? (2052 H) {HQ;ﬁ%ﬂ;ﬁ?H’}_l (Hz2e®) &' nw

—1
=: 77:€WL {LL/} Llnfwv

1/20y 1/2

where g, = &, 77W and L := &y H, which leads to the following limit representation

of the Wald statistic
-1
WaldTIV,b ~ nlng {LL/} Ll??é’w = Wfsw PLnfw7

with the random projection matrix P, = L{LL'} " L’. Since the distribution of the random

matrix

Ew = ( /0 W (1) Wi W)_l ( /0 1 /0 (= p) Wk (1) W (0) Wora () Wi (9) drdp>

<(/ W () W o) B

depends only on the vector standard Brownian motions (Wx, W,.), the scalar Brownian motion

Wo., and the scalar kernel function kp(+) this distribution is invariant to rotations, just as are
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the vector Brownian motion W, and the random vector 7g,, = 5;‘,1/ 277W. It follows that the limit
distribution of the Wald statistic

Waldr vy ~ e, L{LL'} " L'ney,

is pivotal and depends only on the rank of L := 5%29;01/2H or equivalently the rank of the

q X mg restriction matrix H, i.e., on the number of restrictions q.

Part (viii)

The HAC Case In this case e:’ = ¢; and the fitted equation is by its partial sum construction
a cointegrating equation with I (2) regressor Xy, I (1) regressor x;, augmented with the additional
I (0) regressor Ax; = ugy, and the I (0) error e;. The TIV regression produces consistent estimates

of the cointegrating vector a, as shown in Theorem 3, and also the long run regression coefficient
f=9.10,0, just as in Phillips (2014). In particular, note that

-1

friv—f= <nl2a:’Rfo) (%m’RfKe) —, 0 (123)
where

Rix = Pay — Py, Cs(C}Ps,.Cr)~ C}Poy,

o =[5 &]=[¥]

After calculations using techniques similar to those employed earlier'!, we obtain

1 1 1 1
—2$/Rf[(.’)3 ~ / BwB; —/ BQ;BS( (/ BXB;()
n 0 0 0

-1 1
/ BxB. — / BuxB. .  (124)
0 0

-1
where B, x (r) = B, (1) — fol B, B (fol BXBS() Bx (r), and
1 1/1 1 -1 1
@' Ryge= <nx'P<1>K6 — — @' Py Oy (C1Po Cf) C}P<1>K€> =0p <n> ;

thereby establishing (123). More specifically, and again after considerable calculation, we obtain

1 1 1 _
ﬁx’RfKe = ﬁx'RpKe - ﬁx/PqH{Cf (C} Py, Cy) ! C}Pye

_ 2Pg Pe  2/Pg DOy , o1, CpPx dhe

= e Ly (LnC}yPy, CyLy) Ly NI +0p (1)
1 1 1 -1 1 1

w/ B$dBe_w—/ B,BY (/ BXB;<> / BXdBm:/ B, xdB, ,. (125)
0 0 0 0 0

Combining (124) and (125) gives

1 1
n(frrv = f) = <7112$/RfK$> (;lefKe> ~ (/ Bm.XB/z‘X)
0

11 A full development will be given elsewhere.

1 1
/ B, xdB.,. (126)
0

64



Further, since g = 0 by construction, we have

1 1
griv = (Ku;RgKuz) (KU;R9K6> —p Q;zlwm (127)

where

Ryx Py, — Py, Cy (Cl Py, Cy) ™' Cl Py
X, - X, /
C‘IJ = |: 3311 te Tn j| = |: m/ :| ’

In particular, note that using the normalization matrix D,, = diag [n_QImm,n_llmx] we have

1 1 1 -1

?u;RgKuz = ?U;quux - ?U;P@KCgDn (DHCQRDKC’QD,L) DnC’;P@Kux

1, 1wl @ [ 22X [ 1 1 gy, 1
= —u Ppu, — | —=—F g D,C!Py,.Cy,D, nond/ K2 __

K’U,y; DUy <\/E \/ﬁ %@\;{ﬁaﬁ ( gl P Vg ) %JC%K \/ﬁ K

1 1
?u;P.:pKUz + Op (K) —p era

and, similarly, %u’zRgKe —p Wge, giving (127). In consequence §rry provides a consistent
estimate of the long run regression coefficient Q lw,..

