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Abstract

The discrete Fourier transform (dft) of a fractional process is studied. An exact rep-
resentation of the dft is given in terms of the component data, leading to the frequency
domain form of the model for a fractional process. This representation is particularly use-
ful in analyzing the asymptotic behavior of the dft and periodogram in the nonstationary
case when the memory parameter d > % Various asymptotic approximations are estab-
lished including some new hypergeometric function representations that are of independent
interest. It is shown that smoothed periodogram spectral estimates remain consistent for
frequencies away from the origin in the nonstationary case provided the memory parameter
d < 1. When d = 1, the spectral estimates are inconsistent and converge weakly to ran-
dom variates. Applications of the theory to log periodogram regression and local Whittle
estimation of the memory parameter are discussed and some modified versions of these
procedures are suggested for nonstationary cases.
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1 Introduction

Studies of nonstationary time series over the last four decades have produced a vast body of
knowledge that has transformed the conduct of empirical research in economics. The impact
of this research is now manifest in empirical work throughout the social and business sciences.
A catalyst supporting these developments was the widespread recognition that real world
processes in society, economics, and politics are influenced in fundamental ways by advances
in technology, firm investments, and individual human decision making. These processes are
rarely, if ever, stationary. Inevitably they evolve in uncertain ways over time, reflecting the
arrival of new shocks to the system, some of which have persistent effects. Recognizing this
reality led to an understanding that methods of data analysis need to account for the fact
that the way in which memory is carried in the data differs in a fundamental manner among
stationary, near-stationary and nonstationary processes.

Acknowledgement of the importance of this distinction is evident in early researches of
statisticians and economists at the turn of the twentieth century (Hooker, 1901; Yule, 1926;
Pearson and Elderton, 1923) on nonsense correlations' and the work of the mathematician
Bachelier (1900) on speculative prices, which introduced the notion of a stochastic process.
Methods began to emerge later that provided probabilistic underpinnings and foundations for
statistical inference with data that demonstrated long range memory or dependence (Hurst,
1951, 1956; Mandelbrot and Van Ness, 1968; Granger and Joyeux, 1980; Hosking, 1981) and
various types of random wandering behavior over time. In economics in the 1980s, advances
in the use of function space limit theory were made that enabled the full trajectory features
of nonstationary data to be reflected in regression asymptotics, leading to new understanding
of such regressions, including both cointegrating and spurious regressions, and new methods
of testing and inference for analyzing nonstationary data (Phillips, 1986b, 1987, 1988; Phillips
and Durlauf, 1986; Durlauf and Phillips, 1988).

Joon Park played a big part in these developments, starting with his doctoral dissertation
research and early research at Yale (Park and Phillips, 1988, 1989) and a sustained series of
subsequent works that have helped to push out the envelope of econometric methodology for
linear, nonlinear, and continuous time methods of analysis with nonstationary data. Many of
these works have been jointly conducted with the present author in a longstanding collaboration
that has been as pleasurable and special an academic fellowship as much as it has enriched
this field of research.

My contribution to this symposium of works honoring Joon Park relates to his research on
nonstationary processes and focuses on some of the defining properties of long range dependent
time series. The present work has a history reaching back more than two decades and it is
hoped that a good part of its value is retained amidst the considerable body of work that
has emerged since the original version of the paper (Phillips, 1999a) was written. The first

1See Aldrich (1995) for an overview of early research on correlation, including nonsense correlations, where
as Aldrich aptly puts it ‘there are more ways of going wrong than going right’.



contribution of the paper is to provide an exact representation of the discrete Fourier transform
(dft) of a fractional process, which enables asymptotic analysis of its behavior and various
functionals such as the periodogram in the nonstationary case when the memory parameter
d > % The methods reveal that smoothed periodogram spectral estimates remain consistent
for frequencies away from the origin in the nonstationary case provided the memory parameter
d < 1. When d = 1, the spectral estimates are inconsistent and converge weakly to random
variates. Some useful applications of this theory are given for log periodogram regression and
local Whittle estimation of the memory parameter in nonstationary cases. For an advanced
textbook treatment of long memory processes, readers are referred to Surgailis et al. (2012).

The plan of the paper is as follows. Various preliminaries are given in the following Section
2. Some useful new decompositions and representations in the frequency domain are developed
in Section 3 that extend related decompositions in the time domain. Section 4 develops asymp-
totic approximations for dfts involving special functions that help to simplify representations
and enable development of limit theory for dfts of fractional processes in nonstationary cases.
These results extend earlier work on the limit theory of dfts of stationary processes to the frac-
tional case. For higher levels of dependence, when d = 1, the leakage from the zero frequency
becomes dominant and affects the limit theory at all frequencies, so that dfts are spatially cor-
related across frequency asymptotically, quite unlike the stationary case. Section 5 provides
some applications of the results to spectral estimation and to semiparametric estimation of
the memory parameter. Particular attention in the latter case is given to log periodogram
regression and local Whittle estimation. Some modified versions of these procedures are sug-
gested which conveniently extend their range of applicability to the nonstationary case. Final
remarks on long memory and autoregressive approaches to nonstationarity close out Section 5.
Proofs and technical results are in the Appendix in Section 6. A notational summary is given
at the end of the paper in Section 7.

A final word of introduction. While our focus is on the case where d € (3,1), the methods
introduced here are applicable when d > 1, and in modified form when |d| < % A particularly
useful approach is to combine the exact representation (3.7) that applies when d = 1 with
results for fractional d to produce valid representations for the d > 1 case. The remarks and
results in paragraphs 3.6 - 3.8 indicate some of these possibilities.

2 Preliminaries
We consider the fractional process X; generated by the model

(1-L)? X, =w, t=0,1,.. (2.1)

Our interest is primarily in the case where X; is nonstationary and d > 3, so in (2.1) we
work from a given initial date t = 0, set u; = 0 for all j < 0, and assume that u; (¢t > 0) is

stationary with zero mean and continuous spectrum f,(A) > 0. This formulation corresponds



to a Type II fractional process (Marinucci and Robinson, 1999; Davidson and Hashimzade,
2009). Expanding the binomial in (2.1) gives the form

t
—d
Z ( k')kth = uy, (2.2)
k=0 ’

h
where I (d+ k)

r@ — D@+ D k=)

(d)y =

is Pochhammer’s symbol for the forward factorial function and I (-) is the gamma function.
When d is a positive integer, the series in (2.2) terminates, giving the usual formulae for the
model (2.1) in terms of differences and higher order differences of X;. An alternate form for
X, is obtained by inversion of (2.1), giving

X, =(1- => (k (2.3)
k=0

Throughout this paper it will be convenient to assume that the stationary component u;
in (2.1) is a linear process of the form

u=C(L)g, = chst_j, Zj lcj| < oo, C(1)#0, (2.4)
7=0 =0

for all ¢t and with &, = iid (0, 02) with finite fourth moments. The summability condition in
(2.4) is satisfied by a wide class of parametric and nonparametric models for u;, enables the
use of the techniques in Phillips and Solo (1992), and ensures that partial sums of u; satisfy a
functional central limit theorem, which will be needed later.

Under (2.4), the spectrum is fy,(A) = % >0 cjeij)“2 and f,(0) = %C(l)2 > 0%, In view
of (2.1), it is natural to define

FeN) =1 =72 fu (V). (2.5)

The function f,(A) gives the spectrum of X; when it exists and X; is stationary (i.e. for [d| < 1
and under infinite past initialization of X in (2.3)) and is the analogue of the spectrum in the
nonstationary case when d > % even though it is not integrable. In that case, Solo (1992) gave
a formal justification of f;(\) as a spectrum in terms of the limit of the expectation of the
periodogram. Taking logarithms of (2.5) produces the equation

hl(fx()‘)) =-2d ln(|1 - 6M|) + ln(fu()‘))’ (26)

2Zeros everywhere in f,(\) are ruled out if the last condition of (2.4) is strengthened to C(e**) # 0 for all
A€ [0,7].




which motivates a linear log periodogram regression for the estimation of d, in which f,())
is replaced by periodogram ordinates I,(\) evaluated at the fundamental frequencies \; =

With this substitution (2.6) becomes

s 5 =0,1,....,n— 1. Here, Io(As) = wa(As)wa(As)*, wa(As) is the discrete Fourier transform
(dft) wq(As) = \/21771 S0 ae™s of a time series a;, and w* is the complex conjugate of w.

In (I, (As)) = —2dIn ‘1 — e 1 (fu (M) + U (Ay) (2.7)

where U (As) = In[I (As) / fz (Xs)] . By virtue of the continuity of fy, fu (As) is effectively con-
stant for frequencies in a shrinking band around the origin, suggesting a linear least squares

regression of In (I (As)) on In|1 — eihs

over frequencies s = 1,...,m (with m a truncation
number). The method has undoubted appeal, is easy to perform in practice and has been
commonly employed in applications. However, (2.6) is a moment condition, not a data gener-
ating mechanism, and the analysis of this regression estimator is complicated by the difficulty
of characterising the asymptotic behavior of the dft w,()\s), which is the central element in
determining the properties of the regression residual U (As) in (2.7).

An important contribution by Kiinsch (1986) showed that, for fractional processes like
(2.1), wy(As) has quite different statistical properties from the corresponding dft, wy(As), of
the stationary process wu; for frequencies in the immediate neighbourhood of the origin. In
particular, for Ay = % — 0, with s fixed as n — oo, the dft ordinates are asymptotically
correlated, not uncorrelated. Analyses by Robinson (1995b) and Hurvich et al. (1998) for
Gaussian u; have provided an asymptotic theory in the stationary case, thereby placing log
periodogram regression on a rigorous footing. More recent work has dealt with nonstationary
cases where d > % (Velasco, 1999; Kim and Phillips, 2006; Phillips, 2007). Another semipara-
metric estimation procedure, suggested by Kiinsch (1987), is the Gaussian estimator which
maximises a local version of the Whittle likelihood, which is known to have a smaller variance
than log periodogram regression in the stationary case (Robinson, 1995a). This estimator also
relies on the behavior of w,(As) for frequencies in the vicinity of the origin. More recent work
on Whittle estimation has focused on nonstationary cases where d > % (Velasco and Robinson,
2000; Phillips and Shimotsu, 2004; Shimotsu and Phillips, 2005, 2006; Abadir et al., 2007;
Shao, 2010; Phillips, 2014) and cases of noise contaminated data (Sun and Phillips, 2003) such
as in the estimation of the Fisher equation (Sun and Phillips, 2004).

The present paper provides new methods for studying the asymptotic behavior of w;(\s) for
nonstationary values of d. The approach relies on an exact representation of wy(As) in terms of
the dft w,(As) and certain residual components. This representation aids in the analysis of the
properties of w;(\s) and, thereby, in the study of log periodogram regression and local Whittle
estimation. The representation also provides a frequency domain version of the data generating
mechanism (2.1) above. As such, it is useful in motivating some alternative approaches to
inference about d that are proposed here and which have been explored in subsequent work

that has appeared since the first version of this paper circulated in 1999.



3 Frequency Domain Decompositions

It is convenient to manipulate the operator (1 — L)d in (2.1), with its polynomial expansion
(2.2), in a form that more readily accommodates dfts. This can be done algebraically, as in
Phillips and Solo (1992), by expanding the polynomial operator about its value at the complex
exponential e}, leading to the following decomposition.

3.1 Lemma Define the fractional operator expansion Dy, (L;d) = _ 0 ’“Lk Then

Dy (L:d) = D, (ei)‘; d) + Doy (e*ML; d) (e*ML — 1) : (3.1)

where Dy, (e_i)‘L; d) = ZZ;& c%\pe_ip’\Lp and c%\p Son p+1 . ~Dic ik,

The representation (3.1) is an immediate consequence of formula (32) in Phillips and Solo
(1992) and can be obtained by straightforward algebraic manipulation. No summability con-
ditions are required here for its validity since it is a finite sum. However, the value of d does
affect the order of the terms in this expansion and, consequently, the order of magnitude of
these terms when n — oo, a fact that does affect subsequent theory. Additionally, when A
depends on n, the order of these terms is affected and this too needs to be accounted for in
the asymptotic theory. Much of the present paper is devoted to this accounting to assist in
characterizing the limit behavior of the dft w, (\) = \/ﬁ b Xpetth

Using the operator (3.1), we may write the model (2.1) in the following form for all t <n

w = Dy, (L;d) Xy
= D, (ei)‘; d) X; + Dy (e_ML; d> (e_ML — 1) X (3.2)

Taking dfts of the left and right sides of (3.2) now yields an exact expression for w, (A) in
terms of wy, (A). The result is stated as follows.

3.2 Theorem

wi (3) =y () Dy (%) + —o— (Rao(d) — ™ Ko (d)) (3.3)

where D,, (ei ) Y r—o k'k etk

n—1

Xxi(d) = Dy <€_i)‘L; d) X = Z dype P X4y,
p=0
and
- ‘ ol - " (=d), .
D, (e_“\L; d) = Zd,\pe_Zp)‘Lp, with dy, = Z Tkelk’\. (3.4)

k=p+1



3.3 Remark Equation (3.3) provides an exact representation of wy (A) in terms of wy, (A)
and a residual component involving nzX an(d). Explicitly,

A -1 1 , -1, NS

wy (A) = D (6%5d) iy () - —5="Dn (%5a)  (Xno(d) =™ Xnald) . (35)
In fact, (3.3) or (3.5) may be interpreted as a frequency domain version of the original model
(2.1). In terms of periodogram ordinates, we have the corresponding equation

L\ = ]wm(As)IQ—‘Dn (ei’\S;d)_l [wu()\s)—\/217T7n<)?,\0(d)—ei")‘5)~(,\sn(d)>] i
= [ou ()| 100~ 2Re{ s (Raola) - Knnl@) w0}
| (Bt = Tuat@)[]. (3.6

which may be interpreted as the data generating mechanism for the ordinates I (As) that
are used in a log periodogram regression. Equation (3.6) reveals the model that is implicit
in (2.7). To the extent that ‘Dn (ei)‘S; d) ‘_2 can be replaced by ‘1 — ¢ths
nent n_%)@\sn(d) is small enough to be neglected, (3.6) and (2.5) might seem to suggest that
U (Xs) =In[l; (N\s) / fo (As)] will behave like the corresponding functional, log [, (As) / fu (As)],
of the errors in (2.1). However, as will become apparent in our analysis, the residual compo-

24 and the compo-

nent n_%)ﬁ(}\sn(d) in (3.5) and (3.6) cannot be neglected, in general, and its importance grows

as d increases.

