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1 Introduction

Flexible parametric estimation as a substitute for full blown nonparametric estimation has now
become a standard tool kit in empirical analysis in nonlinear models with weakly dependent data
including time series, panel time series, spatial and network models. See, e.g., Engle et al (1986),
Engle and Gonzalez-Rivera (1991), Engle and Ng (1993), Bansal and Viswanathan (1993), Gallant
and Tauchen (1989, 1996), Gallant, Hansen and Tauchen (1990), Gallant, Hsieh and Tauchen (1991),
Conley and Dupor (2003), Engle and Rangel (2008), Chen and Ludvigson (2009), Engle (2010),
Kawai (2011), Chen, Favilukis and Ludvigson (2013), Lee and Robinson (2013), to name only a
few. See Chen (2007, 2013) for additional references. In our view, the strategy of using flexible
parametric estimation can be interpreted as nonparametric estimation, where the researchers make
a nonparametric “promise” to increase the complexity of the parametric models as the sample size
grows. In other words, these empirical papers are in fact engaged in nonparametric estimation.
Natural questions that arise are (1) under what conditions this interpretation can be rigorously
justified; and (2) how one should modify the inference procedures in light of such a nonparametric
interpretation.

In this paper, we shall provide formal justifications of such empirical practices in a broad context
of sieve semiparametric two-step GMM estimation and inference for models with weakly dependent
data. We consider simple inference on a finite dimensional parameter 6, that is (over-) identified
by a set of unconditional moment restrictions depending on unknown infinite dimensional nuisance
functions h,(). The unknown h,() is identified as a maximizer to a non-random criterion over some
function space, and is consistently estimated by a sieve extremum estimator ﬁn() in the first step.
And the unknown 6, is estimated by Hansen’s (1982) GMM estimator 6, in the second step, based
on the sample moment restrictions depending on /ﬁn

Our sieve semiparametric two-step GMM is a special case of the more general semiparametric

two-step GMM with any consistent nonparametric estimator of h,() in the first step. The existing



literature has largely focused on the situation where 6, is root-n consistently estimable, where n is
the sample size. Newey (1994), Chen, Linton and van Keilegom (2003, CLvK), Chen (2007, theorem
4.1) and others already establish the root-n consistency and asymptotic normality (CAN) of the
second step GMM estimator 0,,, \/ﬁ(gn —0,) —q4 N (0,Vp). These general theories do not impose any
specific structures on h,() or its consistent estimators, rendering the characterization and estimation
of the asymptotic variance Vy difficult in diverse empirical applications. CLvK (2003) and Chen
(2007) relax the smooth moment conditions imposed in Newey (1994) and allow for dependent
data, but without providing any variance estimator for é\n CLvK (2003) and Armstrong, Bertanha
and Hong (2014) establish bootstrap consistency in terms of approximating the asymptotic normal
distribution of én, but without any variance estimation, either. To the best of our knowledge, there
is no published results on the long-run variance (LRV) estimation, auto-correlation robust inference
and overidentification test of semiparametric two-step GMM with any nonparametric first step and
weakly dependent data.

In this paper, we provide a characterization of the asymptotic variance Vy of our sieve semipara-
metric two-step GMM estimator é\n with weakly dependent data. We show that although the Vy may
not have a closed form expression, it can be well approximated by sieve variances that have simple
closed form expressions. Next, we provide simple valid inference procedures, such as confidence sets
construction, Wald tests and over-identification tests, for the semiparametric two-step GMM that
properly reflect the first-step sieve estimated nuisance functions and the weak dependence of the
data. In particular, we propose different inference procedures using asymptotically pivotal statis-
tics based on two kinds of estimators of Vy. The first one is a kernel based heteroskedasticity and
autocorrelation consistent (HAC) estimator that is inspired by Newey and West (1987), Andrews
(1991) and others for parametric time series models. The second one is a robust orthonormal series
estimator that is inspired by Phillips (2005) and Sun (2013) for parametric time series models. In
addition, we provide a new consistent random-perturbation estimator of the derivative of the expec-

tation of the non-smooth moment function, which is used for the semiparametric variance estimation



and inference based on the second-step GMM. This new derivative estimator is extremely easy to
compute and is an attractive alternative to numerical derivative estimator of non-smooth moments
for multivariate 6.

Our paper is the first to provide these inference results for semiparametric two-step GMM with
sieve extreme estimation in the first step, allowing for non-smooth moment and dependent data.
Our inference results are useful not only to financial and macro nonlinear time series models, but also
to semiparametric structural models in 10, labor, trade, social networks and others with temporal
or/and spatial dependent data.

There are two kinds of smoothing parameters needed for inferences based on sieve semiparametric
two-step GMMs for dependent data. The first is to choose the sieve (approximating) dimension
in the first-step estimation of h,(); the second is to choose the bandwidth parameter in the LRV
estimation for the second-step GMM procedure. It is known that sieve extremum estimators have the
so-called “small bias property” (SBP). That is, when the Euclidean parameter is root-n consistently
estimable, the sieve dimension could be chosen to achieve the optimal nonparametric convergence
rates. In particular, the regularity conditions (in Appendix for é\n to be root-n consistent allow
the sieve dimension in the first step to be chosen in a data-driven way, such as Lepski method, AIC
and others, that either balances the bias and the standard deviation or makes the bias a smaller
order of the standard deviation (of iALn) In our simulation studies, we used the simple AIC for
selecting the sieve dimension. Our inference results in Sections [3| and 4] allow for the second-step
LRV estimation bandwidth parameters to be chosen as if the GMM moment restrictions depends
on a “parametric” first step.

We also derive results that are expected to have a practical appeal; we show that in terms of
implementation in finite samples, empirical researchers can ignore the semiparametric nature of
the model and obtain simple estimators of the Vy and conduct inference using existing softwares
“as if” ho() were parametrically specified. That is, from the computational point of view, we

could assume that the linear sieve approximation in the first step provides a “correct” parametric



specification, and based on which we derive another parametric asymptotic variance, Vp p, of §n
While the semiparametric asymptotic variance Vy may not have a closed-form expression in general,
the parametric asymptotic variance Vp p has a closed-form expression. Hence it is easy to compute
estimate of Vy p using existing softwares for parametric two-step GMM with weakly dependent data.
We show that our estimate of the semiparametric asymptotic variance Vj is numerically identical
to the estimate of the parametric asymptotic variance Vp p. This result generalizes those in Newey
(1994) and Ackerberg, Chen and Hahn (2012) to more general overidentified semiparametric GMM
with any linear sieve extremum estimation in the first step. It greatly simplifies the computation
of standard errors and inference based on semiparametric two-step GMM with weakly dependent
data, and provides a formal first-order asymptotic justification for flexible parametric estimation
and inference in empirical work under weak dependence.

The rest of the paper is organized as follows. Section [2| characterizes the semiparametric as-
ymptotic variance Vy of (/9\,1 for weakly dependent data. Section |3 presents inference results based on
kernel HAC estimate of Vp. Section [] presents inference results based on robust orthogonal series
estimate of Vj. Section [5] provides numerical equivalent ways to compute estimates of Vp. Section [0]
proposes new consistent estimators of average derivatives of non-smooth moment functions. Section
conducts simulation experiments to investigate the finite sample performances of our inference
methods. Section [§] concludes by mentioning extensions to sieve semiparametric two-step GMM
when @\n converges to 6, at a slower than root-n rate. Most of the regularity conditions and the

proofs are contained in Appendix.

2 Sieve Semiparametric Two-step GMM Estimator

This section introduces a sieve semiparametric two-step GMM estimator 6,,, and characterizes its

semiparametric asymptotic variance Vy for weakly dependent data.



2.1 The Model and the Estimator

The model Suppose that the data {Z; = (Y{, X{)'}}_, is weakly dependent and is defined on a
complete probability space. We denote O for a finite dimensional parameter set (a compact subset
of R%) and ‘H for an infinite dimensional parameter set. Let 6, € int (©) and h, € H denote the
pseudo-true unknown finite and infinite dimensional parameters. Let g (-, -,-) : R% x © x H — R
be a vector measurable functions with d, > dg. Let Qn() : H — R be a non-random criterion

function. A semiparametric structural model specifies that
1 n
E |- Zi0,ho(-,0))| =0 atf=6,€c0, 1
2 29 (Zthol,0)| =0 a0 =0r (1)
and for any fixed 6 € O, hy(-,6) € H solves

@n(ho) = sup Qn(h). (2)
heH

If ho() were known, the finite dimensional structural parameter 6, is (over-)identified by d, (> dy)
moment conditions ([I)). But h,() is in fact unknown, except that it is identified as a maximizer of
a non-random criterion function @, () over H. As in Newey (1994) and CLvK, we allow that the
function h, € H can depend on the parameters 6 and the data. We usually suppress the arguments
of the function h, for notational convenience; thus: (6,h) = (0,h(-,0)), (0,hy) = (0, ho(-,0)), and
(0o, ho) = (00, ho(+,0,)). We also allow the moment functions g (Z;, 6, h(-)) to depend on the entire

functions h(-) and not just their values at observed data points.

Definition of sieve semiparametric two-step GMM estimators In the first-step the un-

known nuisance functions h,() is estimated via an approrimate sieve extremum estimation, i.e.,

~

Qn(hn) > sup  Qu(h) —op(n™), (3)
hEHk(7l)

where Q,() is a random criterion function such that SUPL ety () 1Qn(h) — Qn(h)| = 0p(1), and Hp)

is a sieve space for H (i.e., a sequence of approximating parameter spaces that become dense in



H as k(n) — o0). In the second-step, the first-step sieve extremum estimator T, is plugged into

some unconditional moment conditions and the unknown 6, is estimated by GMM

n ! n
~ 1 ~ 1 ~
e ggg [n =1 ! ] " [TL =1 !

where W), is a d; x d4 positive definite (possibly random) matrix.

: (4)

Discussion Our definition of sieve semiparametric two-step GMM estimation consists of equations
and (4). As demonstrated in Chen (2007), sieve extremum estimation in the first-step is very
flexible and can estimate unknown functions in most nonparametric models. More precisely, a
semiparametric structural model specifies a non-random criterion @, () that is maximized at h,() €

‘H, which in turn suggests a special case of the first-step sieve extremum estimation. For example,

if an economic model specifies h, as a solution to supy E [% Yoo (Z;, h)] for some measurable

function ¢ (-,-) : R% x H — R, then the first step usually takes a form of sieve M-estimation (e.g.,

least squares, quantile, quasi maximum-likelihood) with @,,(h) = E [l Yo e (Z, h)] and

n
n

Qnlh) = =3¢ (7 h). (5)

i=1

If an economic model specifies a conditional moment restriction E[p(Z, hy)|X] = 0, the first-step

could be a sieve MD estimation with Q, (k) = E [52 Y1 m(X;, h)'m(X;, h)] and

o
~ 1 o .
Qn(h) = —%z_;m(Xi,h) (X, h) (6)
where m(X, h) is a consistent estimate of the conditional mean function m(X,h) = E[p(Z, h)|X].

See Chen (2007) for additional examples of different criterion functions Q,(), Qn() and different

sieves Hy,(p)-

2.2 Asymptotic Normality of Sieve Semiparametric Two-step GMM Estimator

In this subsection we characterize the asymptotic variance Vjy of the semiparametric two-step GMM
estimator. Practitioners who are not interested in the asymptotic justification and only care about

the practical implications may want to skip the rest of this section, and just read Section



Heuristic review of the existing theory To simplify the presentation, in the rest of the paper
we assume that {Z; = (Y/, X])'}7_, is strictly stationary weakly dependent, and that Z; = (Y/, X!)’
has the same distribution as that of Z = (Y', X'). Let Q(h) = Q,(h) and G(0,h) = E[g(Z,0, h)].
For any (0,h) € © x H, we denote the ordinary derivative of G(6, h) with respect to 6 as I'1(0, h).
For any 0 € ©, we say that G(0,h) is pathwise differentiable at h € H in the direction v, if

{h+1v:7€0,1]} CH and

T2(0,h)[v] = (T2.1(0, h)[v], ... Ta,q, (0, R)[v]) =

exitsH Let ap = (65, ho), I'1 = T'1(a,) and W be the probability limit of ,,. Throughout the paper
we assume that Iy IWT'; is non-singular.
Let Gy (60, h) = 23" 1 g(Z;,0,h) and ||6] ; = V0'6. For general semiparametric two-step GMM

estimation with any consistent nonparametric ﬁn in the first step, under mild condition we have

@ — 0,) = — ((r’lwrl)‘1 YW + o, (1)) GO0, Tn) and |6, — 0,

L= HGn(eo,En)

5"
Suppose the stochastic equicontinuty condition holds:
| Ga(6o, ) = GO0 o) — (G 00 ) — Gl )|

1Gn (6o, o)l 5 +

= op(1). (7)

G(0o, h) — G(6o, ho) .

Then

0, — 0,

< W) —
S GO0 o)1 + || G0, n) = GO0, 1) |

— 00 whenever
E

5 0% and /n(0, — 0,) = O,(1) if VnG(0,, hy) = O,(1). Suppose the nonlinear

Note that \/nG,(6,, ho) = Op(1) under mild conditions, we have: /n 0, — 0,
Vi [0, )

remainder condition holds:

HG(eo,ﬁn) — G(B, ho) — Ta(cto)[in — ho)

Hrz(ao)[ﬁn ~ |,

E = 0,(1). (8)

!Note that ¢ (Z,0,h) is a d, dimensional vector of moment functions. Hence I'2(6, h)[] is a d, dimensional vector

of functionals.



