INFERENCE AND SPECIFICATION TESTING IN
THRESHOLD REGRESSION WITH ENDOGENEITY

By

Ping Yu, Qin Liao, and Peter C. B. Phillips

November 2019

COWLES FOUNDATION DISCUSSION PAPER NO. 2209

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
YALE UNIVERSITY
Box 208281
New Haven, Connecticut 06520-8281

http://cowles.yale.edu/




Inference and Specification Testing in Threshold

Regression with Endogeneity*

Ping Yuf Qin Liaot
The University of Hong Kong The University of Hong Kong

Peter C. B. Phillips®
Yale University, University of Auckland
University of Southampton & Singapore Management University

First Version: June 2017
This Version: November 2019

Abstract
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in different ways and these methods do not require instrumentation. All three methods are applicable
irrespective of endogeneity of the threshold variable. The two specification tests are constructed using a
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1 Introduction

In recognition of potential shifts in economic relationships, threshold models have become increasingly pop-
ular in recent econometric practice. Hansen (2011) provides an overview of the methods and their various
applications in economics and finance. One typical application of the threshold model in time series is to
illustrate asymmetric effects of shocks over the business cycle (e.g., Potter, 1995). Threshold models are
also useful in cross section applications. For example, Hansen (2000) applied a threshold model to show
that depending on the starting point, rich countries and poor countries have different growth patterns. All
this literature assumes exogenous regressors and an exogenous threshold variable. But in practical work
there is often uncertainty about exogeneity and threshold model applications have commonly encountered
endogeneity issues. For example, the empirical growth models used in Papageorgiou (2002) and Tan (2010)
both suffer from endogenous regressor problems, as argued in Frankel and Romer (1999) and Acemoglu et
al. (2001).

The standard model formulation for endogenous threshold regression is
y=xP1l(g<) +x'Byl(g>7y) +e=xB+x'61(g<7) +¢, (1)

with E[e|x] # 0, where x = (1,2/,¢)" € R*! = RE, and where d and d are the dimensions of the nonconstant
covariates (2’,q)" and all covariates including the constant. The parameter of interest is 6 = (5/1, By, ’y)/ or
equivalently, 6 := (5/,5’,7)/ with 8 = B85, § = 6, — By and v € I". This setup is similar to endogenous
linear regression except that the regression coefficients depend on whether the threshold variable g crosses
the threshold point 7.

The literature on estimation of this model includes the following three main contributions. First, Caner
and Hansen (2004) (CH hereafter) use a two-stage least squares (2SLS) method to estimate 7 in the small-
threshold-effect framework of Hansen (2000), but assuming ¢ is exogenous so that E[e|x] = E[e|z] holds.
Second, working in Hansen’s (2000) framework, Kourtellos, Stengos and Tan (2016) (KST hereafter) use a
control function approach to deal with the case where ¢ is also endogenousﬂ Their setup is parametric (see
Kourtellos et al. (2017) for a semiparametric extension) and the asymptotic theory is flawed. Specifically,
Yu, Liao and Phillips (2018) (YLP hereafter) show that the structural threshold regression (STR) estimator
of the threshold point in KST is not consistent unless the endogeneity level of the threshold variable is
low compared to the threshold effect. Third, Yu and Phillips (2018) (YP hereafter) use an integrated
difference kernel estimator (IDKE) to estimate v in the fixed-threshold-effect framework of Chan (1993).
Their estimator can be applied irrespective of whether ¢ is endogenous or whether instruments are available
(as required in the previous two methods). Even when there are no instruments available and the model
reduces to a nonparametric threshold regression, their estimator is still n-consistent, just as in the parametric
setupE| The endogeneity problem is also considered in the related structural change literature, where the
threshold variable is a simple time index and is always exogenous; see YP for a detailed literature review.

In spite of the theoretical developments on the estimation of v in endogenous threshold regression, infer-

LIf ¢ is exogenous, then KST’s estimator is asymptotically equivalent to CH’s estimator.

2There are two other estimators of v in nonparametric threshold regression with different motivations and objective functions
from the IDKE. The first estimator is the semiparametric M-estimator of Henderson et al. (2017). That estimator can be treated
as an extension of the partial linear estimator of Porter (2003) (see also Yu (2016)) in regression discontinuity designs to the
case with unknown discontinuity point and extra covariates (beyond g), but this estimator can be applied only to the case
with constant threshold effects; readers are referred to the supplementary materials of YP to see why the authors avoid using
a generalized version of this estimator. The second estimator is the least squares estimator of Chiou et al. (2018). Chiou et al.
(2018) can be treated as a nonparametric parallel of Bai and Perron (1998); for example, they allow for multiple regimes, use
sequential tests to determine the number of regimes, and g ¢ x (because ¢ in structural change models is the time index which
is usually not a covariate in x); again, readers are referred to the supplementary materials of YP to see why the authors avoid
using this estimator.



ence concerning the threshold parameter -y still presents practical difficulties especially when ¢ is endogenous.
First, the CH method should be applied only if ¢ is exogenous. For as shown in Yu (2013a), the CH esti-
mator is generally inconsistent when ¢ is endogenous. Second, as mentioned above, the KST approach is
not generically applicable. Third, the asymptotic distribution of the IDKE in YP is too complicated to be
readily applied in empirical work. This paper seeks to alleviate these practical difficulties by proposing three
new methods of confidence interval (CI) construction for ’yE| All three methods can be applied regardless
of whether ¢ is endogenous. To our knowledge, these methods are the only valid and applicable inferential
tools that are robust to endogeneity of ¢ in the sense that the procedures need no modification when ¢ is
endogenous. The first method is a parametric two stage least squares (2SLS) method and requires instru-
ments, while the second and third methods are based on smoothing the objective function of the IDKE
in different ways so that instruments are unnecessary. In discussing the first method of inference, we also
discuss the identification issue of v using moment conditions. Of the two remaining methods, the second
method assumes fixed threshold effects and uses the data around the threshold point marginally, while the
third method assumes shrinking threshold effects and makes full use of data around the threshold point.
So the second and third methods are similar in spirit to the smoothed maximum score (SMS) estimator
of Horowitz (1992). On the other hand, the two methods differ from the SMS estimator in the sense that
they have slower convergence rates than the IDKE in YP while the SMS estimator improves the convergence
rate over the original maximum score estimator of Manski (1975, 1985). This feature of the methods is in
some sense similar to the smoothed least squares estimator (SLSE) of Seo and Linton (2007) which also has
a slower convergence rate than the usual least squares estimator (LSE) in, e.g., Yu and Fan (2019). Like
the original IDKE approach, both of these IDKE-smoothing methods are nonparametric and require kernel
and bandwidth selection. Practitioners can select an approach to inference from among these three methods
based on their suitability to the data and on data availability. For example, if instruments are available,
then the first method can be used; otherwise, the second and third methods may be preferable.

This paper also proposes two specification tests. The first tests for the existence of endogeneity, and the
second tests for the presence of threshold effects with and without instruments. Both tests are score-type
tests in the sense that they are constructed under the null, and their asymptotic properties are therefore easy
to develop. More importantly, these tests of structural shifts are easier to implement in practice than the
popular Wald test especially when instruments are unavailable. Because the Wald and score tests of structural
shifts when instruments are available are standard extensions of existing tests and are well understood in the
literature, these tests are relegated to an online supplement and the main text of the paper concentrates on
the test without instruments. Both specification tests discussed in the main text take a nonparametric form
and have an asymptotic normal (null) distribution. We suggest a wild bootstrap procedure to obtain critical
values for these tests. Practitioners are encouraged to give greater attention to the inference methods and
specification tests that are developed without instrumentation because good instruments are often hard to
find and justify in practical work.

The rest of this paper is organized as follows. Section 2 provides an overview of the three inference
methods and the two specification tests. Sections 3 to 5 analyze the three inference methods in turn and
derive the corresponding asymptotic theory for constructing Cls. Section 6 presents the limit theory of the
two specification tests and shows how to bootstrap the critical values. Section 7 includes some simulation
results and Section 8 concludesEI Proofs of theorems with supporting propositions and lemmas are given

in Supplements A, B and C. Additional discussion on parametric tests for the presence of threshold effects

3We will not discuss inference on regular parameters such as 8 and § because these cases fall within the standard literature;
see, e.g., CH, YP and YLP. The first inference method in this paper also covers 8 and 4.

4The dissertation of Qin Liao includes a serious empirical application using the techniques in this paper. To restrain the
length of the present paper, we decided to discuss this application in separate work.



when instruments are available is given in Supplement D. These supplements are collected together for online
access in Yu et al. (2019).

A word on notation. The three inference methods in the paper are labeled Methods I, 1T and III. The
symbol £ is used to indicate the two regimes in or the two specification tests, and is not always written
explicitly as ‘¢ = 1,2’. For matrices, A > 0 means that A is positive definite, span (A) denotes the column
space of A, and I, is the m x m identity matrix. For a random sequence Z,,, plimZ, means the probability
limit of Z,, as the sample size n — oo. For any random vector x, x<~ := x1 (¢ <) and x> is similarly
defined. For any two random vectors x and y, x | y means x and y are independent. A parameter with a

subscript 0 is the true value of the parameter.

2 Overview of Inferential Methods and Specification Testing

This section briefly overviews the three inferential methods and the two specification tests, introduces nota-

tion useful in the subsequent development, and details assumptions employed in the asymptotic theory.

2.1 Methods of Inference for the Threshold Point

If we write the model asy = G (x,q;0) + ¢, with E[e|z, q] # 0, where G (z,¢;0) = x'8+x'01 (¢ <) is
a nonlinear function of (z, q), then estimation of v can be treated as in a nonlinear regression model with
endogeneity. As argued in Section 2.1.6 of Blundell and Powell (2003), the fitted-value method of 2SLS relies
heavily on linearity of the regression function, a feature that can explain why the 2SLS estimators in Yu
(2013a) are not consistent. To restore consistency of 2SLS, we need to maintain the linear structure of the
model. In other words, instead of projecting (z, ¢) on instruments z, we first project (x,x<,) for a fixed v on
z to get the predictors X and X<.; then we can find E(’y) and g(’y) by regressing y on X and X<.; finally, 7 is
obtained by minimizing 37, (y; — X,8(y) — §’§W§('y))2, from which we obtain 3 = 3(3) and 6 = 6 (3). It is

easy to see that this procedure is equivalent to the instrumental variable (IV) extremum estimation problem
(B,S, a) = arg min (¥ — X5 — X<0) P (Y = Xf — X<,0), 2)
0,y

where Y, X, X<, and Z are matrices stacking y;, x, X’Sw and z respectively, and Py is the projection matrix
onto the instrument space span (Z). This method, labeled as Method I, treats v as a regular parameter and
is just nonlinear 2SLS, as in Amemiya (1974). We will also show that this 2SLS estimator may be viewed
as a version of the GMM estimator considered in Hall, Han and Boldea (2012) (HHB hereafter; see also
Andrews, 1993) but one that turns out to have more desirable asymptotic properties, including consistency,
in the endogenous threshold regression case.

To better understand the estimator 7, we consider the case where x = 1, , = 0 and §p = 1 are known, and
z = 1. For this simple case, y = 1 (g < 7¢)+¢, and the moment condition is E[ze] = E[e] = Ely| — F,(v,) = 0,
where Fy(-) is the cdf of g. In other words, v, = F; '(E[y]) is the E[y]’'th quantile of ¢, and 7 = ﬁq’l@).
Following this intuition, we will show that: (i) 7 is y/n-consistent, asymptotically normal, and the asymptotic
variance involves the density of ¢ at v, (i-e., fy(7o)) as in quantile regression; (ii) different from the usual

threshold regression estimators where 7 is asymptotically independent of (B,g), this new estimator 7 is

correlated with (E,g) asymptotically. Given these two results, a valid CI for v can be constructed jointly
with (8,d) by means of the bootstrap, just as in quantile regression to avoid nonparametric estimation of
the density fy(v,) in the asymptotic distribution.

Differing from CH estimation, this 2SLS estimator can be applied irrespective of whether ¢ is endogenous.



Yu (2013a) shows that when ¢ is exogenous, the CH estimator is inconsistent if the first stage predictor is a
projection rather than a conditional mean. By contrast our 2SLS estimator requires only a linear projection
in the first stage, so it is more robust in this respect.

Moving away from instrument-based estimation, we next introduce instrument-free estimators in Methods
IT and IIT by extending the IDKE of YP in different directions. Without instruments, the model reduces to
a nonparametric threshold regression that can be written in the form

y = m(z,q) tu=m_(,9)1(¢ <) +my(r,9)1(¢>7) tu
= g(z,9) +A(z,9)1(¢ <) +u,

where u = ¢ — Efe|z, q], m_(z,q) = x'B, + E[e|z,q], my(2,q) = x'B, + Ele[z, q], g(z,q) = my(2,q) when
g >~ and is the smooth extension of m, (z,q) when ¢ <+, and A (z,q) = m_(z,q) — m4(x,¢). This setup
allows Ele|z, ¢] to be kinked or discontinuous at 4. When E|[e|x, g] is smooth, then g(z,q) = x'S + E[e|x, ¢]
and A (x,q) = x'0; otherwise, g(x,q) # %' + Ele|x,q] for ¢ < v and A(x,q) # x’'6. When Ele|z, q] is
continuous A (z,v) = (1,2/,7) 4.

To construct the IDKE of v, we start by defining a generalized kernel function, following Miiller (1991).

Definition: kp(-,-) is called a univariate generalized kernel function of order p if kp(u,t) =0 when u >t
or u<t—1 and for all t € [0,1],

¢ . 1 if =0
/ w kp (u,t)du = ’ 1 J ;
t—1 0, if1<j<p-1.

A popular example of the generalized kernel function is obtained as follows. Define the space

b if 1 =
M, ([a,b]) = {geLip([a,b])a/ xjg(w)dx:{ 37 i£31<(3)',<p—1 }

where Lip([a, b]) denotes the space of Lipschitz continuous functions on [a,b]. Define k,(-,-) and k_(-,-) as
follows:

(i) The support of k_(x,7) is [~1,7] x [0,1] and the support of &y (x,r) is [—r, 1] x [0, 1].
(i) k_(-,7) € M, ([=1,7]) and k4 (-,7) € M, ([—r,1]).

(iii) ky(z,7r) = k_(—z,7).

(iv) k_(=1,r) = ki (1,7) = 0.

Condition (iv) implies that k_(-,7) is Lipschitz on (—oo,r] and ki (-,r) is Lipschitz on [—r,00). This as-
sumption is important in deriving the asymptotic distribution of the IDKE of . Readers are referred to
Appendix A of Porter and Yu (2015) for related discussion in the DKE case.

To simplify the construction of kj(u,t), the following constraints are imposed on the support of = and
on the parameter space.

Assumption S: (y,2/,q) e Rx X x Q C RY, X = [0,1]971, Q=g,q], and y €T =[7,7] C Q, B€E B C RY,
§ € 2 C RY, where q can be —oo and q can be co, and I', B and = are compact.

We do not restrict §g to be fixed or to shrink to zero in all cases. Rather, Jg is taken as fixed in Method II and
shrinks to zero in Method ITI. We assume z is continuously distributed, but note that continuous and discrete



components may be accommodated, at least in a conceptually straightforward manner but at the expense of
additional notational complexity, by using the continuous covariate estimator within samples homogeneous
in the discrete covariates. Requiring the support of = to be [0,1]9~! is not restrictive as this support can be
achieved by use of a suitable monotone transformation such as the empirical percentile transformation. The
compactness assumption on X simplifies the proof and may be relaxed by imposing restrictions on the tail
of the distribution of z.

Define

k() = ke(1) = k(1) € My ([=1,1]), kn(u) = k(u/h)/h,

k() = ki(5,0) € M, ([0,1]), K5t (u) = ki (u/h)/h,

k-() = k-(0) € Mp([-1,0]), k;, (u) = k—(u/h)/h,

and
k(%) ifh<t<1-h,
kn(u,t) = ¢ Fhy (%, 1), if 0 <t <h, : (3)

Fho(®,51), ifl-h<t<l

Then kp(u,t) is a generalized kernel function of order p. We may construct a corresponding multivariate
generalized kernel function of order p by taking the product of univariate generalized kernel functions of
order p. We only require kp,(u,t) to be a first order kernel function in Method II but may require it to be a
higher order kernel function in Method III In particular, we use the following two conditions. For Method

II we use:
Assumption K: kj,(u,t) takes the form of (@) with p =1, k4 (0) = k_(0) = 0, and k', (0) > 0, k”_(0) < 0.
For Method IIT we use:

Assumption K': kj(u,t) takes the form of (@ with p = s, and k1 (0) = k_(0) > 0, where s is the

smoothness index of g(x,q) and will be defined in Assumption G’ below.

Assumption K mimics Assumptions B2 and B3 of Delgado and Hidalgo (2000) (DH hereafter) and Assump-
tion K’ is Assumption K in YP with the additional requirement that p = s. Higher order kernels are required
in Assumption K’ only to achieve the optimal convergence rate of . In practice, p = 1 is sufficient.

Given kjp,(u,t), the IDKE of v is constructed as the extremum estimator which satisfies

2
n

. 1 1 " _
Y = argm,?“X EZ n—1 ‘ Z ‘yjK;Z,ij n— Z y] hzj (4)
i=1 Jj=1,j#i J 1,j#1
=: arg maX —ZAQ =: arg max @n ),
i=1 v
where i
K}Z,z‘j = 2:1 kn(zij — @i, mi) - kg, (g5 — ) =1 K zjk (G =),
—1
KZL-AZ =1 kn(zy — @, i) -k (g — 7) = K} k(g =), (5)

- v+
Ai (’7) = nll Zg 1,j#1 yJK}’sz n— 1 Zg 1,j#1 yJKh Ky

5Note here that the usual symmetric kernel is a second order kernel, but the boundary kernel is only a first order kernel
because [ ukp(u,t) # 0,




For notational convenience, we here use the same bandwidth for each dimension of (2/,q)’, although there
may be some finite sample improvement from using different bandwidths in each dimension. As suggested
in Yu (2012, 2015b), we need only check the mid-points of the contiguous ¢;’s in the optimization process
of In other words, the argmax operator is a mid-point operator. The summation in the parenthesis
of excludes j = i, which is a standard strategy in converting a V-statistic to a U-statistic. Also, the
normalization factor Z;Z:L i Kfﬁj does not appear in the construction of 7, thereby avoiding random
denominator issues in conditional mean estimation and simplifying the derivation of the limit distribution of
7, a technique that dates back at least to Powell et al. (1989). This form of 74 has some practical advantages
especially when d is large. Since the conditional mean is estimated at the boundary point ¢ = ~y, the local
linear smoother (LLS) or local polynomial estimator (LPE) may be considered to ameliorate bias. However,
when d is large, there are not many data points in a h neighborhood of (2},v)’. As a result, not only does
the LLS lose degrees of freedom (by estimating more parameters) but its denominator matrix can be close
to singular, which disrupts finite sample performance. Further, differing from regular parameter estimation
(such as conditional mean estimation), use of the LLS in this context does not affect the first-order asymptotic
distribution of 7.

CI construction based on the limit distribution of ¥ under Assumption K’ and fixed threshold effects
(i.e., in the framework of YP) is challenging because the asymptotics involve a compound Poisson process,
making simulation awkward. Methods II and III use different smoothing schemes to achieve more convenient
asymptotic distributions. Method II assumes fixed threshold effects but uses data in the neighborhood of
7o only marginally. The resulting asymptotic theory is normal and the CI can be constructed by inverting
either the ¢ or likelihood ratio (LR) statistic. Method IIT fully utilizes data in the neighborhood of v, but
assumes shrinking threshold effects. The limit distribution then involves a two-sided Brownian motion. As
suggested in Hansen (2000) we can invert the LR statistic (rather than the ¢-statistic) to improve finite-
sample performance. As expected, due to insufficient usage of data information in the neighborhood of ~,
the convergence rates of the IDKE in both these methods are slower than the O (n) rate in YP. In Method
IT we also require £/, (0) # 0, or else the convergence rate of the IDKE is even slower.

We next provide some intuition that helps to justify the extremum estimator 7. For this purpose we
impose the following Assumption F on the distribution of (2, ¢)" in Method IT and Assumptions G and G’
on g(z,q) in Method III.

Assumption F: The density f(x,q) of (2/,q) is second order continuously differentiable and satisfies
0< f< fzq) < f<oofor (a/,q) € X xTe, where I'c := (v — €,7+¢€) for some € > 0 and and (f, f) are
some fixed quantities.

Assumption G: g(z,q) is second order continuously differentiable on X x T..
Assumption G’: g(z,q) is s’th order continuously differentiable on X x T'. with s > d.

Assumption F implies that f,(7) is continuous, and 0 < iq < fo(v) < f, < oo for v € T and fixed (iq,?q),
and the conditional density fy,(x|q) is bounded below and above for (z,q)" € X x I'¢; see Yu and Zhao
(2013) for relaxation of these conditions. The first part of Assumption F implies that there are no discrete
covariates in x. As mentioned earlier in the remarks following Assumption S, this assumption is made for

simplicity, just as in Robinson (1988), and is not critical to the methodology or the limit theory. The second

6 Although in the fixed-threshold-effect framework with k4 (0) > 0 the asymptotic distribution of ¥ depends on whether the
left endpoint or the middle point of the maximizing interval is taken as the maximizer, the asymptotic distributions of the two
IDKESs in the present paper are both invariant to such choices of 7.



part of Assumption F implies that «, is not on the boundary of Q. Under these two assumptions, we can

expect the objective function @n (7) to converge to

B [{Blyle. = v-11(5.7) ~ Blylo.g =+ @ 0)F] = [ Blyle.a =v-] - Blylo. g = v+])* £, (0)da.

Since f(z) and f(z,7) are continuous in = and -y, there will be a jump in the limit only if v = 7, which
provides identifying information. In view of these properties, the threshold point can then be identified and

consistently estimated by maximizing @n (7) under an additional requirement on the differential

A (z,70) = Elylz,q = vo—] — Elylz,q = vo+], (6)
which enables identification of .
Assumption I: A (x,7,) # 0 for x in some set of positive Lebesgue measure in X.

In Method I, A (z,v,) = (1,2',74) do, so we can replace A (x,7v,) by (1,2',7,) do in Assumption I. For

comparison, we state the following Assumption I'.
Assumption I': §y # 0, where # here means that at least one element is unequal.

Note that Assumption I is stronger than Assumption I’ when A (z,7,) = (1,2’,v,) do. For example,

1 ! :
50 _ (1,0,—70) ’ lf Yo # 07
(0,0,1Y, if v =0,

is nonzero but does not satisfy Assumption I. Assumption I implies that P ((1,2',7,)do # 0) > 0, which
excludes the continuous threshold regression (CTR) of Chan and Tsay (1998) (see also Hansen (2017)).
For comparison, we also review the DKE in DH here. Define the DKE

1 n 1 n 2
~ 1 e N e
7= argmax [n ijl Yi K n Zj:l yJK’W']
=: argmax A2 (y) =: argmax Q, (7),
pe ¥

where

_ d—1 _ d—1
Ky = Hl:l k(@ — o, Tol) - iy, (g5 — ), K5 = Hl:1 kn (215 — %o, Tot) - Ky (45— ),

and z, is some fixed point in the interior of X E| As explained in YP, selection of z, is difficult from both
theoretical and practical perspectives. As distinct from the DKE, the IDKE procedure integrates the jump
information over all the z;, thereby removing the problem of choosing z,. Further, usage of all the data
ensures that the IDKE has greater identifying capability than the DKE in both Methods IT and III.

TStrictly speaking, DH normalize the first term of A, (y) by fo~ = % Zn L K;L’; and the second term by /ZH' =
= ,
% 2:21 KZ?; However, their estimator is asymptotically equivalent to arg max A2 (y) / f(xo,7,)? and has the same asymptotic

distribution as 7.



2.2 Overview of Two Specification Tests

The first specification test addresses potential endogeneity and the corresponding hypotheses H!) are for-
mulated as follows

HyY ¢ Efele.q =0,
H{ : Blelr,q #0.

This exogeneity test can be conducted prior to model estimation. When instruments are available, the
Hausman test in Kapetanios (2010) can be applied. In the present paper we therefore consider only the case
without instruments and apply the techniques developed in Fan and Li (1996) and Zheng (1996) to test the
null Hél). In the second test, the hypotheses H(?) are

Hé2) : By =pyo0rd=0,
H1(2) : By # Byord #0.

If Hél) is not rejected, i.e., there is no evidence of endogeneity, then H?) involve a conventional paramet-
ric structural change test, such as that considered in Davies (1977, 1987), Andrews (1993), Andrews and
Ploberger (1994) and Hansen (1996), among others. If Hél) is rejected, the ensuing situation is more com-
plex. When there are instruments, Wald-type test statistics such as the sup-statistic in Section 5 of Caner
and Hansen (2004) or score-type statistics such as those in Yu (2013b) can be used. Since the asymptotic
distributions of both these types of test statistics are not pivotal, the simulation method of Hansen (1996)
and De Jong (1996) can be applied to obtain critical values. Details concerning these tests are given in
Supplement D of the paper because techniques for these tests are nowadays standard.

When there are no instruments, the Wald-type statistic is hard to implement since its asymptotic dis-
tribution is hard to derive given that 3 can only be estimated at a nonparametric rate — see Section 3.3 of
Porter and Yu (2015) for discussionﬂ However, the score-type test of Porter and Yu (2015) can be extended
to this case with some technical complications. Importantly, the hypotheses H? relate to whether m(z,q)
is continuous, so H(()Q) encompasses more data generating processes (DGPs) than the null hypothesis in the
usual structural change literature where m(z, q) has a simple parametric form. In other words, the usual
parametric tests have power against alternatives in which m(z, ¢) does not take the form x’'s + x'51 (¢ < )
(see, e.g., Section 5.4 of Andrews (1993))E|, but our test has only trivial asymptotic power in such continuous
m(x,q) cases. A simple example may clarify the point. Suppose m(x,q) = a + ¢, in contrast to the speci-
fications employed for our tests, which are based on , ory=a-+dl(qg<7v)+e. It is easy to see that the
usual tests have power against m(zx, ¢), which is very smooth in this case. In summary, the usual tests have
power against both misspecification and certain types of structural change, whereas our test has non-trivial

power only against threshold structural change, which may be more relevant in practical workm But this

8Gao et al. (2008) discuss an average form of such a test in the time series context. But their test is not easy to extend to
the case with a nonparametric threshold boundary as in the present framework. See also Hidalgo (1995) for a nonparametric
conditional moment test for structural stability in a fully nonparametric environment, which focuses on global stability rather
than local stability as here.

9n this framework and assuming m(x,q) = x’B(q), the structural change tests focus on whether 8(¢) = 8. See, e.g., Chen
and Hong (2012), Kristensen (2012) and references therein for related tests in the time series context using nonparametric
techniques. Actually, we can test whether 8(q) is continuous by extending the tests below, e.g., we can construct residuals
€; in I,(L2) by estimating 8(q) using estimation techniques from the varying coefficient model (VCM) literature - see Robinson
(1989, 1991), Cleveland et al. (1992) and Hastie and Tibshirani (1993) for early developments, and Fan and Zhang (2008) for
a summary of recent developments.