It follows that the regression residuals

. /
e =ef — (arrv —a) Xy — (fTIV - f) Ty — Jrry Uat
Xy 1 A a1 1
2 /A !’ t t / —1
=e; — — _ = — — = Q - uy +0, | —
et —n” (arrv — a) 2 n(fTIV f) N Wyedlpy Uzt + p(K)
1 1 1 1
= e — wh Qo uy —+ =) =€ —+— 12
€t — Wye zxut—i_OP(\/ﬁ—’_K) €o. ,t+OP<\/ﬁ+K>a ( 8)

consistently estimate the eg ,+ = e; — W’ Q- ugy. Thus the effect of the inclusion of the regressor
Ax; = ug in the regression is to ensure that the fitted TIV residuals estimate the equation errors
adjusted for the conditional long run mean, viz., e, = e; — wh Q7 uze. Correspondingly, the
long run variance estimator in (104) is
e
~2 J
j=—M
M
Dk

j=—M

n

st ot
§ €t Citj

1<t,t+j5<n

S|

n

j 1

1<t,t+j<n

—p Weep = Wee — wer;wlwxe = VLE (e0.a,t) - (129)
In a similar way, the kernel estimate Vi, in (102) of the transformed residuals has the form
M . n N/
N _ J 1 - t - t + j At At
j=—M 1<t,t+j5<n

65



M . n N/
J 1 N t\ . t+7
= Z k <M> ﬁ Z PK <n) PK <n> €0.2,t€0.2,t+5 + Op (1)
j=—M 1<t,t+j5<n
. N
( < <n) E (e0.z,t€0.2,t45) + 0p (1)

M .
> # (L) Eleonscases) +0, (1)

j=—M

= ( K(I)K Wg.x + Op (1) = Wee.xIK + Op (1) ) (131)

Il
Il
Sl=
(]
hS)
=
S|
N———
hS)
=
S|
N———
N——

since %(I)/K(I)K =Ix+0 (%) . Further, observe that

Gk (X'RgX)™"

{X'0k (@4@i) ™ = X' Py €y (ChPo, Co) " Choic (i)
— (X'RxX)"" {X’(I)K — X'Pg,.Cy (C. Py, Cy) ™" C;@K} (@ D) "
so that
Gr (nVKn) Gl = WeeaGrc (Phe®rc) Gl + 0, (1)
= Weew (X'RiX) ™! {X’(I)K — X'Pg,.Cy (C. Py, Cy) ™" c;@K} (@ D) "
x {cb’KX — B Cy (Ol Py, Cp) " C;Pq)KX} (X'RiX) " + 0, (1)
= Weew (X'RiX) ™! {X'PcpKX — X'Py, Cy (C'.Pp,.Cy) O Py, X
—X'Py, Cy (C Py, C0) O Py, X + X' Py, Cy (C'. Py, Cy) O Py, Cy (C'. Py, )" C’;P@KX}
X (X'RX) ™" + 0, (1)
= Weea (X'RX) 40, (1).
using the fact that nPy, = n® (Pj®x) " ¥ = P (LB )™ D = Dpe®h {140 (2)}.
Then, the Wald statistic is

Waldrpy = (Héarny — h) [HGK (nVKn> G’KH’} (Harry — h)

—1
1 X X'Re X\ * X
= o [’rL2 (aTIV *a)]/H/ [H <7’Li<> H;| H [TLQ (CLTIV *a)] +Op (1)
a a\l 1 ! - a a
2 TIV — 9 TV —
“o [ (M) [H ([ meanicr) H] e ()]
= 2

since .
1 _
nQH(dTIV —a) ~ MN (O,wee.l.H </ BX_xBS(,l) H’) , (132)
0

thereby giving the required limit theory for the Waldyy statistic.
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The HAR Case In the HAR variance matrix case in view of the fixed-b kernel, we use the

following full representation in place of (128)

A . X, 1 A T | 1
6? = €0.z,t — n’ (arrv — )/ 3;2 N -n (fTIV - f) 7%‘\/7; +Op <K>
1
= €0.z,t — \/» nwnt + O (K) s (133)

where D), = <n2 (arrv —a) ,n(friv — f)’) and wy,; = (X;/n3/2,2,/n'/?). In view of (126)
and (132) we have

X ' a ! nr
D)W nr) =n° (arrv — a) L372J +n (fTIV - f) x\L/HJ

-1

w/ dB”BXw(/ BXwBXw) Bx(r /dBmBmX(/ B, xB. ) B.(r)
— P Bx(r) + £,B,(r) = £, B, (r) (134)