3.4 Remark When d = 1, the forward factorial (—d), = 0 for all & > 1, so that series
i

)

involving these coefficients terminate at k = 1. In this case D, (e”; 1) = (1 — ei)‘) , JAO = —e
Xyo(1) = —e* Xy, and Xy, (1) = —e**X,,. Equation (3.3) then reduces to the simple form
A
V27mn
an expression obtained by the author in earlier work and used in Corbae et al. (2002, Lemma

B). In this case, it is apparent that nfé)N()\Sn(d) = ehpTIX, = Op(1) for all Ag. Thus, in
the unit root case, the residual correction term nzX A.n(d) definitely matters, plays a role

wy (A) = (1 . eM) wy (A) + (eWXn - Xo) , (3.7)

in the asymptotic behavior of w, (As) at all frequencies and thereby affects the asymptotic
theory of estimators of d like those arising from log periodogram regression and local Whittle
estimation. Indeed, in those cases the author has shown in other work (Phillips and Shimotsu,
2004; Phillips, 2007) that these estimators have limiting mixed normal distributions rather
than normal distributions when d = 1.



3.5 Remark When u; = 0 for ¢t < 0, in (2.1), it follows that X; = 0 for ¢ < 0 and hence
X»0(d) = 0. In this event, expression (3.3) becomes

wy (A) = wy (N\) D <ei)"d) - e D (e_i’\L' d) X
u = T n ) \/% nA ) n
) mA
= wp (\) Dy (eMd) = =X (d), (3.8)
2mn
or, in the unit root case,
. eD‘ .
wy () = (1 — e”) we (N) + ——e™ X, (3.9)
2mn

in place of (3.7). Since these initial conditions are assumed in (2.1), and since the effect of

relaxing them will usually be apparent, we will henceforth use (3.8) in place of (3.3).

3.6 Remark Another useful representation for the dft of X; can be obtained by combining
the representation (3.8) with the unit root decomposition (3.9). It is especially useful when
d > 1. Write (2.1) as

(1-L)X;=(1—L)" %y =z (3.10)

so that X; = Z§:1 zj + Xo. Then, taking dfts in (3.10), we first apply (3.9) to write w, (As)
in terms of w, (As) and then use (3.8) to reduce w, (\;) in terms of w,, (As) and a correction
term. The outcome is formalized in the following theorem.

3.7 Theorem If X; follows (2.1), then

iAn
_iA _ N ix€ Xn

wy (N) (1 e ) = w,(\)—e o (3.11)

. iAn i)\nX
— Dy (e F) we (\) = ——0h () — X2 3.12
(X)) = =Tha () = X222 (3.12)

where f=1—4d,

. - , (i U . " (=1,

Unn (f) = Dna (e_Z)‘L; f) Up, = Z Fope Py, and fy, = Z x k ik, (3.13)
p=0 k=p+1 ’

3.8 Remark Some further decomposition beyond (3.11) and (3.12) is possible. As in Phillips
and Solo (1992), we can decompose the operator C' (L) that appears in u; = C(L)e; as

C(1)=C (M) + O (e7L) (ML -1), Ca(L)= gzﬂ R Y é; | o™



where 3772 [¢jx| < 0o in view of the summability condition on ¢; in (2.4). Then,
u=C(L)e, =C ( Z’\) gt 4+ e Pey1 — e, (3.14)

is a valid decomposition of u; into the iid component C (ei/\) €; and a stationary error that
telescopes under the dft operation, with ey; = C,\ ( Z/\L) € = Z;io ¢ \e N €¢—j;. In particular,

wy (N) =C (e”‘) we (A) + \/2177'7 <£>\0 - em)‘sm) =C (ei)‘) we (A) + O, <\/15) :

Using this representation in (3.12) we get

AN iAn
A ix T F _ix€ n iA. 1
00 (1) =, (1) () 00 S 11 (o )0y (1)
(3.15)
Additionally, z; in (3.10) can be written as
- (eM> 1-L) e +1-L) (e*ML - 1) Ext. (3.16)

Set n, = (1 — L) &, my, = (1 — L) ) in (3.16) and take dfts, giving

wy (A) = C(GM) wy (A) + \/—(n,\o AnAnAn)
- c( “ ( ) (3.17)
(

since 1, is stationary with finite variance for all d € % %) because then |f| < % (Note that
Ny = €xt when d = 1). Next write

ne= (1= L) ;= [Dn (L; f) + Ru (L; f)] & (3.18)
with -
Ru(Lif)= ) <,j:)’“L’“
k=n+1 )

and note that

1
Ent = Rn (L, f) Et = Op <,né+f> .
Applying (3.3) to the dft wy, (\) calculated from (3.18) we have

wy (A) = w. (3) D (B0(h) = e™an(D) +ww (). (319)

n (e“;f> + \/len



with

n—1
Bnl) =) fwe Penp Po= Y mei“, (3.20)
p=0

and

1 .
Wpe () = Z Ente.

Now wye (A) = Op (n™f) because

E [wpe (A) wne ( 27m Z Z el (1= S)E (EntEns) = % Z 0] (n_l_Qf) =0 (n_zf) .

3

o - (3.21)

Using (3.19) and (3.21) in (3.17) we get
w. () = () [Dn( %) e ) + o= (Baolf) — €2 f))]wp (\}ﬁ) +0, (nlf>
(3.22)

Then, combining (3.22) with the unit root decomposition (3.11) leads to the representation

iA Xn

2mn

wg (A) (1 - eM) = C (e“) D, (ei)‘; f) we () —e

() (Bl - e ) +0, (7). 32

1
V2mn
This representation holds uniformly over A and is likely to be most useful when A = \; =

27r‘9—>0ands—>oo

3.9 Remark The representations (3.8), (3.11), and (3.12) hold for all fundamental frequen-

cies A\ = 2“5

. They are helpful in providing asymptotic representations of w, (As). In such
expansions, 1t is useful to allow for situations where s — oo as well as n — oo. In some cases,
as in spectral density estimation at some frequency ¢ # 0, we want the expansion rate of s
to be the same as n, so that we can accommodate Ay — ¢ as n — co. In other cases, as in
log periodogram and Gaussian semiparametric regression, interest centers on frequencies Ag in
the vicinity of the origin, so then we consider cases where s is fixed or s — oo and 2 — 0
as n — oo. The following section gives results that are helpful in the determination of the

asymptotic form of these representations as n — oo under these various conditions.

4 Asymptotic Approximations

4.1 Component Approximations

We start with the sinusoidal polynomial D, (ei’\;d) = o0 (_ki!)’“eik)‘ that appears in the
decomposition (3.1) and theorems 3.2 and 3.7. The series can be summed in terms of hyper-

10



geometric functions and the asymptotic form taken as n — oo depends on A. The behavior is
described in the following lemma.
3

4.2 Lemma’ Suppose d > 0 and is noninteger. Then

D, (ei’\; d) = (1 — ei’\)d — ei("ﬂ))‘m o Fy (n +1—-d,1;n+2; ei’\) , (4.1)
1

and, for cos(A) < 3,

] \d in+DA (¢ i\
D, (ez)\;d> — (1_62)\> + e€i>\_1 ((n—in;; o FY <1+d,1;n—|—2; €if—1> . (4.2)

The following asymptotic representations hold:

(a) For fized X # 0

o) = (1) g e [0 (7))

(b) For A=\, =22 — 0 and s — 00 as n — 00

D, (e“s;d) - (1 —e“s)d+ 217rzF(—cll)nds {14—0 (i)} 1o <nll+d> .

(c) For A=X\s =2 — 0 and s fived as n — oo

. 1 1
iAs. - - A y .
Dn<e ’d>*r(1—d)nd By (11— ds 2ms)—|—0(n1+d>.

(d) For A=0
Dy (1:d) = F(ll—d)nld [1+o (i)] .

In the above formulae, 1 F (a,b; z) and 2 F} (a, b, ¢; z) denote the confluent hypergeometric func-
tion and the hypergeometric function, respectively.

From part (d), it follows that D, (1;d) differs from zero by a term of O (n™¢) . From part
(c), the same also applies to D, (e“‘S; d) when s is fixed and A; = % — 0. Of course, in the
event that d is a positive integer, we have the following terminating polynomials

n d d
R D D e (G (R

k=0 0 ’ k=0

3Here, and elsewhere in the paper, where fractional powers of a complex variable are given they are taken
to be evaluated at their principal values.

11



and

D (e210) = Z = (1) ()= ()

k=

o
b
Il

o

in this case.

Our next focus of interest is the correction term in (3.8) that involves Xy, (d). We are
especially interested in deriving an asymptotic approximation to X an(d) at the fundamental
frequencies As. As in lemma 3.1, the asymptotic behavior of X As,n(d) is sensitive to the
value of s in A\; = % In particular, when d € (%, 1), the asymptotic form of )NQSVn(d)
differs, depending on whether s is fixed or whether s — oo as n — oo. In the latter case,
nfé)NQSm(d) = op (1), while in the former nfé)?%,n(d) = O, (1). On the other hand, when

d=1, nfé)@\s,n(d) = O, (1) for all s # 0. The results are given in the following theorem.

4.3 Theorem Suppose d € (%, 1) . Then

(a) For fired X # 0 as n — oo,

Xonld) e X (LN (1
Vi (—entiva O\ i=a) =Y\ i=d )

(b) For A=\, =21 0 and 5 — 00, as n%oo,forsomeae(%,l)

n
Xunld) €™ X 1N e X (]
vn (1—eir)=dyn P\ sl (—2mis) " pd—3 T\ st

1
=0 ()

(c) For A=\, = 2= and s fized, as n — oo,

XAsn(d) 1F1 (17 1- d; *27”;5) ! TIST
o = Ti_d) /0 2 X, a(r)dr
1 ! L 1
_ F(l—d)/o 1F1 (1,1 —d; —2misr) r X, 4(1 — r)dr + O, <n1d) =0,(1),

where X, 4(r) = %
n 2

(d) When d =1, the equation
AN AT 1
\/ﬁ € \/ﬁ Op( )

holds for X fized, or A = Ay = 252 — 0 with s — 00, or As = 255 — 0 with s fized.

—n —n

12



In parts (a) and (b) of theorem 4.3 the leading term in the asymptotic approximation of
n2X An(d) is the same and so, although the error order of magnitude differs, we may write

Xan(d) e e Xn
Vi eM)ld\f (1—en)dyvn )’

for both these cases. Further, the leading term of n"z X, n(d) is Op(#) for fixed A # 0, is
Op( ;) for Ay = 22 — 0 and -5 — o0, and is Op(1) for Ay = 22 — ( with s fixed. Thus, the

correction term n”2 X An(d) is nonneghglble in a region around the origin when d € (f ) . The

= 2% and s fixed) is more

asymptotic form of n_%)?x’n(d) in that case (i.e., case (c), with A
complicated than the other cases and it involves hypergeometric series. The representation

given in case (c) actually includes s = 0, for which we have the simpler form

v 1

When d = 1, the formula given in (d) is exact, as follows directly from (3.9).

Finally, we look at the correction term Uy, (f) that appears in (3.12). We concentrate on
the interesting case where A is in the vicinity of the origin and give the result corresponding
to part (c) of theorem 4.3.

4.4 Theorem Suppose d € (%,%) and f =1 —d. Then, for A = \s = % and s fixed, as
n — oo

ﬁz\sn(f) o 1 1 . . ! —2misr
\/% = \/ﬂf(l—f)nf{lFl(l’l_f’_2m8)/0 (& an(l—?")

_ /Olr—f 1Fy (1,1 — f; —2misr) dX, (1 — 7“)} + Oy (%) ; (4.4)

where X, (r) = ns Zttm(;J u;. When f =0, Uy, (0) = 0.

4.5 Approximations for w, (\)

Evaluating (3.8) at A, we have

1
\V2mn

We use lemma 4.2 and theorem 4.3 to obtain explicit expressions for w, (As) in terms of w,, (As)

)?Asn(d)

wy (Ay) = D, (ei/\s;d>_1 [wu (As) +

and a correction term. When d = 1, the following exact form comes directly from (3.9)

eirs X,

1 —es \/2mn’

wy () = (1) (1) - (4.5)
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and holds for all s =1,2,.... When d € (%, 1), it is convenient to separate the following three

cases:

(a) Case \s > ¢ #0

Here, from lemma 4.2 we have

D, (eiAs;d) — (1 _ ez’AS>d B F(_dl) it 1e_m;\:,\s [1 +0 <111>}
= (1—6“3>d+0<nll+d>7

uniformly for Ay € By = {¢ — ¢+ ﬁ} where M — oo as n — oo. Similarly, from theorem
4.3,

)A(:)\Syn(d) 6”‘5 Xn i 1
— —_— [0) —_—
i Qe lym T\
uniformly for A\ € By. It follows that
iXs —d €i/\5 Xn 1
Wy ()\S) = (]_ — € ) Wy, ()\5) — m\/ﬁ + Op F s (46)

uniformly for \; € B.

(b) Case \; = ™ 5 0 and s — oo

—n

From lemma 4.2 (b) when s — oo as n — 0o

D (e%40) = (1) rnas [0 ()] +0 ().