Then /1 (8, — 8,) = Op(1) if

~

\/ﬁFZ(O‘O){hn - hO] = Op(l) (9)
and hence @n satisfies

~ ~

V(B — 0,) = — (D,WT) " T, W [Gn(ao) + Ta(co) [ — hol| +0p (1) (10)
Without specifying how h, is estimated in the first step, CLvK directly assumes that
Vn | Gr(ao) + Fg(ao)[ﬁn - ho]} —q N (0,V7) for a finite positive definite Vi; (11)

while Newey (1994) assumes that there is a zero-mean and finite second moment “adjustment” term

A7 such that

VAT (00) = hel = 2= 30 AT +0y(1) = O,(1). (12)
=1

Condition 1' and equation imply that gn is y/n-consistent and asymptotically normally dis-
tributed (CAN) with the asymptotic variance V5 = (D{WT1) ™ (W VW) (D, W) ™!, where
the long-run variance (LRV) V; captures the first-order asymptotic effect of the first-step nonpara-
metric estimation of h,().

Unfortunately, without specifying any primitive nature of the unknown function h,(), it is often
difficult to verify any of these conditions ((9)), or (12))), and the LRV V; (and Vj) typically has

no analytic expression for complicated semiparametric models.

Riesz representation for @ We assume that H is a vector space of functions endowed with a
pseudo-metric ||-||7, which is a problem specific strong-norm metric with respect to the f-argument
and a pseudo-metric with respect to all the other arguments. For example when H is a class of
continuous functions mapping from Z x © to R and having finite sup-norms, we may take ||h|| =
supg || (- 6)lloc = supgsup, [A(z,0)| or ||hllx = supg ||h(-,0)l|L,p) = supp{[ [P(Z,0)"dP}'/" for
1 < r < oco. Under mild conditions, any first-step nonparametric estimator ﬁ, being it a kernel,

local linear regression or sieve estimator, is consistent: ||h — ho||3 = 0p(1).



Since h, is the unique maximizer of Q(h) over H, within any shrinking || - ||x—neighborhood,

B,, of h,, we can define a local pseudo-metric

82 1/2
I = nll = { = | gzt = b forany ne s, (13)
=0
where || - ||3¢ is chosen such that ||h — h,|| < const. x ||h — ho||x for any h € B,. See, for example,

Chen and Shen (1998) for M estimation Q(h) = E [¢ (Z, h)] with

2
I ol = [aE{wz, o+ (1 — m))}] , (14)

2
or 7=0

and Ai and Chen (2003) for MD estimation Q(h) = —FE [m(X, h)'m(X, h)] /2 with

TO) W)

Let V be the closed linear span of H — {h,} under ||-||. Let (-,-) be the inner-product induced by

We assume that the linear functional I'g j(c)[] : (V, [|]|) — R is bounded, i.e.

Om(X, ho + 7(h — hy))
or

"om(X, he 4+ T(h — hy))
7=0 or

b — hol? =E(

F .
sup {W%)[UH} <ooforallj=1,...,d,
VeV, 00 o]l

By Riesz representation theorem, for each j = 1,...,dy, the functional I'y j(c)[-] is bounded if and
only if (iff) there is a Riesz representer v} € V such that

Ty j(a)[v] = (v,v}) for all v € V and HU;H = S)up;éo %aﬁ)w

< 00. (16)
As we will see later in this subsection, the Riesz representers v} for j = 1,...,dy play an important
role in the asymptotic variance Vy of (/9\n However, v;-‘ for j = 1,...,dy may not have closed form
solutions in general, which limits their usefulness in the empirical applicationsﬂ We next provide

a sieve approximation of the Riesz representers vj for 5 = 1,...,dy, which always have explicit

expressions.

2For example, an additive nonparametric regression in the first step and an average derivative in the second step.



Since (V,||]]) is a Hilbert space, there is an increasing sequence of finite-dimensional Hilbert
spaces (Vi(n), ||°l|) that is dense in (V,[-]|) as k(n) — oo. Denote k(n) = dim(Vy,)). For each
k(n) < oo, the restricted linear functional I'z j (v )[-] : Vi(ny — R is always bounded and hence there

always exists a sieve Riesz representer v;'.‘ k(n) € Vi(n) such that

1—‘ .
o Pasteoll
VEV(n) ,v#0 HUH

Lo j(cwo)[v] = <U, ’U;-:k(n)> for all v € Vy(,,) and HU;'(,k(n) <oo. (17)

Moreover, the Riesz representer v; € V defined in |D exists iff limy(,) oo ij* k(n)H < oo. For such
a case we have |[v}|| = limg(n) oo Hv;."k(n)H and limg () o0 Hv;’k(n) —vj[| = 0.

Although the Riesz representer v; € V may not have a closed form solution, the sieve Riesz
representer v;.‘ k) € Vi) always has a closed form expression. To see this, let h, be a real valued
function, and let {p;}°, be a complete basis for the infinite dimensional Hilbert space (V,||-]|).

JJj=1
Let Py () = (p1(+), ...,pk(n)(-))/. Then Viny = {v(-) = Pymy(-)v 1 v € R¥(™} become dense in
(V. [} as k(n) — oo. By definition, the sieve Riesz representer v7, . (-) = Pk(n)(-)'”y;.‘,k(n) € Vi)

of T2 j()['] : Vin) — R solves the following optimization problem:

2 VIF',k(n)FJ{,k(n)V
sup
~ERE(M) y=£0 'Y,Rk(n)’y

H”ik(n) (18)

where Fng(n) = FQJ(QO)[Pk(n)(')] = (FQJ(O[O) [pl()], ...,Fg’j(ao)[pk(n)(‘)])/ is a k(n) x 1 vector, and

Ryny is a k(n) x k(n) positive definite matrix such that

82
Y Riuyy = = [WQ(hO(» + TPkm)(-)'v)] for all 7 € R*™. (19)

7=0

It is obvious that the optimal solution of v in has a closed-form expression:
Vi) = (Be)™ Fjkm)-
The sieve Riesz representer is then given by
Vi () = Prn) ()W k) = P () (Bimy) ™ Fikn) € Vit (20)
for j =1,...,d,4, where (Rk(n))f is a generalized inverse of Ry ().

10



Root-n CAN of sieve semiparametric two-step GMM For simplicity we let Hy(,) be an
increasing sequence of approximating parameter spaces that become dense in ‘H under || - ||} as
k(n) = dim(Hy)) — oo (ie., for any h € H there is an element m,h in Hy,) satisfying ||k —

mh|lx — 0 as k(n) — o0). Under mild conditions and for weakly dependent data, the first-

step sieve extremum estimator is consistent under || - || (see, e.g., Chen (2007)). Define h,, €
argminpep, ) [|h — hol|. Let Vi(,) be a closed linear span of Hy(n) — {hos} under ||-[|. Since V is
the closed linear span of H — {h,} under ||-|| and ||-|| < const. x || - ||, we have that the closure
of Ug(n)Vi(n) is dense in V under [|-||. Let v, = Vi) = (UI,k(n)’ ""U:lg,k:(n))/ be the sieve Riesz

representer as defined in ([17)) that corresponds to the sieve Vj ().

For each fixed z, A(z, ho)[-] : (V,||-||) — R is a linear map such that

B(AZ ) = | 5-Qho+ 1)

=0

See, for example, Chen and Shen (1998) for M estimation

0p(Z,ho + TV)

A(Z, ho)[v] = - . (21)
and Ai and Chen (2003) for MD estimation
om(X, hy, + TV !
Az h = - (P iz, (22)
7=0

Suppose that max;—1, 4, limy(,)—oco Hv;."k(n)H < 00, then the Riesz representer v* = (v7, ..., v )

given in exists. Under mild additional conditions (see Appendix [A| for details), Newey’s condi-

tion will be satisfied with the adjustment term A} given by
/
Al = A(Zi, ho) [v'] = [A(Z, ho)[v], ..., A(Z, ho)[v;;g]} . (23)
Equations , and immediately lead to

Vi = Avar <\/1% ; {9(Zi, o) + A(Z;, hy) [v*]}) ) (24)

11



Expression for the LRV V7 would be very useful if the Riesz representer v* (and hence
A = A(Z;, ho) [v*]) could be computed in a closed-form, which is, unfortunately, not the case

for complicated semiparametric problems. Let
Sim = Si(ao) [Vl = 9(Zi, ao) + A(Zi, ho)[v7)] (25)

/
be the sieve score, where A(Z, h,)[v}] = [A(Z, ho)[V] gmy)s - - > A(Z, ho)[v:lg k(n)]] is a “sieve in-
fluence function” approximating the possibly unknown “adjustment” term AY = A(Z;, ho) [v¥].

Let
n n
Vip=E (0 > SiS)h (26)

i=1 j=1

be the sieve LRV. Since the sieve Riesz representer v can be computed in a closed-form (20)), the
sieve score 57, and the sieve LRV V{", have closed-form expressions.

The next theorem establishes the v/n—CAN of a sieve semiparametric two-step GMM estimator.

Theorem 2.1 Let maxj—1 . 4, limk(n)ﬂoo \|v;k(n)|\ < o0 and Assumptions and i Appendiz
hold. Then: the sieve semiparametric two-step GMM estimator satisfies /ni(6n—0o) —a N (0, Va),

where

Vo= (DyWTy)~H (TyWWWTy) (TyWTy) (27)

and

n—oo

Vi = lim V}', = Avar (;ﬁ ; {9(Zi, ) + A(Z;, hy) [v*]}) . (28)

We may want to consider choosing W to minimize the asymptotic variance QD of é\n An

obvious choice is W = Vl_l, in which case the Vj simplifies to
VP = (T (29)

We call the estimator gn with W,, = Vl_l + 0p(1) a “semiparametric two-step optimally weighted

GMM”. It is more efficient than other semiparametric two-step GMM estimators with W,, #

12



Vit 4 0,(1), but we cannot say that it is an estimator that achieves the semiparametric efficiency
bound. In this paper we call any weight matrix satisfying W,, = Vfl +0p(1) a “limited information

optimal weight matrix”.

2.3 Estimation of Semiparametric Asymptotic Variance

Theorem can be a basis of inference about the unknown parameter 6,. Equation suggests
that Vy can be estimated by
U= (Fwaly)  (Byw,iwDy ) (Twaly) (30)
where fl and 171 are estimates of I'y and Vj respectively.
If the moment function g(Z, 0, h) is differentiable in 6,, then a standard textbook-level analysis

and the consistency of &, = (gn,ﬁn) can be used to show that

i=1
would be consistent for I';. See Section |§| for an alternative estimate of I'y when ¢(Z, 6, h) is not
differentiable in 6,,.
Theorem 2.1} states that Vi = limy, o V7', where the sieve LRV V{", can be estimated based on

an estimate of the sieve score S}, = Si(a,) [V}]:

St = 8i(@n) V2] = 9(Zs, n) + A(Zs, h)[¥7], (32)

o~

where A(Z, h)[-] is some estimate of A(Z, h)[-] for any h in a local neighborhood of h,. See, for

example, Chen, Liao and Sun (2014) for sieve M estimation

~ 0p(Z, T, + TV)

or (33)

or

) p(Z, ). (34)
=0
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For j = 1,...,dy, when the moment function g;(Z,0,h) is pathwise differentiable in h,, the

functional I'g j(cv)[-] can be estimated by
Dosn(@nl] = » 3 20ty

=1

(see Section [6] for an alternative estimate of I' j(a,)[-] when g;(Z, 0, h) is not pathwise differentiable
in ho.) The estimate v} k(n) OF V] k(ny 18 the Riesz representer of the functional I'y j (@n)[] on Vi,
ie. ﬁ;‘,k(n) ( =1,...,dy) satisfies

T2jn(@n) V]|

Lo in(@n)[o] = (0,75 ) for all v € V() and H@;ﬁk(n) = sup < 00, (35)
’ n ’ n vevk(n),v;ﬂ) ”UH?’L
where ||-]|,, is the empirical semi-norm associated with the theoretical semi-norm ||-||, defined as
92 ~ 1/2
llv]|n = {— {QQn(hn + T’L)):| } for any v € V, (36)
or =0
and (-,-),, is the empirical inner product induced by the empirical semi-norm |-||,,. Again if A, is

a real valued function and Vi, = {v () = Pyp)()v 1 v € RE(MY, then v = (i’\’f,k(n)’ ...,ﬁ;mk(n))’

defined in can be computed in a closed form: for j =1, ...,dg,
%ty = PtV Ty = P (Ba) Frvco (37)
where ﬁj’k(n) = T'2.j.n (@) [Pr(ny(-)] and ]:?k(n) is such that

for all v € R¥™, (38)

. 92 ~
VB y = = | 5 @n(hn + TPMn)(‘)/’Y)]
T =0
These are useful in establishing the numerical equivalence results in Section

The following lemma states the consistency of the empirical Riesz representer v} in for the

theoretical sieve Riesz representer v .

Lemma 2.1 Let Assumption in Appendiz (A hold with some positive sequence 8y, = o(1).
Then:

* *

max ||V} ) = Vj k()| = Op(0uwn) = 0p(1).

G=1,sdyg ]
The above lemma serves as a key ingredient to study properties of two classes of estimates of

Vi, which are considered in the subsequent two sections.
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3 Inference Based on Consistent LRV Estimate

In this section we provide inference and over-identifying specification test based on a consistent
estimate of the LRV V; given in .