10Tn the same way, there are also cases where the parametric test does not have power when there is a nonparametric threshold
effect; see Example 1 of Hidalgo (1995).



advantage does not come for free: the usual tests have power against n~'/2 local alternatives, while our test
needs a larger (than n~'/2) local alternative to generate non-trivial power. Understandably so, because our
test is essentially nonparametric whereas the usual tests are parametric.

In the following discussion of the two specification tests, Hy indicates both Hél) and HéQ), and H,q
indicates both Hl(l) and HI(Q), 15 =1(gel), 11 =1(g €T), my = m(zs,q) = Blyi|zi, q), fi = f(zi,q:),
Kpij = KJ, ;- kn (g — qi), and Lb ,J = L§ lp(gj — qi) With Ip(+) similarly defined as kz(-). Denote the class
of probability measures under H as H(()e) and under H as HEZ). Both H(()Z) and ng) are characterized
by m(-), so we acknowledge the dependence of the distribution of y given (2’,¢q)" upon m(z,q) by denoting
probabilities and respective expectations as P, and E,,. To unify notation, we define u; = y; — Ely;|z;, ¢;] =
1; — my; under both the null and alternative in these tests.

For the first test, we use the statistic

I = n:j 5 ZZKh ij€i€;,

i jFEi

and, for the second, we use
nh/? o
Ir(LQ) — n — 1 El Jéﬂ 1 Khyijeiej.

The exact forms of €; in these two tests are defined later. To motivate the statistics, let e = y —m(x), where

m(-) = ar inf E — iz, 2
2 gﬁl(x,q):x’6+x/51(qu) [(y (2, 9)) ] .
= ar inf E | (m(z,q) — m(z, 2
gﬁ(w,q)ZX’B+x’61(q§7) [( (z,9) (z,9)) }

in the first test, and
— _ . F
m(-) = arg e, gngXQ)E [(y m(x, q)) 1,1}

g nt B [0n(e,q) — i(e,0) 1]

meCsy (B XxQ)

(8)

in the second test, where Cs (B, X x Q) is the class of s times continuously differentiable functions on X' x Q
with all derivatives up to order s bounded by B. In other words, we use m(z,q) = x'8 + x’61 (¢ <) to
approximate m(z, q) in the first test and use m € C; (B, X x Q) to approximate m(z, ¢) in the second test.
Note that in the first test the model need not have a threshold effect. The reason is that the class of functions
{x'8+x'61 (¢ <)} includes the linear function where § = 0, the CTR of Chan and Tsay (1998) where
0 # 0 but §; = 0 and d, + d4y = 0, and the usual threshold regression where 0, # 0 or d, + d47 # 0; see
Yu (2017) for more discussion on misspecified threshold regression. Here, § is partitioned according to the
partition of x = (1,2,q) as (da, 9, (5’) .

oy Yo q
Note further that e = w under Hp, so e has the same meaning in both Ir(Ll) and L(f) under Hy. Ob-

serve that EleEle|z,q|f(z,q)] = E [E lelz,q)” f(z,q)| > 0 in the first test and B [eE [e|lz, q] f(z,q)1}] =
E[e|x,q]2f(x,q)1ﬂ > 0 in the second test where the equalities hold if and only if Hy holds. So

we can construct the statistic based on the moment E[eEle|z, q]f(x,q)] in the first test and the moment
EleE [e|z, q] f(x,q)1}] in the second test. Here, f(z,q) is added in to avoid the random denominator prob-
lem in kernel estimation, and 15 appears in the second test because threshold effects can occur only on
gel.

To construct a feasible test statistic, we need sample analogues of e and Ele|z, ¢ f(x,q). For the first



test, the sample counterpart of e is
G =y~ i =i — [XiB+x31 (@ 7)), (9)

. /
where (ﬁ/,g/ﬁ) is the LSE. For the second test, let

~

€=y — Y = (mj —my) + (u; — ), (10)

where

1 ~
U= § Ly is . 11
Yi n—1 joki Yj b,zg/fz ( )

and ﬁ is the corresponding kernel estimator of f; given by

~ 1
P = E Ly ij,
fi= 0T 2y tea

and m; and u; are defined in the same way as y; in with y; replaced by m; and u;, respectively. Under

Hy, €; is a good estimate of u;, while under H;, €; includes a bias term which generates power. Now,
Ele|z,q]f(z,q) at (2},q;)" is estimated by 15 > ;i €5Kn,ij in the first test and by L >t €jK;L7ij1£ in
the second test. Hence, we may regard 1Y and 12 as the sample analogues of E[eE[e|z,q|f(z,q)] and
EleEle|z, q] f(x,q)1;]. The statistics are constructed under the null, mimicking the idea of score tests. For
example, the construction of Ii® does not involve H f2) at all (see Figure 1 of Porter and Yu (2015) for an
intuitive illustration in a simple case without ), whereas the usual test statistics in the structural change

literature typically involve H {2) in one way or another.

3 Inference Based on the 2SLS Estimator

In this section, we derive the asymptotic distribution of the 2SLS estimator of 6 and discuss some identifia-
bility results for v when estimation is based on moment conditions. First, note that the 2SLS estimator of
~ can be written in GMM form as

5 = argmin Qn (7).

where

~

Qn (7) = min Qn (0) := min G, (6) W3a (6) (12)

s

with 0 = (8',6')', W = (n"12’Z)"" and
=R 1 — 1< / /
G (0) == 0:(0) =~ > 2 (i = xif = xL,:0)
i=1 =1

To develop asymptotic properties of 0§ we make the following assumption. First, throughout our analysis we
use the notation d,, for the true value of § when we allow § to shrink to zero, as in Hansen (2000), and we

use dp to denote the true value of § when § is fixed to signify this difference.
Assumption IV: E[ze] = 0, dim (z) =1 > 2d + 1, §,,/ |6, — ¢,

G=( Blx),B[ax, | Blxlo=lcfs () )

10



is of full column rank, G, = FE [z (x’,x’s,y)] =: (QDQQ,'y) is of full column rank for any v € T', W :=
Ezz'] >0, and Q := E [zz/e*| > 0. Also, there does not exist a vector a € R* such that G a = Gy ¢ for
any vy # Yo-

When § is fixed, the parameter ¢ is just the normalized form of 6. When |6, || — 0, only the components
of ¢ that correspond to the lowest shrink rate of §,, are nonzero. Full column rankness of G excludes CTR
models where x'd,,|q = 7, is always zero so that the third part of G is a zero matrixB But this assumption
is nonetheless weaker than full column rankness of E[zx'|q = 7,]. This is because if E [zx'|¢ = 7,] has full
column rank, then 1 and ¢ cannot be elements of x simultaneously; otherwise, the first and the last columns
of E [zx'|q = ~y,] would be collinear.

All other conditions in Assumption IV are standard except the last condition. This condition is required
for the identification of 7,. Take the fixed-é case as an example where ¢ can be taken as §p and no normal-
ization on ¢ is required. Note that if E[z] = 0, then E[zy] = G, 0,. If there exists an a = (a},ab)" such
that Qwa = QZ%(SO for some v # v, then under this ~y, we can still let § = (5, + a1, a2) satisfy the moment
conditions, in which case the model is not identified by the moment conditions. This condition requires that
the [-dimensional vector G, ., do & Uwé%
space. There is an important case where this condition is violated. If ¢ is independent of (z’,x’ )/ as in the
structural change model where g is the time index, then G, , = G, Fy (7,) and a = (Fy (7o) 80, O’)/ satisfy
G.a= QZ% 6o- In the TR context, if ¢ is independent of the rest of the system, then ¢ should be included in

span (Ql,QQW), where span (QI,QQW) is a 2d < [ dimensional

z, and cannot be independent of (z’,x’)". This condition also implies the usual assumption that z cannot be
independent of the endogenous variables (z/, q)' If this were the case, then G, , = E|z]E [X’S%} would

span a one-dimensional space, which can obviously be spanned by G; = E[z]E[x'] and G, , = E[z] E [X/S,Y].

Theorem 1 Under Assumptions F, I, IV and S, 0 and especially 4 are consistent and have limit distribution

\/ﬁjzﬁ 0 E*QO N
(o mwn)(a—%) New

where V = (G'WG) " 1G'WAWG(G'WG)~!

given by

Note that we need only Assumption I’ to show the consistency of 7. But to derive the asymptotic distribution
we need Assumption I. Otherwise, G need not be of full column rank)*®| Also, as predicted in Section
fq (7o) appears in V and 7 is not asymptotically independent of (B,g . W can be any positive definite
matrix besides (n‘lZ' Z)f1 . We still use W to denote such a general weight matrix and use W to denote
its limit.

To provide some intuition on the asymptotic variance of 7, consider the simple example in Section
again. In this example, G = f; (7o), @ = Var (¢) and W is irrelevant, so V = Var (¢) / f, (v ) In fact, ¥ =
B @) so Vit (3 =) = ﬁTﬁ;l@) - F @) - (B ) - B BRD)) |+ (ﬁq 'B[y) - F; (B [yb)+
Vi (E;N(y) — F;7H(E[y])). The first term is, roughly speaking, /n (37 (¢; () — ; (B[y ]))) w1th W, (1) =

1 Note that zero x’d,|q = 7, does not imply E [zx’g,m] dp=0o0r E [ZX;WO] 6n = 0.

1211 the nonlinear scenario, uncorrelatedness in the linear scenario should be strengthened to independence. Also, all elements
of (:z:’,,q)/ should be endogenous; otherwise, z should include the exogenous elements of (a:’,q)/ and cannot be independent of
z',q).
( 1311)1 Remark 2 of Seo and Shin (2016) where their FD-GMM estimator, which is similar to our estimator, is used to estimate
the dynamic panel threshold regression, they claim that the asymptotic distribution of § is invariant to whether the model is
CTR. That statement is not correct as can be seen by noting that their G, (7¢) = 0 in CTR so that the asymptotic variance
matrix of @ is undefined. The zeroness of G~ (7p) is due to some redundancy in the parameter # when the model is CTR. If
we rewrite the CTR as y = x'8 4 (¢ — v) 61 (¢ < ¥) + &, then the corresponding G under the moment conditions E [ze] = 0 is
( Blzx'],E [z<y, (4 —70)], (Blz (g — 7o) lg = 7ol fo (vo) — E [2<~,]) 60 ), which is of full column rank.

11



T=1(¢;<F; ' (1)
fa(70)

tion of v/ (§ — 7o) is the same as that of v/ (ﬁ;l(E ly)) - F LB [y])) + A (F7(@) — F N (By)), where
the first term represents the randomness in F\q_l and the second term represents the randomness in 7 (recall

that 4 = F\q_l@)). By the Bahadur representation, /n (A_l(E [y]) — Fq_l(E [y ])) f Dy W,

e - ; <70)—F.
and by the Delta method, /n (F,;*(y) — F, *(E[y])) = sz L yfq(% = TEi | Stlle fngi) (%)

. By a stochastic equicontinuity argument this term is o, (1), and so the asymptotic distribu-

Hence, by the continuous mapping theorem (CMT), \/n (7 — o) = f S ( o) 7000

%, and the asymptotic variance is V = Var (¢) / f, (’yo) To consider the effect of d,, on 7, suppose y=
9,1 (g < 7y)+e with 6, known. Then, by a similar argument, we can show /n (¥ — v,) = \/ﬁ 2ic1 6,qu(70)

so that the asymptotic variance of 7 is O (W) When §,, is smaller, the asymptotic variance of 7 is larger,
and when §,, shrinks to zero the convergence rate of 7 is \/n|d,|.
By choosing W = Q! with Q =n~! S 228 and § = y; — X5 — x_ ;0, we get the asymptotically

efficient estimator of 6y and the following result holds.

Corollary 1 Under the same assumptions as in Theorem zf@ is estimated using @n (0) with W= ﬁ’l,

then R
Vil 0 070 ) 4 o @ate)).
0 Vnldal ¥ =

When the model is homoskedastic, i.e., [E [52 \z} = 02, our 2SLS estimator is efficient. For inference concerning
~ we suggest use of bootstrap methods such as in Hall and Horowitz (1996), Brown and Newey (2002) or Lee
(2014) to avoid estimating E [zx'|q = 7,] and f; (7,) , for instance by numerical derivatives, as in Section 7.3
of Newey and McFadden (1994), or by some kernel or series method.

3.1 Comparison with the GMM of HHB and the 2SLS of CH

In the structural change context, HHB show that the GMM estimator based on the following criterion is
generally inconsistent:
7 = argmin Qu (7).

where

Qn () = min Qn (0) := min iy (6) Win,, (6)

with

S SRR o < ma; (0) ) — 1y, ( (i = x1) 1(gs <) ) |

n = n =\ moy;(0) ni— (yi — xiB2) Lai > )
As commented by HHB, inconsistency of 4 stems from the fact that the minimand is a quadratic form in
the sample moment, thereby taking the form of a square of sums. This "square of sums" structure provides
an opportunity for the effects of misspecification associated with the selection of the wrong threshold point
to be an offsetting balancing factor in the minimand, leading to inconsistency. In contrast, the objective
function of the 2SLS estimator in CH takes a "sum of squares" form, which generates a consistent estimator
of ~. Specifically, the objective function of the 2SLS of CH is

n

5,00 = 3 (=t () 100 < ) = 3 () 10> ) (13)

12

a(V0)—1(2:<70) + & +1(qi <v0) —Fq (7o)

):



where 11’ z; delivers a first-stage prediction of xi Given the comments by HHB, it may seem surprising
that our GMM estimator is consistent even if the minimand is also a square of sums. The key point, however,
is not the distinction between the "square of sums" and "sum of squares" criteria in this case, but rather
the fact that the threshold variable ¢ in the structural change model is a time index which is independent
of the other components of the system (so that offsetting is possible, resulting in inconsistency).

Before a formal discussion on these points, note first that our 2SLS estimator is a special GMM estimator
of HHB. Specifically, it is easy to check that when

W<Z>W(IZ Il), (14)

Qn 9) = @n (9). This W is only positive semidefinite, not positive definite. In other words, our 2SLS
estimator does not fully explore the information in 7, (§). This is why we need | > 2d instruments, whereas
HHB’s GMM estimator needs only [ > d instruments. This is also why our 2SLS estimator is not consistent
when ¢ has properties like a time index (because the general GMM estimator is not consistent). The moment
conditions in m, (0) explore the special structure of threshold regression - $; and 3, are involved only in
one regime of the system, while the moment conditions in g, (f) are designed for any nonlinear system
y =G (z,q;0) + ¢ with E [e]z, ¢] # 0. Essentially, the moment conditions m,, (#) explore the validity of the
moments £ [ZES.YO] =0and E [z5>70] = 0, whereas g,, () explores only E [ze] = E [ZES.YO] +E [z5>70] =0.

We can now formally state the consistency of ¥ when ¢ is not independent of (z’, x’, 5)/. First, we impose
the following assumption. Because we concentrate on the identification issue below, we here assume that §
is fixed for notational simplicity.

Assumption IV’: dim (z) =1 > d + 1, w2 w s 0 and E [zx’gﬂ{] and E [ZX/>,Y} are of full column
rank for any v € T'. (i) If q is exogenous (i.e., q is included in z, and E [g|z] = 0), then there does not exist
a = (a},db)" € R* such that E [zx. ] a; = E [zx;%} do for any v < vy or E [ZX’S,Y] a =F [ZX’SWO} do
any v > vo. (i) If q is endogenous and only E [zggyo] =0and E [z5>70] = 0 hold, then there does not

evist a = (a},a}) € R* such that E [zx’gv] a1 = Elze<,], B {zx;% 6o+ E [zx. ] az = E[ze,] for any

v<7y or E [legy] a—F [leﬁvg] b0 = E[ze<,] and E [2x__] ay = E [ze>,] for any v > v,.
Theorem 2 Under Assumptions F, I', IV and S, 7 is consistent.

HHB assume W = diag(W1,W2) with Wl 2, Wi > 0 and Wg 2, Wy > 0, but we do not need such
a restriction to show the consistency of ¥ or inconsistency of ¥ in the HHB setup. Similar to 7, we only
require Assumption I’ rather than the stronger Assumption I to prove the consistency of ¥. In contrast to
Assumption IV, we need different assumptions here for the identification of v, depending on whether ¢ is
exogenous or not. In this sense, reducing m,, (6) to g, (#) makes the treatment of identification more uniform
although there is some loss of information in doing so. When ¢ is exogenous, Assumption IV’(i) requires
some extra variation in [ [zx’|¢ = 4] when v moves away from ~,. This condition implicitly precludes the
possibility that ¢ is independent of (z’,x’)" because if this is the case, then B [zx. ] = B[zx'] (1 - F, (7))

and E [ZX;VO] =E[zx] (1 — F,; (7)), so as can be chosen as %50 and, similarly, a; can be chosen as
Fy(

ﬁv,y”))do. When ¢ is endogenous, we need also to take account of the variation in E [ze<,] and E [ze-] as v
» <

moves away from 7y,. We provide more intuition on such identifying information in the following discussion.

4 Following the general setup of this paper we do not assume a threshold effect in the first stage.
15To save notation, we still use W to denote the limit of . This should not introduce any confusion.
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The proof of the theorem also establishes the following results. First, if ¢ is exogenous and also indepen-
dent of (z’,x’)’, then 7, cannot be identified by Qn (7). This is essentially the case considered by HHB, and
we label it case (0). Second, in case (i), both groups of moment conditions in m; (6) are required to identify
Yo; using only mq; (0) or mg; (0) is not enough. Third, in case (ii), either group of moment conditions in
m; (0) can identify 'yO For example, if there does not exist a; € R? such that B [lef'y] a1 = Elze<,]
for any v < 7, and E [zx’év] a; — B [ZX’S%] do = Eze<,] for any v > ~,, then 7, can be identified by
only my; (6). In comparison with case (i), we can see that the identifying power in either group of moment
conditions in m; () comes solely from the correlation between ¢ and €. In other words, endogeneity is helpful
in identifying v, by moment conditions.

It seems that the correlation of ¢ with the rest of the system is critical for the identification of ;. When ¢
is independent of (z’,x’,¢)’, then even the combination of m; and my cannot identify ~y,; if ¢ is independent
of € but not (z’,x’)’, then combination of m; and msy can (but m; or ms individually cannot) identify ~,;
if ¢ is correlated with all of (z’,x’,&)’, then either m; or my can identify 70 What is the intuition here?
We can understand these results by using Lemma 2.3 of Newey and McFadden (1994) which states that as
long as WE [m; (0)] # 0 for 6 # 6y, then ) is identified. In case (o), for any W, WE[m, (8)] # 0 for 6 # 6,

cannot hold. In case (i), when W >0 or W = ? Wo ( I, I ) for some Wy > 0, WE [m; (0)] # 0 for
1

I Wi 0
97590.Incase(ii)7whenW>OorW:(Il)WO(Il Il)forsomeW0>00rW:< 01 O)With
!

0 O
Wi>0o0r W= with Wy > 0, WE [m; (0)] # 0 for § # 6. To be specific, we identify 7, from

0 W,
L WoxB)Ua=) || _ 4
(y —x'By) 1(q > 7)

only if v = ~, for any 3, and [, or equivalently,

the fact that
WE

when v # 7, for any 5, and 5. Note that

o l ZY<~ z X/§~,0510 + x5, Bag+e) g <)
ZY>y z (X2, Bro+ x5, Ba +e) 1(a>7)
which is equal to
E [legq] B1o + E[ze<,]
E [ZXQKS%} Bio+E {zx;%} Boo + E[ze54]

16 Agsume W =diag (Wl, Wg) Because there is no restriction on Wl and 17172 to obtain the consistency of ¥ in both case

(i) and case (ii), when W1 (Wz) is much larger than Wo (W1)7 we are essentially using only mi; (0) (ma; (0)) in Qn (6). In
this sense, it is surprising to see that case (i) requires both my; (#) and ma; (), while case (ii) requires only my; () or ma; (6).
Essentially, the limiting behaviors of én () in these two cases are quite different; see the following discussion and example for
more intuition on this point. Importantly, note that either Wl =0 or Wg = 0 violates W > 0, so Assumption IV’ does not
hold and the identifiability of v cannot follow from Theorem in this case. The new results here are that in case (ii), W >0is
not necessary for identification (actually, in case (i), W > 0 is not necessary either, e.g., the W in 1] is not positive definite).

1TIn cases (0) and (i), we require only E[e|z,q] = 0, and in case (ii), ¢ can be independent of (z’,x’)’. Here, we use three
sequentially stronger assumptions to distinguish these three cases.
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when v < 7,, and equal to

< E I:ZX/S'YD:| 610 + E |:ZXZYO<S’£| ﬂ20 + E [ZESV] )
E [2x.,] B2 + E [2e5]

when v > . In case (0), Blze<,] = Bzes,] = 0, B [zx’_ | = B[zx'| F, (7), B [2xL ] = Blzx'] (1 - F, (7))

and E [foh<§v2} =E [zx'] (F, (7v4) — Fy (71)), where y; < 7y5. So we can choose 8, and 8, such that

B =B and (1 = Fy (7)) Bo = (Fy (7o) — F4 (7)) Bro + (1 = Fy (70)) Bao (15)

when v < 7y, and
By = Bag and Fy (v) By = Fy (7o) Bro + (Fy (7) — Fy (70)) Bao (16)

when v > 7, to make the equalities hold In other words, plim@, (y) = 0 for any 7. In case (i),
Eze<,] = E[ze>,] = 0. So when v < 7,4, we can choose 8; = (3, to make E [zx’gﬂ/] B, = E[zy<,] but
cannot choose 35 such that E [zxgv] By = E[zys,], and when v > =4, we can choose 8, = 5, to make
E[zx..] 8, =E [zy~>7] but cannot choose 3, such that E [zx__ ] 5, = E [zygl]. In other words, if we use
only my, then plim@,, (v) =0 for v € b, ’yo] and if we use only mg, then plim@,, () = 0 on [y,,7], while if
we use both my and ma, then plim@,, () = 0 only if v = vo- In case (ii), E [ze<,] # 0 and E [ze,] # 0. So
even if we use only m; or ma, the equalities can hold only at v = 7.

The above arguments also show a key difference between the identification sources of the HHB GMM
estimator and the CH 2SLS estimator. In CH,

plimS, (6) = B [(y - 81 ('2) 1(g < 7) - 85 (W2) 1(a > 7))*]

which assumes that E [y|z, q] = 8] (I'z) 1(q¢ < v)+ 85 (I'z) 1(¢ > ) and uses the conditional mean difference
of y below ~, and above 7, to identify v, (just as in standard least squares estimation where E[e|x] = 0
and we can calibrate y against its conditional mean to identify the parameters in the conditional mean).
Since y = B} (W'z +u)1(q <) + B85 (I'z +u) 1(g > 7) + &, where the first stage regression is assumed to
be x = II'z + u, we must assume E[u|z,q] = 0 and E [¢]z,q] = 0 and then the conditional mean of y is
B (I'z) 1(qg < ) + B5 (I'z) 1(g > ). To achieve such conditions, we must assume that ¢ is exogenous so
that it can be included in z. Also, as argued in Yu (2013a), the first stage must be a regression rather than
a projection, i.e., E[u|z] = O rather than only E[zu’] = 0. In a nonlinear environment, such a requirement
does not seem too stringent. On the contrary, the identification of v, by HHB’s GMM is based on the
matching of covariances just as in the usual linear GMM estimation. If v, were known, we can identify
B, by matching E [Zyﬁvo] with E {ZX’SWO} B, and 5 by matching E [Zy>70] with E |:ZX/>,YO] Bs. It is the
nonlinear structure introduced by the unknown ~ that necessitates the division of identification into three
different cases; in such a nonlinear system, endogeneity of ¢ is helpful rather than harmful to identification
as in CH’s 2SLS. As far as inference is concerned, the bootstrap is questionable for CH’s 2SLS given the
negative findings in Yu (2014) where it is shown that bootstrap inference for + is invalid when the objective
function takes the "sum of squares" form.

As for the requirement on the number of instruments, CH’s assumption that E [II'zz'Il|q =, =
II'E [zZ'|qg = 7,] Il > 0 implies that [ > d instruments are needed. As mentioned in Assumptions IV and
IV/, | > 2d + 1 instruments are required in our 2SLS approach because g; (§) contains 2d + 1 unknown

parameters, and [ > d + 1 instruments are required in HHB’s GMM approach because each of my; (§) and

I8Note that we can choose 3; and B4 freely, so the choice of 3; and B, depends on ~ here.
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ma; (0) contains d + 1 unknown parameters. On the other hand, more instruments typically imply greater
identification power: CH’s 2SLS cannot handle the endogenous q case, whereas the other two estimators
can; and, as discussed before Assumption IV’, HHB’s GMM relies on the special structure of whereas
our 2SLS approach can handle any nonlinear system y = G (z, ¢q; 0) + € with E [¢|z, q] # 0.

It is well known that more moment conditions generally imply higher asymptotic efficiency. Why then is
our 2SLS the suggested approach rather than HHB’s GMM? The reason is that the derivative dE [m; (6o)] /d6’

does not exist as is normally required in usual GMM asymptotic derivations. Specifically,

BE [mz (ﬂo; 507 7)]
O

(17)

_ ( E [zelg = 7o) fa (v0) — B [2x'|g = 7] 04 (7o) )
Y=vo+ —E [Z5|q = 'YO] fq (70) ’

whereas

IE [m; (By, d0,7)]
o0

_ ( E [zelq = 7ol f4 (o) ) . a8)
=y —Elzelq = o fq (v0) — E[2x'|q = 7] d0.fg (7o)

Here, note that E[zel(q < y,)] = 0 and E[zel(g > 7y)] = 0 do not imply E[ze|g =+, = 0. Even if
E [ze|g = 7y] = 0 as in case (i), if E[zx'|q = 7,] is of full column rank, the derivative OE [m; (8, d0,7o)] /O
does not exist. This makes the asymptotic distribution of 7 a nonnormal mixture that depends on the

one-sided derivatives, rendering inference based on % difﬁcultm On the contrary, in our 2SLS approach we

have
OE i ,5 y JE i 76 )
[g (go 0 ’Y)] _ (Il;-[l) [m (8ﬁ0 0 ’7)] - _F [ZX/‘C] _ 70] 5()fq (70)
v Y=Y+ v Y=Yot
OE i 75 )
= (Ila Il) [m (aﬁo 0 7)] )
g Y=Y0—

which makes bootstrap inference valid.

We close this subsection with a further comment on identification based on moment conditions. As
mentioned above, more moment conditions typically imply higher asymptotic efficiency, but such results rely
in the first place on identification. With 2SLS,; even if E [ze] = 0 is replaced by E[e|z] = 0 which implies
more moment conditions, the identification results are unaltered. For example, when ¢ is independent of
(z',%x')', 7, is not identified even by E [e]z] = 0. Similar identification results apply to HHB’s GMM.