And from theorem 4.3 (b) with 5 — oo for some «a € (%, 1) ,as n — 00,

XA37”(d) _ e Xn 40 1
Vo (1—er)lTlyn o P Astmd )
It follows that if & + % — 0 as n — oo, for some « € (%, 1) , then
) oy —d
. —d 62)‘3 X (1 — 61)\5)
_ iAs n

14



Observe that the first two terms of (4.6) and (4.7) are the same. Although the order of
magnitude of the error differs in the two cases, we may write

girs X,

+ X (4.8)
N — O - N N~ = .
1—es orn P\ (1—ers)\/n

for both these cases, and (4.8) is valid for all A, = 2% with % — 0.

T on

wy (As) = (1 — e“‘s)_d Wy, (As)

(c) Case A\; = 2% — () and s fixed

From lemma 4.2 (c) when s is fixed as n — oo, we have

. 1 1
s . _ R A ;
D, (e ,d) = T g P (11— d—2mis) + 0 <n1+d>’ (4.9)
and it follows that
1 1 1 . 1\
wa ()\s) = W m 1F1 (1,1 —d, —271'25) + 0 W
1 ~
X | wy (As) + —=X.n(d) ],
000 + =0l
giving
Wy (As) ra1-d 1 = 1
_ w (s —— X, ,(d o, [=1. 4.10
nd lFl (1’ 1— d7 —277'28) w ( ) + /271'71 As ( ) + p n ( )
Further, from theorem 4.3 (c),
Xa.n(d) VP (1,1 — d; —2mis) /1 omi
s — TI"LSTXn d
Jn T(1-d) o € alr)dr
1 ! e\ 4 1
Ao ), 1Fi (1,1 —d; —2misr) r= %X, (1 — r)dr + O, =)
so that
1 I'(1-d) T,
— Wy >\s = : u As N msan d
nd () 1By (1,1—d;—2ms)w (As) + \/ﬂ/o ¢ alr)dr
1
(2m)" 2 /1 . —d
— Fi (1,1 —d; -2 Xna(l—
(L1 —d—2ris) Jo 1F1 (1, d; —2misr)r nd(1—r)dr
1
+0, <nl—d> . (4.11)
Unlike (4.6) and (4.8), the term
ei)\s Xn
—_— 4.12
1 —es \/2mn (4.12)
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does not figure directly in (4.11). In fact, as the alternate representation in the next section
shows, the term (4.12) is absorbed into the series expression in (4.11), so it is still present and

figures in the leading term of the dft w, (As) when s is fixed.

(c) Case \s = 2™ —; ( and s fixed: alternate form.

Theorem 3.7 gives

we (As) (1 N 6MS> =Dn (eus; f) w (As) = \/217”@571 (f) — ez (4.13)

with f =1 —d, lemma 4.2 (c) gives

. ) = 1 o 1
Dy (¢ 1) _WlFI(l,l—f,—%rzs)—i-O(M),

and theorem 4.4 gives

ﬁz\sn(f) o 1 1 . . ! —2misr
orn = \/%F(I_f)nf{1F1(1,1—f7—27'r28)/0 (& an(l—T)

—/Olr_f 1F1 (1,1 — f; —2misr) dX, (1 —7“)} + 0, (\/15> .

Also,
1 « ” 1 < ok Uy 1 (! , 1
w (N) = 627rszﬁu - = e27rszT n — / 6727rzsrdX 1—r +O <> .
u(X) V2rn — ! 2m i vn 21 Jo n )40 n

Combining these last three representations in (4.13), we get

wy (As) (1 - ei’\s)

1 1 ! , 1
= —— 1 F (1,1 — f;—2mi _2’”‘9’"an 1-— O, —
F(l—f)nf 1 1( ) f7 71—23) \/ﬂ/o € ( 7’)+ b4 (n)
1 1 - ! —27misr
_\/ﬂf‘(l—f)nf 3 (1,1—f;—27rzs)/0 e ? dX, (1—r)
1 1 ! ¢
7f . . i\ n
+ r (1,1 = f;2misr)dX, (1 —7r)—ce
\/27rf‘(1—f)nf/0 i f5 = 2misr) ( ) V2mn

1
0 (35)
o 1 - o iAs 1
= \/ﬂf(l—f)nf/o r~ 1 Fy (1,1 — f; —2misr)dX, (1 —r) —e Tﬂn—i—0p<\/ﬁ>,
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leading to

1 1 1 by ,
mwz()\s) = \/ﬂf(l—f)n(l—ei%)/o r~l 1 Fy (1,1 — f; —2misr) dX, (1 —7)

1 ehs X, 1
N ‘ o, (21 4.14
Vamn(l— ) -1 T O (nd—é) ’ (414

which shows how (4.12) continues to play a role in the leading term of w, (As) .

4.6 Limit Theory

Under (2.4), partial sums of u; satisfy the functional law

Xn(r) = —= > u —q B(r), (4.15)

where B is Brownian motion with variance w? = ¢2C(1)?, e.g., Phillips and Solo (1992).
There is a corresponding functional law for suitably standardized elements of the time series X;.
Akonom and Gouriéroux (1987) showed such a functional law for nédet when the components
uy follow a stationary ARMA process and the following simply extends their result to the linear

process u;.

4.7 Lemma For w; satisfying (2.4) and with & iid (0,0%) and E|efP < oo for p >
1
max (E, 2) y

Xnalr) = fﬁ? & Bya(r) = ng) /OT (r—s)"1dB(s), (4.16)

a fractional Brownian motion where B(s) is Brownian motion with variance w?.

Like X3, the fractional Brownian motion By_1(r) is initialized at the origin, and therefore
has nonstationary increments, in contrast to the other fractional process

Wi (r) = C<1H)/OO [{(r—s)+}H‘% - {(—s)+}H‘ﬂ dB(s), H:d—%, (4.17)

—0o0

1
1 o 2 2
C(H):{2H /0 (14 9)772 = s3] ds}z, 0<H<1

introduced by Mandelbrot and Van Ness (1968) and studied by Samorodnitsky and Taqqu
(2017) in this form. Both processes reduce to Brownian motion for special cases of the param-
eters, viz. d =1 for (4.16), and H =  for (4.17).

These functional laws enable us to get limit representations of the correction term n3X Aon(d).

The case where s is fixed as n — oo is especially interesting, the other two cases following im-
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mediately from (4.16) and the respective expressions (4.6) and (4.7).

4.8 Lemma For \s = % — 0 and s fized

Xoon(d) 4 1
i T(l-

1 1
) / ¥ By (r)dr 1Fy (1,1 — d; —2mis) — / AR (r). (4.18)
0 0

The next result gives formulae for the stochastic Fourier integral fOT e?™4dB(q) that ap-
pears in (4.18) and (when s = 0) for the constituent Brownian motion B in terms of the

fractional Brownian motion Bg_1.

4.9 Theorem For fized integer s

/O Lm0 gp(g) ml_d) /0 (11— d—2mis(r — ) (r — )" Ba1(q)dg, (4.19)

and, in the special case where s = 0,

B == | =0 Baads (1.20)

The equality (4.20) is the inverse (integral) transform of the fractional Brownian motion
Bgi_1(r). In effect, the right side of (4.20) is the (1 — d)’th fractional integral of the (d —1)’th
fractional derivative of Brownian motion. Formula (4.19) extends this representation to the
case s # 0. When r = 1, (4.19) becomes

/1627r8iqu( )_1/1 F (1,1 —d;—2mis(1 —q)) (1 — )_dB (q)d
. Q—F(l_d)oll ) ; q q d—1\49)aq.

4.10 Theorem Suppose d € (%, 1). The following limit results apply.

(a) Let ¢ > 0 and suppose \s; € By = {qi)— ﬁ,gf?-ﬁ-ﬁ} for a finite set of distinct
integers s;j (j = 1,...,J). When M — oo as n — oo, the family {wz()\sj)}‘j]:l are
asymptotically independently distributed as complex normal N, (0, f, (¢)) where f, () =
1= £ (@)

et {s;}i_q1 be distinct integers wit <l <s < or each j and with = + % —

b) Let {s;}]_; be d ho<l<s;<Lf h j and with £ + 2% — 0
as n — oo, for some «a € (%,1). The family {()\Sj)dwx(/\sj) 3-]:1 are asymptotically
independently distributed as N, (0, f,, (0)).

18



(c) Let {Sj}jzl be a finite set of distinct positive integers which are fized as n — oo. Then,

for each j

1 a 1 /1 oris
—wy (Ag,) = — e ™" By_1 (r) dr, 4.21
nd ( J) /o 0 d 1( ) ( )

where Bg_1 1is the fractional Brownian motion given in (4.16). Joint convergence also
applies.

When d = 1, the following limits apply.

(d) Let ¢ > 0 and suppose \s, € By = {d> -1 ¢+ %} for a finite set of distinct integers
sj (j=1,...,J). When M — oo as n — oo, the family {wgc(/\sj)}j:1 are asymptotically
distributed as

1 ei‘b J
{1 _ eM’gj - 1 ewgn =0 (422)
where the {§; 3]:1 are iid N (0, f, (¢)) and are independent of
B(1)
_ 29 4.23
"= o (4.23)

where B is Brownian motion with variance w?.

(e) Let {Sj}}']:1 be a finite set of distinct positive integers for which %] — 0 as n — oco. The

Sfamily {)‘Sij()‘sj')}}']ﬂ are asymptotically distributed as

i(&—mn), (4.24)
where §; and 1 are as in (4.22) and (4.23).

(f) When s; is fized as n — oo, the §; in (e) have the representation

Y
{j=——= / e*™5i"dB (1), (4.25)
27 Jo
and
1 d 1 ! 2misir
—wy (Xs;) = —= [ €™ B (r)dr, (4.26)
n 21 Jo

which also holds for s; = 0.

Parts (a) and (d) show that Hannan (1973)’s result for the limit theory of dfts of stationary
processes extends to fractional processes at frequencies removed from the origin when d € (%, 1)
but not when d = 1. In the latter case, the leakage from the zero frequency is so substantial
that it affects the limit theory of the dft at all frequencies, although the limit distribution is
still normal. Moreover, as is apparent from the form of (4.22), the limit variates are spatially
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correlated across frequency by virtue of the presence of the random component 7, through
which the leakage is transmitted.

Part (b) shows that, when d € (%, 1), a version of Hannan’s result applies to the scaled

transforms (2)%w,(As,) in a (distant) vicinity of the origin where Ay, = 27::" ' 5 0 but % —0

as n — oo, for some «a € (%, 1) . However, when d = 1, the scaled transforms %wgg()\sj) are
asymptotically dependent across frequency.
27s;4

Part (c) shows that in the immediate vicinity of the origin (i.e., for A\;, = =~ — 0

with s; fixed), the n_dwz()\sj) are asymptotically dependent for d € ( %, 1] and each converges
weakly to an integral functional of fractional Brownian motion that involves the integer s;. In
earlier work, Akonom and Gouriéroux (1987) gave (4.21) in the case of ARMA u;. An alternate
expression for (4.21), which relates to (4.14) is

1 d 1 ! - d

mwx ()\Sj) — —\/ﬂr a0+ d) /0 1F1 (1,1 +d; —2misjr) r®dB (1 — )

and can be obtained from the formula

1 1
, 1
/0 X By (r) dr = F(l+d)/0 \FL (1,1 4 d; —2misr) r%dB (1 — 1),
which is proved in lemma E in the technical appendix.

The methods in the proof of theorem 4.10 are used in (Phillips, 2007, theorem 3.2) to
extend existing theory showing the asymptotic independence of a finite collection of dfts of
stationary time series (Hannan, 1973) to collections of a small (i.e., with less than sample size)

infinity of dfts at Fourier frequencies.

5 Statistical Applications

5.1 Spectrum Estimation for Fractional Processes

The limit theory in Section 4.6 is useful in obtaining the asymptotic behavior of spectral
estimates for fractional processes. We give some results for smoothed periodogram estimates
for frequencies at the origin and away from the origin. The former are of interest in procedures
that are used to estimate the memory parameter d. The latter reveal any leakage from low to
high frequencies that occurs in spectrum estimation.

For frequencies away from the origin such as ¢ # 0, the usual smoothed periodogram
estimator of f, (¢) is given by

> we (M) wa (A", (5.1)

As€B(9)

1
m

fm (¢) =

where By, (¢) = (¢ — 557,¢ + 557) and M is the bandwidth parameter that determines the
number of frequencies m = # {\; € By, (¢)} = [n/2M] used in the smoothing. At the zero
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frequency ¢ = 0, we consider a one-sided average of m periodogram ordinates at the origin

m—1

Faw (0) = — >~ wa (As) wa (As)" . (5.2)

1
m

The following theorem gives the asymptotic behavior of fzx (¢) for these two cases and for
de(3,1) and d = 1.

5.2 Theorem

(@) For ¢ #0 and 3 <d<1

(b) For ¢ #0 and d=1

~ 1
fre () =a f2(0) + 5|1 =€ B(1)°
(c) For%<d<1andmsuchthat n%—)oowithazﬁ
M 0) - 1/13 ()2 dr
TLQd T d o 0 d—1

(d) For d =1 and m such that % — 00

1 1
ﬁfxw (0) —4 27T/0 B(T)2dr.

According to part (a), spectral estimates like fm (¢) at frequencies removed from the origin
are consistent for f, (¢) = ’1 - ei‘z’}ﬂd fu (@) provided d < 1. When d = 1, the estimate is
inconsistent and converges weakly to a random quantity. In this case, the leakage from low
frequency behavior is strong enough to persist in the limit at all frequencies ¢ > 0. Part (d)
was given in earlier work by Phillips (1991), where it was shown to be useful in analysing
regression in the frequency domain with integrated time series. A new and simpler derivation
is given here based on the decomposition (3.9). Part (c) can be expected to be useful in similar
regression contexts with fractional processes.

5.3 Semiparametric Estimation of d

We indicate some potential applications of the above theory for the estimation of the memory
parameter d in (2.1). This is a large subject which goes beyond the scope of the present
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paper and for which theoretical development was undertaken after the original version of this
paper was completed in 1999. The main references will be reported in the following discussion.
The presentation here focuses on the new ideas that led into these developments and not the
technical details.