3.1 Consistent LRV Estimation and Wald Test

We can rewrite the LRV Vj in as Vi = lim,, .o Vf‘:n with
n—1
Vi =Y Yila) v vil, (39)
1=—n+1
where
n
LS B85S, forizo0
Ti(ao) [vi, vl = =
LY B[S1.Silia| fori<o
l=—i+1 ’ ’

with S}, = Si(a) [v}] given in (25).
The intuition from Newey-West, e.g., suggests the following strategy for estimating . Let

K (-) be a kernel function that satisfies Assumption We define a kernel-based estimator of V;

as
n—1 i
o= X k(5 ) Tas@) F931, (40)
i=—n+1 n
where M, — oo as n — 0o, and
noo_
% > Sl’jnSl*im fori >0
Toi (@) VooVl = = (41)
Y Sl,nSl+i,n fort <0
I=—i+1
with §l*n = Al(an) [vI] given in 1' We could also estimate V4 by a centered version of 171,”:
N n—1 i
Von= 3 K (5 ) Tas@) B9 (12)
i=—n+1 "
where
n ~ ~ ~ ~\/
B Py (S50 - 8:) (St = 8i) foriz=o0
Toi(n) Vi, Vil = L o\ )
o) (S0 = 8:) (S —Si) fori<o
=—1
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. no_
and Sf =135 .
=1

Theorem 3.1 Let conditions of Theorem[2.1] and Lemma[2.1] hold. Suppose that Assumptions
and[B.3 in Appendiz[B hold. Then:
Vi = Vi + 0p(1); (43)

~

Using the kernel LRV estimate 171771 (or ‘/}c,l,n) and the estimate of the average derivative fl, we

can define

~ ~ N—1 /- N . - o\ -1

Vo = (F’IWnF1> (ranvl,anrl) (F;Wnrl) . (45)
If fl —p I't and W, —, W, then invoking Theorem we have that

Vo —p (DyWT) ™ (DWW (W) ™ =V, (46)

By the consistency of 179,”, the asymptotic normality of §n and the Slutsky theorem, we also have
that

ViV (6~ 6) —a N (0. 14,) (47)

The above weak convergence is directly applicable for conducting inference about 6,. For example

the standard Wald test of 8 = 6, follows from

~

Cr = (0 — 00)' Vg (O — 00) —a X3, (48)

where X?ig denotes a chi-square distributed random variable with degree of freedom dy.

3.2 Over-identification Test

In this subsection, we present an over-identification test of the moment restrictions E [g (Z, 6,, ho)] =
0 by taking into account the fact that the nonparametric component h, has to be estimated in the

first step.
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Inspired by Hansen’s (1982) over-identification J test of the parametric moment restrictions
Elg(Z,0,)] = 0, we will construct our over-identification test of E[g(Z,0,,h,)] = 0 based on
a limited information optimal weight matrix W,, = V; "' 4 0,(1) and a semiparametric two-step
optimally weighted GMM estimator.

Let a,, = (571,%”) be a preliminary consistent estimator of o, = (6,, ho), where 5n could be a
sieve semiparametric two-step GMM estimator with an arbitrary weight matrix W,, (say an identity,
but the details are not important). We compute gzn = S; (@n) [Vi] = 9(Zs, an) + &(Zl,ﬁn)[%’;] and
Yo (an) [V5, V5] as in (1)), and then compute the weight matrix

n—1 : -1
W, = ( > k(57 ) Yos @) mm) (49)
i=—n+1
as in . We can then go on to compute the second-step GMM estimator @L as

é\n = argmin [TIL lz:;g (Zi,e,ﬁn)]/Wn [711 gg (Zi, 9,?%)] . (50)

0cO
Theorem ﬂ implies that Wn = Vl_l + 0p(1). Thus gn is a semiparametric two-step optimally
weighted GMM with its asymptotic variance given by V = (F’lVl_lfl)_l.
Our J test statistics is based on 5,1 Although we can in principle work with the weight matrix
Wn above, we recommend using a centered version of the weight matrix defined by

Wen = (Vc,m)‘lz( 5 zc(M) oi(@n) [v:,vm>

i=—n+1

-1

Based on the argument in Hall (2000) for parametric moment restrictions E[g(Z,6,)] = 0, we
conjecture that the J test based on the centered weight matrix /Wc,n might be more powerful in
finite samples.

To summarize, our over-identification test statistic is

17



Proposition 3.2 Let the conditions of Theorem[3.1] hold. Then: under the null of correct specifi-

cation E[g(Z,0,,ho)] = 0 with dg > dy,
Jn —d ng—de-

The inference and specification test proposed in this section are based on the consistency of
kernel LRV estimate, which is derived under the assumption that the bandwidth M,, diverges to
infinity. However, inference procedures based on such large bandwidth asymptotics may suffer
nontrivial size distortion in finite samples, because the bandwidth M, is always finite in empirical

applications. We shall investigate alternative fixed-bandwidth asymptotics in the next section.

4 Inference Based on Orthonormal Series LRV Estimate

This section provides semiparametric inference and over-identifying specification test based on an

orthonormal series LRV estimate.

4.1 Series LRV Estimate and Robust F Test

The series LRV estimation method projects the process of interest onto some orthonormal basis
functions and uses the average of the out-product of each projection coefficients as the LRV esti-
mator. The series LRV estimate is convenient for the empirical implementation because it is easy
to compute and is automatically positive definite in finite samples. For parametric models, Phillips
(2005) established the consistency of the series LRV estimate when the number of the basis functions
M,, diverges to infinity; Sun (2013) suggested that the Wald test based on the fixed-M asymptotic
theory has more accurate size in finite sample than the test based on the increasing-M asymptotics.
We adopt this approach to semiparametric two-step GMM framework.

Let {¢m },._; be a sequence of orthonormal basis functions in Ly[0, 1] that satisfy fol Gm/(r)dr = 0.

18



We define the following orthonormal series projection

n

BT, N -
Ry = TVD) Wm0 (52)
=1 n 7

NG

and construct the direct series estimator Am[\;n for each m = 1,2, ..., M. Taking a simple average

of these direct estimators yields the series estimator of Vj

1 M
T _ AR/
Vin =7 ZlAmAm, (53)

where M is the number of basis functions used and is the smoothing parameter in the present
setting.
Let 2y denote the square root matrix of Vp, i.e. Qg = Vpy. The following Lemma contains the

key results to derive the asymptotic properties of 173’“.

Lemma 4.1 Let conditions of Theorem and Lemma [2-1] hold. Suppose that Assumptions [C]]

and [C-3 in Appendiz[Q hold. Then: for fized finite M,
Q" Am = Baym(1),

where {Ba, m(1)}M_ are dg x 1 independent standard Gaussian random vectors.

Robust ¢- and F-tests By Lemma and the Continuous Mapping Theorem (CMT), we can

deduce that

M

_ IR LA o

QG Vel =0 > AmAL 0"
m=1

M
1 VR,
~a 37 2 Baym() B, (1) = =7

m=1

When 6, is a scaler, the robust t statistic is

V0 —0,) Vi 0 —0)  B(1) a

\/ MVg., VM Vet Ve
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where t(M) denotes the Student-t distribution with M degree freedom.

When 6, is a vector, then the robust F statistic is

nM-—dyg+1 ~ 15—
M—dy+1 - _ PN S
_ di: V(B — 0,)Q; 1] (M5 Vi3 ) [ V(B — 6)
M—dg+1 _ d
—q T:BZZQOWR,;B%(D < F (dg, M —dg +1), (55)

where F (a,b) denotes a F-distributed random variable with degree of freedom (a,b).

4.2 Robust Over-identification Test

We next construct the over-identification test statistic using the series LRV estimate. Let a, =

~

(gn,ﬁn) and §;“ n = Si(ay) [V}] be the same as defined in subsection We define the following

o[ (B (%) (5 (%))

The semiparametric two-step GMM estimate é\R,n of 8, based on WR,n is defined as

weight matrix

! n
an = argmin [n 2 Zg Zzae h )] W\R,n [n_é Zg(ziaeaﬁn)] . (56)

0€0 i=1 i=1
Then the robust J test statistic is

n / n
JR,n = [né Zg(Zhé\R,na/}zn)] WR,n [n% Zg(Ziyé\R,na/};n)] . (57)

i=1 =1

The following proposition extends theorem 1 in Sun and Kim (2012) for a parametric GMM
model E [g (Z,0,)] = 0 to a semiparametric two-step GMM model E [g (Z, 6,, h,)] = 0 with unknown

functions h,().

Proposition 4.1 Let the conditions of Lemmal{.1 hold. Then under the null of correct specification
Eg(Z,0,,ho)] =0 with dy > dy,

M—(dg—d9)+1
g . dy—dg, M — (d, — dg) + 1).
JRon M (dy — dy) Jrpn —a F(dg —dy (dg —dp) +1)
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5 Estimation of Asymptotic Variance - Practical Interpretation

In this section, we consider how the sieve semiparametric two-step GMM estimator §n and the two
estimators of Vj relate to what one obtains if the estimation problem is approached from a purely
parametric perspective. This can be viewed as an extension of Ackerberg, Chen and Hahn (2012)
to weakly dependent setting. To simplify the presentation we restrict to the case in which h, is
real-valued and is estimated by a sieve M estimation in the first StepE| The exact finite sample
numerical equivalence results hold when the first-step unknown function h, is approximated via a
linear sieve space Hy(n) = {h (-) = Pyn)()')B: B € RE(M}. That is, the first-step sieve M estimator

o~

h = Pk(n)(-)’g solves

max ZSO Zi,p1 (1) Br+ -+ Py () Brny) - (58)

1o 5Bk(n) T
If a researcher believes that the unknown function A, is indeed parametrically specified, i.e., ho(-) =
p1(+) Bo1 + -+ + i () Bo i, and if K = k(n), then the parametric two-step GMM estimator of
0, starting with will be identical to the sieve semiparametric two-step GMM estimator gn in
|D This means that for the purpose of computing §m it is harmless to “pretend” that the A, is

parametrically specified. We now show that the same idea holds for the estimated variance.

5.1 Asymptotics Based on Parametric Belief

We will assume that an applied researcher believes that h,(-) = Pk (-)B,.p, and estimates (3, p by

the maximizer Bn, p of the following M estimation

5n p = argmax — Z op (Z;, B) (59)
BeBp i=1

3The numerical equivalence results for semiparametric two-step GMM when h, is vector-valued or/and is estimated

via sieve MD can be established very similarly, but at the expense of tedious notation and hence is omitted.
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where Bp is some compact parameter space in RE and ¢p (Z, 8) = ¢ (Z, Pi (*) B). In the second
step, he goes on to estimate 8, by the following GMM procedure

0,,,p = argmin
(J<C]

where gp (Z,0,5) = g(Z,0, Py () B).

82 3P0 . . 7] 790’ o
Let R p = —F [W} be a nonsingular K x K matrix, I'l p = E[gp(ge, Bo.r)] be a

n ! n
n_% Z gP(Zi7 97 B’ruP)] Wn [n_é Z gP(Zi’ 97 Bn,P) ’ (60)

=1 =1

. Ie] 00,50 . .
dy x dp matrix, and I'p p = 7] gp(gﬁ, Bo.r)] be a d; x K matrix. The applied researcher would

then derive the standard asymptotic properties of the parametric two-step estimator §n p, Which is

summarized in the following proposition.

Proposition 5.1 Under standard regularity conditions for parametric two-step GMM estimation
such as in Newey and McFadden (1994), we have: the estimator é\mp defined in (@) satisfies

NG <é\n7P - 00> —a N (0,Vy.p), where
Vo = (T pWTyp) ' T4 pW V3 pWTy p (T} pWTy p) " (61)

and

(62)

Vi,p = lim Var {né Z |:gP(Zi7 0o, Bo,p) + T'2,p (Ro,p) Bl

1 O (Zi, 50,13)] }
n—oo ’
=1
It is clear that the semiparametric asymptotic variance Vj in (27)), which was derived under the
nonparametric specification, is typically different from the parametric asymptotic variance Vy p in

, which was derived under the parametric specification of h. The difference is easily understood

because I'y p # I'1 and Vi p # V1.

5.2 Numerical Equivalence

Using the parametric two-step GMM estimate, we can compute fl, p= %Z?:l W a

a consistent estimator of I'y p. Define

_ Opp (Zi7 @,P)
op ’

~

Si.pn = gp (Zi, é\n,Pa Bn,P) + f2,P,n <§n,P>
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= 0 Zué\n 7An B 62 Ziz/\n
where I'y p, = %Z?:l 2 %’,PB ) and R, p = -1 " % are standard sample

n

analog estimators of I'y p and R,, p It turns out that when K = k(n), §Z Pn in is numerically
equivalent to §Z* n N (see Appendix @ for details). This implies the numerical equivalence

results below.

Kernel LRV estimation case A typical consistent kernel estimator of Vi p will be

T S € (7 ) Tt

t=—n+1
where
leanSlzP fori >0
~ _ 1
Tn,P(Z) — 1 = Z+
P Z SanSl-i—an fori <0
I=—i+1
Then

~ ~ ~ -1 ~ —~ —~ —~ —1
Vopn = (T pWalip)  TopWa Vi pWalsp (T0pWal'p)

is a consistent kernel estimator of Vp p under the parametric specification.

Theorem 5.2 Suppose that the parametric specification sets h(-) = p1 (-) 1 + -+ + pk () Bx with

K = k(n), the sieve dimension of the linear sieve space Hy (). Then: ‘A/g,p,n = ‘A/g,n for all n, where

179,” is defined in .