3.2 A Simple Illustration

We illustrate the identification results above based on the example in Section 2.1} In this example y =
1(q <) +¢, where ¢ ~ U [0,1], vy = 1/2, By =0 and §p = 1 are known, x = 1, and Var (¢) = 1.
First assume E[g]g] = 0, so there is no endogeneity. Let z = 1, giving case (o) with E[e|q, 2] = 0 and

g L (z,2). The moment conditions used for identifying -y, are
—1)1(g <
gl @W-Die= | _, (19)
yl(g >1)

plimQ,, (v) =E[(y — 1) 1(q < 7)]* + E[yl(q > 7)]*.

9We will discuss the asymptotic properties of 7 and bootstrap inference based on 7 in a separate paper.

Suppose W= I5. Then
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After some algebra,
~ 1 2 1 2 1 2
plim@, (v) = [ ('y - ) + < - 7) = < - 7) :
2 i 2 n 2
1 1

where for a € R, a; = max(a,0), and § —y = — (7 — §)+ +(3 - ’y)+. Obviously, argrneilg plim@,, (v) = 1/2.
v

This seems to contradict the nonidentification result of HHB in case (0). In fact, this outcome is because
By and dy are known. In and , B and [, are fixed at 8,y = 1 and [y = 0. So when v < 7,
(L= Fg (7)) Bao = (Fq (v0) = F4 (7)) B1o + (1 = F4 (70)) Bao or (Fy (79) — Fy¢ (7)) do = 0 cannot hold as long
as 6o # 0 and fo () > 0 on bv 70]- Similarly, when v > 7o, Fy (v) 81 = Fq (70) B1o + (Fq (7) = F4 (70)) Bao
or (Fy () — Fy (79)) 9o = 0 cannot hold as long as dg # 0 and f, (7) > 0 on [y,,7]. If they can be chosen
freely, then it is obvious that the system cannot be identified - there are two equations and three unknowns.

Next, let z = (1,¢)" as in case (i), for which the moment conditions used for identifying -y, are

—1)1(g <
gl 2-Dlle=7 | _,
zyl(q > )
N W, W L, W
Suppose W = Ji//l %2 = Elv/z Wiz , and then
W12 W2 WlQ C2I2
2 2
mdu) = o[- (1-3) | val-(57-5) | +o(a-7), re (-57)
pimQ, (v) = |- (7v-3 573 eals—7) telz-37
2/, 2 8/, 2 n 8 2 "

(026 () (). )

If Wiy = 0, ¢; = 1 and ¢, = 0, then we use only m; () and Figureshows that arg milr} plim@,, () = [0,1/2].
YyE

+c1

If ng =0, ¢; =0 and ¢y = 1, then we use only my () and Figure [l shows that arg Hlel%‘l plim@n (v) =
¥
[1/2, 1]@ If ¢; # 0 and ¢ # 0, then we use both m; (y) and mg () and Figure |1| shows that when either

—~ —~ 0.5 0.5 ~
ci=1,co=2and Wis =0o0rc; =1, co =15and Wiy = , argmin plim@,, (v) = 1/2/!
0.5 0.5 v€er

Section 3.3 of Yu (2015b) considers the following joint distribution of (g, ¢):

e—1/2), if0<g<i,
e+1/2), if%gqgé,
), ifi<qg<?3, (20)
e+1/2), if%<q§1,
0, otherwise,

where ¢(+) is the standard normal density. Obviously, E[e|q] # 0, and E[e1(q < vy)] = Elel(g > vo)] = 0,
so this is case (ii). Suppose z = 1. Then the moment conditions used for identifying v, are . Suppose

20This implies that in case (o) (i.e., z = 1), using only one moment condition cannot identify 7.
21Tn this example, Wiz does not play any role, i.e., plimQy, () depends only on Wi and Wa because the last term of
plim@y, () is zero.
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Wz(A C).Then
C B

plim@, (7) = AB[(y — 1) 1(q < )" + BE[yl(q > 7))* + 2CE[(y — 1) (¢ < 1] Elyl(g > 7)],

and with some algebra this reduces to

A(3) +B(5) 120 (3) (557), if0<y <,
plim@, (v) ={ (A+B+20) (3 - 12)°, ifl<y<3
AQ-2)+BOE) 420 (- ) (05, <<t

Figure [2| shows that when A =1, B=2 and C =0, arg Ini%‘l plimQ,, (v) = 1/2. Actually, if only m; is used
YyeE
(ie., A=1, B=0and C = 0) or only ms is used (i.e., A=0, B=1and C = 0), argmi{} plim@,, (v) =1/2,
ye
where the parameter space I' excludes the neighborhoods of 0 and 1. If C' # 0, arg milgl plim@y, (7) = v, as
ye

long as W > 0. For instance, Figure [2[ shows that when A =1, B =2 and C =1, arg milr} plim@n (v) =1/2.
vE

We now check the behavior of the 2SLS estimators of this paper and CH for these three cases: (o)
Elelg) =0 and z = 1; (i) Ee|q] = 0 and z = (1,¢)"; and (ii) E[e|q] # 0 and z = 1. For 2SLS, the moment
conditions are By — 1(¢ < )] = 0 in cases (o) and (ii) and E[z (y — 1(¢ < +))] = 0 in case (i). In case (o),

N 1 2
plim@, (v) = (2 - 7) ;
the same as plim@,, (v). In case (i) with W =1L,

. 1 2ot 1L,)\?
li S (. I
plim@,, (7) (2 7) + (8 27) s

where for comparison with plim@,, (7), note that % — %’y =— (%’y — %)+ + (% — 72)+. In case (ii),

N|—

plim@,, (7)

Il
7N
|~
|
2
~_
[\v]

the same as in case (o). For CH’s 2SLS,

plimS,, (7) =B [(y —1(g < 7))2}
in all three cases. In cases (o) and (i),
plim8, (1) = 1+ by — 1/2]

in case (ii),
-2y, f0<y<1,

o1 3
) lf 1 S 7 S VRl
7—%, if%<’y§1.

phms’\n (7) =

[N RIS ENEN]

Figure[3[shows plim@,, (v) and plimS,, (7) in these three cases. For our 2SLS estimator, arg milr} plim@Q,, () =
YE
1/2 in all cases, giving the same identifying results as HHB’s GMM using both m; and mq. For CH’s 2SLS,
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Figure 1: plim@,, () when E[e|g] = 0 and z = (1,¢q)’

arg milg plimS,, (y) = 1/2 in cases (0) and (i), whereas arg milr} plims,, (v) = [1/4,3/4] in case (ii), which is
YE YE
unidentified.

We next check whether the expected moment conditions are differentiable. In case (i), for HHB’s GMM,

it

E [mi (50,50,'}/)] — - ((217_ 7)8)4_
2 +

(537,

1_
is not differentiable at v, = 1/2, whereas for our 2SLS E|g; (84, 00,7)] = < 12 172 > , which is dif-

8 2
ferentiable at v, = 1/2. In case (ii), F [m; (B, d0,7)] is differentiable at «y,. This is due to the special

design of the DGP in this simple example. Specifically, using the formulae in and , it turns
out that &Elm1i(Ba,60,7)] = —1/2 = Zmilodon)] and  2E[m2i(Bo,d0.7)] = —1/2 =
o Y=7o— oy Y=o+ o Y=vo—
0 0 0
OB[m2i(B,50,7)] ‘
0y Y=o+
other hand, for our 2SLS, E [g; (8¢, d0,7)] = 3 — 7, which is always differentiable at .

But, in general, E[m; (8y,00,7)] is not differentiable at v, in case (ii). On the

3.3 Summary of Identification Results

Before summarizing the identification results for the existing estimators of v, we provide a further comment
on the distinction between "sum of squares" and "square of sums" criteria. Note that "sum of squares"
criteria need not have more identification power than "square of sums" criteria. When ¢ is endogenous, the
example in Section 2.1 of Yu (2013a) shows that the 2SLS estimator of CH is not consistent, and the example
in the previous subsection shows that the limit objective function of CH’s 2SLS need not even have a unique
minimizer. On the contrary, either the 2SLS estimator of this paper or the GMM estimator of HHB can
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generate a consistent estimator of 70@

(0): Ele|z,q] =0 and (i): Elel|z, g] = 0 but (ii): Ele|z,q] # 0 but
q L (z,x"]** q )t (z,x) E [ze<y,] = E [2645,] = 0

Consistency | Literature Consistency | Literature Consistency | Literature
GMM of HHB No HHB Ye This Paper Ye This Paper
2SLS of This Paper No This Paper Yes This Paper | Yes This Paper
2SLS of CH Yes HHBY] Yes CH No Yu (2013a)
STR of KST Yes HHB Yes CH No YLP
LSE of PY Yes PY and No Yu (2015a) | No Yu (2015a)
and Yu (20152 )] Yu (20152
IDKE of YP Yes YP Yes YP Yes YP

Table 1: Identification of 7, by Various (Possibly Valid) Estimators in Different Scenarios

Table 1 summarizes the identification results for all possibly consistent estimators of -, in various scenar-
ios. The first four estimators require instruments and the last two do not. Among the last two, Perron and
Yamamoto (2015) (PY in Table 1) use the LSE to estimate 7 in a structural change model even when there
is endogeneity. However, as shown in Yu (2015a), this strategy is valid only in the structural change context.
From Table 1, it seems that the IDKE of YP has the most extensive identification power even though the
method makes no use of instruments. Nevertheless, the IDKE cannot identify v, in CTR modelsﬂ while
HHB’s GMM estimator and our 2SLS estimator can identify -y, even in such models (although inference
needs further investigation). Table 1 also lists KST’s STR estimator. As mentioned in the Introduction,
when ¢ is exogenous, their estimator is equivalent to CH’s 2SLS estimator so it is consistent; but when ¢ is
endogenous, their estimator is not generally consistent unless the endogeneity is relatively small compared
to the threshold effect. Taking Table 1 as a whole, we can see some interesting differences between structural
change models and TR models — specifically case (o) vs. cases (i) and (ii). It is, however, becoming folklore
in the literature that these two kinds of models are considered similar to each other (at least in terms of
their asymptotic properties)m The present findings reveal that such folklore is misleading when there is

endogeneity.

220f course, we can claim that CH’s 2SLS cannot be applied when g is endogenous; see YLP for modifications of CH’s 2SLS
to generate consistent estimators of v,.

23 Here, we implicitly assume z and x do not include gq.

24 Both m1 (0) and ma (0) are required to prove consistency.

25 Bither m1 () or ma () is enough to prove consistency.

26 yu (2015a) strengthens this result a little. Specifically, let z = (z,q)’ and x = (x,q)". If ¢ L z and F [x|z,q] = g (2) + ¢},
i.e., ¢ need not be independent of x, then projecting x only on z in the first stage would generate a consistent estimator of ~.

277 is not necessary here.

28 Yu (2015a)’s result is a little stronger. Specifically, if ¢ L x and E [e|x,q] = g (x) + ¢/, i.e., ¢ need not be exogenous, then
the LSE is consistent.

29Tn such models, the IDKE can be extended also to take into account slope differences at each v € T' beyond level differences
to identify .

301n structural change models, case (i) corresponds to the circumstance that the moments E [(z},x})] are not equal for all
t, i.e., that there is some nonstationarity in the mean of E [(z},x})]; case (ii) corresponds to E [e¢|z¢] # 0 for all ¢ but with
T%) 2321 E [zie¢] = T%TO ZtT:_ITO E [zte¢] = 0, where Tp is the break point, i.e, z; is not a valid instrument for all ¢ but is valid
when the information in each regime is integrated. These results echo the finding in YP that nonstationarity is often helpful in
establishing identification.
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4 Inference Based on the IDKE with £.(0) =0

This section presents limit theory for the IDKE 7 in Method II where k4 (0) = 0. To facilitate formulation

of the limit distribution of 4, we define the following quantities,

Ai = Elyilzi, qi = vo—] = Blys|zi, i = vo+] = m_(x;) — my (),
Af(ml) - Ai : f (%‘aVO) 3

where A; = A(z;,7,) and Af(z;) is the limit of A; (7o) with A; () and A (x,7y) defined in and @
respectively. To derive the asymptotic distribution of 7 we use the following assumptions on f(ulz,q), which

is allowed to be discontinuous at g = .

Assumption U:
a u|x, q) is continuous in u for (x',q) € X xI'_ and (2',q) € X X , where I'c = (v —€,7y] an
f for (z',q) € X xT7 and (2',q) € X x '}, where T'; o] and
't = (y9,7 + €) for some € > 0.
(b) f(ulz,q) is Lipschitz in (2',q)" for (z',q) € X x T and (z',q) € X x T}.
(¢) Blu*|x, q] is uniformly bounded on (z',q)" € X x T, where . =T- UTF.

Given Assumption U, we impose the following conditions on the bandwidth h.
Assumption H: h — 0, and \/nh?/Inn — co.

Observe that nh?¢ = \/ﬁlnnﬁhd — 00 when /nh?/Inn — co. The limit theory for 7 is given in the next

Inn

result.

Theorem 3 Under Assumptions F, G, H, I, K, S and U,

Vi/h(F =) ~5 N(0,%)

where

_ BAT (@) (i) (0% () + 02 (1)) ]g: = vl )
Fav0) (BIA; () A f (2:)|a; = o)) K. (0)2

with &1y = fol K (t)2dt and 0% (z) = B [u?|z, q = vo£].

This result shows that 4 converges to 7, at the rate y/n/h, a much faster rate than that of the DKE 5
of DH because 7 utilizes more data information in estimation. Specifically, the convergence rate of DKE is
Vnhi=2 and the relative rate Vnhi=2/y/n/h = Vh¢=1 — 0. Based on Theorem 2 of DH, the asymptotic

variance of their estimator 7 is
(0% (o) + 02 (20))K% (1)
f(@o,70) AZK(0)

where k? = fK(ugg)2 du, with K (u;) = 7;11 k(ug,), and A, = m_(x,) — m4(x,) which is equal to

(1,20,7v9) 00 when Ele|z, ¢] is continuous. This asymptotic variance is comparable to 3, but critically relies
2

on the choice of z,. If A; = A and % (z) = 02, then ¥ = O (W) As expected, X is decreasing
1 +

Yo =

(21)

in fy(79), |A] and &, (0) and increasing in o2
The convergence rate y/n/h of 5 exceeds the usual parametric rate /n. To understand this increase

over the parametric rate, some heuristic analysis is helpful. For this purpose, we use the simple case where
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d = 1, so that ¢ is the only covariate. The convergence rate is then determined by the balance between an

empirical process and a deterministic centering process. Recall that
7 = argmax Qn(y) = arg max {Qn( ) - Qn(’Yo)} -
Because 5 maximizes Qn () — Qn (7o) on I" and v, € T', we have the decomposition

0= Qu(®) = Qulr0) = [Q0(3) = Qo(v0)] + [ (Qu®) = QD) = (Qulr0) = Qo(10))]

where the first term on the extreme right side is the limit centering process and is less than zero because
Yo = argmax Qo(7), whereas the second term is the modulus of continuity of the empirical process, which
YE

exceeds zero. Hence, Qo(¥) — Qo(7v,) and

~

swp_[(@(3) = Q3)) = (@n(r0) = Qo(r0)) | =

[y=70l<6

must balance out so their sum is greater than zero.
In the h neighborhood of v, we can treat the model as a parametric one, so without loss of generality,
assume
yi = Al(g; < 7o) + wi,

where ¢; =i/n,i=1,--- ,n u; ~ N (0,1) and A > 0. Now, 7 tries to maximize A (v) — A (7o), where

e 3 (G

i=ny+1

D S = ) (22)

i=n(y—h)
For |y — 7| <4, and v <y, we have

A7) = A (y)

1 e i—ny 1 n(th) i—ny 1 20 i—nvyg 1 n(y0t+h) i—nYg

i=n(y—h) i=ny+1 i=n(yg—h) i=nvyg+1

1 Q =" A sy i—n 1 (&) i—n
A+p X B (SR u-m X k() o X ke () w

i:n(’y—h) i=nvy+1 i=nvy+1
_ A + 1 Tg:o k (L 7L’Y0) U — 1 n(’th) k (i*'n’YO) :|
nh - nh g nh + nh Ui
z*n(ﬂ/o—h) i=nvyg+1
1 i— n’y 1 X i—ny i—ny 1 nlofh) i—ny i—ny
~A(E Y k() S [’C—(Th)—k—(Tho)]“ier D [k+( nho)—k+(Th )}ui
i=nvy+1 i=n(y—h) i=nvyg+1
Yo .
1 -
~an i:%ﬁ [k (53) + k= (577) ] s

_0 (AIOW k+(v)dv> +0, <k’(0)\/,jh I (”O}j”) dv+ K (0 \/nh Iy (
_Op< 1 (o) b (e v_v)ydv)

. ! % Yo=Y 2 0 Yo=Y 2 I (y=7 ?
If Ais fixed, k1 (0) = 0 and £/, (0) > 0, then [; ky(v)dv = 0O (T) o (T) dv = [, (T) dv =

) )

31 Locally, ¢; follows a uniform distribution on [vo — h, v + h], so we assume it follows the discrete form of U [0, 1] here.

23



Method IT: Fixed A, k+(0) =0 YP: Fixed A, k+(0) > 0 Method III: A | 0,%+(0) > 0
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Figure 4: Balancing Qo(7v) — Qo(7,) and ¢"f(rf) in Method II, YP and Method III

2
and ¢, (6) = 1/6%/h3 since (VOEV)S =0 (( °h7)2>. Suppose 7 — 75 = O, (r;'); solving = ~ V\/;/Trj,
we get 7, = \/n/h.

For comparison, consider the IDKE in YP and in Method III. In the former, fomhﬂ ky(v)dv = %,
2 2 2 - 2
fi)l (%) dv = fol (%) dv = (Vt’h—*v) , and fowoh : (k+(v) +k_ (% — v)) dv = 22— since k4 (0) >

2
0. As a result, Qo(7) — Qo(vg) = O(d/h) and ¢, (6) = +/d/h? since (%) = 0(%). Solv-
L VU we get r, = n. In the latter (as will be detailed in the next section), A — 0, so

ing o ~ O =
Qo(y) — Qo(yy) = O (Ad/h) and ¢,, (§) = 4/0/h2. Solving T%h ~ Fm, we get 1, = nAZ

Figure {| illustrates these heuristics. For example, in Method II, because Qo(v) — Qo(7,) is quadratic
(in the neighborhood of v,) as in the regular parameter case, we expect 4 to have an asymptotic normal
distribution. The extra h in the convergence rate \/n/h arises because the variations in Qo(v) — Qo (7o)
and ¢,, (§) are both in the scale of h in this nonparametric setup. In YP, Qo(y) — Qo(7,) is a nonsmooth
function of v (in the neighborhood of 7,) such that v can be more easily identified than in Method II, so
the convergence rate n is faster than /n/h. In Method III, Qo(7) — Qo(7,) is still nonsmooth but the
nonsmoothness is less severe (the left and right derivatives of Qo(y) — Qo(vg) at v, are O (A/h), less than
O (1/h) order in YP), so the convergence rate is slower than that in YP@ In YP and Method III, the
convergence rates of 4 are actually the same as in the parametric cases.

For inference of v based on inverting the ¢ statistic, we need to estimate X in Theorem[3] A straightforward

(M)Q and fom’%w (k+(v) + ko (% — v)>2 dv=0 ((Wh'y)g) Asaresult, Qo(v)—Qo (7o) = O (67 /h?)

32To understand the convergence rates of 7 in Methods I and II, we can compare these rates with those in Seo and Linton
(2007) where a parametric TR model is considered. In the SLSE of Seo and Linton (2007), 1(g; > =) in the objective function of

the LSE is changed to K (Qi}:'}’) with K (-) being a cdf, which results in a convergence rate of y/n/h, which is exactly the same
as in Method II; when h is fixed, the convergence rate reduces to /n, the same as in Method I. On the other hand, although

the convergence rate of Method II and that of Seo and Linton are the same, the asymptotic distributions are still different.
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approach is to use the sample analog. Specifically, we can estimate X by

LTkl )A?()f() 0
(&S0 bl = DBIE w0 ) Flw)) K,

i:

where
Aq) = ( (@i (2:7) — m(xi,m(xi,v)) :
f(xl) = n—1 Z Kh 170 xl?’)/ Z Kh”kh )7
Jj=1,j#i ] 1,j#i
i (v) = yi—m_ (v, 7)q <) —my (i, )@ > ), U = ()
with
+
T/)’\li(l" 'Y) _  n- 1 Z] 1,5#1 h zjkh:qu - /-Y)y]
n71 Zj:l,j;éi Kh,ijkh (g =)
—~ 1 n .
fe(ziy) = n_1 Z Kiy i3k (a5 = 7)-
Jj=1,5#i

The next result establishes that ¥ is consistent.
Theorem 4 Under the assumptions of Theorem@ IS 5}

Another method of inference is based on inverting the LR statistic. Although this method has been
proposed in the small-threshold-effect framework by Hansen (2000), it seems new in the current setting. Our
LR statistic can be used to test whether v = v, and is defined as

W (o — e (0) E[Af(z:)Ai f (xi)lgi = 70l - A
) e BIAT ) 2 ) (o ) + 0% ()l = ) (@) - @nm).

Corollary 2 Under the assumptions of Theorem[3,
LR (9) <.

(1)

To construct a CI for v based on LR;,” we need to estimate TA( BlA s (@) Aif (@i)]as =70l
¥

;) f2(2i) (0% (zi)+02 (z:))]ai="0] "

1 ] 71L Zz 1 kn (ql )AQ( )f (:E“"/)f(l’ ) 3 1 i I _
estimator is Iy k(@A) A2 P(e2a® which is consistent from Theorem [4| Hence, the (1 — «)100%

LR-CI for ~ is
—(1
{v IR, () < cva} :

— A ()|
where LRi) () replaces E[A?(mﬁ[ﬁ{g;()ﬁz{(%)\qz,—’m]

|
3 (@) +o? (z4))]ai=0]
a)100% quantile of x3.

The natural

in LR\ (7) by its estimate, and cv,, is the (1 —

5 Inference Based on the IDKE with Shrinking Threshold Effects

In the previous section, the IDKE was adjusted by letting k4 (0) = 0 to construct a CI for y and the threshold
effect was taken as fixed. In this section, the IDKE is adjusted from a different perspective by allowing for
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the threshold effect to shrink to zero with the sample size but requiring that k4 (0) > 0.

5.1 Optimal Rate of Convergence for ~

First, we discuss the interpretation of a shrinking threshold effect. As argued in Section 2.4 of YP, the local
shifter 1(g > =) plays the role of an instrument. When ¢ shifts from the left side of « to its right side, the
shift in the mean of y shrinks to zero. This behavior can be interpreted as the manifestation of a weak IV
problem in the threshold regression context. A natural question that then arises is the identifiability of
as d shrinks to zero. To put this question a different way, we can ask what is the minimum magnitude of §
that ensures identification of ~. For this purpose, we cast the model in the following framework.

Suppose P is a family of probability models on some fixed measurable space (€2, A). Let v be a functional
defined on P. Given an estimator % of  and a loss function L (¥, ), the maximum expected loss over P € P
is defined to be

R(®,P) = ?é%EP (L (7, 7(P))],

where Ep is the expectation operator under the probability measure P. A popular loss function (e.g., Stone
(1980)) is the 0-1 loss

~ ~ €
L(A,7) = 1{|7*7| > 5}
for some fixed € > 0, which will be used in this paper. Under this loss, R (7, P) is the maximum probability
that 7 is not in the €/2 neighborhood of 7. The goal is to find an achievable lower bound for the minimax

risk defined by

infR (3,P) = infsupBp [L (7, 7(P))] . (23)
o 7 Pep

Only if ¢ is large enough, will the right side converge to zero. The best rate of convergence of R (5, P) to
zero is then called the optimal rate of convergence or the minimaz rate of convergence. Now P € P in our

model is characterized by m4(z,q) and v as follows:

deiv’Y

T f@,Q)p, (Y —m_(2,9)1(q <) —my(x,q)1(q > 7)),

P(s,B) = {Pmiﬂ:
m_(z,q) € Cs (B,X X I‘e_) ,my(z,q) €Cs (B,X X 1"2‘) ,/ugpw’q(u)du =0,v€ F} ,

where y is Lebesgue measure on RY, ¢, 4(u) is the conditional density of u given (2,q), and Cq (-, ) is
defined in Section

To formulate a precise statement of our next result, let

Pn = \//X (m—(z,7) = my(z,7))” f(z]7)dz,

where v = y(P), and f(z]vy) can be replaced by any weight function w(z) with 0 < ¢ < w(z) < C < oo and
[y w(z) = 1. If E[e|z, q] is continuous, then p, = |E [x|q = 7 Sn| = O (||6,]]), similar to the [|6, | in Section
Bl

Theorem 5 Suppose Assumptions F, S and U hold, and P € P(s, B) with s > 1. If nﬁpn — 00, then

lim inf sup P (npi 5 —~(P) > E) >C,
n—oo 7 PEP(s,B) 2
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and if nFFp, = O (1), then

lim inf sup P (W —(P)] > E) >C,
n—oo ¥ PeP(s,B) 2

for some positive constant C and small € > 0.

We begin our discussion of this result by clarifying a key difference between the parametric and nonpara-
metric threshold models with shrinking threshold effects. In the former, as long as the jump size is n=* with
0 < a<1/2 (ie., larger than 71*1/2)7 ~ can be identified; in the latter, however, we require a jump size larger
than n~ 771 to identify . In other words, the minimum rate of convergence for v in the nonparametric
model must be larger than n7 rather than any rate diverging to infinity as in the parametric model. In
the parametric model, s = 0o, so n~ZF1 = n~Y/2 and n~ = = 0, i.e., the parametric result is a limiting
special case of Theorem [5]as s — oco. Such a difference between the parametric model and the nonparametric
model does not seem to have been explicitly recognized in the literature. For example, Miiller and Song
(1997) show that the convergence rate of the DKE is np? when ¢ is the only regressor by implicitly assuming
a trade off in rates under which p,, is taken to be larger than n~ %41, In fact, when ~ can be identified, the
optimal rate of convergence for v is the same as in the parametric case. This rate is achieved by the IDKE,

as shown in the next section.

5.2 Asymptotics for 7

To facilitate finding an expression for the limit distribution of 7, we define the following quantities

Dn, = BE[Ap(2:)Aif(@)]ai = vol/ P2
Vip = BA} (@) f*(@i)o? (z:)lai = 1ol /pis

where p,, is evaluated at v,. We also impose the following conditions on the bandwidth h.

Assumption H': h — 0, \/nh?/Inn — oo, p,, — 0, p,,/h* — 00, nhp? — .

s—d)+1

If we employ the optimal bandwidth h = O (TFTIH), then /nh?/Inn = n22(’<25+1> /Inn — oo under

Assumption G/ (s > d). Also, p,,/h® — oo and nhp? — oo hold when n%+1 p, — oco. The limit distribution
of 7 is given in the following theorem.

Theorem 6 Under Assumptions F, G', H, I, K', S and U, if D, — D and V4, — V; as n — oo, then

~ d
npi(¥ —vo) — w-A(N),

1 Vi

Faly) D2 N4

where w =

Wi(—r) — m7 ) < 07
A ()\) = argmax 1(=r) =% i<
T VAW(r) = 2L if e >0,

with A = Vo /V1, and Wy(r), £ = 1,2, being two independent standard Wiener processes on [0, 00).