Concordant with the nonparametric approach, our concern is with the case where little
is known about the short memory component u; of (2.1) and its spectrum f,(\) is treated
nonparametrically. In both log periodogram estimation and local Whittle estimation, this is
accomplished by working with the dft w, (\s) of the data X; over a set of m Fourier frequencies

{As = % : s = 1,...,m} that shrink slowly to origin as the sample size n — oo by virtue of

m

a condition on m of the type 7* — 0. It has been suggested that, in view of the asymptotic

correlation of the ordinates in the vicinity of the origin (Kiinsch, 1986), it may be useful to trim

this set of frequencies away from the origin and restrict attention to {\s = % cs=1,...m}

where [ is a trimming number that satisfies | — oo and @ — 0 (Robinson, 1995b),
although it is now known that this trimming is not necessary (Hurvich et al., 1998).

From (4.7) we know that for d € (3,1), the dft w, (As)

S\ s X, 1— eirs) ™4
wy (As) = (1 —e AS) Wy (As) — m\/ﬁ + op <(81_d)) ) (5.3)

when > + % — 0 as n — oo, for some a € (%, 1). The asymptotic behavior of wy (As) is
dominated by the first two terms of (5.3), and as d — 1 the importance of the second term in
(5.3), which is O,(n?/s), rivals that of the first term, which is O,(n?/s%). Apparently, therefore,
it would seem desirable to correct the dft w, (As) for the effects of leakage in semiparametric
estimation of d simply by adding the correction term supplied by the known form of the

expansion (5.3). For log periodogram regression this amounts to using the quantity

ei)\s X,

1— ™ \2mn

in place of w, (As) in the regression. Thus, in place of the usual least squares regression (over

e (Ns) = wy (As) + (5.4)

s=1,..,m)

2
In(I,(\s)) =c—dln ‘1 — e[ 4 error

that is inspired by the form of the moment relation (2.6) in the frequency domain, the argument
above suggests the linear least squares regression

2

In (I, (\s)) =¢—dln ‘1 — e | 4 error, (5.5)

in which the periodogram ordinates, I, (\s), are replaced by I, (As) = v, (As) vz (Xs)". We
call this procedure modified log periodogram regression. This replacement is inspired by (5.3),
which approximates the data generating process of the dft w, (As) over the relevant set of
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frequencies as m — oo in the regression. In place of the ‘regression model’

. 2
In (L (A)) = ¢ — dIn ‘1 e u(y),

with ¢ =1In (f, (0)) and

u(As) = [lz (As) /f (As)] + 10 (fu (As) / fu (0))

as in (2.7), we now have from (5.3)

2

Lo = |(1- e”s)_d wa (As) + 0 (”d>

S

= l—en T Lo [1 + (1 - eMs)dwu () Loy <’;d>}
= e o {1 +0p <811d>:| 2,
which leads to the new regression model
In (I, (As)) = ¢ —dIn ‘1 — e ha(n), (5.6)
with
@) = {1 () £ O]+ 10 (5 00 /£ 0) + 0y (555 ) 5.7)

This relationship holds for frequencies A, satisfying 2 + % — 0 as n — 00, in view of (5.3).
The new regression (5.5) seems likely to be most useful in cases where nonstationarity is
suspected. Note, however, that when d < 3, the correction term in (5.4) is o,(1) when @ — 0,
so that use of (5.5) can also be expected to be satisfactory in the stationary case. When d = 1,
the correction is exact for all frequencies, as is clear from (3.9). In that case, therefore, (5.6)

is an exact regression relation whose error is given by

a(Xs) =In[Ly, (As) /fu (As)] +In (fu (Xs) / fu (0)) - (5.8)

It is then a relatively straightforward matter to show that the modified log periodogram esti-
mator has the following limit theory
~ d 2
Jm (d - d) LYY <o, 24) , (5.9)
i.e., the same limit distribution as the log periodogram estimator in the stationary case Robin-
son (1995b); Hurvich et al. (1998). By contrast, the usual log periodogram estimator d has a

mixed normal limit theory when d = 1, as shown in Phillips (1999b, 2007). The mixed normal
limit arises in this case because of the presence of the term (2#)_%ei)‘5n_%Xn in (3.9) which
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is Op(1) and does not vanish as n — oco. Moreover, the usual log periodogram estimator d is
inconsistent and converges in probability to unity when d € (1, 2) as shown in Kim and Phillips
(2006), which makes use of some of the present methods.

The modified regression (5.5) appears to be even more useful in the nonstationary case
when d > 1. In that case, the usual estimator d is inconsistent, and d —p 1, a fact that
can be established using the expansions obtained in sections 2 and 3, whereas d is consistent
and has the same limit distribution as that shown in (5.9). Further analysis of this modified
log periodogram estimator, together with an empirical application to the Nelson-Plosser data
(Nelson and Plosser, 1982), was given in Kim and Phillips (2003).

The intuition leading to the modified regression (5.5) can also be employed in the case of
the local Whittle estimator Kiinsch (1987); Robinson (1995a). We will not go into details here.
Suffice to remark that we would simply replace I,,(\s; d) in the extremum estimation problem
(5.16)-(5.18) given below by I,(As), which can be computed from v;(As) as in (5.4). The
resulting estimator is a modified local Whittle estimator, and, like the modified log periodogram
regression estimator in (5.5), its asymptotic properties can be expected to be the same for
stationary and nonstationary values of the memory parameter, including those for which d > 1.

Our theory also suggests some other possibilities. In particular, we may build on the idea
noted above that (5.6) gives an exact relationship when d = 1 with error (5.8). Indeed, the
decomposition (3.8) implies the following exact relation between the transforms w, (As) and

wy, (As)
1

V2t

Wy (As) = Dy, (e“‘S; d)_l [wu (As) + )?M(d)} )

Define the new transform

1
V2mn

which is dependent on the memory parameter d and for which the equation

0r (Vi d) = wg (A) = Dy (€714 oL %), (5.10)

ve Vs d) = Dy, (ei)‘s; d>_1 wa () (5.11)

holds exactly. Extending the ideas that led to (5.6) above, we have the exact periodogram

relation

In (I, (As; ) = e+ In | D, (¢%+;d) ‘72 +a(h), (5.12)

with I, (As; d) = vy (As;d) v (As;d)™, and

a(As) = [y (Xs) / fu As)] + 0 (fu (As) / fu (0))

just as in (5.8). In place of linear least squares regression, it is now possible to apply nonlinear
regression directly to the regression model (5.12). Let Ys(d) = In(l, (As;d)), and As =
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In ‘Dn (ei’\S; d) ’_2 . Then, nonlinear regression leads to the following extremum estimator

d* = arg mjn Qm (d),

where
1 — — — — .
_ m; {Ye@-Ye@} - afa, -2} [{v. (@ - Ve @} —a{a, - A}] ",
and Ag =m~ 13" Ay, Yi(d) = m™' 3™, Yi(d) The advantage of d¥ is that it is the natural

estimator of d that emerges from the exact formulation of the regression model in the frequency
domain, i.e., (5.12). Its disadvantage is that it is more complicated to compute than the
conventional log periodogram regression estimator d and the modified estimator J, neither of
which require numerical methods. Some simplifications in computation can be obtained by
using some of the approximations developed in sections 3 and 4.

Finally, we remark that the exact relationship (5.11) can be used to obtain an exact form
of local Whittle estimator under Gaussian assumptions about u;. The local Whittle likelihood
suggested by Kiinsch (1987) and studied by Robinson (1995a) has the form

m

n (@)=Y

s=1

2d
log (G)\;Qd> + %Iz (As)] : (5.13)

and is minimised jointly with respect to the parameters (G, d), where Gy = f,(0) is the true
value of G. The (negative) Whittle likelihood (e.g., (Hannan and Deistler, 2012, pp. 224-225))
based on frequencies up to A, and up to scale multiplication is

m

> tos £ )+ 2 - (5.14)
s=1 s

s=1

=

The objective function (5.13) is derived from (5.14) by using the approximate relationship

ws ()~ (1- eiks)*d W (As) ~ (—A8) w0 (As) |

or
I, (/\S) ~ /\zdjz O\s) )

to transform (5.14) to be data dependent, in conjunction with the local approximation f, (As) ~
Go. We may now proceed to transform (5.14) using the exact relationship between wy, (As)
and w, (As) that is given by (5.11) and (5.10). We get

2 Iv >\s§ d)

;glog{‘Dn(em;d)’ fu( s} Z‘D (e d‘s) ,
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and this leads directly to the following ‘exact’ version of the local Whittle likelihood

Lo (G, d) = ;i [log (‘Dn (e“s;d) ’_2 G) + ch]“ D) | . (5.15)
s=1

The new estimates are obtained from the joint minimization
(G™,d™) = arg 121151 L, (G,d).

Concentrating out G, we find that d** satisfies

d*™ = arg mdin Ry, (d), (5.16)
with .
1 .
Ry (d) =log G** (d) — 2= log|D,, (e?;d)|, (5.17)
DNMENERY
where .
G (d) = %Z (D, (;d) ‘2 I, (i d). (5.18)
j=1

The estimator d** would seem to offer an attractive semiparametric procedure because it is
based on likelihood principles and involves the exact data generating mechanism for the discrete
Fourier transforms. This procedure is more computationally intensive than the usual Whittle
estimator but no impediment to practical use. A full analytic investigation of the exact local
Whittle estimator was conducted and reported in Shimotsu and Phillips (2005) showing that
the same asymptotic properties of the local Whittle estimator apply to the exact local Whittle
estimator over a full range of stationary and nonstationary values of the memory parameter
d. This approach enables consistent estimation of d and the construction of valid confidence
intervals for d for both stationary and nonstationary long memory time series. The procedure
has proved popular in empirical research. Further work on nonstationarity-extended Whittle
estimation has been done by Abadir et al. (2007) and Shao (2010).

5.4 Final Remarks

Fractional processes conveniently embody in a single memory parameter d an index that mea-
sures the extent of long range dependence in an observed time series. When a nonparametric
formulation is employed for the innovations that drive the observed process, a great deal of
model generality is achieved. Integer values of d include integrated processes and the special
value d = % provides a simple boundary between stationary and nonstationary cases. This
flexibility has enabled a fundamental extension of the simple ARIMA models popularized in
the 1970s wherein variate differencing became a common method of dealing with nonstation-

arity. The flexibility of long memory also enriched the concept of cointegration by allowing
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for fractional possibilities in long run equilibrium errors, thereby narrowing the differential
(between variables and errors) that distinguishes a cointegrating relationship among observ-
able integrated time series. In view of this generality, semiparametric methods and frequency
domain methods such as those used in the present work have been found to be very useful in
estimation, inference, and asymptotic analysis of long memory systems.

In spite of the generality that long range dependence brings to empirical analysis, it is
worth remembering that some important cases are not included in its orbit. Explosive and
mildly explosive time series are prime examples that have particular relevance in economics
and finance where exuberance and speculation are not uncommon in real estate and financial
asset markets. A simple autoregressive time series with an explosive root is not rendered sta-
tionary by differencing or fractional differencing, just as differentiating an exponential function
produces a derivative that simply reproduces the exponential. Parameterizations of nonsta-
tionarity using simple autoregressive coefficients and the tests that are so enabled by such
formulations therefore offer possibilities that are not encompassed in the notion of long range
dependence. While autoregressions and long memory systems provide a dual parametric source
of unit root dynamics, these parameterizations deliver alternative departures from unit roots
that help enrich our capacity to model different types of nonstationary time series behavior

and evolution.

6 Technical Appendix and Proofs

6.1 Preliminary Results

We provide some technical lemmas that are useful throughout the paper. Lemmas A and B
provide results on binomial coefficients and hypergeometric functions that are either standard
(e.g., Erdélyi (1953)) or follow from standard results. We give them here to facilitate our own
derivations and to make the paper more accessible. Lemmas C and D provide some more
specific results on sinusoidal polynomials and hypergeometric functions of sinusoids that are
immediately relevant to formulae in the paper. Lemma E gives a useful inverse transform
of fractional Brownian motion, an inverse transform for a hypergeometric series of fractional
Brownian motion and some useful relationships between certain integral functionals of frac-
tional Brownian motion and Brownian motion. Lemma F provides a new asymptotic expansion
for hypergeometric series that allows for increasing coefficients as well as an argument that

tends to unity. The expansion should be useful in other work with hypergeometric series.

Lemma A

(@) () =(—1)F e

(j+a),(a); _ .
(b) (p+a); = ](T’ (@) 41 = (a)j(a+ j).

() Yi o e — Boduq (g 20,1, )+ 540, E2e1(d=0,1,..).

n!
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(d) Fes =nef 1+ 0(1)].

Proof Part (a) is immediate from the definition

d d! d(d—1)...(d—k+1 —d) .. (—d+k—1 —d
<k):(d—k:)!k!: : )kg L= (k! ):(_1)k(k!)k'

The second formula in Part (b) is immediate from the definition of the forward factorial. The
first formula in Part (b) follows from

pia), = L@etati) Th+atj)l(j+a)/T(a)
I I'(p+a) '(G+a) T(p+a)/l(a)
- Gra O

For part (c), we write the sum as a terminating hypergeometric function, and use lemma B
(a) & (c) to obtain

—d —d
Z( k')k = ( n')n o Fy (—n,l;d—n+1;1)

(—=d), T'(@T'(d-n+1) T(-d+n)d—n

n! T(d+1)T'(d-n) T(-dn d
_ I(-d+n+1) (1-4d),

I(—d+1)n!  n!

for d #0,1,2,.., while for d = 0,1, .. the sum » ,_, % simply terminates at k = d.
Part (d) is a standard result that follows from the Stirling approximation, e.g., Erdélyi
(1953, p. 47).

Lemma B In the following formulae, 2F(a,b,c;z) = > 72

function.
(a) > ro (7]5?’“2”{ = (:j!)" 2" ol (—n, 1;d—n+1; zil) 1(d+#0,1,..) + ZZ:O (%szkl(d =
0,1,..).