—1
where £ = [ dBe.o B, (o BxaBi..) b= [y dBeaBux (fy BaxBix) e = (0, 6),
and By (r) = (Bx(r), B.(r)")".
The following fixed-b kernel estimate replaces (130) and when K?/n — oo we have

n—1 . n .
) i\ 1 AVNIETAY
Vokn = E ko <> = E PK (n) PK (n ) efel;

j=—n+1 1<t,t+j<n
n—1 . n N/
- t ~ t+ €0.z,t €0.z,t+j
> () X e (e (50) e
j=—n+1 1<t,t+j<n " " " "
n—1 . n .
2 - t\ . t+ €0.x,
) 5 (D)o () St
j=—n+1 1<t t+5<n "
n—1 . n N/
J 5 t\ _ t+7
| S ok <n> Z PK (n> PK (n) (D wnt Dy wniets) + 0p (1)
j=—n+1 1<t t+j<n
Z . (s t)~ (t)~ (3)/60951560&75
= b P\ — |¥PK | —
1<t,s<n " " \/ﬁ \/ﬁ
2 s—t\ . t s\ €o.z
25 () (or ) e
1<t,s<n "
s—t t S
Z Ky < ) PK ( ) PK ( ) D}, wni Dy wns + 0p(1)
1<t s<n

~a /0 A kb (p - T) QBK (p) @K (’I")/ dB(iI (p) dBeuL (’I")

2 / / B (0 — 1) Bxc (0) 65 (1)) B a(p)ly By (r)dr
1 1

[ [ =) ok ) o (0 2B () B )
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1 1
- / / ko (0 — ) 35 () $xcdQ(p)dQ5 () (135)

as n — 0o, where the stochastic process Qp(r) is defined by the stochastic differential equation
dQp(r) = dBe.,(r) — ¢/, B4 (r)dr. From the definition of the components of Qp(r) we have the

equivalent representation
dQp(r) =a wel5dQw (r) := wil?, [AWe o (r) — by Wi (r)dr] (136)

in terms of functionals of standard Brownian motion processes. This representation is ob-
tained by noting that: (i) €4 = (U, 0h) =4 Wee.cliy Qo' = Wees(Chyxs bya) Qe

= [dWeaWi, (f WxaWi,) E lye = [ dWeaW, x ([ W$~XW9/c.X)_1 ; and
(il) By (r) = (Bx(r), Bu(r)") = QAW (r) = Q2 (Wx(r),Wa(r)"), so that we can define
dQw (r) = dWe (1) — Ly W (r)dr, which leads directly to the equivalent representation shown
n (136).

In view of (135) we have the following asymptotic behavior of the scaled fixed-b kernel estimate

where £y,

‘A/bKn 1 1
nVhscn ~a 1 / / ko (r — p) $xc (1) G () dQp (p)AQ5 (1),

Now recall that

G = (X'RieX) " { X' (@5 01) ™! = X' Py, O (ChPay o) ™' b (@ 0r) )

= (X'RiX) " { X'k = X'Po, Co (CLPo, Co) ™ Ol | (@)~

1 - .
~a o (R X) T { X0 = X' Py Oy (CLPa €)' Clonc )

1 (X'ReX\ ' (X'® 1 ~ 5/2
Nan( s ) { = - X'Pp, Cy (CPp, Ca) 1C;<I>K}><n

na n5/2 n5/2 na

o ([ Beatis) ([ Breonoyar).

so that

Gk (anKn) G ~a Gk (n /01 /01 ky (r = p) ¢x (1) P (p)/dQB(P)dQB(T)> G

o 2 ([ e ([ Beetranor )

([ [ 102 () 6k 0 Qa0 ()

(fsevrnora) ([ )

- 5 ([ BX.mB;(_m) ([ [ 595 0By a2amien) [ s,

The final line above follows because

/ B (1) i (1) dr (/ 1 / o (p— ) B () B () 1051425 | o (r) B (r) dr
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1 1
~ / / ko (p— 1) Bx.o () Bx.s () dQp(p)dQp (r),

where we use precisely the same argument as earlier in (122) to show that

1
(/ Bx.x(r)¢K(T)/d7”>@K(p):(Ch- () Pr (p Z% )G —ra.s. Bx.a (1),
0
as K — oo. The fixed-b HAR Wald statistic Waldr sy, then has the following asymptotic form

) 5 1,
Waldr vy, = (Happy —h) [HGk (n£Vykn) GxH'] (Harpy — h)

—1
= [712 (arrv —a } 4HGK (nVokn) GKH:| H [nz (arrv — a)]

~a [n2 (aTIV_a)} '

&
H
x[H( BXJBXE) (/ / ky (r — p) Bx.o (p) Bx.o (1) dQp(p)dQp(r )) (/OlBX.g;BS(.z)_lH/}l

x H [nQ (arrv — a)} .