In some special cases, the asymptotic distribution of 5 can be simplified. For example, if o2 (x;) = 0%,

and 02 (z;) = 03, so that the model is locally homoskedastic within each regime, then A = ¢3,/0%; if
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Figure 5: Comparison Between the PDFs of /' (0,1) and A (A\): A =0.5,1,2

02 (z;) = 03 (z;) = 0§, so that the model is homoskedastic locally around v, then A = 1. To compare with
the asymptotic distribution of 4 in Method II, note that by Slutsky’s theorem,

faly D%A d
npiq(%(v —70) — A ()

in Method III, whereas

np2 fq (7o) D2 kis— (0)2

% d
Th Vi (LN € (3 —0) = N(0,1) o)

in Method II, so we use a different normalization on (¥ — ) to achieve a nondegenerate limit distribution.
We can show that when p,, — 0, the result in still holds and the CI based on LRgll) () remains
valid. The convergence rate of 7 in Method 1T is \/np2/h. Since \/np2/h/np? = \/1/ (nhpZ) — 0, the 7
estimator in Method II has a slower convergence rate. But its convergence rate is still faster than that of the
2SLS estimator in Section [3| because \/np2 /h/q/n 16,1 = O (\/1/7) — 00. Figure [5shows the difference
between the A/ (0,1) and A (\) limit densities, where the analytic form of the density of A (\) is reported in
Appendix B of Bai (1997), viz.,

2 x
o (<) + b e (i Dene (L)
A

) =
v ~h® (3R + (14 ) exp (H2a) o (- (VA+ 515 ) va), el

with ® () being the cdf of A'(0,1). Intuitively, when the heteroskedasticity measure A > 1, it is more likely

that A (A) achieves the maximum at = > 0. This intuition explains why the right tail of A ()) is heavier than

the left tail. Interestingly, the effects of A on the limit distributions of the two ~y estimators are different: its

effect on the estimator 5 in Method II is to increase variance (but maintain symmetry), whereas its effect
on the estimator 7 in Method III is to introduce skewness.

For comparison, we state the limit distribution of the DKE in the following corollary. For this purpose,
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we adjust Assumption H’ as follows.

Assumption H”: h — 0, y/nh?/Inn — o0, A, — 0, A,/h® — 0o, nh4A2 — oo, where A, is defined in
and is equal to (1,2),7,) 6n when Ele|z,q] is continuous.

The optimal bandwidth h = O (nfﬁ) satisfies Assumption H”.

Corollary 3 Under Assumptions F, G', H', I, K, S and U,

nhd—lAgﬁ —7) N wo - A(Noy K,

o2 (zo)

where w, = Flaora)’

Wi(-r) -5, ifr<o,
A (Ao, k) = argmax 1)~ 2 ifr<

T \/TOWQO")_%7 ifr >0,

2
with A\, = Z;E‘z"g , k2 being defined in , and standard Brownian motions Wy(r), £ = 1,2, as in Theorem
[78

The distribution of A (X, k) is derived in Proposition 1 of Stryhn (1996). Since it will not be used for
inference, it is omitted here. Compared with the convergence rate of 5 (viz., np?), the convergence rate of
¥ (viz., nh?~1A2) is much slower especially when d is large. But it is still faster than the convergence rate
of the DKE in Method II because the ratio nh9'A2/\/nhd-2A2 = \/nh?A2 — co. To compare with the
limit distribution of 4 in Method II, note that by Slutsky’s theorem,

nh“Aim(W ~%0) <= A (Ao, )

in Method III, whereas

nhd=1A2  f(zo,79) K, (0)% _ .
\/ he o o2(m) (14 A) K2 (7 = 70) — N(0,1)

in Method II. The limit distributions of % in both methods involve only information local to x,. Similar
to A in the limit distributions of 7, A, affects only the variance of 7 in Method II, but affects symmetry in
Method III. A new factor 2 also appears in the limit distributions of 7; different from ),, the factor &2
increases variance but does not affect symmetry in either case.

Tt is also interesting to notice that the limit distribution of 4 in Method IIT does not depend on the kernel
choice whereas the limit distribution of 7 in Method III does depend on the kernel choice on x (although
not on ¢). These results echo Theorem 1 and Corollary 1 of YP where p,, is fixed and k4.(0) > 0. But
when k4 (0) = 0, from Theorem [3] the asymptotic distribution of 4 depends on the kernel choice on ¢, and
from , the asymptotic distribution of 4 depends on the kernel choice on both x and ¢. In other words,
whether k4 (0) = 0 or not does indeed affect the role of the kernel on ¢ with respect to data usage (and hence
efficiency) of the estimators.

We next discuss inference concerning the threshold parameter v based on our IDKE approach. Although
we can construct a CI for v by inverting the asymptotic distribution of 4 in Theorem @, Hansen (2000) shows

that such CIs perform poorly due to the identification failure when p,, = 0. He suggests constructing Cls for
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~ by inverting the LR statistic instead, which in our case is defined as

1

LR () = nh g 2 (20 3) = Q. ()

To do so, we make use of the following result.
Corollary 4 Under the assumptions of Theorem [6},
LRY) (70) == M (V).

where M (X\) follows the distribution P (M (\) < z) = (1 — e~ ?)(1 — e */*) with \ defined in Theorem @

To construct CIs for v, we need to estimate D,,/Vy, and A. By similar procedures to those of the last

section, we can show that

D, _ ANk ( i = NAA)F (@i, 7) F )

Vin LSk (g — A)A2A) ()i
5. »ii 1k+<qz—a>§3<a>fz<xz>a%
% Ei:l h ( qi — ’Y)A?@)P(%)ag

are the required consistent estimators, where A; ), f(ﬂczﬁ), f(xz) and u; are defined in the last section. If

02 (z;) = 03, and 0% (x;) = 03, then X can be simply estimated by the ratio

Given all these components, the (1 — ) LR-CI for 7 is

{v:fﬁf’ () < A}

—(2
where LR; : () replaces D,,/Vi,, in LRY () by its estimates, and ¢v,, is the (1 — ) quantile of M obtained
by replacing A by its estimate.
To compare the LR statistic LR\ () with LRY () in the last section, note that LRY (7) can be

expressed as
k., (0) D,

LRV nh _—
( ) E(l) ‘/ln +‘/2n

If Q, ) - Qn (7) are the same in these two LR statistics, then

IR 0) _ ke ORO) Vi 2
LR (v) o Vint Ve

—4 ol Kk4+(0)kL(0)
- 2

e o which is further simplified
10 20

If the model is locally homoskedastic in each regime, then R,,

to 2k+(0)k'+(0)
£1)

the same in LR%1 ) (7) and LRELQ) (7) because the employed kernels are different and the 7’s are different. To

when the model is locally homoskedastic in both regimes. However, @n ) - @n (7) are not

compare the asymptotic distributions of these two LR statistics, we plot the asymptotic pdfs in Figure [f]
and report their 95% critical values in Table 2.
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Figure 6: Comparison Between the PDFs of x? and M for A = 0.5,1,2

Test Stat. | LRYY LRP(A=05) LRP(A=1) LRP(\=2)
95% crit | 3.841 3.040 3.676 6.081

Table 2: 95% Critical Values of LRS) and LRg) for A=0.5,1,2

5.3 Comparison With the Parametric LSE

We close this section by comparing the IDKE with the LSE in the parametric case (see, e.g., Hansen (2000)).
From YP, the LSE 7 g5 obtained by minimizing

rgi(?(Y—Xﬁ—XSvd)'(Y—XB—XSVcY) =YY -Y'PY (26)
is equivalent to estimation by maximizing
N ’ =1 7 / =1 ’ —1 ~
(5 X ) [X (X'X) 7 XL Xoy (X'X) 7 XL Xery (X'X) X] (X(S) , (27)

where P, is the projection matrix onto span (X, X<,), S(’y) is the LSE of § based on splitting according

to the threshold v, and X and X<, are defined in with a similar definition for X-.. Here, Xd(y) =

{xﬁ (’y)} , and x;g (v) is an estimator of the conditional mean differential A (z;,7). Since A, (7) is
i=1

estimating A (z7,7) f(zi,7), X3 (7) is mimicking {A; (7) /f (z:,7) }

and f(z;) do not appear in D,, Vi,, and Va,, so p2D2/Vi, reduces to

BIA?u? gi=+]
BIATuflgi=r,-1'

n
. In the parametric case, f(x;,7q)
i=1

B[A? |gi=0]®
E[ATuf]gi=o—]

2 —
if 02 (z;) = o3y and 0% (z;) = 03, then p2D?/Vi, further reduces to %{W and A

2
further reduces to % A natural question is how to generate the same asymptotic distribution as in the

and A reduces to

10
parametric case when Ele|z, ¢] is continuous. By careful inspection of the derivations in the proofs we can
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show that, if the objective function of the IDKE changes to

oy [T Y kT
lz ( n—1 j= 1]761 th _ n—1 = 1]3‘&1 th
n& fla ) N K "

= n—l G=1,j7#i h,u n— 1 G=1,j#i h ,iJ

then the asymptotic distribution of the IDKE is the same as that of the parametric LSE, where f(wi,'y)

and f(xl) are consistent estimators of f (z;,) and f (z;), respectively. Asymptotically, we impose a weight
fale(VolTi) on A2, This weight is intuitive in the sense that when there are more data points in the neighbor-
hood of ¢ = 7, at x;, we impose a larger weight on A?. In fact, we can also show that the IDKE using this
objective function has the same asymptotic distribution as the LSE even in the framework of YPE In other
words, the complex-looking weights in the square bracket of the objective function are asymptotically

equivalent to { fala( ’Yo \:1:1)} . Such an equivalence result is not at all obvious from the orlgmal least squares

objective function .

6 Two Specification Tests

In this section, we study limit theory of the two specification tests in Section We first specify some

regularity conditions which are modifications of Assumptions F, G and U given earlier.

Assumption F’: f(z,q) € C; (B, X x Q).
Assumption F”: f(z,q) € C\ (B,X xI'c) with A> 1, and 0 < f < f(z,q) < f < oo for (z,q) € X x T..
Assumption G”: (i) g(z,q) € Cs (B, X x Q) with s > 2; (i) g(z,q) € Cs (B, X x T'.) with s > 2;
Assumption U":

(a) f(ulz,q) is continuous in u for (z',q) € X x Q~ and (2',q) € X x Qt, where Q— = [9,70] and
Q* = (70,7

(b) f(ulz,q) is Lipschitz in (z',q)" for (z',q) € X x Q~ and (2',q) € X x Q.

(¢) Blu*|z, q] is uniformly bounded on (z',q) € X x Q.

The following Assumptions B1 and B2 are made on the bandwidths used in the first and second tests.

Assumption B1: nh? — oo, h — 0.
Assumption B2: nh? — oo, b — 0, h/b — 0, nh%/26>" — 0, where n = min (A + 1, s).

Given d > 1, h/b — 0 implies h%2/b — 0, so nh* — oo implies that nh%?b — oo, where nh%/?b is the
magnitude of I'? under H1(2). The quantity nh%/262" is the bias of I%? under Hég), so the assumption
nh¥2p?1 — () guarantees that 17(12) is centered at the origin. Under H(gl), the bias of Ir(bl) is h¥2 so h — 0
ensures that L(Ll) is also centered at the origin The condition h/b — 0 requires that h is smaller than b,
which helps to generate power under H ) and shrink the bias under H, 2) ¢ zero. Intuitively, if h/b — 0,
then the term Kj, ;; in L(z) makes the product €;€; behave like a squared term, producing an effect that
generates power. In the first test, m(x,q) under H((]l) is parametric, so the corresponding bandwidth of b

is a constant so that h — 0 necessarily implies h/b — 0. In testing H(gQ) versus HI(Q), our test statistic Iy(f)

33Using such an objective function, the asymptotic distribution of the IDKE with k+(0) = 0 in Section
(Bla2u?lai=vg 1+ Elau?lai={1) €y

1
Fa(ro) (B [AQ‘qi:WO])Qk;(O)Q , and LRSL)(.Y) changes to

would also change. For example, ¥ would change to

nhk+(0) E[A l2:=70] <Qn( ) @71, ('Y))

€1) E[AZ2u2|q=v, |+E[A2u]q;=7]]
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still applies when E[e|z, ¢] is not smooth at ¢ = 7,. But in this case the null hypothesis is better modified
to the equivalence m_(z) = my(z) for all z € X and g in Assumption G” does not need to be smooth at
q = 7,- Also, we need to add the requirement nh%2b% — 0 to Assumption B2, where nh%/2b? is the bias of
I attributed to the cusp of m(z,q) at g = 7,.

In the second test, we impose the following assumption on the kernel I, (-, ).
Assumption L: [;(-,t) takes the form of (@ with order p=s+ X\ — 1.
Thus, (-, t) may be a higher order kernel to reduce the bias in g;.

6.1 Limit Theory for the Two Tests

The following two theorems give the limit distribution of I,(f) under the null H, ée) and local power under H 1(6).
Note that the main component of L(f) under H(()e) is a degenerate U-statistic, so the asymptotic distribution

is normal rather than a functional of a chi-square process, as in the usual structural change literature.

Theorem 7 Under Assumptions B1, F', G" (i), K, S, and U, the following hold:

(1)
JIQINgYe (07 2“))

uniformly over H(()l), where

) = 2/k2d(u)duE [f (z,q) 0" (x,q)] , with o (z, q) = Blu?|z, q],

which can be consistently estimated by

2h?
(1)2 Z Z K2 o202
Uy, - h,i i€i €5
n(n—1) e 7

Hence, a test based on the studentized test statistic M = Lgl)/vﬁll)
=1 (Tff) > za) :
has significance level a, where z, is the 1 — a quantile of N(0, 1)@
(ii) If under Hl(l), m(z,q) —m(z,q) = n"2h=Y2A, (2, q) such that [ A, (z,q)*f(z,q)*dzdg — A, then

100 -5 N (8,50 and T -4 v (A/VED, 1),

so that the test tsll) is consistent and P, (Tr(bl) > za) — 1 for any m (-) such that [ (m(z,q) — m(z, Q))2 f(x,q)*dzdg #
0. Furthermore, the result continues to hold when z, is replaced by any nonstochastic constant
C,=o0 (nhd/Q).

According to this result, 1Y has only trivial power if E [(m(x,q) —m(z,q))° f(x,q)} = 0. Consider the

following special example to illustrate. Suppose m(x,q) under Hél) is X'8+x'61 (g < 7), and the alternative

34The test is one-sided because I,(,,l) is based on the L2-distance between m(-) and m(-).
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is m(z,q) = X5+ X0 (g <) + X6 + X1 (g ), then obviowsly, B [(m(z,q) — m(z,0))* f(z,)] = 0
under H 1(1) and IT(LU has no discriminatory power against such m(x,q). This point was observed for classical
specification testing without threshold effects — see, e.g., Bierens and Ploberger (1997, p. 1135). Possible
cases that do generate non-trivial power include models where (i) m(z,q) takes the same parametric form

but has a different threshold point from m(z,q), and (ii) m(z,q) takes a nonparametric form for which
J (m(z,q) —m(z,q))° f(x,q)*dedg > 0.

Theorem 8 Under Assumptions B2, F', G (i), K, L, S, and U, the following hold:

(i)
12 -5 N (0,®)

uniformly over H(()Q), where

£ =2 [ u)duB 111 (.0 0" 2, )]
which can be consistently estimated by
(2)2 _ 27}7# 1F1FK2 ~2~2
Un T i — 1 DD L KR e
nin—1) 554
As a result, the test based on the studentized test statistic T = IT(LZ)/QJ?(E)

1 =1 (T,(f) > za) :

has significance level o, where z, is the 1 — a quantile of N'(0,1).

(ii) If under H1(2), m_(z) —my(z) =n~ V2R~ W4V2A, (2) such that [ A, (x)? f(z,7y)?dz — A, then

@ 4N (gA, 2<2>) and T® 45 N (gA/@, 1) ,

2
where { = 2f01 (fvl l(u)du) dv, and the test tg) is consistent with Py, (Tf) > za) — 1 for any m
such that [ (m_(z) — m(x))” f(x,70)%dx # 0. The result continues to hold when z, is replaced by

any nonstochastic constant Cp, = o (nhd/Qb),

These two theorems show that L(zl) and 17(12) have power against different deviations of m(z, q) from H.

For I,(ll), power is generated from global deviations of m(z, ¢) from Hy, just as in classical specification testing
(see, e.g., Theorem 3 of Zheng (1996) and Theorem 3.1 of Fan and Li (2000)). For I,(f), power is generated
only from local deviations in the neighborhood of ¢ = 7,. In consequence, we need a larger deviation for
I than for I to generate non-trivial power — specifically, n=1/2h=4/4p=1/2 jp=1/2p=d/4 = p=1/2 _, oo,

6.2 Bootstrapping Critical Values

As is evident from the proofs of Theorems |7] and [8 the convergence rates of T,(Ll) and Ty(bz) to the standard
normal is slow. The bias under Hél) is h%? and under H(()Q) is nh%/2b*1. Both these rates are low for some
standard choices of bandwidth. As argued in the literature of classical specification testing (see, e.g., Hirdle
and Mammen (1993), Li and Wang (1998), Stute et al. (1998), Delgado and Manteiga (2001), and Gu et al.
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(2007)), an improved approximation of the finite-sample distribution of TT(LZ) can be obtained using the wild
bootstrap (Wu, 1986; Liu, 1988). We therefore suggest that the following algorithm WB be used in both

tests, with €; and g; having different definitions in the two tests.

Algorithm WB:

Step 1: For i = 1,--- ,n, generate the two-point wild bootstrap residual u; = ( ) /2 with proba-
bility (1++/5) / (2[), and u} = ¢€; (1++/5) /2 with probability (v/5 )/( ) then E* [uf] = 0,
E* [ *2] =¢? and E* [u;"?’] = e}, where E* [] = E[-|F,] and F,, = {(2}, ¢, ys) } 1

Step 2: Generate the bootstrap resample {y}, z;, ¢;}., byFﬂ
Yi =Y+

Then obtain the bootstrap residuals €] =y — 47, where ¥ is defined similarly to y; except that y; in

the construction of y; is replaced by y; .

Step 3: Use the bootstrap samples to compute the statistics

/2
Iy(Ll)* _ n:;_l ZZK}HJ €; ;,

i jF£i

(2) nh?/? 4T

I = "D Zgl1muu,
e

and the estimated asymptotic variances

U'Stl)*Q = n_ 1 ZZK}L z]A*QAij

i jFi
(2)x2 _ ¢ A*2/\¢<2
@2 = n_12211KW e
i jF£i
The studentized bootstrap statistics are T,(f)* = L(f)*/vg)*. Here, the same b and h are used as in I,(f)

and v( 2 in Theorems |7] and

B
Step 4: Repeat steps 1-3 B times, and use the empirical distribution of {Ty(fl):} to approximate the
) k=1
null distribution of T3, We reject H" if T > T\

By’
B
T“)*} .
{ n,k k=1

In Step 1, a popular way to simulate «} in the second test is based on €;’s centralized counterpart ¢; = €; — e

where Tflg*B) is the upper a-percentile of

— n n
rather than ¢; itself, where € = 3 é}lg” > 1{”, Iy, = ('y — b7+ b); see, e.g., Gijbels and Goderniaux
i=1 -

(2004) and Su and Xiao (2008). Such a formulation can lead to Y &1 / S 11 = 0 which will not
i=1

i=1

35To construct I,(L2)*7 we need only the data with g; € [1 —-b5+ b] .

361f we use a data-adaptive bandwidth such as cross-validation based on each bootstrap sample, then the algorithm is
extremely time-consuming. See Chapter 3 of Mammen (1992) for related discussions.

n n n
3TIn the first test, % e = % S eil(q <)+ % > €;1(g; > 7) = 0 since the covariates include a constant term.
i=1 i=1 i=1
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affect the asymptotic results but may affect the finite sample performance of Algorithm WB especially under
.

The bootstrap sample is generated by imposing the null hypothesis. Therefore, the bootstrap statistic
Tfl@* will mimic the null distribution of T,(f) even when the null hypothesis is false. When the null is false, €;
is not a consistent estimate of ; or u;. Nevertheless, the following theorem shows that the above bootstrap
procedure is valid. This is because our studentized test statistic é“ is invariant to the variance of e. But
the wild bootstrap procedure is not valid if the test statistic L(f) is used instead of T; 7(15)

Theorem 9 Under the assumptions of Theorem[7 and|[8,

sup |P (T,(Le)* < z|.7-'n) — fIJ(z)‘ =0,(1),
z€R

where ®(-) is the cdf of N(0,1).

7 Simulations

We report simulations designed to assess the performance of our Cls and tests. We will concentrate on
procedures whose performance is unclear in the literature. For inference, we will check only the CIs that
invert the two LR statistics in Sections [d and [5] It is unnecessary to compare the performance of the IDKE
and the DKE because YP have already shown that the former performs much better than the latter in
finite samples. Similarly, we do not check the performance of estimators and CIs based on our 2SLS or
efficient GMM procedure because these are compared in YLP with other estimators and CIs that employ
instruments. Further, we do not report the performance of CIs based on inverting the ¢ statistics because in
Method II its performance is similar to the LR-based CI and in Method III its performance is worse. For the
two specification tests, we investigate only the two nonparametric tests developed in the main text because
the performances of parametric tests developed in Supplement D are widely available in the literature@
Another reason for focusing on these two CI constructions and two specification tests is that neither involves
instruments. As mentioned in the Introduction, good instruments are hard to find and justify in practice,
so these methods have appeal in applied work.

We use a similar DGP as in YP for the simulation designs. Specifically, y = 611(¢ < v) + ¢, i.e., the
threshold effect does not depend on «, where vy = 0 and T' = [—0.1,0.1], z and ¢ are independent and each
is uniformly distributed over [—0.5,0.5], and ¢| (z,q) ~ N(—d2¢>,0.12). In CI construction, we let §; = 0.1
and 0.2, indicating small and large threshold effects, respectively, and d5 = 1, indicating severe endogeneity.
In testing endogeneity, we let 47 = 0.2 and d2 = 0,0.2,0.5 and 1, where §2 = 0 corresponds to the null. In
testing threshold effects, 91 = 0,0.1,0.2 and 0.5, and o = 1, where §; = 0 corresponds to the null. For the
IDKE with k4 (0) =0,

1 1 1
kE_(z,r)=—z(l+x)1(—1 S:EST)/(62T237»3> ,0<r<1,

38 The wild bootstrap for IT(,,Q) should be valid because the misspecification in the variance of e happens only in a b neighborhood
of vq.

39 Although the literature (e.g., Zheng, 1996; Li and Wang, 1998) provides simulation results when the approximation function
m(z,q) in is smooth, there are no corresponding results when m(z, q) is discontinuous. Also, although Porter and Yu (2015)

investigate the finite sample performance of a similar structural change test as I§L2), no covariates z are included in that work.
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and for the IDKE with shrinking threshold effects,

k_(z,7) = 2(1 —2)l(-1<z < r)/ (; + %r— iﬁ) ,0<r<1, (28)

which degenerates to the Epanechnikov kernel when r = 1; ki (z,7) = k_(—=, r)@ In both tests, the kernel
in K} ;5 is specified in , and in the second test, 7; is estimated by the local linear smoother which implies
a second-order boundary kernel in L ;; as required in Assumption L. Following DH, three bandwidths A
are used based on the formula Cn~'/2? with proportionality constants C' = 2, 3 and 4; in the second test,
b= %hl/Q to guarantee h/b — 0 and nh%?b*" — 0 with n = 2 The simulation study in Miiller (1991)
shows that a bandwidth without boundary adjustment works well, and we therefore use the same bandwidth
for both interior and boundary points. N = 500 replications with sample size 500 and 1000 are used. In
Algorithm WB, B = 399 when n = 500 and B = 199 when n = 1000. For CI construction the confidence

level used is 95%, and for testing the level of significance is 5%.

7.1 Two LR-Based ClIs

The coverage and average length of the two LR-based Cls are reported in Table 3. From Table 3, both
methods perform well in coverage. Reductions in bandwidth and expansion of sample size both marginally
improve coverage. On the other hand, different bandwidths and sample sizes have a big impact on CI lengths.
Specifically, under our DGP, the medium bandwidth seems to perform satisfactorily for CI length among
various scenarios and a larger sample size shrinks the length significantly. Another phenomenon deserving
of mention is that CI length decreases sharply when the jump size doubles in both methods. This outcome
is expected because larger threshold effects make the threshold point easier to identify. Comparing Method
IT to Method III, the latter behaves a little better in coverage. This may stem from the fact that the latter
makes full use of the data information around 7, (k+(0) > 0) while the former makes only marginal use of
such information (k4 (0) = 0). This improvement comes at the cost that the CIs in Method III are generally
longer than those in Method II.

7.2 Two Nonparametric Specification Tests

The size and power of the two nonparametric specification tests are reported in Tables 4 and 5, respectively.
From these two tables, all tests have size close to the nominal 5% except in the second test with a large h
where the test is undersized. A large h implies a large bias in 112 so the rejection probability is adversely
affected. The power of the endogeneity test is very good - even when d5 = 1 and n = 500, the power is 100%.
The power of the second test is also very good - even when d; = 0.5 and n = 500, the power is close to

100%. As a benchmark, 6; = 0.2 corresponds to two standard deviations of the error term u which follows

N (0,0.1%).

ky(0)k) (0)

40These kernel functions imply £y =12and &, (0) =6in Corollaryand k+(0) =15in Corollary SoRn, =2 ) =

1.5 in our DGP.
“INotice that the range of bandwidths chosen is quite large, since the ratio of the proportionality constants between the
first and the last is 2. In the estimation of 7, the bandwidth is smaller than the usual optimal bandwidth (which is of rate
1
n 2s+d = n_%), just as suggested in Porter and Yu (2015). In the second test, N = n X (2 x %01/21171/4)2 = Cn'/? data
points are used to obtain g;. When C' = 2 and n = 500, N &~ 45. When C' =4 and n = 1000, N =~ 126.
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ke (0) = 0

Coverage Length (x1072)
n 500 1000 500 1000
01 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2
C=210998 | 0.962 | 0.998 | 0.964 | 17.6 | 7.11 | 15.23 | 4.27
C=310.994 | 0.958 1 0.964 | 16.12 | 6.85 | 11.49 | 3.71
C=40984 | 0.954 | 0.992 | 0.970 | 15.98 | 7.52 | 10.62 | 4.07

0p — 0

Coverage Length (x1072)
n 500 1000 500 1000
01 0.1 0.2 0.1 0.2 0.1 0.2 0.1 0.2
cC=2 1 0.980 1 0.972 | 1852 | 7.83 | 17.94 | 5.46
C=3 1 0.986 1 0.984 | 17.23 | 5.11 | 14.59 | 2.47
C=410.998 | 0.984 1 0.898 | 16.27 | 4.45 | 11.72 | 15.78

Table 3: Comparison of Inferential Methods: Coverage and average length

for nominal 95% confidence for v with d2 = 1 and bandwidth proportionality constant C.

n 500 1000

P 0 0.2 | 0.5 1 0 0.2 | 0.5 1
C=2]52 8 52.8 | 100 | 5 | 11.8 | 78.2 | 100
C=3|58]102|68.8 | 100 | 3.6 | 158 | 94 | 100
C=4152]|10.8 | 788 | 100 | 3.8 | 21 | 97.2 | 100

Table 4: Size and Power of T}\") (%): Nominal significance level 5%, §; = 0.2

n 500 1000

01 0 0.1 | 0.2 | 0.5 0 01 | 02 | 0.5
C=2|44|174 17821994 | 3 29 93 | 100
C=3|40]222| 784 | 100 | 2.8 | 46.2 | 98.6 | 100
C=4]38|172 | 68.6 | 99.4 | 1.8 | 49.8 | 98.8 | 100

Table 5: Size and Power of T.\” (%): Nominal significance level 5%, 05 = 1

8 Conclusion

All three methods of estimation presented here for threshold point regression remain valid and invariant to
endogeneity of the threshold variable. To the best of our knowledge these methods are the only ones in the
literature offering such robustness. The first method is a nonlinear 2SLS method and requires instruments,
while the other two methods are based on smoothing the objective function of the IDKE and do not require
any instrumentation in their implementation. These are important advantages in empirical work where valid
instruments are often scarce.