(b) Y2 Gleet = et Chmtt By (1~ d,1m +2;2).

(c) 2F1(a,b,c;1) = T'(¢)T(c—a—=0b)/[T'(c—a)T (¢c—=0b)] for Re(c—a—>b) > 0 and ¢ #
0,—1,-2,... .

(d) If |zl <land |z/(z—1)| < 1

oF1(a,b;c;2) = (1 —2)7% 9F1(a,c— b;¢;52/(2 — 1)), (6.1)
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the right hand side giving an analytic continuation of the hypergeometric function to the

half-plane Re(z) < 1.

Ay ()" (1=d) et i emiM
(e) Zk 0 3 = I 2F1(—n, 1;1-d;1—e )1 (d #0,1,. )—l—zk 0 k, l(d =
0,1,..).

(f) If Re(c) > Re(b) >0

o1 (a,b;c;2) = L) 5 /01 1 =) (1 —t2) e, (6.2)

T (0T (c

which gives an analytic continuation of 2F(a,b;c;z) to the entire z plane cut along

[1,00], i.e. to all z for which arg(l — z) < 7.

Proof Part (a) is given in Erdélyi (1953, pp. 87,101) in terms of binomial coefficients. Using
the form given there and lemma A (a), we have for d # 0,1, ...

i(_lj)kzk = i<d> (—2)"

-

= nn 2F1( n,1;d— n+1;z_1).

) —z) 2F1 n,l;d—n—l—l;z_l)
d

When d = 0, 1, .. the sum simply terminates at £ = d and the stated result follows.
For part (b) we have

- (_d) — M m
2 s “Z FeTeota

_ m+1+k d)
- ZF m+2—|—k)x

pm (m+1-d), T'(m+1-d)
Z (m +2), F(—d)l“(m+2)x

1 F<m+1—d> i(mﬂfd)%k
T(=d)T (m+2) & (m+2), k!

m+1 F(mle*d)
T (—d)T (m+2)

ot (m+1—d,1;m+2;z) (6.3)

—d
= xm“((m imf)} oF L (m+1—d,1;m+2;2).

The hypergeometric function 92 Fi(a,b,¢;2) = > 7o, %zk is absolutely convergent for all

|z| <1 when Re(a+b—c¢) < 0 (Erdélyi, 1953, p. 57). Hence, the series in (6.3) converges
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absolutely for all |z| <1 when d > 0.

Part (c) is a well known summation formula (Erdélyi, 1953, p. 61). Part (d) is Euler’s
formula (Erdélyi, 1953, pp. 64, 105). The series for 2 F}(a, b, c; z) converges absolutely for all
|z| < 1 and converges absolutely for |z| = 1 when Re(c—a —b) > 0 (Erdélyi, 1953, p. 57).
The series for o F(a,c—b;c;z/(z — 1)) converges for |z/(z —1)| < 1. Since the latter inequality
holds for all z for which Re(z) < %, it follows that the right side of (6.1) gives the analytic
continuation of 9 F} (a, b; ¢; z) to the half plane Re(z) < % (Erdélyi, 1953, p. 64).

Part (e) is obtained by direct calculation. Using (a), we proceed as follows for the case

d#0,1,...

n — e_i)‘ k — A\ T .
( d)kkg ) = ( ncf)" (ef“\) o F1 (—n, 1;d—n+ 1;6”‘) (6.4)
k=0 ’
() e I (=), (1), [L+ (P 1))
B n! = gHd—n+1);
B (_d)n efz/\n n (_n)j J ] N q
- n! = (d—n—i—l)j%(q) ( 1)
et () s G )
B n! jo(d—n—i—l)jqz%(j—q)'q'( 1)

(6.5)

Since (—n),,, = (—n),(—n+q),, and (d—n+1),,, = (d—n+1),(d—n+1+q), from
lemma A (b), (6.5) becomes

(=d), e S (=n), — q+1)
nl A (d-n+t1), ( >Z —n+1+q)
i e—i)\n n -n . q
= d)Z! ;)(dfniql)q (GM_1> 2filg=metLig—ntdt11). (66)

In this expression, the o F} series terminates, so lemma B (c¢) holds and (6.6) sums to

s (o gy lantd DT g
nl qzo(d—n—i—l)qe T(d+1)T (d—n)

L (d), e () (1), ( M_l)qr(d—wrl)r(d—q)
¢ T(d+1)T (—n+d)
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o (), S 0 Wy T

d n! = q! I'(d)
_ (1=4d), e & (_n)q (1)q i q 1
- n! ; q! (6A_1) d—1)(d—2)..(d—q)
e, Wy e (1)
= i &g (¢* 1) 1—d,
— —(1 _ d7)7,7'l 671/\” gFl(—n, 1, 1-— d; 1-— ei)‘),

giving the stated result for the case d # 0,1, .... The result for d = 0, 1, .. follows immediately
because the series terminates at k& = d. An alternative and more direct proof of the result
makes use in (6.4) of the fact that

S F) (—n, Lid—n+1: eM) _ = g <—n, 11—di1— e”) (6.7)

(d—n+1),

employing the linear transformation formula o F (—m, b; ¢; z) = (C(;)l’g:" oy (—m,b;b—c—m;1 — 2)
for terminating hypergeometric series - see Olver et al. (2010, Formula 15.8.7,page 390).
Part (f) is a standard result (Erdélyi, 1953, p. 59).

Lemma C Assume d #0,1,.. . Then:

(a) For fired N #0 as n — o0

o0

) (_;:!l)kem =0 (n11+d) :

k=n+1

(b) For \s = 2™ — 0 and s — o0 as n — oo

—n
00

> Gt o o ()] o ().

k=n+1

(c) For Ay = 2™ — 0 and s fired as n — oo

— (D) ik 1

k=n+1

Proof Using lemma B (b), lemma A (d) and lemma F (b), given below, we get
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_ (aytt T(n+1-4d) e i
= (e ) e CE) o F1 (n+1 d,1;n+2,e ) (6.8)
. 1 1 1 1 1
_ iA(n+1) - - —
o 140 ()] e o (3)] =0 ().

__ 27s
n

A 2N
s Fi(n+1-d1in+2e™)
(e ) T(—Tm+2 2 "7 n e
iXs

- € 1 . . s

— F(d)nler|:1+O<n):| 2F1<n+1—d,17n—}—27e )
el 1 k-l (1+ d)j (1)]. 1 s j

- I (—d) ’I’LlJFd { 1— ei)\s JZ: ]' <27T’i8 |:1 +0 (n)])

10 ( (505 v
|

giving part (a). For A = A — 0 and s — o0 as n — oo we have, using lemma F (a),

1 eihs
(—d)nltd 1 — eils

)

1 eths

(—d)nltd 1 — eids !
1

_ [1+0G)] [H—O(
v

r
r

I'(—=d)n® 2msi
1 1 1 1
- - 1 - [ 6.9
21 I (—d) nis [ +O<s ] O<n1+d>’ (6.9)
giving part (b). Finally, for s fixed as n — oo, we have

i (_]j)k (ew\s)k -0 < i I<:11+d> =0 (nld> ,

k=n+1 k=n+1

giving part (c).

Lemma D Assume d # 1,2,... ,let r € (0,1) and let \s = % — 0 with s fized as n — oo.
Then:
oFi(—|nr], 1,1 —d;1 — ™) = 1Fy (1,1 — d; 2misr) + O (n1), (6.10)

oFi(—|nr], 1,1 —dje™™ —1) = 1F (1,1 —d;2misr) + O (n71) (6.11)

and for nonnegative integer p < n

DFi(—p 1,1 —di1— e ) = | By (1, 1—d; —27Tisp> +0(pY). (6.12)

n
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Proof The same argument gives both results (6.10) and (6.11). We prove (6.10).

oF1(—|nr], 1,1 —d; 1 — e)

_ f ((—1Liw;iJ)7 <_27:s o (n2)>j

§=0 )
= M%msr—i—O J
>y 007
W o W,
= — (2m18T —|—O n — ——— (2misr 6.13
]Z%(l_dmx y+0(®n™) jz%ﬂ(l_db]!( ) (6.13)

= 1F (1,1 —d;2misr) + 0 (n7h),

because
- )
D e D
J=N+1 (1—d),;J! d) e N41

N+1 k

T X
B r(l—d)—lgf(k+2+N—d)

NN (1 -ad) & zF (1)
N F(N+2—d)l;)(2+N—2)kk:!

_ xN+1F (1 _ d) eN+1*d o ZL‘k (1)k
V2 (N 42— @)V T4 | &= (24 N —d), !

1
= O<sza>v

for all § > 0 and all finite z. Line (6.13) above follows because, for 1< j < |nr],

o) b o)
and
0 o
= 0 (Tll im: - E?)-j ' (271-257“)]>

= 0 <1 1F1 (3,1 - d, 27Ti87“)> =0 <1> 5
n n
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since the 1 F; function is everywhere convergent.
Next, for (6.12) we have

2F1( pvlvl dl _iAS)

I )

Jj= 0 J

L o) (o)

ey +(f p;) <27:S+O(n_2)>
(=1
1—-d
(-1+0 (p*
(1-4d)

(1) (-1+0(p" 2

(1—d),

)>p (271'25 +O( )>p

= 14+ -—= 2misr+0 (n7')) + ) (27”3 +0(n” ))

p

5! <1+O(>)j( 2ria? +0 (n°1))’

J=0 (1

_ i 1;; ( 2eisL)’ 1.0 (571) + +0 (n°Y) (6.15)
:0 J

— Z 1_ ( 27Ti8%>j

o (
= 1F1< — d; —2mis= >+O( H+o@p),

.

giving (6.12). Again, line (6.15) above follows because

(1,7 pyd L), pd
» 2y (i) =0 (;Z d (2ms§)f) o(1)
Lemma E

(a) For j=1,2,..

T(j+1-d)" /0 (r— )" By (s)ds =T (j)" / ;0 (r—q)’"" Blg)dq

and for 7 =0,1,2, ...

PG+1-d)! /0 (r— s By (s)ds =T (j + 1) /ro (r — g dB(q).
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(b)

r(—d* / VFL (1,1 = d; —27is (r — @) (r — q) "¢ By_1 (q) dg = / e 2= 9 4B (q).
0 q

=0
(c)
1 1 .
= (1,1 ; —2mi dB (1 —
F(l—i—d)/o 1Fu (1,1 +d; —2misr) r (1—7)
= ! /17”_f F(l 1—f;-2 Z'ST)dB(l—r)_F#B (1)
T T Jy S oyt )
(d)
1 1 1
F(1+d)/0 1F1 (1,1 4 d; —2misr) r*dB (1-7)= /0 627r7,srBd_1 (r) dr-
In the above formulae, B is Brownian motion with variance w* and By_1( fo d 1 dB(s)

is a fractional Brownian motion initialized at the origin, as in lemma 3. 4

Proof To prove part (a) we use an operator approach with D = % and allow for fractional
powers of D with a Weyl integral interpretation (see Lovoie et al. (1976) and Phillips (1986a)
for the approach used here). The operator e?P is treated at the translation operator, so that
e?P f(z) = f(z + q). Setting By_1 (s) = 0 for all s < 0 we have

p(j+11_d)/ (r— s~ By (s) ds ZF(jJrll_d)/q:qdedl(r—q)dq

o)
= T | Ba () da = D B ()
- 0

q=
= DI IDY B (2)|4=r = DB () |p—r

1) [ Be-9d=T0 [ -0 B@ds (6.16)

=0

giving the first of the stated results and, consequently,

(r—q) ' B(q)dq.

/(]T(T—S)ded—l(S)dsz Pa-dd-d), /qT

L' (j) —0
To obtain the second form of the result we use integration by parts to give
7 i—1 1 1 [ ;
ro) [ v- B@d = THT [ -0 dB@
q q=0

=0

_ P(j—i—l)_l/T (r — q) dB(q). (6.17)

=0
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Combining (6.16) and (6.17), we have

W+11d> /0 (r=s) ™" Bi-1(s)ds =T (i + 1)~ / (r— gV dB(g)

which holds also when j = 0, giving the inverse relation

1 " —d
- — By ds =B 6.18
g [ ) B () ds = B (6.18)
(see theorem 4.9). An alternate weak convergence proof of (6.18) is given in the proof of
theorem 4.9 below and, from this result, (6.17) can alternatively be obtained by subsequent
integration.

To prove part (b) we proceed as follows:

F(ll—d) /0 VL (1,1 = d; —2mis (r — q)) (r — )" Ba_1 (q) dgq

1 & (1), (-1
- I‘(l—d)z(lid)jj!

=0

/0 " (2mis (r — 9)) (r — q) " Ba_y (g) dg

<
Il

_ 1 - (—27ris)j r o yied
- F(l—d)jgo (1—d)j/0( 9)’"" Ba-1(9)dg
e (—27ris)j (1—d)j r a
R e L LCL
N ) Y M
- X1 [ o= B
= N @ ' r— J — " e—27ris(r—q)
jZ::O il /q:o( q)' dB(q) /q:o dB (q),

using (6.17) in the penultimate line. This proves part (b).
To prove part (c), we expand the 1 F; function on the right side of the formula and use

1 1
By 1(1) = ng)/o (1—s)" 1 dB(s) = —de)/o rLdB(1 — 1),
to get
1 3 . 1
] /0 rf 1By (1,1 — f;—2misr)dB (1 —r) + de,l (1)

=, (1); (—2msi)’
(_2m)z gt = f);

J=0

1

T(1— f)(—2nsi
1
)

1 1 1 1
ri=f —7r) — =t —r
/0 BT = o) T A= ) /0 4B =1)
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= 1 = (1)]' (—27Tsz')j 1 - B
N F(l—f)(—27rsi)]z:; j!(l—f)j /0 r?771dB (1 —r)

( 27T8i)j_l ! j—
e )/Or TdB (1 —r)

(—2msi) !
0<1+d>/ e

I
Mg

1

<.
Il

I
Mg

el
I

B 1 & (1), (—2mwsi)® [
- F(1+d)kzo kf(1+d)k /OTHddB(l_T)

1 1
= — Fy (1,1 + d; —2misr) r%dB (1 —
F(1+d)/0 1P (1,1 + d; —2misr) r (1—-r),

giving the stated result.