From Theorem 3, we deduce that

-1

1 1
n2H (dTIV - a) ~ H </ BXlB;(x> (/ BXAIdBe.JJ)
0 0
1 -1 1
W2 O ( / WX.IW)'(,I> ( / Wx.dee,m> ,
0 0

with functionals W, and W, ., of standard Brownian motion, corresponding to Bx , and B ,.
Next, as shown above in (136) we have dQg(r) =4 wéé?deW(T). Then

-1

([ 1 By R (/ 1 / ko (r = p) B () B o' aawaawn) ([ 1 BraBr.)

g e HOS? ( /O 1 Wx.mwg.z) h ( /0 1 /O o (r = ) Wik () Wik (1) dQW<p>dQW<r))

1 —1
x ( / Wx.rwg(_x) O \2H
0

It follows that the limit distribution of Waldzry, is given by

1

1 1 _
Waldryy, ~ (/ dWe.IW;{.m) (/ WX.IWS(.Q;) QP H %
0
' —1 —1
0
1 N" 1

x HQ 2 (/ WX‘xW&) </ WXdWe.;L)

0 0

—1
= Neo Ly [LuFwLly] ~ Lunes
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~1
where 7., = (fol WX,JW)’(:E> (fol WX,dee.;E) , Ly = HOz2"?, and

o= 1 W74 ) B (/ [ W )W o agwwaow ) ( | 1 WV,

Note that H is g x m, of rank ¢ < m,. Define L = (LHL}{)_U2 Ly, so that LL" = I,;, and

-1

WL [LaFw L) Lanxe =l oL [LFwL']™" Lne..
Construct the orthogonal m, x m, matrix £ = [ LLJ_ } and note that L1, , =4 Ne.. We can write

1

Lije.s = [Ig,0] £ne. and LFw L' = [I,,0] ﬁfwﬁ'[ ] }

from which it follows that
-1
Mol LFw L) Lnew =i, g | {10001 £Fwe [ 4 |} 1000 L0
—1
= | § {0 Fw [ § ]} L 0lnea
= né.qu' {jq}—qu/}il TgMe.x, With Ty = [14,0].

Since L1e. =4 Ne.. and LFw L =4 Fy, the limit distribution of n} , L' [L}'WL']f1 Lne . is seen
to be invariant to L and dependent only on the dimension ¢ of the restrictions, as embodied in the
matrix J; = [I4,0]. The limit distribution Waldrv,, ~~ 0. ,J, {Jqfqu'}_l TqMNe. is therefore
pivotal and dependent only on the dimension parameterq, the constituent standard Brownian

motions involved in (7e. ., Fw) and the fixed-b kernel function ky(+).
[ |
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9.3 Glossary of Notation

We use the following notation for data matrices, various functionals of the Brownian motions
(Bx, By, Be, Bo ), and associated stochastic processes including their standard Brownian motion
analogues (Wx, W, W, Wy.). The functionals are defined in the paper and repeated here for

convenience. In the following formulae f represents fol when the limits are not provided.

Po=z(@z) "2, Qu=1I- x(m’x)_lx’
X = Xl; o 7X71]7 Tr = [-rla' , L [Yh' : 7Yn]a Uy = [u$1a"' 7umn]

/B = Q2w 91/2/ W,

Bx.. (r) = Bx () — /BXBQC (/Bwa) B, (r) = QY2 W .(r)
—1
Waar) = W)= [ww ( fwaws) w0
1
Bx. / Bxa =7 Wx.(r) = QM2 / Wx .o
Ax .z = /BX o Bl = Q2 Aw x QY2 = Qi/Q/WX Wk, Q52

Be.r (T) == Be (T) - wer;rlBr (T) =—d w1/2 WP zy Weex = Wee — wemQ zWzxe,

ee.xr

Bo.x (r) = Bo (r) = Q0oQ5) By (1) =4 )% Wo.
B..x (r) = B, (r) — /B B (/ BXBX) 7IBX( ) =q QY2W, x
W) =W ) = [wows ([ WXWQ)A Wy (r)
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Ly Bm.XB;_X)l B, ()
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—1
Jg = QEK - QiKnK (anQﬁan) anQﬁk
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Jq = [quo}

O = /Bx.m (r) 6 (1)) dr = (Ciy s Ci0)
—1
= faemi, ([ BxoBhn) oot

-1
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—1
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/ A / !
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Bo(r) = (Bx(r) Bu(r))) = Q2W, (r) = QU2 (W (r), Wy (1))’
Qp = Buo(r) + 0, / B, = 012 Qw(r)

Ow (r) = We(r) + %V,+/ Wy,
0
i

where G (r) = (1 (1), i (1)
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