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Abstract

This paper provides the limit theory of real time dating algorithms for bubble detection
that were suggested in Phillips, Wu and Yu (2011, PWY) and Phillips, Shi and Yu (2013b,
PSY). Bubbles are modeled using mildly explosive bubble episodes that are embedded within
longer periods where the data evolves as a stochastic trend, thereby capturing normal market
behavior as well as exuberance and collapse. Both the PWY and PSY estimates rely on
recursive right tailed unit root tests (each with a different recursive algorithm) that may be
used in real time to locate the origination and collapse dates of bubbles. Under certain explicit
conditions, the moving window detector of PSY is shown to be a consistent dating algorithm
even in the presence of multiple bubbles. The other algorithms are consistent detectors
for bubbles early in the sample and, under stronger conditions, for subsequent bubbles in
some cases. These asymptotic results and accompanying simulations guide the practical
implementation of the procedures. They indicate that the PSY moving window detector is
more reliable than the PWY strategy, sequential application of the PWY procedure and the
CUSUM procedure.
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1 Introduction

A recent article by Phillips, Wu and Yu (2011, PWY) developed new econometric methodology
for real time bubble detection. When it was applied to Nasdaq data in the 1990s, the algorithm
revealed that evidence in the data supported Greenspan’s declaration of ‘irrational exuberance’
in December 1996 and that this evidence of market exuberance had existed for some 16 months
prior to that declaration. Greenspan’s remark therefore amounted to an assertion that could
have been evidence-based if the test had been conducted at the time.

Greenspan formulated his comment as a question: “How do we know when irrational ex-
uberance has unduly escalated asset values?” It was this very question that the recursive test
procedure in PWY was designed to address. Correspondingly, an element of the methodology
that is critical for empirical applications and policy assessment is the consistency of the test.
Ideally we want a test whose size goes to zero and whose power goes to unity as the sample
size passes to infinity. Then in very large samples there will be no false positive declarations of
exuberance and no false negative assessments where asset price bubbles are missed.

PWY gave heuristic arguments showing that their recursive methodology produced a consis-
tent test for exuberance and they provided a real time dating algorithm for finding the bubble
origination and termination dates that was used in analyzing the Nasdaq data. The present
paper provides a rigorous limit theory showing formal test consistency of the PWY bubble
detection procedure and the consistency of its associated dating algorithm under certain condi-
tions, notably the existence of a single bubble period in the data.! This limit theory is part of
a much larger formal investigation undertaken here which examines the asymptotic properties
of bubble detection algorithms when there may be multiple episodes of exuberance in the data,
under which the PWY procedure does not perform nearly as well. As argued in a companion pa-
per (Phillips, Shi and Yu, 2013b, hereafter PSY), data over long historical periods often include
several crises involving financial exuberance and collapse. Bubble detection in this context of

multiple episodes of exuberance and collapse is much more complex and is the main subject of

!The present paper therefore subsumes the results contained in the unpublished working paper of Phillips and
Yu (2009) which is referenced in PWY and which first analyzed the asymptotic properties of the PWY procedure.



the PSY paper, which develops a new moving window bubble detector that has some substantial
advantages for long data series characterised by multiple financial crises.

The dating algorithms of PWY and PSY are now being applied to a wide range of markets
that include energy, real estate, and commodities, as well as financial assets?>. This methodology
and its various applications have also attracted the attention of central bank economists, fiscal
regulators, and the financial press.®> It is therefore important that the limit properties and
performance characteristics of these dating algorithms be well understood to assist in guiding
practitioners about the suitable choice of procedures for implementation in empirical work and
policy assessment exercises.