2misr

To prove part (d) we use the exponential expansion for e in the integral on the right

side, giving

1 1
/ 627rzsrBd_1 (7‘) dr — GZWZS(I_T)Bd_l (1 - 7’) dr — / 6—27risrBd_1 (1 _ ’I“) dr
0 0

Mzs—

—9orsi) 1.
= (2(]‘)/0 T]qu(l—r)dr
7=0
> (=2msi) 1 .
- Z(zj.)/o (L—=7r)) By (r)dr. (6.19)

<.
Il
o

From part (a) we have

r<j+1—d>—1/07"<r—s> "By ()ds =T G+ 17 [ (- a) abla)

and setting k = j — d and r = 1 gives the formula
1 1
Db+ [ =9 B ()ds =Tk +d+ )™ [ (1= dB(),
0 q=0

or

1 1
T (k+ 1)—1/ s*By_1(1—s)ds=T(k+d+ 1)—1/ *dB(1 — ). (6.20)
0 q=0

Using (6.20) in (6.19) we get

I 2\ (—2mwsi)? 1.
/ XM By 1 (r)dr = Z (E2msi) ?TSZ) / " Bg_1 (1 —r)dr
0 . 0
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_ j;i 2”82 (‘7*‘1))/1 ¢+4dB(1 - q)

= F(G+d+1
S 27TSZ (1); /1 j+d
= Z dB(1 - q)
= F(j+d+1)
1 j/l‘” (—2msig)!  (1);
= . ¢"dB(1—gq
T(d+1) Jo ;) it (1+d),; 1-q
1 ! J
= — Fi(1,1+d; —2mi dB(1 —
T (Cl T 1) /0 141 ( ) + ) 7T18q) q ( q)7

giving the stated result.

LemmaF Let a and S be constants for which Re(8), Re(B—a) > 0. The following asymptotic

expansions to some given order k hold

21s

(a) Let Ay ==2.If = = 0asn— oo and s — 0o, then

i (o= e |
- z 2 (Lo @)Y <o(( o))
e[S (o)) o 2)]

H

=0

M

(b) Let X\ # 0 be fized as n — co. Then

oI (a,n — Bin; GM)

e[S (12 o ()] o (4]

7=0
(c) Let )\5:%. If %—I—% — 0 asn,s,p— oo, then

Qﬂ(mp—&n4“>

e SO (o (2)]) <o (25 bo ()))|

<
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Proof Since Re(8 — a) > 0, the series for o F} (a, n — B;n; ei/\S) converges absolutely for all
As. Using (6.1) from lemma B (d), we write

. N elirs
2F1 (Oéan - ﬁﬂ”b;el/\'s) =(1- ezAs) “ b (a,ﬂ;n; ei)‘5—1> ) (6.21)

where the right side has a convergent series representation for suitable Ay, viz. when |e™s /(s —
1)] < 1, or cos(As) < % Although the domain of convergence of the series on the right side
series is restricted, the right hand side has a valid asymptotic expansion for large n that applies
to all \s; as we shall now show.

First observe that as n,s — oo with & — 0, the complex quantity

eits

n
Tpe = — - [1 0 (—)} -
e — 1 2mis + n 27is

[1+0(1)] (6.22)

lies inside the plane cut along [1,00], i.e. |arg(l — Z,5)| < 7. Hence, we may use the analytic
continuation of the right hand side of (6.21) based on the following integral representation
(Erdélyi, 1953, p. 59; lemma B(f)):

oI (B, 5m; Zys) = L (n)_ ) /01 1= )" (1 = t2,,) P dt. (6.23)

') (n

An asymptotic series that is valid even for |Z,s| > 1 for large n may now be obtained using
a method due to MacRobert (see Erdélyi (1953, p. 76)) as follows. Expand the last binomial
factor in (6.23) in MacLaurin’s expansion up to k terms with remainder as

e‘v

-1

1
(1 —tZns) " = B (tZns) + (i)"“ (ths)k/ k(1—q)" (1 - qtZys) P dg.
=0 J! 0
Now scale this expansion by %taﬂ (1 — )" > ! and integrate term by term, using the
formula
L0 [ s gpeectge D0 TN _ (@),
L(a)T(n—a) Jo [(@)T(n—a)  I(n+j) (n);

This leads to
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= 4! 27is
S @O (1 o(2)]) wn (624
N = j! 27is n b ’
where
Ry, B /1 (1 =) (4 Z,)" /1 k(1= @) (1 = qtZns) P * dgdt
" kE'B(a,n —a) J " S "

Be)k(B)x (s [1+0 (2)])"
(n)gk!B (o + k,n — )

oo st (gt (o ()]) 7 e

since the beta function factors as follows

1 B I'(n)
B(a,n—a)  T'(a)T(n—a)
Pla+WT(n) To+k) (@)

Fa)T(n+k)T(a+k)T(n—a) @n)pB(a+kn—a)

In view of (6.22) there exists a constant ¢ > 0 for which [Im(Z,s)| > ¢. Then, for any given
and k, there exists an M, independent of n and s, such that

sup ‘(1 - thns)f’Bfk‘ <M.
t,q€[0,1]

Then,

|ka| < M

])k ! a+k—1 _ p\n—a-—1 ! k-1
[eta—yn oo

k
) B(a+k,n—a)B (k1)

k
- M(a)';l(zmk <27:is [1+O (Z)D ’

so that Ry, has the same order of magnitude as the first neglected term in the expansion

40



(6.24). Thus, (6.24) is a valid asymptotic expansion of the form

o))
1o )])]+0<(

S

n
oI (5,04;7”6;7
n

2mis
-1
_ (@);(B);
- 50

J=0

1
2mis

S

n 2mis

o)) )

n

giving the required result for part (a). Part (b) follows in an identical manner using

e

etA

7 =

-1

in place of Z,;.

To prove part (c) we proceed as in the proof of part (a), setting Z,s = _5—

2By (B, 053 Zns) = j:i: WZ%S + Ry
- SO (o)) e
- S (o () ow
RO (o))

since % — 00. The remainder is

1 1
Rinp = k!B((o/f)]f—a)/O ta_l(l_t)p_a_l (th8>k/0 k(1-
Ko)k(B)r (2% [1+0 (2)])"

(p)kk!B (a+ k,p — «)

1 1
x/o ta+k—1(1t)p°‘1/0 (1fq)’f*1(

As in the case of Ry, we have

(

n
1—qgt——
9 2mis

(@)r(B)k
k!

()k(B)k
k!

n

<

| Rknp ’ M

2misp

M n

1vo(2)])

2mwisp

€2 asin (6.22).

S
s—1

1)]>j + Rinp,

q)k_1 (1— thm)—ﬁ—k dqdt

[1 +0 (%)])75% dqdt.

110(2)] [1+o(p1)}>k

again since % — 00. Thus, Ry, has the same order as the first neglected term in the series
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and we get the asymptotic expansion

eths
2 F1 (ﬁ, o; p; MS_1>

S (o (2)]) w0 (s b0 ()]) )

=0

.

which leads to the stated result.

6.2 Proofs of Main Lemmas and Theorems

6.1 Proof of Lemma 3.1 See (Phillips and Solo, 1992, formula (32)).

6.2 Proof of Theorem 3.2 From (3.2) we have the following alternate form for the model
(2.1) for all t <n

w=(1—-L)"X, =D, (L;d) X, = D (e“; d) X;+ Dy (e—ML; d) (e‘i/\L - 1) Xi. (6.25)
Observe that
Dox (e‘i’\L; d) (e""\L - 1) X, = <e—ML - 1) Xy = e P Xyo1(d) — Xoe(d),  (6.26)

where Xy (d) = D (7L d) Xy = Zn_l JApe_ip)‘Xt _p. Since the right side of (6.26) is a
telescoping Fourier sum, taking dfts of (6.26) leaves us with \/7 (X 2o(d) — ™ X An(d)) It
follows that when we take dfts of expression (6.25) we have

[Dn (e“\ d)} we (Ns) + ()?m(d) . em)@n(d)) — wy (V) (6.27)

1
V2mn
giving the required formula (3.3).

6.3 Proof of Theorem 3.7 Equation (3.11) follows immediately from the definition (1 — L) X}
z and (3.9). Equation (3.12) follows by applying (3.8) to z; = (1 — L)' ™% u,.

6.4 Proof of Lemma 4.2 Using the hypergeometric series representation from lemma B
(b), and the asymptotic expansion in lemma A (d), we have for d > 0

D, (ei)‘; d)
= ( g o
- Sk (e y ) e
k=0 k=0 k=n+1
- (1- e“>d el PF((_"d;L(:ljr?)! 2Py (n+1—d 1n+2;¢”)
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\d et(n+1)A 1 )
_ A _ - _ . LA
- (1 e ) e [1+0<n>} o F) (n+1 d1;n+2e ) (6.28)

giving (4.1). Formula (4.2) follows immediately from lemma B (d), noting that |e*/(e* —1)| <
1 when 2cos(\) < 1.
Next, using lemma F (b), we have for fixed A # 0,

o Fy (n +1-d,1;n+2; e“) = (1—e)t [1 +0 (i)] . (6.29)

It follows from (6.28) and (6.29) that as n — oo and for fixed A # 0

Dn <€M; d> - (1 - eM>d T (—dl) pitd ii(it:j [1 +0 (i)} ’

giving part (a).

When A\ = % — 0 as n — oo and s — 00, we proceed as follows. Using lemma F (a) in

the hypergeometric factor in the second term of (6.28), we have

o Fy (n—i— 1-— d,l;n+2;e“‘s)

- S O o ()]) o (s b0 (G]) ).

j=0
(6.30)

Then, as in the argument leading to (6.9), the second term of (6.28) admits the following valid
asymptotic expansion for A =X ; - 0 asn — oo and s — oo :

e 110 (1) .F <n+1—d 1; +2-e“s>
F(—d)n1+d n 2471 Ly )
1 1 1 1
= - 1 - — 6.31
27riF(—d)nds[ +O<s)}+0<n1+d>’ (6:31)

and so from (6.28) and (6.31) we get

D () = (1= "+ g [0 (3)] +0 ().

giving part (b). The result can also be shown directly by noting from Lemma C(b) that

D, (ei)‘s;d) _ (1 _ eiAS)d _ i (_]j)kez’k)\s

k=n+1

- (1_6M3)d+21m1“(—c1l)nds <1+O <i)> +0 <nll+d>
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For part (c), we start by using the following summation formula from lemma B (e)

n . k .
(—=d)y, (el/\s) (1—d), e?n —ids
kzo o = ;i o F1(—n, 1,1 —d; 1 — e™ ).

Since s is fixed, we have from lemma D (6.12) with p=n
oFi(—n, 1,1 —d;1 — e ™) = 1 Fy (1,1 — d; —2mis) + O (n™1) .

It follows that

n —d iXs k 1—d PAsN
) (™) )kk(‘e ) _ (d=d),e” )76 [1F1 (1,1 —d; —27is) + O (n71)]
— ! n!
(1—-a), , 1

= 11 (1,1 —d; —2mis) + O i) (6.32)

and, then, for fixed s as n — oo, we have
; " (—d), ek 1 , 1
D, (e As;d> e P B (L1~ d;~2is) + O (). (6.33)

k=0

as required for part (c).
Part (d) follows as a special case of formula (6.33) with s = 0. We also get the result

directly from lemma A (c), viz.
-1

Dy (1;d) =) (_,j)k = (1(;_01)171)11 = 1“(11— d)nld [1 O (;)] '

k=0

3

It follows that D), (1;d) differs from zero by a term of O (n™%).

6.5 Proof of Theorem 4.3 Parts (a) and (b). We write X),(d) as the sum of two
components, the first involving L + 1 components, with 1 < L < n and where the choice of L

will be discussed below. We have:

n—1 n—1 n
)Z',\n(d) _ f)n/\ (eﬂ',\L; d) X, = Z Cflv)\pefip)\Xn_p _ Z Z (_kcll)keik)\ e—z’p,\Xn_p
p=0 p=0 \k=p+1

n

L n (—d) n—1 (—d)
— Z Z o keikA e_ip)\Xn,p + Z Z o keik)\ e_ipAXn,p.

p=0 \ k=p+1 ) p=L+1 \k=p+1
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Then

= L
Xanld) 1 Zn: (_d)keik)\ oA Xn—p
Vﬁi nl_dp:0 kpt1 k! nd_%
1 “(=d)y x| iy X
tea Do | D et | e (6.34)
p=L+1 \k=p+1 neoz

Next, look at the sinusoidal sum Zzzp 4 (7,:?’“ ¢* that appears in (6.34). We use the truncated

binomial series formula from lemma B (b) in this sum, giving

n o0 [e.e]

—d),, ; —d),, ; —d),, ;
Z (k')kez)\k: Z (ki')kekk Z (k')ke)\k

k=p+1 ’ k=p+1 ’ k=n+1
(ei)\)erl (=d)pa
(p+1)!