Orthonormal series LRV estimation case The numerical equivalence also applies to the series

LRV estimate. For the parametric specification , we construct f\m7 p as

A (1PWF1P

Wy
Am,P = \F 1 L Z¢m <> i,Pn

“For the ease of notation, we prove the numerical equivalence of the variance estimates assuming that the moment

functions and the criterion function in the first step M estimation are smooth. The main result will not change in the

scenario where the moment and/or criterion functions are non-smooth.

23



and an orthonormal series LRV estimate Vg p,, of Vy p as

1 M A

A 1
M Am,PAm’P'
m=1

VR,P,n =

If K = k(n) (say chosen by AIC), then Y7R7p7n = XA/R,n for all n, where XA/R,n is defined in 1'
Although it is incorrect from a theoretical prospective, the numerical equivalence result provides

a computationally practical justification of the parametric belief in the first-step.

6 Extension to GMM with Non-smooth Moment Functions

In this section, we provide consistent estimates of average derivatives of possibly non-smooth moment
functions ] Our estimates are based on random perturbation of the moment functions. To fix the
idea, let 1y be some dg x 1 random vector with mean zero and variance Iy, that is independent
of the data. Let p, [f] =n" '3, {f(Z)— E[f(Z;)]} denote the empirical process indexed by f.
Then we define
n
Dy, 0(ng, an) = n"2 Zg(Zi, On + n*%ng,ﬁn) 2 Zg(Zi, On, )

i=1 =1

~ ~ o~

= Vit | 9(Zis O+ 17309, ) = 9(Zis By )|+ T4 G o, (64)

~ ~ ~ ~ —~ /! ~
where T'y (6,,, hy) = { ’1’1(01,n,hn),...,F’l,dg(edg,n,hn)} ,and 65, (j = 1,...,dy) are some values be-

-~

tween 6,, and §n + nféng. By equation 1) and the stochastic equicontinuity, we obtain:

Dy o(116,Gn) = T1(0n, B )10 + 0p(1). (65)

By the continuity of the function I'1(+) in the local neighborhood of «,, we know that Fl(an,ﬁn) is
a consistent estimate of I'y. Motivated by the expression , we propose the following resampling

procedures to estimate I'y:

*Examples of GMM estimation with non-smooth moment conditions can be found in Pakes and Pollard (1989) and

CLvK.
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1. from some known multivariate distribution with mean zero and variance I4,, we independently

generate B realization ng (b =1, ..., B);
2. for each realization 7y (b =1, ..., B), calculate Dy, (15, On);

3. T'y is then estimated by fl,B with

1

Fip= EDZ,Q,BW,B = 0 (10,6 Qin )1l (66)

Mm

b:

where 79 g = (9.1, ....,m0,8)" and Dy, 9 p = (Dpno(n9.1,0n); ..., Dno(n0.8, 0n))".

Let E; [Dy,0(ng, 0n)njp] denote the expectation of D, g(ng, &y)ny with respect to the random

vector 79, then the consistency of the resampling estimate fl, B is ensured by the following lemma.
Lemma 6.1 Let Assumption in Appendix @ hold. Then: Ey Dy g(ne, &n)np) —p 1.

When the moment functions g(Z, 6, h) are pathwise differentiable in h,, the pathwise derivative

['2(0,, ho)[v] can be estimated by

~ o~

1 9y {Zi,ﬁn,hn(-)—i-ﬂ)(-)
52 or

Fgm(@n,ﬁn)[v] = for any v € V(). (67)

7=0
When ¢(Z,60,h) are not pathwise differentiable in h,, we next show that the above resampling
technique can be applied to estimate I'a(6,, ho)[v]. In the following we let h,() be a dj—vector

valued function.

1. from some known multivariate distribution with mean zero and variance /4, , we independently

generate B realization np;, (b=1,..., B);

2. for each realization np,; (b= 1,..., B), calculate

n

~ o~

~ 1
Dy n(Mh,ps Gy v) =02 Zg 0.0 B+ 1 2 p0) — 3 > " 9(Zi, 0, )
i=1
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3. T'2(0,, ho)[v] is then estimated by ng(gn,ﬁn)[v] with

-~ ~ 1

B
~ 1 ~
Lo B(0n, hn)v] = ED, BB = 5 ZDn,h(nh,ln Qi V)11 (68)
b—1

where 7,5 = M1y, Mh.) and Dy p g = [Dun(Mh1, @y 0), ooy Dpn (0,5, G, )]

)

The consistency of the resampling estimate fg, B (9\”, hy)[-] is ensured by the following lemma.

Lemma 6.2 Let Assumption in Appendix@ hold. Then: the resampling estimate fg,B(é\n,/ﬁn)H

satisfies Assumption[A.3 (ii) in Appendiz [A]

The resampling estimate defined in can be used to construct LRV estimators proposed in
Sections[3land [l As an illustration, we consider the simplified example that all moment functions are
non-smooth. Let Py, (z) = [p1(z), - ,pk(n)(:c)], be the set of basis functions used to approximate
ho(x). Using the expression in , we define a k(n) x 1 vector f273 (gn,/ﬁn)[Pk(n)] whose j-th entry
is defined as f27 B(gn,ﬁn)[pj]. Using the expression in , we write the empirical Riesz representer

as

-~

V(@) = D50, o) Ply] (Bi)) Pico(@) (69)

which together with expressions in , and can be used to construct the kernel based
and series based LRV estimators.
7 Simulation Studies

This section conducts simulation experiments to investigate the finite sample performances of the

inference methods proposed in Sections [3|and 4l We use the following model to simulated data:

Yii=ho(X1:) +ui, Efu| X1 =0, (70)
4
Ys, = Z X200 + ho(X1,i) + v, (71)
=
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where X1, X2 (j = 1,...4), u; and v; are scalar random variables, h,(z1) = 22 1log?(1 + 1) +
exp(z1), and (01,0,02,0,03,0,040)" = (05,00, 0,,0,) where 0, is a real scalerﬂ

To generate the simulated sample, we first generate a set of i.i.d. random vector (e1,,...,€7,)
from standard multivariate normal distribution A/ (0, I7), where I7 denotes the 7 x 7 identity matrix.

The error terms u; and v; are generated from the first order auto-regressive (AR(1)) model:

u; = pui—1 + 1 — ,0256,1'7
v; = pvi—1 + V1 — p?er,,

where ug = 0, vg = 0 and different values of p are considered in this simulation study. To get the

regressors X ; and Xy ;, we generate 5 random variables (eq;, ..., e5 ;) using the AR(1) model:

eji = peji—1+\1—plej; forj=1,...,5

where e = 0 for all j. Using the vector (e14,...,es5;), we also generate

€1t €25+ e€3;+e4; €55

e = + =2
o 2v/2 V2
Given the latent random variables (e1;,...,e6;), we generate X ; and Xo;,; (j =1,...,4):
exp(es,i
X1 = _exples) (X210, X2,2.0) = (€16, €2,0),

1+ exp(e&i) ’

€1,4€4; 1+ €2i€e44 + €3, + v;

Xo3; = 1 ;
€1,4€3; 1+ e2ie3; + €4 + v;
Xoa;= 1 .

From the data generating mechanism, we see that X»1; and X5 ; are exogenous variables in
that they are independent of v;, while X3, and X5 4; are endogenous variables. We will assume

that four IVs (R, R2, R3,i, Ra;)’ = R; are available for the empirical researcher, where

Ri; = e3; +nvi, Ro; = eqiea;, R3; = esq; +nv; and Ry; = e1,e3;

5We take 01,0 =020 = 03,0 = 04,0 = 0, in the DGP to simplify the Monte Carlo analysis of the size and power

properties of the proposed tests. (01,0,02,0,03,0,04,0) are estimated without imposing these equality restrictions.
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where 7 is a real scaler. The IVs, R;; and R3;, are valid when 1 = 0 and invalid otherwise. Using

the IVs, we construct a vector of moment functions g(Z;, h, 0):

9(Zi,h,0) = [Ya; — X5,0 —h(X15)] | Xo0: |-

where Xo; = (X2717,-, ey X2,47¢)’ . Then there are 6 moment conditions for identification and esti-
mation of 6,. As the moment functions in g(Zi,En, 0) are linear in 6, the GMM estimator of 6, has
closed form expression.

Two hypotheses will be tested in the simulation study. The first one is the joint hypothesis
Ho:(01,0,...,010) =0v.s. Hy:(b10,...,010) #0, (72)
and the second one is the over-identification test of the moment validity
Hy: E[9(Z,ho,0,)] =0v.s. H: E[g(Z, ho,0,)] # 0. (73)

We consider different values of 0, and 1 to investigate both the size and power of the proposed
tests. For the joint test (72)), we set n = 0 and 6, = 0.05! for [ = 0,1,...,10. While for the over-
identification test (73), we set 6, = 0 and n = 0.05m for m = 0,1,...,20. For each combination
(00,1m), we will let p € {0,0.25,0.5,0.75} in the simulation. We consider different values of p to check
the performances of our inference methods in scenarios with different data dependence, e.g., zero
dependence when p = 0, weak dependence when p = 0.25 and strong dependence when p = 0.75.
Let Pyn) (1) = [P1(+) ;- - -, Pr(n) (+)]’ be a vector of functions, where {p; (-) : j > 1} is a set of basis

functions. Given the data on (Y7 ;, X;;), we compute the first-step sieve LS estimator of h,(x1) as

~

hn(21) = Pl (1) (PoP}) ™ PRY 1, (74)

where Pn = [Pk(n) (Xl,l) yooo 7Pk(n) (Xl,n)] and Yl,n = [Yl,la e 7Y1,n]/- We use the trigonometric

polynomials as the basis functions. The sieve dimension k(n) is determined by AIC in the sim-
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ulationm The first-step estimator is then used in the computation of the second-step GMM

estimator of 6,, which is

-1

0, = [X},, D, W, D, X5 ] b Da WDl (Yo, — Hiy) (75)

where

~

Yo, =1[Y21,...,Y2,], Hi, = [hp(X11),.. -a/ﬁn(Xl,n)],a
Dn - [X2,1,m X2,2,m Rl,m R2,na R3,m R4,n]7
Xon = X210, X220, X2,1,n, X2.2.1],

Xojn = [Xoj15- - Xojn] and Ry, = [Rj1, ..., Rjal',

for j=1,...,4. It is easy to see that v*(z) = D', P/ (P,P/)"* Py (z) and

~

S’\:n = g(Zi,/ﬁn, gn) — D;LPIn (PnP;)_1 Pk(n) (Xl,i) [Yl,i — /ﬁn(Xl,z') . (76)

The finite sample performance of the series estimator iALn is evaluated by its integrated mean squared
error (IMSE), and the finite sample properties of the two-step GMM estimator gn are measured by
its finite sample bias, variance and mean squared error (MSE). These information are summarized
in Tables F.1 and F.2 of Appendix [F] From these tables, we see that both the unknown function
and the finite dimensional parameter are estimated well even the sample size is small, i.e. n = 200.

Stronger data dependence makes the IMSE of the series LS estimator and the MSE of the two-step

"The AIC criterion is defined as

1« ~ 2k
AICh(k) = — > (Y1 = ha(X14))* + =
=1

where k denotes the number of sieve functions used in constructing the sieve LS estimator ﬁk() For each simulated
sample, we choose k(n) by minimizing AIC), (k):
k(n) = arg min AIC, (k)
€

{1,2,....Kn}

where K, is a predetermined upper bound. In the simulation studies, we set K200 = 20, K500 = 30 and Kip00 = 40.
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GMM estimator worse. When the sample size is increased from 200 to 1000, the IMSEs and MSEs

are reduced significantly even for data with stronger dependence.

Inference based on consistent LRV estimation We first consider the inference based on con-
sistent LRV estimators discussed in Section 3| Using the weight matrix D/, D,, /n and the expression
in , we compute the initial GMM estimator 571 which is then used to calculate the empirical
score in and hence the LRV estimator. The Quadratic Spectral (QS) kernel is used for the
LRV estimationf| The second step GMM estimator of 6, is calculated using the inverse of the
LRV estimator as weight matrix in . We use the test statistic C,, and the asymptotic theory
in to test the hypothesis in , and the test statistic .J,, in and Proposition to test
the hypothesis in . The empirical rejection probabilities of the tests based on C, and J, are

presented in Table 7.1, Figures 7.1, 7.2, F.1 and F.2.

From Table 7.1, we see that the tests of the joint hypothesis based on the Wald statistic
suffer from non-trivial size distortion in small samples with stronger dependent data. The size
property of the Wald test is improved when the sample size is increased. On the other hand, the
size of the over-identification test based on the consistent LRV estimator is more accurate, and
improves with the sample size.