Our development and discussion of the 2SLS method clarifies some puzzles in the current literature about
the properties of threshold regression estimation. We draw attention in particular to the following matters
that are resolved in the paper: (i) why the usual GMM method cannot identify the threshold point in
structural change models; (ii) why two groups of moments are required to identify the threshold point when

the threshold variable is exogenous and correlated with the covariates and instruments, whereas only one
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group of moments is sufficient when the threshold variable is endogenous; and (iii) why the bootstrap is valid
for our 2SLS method while it is generally invalid for the usual GMM approach.

In discussing the two IDKE-smoothing methods, we show that these IDKESs use different normalizations to
obtain operable asymptotic distributions under different assumptions and we explain why their convergence
rates are different. We further show how to construct confidence intervals by inverting the LR statistics
in both methods. Our three inferential methods provide considerable flexibility to practitioners. When
instruments are available, the 25LS method of estimation can be used, coupled with use of the bootstrap for
inference. When instruments are absent, the other two methods can be used.

Two specification tests are suggested, one designed to check for the presence of endogeneity and the other
to check for threshold effects. Our results show that it is possible to test for threshold effects in the absence
of instrumentation even if endogeneity is present. An important implication of the test for endogeneity in
empirical work is that it helps to assess whether instruments are required to achieve consistent estimation
of the structural coefficients. Both tests are similar to score tests and have convenient asymptotic normal
distributions, although a wild bootstrap procedure is suggested to determine critical values for improved

finite sample performance.
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Online Supplement for ‘Inference and Specification Testing in Thresh-

old Regression with Endogeneity’
by Ping Yu™, Qin Liad®™| and Peter C. B. Phillipg"]

We first collect notation for future reference. The n x 1 vectors Y and € stack the variables y; and ¢;,
the n x d matrices X, X<, and X, stack the vectors x}, x;1(¢; < 7) and x;1(¢; > 7), and the n x d,
matrices Z, Z<y and Z, are similarly defined. The symbol ~ means asymptotic equivalence in the sense
that higher order terms are neglected, = signifies equality in distribution, C' means a positive constant that
may change at each occurrence, and ~ signifies weak convergence of the respective probability measures
over an associated compact metric space.

To aid intuition in the development of Methods II and III, we let A (x,¢) = x’6 throughout the proofs
for these two methods.

Supplement A: Proofs

Proof of Theorem We first show the consistency of 0. 1t ~ is consistent, then a standard argument
can be applied to show that

(3.3) = (B .33)
with .
( J ) - |(x,2) W(Z’Xg)y1 (X, 2) W (2'7)]

is consistent, where X<, = (X, Xgi So we now concentrate on the consistency of 7. First note that the
B

concentrated objective function of (12| after plugging in (E () ,g(’y)> is

Qn (1) =G0 (7)) Wi (7) -

Here,

o~ —1 —
i) =12 (Y- %o, [(0XL,2) W (32%s)] T [(3X5,2) W (227)])

—~ -1 —~
I = (32'X<y) [(%X'gvz) w (%Z/ng)} (FX Z) Wb (52K <yy00 + 3 2'€)

—~ -1 —
5= (22X <) [(AXL, 2) W (22X ,) | (3XL,2) W (22X 0, + 1 2%6),
and the second equality holds because the first d columns of Z’ X<, are the same as those of Z'X <.
We apply Theorem 2.1 of Newey and McFadden (1994) to prove the result. First, we can show

Sup'yEF H H‘Sln‘l/g\n (’Y) — 90 (W)H L 07
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liaog@connect.hku.hk.
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where

g0 () = (1-G, (GLWG) " GW) Gy, e

To see why, note that by a Glivenko-Cantelli argument,

= (22X <) (XL, 2)W (22X 5) | (AXL,2)W 2 1 - G, (GLWG,) T G4 W

uniformly in 7. Also, 22'X, I\g:\l LN G, ., c and ”6171” 1Z'e =0, (m) = 0, (1), the result follows.
Second, by the CMT,

Qn () /1842 2 ¢GY, ( ~ WG, (G,WG.)” Q’) (Il— G (@wa)™ Q;W) Gy
— Gy (W-wa, (G’ WG) ) 2y
— Ry, (I-R, R,) R
= HRZWOCH HPR (R2 %€ )H = (7)

uniformly in v, where R, = W1/2QV and Ry, = Wl/QQQW. Obviously, Qo (7o) = 0. Also, Pg_ is a
projection on a 2d-dimensional space, while Ry , c is a [(> 2d)-dimensional vector, so as long as R, c does
not fall in span (R,) when v # 7y, Qo (7) > 0. This requirement is satisfied by virtue of Assumption IV.
We can now adjust Theorem 7.2 of Newey and McFadden (1994) to derive the asymptotic distribution
of . We only point out the difference in the proof. Replace G by G,r, and 6 — 6y by ;1 (6 — 6y),

I~ 0
- . , "o _ 2d
where Gn — ( E [ZX ] ,]El [ZXS,YO] ,E [ZX |q 70] 5nfq (’70) ) and Tn 0 1/ ||5n||

G WGnrn — —G'WG and D = —rnG;W\/ﬁ’g\n (0p) 4, N (0, GWQWG). What remains is to show
that for any h,, — 0,

Then H =

SUD | (9_go) | <hn V7 1Gn (6) = Gn (60) — go (B0)]| = 0.

This stochastic equicontinuity result is obvious because g, (6) is generated by a VC subgraph class of func-
tions. We mention that this part of proof is similar to the ‘convergence rate and asymptotic normality’ part
in the proof of Theorem 1 of Seo and Shin (2016). Their consistency proof is marred by a typo, which has a
material effect. Specifically, at the end of page 181, the probability limit should be I — A()-- - rather than
I+ A(y)---. This is why they did not specify an identification assumption such as that in Assumption IV.

[
Proof of Theorem First assume W :diag{wl, Wg} with Wl L, Wi >0 and Wg L, W5 > 0. Then

Qn (0) can be expressed as a sum of two quadratic forms:

Qn (6) = Qun (61) + Qan (62)

where

Qvln (91) - 'Fflln (91)/ Wlﬁll’rb (01) and Qvln (01) - 77’1271 (02)/ WQan (02) )
man (1) = + >0 2i (yi — x81) 1(gi < ),
Man (02) = 3 32021 2i (yi — xiB82) Hai > ),

3= 3=



with 8, = (85,7 " and 0y = (85, ’. It is not hard to see that
1 2

( 3 () ) [ [xeaWzxa)] (e, 2) W 2ve)]
By (7) {X;WZWQ (Z’X>7)Tl [(ngz) W (Z’YM)] ’

so if ¥ is consistent, then both Bl and BQ are consistent. So we concentrate on the consistency of 7.
By similar analysis to the proof of Theorem [I}

2

9

2
~ 2 ~
|+ 17200l = | Pr,., (P2r0)

_ o, _
Qn (1) L 00l = | P, (Frrio0)

where 71 4.9, = W11/2E [2y<+], T24.0, = W21/2E [2y>+], ﬁlﬁ = Wll/2E [ZX/S,Y] and ]:’,2’7 = W;/QE [zxgv].

Note that
E [zy<,] _ B 'ZX/S’Y/\’YO E inm<§7 Bio n E[ze<,]
Ezy>,] Blzx! . | E|zxi,y,, Bag E[zes ]
E [2x/ 0
— 5| / <] / P10 n B [ze<,] iy < vy
E _zx7<§%} E {ZX>% Bao E [zes]
— E _ZX/S%} B [ZXZYo<S”V Bio + E [ze<] if 7 > 7
0 E [ZX'>,Y] Bao E[ze,]

We consider the following two cases.

(i) ¢q is exogenous (i.e., ¢ is included in z, and E[¢|z] = 0). In this case, E[ze<,] = E[ze~,] = 0. First
suppose 7 < 7. Then 71, 9, = WE/QE (zx’__ | 1o and 72,5 9, = Wzl/2 (E [zx’v<g%} Bio +E [Zx;%] 620>.
The question is whether we can find a; and as such that B [zx’g,y] ap =E [ZXIS,Y] B1o, and E [zxgv] as =
E [zxﬁKS%} Bro+E [zx’y{o} Bao = B [2xL] B1p+E [zx;%} (Bag — Bio) or B [zxL ] (819 — az) = E {ngwo} do.
We can let a; = (4, but if I > (d + 1), such an as is impossible by Assumption IV’(i). Next sup-
pose v > 7,. Then we try to select a; and as such that E [zx’gv] a; =E {ZX’S%} B0+ E [zx’%<§7} Boo =

E [zx’gv} Boo+E [zx’g%] (B1p — Bag) or B [legn,} (a1 — By) = E [zx%%} dp and E [zx;w] as =E [zx’>,y] Bag-
We can let as = 4, but such an ag is impossible by Assumption IV'(i).
(ii) ¢ is endogenous and satisfies only E[zel(g <7y)] = 0 and E[zel(g > v,)] . Again, first

=0
suppose 7 < 7. Then we try to select a; and ag such that E I:ZXIS'*/] a = E [ZX/S,Y] B1o + Elze<,]
and E[zx! ]a; = E [zx’7<§%} Bio + E [zx;%} Bao + Blzes,] or Blzxl ] (a1 — B19) = Blze<,] and
E[zxL,] (B1p — a2)+E[zes,] = E ZX/>,YO:| do. Such an a; and ay are impossible by Assumption IV’(ii). Next
suppose v > v,. Then we try to select a; and as such that E [zx’g] a = {zx’gw} B10+E [zx’70<gv} Bao+
Elze<,] = E [legy] Boo + E {ZX’S,YO} (Bio — Bao) + E[ze<,] and E [zxL ] ay = B [zxL ] By + B [ze>,] or

E [ZX/S,J (a1 — By) = E [ZX/S’YO:| b0 + E[ze<,] and E [2x. ] (a2 — By) = E[ze>,]. Such an a; and ay are
impossible by Assumption IV’(ii).
Now consider the case where ¢ is exogenous and is independent of (z’,x’ )/. Suppose v < v,. We can

set ag = (1_FQ(17f2q((Bff_ﬁw) + B19 = (I_FQ(’YO))%%—_F%?(({;O)_F“(7))ﬂ10, which is 8% (\) in Proposition 1(ii) of

Fq(w)Ber(Fq(v)qu("/0))[320’ which is 9(1) ()\)

HHB where ¢ ~ U [0, 1]. Now suppose 7 > v,. We can set a; = Fu(7)

in Proposition 1(ii) of HHB where ¢ ~ U [0, 1].



IfWisa general positive definite matrix, then

~ R _ 2
Qn (1) 2 700 = || PR, (Fr.00)

)

- ~ ~ E ! 0 . E
where R, = WY2G. with G = iZXS’Yi ,and 7., 9, = W1/2 [2y<+] . In case (i), if
v i v 0 E [ZX’>,Y} oo ]

/ E ! 0
there does not exist a1 and ay such that ( B [ngyi ) a1—|—< 0, > ay = ( [Z/XSV] . > ( Bio >
0 E [zx>v] E [zx7<§%} E [zx>%] Bao

!
<<

E [zx_. ] 0  Ejzxl, | E|zx| . 6] , _ ,
< OSW > a1—|—< 5 [ZX;A{] ) as = ( i 0 ot i H[][z’;ljw]”i ) < 5:2 ) or B [zxgﬂ{] a1 =E [ZXS%] Biot+

E [zx’%<§7} Boo and E [zxgv] as =B [ZX’>,Y] Bog for any v > 7y, then 7, is identified. These conditions are

or E [ZX/S’Y] ap = E [ZX’S,Y] Bio and E [zxL ] ay = E [zx ] B +E [zx;%} Bqp for any v < 7, and

exactly the same as in the diagonal W case. Similarly, in case (ii), the same conditions as in the diagonal
W case are required to identify v,. m

Proof of Theorem Proposition [1] proves the consistency of 7, and Proposition [2| proves ¥ — v, =
O, ((n/h)_l/Q), so we can apply the argmax continuous mapping theorem (see, e.g., Theorem 3.2.2 of
Van der Vaart and Wellner (1996)) to establish the asymptotic distribution of \/n/h (¥ —7,). From

Proposition the finite-dimensional limit distributions of nh (@n v8) — Qn (70)) are the same as those of
B[ () A (22 = o) Fy (o) Ky (04200 where U ~ A (0, E%A%(w»f%m(oi(xi) + 02 (2l = 0] falr0)w)-

Combining this with the stochastic equicontinuity result in Lemma |6] we have

nh (@n(v”d) - @n(%)) v =V B[Af () A f (w5) @i = Yol fa(70) K (0) + 2Uv.

Thus,

VATR (T =70) <5 vt = argmax {—oB[A (@) Af (@) la: = ol fa ()R} (0) +2Uv}
~N(0,%).

—_ U
T BlAf (@) A f(wi)lai=0lfq (o) K] (0)
]

Proof of Theorem We prove the theorem in two steps. First, we show that & (7,) ~%, %2, where & (7o)
is replacing 7 in 5 by 7. Second, we show that $-% (vo) 2, 0. The first result is shown in Proposition
and the second is shown in Proposition [

Proof of Corollary From the proof of Theorem [3| and the CMT,

E[Af(a:i)Aif(zi)\qi:wo]k;(0) {’\ vy ~ }
IR TG0 ) (02 ) o2 =, DoP 1@ (78) = @nl(70)

d BAf (z:) A f (i) |gi=70]k (0)

LN . 92 . . Ma. — /
E[A?(xi)fz(afi)(ai(wi)-i-oi(acqz))|Qi=’Yo]§(i> blip { v E[Af(xl)AZf(xl)i% VO]f(I(VO)k'i_(O) + 2UU}
_ BlA s (i) Ai f(x4)|qi=70]k, (0) U
T OB[AZ () £2(2:) (02 (wi) +02 () |ai=70 1y fa(V0)BIAf (i) Aif(wi)lai=no]IK (0)
: 2

= U ~ X2
E[AZ () f2(2:) (02 (w:)+02 (2:))|ai="0] fa (V0 E 1) T

By the proof of Theorem |4| and Slutsky’s theorem, f}\%n (Yo) 4, X} m

Proof of Theorem Assume the densities of (2/,¢)" and e are known. Since the minimax risk for a



larger class of probability models is no smaller than that for a smaller class of probability models, the lower
bound for a particular distributional assumption also holds for a wider class of distributions. To simplify the
calculation, assume e; is iid N(0,1) and (2}, ¢;)’ is iid uniform on & x [0, 1]. Such a specification also appears
in Fan (1993) where it is called the assumption of richness of joint densities. We will use the technique in
Sun (2005) to develop our results. This technique is also implicitly used in Stone (1980) and the essential
part of the technique can be cast in the language of Neyman-Pearson testing.

Let P, @ be probability measures defined on the same measurable space (€2, .A) with the affinity between
the two measures defined as usual to be

m(P,Q) = inf (Bp [¢] + Bq [1 - ¢]),

where the infimum is taken over the measurable function ¢ such that 0 < ¢ < 1. In other words, 7(P, Q) is
the smallest sum of type I and type II errors of any test between P and (). It is a natural measure of the
difficulty of distinguishing P and @. Suppose p is a measure dominating both P and @ with corresponding
densities p and ¢g. It follows from the Neyman-Pearson lemma that the infimum is achieved by setting
¢ = 1(p < q) and then

m(P,Q)= [Up < qpdu+ [1(p>q)gdu=1-3 [|p—qldu=1-3||P-Q],,

where ||-||; is the Ly distance between two probability measures. Now consider a pair of probability models
P,Q € P(s, B) such that |y(P) —v(Q)| > e.
For any estimator 7, we have

Ly =~(P)l > ¢/2) + 1([7 = (@) > ¢/2) > 1.

Let

¢ = (7= (P)|>€/2)
A= (P)[>¢/2)+1([F—v(Q)[>€/2)

Then 0 < ¢ <1 and

L P(F=2(P) > ¢/2) 2 (P (7 = 1(P) > /2) + QU = ()] > /2)} 2 §Ep 6] + JBo 1 — o]

Therefore
inf sup P (|7 —7(P)|>¢/2) > 37(P,Q)
7 PeP(s,B)
for any P and @ such that |v(P) —v(Q)| > €. So we need only search for the pair (P, Q) which minimize
m(P, Q) subject to the constraint |y(P) — v(Q)| > €. To obtain a lower bound with a sequence of independent
observations, let (£2,.4) be the product space and P(s, B) be the family of product probabilities on such
a space. Then for any pair of finite-product measures P = [[;_; P, and @ = ], Q;, the minimax risk
satisfies
inf sup P (§—~(P)|>¢/2) =5 (13T, P - I Qilly)
Y PeP(s,B)

provided that |y(P) —v(Q)| > €. From Pollard (1993), if dQ;/dP; = 1 + A;(-), then

i=1

1T, P~ T, @il < exp (z ) o



where v? = Ep,[AZ(-)] is finite. So

wt s B(F-o(P) > 22 1 (3-ew (5 02)) (29)

¥ PeP(s,B)

provided that |y(P) —v(Q)| > e.
It remains to find probabilities P and @ that are difficult to distinguish by the data set {(z}, g, ¥i)}i;-
Under P, the data is generated according to

vi = gp(xi, i) + Amp (25,¢) (g < vp) + €,

where Amp (24, ¢;) = 0ap + T}0p + ¢i04p, and under Q, gp, Amp and 7p are changed to go, Amg and
Y- respectively. The point here is that only Amp instead of § p matters for our purpose. We now specify g,
Am and v for each model. First suppose nZ p, — o0. For P, let gp =0, Amp =0, and vp = 0 without
loss of generality; for @, let

90(x,9) = 0, Amg (z,q) = Epp, 7o = (Enp2) ",

where £ is a positive constant. Obviously, go(z,q) € Cs (B, X x [0,1]) for some B > 0, so it remains to
compute the L; distance between the two measures. Let the density of @; with respect to P; be 1 4+ A;(+),
then
P(yi — Amq (zi,¢:))/0(yi) — 1, if ¢i € [0,7¢);

0, otherwise

Ai(xiaqh yz) - {
where ¢(-) is the standard normal pdf. Therefore,

Ep, [A?]
= fJ° foj o foj ooty = Amg (2,0)/6(y) = 11 6(y) (2, ) dydda.
= [Jo [ f) [ oy — Amg (2,9))?/é(y)dydadg — .

Plugging in the standard normal pdf yields

Ep,[A7] = - fol o fol ffooo i xp {_w + %} dyddq =g
= [7e fOl . fol exp {AmQ (, q)2} drdg —vq
= [y exp (€%p2) dg — 74
=7 [exp (6202) = 1] = 1g€2(1 +0(1)) < £,

when n is large enough.
When ¢ is small enough, say £ < log(5/4), we have

exp <Z 1/12) <exp(§) < %
i=1
It follows from (29) that

. ~ . -1
inf sup P(|7—7(P)‘>§(”P%) )2%(%—%)=é20,
3 PeP(s,B)



on choosing C' < 1/8, where § (npfl)fl appears because |y(P) —v(Q)| = (fnp%)fl > € (np%)fl for a small

€.

We next suppose n7 1 pp =0 (1). Let P and @ be the same as above except that in @,

gQ(I7Q) - 7577890(1 (q_:Q) ) A777'Q (fE,Q) =&n°, Yo = £,

where 1 = n~1/(s+1), ¢, is an infinitely differentiable function in ¢ satisfying (i) ¢,(v) = 0 for v > 0, (ii)
¢, () =1, for v < —1, and (iii) ¢, (v) € (0,1) for v € (~1,0). It is not hard to check that gq(z,q) €
Cs (B, X x [0,1]) for some B > 0. By similar steps above, we can show

2n

when n is large enough. By choosing £ appropriately, we have

inf sup P(W—'y(PH > %) > C,
Y PeP(s,B)

where we choose e <£. m

Proof of Theorem [l  We apply Theorem 2.7 of Kim and Polland (1990) to derive the asymptotic
distribution of np2 (5 —7,). Note that np2 (3 — v,) = argmax nh (@n ) — Qn (70)) =: argmax {C,(v)},
where v§ = v, + #.

(i) Cpn(v) ~ C(v) € Chax (R), where
C (v) = BY2W (v) = 2k (0) fy(vo) D |v]

W(v) := Wi(—v)1(v < 0) + Wa(v)1(v > 0) is a two-sided Brownian motion, D = lim,_,o, D,,, and
Y(v) = lim,_, X, with 3, defined in Proposition 8| C,ax (R) is defined as the subset of continuous
functions z(-) € Bioe (R) for which (i) z(t) — —oo as |t| — oo and (ii) z(t) achieves its maximum at a
unique point in R, and By, (R) is the space of all locally bounded real functions on R, endowed with
the uniform metric on compacta. The weak convergence can be proved by combining Proposition [§]
and Lemma We now check C (v) € Cpax (R). It is not hard to check C(v) is continuous, has a

unique minimum (see Lemma 2.6 of Kim and Pollard (1990)), and | l‘im C(v) = —oo almost surely

(which is true since lim W; (v)/|v| = 0 almost surely).

|[v]—o0
(ii) mp2(3 — 7o) = Op(1). This is proved in Proposition [7}
So
~ d
npn (3 = Y) —— argmax, {C(v)} .

Making the change-of-variables v = Wr, and noting the distributional equality Wy(a?r) =4 aWy(r),



we can rewrite the asymptotic distribution as

arg maxv {C(v)}

_ V;
= 70057 48 max?"{ (fq(vJ)D? 7’)}

1h4(0) /Ty () VWi (— 5057 ) = 264 (0)fy(10)D | 5oy |, i <0,
= Frv)DF MEMax,

T o0VaWa (7o) = 264 (0)fy(10)D | clypar| . i 7> 0,

V1W1(—)—lh|7"| ifr <0,
V‘gVQWg (r) — 1V1 |r|, ifr>0,

= F;oD? ATgmax,

Wl(*f’)*%\rl, if r <0, V.

_ Vi —.
B argmaxr{ By ()~ Lrl, it >0, Fewo Y-

|
Proof of Corollary We mimic the proof of Theorem@ Note that nh? 1A2(¥ — v,) = arg max

(Qn 8) = Qn(yo) ) =: arg max {Con(v)}, where v§ = v, + 7nhd—1Ag'

(i) Con(v) ~ ) € Chax (R), where

Co (v) = o ()2 W (1) = 2k (0)f (o, 7).
The weak convergence can be proved by combining Proposition |11} and Lemma
(ii) nh?1A2(3 —v4) = O,(1). This is proved in Proposition

So
nhdilAg@ — ) -, argmax {C, (v)}.

2
Making the change-of-variables v = fa(;(m;o))r, and noting the distributional equality Wy(a?r) = aWy(r), we

can rewrite the asymptotic distribution as

f rom/g) )}

arg max, {C, (v)}
o (o) ar c,
F(@ormg) 218 MY

(
o2 (zo) o2 (z,
ET T Ok VF @0 70)202 (20) W (f(xf,%) r) = 284 (0)f @0y 70)* | Fooyr| s it r <0,
= f(@o,70) r 0% (o) 0% (o) :
Yo 4k+( ) \/f(xo770)30' (xo) ( 7:50 ) ) - 2k+(0)f({)30’fyo)2 f(zo”yo)r‘ , if r> 0,
0'2 To 0 09 o b .f S b
O max, (o, 70)02 (o) Wi (=) — (961 Yo)ot (z )ITI ifr<0
e ($0770)J+( )T (%)Wz( ) 5= f (o, 7v0)02 (o) Ir],  if 7 >0,
o2 (=) Wi (-r) - |7"‘7 if r < O, o2 (=)
- (I,”’y ) argmaxr Z+(ID)W ( ) 7"‘7 if'r > 07 —. f(m70770)A()\07/€) .

1
]

Proof of Corollary [4 From the proof of Theorem [ and the CMT, we have

nh (Qu(33) = @n(10)) = sup {C(w)} |



where

sup, {C()} = sup 1k O/ TGV (— 72557 = 26400 o (v0)D | 7
’ P\ 4k OV o VaWe ( 755er) = 2640 £y (r0) D | e

VWi (-r)— 3% r], ifr<o,
su
P vV1V2W flhm, if > 0,

if r <0,
if r > 0,

(=r)—%|r], ifr<o,
=4k
*”Dbup{ sz()—2|r|7 if > 0.

So sup, {C(v)} = 4k4(0) %% max { M, Mo} =: 4k (0)¥2 M, where M; = sup,.<o { W1 (—r) — Lrl}, My =
Sup,.> {\[\Wg( )— % r |}7 and M; and M, are independent. From Bhattacharya and Brockwell (1976),
M follows the standard exponential function, and M follows an exponential distribution with mean A. It
follows that

PMM<z)=P(M, <z,My<z)=P (M, <z)P(My<z)=(1-e*)(1—e /).

By Slutsky’s theorem, the required result follows. m

Proof of Theorem [Tl Because

e =y —xB—x;01(q <7)
— ;4 [mi ~ X8 —x31(q; <7)
= U; +Di7

we decompose 1) as
a/2
1D nh G DY 27& [DiDj + wiw; + 2u; D] K ij

n(n—1
=1)+ IQ(” + I8

We complete the proof by examining ISB, Ién), 13(,11), and showing that v{"? = (1) +0, (1) under Hél) and the

local alternative and v\ )? = Op(1) under H1( ). Throughout this proof, z; = (), qi,ui) and By [ = B [-|zs, ¢i].
It is shown in Proposition that Il(i) = 0,(h%?) under H[()l) and converges to A under the local
alternative. It can also be shown that IP(,;) = O, (h? 2) under Hél) and is dominated by Iy, under the
shows that Iéi) AN (0,£M), and Proposition

. The proof is then complete. m

alternative, see, e.g., Zheng (1996). Proposition |14

shows the results related to v( 2

Proof of Theorem l. First, decompose I,(f) by using :

Y

nh¢/?

ey Z Z 115 {(mi — mq) (my — ) + wing + Wil + 2uq (my — ) — 203 (my — W) — 2uitl; } K g

= o) o)

in

We complete the proof by examining I{Z), .- 16(2) and showing that vﬁ?ﬂ =x@ 4 op (1) under both H(gQ)
and H1(2). Throughout this proof, z; = (4, ¢;,u;) and B; [] = E[-|zi, ¢;]. We show that Iéi) contributes to
the asymptotic distribution under the null, and I 8,) contributes to the power under the local alternative. All
other terms will not contribute to the asymptotic distribution under either the null or the alternative; that

proof just extends Propositions 3, 4, 5 and 6 in Appendix B of Porter and Yu (2011), so it is omitted here.