- (e“) e % o F) (n F1—d1n+2, eM) . (6.35)

oFy (1 +p—d,1;p+2,6”)

For large n and fixed A # 0 we have, using lemma C (a),

o0

> (_]j)ke“k =0 (nid) : (6.36)

k=n+1

while for A = A\, = 2Z% — 0 and s — 00 as n — 0o we have from lemma C (b)
o~ (=d)s ik 1 1 1 1
Z Ko C I (—d)n? 2mis +0 s + nitd (6:37)
k=n+1
So, neglecting the second term of (6.35) in view of (6.37), we get

N (=d)y (ot ot T(r+1—d) | N .
t§1 t!t(e)\> _(6A> T(—d)(p—l—l)!2F1(1+p_d’1’p+2’6/\)+0(ms>

(6.38)
for all s — 00, as n — oco. Finally, for s fixed as n — oo, we have from lemma C (c)

£ () -o(8)

k=n+1

so that (6.38) also holds with s fixed.
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Using (6.38), we deduce that

L n
ﬁz ( Z (lj)keik)\s) e—z‘p)\s

p=0 \ k=p+1

L

p+1 2F1(1—|—p d1p+2€z>\)+0<>
ns

(
= L EDo g d,1;p+2, e
- TLI dz(p—i— !21( +p—a,lip+2e )

Y (—d) , L
2 Y p+1 _ ) iAs
€ nid :Z P+ 1) 21 (1 +p—d Lip+2e )+O<n8>. (6.39)

Now

[ee]
—d .
> S 2F1(1+p—d,1;p+2,6”>
: p+1)!

(
L & D S (4 p—d) (U
- S e

e Do (1+p_d)kei)\k

- kZ:OZ@H)! (p+2);
() (1= 1), 2), (1= )
(

p+ ! (1-4d),(k+2), (2)

s [ (cd), (1—d+8),2),] (1—d), |
= L X rnaa G| @ (640)

Next, since (2), = (p + 1)! and

_I'A-d+p) (=dT'A-d+p) _

( d)p—|—1 F(_d) = F(l _ d) (_d) (1 - d)p
we have
G pﬂ —d+k),(2),  (L—d+k),
pZ: (p+ D! (1-d),(k+2), (—d);) (k+2),
= (—d) pz;) (1 ;kd:;;i’;fl)p =(=d) oFy (k+1—d,1;k+2;1)
() SEEDT) gy, (6.41)

F'k+1)I (1 +d)
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where the explicit representation in the last line follows by the summation formula of lemma
B (c). Using (6.41) in (6.40) we get

g e —d+k),(2), (A=) ire _ - (k+1) (1 —d)y_ix
kzo 2, “a,0rn,| @ T ),
- zAk _4444;{4447
Thus,
o (—=d) 11
=0 (p+1+)‘ 211 <1+p dlip 2. )
— | — p+1( _d+k)p(2)p (1-4d) s _7;
z;] pZO (p+D!(1—d),(k+2), (2)4 Feet = (1_eiAs)1—d' (6.43)

Next, using lemma F (c) we find that for > + 7~ — 0 (which holds under the conditions on s

and L that are given below),

o (—d .
3 T (1+p—d,1;p+2,e“s)

p=L+1 b+ 1)
- ¢ pzi;l ((;er)%}l—le“s [HO(‘;H
- o 5 aeow oo (3)
=O<L1dl_1€A) (6.44)

It follows from (6.39), (6.43) and (6.44) that

L n ;
1 (=D x| —iprs 1 e L
n1—dz Z A ¢ = _nl—d(l_ei)\s)l—d—i_o ns
p=0 \ k=p+1
1 d (_d)p—l—l i
F (1 —d1p+2 A)
T4 Z priy 2 +p pt+z2e

The first term in (6.45) is O( = d) and dominates the second term. The first term also
dominates the third term when ;- — 0, which will be the case when % — oo, as n — oo, for
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some a € (0,1) and L = [n'~%] and when d < 1. (Note that for s fixed the last term of (6.45)
does matter, and this distinguishes the s fixed case, which will be considered below in the
proof of part (c)). Hence, when n — oo, Ay = 0 and -% — oo (with L chosen as L = [n!7%]),

we have

n

L
1 (=D ikre | —ipns Xn—p
prerD Dl B Dy el Kt

1
p=0 \k=p+1 noo2
L n
1 (=d), ; _ X
= W Z Tkezk/\s e zp/\s[ d_"l +0p (1):| (6.46)
p=0 \k=p+1 neoz
B 1 s Xo 1
I G o\ 514
et n 1

Line (6.46) above is justified by a separate argument, which we now develop. We use the fact,
from lemma 4.7, that n%_an_p = 0,(1) and p < L = |[n'~%|. We proceed as follows. Select
K = [n'™"] — oo with 0 < n < «a (we will place a further condition on 7 below). Then,
L + £ 5 0 and we may write (for large n)

X, 1 2 R () 1 & (d)
;—f - _1 Z q Un—p—j T T Z '|Ju”*p*J d—2 Z '|ju”*p*j
ne3 n2 55 J: n J=K+1 J: 2 j=0
n—p d—1 K
1 U [ 1 K\72 1 (d);
= 1+ 0p(=) | + (= > o,
1-d P 1 [ Un—p—j
j=K+1 (%) " K " K =0 7
n—p 1 Up—p—j o) ( 1 > o) <<K>d—2>
1-d P P
j=K+1 (%) vn K

s o=t (i) (i) ((5)7)
k=K-+p+1 (%)1 TV \k—p K "
S ot o) o (f) <o ((5))
= Y - 1+0(% +0, = )+0, | | —
R (%)1 d \/n ( (k;) K n
= zn: g - (K—i_p)d_é 3 ! Up—k
o (k) Ve n S () VY
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1
p " 1 1 K\% 2

N2 p—Kipt+l

Observe that for any 6 > 0, > 77, ﬁun_k converges almost surely since Y - ﬁE [tn—r| <

00. Then,
- 1 - 1 > 1
E Z k?—dun_k < Z k?—dE ’un—k‘ < Z 7k2_dE \un_k\
k=K+p+1 k=K+p+1 k=K+p+1
1 > 1 1
S jias ) s [Un—k| = o <K1—d+§) ’
k=K+p+1
and so
g 1 B 1
> p2—dtn—k = %\ Trimi=s |-
k=K+p+1

It follows that

P z": L (p L O G
g2—d m—k = O nd—3 n(=m0=d=5) | — P\ L-n(-d—5)-s

d—1
N2 p=K4ptl

uniformly for p < L. For K = |n!~"| and with 7 satisfying
0 <7 < mi il k)
min —_—
1 “T1Zd=s )
and choosing ¢ such that 0 < § < a — %, we have

P = 1
T Ta=atn—k = 0p (1), (6.49)
n" 2 e Kiptl

uniformly for p < L.
Using (6.49), we find that (6.48) can be written as

X, 1 «(d K d=3 1 K\% 2
v L Wy, @ o, (K)om0, (2) vo, (K
nd_i nd_§ =0 k! K
X, K\% 2 1 .
= 0, n) +0, <K>+op(1)—nd_§+op(1),

uniformly for p < L = n'~® with a > %, thereby establishing (6.46).
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When n — oo with fixed A\ # 0, we have, in view of the use of (6.36) rather than (6.37) in
the above arguments, the same expression but with an o, (n_(l_d)) error. Specifically,

L n
1 (=D kx| —ipr. Xn—p
nl—d Z Z k! € € dfé
p=0 \ k=p+1 n
1 et X, 1 1nt 1 1 1
nl=d (1 _ ginyi=d pd—3 +0p <n1d> T (nLd 1— ez)\) - <n1d nd)
1 e Xn 1
— — . 6.50
nl—d (1— ei)\)l—d nd—3 +op <n1—d> (6.50)

In both cases the dominant approximation is given by the first term and we can write

n i\ i\

L

1 (=D ik | —ipr Xn—p e e Xn
- e e =
nl—d Z Z k' d—— el)\)l —d \/> (

1 ianl—d
p=0 \ k=p+1 ) ( 62)\) \/>

It remains to show that we may neglect the second term of (6.34). Using lemma C(b),
lemma 4.7, (6.38) and lemma F (c), we have, when n — oo, Ay — 0 and

n% — oo and
L=nl"

1 = . (=d)g ik —iphs Xn—p
a D | D et et
p=L+1 \k=p+1 ' e
1 n—1 ezAS(p—l-l) (_d)p+1 N 1 —ipAs X —p
~ pld > ( (p+1)! 21 <1+p—d,1;p+2,e’ ) +O<nds> o nd=3
p=L+1
eihs Nl (=d), 41 ix Xn—p 1
S (0 rarar s S ()
p=L+
et 1 s (=) n Xn—
— 0 __ S [1+O0 ol IO
1 — etrs pl—d Z ((p-i—l)! [ * (5}7)}) nd=2 T

-0, (2) vo, (;), -

which is 0, ( —) since = — 0.
For the case of ﬁxed /\ # 0 and with L = n!'=® we get

zk)\s e—ip)\s X”*IP — Op
Z ! -1
p=L+ —p+1 neo2 p=L+1

_ < ) =0 <n1 )=o) w52
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In both cases (6.51) and (6.52), the order is smaller than the leading term of (6.47) and (6.50),
respectively. Hence, for both fixed A # 0 and A\s — 0 and ;5 — oo as n — oo, we have

Xon(d) 1 & ~ (=), x| —ipr. Xnp
NG an_dzz S epd;

p=0 \ k=p+1

e e Xn
- (1—6M)1dxf (( - )”\f)
giving the required results.
Part (c). Our interest is in
n

ad n—1
Xon(d) 1 (=D ikrs | —iprs Xn—p
n marma | 2 et e

p=0 \ k=p+1

From lemma B (e) we have

(=) (€™)” (1= d),, e —iA

> = m Fi(=m,1,1 —d;1 —e ™). (6.53)
] ] 241 s Ly 3

— k! m!

Since s is fixed, 1 — e~ = % +0 (n_Q) and using lemma D and (6.53) we get

" (—d), (e*)" 1—-d 1
Z( )’“k(, S _ ! , b B (11— d;—2ris) +O< 1+d> (6.54)
— ! n!
Using (6.53) with m = p and lemma D again we obtain
P z)\ 1—d) etrsp .
Z ) = # 2Fi(=p, 1,1 —d;1— e ™)
k=0 b
(1—d), ehsp 1
- A (1.1 —di—2mis?) + 0 <p1+d> . (6.55)

Now n%_an,p = Op (1), uniformly in p < n, so that

1 O ~ (=), x| —ipr. Xnp ~ (=), x| _ipn.
nl—dz > L€ s el s e dz > wC e 1 Op(1).

p=0 \k=p+1 ne2 k=p+1
Using (6.54) and (6.55) and noting that > p 174 =0(1), we have
IBRN ~ CDg e, | —iphe Xnop
nl—dz Z k! ¢ e =T

p=0 \ k=p+1 ’ n-oz2
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_ e

_ 1 Z”: (1—d), 1F (1,1 —d;—2mis) (1—d),e™P 1 F (1,1 —d; —2misk) PN
nl—d nl p

(ih)

Next observe that, since s is fixed as n — oo,
n

1 (1 B d)n —ipAs Xn—p _ 1 1 & —ipAs Xn— P 1
nl—d npl Ze d—3 _F(l—d)ﬁze d—*+0 n

n

p=0 p=0
1 1 <& Corisr Xnp 1 1 /1 s 1
- —_— s,y T8 — - - msrX 1— d +
1 ! 2misr 1
= F(l_d)/o e ™ Xy, a(r)dr 4+ Op <n>
Further,

—d), 1F1 (1,1 —d; —2misk) X,

—-p
nl— dz p! nd—3
n
1F(1,1 - d —2mis?) X,,_, 1
= 1_ nl dz nd_%_'_Op nl—d
1 1 1F —d;—2misk) X,,_ 1
- 72 1 1( d ) . 1p+OP 1—d
rt—dn (2) nd—3 n
p:1 n

1 1 o )
= I‘(l—d)/o 1F1 (1,1 — d; —2misr) r Xn,d(l—r)dr+0p<n1—d>'

We deduce that

1 ¢ “~ (=d)y, i iphe Xn—
. T D jikrs | —iprs 2n—p
nl_dZJ Z oc € i

p=0 \ k=

= { (1—d), 1F1 (1,1 —d; —2mis) (1- d)p P Fy (1,1 — d; —2misr) } .y Xn_p

1
= aid Z 1

— nd—3

n! p!

1
w0 (o)

1 1 )
e m |:/0 6_27T’LST 1F1 (1, 1 — d, _27TZS) Xn,d(l — fr)dr

1 . ) .
—/0 1B (1,1 —d;—2misr)r anyd(l — r)dr] + O, (nl—d>

1By (1,1 —d; —2mis) 1 o,
N T'(1—d) /0 A X, q(r)dr
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1 1

1
P
_I‘(l—d)/o 1Fi1 (1,1 —d; —2misr) r= %X, (1 —r)dr 4+ O, <nl_d> ,

giving the stated result.

Part (d). When d =1 the series expression for n X an(d) terminates because (—d), = 0 for
all £ > 1, so that only the term involving p = 0 is retained. We then have

Xon(1) .
vn vn’

which holds for all \.

6.6 Proof of Theorem 4.4 By definition, z = (1— L) %u, = (1— L), and from

theorem 3.7 we have

wy (A) (1 - ei/\> = w,(\) —e?

where

. (_f)keik)\_

n—1
Uxn () = D (ffﬂ“L; f) tn = frpe Punp, and fi, = Y
p

=0 k=p+1

Now, as in lemma B (e), we have

QFI(_nv ]-7 1—- f’ 1— eii)\s)

_ _ poq =X —ipAs Un—p
p| 2F1( p’l’l fa]- € )}6 \/ﬁ

As in the proof of theorem 4.3 and using the fact that Zzzlp_l_fun,p =0, (1) as n — o0,

we proceed as follows

ﬁksn(f)

2mn
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_ 1 Q- ), 1F1 (1,1 — f;—2mis)
B \/%pz:;{ n!

B (1—- f)p NP 1 Fy (1’ 1—f; _27ri8%) L0 ( 1 > } o~ PAs Un—p

p!

L KA, 1P (11— f;—2mis)
B \/%pz:;{ n!