To have an overall assessment on the finite sample performances of the tests based on C,, and J,,,
we investigate their empirical power functions for 6, € [0,0.5] and n € [0, 1] respectively. Without
loss of generality, we only consider the cases that p = 0.25 or 0.5, and the nominal size o = 0.05 or
0.1. The empirical power functions of the Wald tests with sample sizes n = 200 and n = 500 are
depicted in Figures 7.1 and F.1 respectively. It is clear that when 6, approaches to 0.5, the power of

the Wald test converges to 1. In Figure 7.1, we see that the size distortion of the Wald test in small

SWe use the automatic bandwidth selection rule proposed in Andrews (1991) (i.e., equations (6.2) and (6.4) in

Andrews (1991)) for the bandwidth determination.
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Table 7.1. Empirical Null Rejection Probabilities for Joint Test and Over-identification Test
p=0.00 p=0.25 p=0.50 p=0.75
W-Test J-Test W-Test J-Test W-Test J-Test W-Test J-Test
n = 200
«=0.1000 .1640 .1040 .1831 .1109 .2450 .1280 .3843 .1653
«=0.0500  .1008 .0521 1181 .0561 .1689 .0671 2973 .0950
a=0.0250  .0637 .0256 .0764 .0291 1183 .0361 2331 .0543
«=0.0025 .0165 .0027 .0203 .0028 .0400 .0049 1119 .0091
n = 500
a=0.1000 .1226 .0988 1377 .1033 .1740 1161 .2495 .1353
a=0.0500 .0685 .0495 .0782 .0512 .1069 .0604 A717 .0731
a=0.0250  .0391 .0245 .0453 .0251 .0668 .0309 1189 .0391
«=0.0025 .0070 .0023 .0085 .0026 .0157 .0034 .0404 .0048
n = 1000
«=0.1000 .1109 .0986 .1201 .1027 .1429 1123 1424 .1088
«=0.0500 .0579 .0486 .0664 .0518 .0816 .0570 .0809 .0556
«a=0.0250 .0311 .0238 .0360 .0265 .0477 .0289 .0467 .0288
a=0.0025  .0047 .0022 .0052 .0025 .0084 .0028 .0086 .0031

Notes: 1. The simulation results are based on 100,000 replications; 2. in each simulated sample, 10 more
observations are generated and the first 10 observations are dropped; 3. « denotes the nominal size of the
test; 4. the W-Test refers to the test of the hypothesis in (70) using the test statistic C;, and the asymptotic
theory in (46); 5. the J-test refers to the test of the hypothesis in (71) using the test statistic J,, in (49) and
the asymptotic theory stated in Proposition 3.2.

sample contributes to its power. The sample size improves both the size and the power of the Wald
test significantly. For example, when n = 500, the power of the Wald test is close to 1 even when
0, is around 0.2. For the over-identification test, it is clear that when 1 approaches to 1, the power
of the J-test converges to 1. Comparing the power functions of p = 0.25 with their counterparts in

the case of p = 0.5, we see that the data dependence has nontrivial effect on the power of the tests.

The improvement of large sample on the power of J-test is well illustrated in Figure F.2.

Inference based on fixed-bandwidth LRV estimation We next investigate the inference
based on the series LRV estimator and fixed-bandwidth asymptotic theory discussed in Section {4l To
compare the performances of different inference methods, we consider the test of the same hypotheses

specified in and . Throughout the simulation, we use ¢o,,_1(z) = V2 cos(2mnz), ¢om(z) =
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V2sin(2mzz),m = 1,..., M as the orthonormal basis functions for the series LRV estimation. The
empirical score in together with the orthonormal basis functions are used to construct the
series LRV estimators. For the hypothesis in , the statistic Fr, and its limiting distribution
specified in are used, where we use the weight matrix S!S, /n and the expression in to
construct the initial GMM estimator for 6,. We use the statistic Jg, in and its asymptotic
distribution stated in Proposition to test the hypothesis in (73). To evaluate the robustness of
the inference based on the orthonormal series LRV estimator, we consider five different values of M
(i.e. M =3, 4,5, 10 and 20). The empirical rejection probabilities of the tests based on Fp, and
JRr,n are presented in Tables 7.2 and F.3, Figures 7.1, 7.2, F.1 and F.2.

From Tables 7.2 and F.3, we see that the tests of the joint hypothesis based on Fg, have
more accurate size in finite samples, which is in sharp contrast with the tests based on the Wald
statistic and the asymptotic Chi-square distribution. The size of the F test is affected by the data
dependence. Specifically, the F test becomes slightly over rejecting when the data dependence is
strong. The size of the F test is also slightly effected by the number of the orthonormal basis
functions used in constructing the series LRV estimator. Moreover, with the growth of the sample
size, the actual size of the F test becomes more and more close to the nominal size. On the
other hand, the over-identification test based on series LRV estimator is not only size correct in
finite samples, but also robust to the strength of the data dependence and the number M of the
orthonormal basis functions. These simulation results shows the inference methods based on fixed-
bandwidth LRV estimators has better size control than these based on consistent LRV estimators.

The empirical power functions of the tests based on Fg,, and Jg, with M = 3,5,10 and 20 are
depicted in Figures 7.1, 7.2, F.1 and F.2. For the F-test based on Fg,, it is clear that its power
approaches to 1 when 6, converges to 0.5. Different choices of M lead to different power properties
of the F-test. The power improvements are significant when M is increased from 3 to 5 and then
from 5 to 10, while the improvement becomes small when M is increased from 10 to 20. On the other

hand, increasing M leads to size distortion to the test, although the magnitude is small even when
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M is increased from 3 to 20. Figures 7.1 and F.1 show that the Wald test is more powerful than the
Fg., test for all the values of M we investigated. However, such a comparison is not fair because
the Wald test has nontrivial over-rejection under the null, which contributes to its power. For the
over-identification test based on Jg ,, we see that when 7 approaches to 1, its power converges to
1. Increasing the value of M from 3 to 5 or from 5 to 10 leads to nontrivial improvement of power
with only small effect on the size. When M is increased to 20, the Jr, test becomes almost as
powerful as the J, test based on the consistent LRV estimator. When the sample size is increased,

it is clear that the power of the test based on series LRV estimator is improved very quickly.

Comparison of two inference procedures From the above discussion, we see that the inference
based on the fixed-bandwidth LRV estimator has good size control in all the scenarios we considered.
The inference based on consistent LRV estimator has nontrivial size distortion in the joint test of
, while its size is better in the over-identification test. On the other hand, the empirical power
functions of the tests based on the consistent LRV estimator converge to 1 faster than these based
on the fixed-bandwidth LRV estimator. The size comparison suggests that one could be more
confidently reject the null hypothesis if it is rejected by both the tests based on the consistent and
fixed-bandwidth LRV estimators. Otherwise, one should be very careful if the null is only rejected
by the test based on the consistent LRV estimator. This is particularly important when the sample
size is small and/or the data dependence is strong. Moreover, the power comparison leads to the
interesting question of the optimal selection of the number of orthonormal basis functions or the
bandwidth in LRV estimation. Sun, Phillips and Jin (2008) investigate this issue in the time series
Gaussian location model. Generalizing their results to the semiparametric time series models is an

important but challenging problem, which is beyond the scope of this paper.
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Table 7.2. Empirical Null Rejection Probabilities for Joint Test and Over-identification Test
p = 0.00 p=0.25 p=0.50 p=0.75

F-Test J-Test F-Test J-Test F-Test J-Test F-Test J-Test
n =200 and M =3

«=0.1000 .1076  .0952 .1079  .0952 .1175 .0966  .1369  .0965

a=0.0500 .0546  .0458 .0543  .0458 .0603  .0461  .0718  .0459

a=0.0250 .0276  .0223 .0278  .0222 .0298 .0222 .0365 .0219

«=0.0025 .0027 .0022 .0027 .0021 .0030 .0019 .0038  .0022
n=200 and M =4

«=0.1000 .1113  .0946 .1129  .0958  .1231  .0937 .1537  .0997

a=0.0500 .0583 .0460 .0588  .0461 .0650  .0447  .0863  .0475

a=0.0250 .0303 .0229 .0299 .0223 .0343 .0216  .0473  .0229

«=0.0025 .0033 .0021 .0032 .0020 .0038 .0018 .0060  .0018
n =200 and M =5

«a=0.1000 .1134 .0951  .1157 .0951  .1292  .0971 .1672  .0988

a=0.0500 .0597 .0450 .0620 .0456  .0696  .0470  .0973  .0455

«a=0.0250 .0316  .0215 .0325  .0217 .0376  .0223  .0557  .0208

«=0.0025 .0036  .0019 .0035 .0020 .0046  .0020  .0081  .0016
n =500 and M =3

«=0.1000 .1023 .0980 .1015 .0962  .1058 .0965 .1137  .0970

a=0.0500 .0519 .0480 .0501 .0476  .0541 .0476  .0579  .0470

a=0.0250 .0261 .0238 .0259  .0241 .0274 .0235 .0295 .0231

«a=0.0025 .0024 .0021 .0022 .0026  .0027 .0021  .0030  .0023
n =500 and M =4

«=0.1000 .1034 .0959 .1046  .0974 .1112 .0973  .1221  .0965

a=0.0500 .0526  .0478 .0535  .0482  .0572  .0481 .0642 .0459

a=0.0250 .0261  .0234 .0274 .0238 .0298 .0238 .0339  .0223

«=0.0025 .0027 .0024 .0029 .0024 .0030 .0022 .0035 .0021
n=>500 and M =5

«=0.1000 .1029 .0976  .1061  .0976  .1130 .0972  .1280  .0972

«a=0.0500 .0525 .0473 .0531 .0473  .0585  .0473  .0688  .0469

«a=0.0250 .0271 .0235 .0273  .0237 .0295 .0230 .0366  .0221

«=0.0025 .0030 .0021 .0030  .0020 .0032 .0022 .0045 .0018

Notes: 1. The simulation results are based on 100,000 replications; 2. a denotes the nominal size of the test;
3. the F-Test refers to the test of the hypothesis in (70) using the test statistic Fr , and the asymptotic
theory in (51); 4. the J-test refers to the test of the hypothesis in (71) using the test statistic Jg, in (48)
and the asymptotic theory stated in Proposition 4.1.
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Figure 7.1. Empirical Power Functions of the Tests of the Joint Hypothesis

n=200, p=0.25 and o=0.10

n=200, p=0.25 and o=0.05
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n=200, p=0.50 and o=0.10

Notes: 1. The simulation results are based on 10,000 replications; 2. « denotes the nominal size of the test; 3.the
X-axis represents the value of 6, and the Y-axis represents the rejection probability; 4. the curves denoted by "M=3",
"M=5", "M=10" and "M=20" are the power functions of the joint tests based on the series LRV estimators with
M=3, M=5, M=10 and M=20 respectively; 5. the curve denoted by "Kernel" is the power function of the Wald test
based on kernel LRV estimator.
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Figure 7.2. Empirical Power Functions of the Over-identification Tests

n=200, p=0.25 and o=0.10 n=200, p=0.25 and o.=0.05
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Notes: 1. The simulation results are based on 10,000 replications; 2. « denotes the nominal size of the test; 3.the X-axis
represents the value of n and the Y-axis represents the rejection probability; 4. the curves denoted by "M=3", "M=5",
"M=10" and "M=20" are the power functions of the over-identification test based on the series LRV estimators with
M=3, M=5, M=10 and M=20 respectively; 5. the curve denoted by "Kernel" is the power function of the over-
identification test based on kernel LRV estimator.
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8 Conclusion

In this paper and for weakly dependent data, we first characterize the semiparametric asymptotic
variance Vp of a second-step GMM estimator gn, where the unknown nuisance functions are esti-
mated via sieve extremum estimation in the first step. We show that the asymptotic variance Vj can
be well approximated by sieve variances that have simple closed-form expressions. We then provide
two different inference procedures for the semiparametric two-step GMM estimation of models with
weakly dependent data. The first procedure is based on a kernel HAC estimate of the Vp, and the
corresponding Wald test and the over-identification test are asymptotically chi-square distributed
under their respective null. The second procedure uses a robust orthonormal series estimate of the
Vp, and the corresponding Wald test and the over-identification test are asymptotically F distrib-
uted under their respective null. A new consistent random-perturbation estimator of the derivative
of the expectation of the non-smooth moment function is provided. Finally, we show that the sieve
two-step GMM estimation and inference could be implemented using standard softwares as if the
first-step were “parametric”.

Under Conditions and in Section 2} the condition that the linear functional I'p j(a,)[] :
V — Ris bounded for all j = 1, ..., d, is necessary for root-n CAN of the second-step GMM estimator
6. When Iy j(ao)[-] : V — R is unbounded for some j, I'z j()[-] : Vin) — R is still bounded for
all j for each finite k(n). We could still establish that the sieve semiparametric two-step GMM
estimator satisfies

\/ﬁ(‘/g,n)*lﬂ(é\n —0,) =4 N (0,14,), where

Voo = (TYWT1) ™ (DyWVE, W) (TyWTy)

and V7", is the sieve LRV defined in . Moreover, the consistent kernel LRV based inference
and the robust orthonormal series LRV based inference results remain valid with the corresponding
estimator of the sieve variance Vp,. In fact, the diverging to infinity sieve variance Vj , makes

Condition easier to verify. Unfortunately, the results in Khan (2013), Chen, Liao and Sun
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(2014), and Chen and Pouzo (2012) for sieve plug-in estimation of slower-than-root-n parameters

suggest that the nice SBP of sieve estimators may no longer hold when the second-step GMM

estimator 0 converges to 0, at a slower-than-root-n rate. We leave it to future work for carefully

investigating such situations.
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APPENDIX

A Proof of the Results in Section [2

Under typical conditions imposed on the first-step sieve extremum estimation of unknown functions
ho(), we obtain the consistency |[h—ho| | = 0p(1) and the rate of convergence HE—hOH = Op(9,,) with
the pseudo-metric [|-|| defined in , where §,, = o,(n~/%) is some positive decreasing sequence.
See, e.g., Chen and Shen (1998) for sieve M estimation with weakly dependent data, and Chen and
Pouzo (2012) for sieve MD estimation with weakly dependent data.

Assumption A.1 The first-step sieve extremum estimate iALn satisfies:
(i) max;j=1,....dg nt z; A(Zﬁ ho)[v;,k(n)] - <U;':k;(n)7 by, — ho>' = Op(n_l/Q);
(it) (SBP) |[hn = hol| x maxj=1,..a, 1V 4y = V1| = 0p(n ™).