The remaining part of the proof concentrates on I; (2 ) and 1Y, and we only briefly mention the results for

2n

the other terms since these are obtained in a blmllar fashion.

First, 12(721)» Iéi) and I( ) are 1nvar1ant under H(z) and H(g) It can be shown that 1(2) and 1(2) are both
op(1). Proposition [14{ shows that 1(2) — N (0, 2(2))

Under Hé ) Proposition |13| shows that I; (2) op,, (1), and it can also be shown that Iy, and I;, are
both op,, (1) uniformly in m(-) € Hp.

Under Hl(Q), it can be shown that I ii and 1, éi) are dominated by I m), and Proposition |13| shows that
I {i) =0, (nhd/ 2b) under H; ) The local power can be easily obtained from the proof of Proposition

Finally, Proposition shows that v{2? = £ + 0p(1) under both H[()Q) and Hl(z). So the proof is

complete. m

Proof of Theorem [9 This proof is similar but more tedious than the proofs of Theorem [7] and 8 Note
that ® (2) is a continuous function. By Pélya’s theorem, it suffices to show that for any fixed value of z € R,
‘P (T“ 2| P ) (z)‘ =0, (1).

For the first test, let

Di = x{B+ %01 (i <7) —xiB —x[8 1(a: <7,
where (B*,g*ﬁ*) is the least squares estimator using the data {y}, z;, qi}le. Then
1)* d/2 * Tk * Tk
I = nh )ZZ [D; D3 + uiu} + 2uf DY K i

n(n—1

=10+ Ié}} + 18,
The theorem is proved if we can show that Ii(i)*|}'n =0, (1) for i =1 and 3 and IZ(n / |]-" — N (0,1)
in probability. The first part can be proved as in the proof of Theorem [7] and, for the second part, see the
discussion below.
For the second test, denote m} = y; and define m; and @} by

Sk 1 * - A
m; = 31 Zj;ﬁi mij,w/fu

and
o = 1 D
Ui = =1 Zj;éi “ij,w/fz-
Then using €f =y — y7 =m] +ul — (M +u}), we get

I(Q)*

= n’ZZd/i) Z Z 115 {(my —my) (m} —my) + ujwl +05a; + 2u; (mf —m5) — 2a; (m} —my) — 2uft} } Knij

=12 4 I<2>* 12" 21" — 21l — 212",

The theorem is proved if we can show that I.2*|F, = o, (1) for i = 1,3,4,5,6 and IS2* /o{?*|F,, — N (0,1)
in probability. The first part is similar to that of Theorem |8 under H(()Z). However, note that m*(-)|F, as
defined above satisfies HSQ) even if m(-) is from H 1(2); see Gu et al. (2007) for a similar analysis in testing

omitted variables. But there is some differences in showing the second part.
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First, because u}|F, are mean zero and mutually independent and have variance €7,

nh?/? T, %, * . _ 2nh'/? 9T, *, % L= *
n(n—1) Z ; I Ljufui Ky 5 = n(n—1) Z g L Lujuj Ky = > Z Uy .ij
A iog>i

i j>1
is a second order degenerate U-statistic with conditional variance

2h? 5252772 .2
n(n—1) Z ; 1; 1j € eth,ij = Up-
)

depends on ¢ and j, we use the central limit theorem of de Jong (1987) for generalized quadratic
2)*

*
Because U, ;;

forms rather than Hall (1984) to find the asymptotic distribution of Ié
IQ(Z)*/Uq(f)l}_n — N (0,1) in probability as long as

. From his Proposition 3.2, we know

G =L LB U] = o, (vP*),

i j>1

* * * * * * * * 2)4
Gl =YX 5 B U202+ U202 + U 03, ] = o, (o),
T j>ils i
* * * * * * * * * * * * * * 2)4
Giv=>> > > E [Un,ijUn,ikUn,ljUn,lk +UniUnaUn kiU + Un,ikUn,ilUn,ijn,jl} =0p (Ué) ) .
i j>ik>i>il>k> >0
It is straightforward to show that
* -1 * — *
Gi=0, ((n2hd) ) G = 0Op(n b, v = Op(hd)a
(2)4

see, e.g., the proof of Theorem 2 of Hsiao et al. (2007), so the result follows by v, =~ = O,(1). Next, it is
easy to check that E* [vr(f)ﬂ] =uP? op(1), and Var* (v%z)ﬁ) = 0p(1). Thus Iéi)*/vg)ﬂfn — N (0,1) in

probability. The analysis for IQ(TIL)* is similar. ®

Supplement B: Propositions
Proposition 1 7 — v, = O,(h).

Proof. We apply Lemma 4 of Porter and Yu (2015) to prove the result. By Lemma B.1 of Newey (1994),

we have
D, er [ Qn (7) = Qu ()| = 0, (Vinn/mh?) L0 ,

where

fflfKI (uz. ) k- (ug) m (z + ugh,y + ugh) f (x + uzh, v + ugh) duydu,

2
dx .
_folfK"” (Uz,x) k4 (ug) m(x + uzh, v + ugh) f (x + uzh, v + ugh) dugdu, ] /(@) dz

Qn(V)—f[

Let NV, = [yo — h,7o + h] and v,, = argmax,er Q,, (7); then it is easy to show that sup.,cp\n;, Qn (7) =
0] (hz). But for v € N, the result is different. Specifically, let v =7, + ah, a € (0,1). Then

fi)lfK”” (ug,x) k_ (uq) g (x + uzh,y + ugh) f (x + uzh, v + ugh) du,du,
Qu(Y) =[] [ K" (ug,z) k- (ug) (1,3 + huly,y + ugh) Sof (x + ugh, v + ugh) dugdug | f(x)dz -
ffolfK“’ (g, ) kit (ug) g (z + ugh, vy + ugh) f (z + ugh, v + ugh) duydu,

The differences of the first and the third terms in brackets are still O (h2)7 so the second term will dominate.
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With Assumption I, we have [ [[K? (uzz) (1, z,70) S0 f (x,70) dux]2 f(x)dx > C. Under Assumption K,
if a € (0,1), then [ "k (uq)dug < 1 and [~ "k (uq) du, is a nonincreasing function of a for a € (0,1).
As a result, @, (7) is a nonincreasing function of a for a € (0,1) up to O (h?). Similarly, @, (v) is a
nondecreasing function of a for a € (—1,0) up to O (h?). So @, (v) is maximized at some v,, € N, such

that Qn (v,,) > sup,yer\w, |@n (7)| + C/2 for n large enough. The result of interest then follows. m

Proposition 2 ¥ — v, =0, ((n/h)_l/Q),

Proof. We apply the standard shelling method to obtain the result. Specifically, for each n, the parameter
space is partitioned into the ‘shells’ S;, = {'y (2l < (n/h)l/2 v — 7ol < 21} with [ ranging over the inte-
gers. If (n/h)l/2 |3 — 70| is larger than 2% for a given integer L, then 7 is in one of the shells S; ,, with [ > L.
In that case the supremum of the map v — Q,, (v) = Qn (7o) over this shell is nonnegative by the property
of 4. Note that

P ((n/m)? 7 = 70| > 2V)

<P sup (A0, B2 () = 4500, A2 (79)) 2 0) + P =%l = )
2L <(n/h)Y/2|F—~o|<(n/R)/ 2R

1102nh no XN N ~
<SR P supt ST AZ(h) > L3 A2 (y )>+P(|'Y'Yo|2h)

I,n

log,(nh noxN noA
< Zl 22 ( )P sup% Ei:l A? (’y) 1 (Al > 0) > %22:1 A? (’YO) 1 (Al > O))

l,n

log, (nh noxN noA
+ Zl g:(mh) p (séup}l S AT(N) (A <0) = E3T AT (1) 1(A < 0))

+P (=7l =h)
= T1+T2+T3.

As T'3 converges to zero by Proposition[l]and 72 is similar to 7'1, we only use 7T'1 to illustrate the derivations

in the following discussion. Since

1 logy(nh n -~ ~
T1 < Zl{z:[,g ( )P (Supi 21:1 (Ai ('7) SAY (’VO)) 1 (Ai > 0) > 0)

I,n

log, (nh n ~ ~
n Zl 2 (nh) p (ZUPTIL Yo (Ai () + A (’yo)) 1(A; >0) < 0) ;
I,n

we focus on the first term because the second term is easier to analyze given that A; > 0. To simplify

notations, 1 (A; > 0) is neglected in the remaining proof. Notice that

I3 (Bi(y) = Bi(w)
n n - + n n - +
= n(n1 i) D1 Zjﬂ,j;éi yjKi’Z,ij y;i K, z]) - n(nlfl) D1 Zj:l,j;éi (yjKZ?ij K}ZOU )

- + 1
= n(rL 1) Z’L 1 Z] 1,5#1 mjKi’zY,ij KI;Y Zj) T n(n-1) Z;L:l E?:Lj;éi (mJK}’z,zj K;L/Ozj>
_ 4 1 n n -
+ n(n—l) Zi:l Zj:l,j;éi (“jKZ,ij u; K zj) ~ wln—1) it Zj:l,j;éi (UJKZ,OU K;:OZJ)
=: D1+ D2,

where m; = g; + (1,x;-,qj) 00l (g; < p) with g; = g (z;,¢;). Suppose vy <y < 7o+ h, then for some C > 0,
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we have

n n - - n n + —+
b= ﬁ Lt 21,4193 (K’Zii B KZOZ‘J‘) ~ D) et 2t it 9 (K]j” KZ“u)
n(n 1) Zz IZJ 1,54 (meqj) 50( h” K;LYOU>1(Qj S'Yo)
< 0(7 70>2
with probability approaching 1 by calculating the mean and variance of D1 in its U-projection, where

the difference of the first two terms contribute only O, (|7 —70\2), and the third term contributes to

2
-C (%) because for each i, K} covers Oy, (n (v — 7)) terms less than K,zoz; given that v > v, and
k+ (0) = 0. In consequence, for n < h,

A N\ 2
P sup %Z?:l (Az (’7) - Az (70)) >0 § P sup D2>C (’Y ’Yo) .
r=ol<n [Y=ol<n

Next,

D2
= ﬁZ Z; 1,57 Wj (K;:g K}ZOZJ ) 1(g; <79) + n(n i) Zz 1 Ej 1,571 Ui (K;Ozj K;ﬁg) (a5 >7)
+ m > i Zj:l,j;éi uj (K,'Z” + K Jij ) L(vo<q; <)
=: P14+ P2+ P3,
(30)
and we can apply Lemma 8.4 of Newey and Mcfadden (1994) to bound D2. Since the first two terms are
similar, we just check the first term and the last term. For the first term, set

My (Z,', Zj) = uj (K;Z:J K;L{Ozj ) 1 (Qj < 70) ?
where z; = (ui,xg,qi)/, and my, (z;, z;) = 0 for any ¢ = j. So we have
n2y i 1 mp (2,2;) =Pl ,

E [mn (2, 25)] = 0, E; [my (25, 25)] = 0, E[|lmy, (21,21)[] /n =0,

and

E [m. (21,22)|]

=i () o () 4 (52 10 0)

-5 [p [ (#5200)" [ (42) - (4] 10 <]

=B |0 S ke (e [k (42) - ke (e )] f (sl q5) f@j,qj)dujdxjdqj}
=B ﬁfﬂfuzo (2 + ey Yo + ugh) K* (g, i)? [k (ug +

" 2
C (Yo=Y
& ()

under Assumption I and the fact that |k’ ()| < oo and K® (-) < oo over their supports, where E; [-] = B [-|z],

) -k (u )} ’ f(zi +uzh, vy + ugh) duxduq}

A



0%(zj,q;) =E [u3|xj, qj]. Hence, by Proposition

(]E {Hmn (21, z2)||2})1/2/n <C ’%

under Assumption H. As a result,

Tldm =0,(1)0p (W) =0, (1)

Pl = m Z:‘L:l Z;L:Lj;éi uj (K}Z ij KZOU ) 1(gj <o) =n"" Z?:l E[my (2i,2)) 7] +0p (1)

where
E; [mn i, 25)]
= (g < 0) [ (92) = b (520)] Sk (52 w) f (w) da
=1(q <o) |k (52) =k (2520)| [LE" (ug, z5) f (25 — ugh) dug
< C% (g < 0) [ () =k (45722) ] ().
Hence,

Var (P1) =Var ( -1 Z] LEj Imy (2i,25)] + 0p (1))
<[ f,Ch [ B (%) — k- (%)rf(%ff(uﬂ%qj) f (x5, 45) dujdz;dg;
< O 1%, [,0% (o4 ugh) [ (g + 252) = 7 ()] 20+ ) S (2)° dnys
<CcL (”0,—‘”)2
Similarly for P3, we can set
P3 = sy Y Sy (KO + K00 ) 1 (0 < 45 £ 79) =02 S0y Ky o (2429)

with
E [mn (2i,25)] = 0, E; [my, (2, 25)] = 0, E[|lmy, (21,21)[|] /n =0,

and

E [limn (1, 22) |

gl [(uj Ko (uﬂ [k— (%h ) ket ( )] 1(yg <g; < 7))2 x”

2
=E % i + uzh, 7o + ugh) K* (ug, xi)Q [kz’ (uq + ’y‘)h_’y> — Kkt (uq)} f (@i + ugh, 79 + ugh) dugdu,
< % 'Yo}:'Y ‘3 .

By Proposition [I] we have

(B 1 Grol)) " /0

under Assumption H. As a result,

_13/2
w2 = 0,(1) 0y (7m) = 0 (1)

P3 = ﬁ i Z?:l,j;éi uj (KZZJ KZ(JZJ ) (4 <70) = n-! Z; 1Bj [ma (25, 25)] 4 0p (1)
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with

w |k L;W — kT (550 ) | 1(vo < g5 <) K" (LJ?JSJ f (@) da;
kT () — kY (520 )| (v < g5 <) [LKT (e, i) f (2 — ugh) du,
< Cr [ki (qjh ) k+( ] (Yo < g <) f ().

|
e >

=

Hence,

Var (P3) zVar( -1 ZJ LEj Imy, (zuzj)])
2
<Ol T Lo v+ ugh) [K (g + 252 ) = K ()] S (05,70 + ugh) f (w5)* doydu,
<L |2 7’3.

Since, conditional on x;, the three summations on the right hand side of (30) are independent, we obtain

Var (D2) ar (P1) 4+ Var (P2) + Var (P3)

1 v0=7\? | | 0= |? (r=70)*
1| (= Yo (r=70)®
nh ( h ) + h ‘ SC nh3

uniformly for |y — 4| < 7. In consequence,
p ( sup 2570 (Bi () = Bi(r0) > 0)

[v=70l<n
=70\ ? (r=7)° / (r=v)* Ch
[C( R ) ] = O / T k)

< CE

2
sup D2
[v=7ol<n

by Markov’s inequality. So

L logy(nh n N N
zlzng (nh) P (supi Ei:l (AZ (’y) — Ai (’yo)) 1 (Al > 0) > O)
< ZlZLW =CYsp 30— 0

as L — oco. The proof is completed. =

I,n

Proposition 3 For v on any compact set,
B [nh (Qn (1) = Qu(10) ) | = —vBIAF () Aif (@)l = 7o) fa(r0)K (0) + (1),

Cov (nh (CA),L( 1) — @ (v )) nh (@n (vo?) — @n (’Yo)))
=4E [Afc(xi)fz( i) (03 (z:) + 02 (2:))|a; = ’Yo} fa(vo)v1v2 1y + o(viv2),

and

Jvar(oh(@n(o5) 000 (nh (@n (76) — @n(%)) —-B [nh (@n (v6) — @n(%))]) ~5 N (0,1),

where v§ = 7o + \/:’%
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Proof. Note that

~

Qn (1) = Qu(r0) = 2 1y (Bi (98)* = Bi (00)*) = £ 00y (B (08) + B4 (7)) (Bi (98) = Bi (30))

By Lemma B.1 of Newey(1994), we can show that ‘31 (v8) — Ap(z;)| = 0 uniformly in 4 and v, where

Ag(ws) = (1,21,790) oS (@,70) = Op(1). So |As (48) + Bs (30) — 2A(z:)
we focus on the other term. For simplicity, let v > 0. Now,

Ai (78) = Ai ()

”% 2= Lj#i yJKZO”_ N ﬁ - 1,j#i y]KZSJ —(+4 >ie 1578 Y3 Zoz; - n% >t i yjKZO;
= i1, yaK;Zom = iz %K) = Tt D i yJKZ"m - L S i yJKZOm
= ﬁ Zj:l,j;ﬁi (Thij + Toij + Tsij + Tuij + Tsij + Toij)
where
Tvi; = g(xj,q5) (K,ZO” — K}Z%)
To;j = —g(z,95) (K;O” K;ZOJ)
Taiy = u; (K757 — K355 )
Taij =y (K5 = K00 )
Ty = — (1,25,6) 8085 1 (10— h S 5 < 70)

Toij = (17%’%) 50Kh L(vg—h <q; <7)-
By Lemmal [T} we have
ﬁ i Z;'l:l,j;éi 2Af (i) (Thij + Toi5) = 0,

by Lemma [2| we have

ST Doiet Sojet i 287 (22) (Taig + Taij)
R (55 o (52 o (59 e (54

and by Lemma [3] we have

m Dic i i 28 (23) (Tij + Toig)
~ B A () £ (@) (Laha) do [k (275) 105 —h < gy <70) b~ (“572) 100 —h < @ < 70)]

Combining results we have

nh (Qu () = Qu(7))
2L oo [ (455) - (552)) - 1 (55) o (12

T2 Ay @) f (@) (L ) 8 [k (qiﬁ)l(%—héqjéw)—k_ (Lh%ﬁ(%—hﬁqiév@)]
+op(1)
=51+ 5 +0,(1).




Hence,

[nh (Qn (76) — 70))} B[S
=onf [ p Ay (i) f (i) (17%7%)50 ( h%) [ (i, ;) dgidx;
- 2nfxl Yo _hAf (w) f (i) (17%,%) dok™ ( h%) f (x4, q;) dgidx;
=2n/ f L Af () f () (1, 25,79 + ugh) 6ok~ (uq - \/Ln*h) [ (zi, 7o + ugh) dugdz;
-2, f 1A (i) f (i) (1, 25,70 + ugh) S0k~ (ug) f (23,70 + ugh) dugda;
~ 02 fy (1) B[Af (20) Aif (1) lai = 70l K, (0).,
where the first equality comes from the zero conditional mean property of the error term, and the last one

applies |k’ (0)| = £/ (0). By Lemma {4{and Lemma |5 as well as the exogeneity property of error term u;, we
have

,nh
= Cov (51 (v1),51 (v2)) + Cov (S3 (v1),S2 (v2)) + Cov (S1 (v1), S (v2)) + Cov (S1 (v2) , S2 (v1))

Cov (nh (Qu(5") = @u(r0)) ;1 (Qu(38?) = Qulr0)))
)+
~ 4F [A} () f2 (x;) ( 3 (zi) + 02 (x z)) lgs = ”Yo} fa (Vo) vivad(a)y.

Roughly speaking, Sa(v) contributes to the mean process of nh (@n ) — @n (70))7 and S7(v) contributes
to the variance process.

To show the weak convergence, we apply the Lyapunov CLT by checking the Lyapunov condition. Specif-
ically, we show that

i B [A‘} (i) £ () id [ (0 (2528) — e (2520 ) = (o (2528) — et (W))H
=0p ((:Th)2> =o0p(1)
asn — co. W
Proposition 4 3 (v,) S

Proof. By standard arguments, we have

L i kr(gi—v0) A% (=) £ (wi)ul
L S S COL O R [A2 () f2 (@) (03 (@) + 02 (@0))lai = 7] = 0

n

and

1 n k i Ay xZ; A,, T
Rl e S (A () A (@) s = 0] < 0.

So all we need to show is

% Z?:l kn(qi — 3)312(’70)]@(%)@1 (’YO)Q - % Z?:l kn(gi 70)A (mz)fz(fcz)UQ -0

and

-~

LS k(@i —70)A2(v0) f (@i vo) Flas) — 200 kn(as — vo) A g (i) Aif () - 0,
which are implied by

~

F(@i, o) = F(@iy o) 2 0,Ai(v0) — Ap(xi) 0, fla) — flas) = 0 and T (v9) — u; == 0
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uniformly in x; € X.
In the following, we take @; (7y) — u; — 0 for illustration since others are easier to show. By Lemma
B.3 of Newey (1994),

b, |y i K (5 = @) K (a5 = 90) 05 — B [yl ] F(@i,70)| = O (vinn/nh? + ) = 0, (1)

which implies
Sup,, [+ (i, 70) — ma (z4,70)| 0.

As a result,

Supazl lgi—vo|<h |a’b (’YO) - ul|

= SUDy, |gi—no|<h Y — M= (T4,70) 1 (¢ < 7o) — s (%4,70) 1 (¢ > 7o) — i
= SUDPy, (g, —no|<h |[M— (ﬂfu qi) — m— (zi,70)] 1 (a4 <o) + [my (2, ¢:) — My (2i,70)] 1 (¢ > 7o)l
S Squi |mi ("L‘ia’yo) - ﬁ"i (x1770)| + Supxi$|qi—'yo\§h |mi (xHQZ) —m4 (-731','}/0)|
P
— 0.

]
Proposition 5 & — & (7o) 2= 0.
Proof. To derive the result, we need to show
. n N ~ 2
i k(e = AT (@)@} — § i k(g —70) A7 (10) (@) (0)* = 0

and

o~

LS knla — DAIA) @i, A) F) — 200 k(@i — 0)A2(vo) (@i, vo) Flwi) == 0

Take the first result for illustration since the second is simpler. First, we show that

LS kna — 7o) A2A) ()7 — L300 kn(as — 7o) A2 (o) F2 (@) (70)” 2 0. (31)

Since

s, F @i = F @)
= | o i K (@ — ) kn (5 =) — 727 2= o K (25 — ) K (g5 — o)

= |- 1)h Dy i K () — ) (k (%) —k (qJ h%))’ (32)
- 0(

) = Op (1),
and, by a similar argument as that in (32),

sup,, | (2:,7) fi (00,7) = e (0i,70) Fi (2270)| = 0, (1),
we have
wup., 8 (3) - &, 0
< supy, [ (@0,9) J- (00,7) = e (@is70) F- @i70)| + sups, |0 (20,9) Fi @17) = g (i,70) P (@0070)
£50.

(33)
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With the results in , and 1(yy < ¢ <7) =0, (W) = 0,(1), we have

sup,, [ — @; (7o)
= sup,, [M— (z:,9) 1 (g <7) — M- (21,70) 1 (6 < Vo) + Mg (24,7) L (g5 > 7) — g (24,70) L@ > 7o)
< sup,, M- (2;,7) — M- (IMO)I (g £7) +supy, [m— (2:,79)| 1 (vg < ¢ <7)

+ sup,, |y (2:,7) — My (25, 70)| 1 (gi > F) + sup,,, |7 (25,70 1(F < ¢ < 7o) == 0.

Combining ([32)-(34), is obtained.

Secondly, we show

(34)

LS knla — )AZF) 2 (x)a? —le k(g — 7o) A2A) F2(xi)a?
LS (kn(as — ) — knlas — 7o) D2A) F2 (@) a2 | + 0,(1)
Op (5 s 1 (las — ol < 1) A2) P2 (w2)a2) + 0, (1).

Hence the required result is derived. m

Proposition 6 7 — v, = O,(h).

Proof. The proof mimics that of Proposition [I} By replacing Assumption K, G and H with K’, G’ and H’,

pr2Qu () = Qu ()] = 0, (Vinn/nk?) 0,

where @, () contains only the middle term in Proposition and the first and third terms disappear because
their difference is O (h?*/p2) = o (1). Now, for v € T\Ny, sup,cr\n;, @n (7) = 0(1). For v € Ny, Qn (7) is
Qn (V)| =
O (1). So @y (7) is maximized at some v,, € NV, such that Qy (7,,) > sup,er\n, [@n ()| + C/2 for n large
enough. The result of interest is then derived. m

we now have

SUp,er

a nondecreasing (nonincreasing) function of a for a € (~1,0) (a € (0,1)) up to o (1) and sup. ¢,

Proposition 7 5 — v, = 0, ((np2)™1).

Proof. This proof mimics that of Proposition [2{ with the term \/n/h replaced by np2; Suppose v, < v <

Yo + h, now we have

n n - n n + +
D1 = ﬁ die1 Zj*l j#i 93 (Kg ij K}’ZO’LJ ) - ﬁ D1 Zj:l,j;éi 9j (KZ ij K;Zﬂzg)
+ n(nlfl) Z Zj 1,574 (1’ x]’ q]) 6 (K;Z:j K;ZO’LJ ) (qj < 70)
7Cpn "Y_h’yg

for some C' > 0 with probability approaching 1 by calculating the mean and variance of D1 in its U-projection,
where the difference of the first two terms contribute only O, (]y — 7,| h*), the third term contributes to
—Cpn “/*hVo

. Since p,,/h* — oo, for n < h,

Yo

).

P (Suplv—'mKn W i1 <Ai () = A (%)> - O) P (SUPI’Y—%K?} D2>Cp, |55

With a different kernel function in Assumption K’ and the same formula of D2, we now have

2
Var (P1) <C-2 (voh—’v> ,Var (P2) < C-L (ﬂ“’ 7) and Var (P3) < C-L

Yo— ’Y’
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As a result,
Var (D2) =Var(Pl)+ Var (P2)+ Var (P3)

<cL [(%h‘”)z+ 70—7” < C

D Sor TR
uniformly for |y — v4| < 1. In consequence,

’Yo_'Y‘

IN

CE {(Supwmov DQﬂ/ [”" %HQ

2
C [Yo—Y 2 [ Yo—Y _ C
h Pn\"h = npp =0l

P (510 yjen 250 (Bi () = B (29) > 0)

IN

nh

by Markov’s inequality. So

log, (nhp?, ~ ~
2220 P (supg, 250 (B0 ()~ Bi (30)) 1(A: > 0) > 0)
< ZIELW =C¥s9r —0

as L — oo, and the proof is completed. m

Proposition 8 On any compact set of v,

B [nh (Qn (8) = Qu(0) ) | = ~2k:+(0)£,(70) D o] + 0(v),

Cov (nh (Qu (16') = @n (30) ) 1 (@u (967) = @n (30) ) )
_ { Epva +o(v2), ifvi>va>00rv <va <0,

0, otherwise,

and
_ { 16k2 (0) fy (v0) Var,  if v <0,

16k2 (0) fq (7o) Va2, if v >0,

and the finite-dimensional limit distributions of nh (@n 8 — @n(’yo)) are the same as those of C (v), where
Y8 =0 + #, and C (v) is defined in the proof of Theorem @

Proof. We mimic the proof of Proposition Now, A; (v8) — Ap(xs) 2, 0 uniformly in ¢ and v, where

Ag(z;) == (1,25, 79)0nf(xi,79) = Op(p,). Decompose Ai (78) = A; (7,) into the same six terms as in the

proof of Proposition [3] only with dy replaced by d,,. By Lemma [7, we have

ﬁ Z?:l E;‘l:l,j;éi 24y (zi) (Tlij + T2ij) ~ 0,
by Lemma [§ we have

n(nlfl) Dict g i 287 (@) (Taij + Tus)

%Z?ﬂ Ay (i) f(23) us {(k_ (%) — k- (%)) _ (k+ (%) et (%»}
: So(v)/nh

Q
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and by Lemma [9] we have

T 2oiet 2ot s 287 (22) (Tsij + Teij)
~ 2 Ar (@) £ (@) (1,2, 45) 6 [B (2528) 108 = B < a5 < 70) =k (2572) 130 — b < g5 < %)
=: S1(v)/nh.