_ iXsp . Ty

p! vn vn
1 (=) 1R (L1 = f5=2mis) N i, Unp
- Vor n! ;;06 n
1 A=, (1,1 — f;—2misk) Uy (1)
Var = p! Vn PA\vn
_ \/12? (1—f), 151 (:L; 1 — f; —2mis) /01 e~2TTGX (1= )
) n

o) )02
\/12?(1—f)n 11 (le;l—f; —2mis) /01 2T (1 )

\/; 1_ nfz N A (11— f;—zms%>“”—\/g’+0p (%)
\/%“‘f)n L (:L;l_f’ —2mis) /01 e 2mTGX, (1 - 1)
Vlz?r § _lf) nt /01 T AR (L fi2mien) dXa (1= 1) + O, <Jlﬁ>

1 1 . ! —2misr
= NS TETTi {1F1(1,1—f;—27ms)/0 e 2T d X, (1 —7)
! 1
—/0 r~l L Fy (1,1—f;—27risr)an(1—r)}+Op <\/ﬁ>

So we have

ﬁAsn(f) _ 1 1
N mra—f)nf{lml’

1
—/0 r=l 1R (1,1 = f; —2misr) dX,, (1 — 7“)} +0, (%) ,

1
1 — f;—2mis) / e TAX, (1 —7)
0

as required. Note that when f = 0, we get
VFy(L L =2mis) = e 2™ =1, 1 Fy (1,1; —2misr) = e 2™,
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and Uy, (0) = 0.

6.7 Proof of Lemma 4.7 Akonom and Gouriéroux (1987) prove the result when wu; follows
a stationary and invertible ARMA process. Using the device in Phillips and Solo (1992), we
write

u=C(L)eg=C(1)eg+28-1 — &

where & = C'(L)er = > 72, ¢er—j and ¢; = Y ;21 ¢ Under (2.4), & is stationary with
mean zero and finite variance o2 Zjio&? Then

X, =(1-L) %w=Cc)1-L) % —1-L)"%,.

Now for 3 <d <1,¢& = (1— L)'7%%, is stationary with mean zero and finite variance, so

that néfdg inr] —7p 0 On the other hand, X7 = (1 — L)fd €¢ is a fractional process constructed
from éid (0, 0?) innovations with El|e;|P < oo, and so from Akonom and Gouriéroux (1987)

1 d O " _
Z,d(r) = dféXfm"J — F(d)/o (r— S)d 1dVV(S).
n

It follows that

Xn,d(r) = T%X\_mﬂj i Bdfl(T) _ oC (1) /OT (T B S)d—l dW(S)

as stated.

6.8 Proof of Lemma 4.8 By theorem 4.3 (c), lemma 4.7 and the continuous mapping

theorem we have

Xn(d) 1L 1= ds =2mis) (1o,
Jn = Ta—d /062 Xop,a(r)dr
1

! 1
_d)/o 1F1 (1,1 —d, —QTFiST) Tian,d(l —T)dT'+Op <nld)

T (1=
a 1F1 (1,1 —d; —2mis) /1 o
7T745TB _ 1_ d
T (1—d) - a-1(1 —r)dr
1 1
—m A 1F1 (]., 1-— d, —27['7:87") 'I"_dBd_l(l - T)d'l". (656)

In the above, we can replace X, 4(r) by a continuous polygonal version up to an op(1) error
uniformly over r € [0,1]. The continuous mapping theorem then applies since the mapping
f— fol r~@f(1 —r)dr is continuous when d < 1 for all continuous functions f, and since the
confluent hypergeometric function 1 F} (a, c; ) is an entire function of x.
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Now observe from lemma E that
1 ! d ! ;
I'(l1—d)” / By (1,1 —d; —27is (1 —q)) (1 — q) " By_1 (q) dq = / e~ 2ms(1=04B (¢).
0 q

It follows that (6.56) is

(1,1 —d;—2mis) (Y o ...
1 1(1“(1 d) )/ e ? ™ By_1 (1 —r)dr
o 0
1 1
_I‘(ld)/ 1F1 (1,1 —d; —2misr) T_dBd,1(1 —r)dr
- 0
1F1 (1,1 — d; —2mis) /1 omis(1r) L (e
e’ TBd_l(l—r)dr—/ e 219 4B (¢)
I'l1—d) 0 o
1F1 (1,1 — d; —2mis) /1 o /1 .
= e2msT B () dr — 2™ B q). 6.57
T A (@) (6:57)
Then,
Xon(d) 4 1F1 (1,1 — d; —2mis) /1 i /1 o
— e ﬂlsrBd, (7“ dr — e2™is4 0 B q), 6.58
Vi ri-a = f @, (659

giving the first stated result.

6.9 Proof of Theorem 4.9 We offer two proofs of (4.20). The first is by operational
techniques and is given in the proof of lemma E (a) - see (6.18). The second is by way of weak
convergence of the two sides of (3.8) as n — co. At \; =0, (3.8) is

1 < 1 < 1
— NXD, (1,d) — —— X, (). 6.5
\/ﬂtzlut \/ﬁtzl t ( ) \/% )\Oa ( ) ( )
From lemma A (c) for d € (3,1]
(), (-a),
k=0
_ 1 -1
T(1—d)nd [1+O(n )]v

so that

\}EZXtDn(l,d) = F(ll_d)iz ff_tl [1+0 ()]

t=1 1 2

1
4 F(ll_d) /0 By 1 (r)dr. (6.60)
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From theorem 4.3 (c), (4.3), lemma 4.7 and the continuous mapping theorem we have

X on(d) 1 ! 1 = !
= raa ) X gy [ X =i+ 0, ()
.1

1 1
5 By_1(r)dr —/ 9By 1(1 - T)dr] : (6.61)
I'(1—d) [/0 0
It follows from (6.59), (6.60) and (6.61) that

n 1
\/15 S uw S B(1) = F(ll—d)/o (1= 1) By (r)dr, (6.62)
t=1

Applying the same argument to the relation

[nr]

1 1 1 ~
Uy = XDy (1,d) — —=X ), |nr1(d),
V2mn ; ! 2mn ; ¢ (1,d) V21 Aol J( )

instead of (6.59), we obtain the more general formula

B(r) = M /0’” (r—q)~ Ba_1(q)dy.

To prove (4.19), we can proceed in the same way using (3.8) and theorem 4.3 (c¢). Or we
can employ operational techniques, as in the proof of lemma E (b), which gives the stated
result directly.

6.10 Proof of Theorem 4.10 Part (a) follows from the representation (4.6) and stan-
dard results on the asymptotic behavior of the dft of a stationary process whose spectrum is

continuous. Indeed, from (4.6) and using lemma 4.7 we have

o\ —d As; X 1
As. e 7 il
Wy (Asj) = (1 —e J) Wu ()\Sj) B 1_760‘% 2:'71 + o (nl_d>

(1-¢?) " () [1 +0 <J\14>] +0p <n11d>

where the error magnitudes hold uniformly for s, € By = {(Z) -1 ?+ ﬁ} . Theorem 3 of

Hannan (1973) implies that the quantities {wu()\sj)}jzl

distributed with the same complex normal distribution N.(0, f,(¢)) as n — oo. The stated

are asymptotically independent and

result for the quantities {wz(\s;) 3]:1 follows directly.
Part (b) proceeds as follows. From (4.7) we have

ixe; ) 4
e X, (1 —c '7)

. —d
wa (As;) = <1 - €Msj> wy (As;) = 1o orn .

o7



Then,

. —d
. d 71)\5-
el)\sj X’n, Sj <1 — € J)

e e (0) = )" (1-¢™) i (0n) = (0"

) (_deu (As,) [1 +0 <i>]
() s 1o () it ()
(

1
na(l—d)
J

uniformly over s;. It follows that the family {(/\Sj)dww ()\Sj)}' , are asymptotically dis-

J:
tributed as
wdi J
{e ‘U ()\sj)}jzl ’

1— eMSJ‘ 2m™n

wdi

= ez wy ()‘Sj) +Op <i) +0p

that is, the members of the family are asymptotically independent and have the same complex
normal distribution, ewleNc(O, fu(0)) or simply N.(0, f,(0)), as n — oc.
For part (c) note that for each j

n

1 1 Xt opeit 1 /1 Omiss
—wr (As;) = == 2t = —— [ TS X, 4(r)dr + 0, (1),
iv( 5,7) V2rn o nd_% or Jo n,d( ) p (1)

and so, by the continuous mapping theorem,

1 d 1 1 QTiS s
wa ()\sj) — ,7271-/0 e ZS]TBd_l(’l“)d’l“7

giving the stated result for each s;. It is clear from the Cramér-Wold device that joint conver-
gence for {n*dwm()\sj) :j =1,...,J} also applies. Another approach to this result is to note
from (4.10) that (dropping the subscript on s;)

wy (As) I'(1—4d) 1 1

T T R (L= d —2ris) [wu (As) + \/%)?M(d)] +0, <n> . (6.63)

n

Now

n

1 ¢ 1 1 .
" )\s — 27rszﬁ — / 27rszran 4 1 , 6.64
w ( ) \/% tz:; uge m 0 € (T) Op ( ) ( )
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where X, (r) = ﬁ ZthiJ ut, and from (6.58) it follows that we may write

Xon(d) _ 1Fi (1,1 — d; —2mis) /1 i /1 .
s — WZSTXTL d _ Tr’quan 1 ' 665
Vn T(1—d) ; e d(r)dr - e (q) + 0, (1) ( )

Combining (6.64) and (6.65) in (6.63) we get

1
nd — / 627msan’d(7")d7“ + Op = / 27r7,s7“B 71 d
0 Vv

as above.
Part (d) follows from (3.9) and (4.15). Explicitly,

e X,
1— e

. —1
we () = (1=e™) wa(n) - -

(1- eid’)il wy (A, ) — lf;\/%] [1 +0 (1\14” (6.66)

ip
d _ id)) €Z
— (1 e §j e“ﬁn

where the family {§j}‘j]:1 are iid Nc (0, fu (¢)) as in part (a), and the {; are independent of

(6.67)

where B is the Brownian motion in (4.15), since the ordinates w,()\s;) are asymptotically
independent of wy(Ag) for all s; # 0.
For part (e), (3.9) yields

1 e Xn
(Ns;) wz (Ns;) = ()‘Sj)mwu ()‘Sj)—()\sﬂm\/%
= —lwu (As;) [1+O<1>] + = ! [1+O(1> L X
7 n 2m /N

where the family {5 ;}i=1 are iid N (0, f,, (0)), and the £; are independent of 7, which has the
same form as in (6.67) above. Finally, when s; is fixed, (4.15) and the continuous mapping
theorem imply that

1 Xt 2 t 2
Zw, — LS TS TB .
nw ( 27r n Z \/27r / ' (6.:68)

2mis;r

which gives (4.26). Since e is continuously differentiable we may apply by integration by
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parts to (6.68), giving

! 1

0 2mis;

1 [627TisjrB ('I“)

N L 1 [3(1)—/0162“%%3(7")},

1
2mis;r
e“™ITdB(r)| = ———
/0 ( ) /2 27msj

27Ti8j
which leads to the representation
I
=— [ eT"dB(r),
6= | o)
giving (4.25). Obviously, (6.68) also holds for s; = 0, and part (f) is proved.

6.11 Proof of Theorem 5.2 From (4.6) and lemma 4.7 we have

B o B ers X, 1
wr(h) = (1=e™) T () — 2= o i
\—d 1 1
_ _ i
= <1 e ) Wy, (AS) |:1+O <7‘ V>:| +Op (nl_d>7

where the error magnitudes hold uniformly for Ay € By = {qb — 1 ?+ ﬁ} . Then, as n — o
with % — 0, we have

~ 1 .
fﬂcm((ﬁ) = E Z wx()\s)wx ()\S)
MeeB(9)
AeB(9)
P 1
7 el () 6.69
|1 _€Z¢|2d ( ) ( )

by virtue of the consistency of the smoothed periodogram estimate in the stationary (linear
process) case (e.g., (Hannan, 1970, ch. IV)), giving part (a).
For part (b), when d = 1 we have from (6.66)

wy (As) = [(1 - ew)_lwu (As) — &\/%} [1 +0 (L)] ,

and, as n — oo with % — 0, we have

~ 1 .
foa (@) = m Z wz (As) we (As)
AsEB(¢)
1 1 . 2 1 e X,
= ———— Y wA)w(A) ———Re|— Y wi(\)
1 —e?"m | 5l 1 — e "\ €B(9) vann
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e () o ()
11— eid)? 2mn PAM
d 1 1 B(l))2
S Ot <m ,

in view of (6.69) and (4.15).
To prove part (c), we write the sum (5.2) as the sum over the full set of frequencies {\s }"=

and a residual, i.e.,

%ﬁrw (0) =

1
T/ X\ &= we () we ()
_ 1 ) - . (6.70)
(1) — 2

Since 1% — oo we have by (4.8)

1 1 ix) ¢ et X, e’ X
mwx(As) = [(1—6 ) wy (As) — 1 — giXs \/%_}—OP mﬁ

1
- o ().

uniformly for s > m. When m is such that % — oo, it follows that

1 1
— Wy )\s = —a |
ndw (As) =o0p <nad>

and then .
— wz () wy (N)* n
Y TR EEE — o, (W) =0, (1) (6.71)
s=m

for o chosen such a > 5. We deduce from (6.70), (6.71), (4.15) and the continuous mapping
theorem that

giving the stated result in part (c). Part (d) follows in an analogous fashion with d = 1 and
a>1
=2
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7 Notation

—as. almost sure convergence
=4 distributional equivalence

= definitional equality

0as.(1) tends to zero almost surely

op(1) tends to zero in probability

—p convergence in probability

£>, —d weak convergence

|- integer part of

(@) (a)(a+1)...(a+ k — 1) forward factorial

1F1 (a, ¢ 2) Yoo %zk, confluent hypergeometric function
K

(
oF1 (a,b,¢;2) Y02, ((ZZ’;:Z),’“ 2¥ hypergeometric function
)

1(A indicator of A

X (r) n=E S w

X.a(r) nZ =X,

'z fooo e t*~1dt gamma function (Re(z) > 0)
B (z,w) Fr(é)i%) beta function

wq (A) \/ﬁ S| aret™ discrete Fourier transform
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