We note that under low level conditions, Assumption is satisfied by both sieve M estimation
(Chen, Liao and Sun, 2014) and sieve MD estimation (Chen and Pouzo, 2012).
Let ||6]| z = V00 and || Al = /tr (AW A) for any matrix A, where W is a symmetric, positive

definite matrix. G, (0,h) =n"1 > g(Z;,0,h) and G(0,h) = E[g(Z;,0,h)).
i=1

Assumption A.2 Suppose that 0, € int(©) satisfies G(0,, ho) = 0, that 0, —0, = op(1), Wp—W =
op(1), and that (i) T'1(0,h,) exists in a neighborhood of 0, and is continuous at 0,, TIWTy is
nonsingular; (ii) the pathwise derivative I'a(0, ho)[h— ho| exists in all directions [h— h,| and satisfies

IT2(0, o) [h = ho] = Ta(0o, ho) [h = holllyy <110 = 0ol p > 0(1)

for all 0 with ||0 — 0,||; = o(1) and all b with ||h — he||4, = o(1); either (iii)

~

HG(G,ﬁn) — G(8, ho) — T8, ho) [ — ho)

1

W = op(n"2)

for all 6 with |0 — 0, ; = o(1); or (i)’ there are some constants ¢ > 0, €1 > 0,€e2 > 1 such that
1G(0,h) = G(0, ho) = T'2(0, ho)[h = holllyy < cllh = holl5 [ — ho||
for all 6 with |0 — 6,|| 5 = o(1), all b with ||h— holls; = 0(1), ¢l = hol|S{[in — hol|2 = 0p(n™2);
(iv) for all sequences of positive numbers {k,} with k, = o(1)
HGn(Q, h) B G(97 h) B Gn(em hO)HW _

sup - = op(1);
10— 00l <rmlh—hollyy<rn 2+ [Gn(0, )y + IGO0, B[y "

() 072 S 49 (Zi, 00, ho) + A(Zi, ho) [VE]Y —a N(0, V1), where Vi is defined in .
i=1
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Conditions (iv) and (v) are respectively implied by:
(iv)’ for all sequences of positive numbers {k,} with k, = o(1),

s |G (0, h) = G(8,h) = Gn(bo, ho) Iy = Op(”_1/2)3

1000l <A, ol <Fn

(v) n~3 ; {9/ (Zi, 00, h) + A(Ziy ho) W]} —a N(0,VA) and n=3 3 A(Zs, hy) [v* — v = 0(1).

i=1

Assumption is basically conditions for Theorem 4.1 of Chen (2007), except that we relax
Condition (4.1.4)’ of Chen (2007) by (iii)’. Lemma 4.2 of Chen (2007) provides low level sufficient
conditions for the stochastic equicontinuity condition (iv)’ for possibly non-smooth moment with
beta mixing data. Condition (v)’ is similar to Conditions 4.4 and 4.5 in Chen (2007) for sieve M
estimation. We note that Condition (iv) implies Condition (7)), and Conditions (ii) + (iii) imply
Condition @i So one could establish the root-n CAN of 8, to 6, under weaker sets of conditions
than Assumption
Proof of Theorem [2.1} Under Assumption [A.2](i)-(iv), we can follow the proof of Theorem 2 of
CLvK or the proof of Theorem 4.1 of Chen (2007) to get

O, — 0, = — (DLW, ' ThW [Gn(HO, ho) 4 T2(00, ho)[ltn — ho)| + 0p(n"2). (A.1)

First, note that under the assumption max;—1, .. 4, limy()— oo ij’ik(n)H < 00, Ty (0p,ho)[] (4 =
1,...,dy) is a bounded linear functional on V. Hence using the Riesz representation theorem and
Assumption (i)(ii), we have, for j =1,...,d,,

I‘2,j (007 ho)[hn - ho] = </U>"< hp — ho> - <Uﬂ':k(n)7 hp — ho> + <’U>"< - vj,k(n)’ hp — ho>

= % Z A(Zh ho)[v;(,k(n)] + Op(n_%). (AQ)

Using equations (A.1)) and (A.2)), we get

S —(Iy er

Zn:{ (Zi, 00, ho) + A(Zi, ho) [Vi]} + 0p(1)

Il

2 (F’lwwlraw x N (0, V1) £ N(0, V), (A.3)

where the weak convergence is by Assumption (v) Alternatively, by Assumption (V)’ and
equation (A.2), we have:

n

~ 1 § i
['2,j (00, ho)[hin — ho] = n Z A(Z;, hO)[Uj] + op(n”2),
=1
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which, together with equation (A.1)) and Assumption [A.2}(v)’, implies

~ — (14 er

Vi@ —0,) = Z{ (Zis 00, ho) + A(Zis ho) [v7]} + 0,(1)

o (DYWT) T T X NV(0,V3) £ N(0, V).
|

By the convergence rate of (@n,ﬁn), we define a local shrinking neighborhood of (6,, h,) as

N ={(0,h) € © X Hypy : |10 — ol < n~2loglogn, ||h — holls < s, [|h = hol| < 8n}, (A4)

~

where 05, = 0(1), 6, = o(nfi) such that a,, = (Gn,ﬁn) €N, w.p.a.l.

Assumption A.3 Let Wy, = {v € Vi, : |[v]| = 1} and dyn = o(1) be a positive sequence.
(i) sup [{v1,v2),, — (v1,v2)] = p(5w,n)

v1,V2EW,

(i)  sup " IT2.in(8, h)[v] —T2(0o, ho)[v]| = Op(wn) for all j =1,....dg;
aENp,veEWWn

(m) hm . IEID . ||V} k(n)” >0 and (il)gooj nllaxg v}, k(n) || < oo.

Assumption is mild and allows for any sieve extremum estimation in the first-step.

Proof of Lemma Let v; = ﬁ;k(n) and vy = v, we can invoke Assumption (1) to deduce

that
ﬁk n)y Y B i}\*fk n) Y
- (o), = (B ) = 0y(Surm)- (A.5)
e N T

By the triangle inequality and Holder inequality, we get

105 |17 = ||”}ik:<n>||2‘ - ‘@k(n)@,k(n» - <%(n>’“§,k<n>>‘

Hv;k(n)HZ B HU;;C(H)HQ
Sk * * *
’ <“j,k(n>’ ”j,k<n)> - <“j,k(n)’ Y k(n) > ‘
+ —
ij,k(n)H
1) || 197y — Vil | 195y — Vil (A.6)
||Uj7k(n)” |[v j,k(n)H ||U;k(n)‘|
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By Assumption [A.3](ii) and the result in equation (A.5), we have:

Lo n(Ons ) [0] = T (00, h
Os(6un) = sup | P2n )l ~ Ty, ho)l
vEVi(m) o]
~~k P ~ *
— s <”j,k(n>’”>n_<”j,k<n)7”>||v I+ <”j,k<n> ‘“j,k<n>’”>
P (G i) ol
< k - U*k 7U>
= sup |0y (BT )+ I (A7)
V€V [l
Let v = ﬁj k(n) — v;."k(n) in equation 1} and using Assumption (iii), we get
197 1y = Vo 1107 1|
S IEOZ 0 (60) 722+ OB (A8)
H”j,k(n)H v k(n)H
Plugging the above equation into equation (A.6|) and using the triangle inequality, we get
17 oy I 187 1oy | 107 g
T =1 < | = 1 Op(Gun) + =1 Op(6u.) + Op(Bun),
[ ||v]7 ol 0 ]
which implies that
193 | = 15000
= Op(dw,n)- (A.9)
ij k(n)”

By Assumption (111) and the results in equations (A.8) and -, we obtain

H’U;:k(n) - ﬁ;,k(n) = Op(5w7n), for any ] = 1, ...,dg

which finishes the proof. m

B Proof of the Results in Section [3

1/
For any random vector S = (51, ..., 8q)', we define ||S||, = (Z;-l:l E[|S; |p]) " In the following we
slightly abuse notation and let A, also denote a local shrinking neighborhood of h,: {h € Hi(n) :
[|h — holl < ds.m, [|h — hol| < 0n} where d5,, = o(1) and 0, = o(nfi). Denote

Si(a) [v] = g(Zi,a) + A(Zi,h)v] and  Si(a) [v] = 9(Zi, @) + A(Z;, h)[V],
A(Z,1) V] = (AZ D)), AZ Wlea,)) and Az, 1) ] = (A2 o, - AZ ) ew,))

Assumption B.1 The kernel function K (-) is symmetric, continuous at zero, and satisfies K (0) =
1, sup, |K ()] <1, [ [K(z)|de < 0o and [ [K(z)| || de < co.

44



Assumption B.2 (i) {Z;} is a strictly stationary strong mizing process with mizing coefficient «;
satisfying Y 2y a?(l/r_l/p) < 0o for some r € (2,4] and some p > 1; (i) Supy(y, [|Si(ao) [vy]ll, < oo

and supy,) E [sup,ew, |A(Z, ho)[]|?] < oo; (iii) There is a positive sequence &}, = o(1) such that

E sup 1Si(cx) [v] = Si(ao) [VII[% | = O(570um);
QENR , VEW, X ... x Wy,
(iv) sup 1 ’A(Zi, h) [v] — A(Z;, h) [U]‘z = Op(650w,n);
1

hENn,’UEWn n i=

(v) My, x max (85, 0%) = o(1) and n= /21" M, = o(1).

Assumption [B.2(i) and (ii) are the conditions on the dependence and moments of the data.
Assumption [B.2] (iii) imposes a local uniform smoothness condition on the score function S;(a) [v].

Assumption |[B.2|(iv) imposes a convergence rate of E(Zfi, h) [v] to A(Z;, h) [v] in the case when the
functional form of A(Z;, k) [v] is unknown. Assumption [B.2}(v) is the condition on the bandwidth
M, of the kernel function (). It is clear that all we need is 0;0,, = o(1) in Assumption
[B.2] (iii) (iv)(v) when there is zero auto-correlation.

Proof of Theorem In this proof, we assume that S;(a,) [v] is a scalar for the ease of notation.
As noted in Newey and West (1987), the results established in the scalar case can be directly applied
to vector-valued S;(a,) [v]. Moreover, we use ¢ to denote some generic positive and finite constant.

For the first result , we recall the sieve LRV Vy, = St 11 Yi(aw) [vy, vi] as expressed in
(39). Using the kernel function K(-), we define

m;f (37 ) Yol vivil and vi, = 5 € (5 ) Tl vl (B)

M,
i=—n+1 m

n
1y St ST for i >0

1 l—i,n

Toi(o) [Vi, vyl = o

% Z S’ZnSﬂi’n for i < 0
l=—i+1

with S}, = Si(ao)[vy] given in for i = 1,...,n. By the triangle inequality, we have

“Z,n_%‘ < )‘71,71_‘/1,71 +’V1,n_‘71,n +“71,n_vl>tn +“/1Tn_‘/1‘ (BQ)
By the definitions of V", and V1, we have:
‘Vlfn - V1| =o(1). (B.3)
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By the triangle inequality we get

TV < 23l (5 )~ 1 2 B (S i Sistan) i)
i=0 M l=i+1
o D () 1] ST 1B {Si(0) V2] Stsi(a) WM. (B.4)
i=1-n l=1—1i

Using Assumption (ii) and the strong mixing inequality, we get

1_1

sup | E {Si(0r0) [v2] S1_i(a0) [VE]}] < 6o, (+-3) sup | Si(er) VAI2 < ca (-3 (B.5)
k(n) k(n)

Inequalities (B.4]) and (B.5)) immediately lead to

a2/mP (B.6)

where the last result is by Assumptions and (i), and the dominated convergence theorem.
For the second term in the right-hand side of inequality (B.2]), by Minkowski’s inequality we get

1 .
~ 7
=T, = X (57 ) |1t 2] = Tostan) W7v31l

i=—n+1

;c< >‘\|T (o) V3 V] = Trilo) Vi Vil o

Under Assumption [B.2](i)-(ii), we can invoke Lemma 2 in Hansen (1992) and the proof of Theorem
2 in de Jong (2000) to deduce that

ITi(0) [V Vil = Toilo) Vi Villl, o < cle+ [in ™27 (B.7)
for any r > 2. Thus
. > i \|c+ il
HVI,TL - Vl,n /2 < CMgn_H'? Z K <M> Vi ﬁ = 0(1), (B8)

i=—n+1

where the last equality is by Assumptions and (v) Using Markov inequality, from (B.8]) we
obtain

‘Vl,n - ‘71,n = Op(l)- (BQ)
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We next deal with the first term in the right-hand side of inequality (B.2)). Using the triangle
inequality, we have

n—1 .
~ 1 ~ [t et 3 v v
‘Vl,n - Vl,n = ) Z K <M7,) ’ |Tn,i(an)[vn7vn] - T”vi(ao) [Vn,Vn”
i=—n+1
n—1 i
+ > K (M)‘ Ti(ero) V5, V3] = Tnilao) [V, v
i=—n+1 "
n—1 i
b5 ()| st 5~ Tt
i=—n+1 "
= Il,n + 12,11 + IS,n~ (Blo)

We first deal with the third term I3, in equation (B.10|). Consider the case that ¢ > 0 (same bound
can be derived when i < 0),

sup. [T i(ao) [V, vi] = Tsi(@o) [V, vl
0<i<n-—1
n

1 * * ~x
< sup — Z |Sl*i(a0) [Vn] A(Zb hO) [Vn - Vn”
O<isn—17, 27,

1 n 1/2 1 n 1/2
= [nz|5i(o‘°) [val |2] [nZwZuho) Vi, = vall? (B.11)
i=1 =1

where the first inequality is by the triangle inequality and the second inequality is by Cauchy-Schwarz
inequality. Using Assumption (ii) and Markov inequality, we get