As a result,
B [nh (Qu(18) = Qu(10)) | ~ B1S2 )] ~ 2k4 (0) f, (o) B[AZf (i) £ (@2) lai = 0] v/ 2.

Combining these results and the fact that k_(0) = k(0), we obtain the first equation in the proposition.
By Lemma [10] and Lemma [T1] we have

Cov (nh (Qu(18") = @ulr0)) s (Qu(38?) = @uln))
= Cov (51 (v1),51 (v2)) + Cov (52 (v1) , 82 (v2)) + Cov (S (v1) , 52 (v2)) + Cov (1 (v2) , 52 (v1))

~ vag.

Just as in Method II, S2(v) contributes to the mean process of nh (@n (vo!) — Qn (70)>, and 51 (v) contributes
to the variance process.
To show fidi convergence, we apply the Cramér-Wold device, combined with the Lyapunov CLT. Specif-

ically, we check the Lyapunov condition that
L~ N el . 4
85 et (i (275) o (35)) - (o (57) -0 (2]
nh
=0p (ﬁ) =0, (1)
as n — 0o0. Then the proposition is proved. m
Proposition 9 7 — v, = O, (h).

Proof. The proof is similar to that of Proposition [} But now

O ( ) _ fi)lsz (ux,xo) k_ (uq) m (zo + ugh,y + uqh) f(xo +ugh, v+ uqh) dugdug
o _f(]lff(a7 (Ux,mo) k. (uq) m (zo + uzh, vy + uqh) J(xo 4+ ugh, vy + uqh) dugdu,

and we require A,/h® — oo to make the proof go through. m

Proposition 10 7 — v, = O, ((nhdflAg)il) :

Proof. The proof is the same as that of Proposition [7]] We only pay attention to the role that A, — 0 plays
to make the proof go through. m

Proposition 11 On any compact set of v,

B [nh (@n (%) = Qu(10)) | = =2k (0)f (20,70)° |o] + o(v),
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Cov (nh? (Qn (4) = @u (1)), (@u (%) = @ (30)) )
) Bo(v2)vato(va), ifvi>va>0o0rv <wvp <0,
B 0, otherwise,

and the finite-dimensional limit distributions of nh? (@n (v8) — @n('yo)) are the same as those of C, (v),

whe're ")/10} = ’)’0 -+ nhdl}lﬁﬁ’

(o) f (Tor0) K2, if v <0,
3/4:2, if v >0,

and C, (v) is defined in the proof of Corollary @

Proof. Mimic the proof of Proposition [S] Now,
G (1) = G (10) = Bo (18)” = Bo (70)* = (B0 (38) + Bo (1)) (B0 (38) = Bo (70)) -

By Lemma B.1 of Newey (1994), we can show that ‘30 (78) — Af(z,)| -2 0 uniformly in 4 and v, where

Ap(@o) = (1,3, 90)00f (¥0:70) = Opl(B0), 50 |Bo (1) + Bo (70) — 285(a)
We then only need to focus on the other term. For simplicity, let v > 0. Now,

5 0 uniformly in i and v.

o~

Ao (1) = Bo (v9) =t £ X5, (T + Toj + T + Toj + Ts; + T,

where {Tkj}2:1 are defined similarly as in Proposition |8 only with KZ;J- and ngj replaced by K,;’; and
K", respectively. By Lemma , we have

h.j
% Z?:l 2Af(x0) (le + TZ?‘) ~ 0,
and by Lemma [I4] we have
n v 2
Y0120 () (Tsj + Toj) = =2k (0) 3 f (20,70)" -
So

nh? (Qu () = Qul0))
= hT 3001 20 (wo) (Thy + Tog) + A 3051 207 (wo) (T + Tug) + b 3201 24 (wo) (Ts; + To;)
=0, (1) + 51 (v) + 52 (v).

Hence, with the zero mean assumption of the error term, we have
d(pn v N 2
B [nh? (Qn (48) = Qu(%0)) ]| = B[Sz (0)] = 2k (0) f (50, 70)" v + 0y (0).

By Lemmas [13] [[5] and [I6] and the exogeneity property of the error terms, we have

Cou (nh? (Qu(76) = Qu(0) ) b (@ (3E) = @n(70)))
= Cov (51(v1), 51(v2)) + Cov (S2(v1), S2(v2)) + Cov (S1(v1), S2(v2)) + Cov (S1(v2), S2(v1))
~ YonUs.

To show the weak convergence, we apply the Lyapunov CLT by checking the Lyapunov condition. Specifically,
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we show that

- K 4 nh3dA4
i [h4dA4 (o) uj [(Kvo - K" ) — (KZ,‘}JF _Kg?;rﬂ } =0, ( n’;dAAgo) =0, (1).
]
Proposition 12 'Y is o (1) under HY, and is O (nhd/Q) under HY
p in P 0 D 1
Proof. Note that

a/2
Ly, = n(}fl iy i 2 jzi DiDjKnij

nhd/? ~
:n(’; 7 2oi 2o [mz x67x61(qz<7)} [ fx’ﬂ x§1( 'y)] K45
Under Hél), m; = X8 + X001 (g; < 7g), so that

m; — X8 — x;31 (g; <7)
=X; (50_5> +x] (50_5) 1(gs <A A7)
+ X001 (7 < a5 < 7o) —X[0L (70 < s < 7).

As a result, I1, has ten terms with a typical term of the form

1= (5= [ 5 B ] (30

or
nhd/2 ~
T2 =& [nZ i) > Zg;éthwXX 17 <q <7)1(F <g S’Yo)} d0-
Given that § — By = O,(n=1/2), 3 — 50 = 0,(n7?), and 7 — v, = O,(n~"), it is easy to show that T1 =
O, (h¥/?) and T2 = O,(h%/?) since - 7T 2o 2o Khijxix); = Op(1) and ﬁ 220 Knigxixi1 (7 < qi <) 1 (7 < g5 <)
i i T i
Op (n71).

(1

We now analyze Iy,, under H; ), There are three cases. Let

(Bl,8,.7,) = arginfg s, B |(y — x'8 — x'61 (¢ < 7))

If §, = 0, then m(z,q) = x'8, and the model degenerates to the case analyzed in Zheng (1996). If
dzo = 0 and 0n0 + Y040 = 0, then T(z,q) takes the CTR form of Chan and Tsay (1998). It follows
that 3 — 8, = O,(n"Y/2), 6 — 6, = 0,(n"/2), and 3 — v, = Op(n"Y2). If 640 # 0 OF S0 + Vy0q0 # 0,
then f — B, = Op(n=1/2), 8 — 6, = Op(n~/2), and § — v, = Op(n1). See Yu (2017) for these results. We

concentrate on the last case. Now,

d/2 — I
Iin = ey 205 2 s (i = ) (my — 5) K i (14 0, (1)),

where m; = x5, + x,0,1 (¢; <7,), so we need only calculate E [(m; — ;) (m; — ;) K} 5], which is equal

to
/ (m' —m;) (mj — ;) Kh,ij fifjdridgidz;dg;
. f —m;) *K* (“mxz) (uq)fz?dxid%dumduq
= f _mz f dxqu“

The result follows. m
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Proposition 13 Il(i) is op,, (1) uniformly in m under H(gz)’ and is O, (nh?/2b) under Hl(z).
Proof. Given that ]?[1 = f;l +0,(1) and f; is bounded uniformly over (z;,¢;) € X x T,

Iln
nhd/?
:nn 1)2 2751 i j( ml)fl( _mj)ijhzj<f f )
d/2 1 -
~ n: 1)? D 2 i Dot Sy 1 (i — 1) Ly a1y (my —my) Lo, i Kn i f; 1f— !

a/2
:O (n(: 1)3 Z Zg;éz Zl#z Zk;ﬁj i ( _ml>Lb lll ( —mk)Lb,ijh ’LJ)

Mimicking the proof of Proposition A.1 of Fan and Li (1996), we can show that under H( ), L, =
O, (nh@/2b?1) = 0,(1). The only new result we need to employ is that |Ey [(ma —m1) Ly21]| = O, (b7),
which is accomplished in Lemma

2)

We now analyze I1,, under H{ . It can be shown that the case where i, j,[, k are all different from each

other dominates in the formula of the second equality of , SO
L, = Oy (nhd/QE [11; (my —ma) Lb,lzlg (m3 — ma) Lb,34Kh713f1_1f3_1]) :
Because h/b — 0, we can treat (z1,q1) = (x3,¢3). Specifically,

E[1] (m1 ms) Ly1215 (m3 —my) LysaKnasfi ' f5 ']
15 (my — me Lb12f1 fl @1 +ugh € T) (m((z1,q1) + uh) — my)
[ L Lgﬁ At —uzh g —&-umh) l (7@ e h) K? (ug, 1) k (ug) du 1
(17 —ma) Lb 12 (my — ma) Lyaafy ']
{1Ff1 {Bq [(m1 — my) Lb,lQ]}Z}
[T 1 (s ) — s ) e L (2255 0) (252 (o3, g rades] doc
O (an) + ,;Lojbb J [f (1, q1) — m(x1 + ugh, g1 + ugb)) L” (ug, 1)l (ug) (21 + uzb, 1 + uqb)du]2 dzidqq
[ fvlo a1 (m(l“hfh) —m(z1,q1 + ugb)) l (ug) du

-5

Q

E
E

Q

~0 (b2'r/) + ’;Yooj‘bb

] f(x1,70)dzrdg
m(x1,q1) — m(x1, @1 + ugh)) I (uq) dug

where u = (uz,uq). Under H{2),

2

1

b fmﬂn (m(l'l;(h) _m(l'lz(h +uqb))l(uq) du

,Z)Oj_b [ vo—ay f($1770)2d$1dQ1
+7

= L2 P ot + 17

m(x1,q1) —m(x1, g1 + ugh)) l (ug) dugy

2
(my(x1) —m_(z1) + Cugb) l(uq)duq} f(x1,70)%dx1dg

Yo —4d1

%_bf[fm  (m (1) — o (21) + Cugh) Hug)dug — |7
b [J0 (maen) = mo (@) Mg, | dardo

T[S On(an) = mo (@) M)y F(r, )2y

=90 [ (e (a0) — m_ (@) FCer, o) [ (2 Ung)dug) o,

2
xl)uqbl(uq)duq} f(w1, VO)Qdmld‘h

where m/ (z) = lim 8m(x v)/0v, and my(x) = limim(x,’y). The result follows. m
Y=o Y=o
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Proposition 14 1§} 4 N (0,50) and I§2) -4 N (0,%@).

Proof. We only prove the second result since the first is proved in a similar way.

d/2
IQ(i) = nn{rLL 1) Z Z];«ézl ]‘Fuiquh j
a/2

= nnh 1) Z Z];«éz (Z’L? ZJ) = 'I’Lhd/2U

where U, is a second order degenerate U-statistic with kernel function H,,. We can apply theorem 1 of Hall
(1984) to find its asymptotic distribution. Two conditions need to be checked: (i) E[H2(z1,22)] < oo; (ii)

E[Gi(zl ,22)]+n71E[H3(2’1722)]
B2[HE (21,22)]

— 0 as n — o0,

where G, (21, 22) = E[H, (23, 21)Hp (23, 22)|21, 22]. Because these checks follow in a similar way to lemma

3.3a of Zheng (1996) they are omitted here to save space. In conclusion
U, / SE[HZ(z1, 22)] — N(0,1).
It is easy to check that

E[H3(21,22)] =E [1F1FK}21 12Bluflzr, ¢i]E [Ug\xm%]}
—fvff’yfthj (Zap 371) k2 (259 0% (z1, q1)o* (w2, @2) f (@1, 1) f (@2, g2)dwodgada dgy
—fvffw 3 fh,,K”” Ug, 2)° k2 (1g) 02 (2, q)02(z + ugh, q + ugh) f(z,q) f(x + ugh, q + ugh)dudzdg
~ e 70 S K () K2 )] 0% @.0)
A [k (u du]fA/IJ (2,q)f*(x,q)drdg =

T,

q)dzdg + o (75)
2(2)

7
1
7

so the result follows. m

Proposition 15 o2 = 21 4 op (1) under Hél) and the local alternative and v§"? = 0,(1) under H{l).

Proof. It can be shown that

n(n 1) Z Zﬁfl Kh UAT\Z
= n(n i) Do Dt Kh,i_j (ui +m; — ;) (uj +mj — mj)Z +0p(1)
= 1B [ K2 (u + mi =) (g +my —7;)° | + 0p(1)
= h'E |K} ;B [(uZ +m; — mz)ﬂ E, {(uj +m; — mj)QH + 0p(1)
=[f UK Uy, ) K2 (uq)du} (0? + (m; —mi)2>2fi2da:idqi +0,(1)
= [ @B | £ .0) (o2 + (= 7) | +0,(0)

where 0? = 02(x;,¢;). Under H(gl), m —m = 0. Under the local alternative, | [f (x,q) (m —m)“ =

K3

O (n=2h~%) = o(1), and under Hl(l), E [f (z,q) (m — m)“] =0(1). m

Proposition 16 v\2)? = 2 4 op (1) under both HéQ) and H1(2).
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Proof. By steps similar to the last proposition, we have
d PPN, —\2 2
% ZZ Zg;ﬁz 1{15[(2 i 12 3 = /de( )dUE |:]- f (xu Qz) ( (xw qz) + (mz - mz) ) + 010(1)

where m; is redefined as E; [m;]. Note that E {er (i, qi) (my 7mi)4] is at most O(b) since m; — T
contributes only for ¢ € [y — b, +b]. =

Supplement C: Lemmas
Lemma 1 m D00 2y i 285 () (Thij + Taij) = 0.
Proof. For 2Af(x;)T1,;, we have

E2Af(zi)T1ij|2)
T o 28y (20) g (2, 45) e K* (ﬂ%) (’f— (q’ h%) — k- ((IJ_T%)) f (@, q5) dw;jdg;

- 2Af mz) f f g T; + uxh '7 + Uqh) K* (uwaxi) k™ (uq) f (xl + uwha78 + uqh) duwduq
—2A¢ (4) f f g (@i +uzh,vo + uqh) K* (ug, ;) k™ (uq) I (@i +uzh, vy + uqh) dugdu,
=20f (1) [°, f g (%Vo + ugh) + 9y (23,78 + ugh) uzh + o (uzh)] K (ug, ;) k™ (uq) dusdug

)
(i) f f 9 (i, + ugh) + Gy (@i, 7o + ugh) ugh + o (ugh)] K (ug, 2:) k™ (ug) dugdu,
f 9 (x“ Yo + ugh) — g (i, v + ugh) B~ (uy) dug

2

=20y (i) [,
92 (xza’Yo)ﬁ‘*‘O TR

)
= 2Af (acz)

and gy (z;,q5) = . Since

_ og(z;,
where §(z;,q;) = 9(x;,;)f(z5,q5), G (w0, q;) = 2500

8?(171' Rk )
9q;

E[2A (%) Thij2)]
= [, 207 (2:) g (x5, 5) 2 K* (—x) (k= (9528 — k- (9522)) f () de
= %g (zj,q5) (k= (% h’y" -k (45 4~ fuT Ag (z; +ugh) K* (ug,xj — ugh) f (x5 — ugh) duy
= o) (b (45220) =k (522 ) Ay () £ (37)

and
E [4A2 (xi)Tfij]
= Lo fy Ly 7 0 g ) B (252 m) (k0 (528) = b (2520)) f (o) ey f () d

4102 (52) g 01+ v+ g K (s 21
= o Ju Jus et o et duydug f (z;) da;
a . (k (uq + T) —k (uq)) f(zi +uzh, vy + ugh)
o (b
we have

LS BRA ()T l4] =2Af< 072 (@i70) 72+ 0 (55)
LS BRA () Tuisles] = 2 (505) (K (9528) b (2572)) Af (2) f (),
15 [aa3@or2,] " = 10 (*ﬁ) =o(1).
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By Lemma 8.4 of Newey and Mcfadden(1994), we have

n(n%l) Z;L:l Z?:l,j;éi E[2Af(2:)Thi5) = 287 (2i) G2 (24,70) \/:%,

where the extra terms + Zl 1 EB2A ¢ (23)Thij| 2] —E[2Af (x;)T145] and % Yo EBR2A () Thij|2)—EB2A p () Th4y]
are o,(1). Similarly for 2A¢(z;)T5;5, we have

AT iet 2t s B2A s () Toig] & =247 (1) G (24, 70) \/ﬁ

Hence,
T Limt 2t s B (2D (@) (Thij + Taij)) = 0
and
Var (ﬁ it 2o i B2A () (Thi + Tzij)])

<Var (4’1’7/(71171)7 Z?:l Z;—;Lﬁéi E [QAf(ZCi)Tlij]) + Var (771(“171) Z?:1 Z;L:l,jséi E [QAf(l'l)TQU})
=o0(1).

So the result of interest is derived. m

Lemma 2

m D it 2 g 287 (i) (Tai5 + Tigj) |
R i et Ap (@) f () ui [(k‘ (q’ ,ﬁ") —k~ (%)) - (k+ (%) e (%))} .

Proof. Since
E [QAf (l‘l) Tgij|2:i] = 0,

E

24y (z4) Thi5] 2]

- (%) -k~ (%)) Jo Ap (i) K° (ZJ;w,xJ f(z;) dz;

T ) — k(g fac,'Af (j — ughj) K* (ug, x; — ugh) f (xj; + —ugzh) d;
g% h%; —k E ; Ay () f (@)

[vo

2
<
<0
e N

|
o T T
IS <

. .
N N
”l

and

B (123 (@)T3, ]

2 2
- f(ljl fq fa: hgdAz l‘l)o— (:Cmq])KI (IJ xlami) (ki (q I ) -k~ < h’Yg)) f(IJ7QJ)dxjdqu(l‘z)dxz
A2 (z; i T ugh, h) K (ug, x;)°
= o S Ju i (e o it %;L vah) K7 (e ) dugdug f (x;) dx;
ug Ju (k‘ (uq . ﬁ) ok (uq)) F (@ + ugh, vo + ugh)

=0 ()

we have

BT BRAS @) Tug) ~ Sy (b (258) =47 (272)) Ar (@) (@),
18 [183()73,] " = 10 (s e ) = 0 (1)

3=
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By Lemma 8.4 of Newey and Mcfadden(1994), we have
n n— 1) Z j=1,5#1 2Af (‘TZ) T3ij ~ % Z?ﬂ Af (xl) f(‘rt) U (k_ (% h'YO) - k_ (%)) :

A similar result can be derived for ﬁ S Z;L:l’j# 2A ¢ (x;) Ty;; and the result of interest is then
obtained. m

Lemma 3

AT it 2t i 287 (@3) (Tsij + Toij)
~ 2 Ay () () (L) o | (B (2575) 1005 = h <0 < 70) = (2572) 1000~ h < 0 <)) |-

Proof. Taking T3 to illustrate, we have

E[2Af (2:) Tsij2]
=~ [, Ar (2:) (1,25, ;) GoK* (%xz) k™ (%) L(vo—h < g <o) f (wi) das
=2 (l,xg,qj) Sok™ (4522 ) 1(vg —h < q; <) fumAf (xj —ugh) K* (ug,xj — ugh) f (z; — uzh) duy
~ —7 (La),q5) dok™ (572 ) 1(vo = h < ¢ < 70) Ap () f (25),

[QAf( i) Tsijlzi]
v fo o A (@ (1’%7%) oo K" (Ij_wivxi) k™ (%) L(vo —h < g5 <70) f (24, 4;) dzidg;
= _QAf (@:) f_ol w, (Lzi +ulh, o 4+ ugh) 00K (ug, 2:) k™ (ug) f (% + ush, 7o + ugh) dug
~ —20f () (1,2, 70) o f (wi,70) & =247 (2:)°

and
[4A2( ) 51]:|
2 2
= Loy, L, 3 ) [(1207) 00) K2 (252 ) (K (9522) F G 05) dagdas f () de
_ & A2 (1) [(L 2] + b yg + ugh) 8o L
=Lk { K i) £ o i gty [ ] (50
=0 ().
Hence,

IS T E[2A (i) Tsi5)2) & =24y (z:)°,

LS BRA (@) Tsigl2i] ~ —F (1,05,5) b0k~ (4520) 170 — h < 45 < 70) A (25) f (),
1/2

1E[4A2(x7)Tr } =10 (%) =0(1).

515

A similar result can be derived for 1 3" | E[2A(x;)Tg;5)2] . Then by Lemma 8.4 of Newey and Mcfad-
den(1994), we have

LS B 24 () (T + Tsig)]
~ 2 (La),q5) do {/f_ (q"?o) L(vg—h<q <) — k™ (qj h7°> I(vg—h<g < ’yo)} Ay (zj) f(x5),

where the extra terms 2 Y% | B[2A f(;)T5ij|2:]—B[2A s () Tsi;] and £ 37 B2A p () Tij 2] —B2A £ () Toiy]
are op(1). m
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Lemma 4 Cov ($1(v1), S1(v2)) ~ 4B [ A% (@) f2(2:)(0% (1) + 0 (2:)la: = 70| falvo)rvaény

Proof. Without loss of generality, assume v; > vy > 0. Then

4nCov (Ap () f () us (1 (2528 — b+ g @) f ) (i (2522) < i (252))
= 4nlE [A(fc (xi) f (xz)2 H <(k+ ((Ul)>— k* ((q e )>>) (k+ (q ) kE (q(h%))} f (Ui|$z‘,qz‘) [ (i, qi) du;dg;dx;
=dnf fJOng A% () f (25)% u2 (k+ (q1 70)) ul|x2,qz f (zi,q;) dusdg;dz;

—anf, [% [, A3 (@) f @) ukt (2520 ) (bt (25280) =kt (252) ) £ (ulisq) £ (@i, ) duidg,da

Yo+h A} (z) f (2 ¢)2 up (B (5 k* h

+anf, a7, { (ki (q =0 ) k+((q g’Yo)) )u2|x“§2)f(937>qi) }duid%‘dl'i (%)

+dnf, {,"i;fhfu A% () f (20) uik® (q' 1) ((1_;7%2) (uilws, i) f (i, qi) dusdgida;
~ 4B [A3 (2:) f (w0)” 0% (1) \qz - vo} fa (v0) v1v2€ 1),

where 02 (z;) = Bluf|zi, ¢ = 7o+ and £y = fol k' (t)?dt. For a more detailed proof, we refer to that of

Lemma C.4 of DH. Similarly,
) o (o (55) 1 (1)

4nCov (Af () f (x) wy (k’ <%,7> — k- (
~ 4B A% (a0) £ (2:)° 02 (@) la = o) fa (vo) o102

and

anCou (A ()  (wyus (K (2550 ) — k% (2570) ) Ay (w2) £ (s (K7 (25250) = 47 (2522)))

~ 4B (A3 (@) f ()} 02 (1) |as = vo} fa ) vrva€ 0y 7 = 0p (1),

where 02 (x;) = E[u?|z;, ¢ = 7o—]. So the result of interest is obtained by summing up terms. m

Lemma 5 Cov (S2(v1),S2(v2)) = o (v1v2) ,Cov (S1(v1), S2(v2)) = 0 (v1v2) and Cov (Sa(v1), S1(v2)) = o (vive) .

Proof. From Lemma [3] by tedious calculation, we can obtain

Var (S2 (v2)) = o (v2) .

Hence,
Cov (S2(v1), S2(v2)) < /Var (Sa(v1)) Var (S2(v2)) = o (v1va) ,
Cov (S1(v1), S2(v2)) < /Var (S1(v1)) Var (S2(ve)) = o (v1va),
Cov (Sa(v1), S1(v2)) < v/Var (S2(v1)) Var (S1(v2)) = o (v1v2).
[

Lemma 6 For any ¢, ¢y > 0, there exists n > 0 such that

P {supju, —usjcn [0 (@n (05) = Qn (70)) = 7 (Qu (15) = Qu (7)) > 61} < 6.

where

wh (@n (38) = @n (7)) = 1 (Qu (08) = Qu (0)) = B [k (Qn (98) = Qu (7)) |
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Proof. From Proposition [3| we have

lim,, o0 E {ﬁb (@n (vo") Qn (70 > — nh (Q” 0*) = Qn (’YO)” 2
ity B [ (@0 (331) — @ (00)) |+l B [ (@ (98) — B0 (00))
— 2im, oo B [ (Qn < % > Qu (10))] [mh (@n (36%) = Qu ()]

= 4 (07 + 0 — 20002) B | A (@) (@) (0% () + 0% (@) las = 7o) Su(r0)6 1) +0 (Jon = va’)
S C |U1 — 1}2|2 .