The PWY and PSY strategies for bubble detection and the estimation of any bubble origina-
tion and termination dates involve the comparison of a sequence of recursive test statistics with
a corresponding critical value sequence, the crossing times of the lines being used to provide
the date estimates. The PWY procedure uses recursively calculated right sided unit root test
statistics based on a full sample of observations up to the current data point, whereas PSY use
a moving window recursion of sup statistics based on a sequence of right sided unit root tests
calculated over flexible windows of varying length taken up to the current data point. Inferences
from the PWY and PSY strategies about the presence of exuberance in the data, including the
dating of any exuberance or collapse, are drawn from these test sequences and the corresponding
critical value sequences. The goals of the present paper are to explore the asymptotic and finite
sample properties of these two procedures and to build a methodology for analyzing real time
detector asymptotics in this context.

Our findings can be summarized as follows. First, under some general conditions both the

PWY and PSY detectors are consistent when there is a single bubble in the sample period.

?See Phillips and Yu (2011b), Das et al. (2011), Homm and Breitung (2012), Gutierrez (2013), Bohl et al.
(2013), Etienne et al. (2013), among others.

3For example, a Financial Times article (Meyer, 2013) reports the work of Etienne et al. (2013) which employs
the PSY dating algorithm to identify agricultural commodity bubbles. Recent working papers from the Hong Kong
Monetary Authority (Yiu et al, 2012) and the Central Bank of Colombia (Gémez-Gonzdlez, et al, 2013) use PSY
in studying real estate bubbles in Hong Kong and Columbia. Work for UNCTAD by Gilbert (2010) applies PWY
to date bubbles in commodity prices and test congressional testimony reasoning by Masters (2008), and recent
financial press articles (Phillips and Yu, 2011a, 2013) use PWY to assess current real estate and world stock
market data for evidence of bubbles using these methods.



Second, when there are two bubbles in the sample period, the PWY detector for the first bubble
is consistent, whereas the PWY estimates associated with the second bubble are duration-
dependent. Specifically, the PWY strategy fails to detect the existence of the second bubble
(and hence cannot provide consistent date estimates for the timing of that bubble) when the
first bubble has longer duration than the second. But when the duration of the second bubble
exceeds the first, the PWY strategy can detect the second bubble but only with some delay.
Third, the PSY strategy and (under additional conditions) a sequential implementation of the
PWY strategy (to each individual bubble in turn) do provide consistent detectors for both
bubbles and these results hold irrespective of bubble duration. Thus, the PSY dating algorithm
and sequential application of the PWY procedure have desirable asymptotic properties in a
multiple bubbles scenario. One disadvantage of sequentially applying the PWY procedure is
that sufficient data is needed between bubbles to implement the procedure and therefore some
origination dates may not be consistently estimated if the origination date is excluded from the
PWY sample recursion.

The paper also reports simulations to evaluate the finite sample performance of these de-
tectors and date estimators, along with an alternative procedure based on CUSUM tests, as
proposed in recent work by Homm and Breitung (2012). The simulation results strongly cor-
roborate the asymptotic theory, indicating that the PSY detector is much more reliable than
PWY. On the other hand and with some exceptions that will be discussed in detail below, se-
quential application of the PWY procedure may perform nearly as well as the PSY algorithm.
The performance characteristics of the CUSUM procedure are found to be similar to those of
PWY. Overall, the results suggest that the PSY detector is a preferred procedure for practical
implementation, especially with long data series involving more than one crisis episode.

The rest of the paper is organized as follows. Section 2 introduces the date stamping pro-
cedures that use recursive regressions and right tailed unit root tests of the type considered in
PWY and PSY. This section also describes the models used to capture mildly explosive bubble
behaviour when there are single and multiple bubble episodes in the data. Section 3 derives

the limit theory for the dating procedures under both single bubble and multiple bubble al-



ternatives. Finite sample performance is studied in Section 4 and Section 5 concludes. Two
appendices contain supporting lemmas and derivations for the limit theory presented in the
paper covering both single and multiple bubble scenarios. A technical supplement to the paper
(Phillips, Shi and Yu, 2013c) provides a complete set of additional mathematical derivations

that are needed for the limit theory presented here.