LS [St(a) 3] 12 = 0p(1) and - ST A(Zi, ho) [, — 7] | = Op(1) (B.12)
i=1 =1

where u¥, = vi||v — v*||7! and U} = vi||v: — ¥:||7l. Under Assumptions and [B.2}(v), from
the results in Lemma (B.11)) and (B.12]), we deduce that

1 1/2 L& 1/2 1 .
sl < |~ D [Si() [vii] |2] [n > IA(Zi ho) [vi, = V7] \2] Yok <A;>‘
=1 i=1 i=—n+1 n
n—1 .
—0,0lvi -l 3 [ (57 )| 3 = O [ W@ e =oy(1). (813
i=—n+1 n n
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For the second term I5,, in equation (B.10)), using similar arguments, we get

sup | Tn,i(o) [V, Vi] = Tojiao) [V, vl
0<i<n—1

sup ZH&% WYA(Z i ho) v = V|

o n
O<z<n 1n,= z+1

swp 23 1A o) ¥ — Vi Al o) v — )

n
O<z<n 1 l—it+1

Lo 1/2 Lo 1/2
< [n 3 ISi(a0) [vE] 12] [n > IA(Zi ho) vy, = V] P
=1

i=1

1 * ok
+ ﬁ Z |A(Zl7 hO) [Vn - Vn] |2

i=1
= Op(Ilviy = Vil + [Ivi, = V3II*) = Op(8un), (B.14)

where the first two inequalities are by the triangle inequality, the third inequality is by Cauchy-
Schwarz inequality and the last equality is by (B.12)) and Lemma Using (B.14)), Assumptions

and [B.2](v), we deduce that
n—1

’12,n| = Op(Mpduw,n) Z

i=—n+1

K (A;n) ’ ]\;n = 0p(Mpbusn) /R 1K (2)] dz = 0,(1). (B.15)

For the first term Iy, in equation (B.10)), note that when ¢ > 0 (same result can be derived when
i <0),

sup Z }Sz @) (V3] Si-i(@n) V7] = Si(co) [97] Sii(0) (V3] -

l=i+1
Thus,
Il < (@) 93] — Si(ao) (9]
=1

+ 20 S (8@ ] — i) 931y D2 IA(Zi o) [vi — w31 2
n \ =1 \ =1

+ 20 ST 8@ 31— Sitan) @3] 4| S ISi(aw) 3] 2 (B.16)
" \ i=1 \ i=1
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where the first inequality is by the triangle inequality, the second inequality is by the triangle
inequality and Cauchy-Schwarz inequality. Using the simple inequality (z + y)? < 2(z? + y?), we

get
=3 [8i@n) 91 - Sitao) 91|
i=1
2 o/~ ~ 2 - ~ ok ~%7(2
< 23 [Si@n) Wil - i = 3 18:(@0) 93] - Sil) [91)
i =1

+ Op(87,0w,n) = Op(65,0w.n) (B.17)

= 25 Az ) 93] - AZu ) 93]

where the first equality is by Assumptions[B.2](iii) and the last equality is by Assumptions[B.2](iv).

By equations (B.12)), (B.16)) and (B.17)), and Lemma 2.1 we obtain that
sup [ Tni(Qn) [V, Vil — Toi(awo) [Vi, Vil = Op(/050w,n)-

0<i<n—1

This, Assumptions and (V) together imply that

n—1
|in| = Op(Mn/650wn) > lC( )‘ A o (Myu\/ 5701 /yic )| dz = 0,(1). (B.18)

1=—n+1
By equations (B.10)), (B.13)), (B.15) and (B.18)), we obtain:
’VI,n — Vl,n = Op(1)7

which, together with the results in 1} and , implies that ‘71,71 — Vi =o0p(1).

For the second result , note that by definition, for all 0 <i <n —1,

A~k A%k

Tn,i(an) Vi, Vil — Tn,i(an) Vi, Vil

— 1 ax 2 ax 1 = ax ax 1 . ax
G (sn) _ g (n ;slm) _ g (n 3 Sl,n> . (B.19)

n -
l=i+1

Using (B.17)), Cauchy-Schwarz inequality and Markov inequality, we get

sup
0<i<n—1

177/
<\ w2

LY 5@ @ - Sia) wm}‘

l=i+1

~

i(@n) [Vi] = Si(ao) [V7]

= 0y(\/5ium). (B.20)
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Using the result in (B.12]), Cauchy-Schwarz inequality and Lemma we deduce that

n

LS [Si(0) 93] - Si(ao) V]

sup
O<isn—1 nl:i+1
= sup -— A(Zi, ho) V] = A(Ziy ho) [V,
Ogigg_lnl_zi;l[( ) [Vl = A( ) [va]]
< Z|A Zi, ho) [V — vEI> = Op(0um)- (B.21)

By Assumption (V), we have

su E Si(a) = 0,(n"1/?). B.22
0<7,<E 1|n val b ) ( )
l=i+1
Equations (B.21]) and (B.22)) imply that
LS Si(00) 93] = Op(0un)
su — il Qo nl| = w,n )
0955_1 L) '

This and Equation (B.20) imply that

Zsln

l i+1

= Op(V/930w,n) + Op(dwn)-

sup
0<i<n-—1

Similarly we can show that

sup = Op(\/‘m) + Op(‘sw,n)7
0<i<n—1|T =]
N 1 < ~
Sa = | 22 8tn| = Op(V/Ei8uwn) + Opldun).
=1

These, together with (B.19)), imply that

sup | Thi(@n) [VE,VE] — Thni(@n) V5, VE] | = Op(max (8u.n, 65) X Swn)-

> n»v¥n ny»v¥n
0<i<n—1

By the definition of ‘76,17” and Assumption we have

Torn—Tia | 3k (57 ) (Toi@) 97,520 = Tosl@) 95921
i=—n+1
i, i 1
= Op(My, max (8, 63) X Guyn) i_;ﬂ K <Mn> ‘ i = Orl0wn)
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This finishes the proof. m
Proof of Proposition First, applying Theorem [2.1, we have
V(0 — 0,) —a (TYWT) " TW x (0, VA). (B.23)

Hence by Theorem [3.1] we obtain:

W, —, V. (B.24)
Equation (B.24) and Theorem imply that
~ _ ", Sk
Va8, —85) = — (T, 'T) rvz‘ﬁ Fop(l) S NOVE).  (B.25)

By definition, E, [g(Zi, é\n,ﬁn)} = G(é\n,ﬁn), then under Assumption [A.2|(i)-(iii), Theorem
and the Riesz Representation Theorem, we deduce that

G(é\n;/ﬁn) = G(é\nuﬁn) - G(é\n) ho) - F2(§n7 ho)[ﬁn - ho]
+ F2((/9\n7 ho)[};n - ho] - F2(907 ho)[ﬁn - ho]

+ F2(90a ho)[ﬁn - ho] + G(é\na ho) - G(907 ho)

~ ~

= T1(00, ho) (B — 00) + T2(00, ho)[n — ho) + 0p(n™2)

~

= (hn — ho, Vi) + Op(n™2) = Op(n"3), (B.26)

where the third equality is due to the root-n consistency of HAn, and the last equality is due to

Assumption (iii). By the consistency of (6, h,) and Assumption (iv), we have

GOy ) — GO, Ton) — G (60, ho) =0 4 o) HG(@L,E”) . (B.27)
By equations (B.26)) and (B.27)), we deduce that
LN (20,8 o) — 970, 00s o) — B [g(Z0, s = op(n~1/2 B.28
HZ 9( iy Un, n) g( iy Yo, o) Zi g( iy Un, n) —Op(n ) ( . )
i=1 E
Let ¥ be the square root matrix of Vi, i.e. ¥2 = Vj. Using equation (B.28)), we have
1 ~ o~ 1 ~ o~
n 2 Zg(Zz,en, hn) =n 2 Zg(Zi7007 hO) + \/EEZZ |:g(ZZ70'IZ7 hn):| + Op(1>
i=1 i=1
=03 [9(Zi, 00, o) + Ta(h — ho) | + VL1 (B — 6,) + 0p(1)
i=1
=T 1) i1 i
- (Idg — Ty (T T Y 1) # + 0p(1)
. [Idg — 1y (T r’lvl—l} S x N(0,I,), (B.29)
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where I4, denotes a dy X dy identity matrix, the first equality is by equation (B.28]), the second

equality is by Assumption [A.2}(i), (ii) and (iii), the third equality is by equations (B.25) and (A.2)
in the proof of Theorem and the weak convergence is by Assumption [A.2](v).
Now, using the second result in Theorem [3.1] we deduce that

Wl —, Vi (B.30)

[X0)

which, together with equation (B.29)), implies that
/
(Zrerisn) (TS
\/ﬁ ng \/ﬁ
d
—dq By (1)Qa,Ba, (1) = X3, _4, (B.31)

Jn = + 0p(1)

under the assumption that all moment conditions are valid, where
Qa, = Is, — 7Ty (DY) T i

is an idempotent matrix with rank d,—dy and By, (1) is a d, dimensional standard Gaussian random
vector. W

C Proof of the Results in Section 4]

The following assumptions are useful to derive the asymptotic properties of ‘73’”.

Assumption C.1 (i) fl —p L't and Wy, —, W, where W is some nonrandom, d4 x dg positive
definite matriz; (i) let & ~ii.d. N(0,V1), then we have for any (X1, .,,,%Xy,) € Rdsxm,

Pr (;ﬁii}% <;> Si(ao)[vE] < Xmym = 1, M)

=Pr (;ﬁ ;(ﬁm <;> & < X, m = 1,...M) + o(1);

(iii) {Pm oo 15 a sequence of orthonormal basis functions in Lo ([0, 1]) with ¢o (-) = 1.

Assumption C.2 The following conditions hold form =1,...,M:

(i) sup
a€ENp ,WEWY,

\/17; > om (n) {Si(a) [v] — Silao) o] - Ez, (Si(a) [vm| — 0,(1);
=1

: \/15 zn:¢m (;) A(Zi, ho) V]| = 0p(1);

(11)  Owpn X sup
veEW, i—1
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i) |2 6m(5) x  swp  VlEz (AZi ) [e] - AZi h) )] = o(0);
=1

h E-A/’VL ,VE Wi

(iv)  sup IZ% () {A(Zin) o] - AZi,h) [v]}‘ = 0,(1).

heN vEW,,

Assumption (ii) is essentially a functional central limit theorem, but it holds under more
general data structure (say weakly spatial dependence for example). Assumption (iii) is about
the orthonormal basis. It implies fol ¢m (r)dr = 0 for all m > 1 and hence 1 37, ¢m( ) = o(1).
Assumption (1) is a stochastic equicontinuity condition that can be verlﬁed by applying various
empirical process results for weakly dependent data. Assumption (iii) imposes smoothness con-
dition on the expectation of the first step sieve extremum estimation criterion. Assumption (iv)
is trivially satisfied when the first step is a sieve M estimation (since A(Z, ) [v] = A(Z, k) [v]). Tt
can be verified when the first step is a sieve MD estimation by checking the following two sufficient
conditions:

sup Z¢m () {B(@: ) ] - A(Zi,mm—Ezi[mzi,h)[v]—A(Zz-,hnvn}‘—op<n%>

hGNn,’UGWn
(C.1)

wd 2505l x s valEs (BZu ] - Az B) = o). (€2
=1

heN, vEW,
We note that the smoother the basis function ¢p,() is, the faster 1 3% | ¢,,,(%) converges to zero.

For example, if ¢,, () is absolutely continuous on [0, 1], then ‘% > gbm(%)’ = 0(n7Y) (see, e.g.,
Chui, 1971). This makes Assumption easier to hold. In particular, Assumption (iii) and
the sufficient condition could be satisfied even when the first step nonparametric estimator
converges to hy() slowly.

Proof of Lemma (4.9l We write

i=1 i=1
- Z o (n) {8i(@n) (93] - Si00) 931}
N ;ﬁ g% (n> {Si(cw) [97] — Si() [VE]}

= Al,n + AQ’n. (03)
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By Lemma and Assumption [C.2](ii), we have

’A2,n‘ =

;ﬁ Z o (n) (A(Ziho) 95 — v}

1 < i
<||vi = vi|| x sup |— Om ()A Ziho) [v
195 vill < s | S () ACZho)

= 0,(1). (C.4)

We now want to show that A;, = o,(1). Note that A;,, = A3, + A4, with
1 n
- a2 (;
Vi i=1
1 n
Agy = —
4.n \/’ﬁ Zz; ¢m (

First, by Lemma [2.1] and Assumption [C.2}(iv), we have:

) i@ 3] - 8@ Wil

S|

){S &) [97] — Sila0) [93]}

SERS

[Azn| < |Vl Sup.

72 Z% (1) {3 R o) - Az m}‘ —o(). (CH)
Next Assumption (iii) implies fol ¢m (r)dr =0 for all m > 1 and hence

i;% (;) _ /qu (r) dr + o(1) = o(1). (C.6)
By Lemma Assumption [C.2] (i) and Assumption [C.2}(iii), we have

gl < fzcbm( >EZ (S:(@n) 93] = Si(a) [921}] + 0p(1)

+ 0p(1)

:{ S <)}fEZ(<zi,an>+A<zi,ﬁn>[v1 A(Zho) [93])

< n;% (;)

By definition of Ez, (¢9(Z;, @y)) and following the proof of Theorem we have:

x |VnEz, (9(Zi,an))| + 0p(1).