By Markov’s inequality, the result follows. m

Lemma 7 ——- 1)2 . 1J¢Z2Af(a:i)(T1ij+T2ij)zO.
Proof. The proof is similar to that of Lemma [I| For 2A¢(z;)T1;;, we now have

E 24 (2:)T1ij| X

= fjoof 28 (i) g (l‘g,q]) ra K (IJ 117%) (k7 (%) — k- (@)) f (@5, q;) dwjdg,

=27y (z f_ f g (z; + ugh, v§ + ugh) K (g, ;) k™ (ug) f (2 + ugh, 7§ + ugh) dugydug
—2A¢ (z; f f g (@i +uzh,vo + ugh) K® (ug, ;) k™ (uq) f (@i + uzh, 7o + ugh) duzdu,
f I g (zi, 78 Z)uqh) + gg ) (@i, 78 + ugh) ugh!
e 4Gy (@, 78 + ugh) ugh® + o (uih®)
—2Ay (x4) f J, [ (x“’yof—(t)uqh) + 551) (2i,70 + ugh) ugh'

el g1 (@i v+ ugh) ugh® + o (uph?)
( (@5, 78 + ah) = G (i, 70 + 1)) + B (78 (w5,78 + wgh) = 5 (31,70 + ugh) )
ot b (G5 (@078 + ugh) = 71 (227 + ugh)

~ 907 (@) g [T (ev0) + o+ TS (@iv0)]

=2Af (z ] K7 (ug, ;) k™ (uq) dugydug

K7 (ug, x;) k™ (uq) dugydug

~ 20 (a7) [°) k™ (ug) dug

—_ o s —(n 37(1") T;,q; .
where §(z;,0;) = 9(z5,)) (25, 0), 31" (25,q5) = S558) and g{” (2, ¢;) = P 21)  Since

B [2A ¢ (z:)Ti5] X;]
:f 2A¢ (mi)g(mj,qj) = K* (% xl,m,») (k_ (7) k™ ( )) i) dx;
hg (‘T_]v QJ) k= (% }LWO — k(% }L’YO f Af T; + u:rh) K* (U:cvxj h) f (zj - uﬂch) duy,
=29 (zj,q;) (b~ (% h% — k= (450 ) ) Af () f (25)

and

B [483 (2T,

2 e - 2
= Lo Joy Loy 72 (@) 9 (20 05)" K (Ml‘z) (k_ (%) — k" (%)) (5, 45) dxjdg; f (x:) de;
A A2 (1) g (5 4 ugh, vy + ugh)® K (ug, z;)
pa L 7 xzlty Y0 q xy i
= Lo g Ju

(k_ (uq + @) -k~ (uq))2 [ (@i +ugh, vy + ugh)

2
— Pn _ v _ 1
=0 (hd nhp? ) - (nhd+1) ’

dugydug f (z;) dx;
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we have

LS BRAH )T Xi) ~ 285 (2:) 15 (72 (w070) + -+ 178 (2i7%0)]
LS BRA @) Tl X)) = 39 (2,0) (b (958) =k (9522)) Ay (3) £ (@),
1/2
1B [183 (@) T2, = 10 (ke ) = 0(1).
By Lemma 8.4 of Newey and Mcfadden(1994), we have
Ty Dmiet Dot 287 (@) Trij = 204 (23) 757 [52 (@i v0) + - + h°gs” (@, 70)} :

where the extra terms ZZ 1E2A ¢ () T4 X;]—BE[2A f (2;)Th;4] and % Z?zl E[2A p(x:)Thi; | X;]—E2A ¢ () Th44)
are op(1). Similarly for 2A¢(z;)T5;5, we have

Ty Sy S i 28 (000 Tty ~ 28 (1) 2[5 (w0,70) + -+ + B°G8 (21,7)|

Hence,
n(n 1) Zz 1 Zg 1,5#4 2Af( ) (Tll] + T2z])

and the result of interest is derived. m

Lemma 8

m it 2o i 287 (0) (Tij + Tagy)
~ i A @0 f o (6 () -k () = (o (8) -4 (252)) -

Proof. The proof is the same as that of Lemma[2 m

Lemma 9

ﬁ Dit 2o i 281 (i) (Tsij + Toi5)
~ B S Ay (@) f @) (L) 6 [ (B (2528) 108 — A < 0 < 70) =k (5522) 0 —h S @ <)) -

Proof. The proof is the same as that of Lemmal[3 m

Lemma 10 Cov (S1(v1), S1(v2)) = 3, vs.

Proof. Without loss of generality, assume v; > vy > 0. Then

(ot e o (58 i (50) s o s (o (45) i (152)
a3 o (6 () (5 (6 (557) o (5)[ w0 ) s
f

(

:4nf 782] Az wz) (i) 2 2(]‘7Jr - ’YO [ (uilzi, @) f (20, qi) duidgida; (%)
~dnf, [ f A% (2;) f () ukt qh o) (et (450) — K (%))f(ui|:ci,qi)f(xi,qi)duidqidxi
o st (e (7)o ()
+4n f’Y +hfui ,(k+ T?) L (lhj) (ul|m“ql)}(x“qz) du;dg;dz;
(i) f (@) w2k (95250 ) bt (80 ) £ (il ) f (2, :) dusdgsde
(2:)° 0% (1) las = wo} fa O0) /2,

v2
Yo +h
+4f Yot+h Ju;

A3
~ dky (0B A3 () f
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where 02 (z;) = E[u?|z;,q; = vo+]. Similarly,

4nCov {Af (i) f (x) wy (k’ <%) —k (‘hh )) Ay (x;) f i) w (kf (‘17 h’vo ) —k (qz h%))]
~ 4k (0B |83 (@) £ (@)% 03 (21) la: = 7] fu (v0) /0202,

and

4nCov [Af (i) f (x) wy (ki (%) k* ( )) JAp () f () w (k’1 (%) — kT (%))]
~ 4k (0B 83 (@) £ (@)% 03 (20) la: = 7] fu (v0) /0302

If v1 < vy <0, the result is similar except that the term Ui (z;) is replaced by o2 (25).
If vive < 0, then the four terms are all o(vz). =

Lemma 11 Cov (S2(v1), S2(ve)) = 0 (v2) , Cov (S1(v1), S2(v2)) = 0 (v2) and Cov (S2(v1), S1(v2)) = 0 (v2).

Proof. The proof idea is the same as that in Lemmalf] m
Lemma 12 For any ¢, ¢, > 0, there exists n > 0 such that

P {supjy, _uyj<n [0 (@ (G8) = @u (30)) = 1 (@ (287) = Bn (30))| > 01} <
where
nh (Qn (78) = Qu (0)) = 1 (Qu (1) = Qn (7)) — E [nh (Qn (38) = @n (70))] -
Proof. Without loss of generality, assume v; > vo > 0. From Proposition [8) we have
tm o B [ (@ (537) — @ (30)) — 1 (@ (48) = @ (20)]
=l oo B [ (@ (331) ~ @ (30))] + lin o B [nh (czn ( )= Q)]

= 21y B 105 (@ (05") = @ (1)) ] [0 (@ (72) = @ (30)
= 16k? (0) (v1 + v2 — 202) Vi f4(70)
< Cluy —we.

By Markov’s inequality, the result follows. =

Lemma 13 37 | 2A¢(x,) (Th; + Thj) =~ 0.
Proof. First,

E 247 (z0)Th;]
+oof 207 (20) 9 (5, 4;5) hlde (xj;xo7x0> (k_ (%) — k- ( 0)) f(zj,q5) dzjdg,
=20y (z,) [° f 9 (o + uzh, vg + ugh) K (ug, o) k™ (uq) f (%0 + uch, 76 + ugh) duadug
—2A¢ (z, f f g (zo + ugh, vy + ugh) K% (ug, o) k™ (uq) f (To + ugh, vy + ugh) duzdu,
=247 (xo) f fux [ g (20,76 + ugh) + - +§§5) (%o, 76 + ugh) ush + 0 (ugh) | K (ug, o) k™ (uq) dugdug
=207 (@0) [ [, (9 @or 0 ttah) <+ 4 G (@00 + tgh) sh + 0 (uph)| K (10a,w0) K™ (ug) dutydg

~ 200 (w0) [, [(3 o)+ + 38 (o) 1) = (3. @orr0) + -5 (orvo) 1) | K () ot

~ 20y (o) (?2 (Tos o)+ + ?532) (To,70) hs) PRTTAZ
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— —(s 0g(xj,q;
where 5(z5,q;) = 9(27, ;) f (25,7, 357 (25, 05) = 5 Gy (w5, q5) =

Similarly, we have

035" (w5,a5)
and912 (z5,q;) = = aqj] o

99(z;,9;)
0q;

B (28 (20)Tos] ~ ~2A1 (30) (2 (20, %0) + -+ + 55 (20,%0) h* ) sz

Hence,
B4 505, 287 (20) A (w0) (T3, + Toj)| ~ 0
Next,
LE |4A3 (z,) T3,
1 |: ! 4 2j:| Tj—x 2 q — 2
:ﬁfqg' fl“j WAf(xO)g(zjvqj) Km( ! 071'0) (k (%)_k ( 0)) f(xja%)dxjd%
1 %A? (1‘0) g ($0 + ugh, v + uqh)2 K* (uxa xo)z
~n fuq fuz . _ Yo—Yo - 2 duxduq
k™ (ug + 705 k™ (uq)) f(xo+ugh,vo+ ugh)
=0 (nhd nh2A2) = 0(1)7
SO

Var [ 520 20 (@0) Ty ] = LVar 287 (@o)Th) = 1B 483 ()T2 | = 1B 241(20)T1,)° = o(1).
With similar results derived for % Z?Zl 2A¢(z,)T5; and

LR [4Af(20)2T1; ;]
Lap g [ A et kg b (b (e ) <k ()
nJugJu, . (k+ (uq — #Af;) — Kkt (Uq)) K® (Ugc,l’o)2 e +unhy o Jruqh)
=0 (nhd nhdA2) P

we have

dugdug

LCov 20 ()T, 20 f (o) T25] = O (##) — O (s42-2) = o(1).

As a result,
Var [% Z;—;l 20 f(zo)(Th; + ng)] = o(1).

By Markov’s inequality, the result of interest is obtained. m

Lemma 14 1 Z] 120¢ (20) (Ts5 + T5) = —2k_(0 )nzdf(ajo,vo)z.
Proof. Since

B[2A f(20)T5;]
== [ Jo, 7B (o) (1,25, 45)00 K* (%@J k™ (QJ h%) L(vo = h < g5 <70)f(25, ¢;)dx;dg;
= —2A¢(x,) f?l Ju, Ly +ubhy v +ugh)on Ko (g, 20)k™ (ug) f (20 + ush, 7o + ugh)dugdug
= —2A7(2,)(1,20,70)0nf (To, 7o) (1 + O (h)) ~ —2A%(zo)

33



and, similarly,

[QAf(wo)Tﬁj]
= Jy L B A @) (Ll a)0 K (5552 20 ) b (9575) 138 = b < a5 < 70) fw, 47)dayda
=2A¢(z, f71+ - fum(l,xo +ulh, v + ugh)dn K (uy, o)k~ (uq - #A?) f@o + ugh, vy + ugh)dugydug

= 204 ()(1, 2, 70)0nf (0, 70) (1= K (0) itz + O (1) ~ 283 () (1 — - (0) 7 xz )

the result of interest follows. m

Lemma 15 Cov (Si(v1), S1(vs)) = Sovs.
Proof. Without loss of generality, assume v > vy > 0. Then
Anh21Cov (g (wo) us (K75 KZOJ ) A Gy (K57 = K797
- i (e ) (o () e (352 o (355 e (352
=dnh'f, 782] A} (zo) U K* (M,xo) ( ( n )) ug\%qg)f(fﬂj»qg')dujd%dfﬂj (%)
—dnhf, qu Lo, A% (20) I K* (M,l’o) g ) ( ( ) k*( ))f(uj|l’ja11j)f(mjvqj)dujd%dfﬂj

( ) = ) g
.(k+ (%) e )) uJ‘vaqJ f(mﬁqj) Aty
[

7) K (T) fujlz, q5) f (25, 95) dujdgjdz;

+ 47’Lhdf f70+hf

and

Anh®Cov (Ag(wo)u; (K5~ = K1) Apleo)us (K5~ = K157))

~4k2( )U+(-To)f($oa70) K’ V2,
and
”1:|: + v2
— dnhCov (Ap(wo)es (Ko~ = K757)  Ap(wo)e; (Kt T = K757))
b (O (0)02 (20) f (20, 70)* K05,

where 02 (z,) = Ele?|z; = 0, qj = 75 ], 62 = [ K (us)*dus.

If vy <vy <0, the result is similar except that the term oi (7,) is replaced by o2 (z,).

If v1vg < 0, then the four terms are all o(v2). =

Lemma 16 Cov (S2(v1), S2(v2)) = o (v2),Cov (S1(v1), S2(v2)) = 0 (v2) and Cov (S2(v1), S1(v2)) = 0 (v2).

Proof. The proof idea is the same as that in Lemma [T1] m

Lemma 17 For any ¢, ¢, > 0, there exists n > 0 such that

P {Sup|v17v2\<n ’TTh\d (@n (’781> - @n (’70)) - ;ﬁ (@n (782) - @n (70))’ > (bl} < g,
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where
nh? (Qu () = @ (20)) = 1 (Qn (38) = @n (0)) — B [nh (Qu () = @ (7)) | -

Proof. Without loss of generality, assume vy > vy > 0. From Proposition we have

tmn, oo B [ (@ (337) — Qo (1)) — 707 (@ () — @ (20))]

=l B [0 (G (38) — G (30)) | lim o B [0 (0 (32) —~ O (30) ]
= 2limc B [ (G (35) = @ (00) | [ (@ (35) = @ 00)

= 162 0) f (2 70)" K203 (50) (01 + 3 — 302)

< Clvy —vgl.

By Markov’s inequality, the result follows. m

Lemma 18 ‘El [(mg — ml) Lb’gl]

=0, (b").
Proof. We have

|E[(m($2,Q2) m(z1,q1)) Lv21l71, 1]
= | [ (m(x2,q2) — m(z1,q1)) f (@2, q2) gr L* (255, w1) | (251 daadgo|
(Qm ((22,92) , (z1, 1)) + R (22, 42) , (21, 01)))
=[] -(fler,q) + Qr ((m2,q2) , (21, q1)) + Ry (22, ¢2) , (1, q1))) ¢ daadga,
g Lt (B2 @) (25 1)

where Qm ((1’2, (12) ) (xla ql)) is the (S - 1)th—order Taylor expansion Ofm(x% QQ) at m(xlv (h)v Rm ((332, qQ) ) (xlv ql))
is the remainder term, Qf (2, g2), (21, ¢1)) is (A — 1)th-order Taylor expansion of f(z2,¢2) at f(z1,¢1), and
Ry ((z2,q2), (x1,¢1)) is the remainder term. From Assumption L,

S Qum ((x2,42) , (z1,01)) (f (@1, 1) + Qp (2, ¢2) , (w1, 1)) pr L* (225, 21) | (5L ) dwodg = 0,

so |E[(m(z2,g2) — m(x1,¢1)) Lp,21]|z1]| is bounded by

|[ R ((22,42) , (w1, q1)) flz1, q1) g L® (22550, 1) L (52 ) daodgy|
+ | [ (m(z2,q2) —m(z1,q1)) Ry (z2,q2) » (21, q1)) 7 L” (2255, @1) (25D daadgs|
< Cbh® + Ch ML < O,

where n =min (A +1,s). =

Supplement D: Parametric Tests for Threshold Effects when In-

struments are present

This supplement discusses the asymptotic distribution of the Wald-type and score-type test statistics under
the null and local alternatives when instruments are available. We also provide implementation details for

the use of Hansen’s (1996) simulation method in the current context.
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For ~ € T', define

0 (7) = B [zizie?1(q: <7)], Q2 (7) = B [zizjef (g > )],

Q1 (v) =E[zix{1(g; < 7)] 2 (7) = E [Z X; 1(qz > 7)), B
) =@ ) 2 e ) [Q2< V) M)

Q =E[zz}e?],Q = Ez;x ],VZ[Q’ Q]

Si(y) is a mean-zero Gaussian process with covariance kernel E [S1 (1) S1 (72)'] = Q1 (v Ava), S =

lim Sp (), and S () =S — S1 (7). S(v) is a mean zero Gaussian process with covariance kernel
y—00

H(’ha’Yz) =K [(Zil(%‘ < ’71) - @1 (’71) VQlﬂilzi) (Zil(Qi < ’Yz) Q1 (72) VQ Q- ) 12} :
Given the threshold point v, the 2SLS estimators for 5, and g, are
1 A VPN —
") (@ (lzzwzg) Hlzy),
. 1
Q> (7)) (@2 (v (222, 25,) " L2L Y ),

B = (@i (lzzvzgw)
By (1) = (@2 () (224,227)"

1

where Q1 =n! Z z;x;1(¢; < ) and Q2 =n! Z z;x;1(¢; > 7). The residual from this
equation is

G () = v —xBy () g <7) = XiBy () 1gi > 7)-
The GMM estimators for 5, and 3, are
- - -1
L= (@ M&am) (

L) O () b2y )
()= (@)% M) (

B
E 2 (1) 05t () 222,Y),
where the weight matrices

() =250 2i2lE () U@ <), Q) = L350 2215 (9) La > ).

The estimated covariance matrices for the GMM estimators are

~

= (@S O L hE) = (0% Mam)
When Hj holds, § = 0, and then the 2SLS estimator for ( is
B=(Q(22'2)" 1@) (@' (tz2)" L2y,

-~ n
where Q = n~! Z ) z;x}. Note here that the underlying assumption in this specification testing context
i=
is E[e|z] = 0, so that the 2SLS estimator can be applied. Correspondingly, the GMM estimator for 3 is

3= (@0Q)  (eatizy),

and the residual is
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where the weight matrix is
O_ 1y /=2
Q= " Z¢=1 2iZ;g;

with €; = y; — xéB The estimated covariance matrix for the GMM estimator is
N e -1
V= (o) .

Wald-type Tests
Define

~ ~ —1/2 —~ ~
W) = (M) + %) va(Bi()=B(),v €T,
The Wald-type test statistic is a functional of W, (-). Two test statistics are the most popular. The first is
the Kolmogorov-Smirnov sup-type statistic
Ky = SUPyer [We (I

and the second is the Cramér—von Mises average-type statistic

C¥ = [ Wa(M]w(y)dy,

where w() in Cy is a known positive weight function with [ w(y)dy = 1. For example, w(r) = 1/ |T| with
IT'| being the length of I'. But if we have some information on the locations where threshold effects are most
likely to occur, we can impose larger weights on the neighborhoods of such locations. The choice of the norm
I]| is also an issue. The Euclidean norm ||-||, is obviously natural, e.g., CH use (the square of) this norm.
Yu (2013b) suggests using the ¢; norm in testing quantile threshold effects, and Bai (1996) suggests using
the /o, norm in structural change tests.

The following theorem states the asymptotic distribution of a general continuous functional g(-) of W, ()
under the local alternative §,, = n~'/2c. The corresponding test statistic is denoted as g.

Theorem 10 If§, =n~""?c, E [||a:||4] < 00, El¢*] < o0, El[e?] and E [||z||4} < 00, then

d
9 — 90 = g(W°),
where

Wely) = (Vi (7) + Va (7)) ? [Vl MM UM QL(YAY) =V (1) Q2(7) Q0 (7) ' Q2 (yV 70)} c
+ Vi (7) + Va(y)™? [Vl M Q1 (N U () S ()= Va(r)Q2(7) R ()" S (v)] :

Proof. Under the local alternative d,, = n=1/2¢, Y = X<y (B46n) + X5, f+e=XB+ X<y 0n +€, 50
that

~ _ -1 _
Bi(y) = (XISWZSW (ZlngS'v) IZ/S'YXS'Y) (X%VZS’Y (ZISVZSV) IZ/S’YY)

I,
= B""OP(I)E Zi:l 2; [x;0n1 (¢ <79 A7) +eil (g < )]
= [+ 0p(1) uniformly in y € T.
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Similarly, Bz () is uniformly consistent for 8. As a result,

5 = wi—xB () Ua <) —xiBy (v) Hai > )
= XB+X0n1(q: < 70) + & — X (B+0p(1))
= ¢g; + 0, (||x:]|) uniformly in~y €T,

so that
Dy = *Zzz & (1) e <)

= —Zzz (e; + op HXvH)) g <) 5 (7)

uniformly in v € T by a standard argument. Similarly, Q5 (7) = Qs () uniformly in v € T'. Now,

- 1
Z/S’Y (XS’YO 6” + E) ’

V(B -8) = [@ 0y B ae] @ EeT 2

where Q1 (7) -~ Q1 (7), \}Z’<7X<%5 2, Q1 (7 Ayp) ¢ uniformly in y € T, and Z’<A/€ ~> S1(7). Hence

Vi (Br (1) = 8) ~ i (1) Q1 (3) 2 () (@1 (7 Avg) e+ 81 ().

Similarly,
Vit (Ba (1) = B) = Va (1) Q2 (1) Q2 (1) [Q2 (7Y 70) e+ 82 ()]

From the arguments above and by the CMT, V; (v) =2 Vi (7) and Vs (7) -2 Vs (y) uniformly in ~ € T.
Finally, W, () ~ W¢(~) as specified in the theorem, where the second part of W¢(y) is the process in
Theorem 4 of CH. m

Score-type Tests

The score-type tests are based on

n ’ -1/2
) = [n_l Z (Zil(Qi <y -0:1(7) ‘7@5_1%) (Zil(%‘ <) -Q1(7) ‘7@5_1%’) 312]
i=1

Q)

n
23 (20 <9) = Qi () V@A 1z By € T
i=1

Note here that although Q; ( YVQQn1/2 Yo ziei = 0p(1), 2;1(g; < ) is recentered by Q1 (VRO
This is because the effect of 6 will not disappear asymptotically so the asymptotic distribution of n=1/2 Yo zil(g <
~)&; differs from n=2/2 3" 2,1(g; < 7)e; under Hy. Recentering is to offset the effect of 3. Since only /3 is
used in the construction of T,, (+), this type of tests is constructed under Hy and only one GMM estimator
needs to be constructed. This significantly lightens the computation burden. Given T,,(-), we can similarly
construct the Kolmogorov-Smirnov sup-type statistic K and the Cramér-von Mises average-type statistic
Cy.

The following theorem states the asymptotic distribution of a general continuous functional g(-) of T,,(-)

under the local alternative d,, = n~/2¢. The corresponding test statistic is denoted as gy
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Theorem 11 If§, =n~/?c, B [||x||4] <00, El¢'] < o0, E[e!] and E [||z||4] < 00, then

S

d .
gn — go = 9(T°),

where

T(v) = H(y,7) 2 {S() + [Q1 (Y A vp) — Q1 (7) VQ'Q'Q1 (70)] ¢} -

Proof. As in the last theorem, we can show /ﬁ\ 2,8, Q-2 Q, and V -2 V under the local alternative.

2N 2 1(% < V)&
=n 2N 21 (g < ) (y — x;B)
=n"12Y0 (qz <) (yi —xiB) —n~ 300 zixi1 g < v)vn (B - ﬁ)
=0 V2 21 <) (010 < %) + i) — Qu (1) v (B 8).

where n 1/22 z;1(q; < v)x0,1(q; < v¢) £, Q1 (Y Avo) ¢, Ql( ) LN Q1 (v) uniformly in v € T, and
n=1/? Zz 1 le(% < 7)e; ~» S1 (7). Next,

23 () VA
= Q1 (v) (Q/Q—lQ) O'Q1n~1/2 2;1 z; (—x;(B —B) + x;0,1(q; <o) + €i>
= QA (B-8)+Q(mTQ (Y] mxil(a <)) e
+Q\1 (’}/) ‘7@1571 (n71/2 Zj:l Zié‘i) y

where the second term in the last equality converges in probability to Q1 (7) VQ'Q71Q1 (7,) ¢ uniformly in
n
v €T, and n~1/2 Z'—1 zie; - N (0,9). In summary,

= p /2 Z [Zil(Qi <) - Qi (") ?Qlﬁ_lzl} &

+[Q1 (v Av0) = Q1 (M VQ'QQ1 (70)] ¢ + 0p(1)
v S+ [Q1(v A ) — Q1 () VQ'AYTIQ1 (v0)] ¢,

n o~ o~~~ o~~~ !/
and it is not hard to show n~* Z_il (zil(qi <) —-Q1(v) VQ’Q_lzi) (zil(qi <v)—Q1(v) VQ’Q_lzi) G
H(~,v) uniformly in v € T, so the results of the theorem follow.

H(71,79) = B [ (2:1(q < 71) = Q1 (1) VQ'Q'2:) (2il(a: < 72) = Q1 (1) VQ'Q'2:) ¢3 .
To understand S(7y) in T°(vy), consider a simple case where x = (1,2’)’, ¢ follows a uniform distribution
on [0,1] and is independent of (z’,2’,¢)". In this case,

H(vy,72) = (71 Ay2) @ — 71712QV Q"
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If d, = d, i.e., the model is just-identified, then

H(y1,72) =B [(Zil(qi <) = Q1 (71) Q7 '2) (2il(gi < 72) — Q1 (72) Q‘lzz')/é?]
= (1 A7) = Q1() Q7' (72) = U (1) Q71Q1 (72)" + Q1 (1) @712Q Q1 (v2)

and we can let, for v € T,

~

n , —1/2
To(v) = [nl > (Zil(%' <) -Qi(v) @*1z¢> (Zil(%‘ <7) - Q1 (7) @7121') 3?]
i=1 " (36)

~

n 123 (e <) - Q) QB e

i=1
Combining these two cases, H(7yq,7,) reduces to (y; Ayy —7172) 2, where d, = d. In other words,
Q~1/28(y) is a standard d-dimensional Brownian Bridge. Now, the local power is generated by [Q1 (Y A 7o) —

Q1 (V) VQ'2Q1 (vo)]e = (Y Avg — 7o) Qc. Of course, the construction of T}, () can be greatly simplified
in this simple case, e.g., let

Ty () = Q71212 Y [l(a: <) — vzl &,

which converges to the standard d-dimensional Brownian Bridge. In linear regression, we need only replace
z; in all formula of by x;.

Simulating Critical Values

The asymptotic distributions in the above two theorems are nonpivotal, but the simulation method in Hansen
(1996) can be extended to the present case. More specifically, let {&;}!"_, be i.i.d. N(0,1) random variables,
and set

~k ~
2

Wi = (G + %) va (B -B) el

and, for y € T,
) -1
Ty (v) = [n_l ) (Zil(Qi <) -Q:1(7) V@'§_1Zi> (Zil(%‘ <9)—-Q:1(7) ‘7@@_1%) g?]
- ) (37)
172 Z {Zil(Qi <) -Q1(7) ‘7@/@71%} g7 €T,
i=1

where BI (v) and E; (7) are similarly defined as 31 (7) and BQ (v) with the only difference being that y; is
replaced by g; (v) &;; more specifically,

B = (@ art(ma (v))i1 (@1 (7)'551(7)%§zi1(%§7)& (7)62‘>7
e = (@0 H &) (G650 S 1w 05 ).

Our test rejects Hy if g% (g3) is greater than the (1 — a)th conditional quantile of g(W} (7)) (9(T7(7))).
Equivalently, the p-value transformation can be employed. Take the score test as an example. Define
py = 1—F(g:), and p, = 1 — Fy(g3), where F} is the conditional distribution of g(T(v)) given the
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original data, and Fp is the asymptotic distribution of g(7}, (7)) under the null. Our test rejects Hy if
p < a. By stochastic equicontinuity of the T}, (y) process, we can replace I' by finite grids with the distance
between adjacent grid points going to zero as n — oo. A natural choice of the grids for T" is the ¢;’s in T.
Also, the conditional distribution can be approximated by standard simulation techniques. More specifically,

the following procedure is used.

Step 1: generate {f;‘]}?: be i.i.d. N(0,1) random variables.

Step 2: set T7*(v,) as in , where {’yl}lel is a grid approximation of I'. Note here that the same {£};}
are used for all v;, [ =1,---, L.

Step 3: set gi* =g (T,{*)

Step 4: repeat Step 1-3 J times to generate {g%*};.lzl.
Step 5: if p/* = J ! Z}]:l 1 (g{L* > g‘;;) < «, we reject Hy; otherwise, accept Hy.

n
i=1

It can be shown that p}, = p, +0,(1) under both the null and local alternative. Hence p}; L p.=1-F, (92)
under the local alternative, and p} N , the uniform distribution on [0, 1], under the null. The proof is
similar to that of Yu (2013b, 2016) and so it is omitted here.
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