2 Bubble Dating Algorithms

This Section introduces three different dating algorithms — the original PWY detector, the PSY
detector, and a sequential version of the PWY detector. The approach in all of these algorithms
is to use recursive right tailed unit root tests to assess evidence for mildly explosive bubble
behaviour. In what follows we use the same models, tests, and notation as PSY to assist in cross
referencing between the two papers.

The null hypothesis is specified as suggested in Phillips, Shi and Yu (2013a): a random walk
(or more generally a martingale) process with an asymptotically negligible drift which we write
in the form

X¢ = kT "+ X;_1 + &, with constant k and n > 1/2, (1)

where T' is the sample size, & i (0,02) and Xo = O, (1). Under these simple conditions,

partial sums of ¢; satisfy the functional law

T
T712N ey = B():=0W (), (2)
t=1

where W is standard Brownian motion. The framework can be extended to allow for martingale
difference sequence and more general weakly dependent innovations under conditions that allow
the limit theory to continue to hold under the null (1), based on the functional law (2), and
under mildly explosive alternatives as in (4) below, the latter based on results in Phillips and
Magdalinos (2007a, 2007b). We maintain the iid error assumption here to keep the exposition
as simple as possible and the paper to manageable length.

The fitted regression model is

AXy =a+PBXi 1 +er, e ’L’:L\'d (07 02) ) (3)



which includes an intercept but no time trend. As in PSY, the fitted model may also be formu-
lated in ADF regression format to allow for any short memory dependence in the innovations.
The results given below continue to hold in that event but full extension to this case will sub-
stantially complicate derivations that are already extremely lengthy.

The test alternative is a mildly explosive bubble process with either a single bubble or
sequence of multiple bubble episodes. The data generating processes that are used to capture
bubble effects are extended versions of the PWY bubble model. That model has a single explosive
episode and collapse within the sample period [1,7] and has the following form

Xt :Xt_ll{t < Te}—i-(STXt_ll{Te <t S’Tf}

t

+| Y e+ xp | 1{E> T al{i <7y} (4)
k:Tf+l

As usual, it is convenient to work with fractions of the sample 7" and we use the notation t = |1'r |
to denote the integer part of T'r for r € [0,1]. In the process (4) a mildly explosive bubble runs
from 7. = |Tr.] to 74 = |T'ry| with an expansion rate determined by the mildly explosive
coefficient 67 = 1+ ¢I'™ with ¢ > 0 and « € (0,1). When the bubble terminates, the process
collapses to a value X7 which equals X-, plus an O, (1) perturbation (i.e. X7 =X + X*)
at period 77 + 1, which represents a re-initialization of the process to a level that relates to the
last pre-bubble observation X;,. The pre-bubble period Ny = [1,7.) and post-bubble period
Ny = (7, 77] are assumed to follow a pure random walk process.

The model is readily extended to include multiple bubble episodes. Suppose there are K
bubble episodes in the sample period, represented in terms of sample fraction intervals as B; =

[Tie, Tif] for i =1,2,..., K. The shifting dynamics of X; are then given by the model

X = (X1 +e)1{t € No} + (0rXi—1+e) 1{t € B;}
K t
+> 01 Y. a+ X, | 1{te N}, (5)
i=1 \l=7;;+1
where X7 = Xr, 4+ X* and the intervening subperiods No = [1,71¢), N;j = (717, 7je) with
j=1,...,K -1, and Nx = (Tgyf,7r] are ‘normal’ intervals of pure random walk (or more

generally martingale) evolution.



The dating algorithms studied here are implemented repeatedly for observations starting
from some initialization |T'rg], where ry is the minimum window size required to initiate the
regression. For each individual observation ¢ = |T'r |, we suppose that interest centers on whether
this particular observation comes from a bubble realization or an interval of normal martingale
behavior. Both the PWY and PSY algorithms use data from the same information set that starts
from the first observation and goes up to the observation of interest (i.e. I, = {1,2,...,|Tr]}).