ViEz, (9(Zi,@n)) = L1(00, ho) V(0 — 00) + V/nL2(00, ho)[hn — ho] + 0,p(1) = Op(1).

This and equation (C.6)) imply that
1 n .
- Z ¢m <Z> x O
n n

o4

[Agn| < (1) + 0p(1) = 0p(1). (C.7)




Equations (C.3)), (C.4), (C.5) and (C.7) imply that

5 [ 1 < 0 .
7 Z o (1) S0 i) = 7 om (1) Sicaltvid + n(h) ©8)
By Assumptions - (ii) and equation (C , we get

- T WLT) I W, & i\ ~
Q1A = 2 (I'} 1)1 ;d)m <;> Si(an) [v]]

NG
S LA, L iqsm (2) e+ out1)
4 \/15 Zzn;% (;) €0 + 0p(1) (C.9)

where &g ; ~i.i.d. N(0,I;,). Next note that for all m =1, ..., M,

ar {\}ﬁé% (;) gg,i} = iz;pzn (;) = /¢,2n (r)dr +o(1) =1+ o(1). (C.10)

Now, from equations (IC.QI) and (]C.lO[), we deduce that lef\m —q Baym(1). The independence of
Baym(1) and Bg, m/ (1) for m # m’ is by the orthogonality of ¢, (-) and ¢y (-). ®

Proof of Proposition By equation (C.8) in the proof of Lemma we have:

Y on (1) 5 @)=t Yo (1) sitenlvil + op(1), 1)

=1

which together with Assumptions (ii) implies that

72 Z 6 (£) $1@0) 3] —a 2B, (1), (©12)
where X2 = V;. By CMT and equation (C.12)), we obtain:
M
—~ 1 , B I
Wi —a 2|57 > Baym(1)By, (1) T = SVe ook = Wi L. (C.13)
m=1

As Wp o is positive definite with probability one, using equation ((C.13|) and similar arguments in
showing equation (A.3)), we get

Vitlrn —05) = ~T1 (TiWroel'1) ' Ti Whioo [n > sia)lvil| + oD (C.14)
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Using equation ((C.14]) and similar arguments in deriving equation (B.29), we deduce that

TL_% Zg(Zia é\R,na/f;n) —d [Idg - (IﬂlVVR,ooFl)_1 F/IWR,OOi| ZBdg(]‘)' (C.15)
i=1

By equations (C.13)) and (C.15]), we obtain:
1 !
JrRn —a [Bdg(l) —T'sy (F'mvﬁ,iorzl) FlElvR_,ioBdg(l)] Voo
~1
X [Bdgu) Dy (F'mViionl) r’zlvigoBdg(1)} : (C.16)

where I's; = X 7!T';. Using similar arguments of Theorem 1 in Sun and Kim (2012), we can deduce

that
M —dy+dg+1

M(dg - de)

J]*%JLE Jrm —d F (dg —dg, M —dg+dp +1).

D Proof of the Results in Section 5

Proof of Proposition [5.1 The proposition can be established by using a standard proof for
parametric two-step GMM estimation such as in Newey and McFadden (1994), and hence its proof

is omitted. The proof is available upon request, though. =

ey 0, Ziyé\n Mn D 82 Z’UA’”
Recall that I's p,, = %Z;;l gr aﬁ}P Br.r) and R, p = —1 "y %

n

Lemma D.1 Let h, be real-valued and estimated via a linear sieve M estimation using the sieve
Him) = {Pk(n) ()YB:B€ Rk(”)}. Then we can take Vi = {v () = Pymy(-)y = v € RE(M},
Further, under the parametric specification h, (-) = Pk (-)' Bo,p with K = k(n), we have:

(1) AZha) 95 () = Popn (Rup) &mgﬁﬁw

and

Il n ) - N - 8 Zl'a An .~
(2) Si,=9p(Zi,0np,Bnp)+T2pn (Rn,P) W = S Pn-

Proof. Noting that h, () = P ()’B for some 3, where 3 = Bn,p as long as k(n) = K. Given

56



E: Bn,p, it is clear that we have §n = é\n,p. We see that for j =1,...,d,

72 0g;( Z 0 h n) e ()] = 1 - 59j(Zi,§n,Pk(n) ('),B+Tpa ()

n 4 or
=1 =0

1~ 39;(Zi0n, Py () B) 0
n P oh Pa

L Z 8g]P Zzagn Pvﬁn P)
0B

if we view g; (Zi,0, hn) = gj(Zi, 0, Py () B) = g;.p(Zi,0, ) as a function in 3 instead. It follows
that we can write
L5 = Tojn(On; hn) [Phmy ()] = — > — i [P ()]

i=1

<+ Z 89] P ZuenPa,Bn P)
op’ '

~ ~ ~ !/
Denote I'y = <F’271, N dg) . Then

~ 1 n 89P(Zi;§n,PaB\n,P) -~
r Z o’ =T2pn.

For sieve M estimation with ¢(Z, Py, (-)' 8) = ¢p(Z, B), we have from definition ,

= 1< 3290P(Zi7/§n,13) =
Rk(n :_52—8566' —Rn’p.

i=1
We conclude from definition that

~

Ty () = Pagny () Bin) T2 (O o) [Py ()] = T j(Rup) ™ Py ()-
Recall that for sieve M estimation

O0(Z, Pygny () B +7pa (-))

A(Z, hw) [pa ()] = 5
7=0
_ 09(Z, Py (' B) () = 22r(Z,Bur)
= oh Pa = 96, .

Thus

)

Opp(Z, B\n,P)

A(Z,hn) [@;k(n)} — 1% (Rup)” 5



and

A(Z, k) [95] = (B2 B0) [0 400+ B2, ) [ﬁég,un)])/

~ ~ o~ _0p Z,B\n, ~ ~ Oy Z,Bn,
( /2’1’ ’ /27dg> (anp) P(aﬁp):FzP,n(Rn,P) P(aﬂP)

thus Result (1) holds. Result (2) is trivially implied by Result (1), (én,B) = (§n7p,§n,p) and the
definition of S}, = g(Z;,6n) + A(Zi, hy)[V5] in (32). m

n

Proof of Theorem ﬂ. Since pr =15, M =i, W = Ty, the
claimed result follows from Result (2) of Lemma ]

E Proof of the Results in Section

Assumption E.1 (i) ng is a random vector with mean zero and variance I4,, and independent of

.. . _1
data {ZiY} 7 (i) supp e, 11Vttn [9ng.n (2,0, )|y = 0p(1) with ggy.n(Z,0,R) = By |9(Z,0 + 1~ 2ng, hj] |
(i1i) sup(g pyen, [T1(0;h) — Tl 5 = o(1).

Proof of Lemma [6.1] By definition, we can write
Ey [Dn,p(ng, @n)1g] — By [T1ngmp]
= By [Vt {9(Zs, B+ 07 310, ) = 9(Zi, B, ) |
+E, [n <G(§n 3, ) — GO, ) — n—%rmg) ng] : (E.1)

where E;, [C1ng7p] = T'1 (since By, [ngny] = Ig,). By Assumption [E.1}(ii), we have

o [ oz iz

= Ssup H\/ﬁ:un [gnem(Z? 0, h)]HE = Op(l)' (E.2)
(0,h)EN,

P’

By the differentiability of G(6,h) in the local neighborhood of (,,h,), Assumptions [E.1](i) and
(iii), we deduce that

HE” [n% (G(gn + niéng,/i;n) — G(gn,ﬁn) — nfél“mg) 7]{,] HE

< Ey| sup ||[[1(0,h) —T1] nenéHE]
(0,R)EN,
< Ey |lmongll; sup |T1(60,h) =1l = o(1) (E.3)
(0,h)ENR

o8



with probability approaching 1. The result now follows from equations (E.1)), (E.2) and (E.3). m

Assumption E.2 (i) 0y, is a zero mean random vector with variance Iy, , and independent of data

g . _1
{2117 (1) S, v, IVt [0 (Z; 0, 0)] | = 0p(Busn) with gy (2, 0,0) = By [9(Z,0, b+ 0™ 2oy | |
(ii1) $uPacr; vew, IT2(0)[0] = Ta(co) o]l = O(Bun)-

Proof of Lemma Let E, [Dy, 1 (1h, G, v)n),] denote the expectation of D, ,(np, &, v)n);, with
respect to the random vector 7. Under Assumption we can follow the same proof as that of
Lemma [6.1] to obtain

sup ||y [Do (s, 0)1h] — Ta(ao) ]| g = Op(Busn).
aENR VEW,

This implies that Assumption (ii) is satisfied by the resampling estimate f‘2,B(§n,ﬁn)[-]. [ ]
F Extra Simulation Results

Table F.1. IMSE of the Series Estimator h,,
p=000 p=025 p=050 p=0.75

n = 200

IMSE  0.0811 0.0843 0.0930 0.1226
n = 500

IMSE  0.0460 0.0474 0.0513 0.0647
n = 1000

IMSE  0.0296 0.0303 0.0323 0.0323

Notes: The simulation results are based on 100,000 replications.
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Table F.2. Finite Sample Properties of the Two-step GMM Estimator
p=0.00 p=025 p=050 p=0.75

n = 200
Bias 0.0083 0.0092 0.0118 0.0191
Variance  0.0287 0.0314 0.0432 0.0955
MSE 0.0288 0.0315 0.0434 0.0961
n = 500
Bias 0.0035 0.0032 0.0043 0.0074
Variance  0.0105 0.0115 0.0158 0.0331
MSE 0.0105 0.0115 0.0158 0.0332
n = 1000
Bias 0.0018 0.0018 0.0024 0.0023
Variance  0.0051 0.0055 0.0075 0.0075
MSE 0.0051 0.0055 0.0075 0.0075

Notes: 1.The simulation results are based on 100,000 replications; 2. we compute the bias, variance and MSE
of the GMM estimator of each component in 6, and then take the averages to get the values of bias, variance
and MSE in each row of the table.

Table F.3. Empirical Null Rejection Probabilities for Joint Test and Over-identification Test

p=0.00 p=0.25 p=0.50 p=0.75
F-Test J-Test F-Test J-Test F-Test J-Test F-Test J-Test
n =1000 and M =3
a=.1000 .0996 .0969 .1015 .0966  .1043  .0968  .1077  .0985
a=.0500 .0500 .0487 .0498  .0486 .0524  .0483  .0546  .0476
a=.0250 .0246 .0245 .0249 .0246 .0265 .0234 .0273  .0229
a=.0025 .0026 .0025 .0026  .0024 .0026  .0022 .0029  .0020
n=1000 and M =4
a=.1000 .0999 .0964 .1014 .0969  .1046  .0975 .1116  .0973
a=.0500 .0492 .0480 .0512 .0479 .0531  .0478  .0579 = .0482
a=.0250 .0242 .0233 .0265 .0241 .0266 .0240 .0293 .0236
a=.0025 .0024 .0022 .0028 .0024 .0026  .0022 .0032  .0022
n =1000 and M =5
a=.1000 .1004 .0971 .1015 .0969  .1045 .0980 .1160  .0994
a=.0500 .0508 .0485 .0512 .0470 .0537  .0477 .0606  .0480
a=.0250 .0261 .0238 .0263 .0233 .0273  .0233 .0307 .0232
a=.0025 .0027 .0020 .0027 .0019 .0028 .0022 .0038  .0021

Notes: 1. The simulation results are based on 100,000 replications; 2. « denotes the nominal size of the test;
3. the F-Test refers to the test of the hypothesis in (70) using the test statistic Fr, and the asymptotic
theory in (51); 4. the J-test refers to the test of the hypothesis in (71) using the test statistic Jg, in (48)
and the asymptotic theory stated in Proposition 4.1.
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Figure F.1. Empirical Power Functions of the Tests of Joint Hypothesis

n=500, p=0.25 and o.=0.10 n=500, p=0.25 and 0.=0.05
- 9 g e -
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Kernel Kernel
0.4 0.5 0.3 0.4 0.5

Notes: 1. The simulation results are based on 10,000 replications; 2. « denotes the nominal size of the test; 3.the
X-axis represents the value of 6, and the Y-axis represents the rejection probability; 4. the curves denoted by "M=3",
"M=5", "M=10" and "M=20" are the power functions of the joint tests based on the series LRV estimators with

M=3, M=5, M=10 and M=20 respectively; 5. the curve denoted by "Kernel" is the power function of the Wald test
based on kernel LRV estimator.
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Figure F.2. Empirical Power Functions of the Over-identification Tests

n=500, p=0.25 and o=0.10 n=500, p=0.25 and o.=0.05

0.8

0.6

0.4 -e-M3 04 - ©-M=3
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0.2 r==1M=10 ] 02 1= M=10
= = = M=20 = = = M=20
Kernel Kernel
00 0.2 04 0.6 0.8 1 00 0.2 04 0.6 0.8 1

n =500, p=0.50 and o.=0.10 n =500, p=0.50 and o.=0.05

Notes: 1. The simulation results are based on 10,000 replications; 2. « denotes the nominal size of the test; 3.the X-axis
represents the value of n and the Y-axis represents the rejection probability; 4. the curves denoted by "M=3", "M=5",
"M=10" and "M=20" are the power functions of the over-identification test based on the series LRV estimators with
M=3, M=5, M=10 and M=20 respectively; 5. the curve denoted by "Kernel" is the power function of the over-
identification test based on kernel LRV estimator.
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