PWY conduct recursive right tailed unit root tests with sample data running from the first
observation to the current observation ¢ = |Tr|. The corresponding unit root t statistic at
t = |Tr] is denoted DF,. PSY conduct recursive right tailed unit root tests repeatedly on a
sequence of (backward expanding from observation ¢) windows of data and perform inference
based on the sup value of this t statistic sequence. Let r; and r9 denote the start and end points
of the regression. The regression window width r,, then equals ro — r;. With the end point of
the regressions ry fixed at r (so that the test refers to the state of the process at the current
observation ¢t = |Tr]) and r; > 0, the backward expanding sample sequence extends the window
size 1, from rg to 79 (which is equivalent to varying r; from 0 to ro — rg). The corresponding

unit root test sequence is denoted by {D The sup value of the test statistic

F;ZAI2 }7‘1 € [0,7”2—7‘0} :
sequence is called the backward SDF statistic and is defined as

BSDF, (r9) = sup {DF>}.
r1€[0,ro—ro],ro=r
The origination and termination dates of any bubbles that are detected are calculated using
the first crossing principle. Specifically, in the single bubble scenario, the origination (termi-
nation) date of the bubble is the first chronological observation whose DF or BSDF statistic
exceeds (goes below) its corresponding critical value. The duration of a bubble is restricted to
be longer than a slowly varying (at infinity) quantity such as Ly = dlog (T') /T, where § is a fre-
quency dependent parameter — see PSY for further discussion. The origination and termination

estimators are calculated as the crossing times

PWY : 7°= inf {1" :DF, > C’UBT} and #/ = inf {’I“ : DF, < CUBT} , (6)
r€[ro,1] reffe4Lo,1]
PSY : r°= inf {r : BSDF, (r9) > schT} and #/ = inf {r : BSDF, (1) < SCUBT} ,
re(ro,1] re[fe+Lyp,1]



where cv”T and scv”T are the 100 (1 — B7) % critical values of the DF and BSDF statistics.

In the multiple bubbles scenario, estimators associated with the first bubble are defined as
in equation (6) and (7), and denoted by #'¢ and #!/. The origination (termination) of bubble i
(for i > 2) is the first chronological observation after 7~/ whose DF or BSDF statistic exceeds

(goes below) its corresponding critical value. Structurally,

PWY : #¢ = inf {T‘ :DF, > CUBT} and 7/ = inf {r :DF, < chT} (8)
re[pi=1f 1] r€lfie+Lor,1]

PSY : #® = inf {7" : BSDF, (r9) > SCUBT} and 7/ = inf {r : BSDF, (1) < SCUBT} .
re[fi-14 1] relfie+Lo1]

(9)
For the sequential PWY procedure, the dating criteria of the first bubble remains the same
(i.e. equation (6)). For all subsequent bubbles, the sequential procedure uses information
starting from the termination of the previous bubble and ending at the current observation, i.e.
I, = {LTW'_UJ +1,..., LTTJ} for ¢ > 2. Importantly, note that the distance between r and
7~ needs to be greater than the minimum regression window 7o, which restricts the capability
of this sequential procedure to detect bubble activity in the intervening period (7=, 7). The
origination and termination dates of bubble ¢ is then calculated as

Seq PWY : ¢ = inf {r pimiy DFp > C’U’BT} and 7/ = inf {r pimiy DF, < cvaT} ,
- re[fi—1f 4rg,1] re[pie+ Ly 1]
(10)

where zi—17 DF, is the DF statistic calculated over (f’i_lf, r].

3 Asymptotic Properties of the Detectors

The asymptotic performance of the dating algorithms is examined in this section. Under the null
hypothesis of no bubble episodes, the limit distributions of the DF and BSDF statistics follow
from PSY (Theorem 1). Both the DF and BSDF statistics are special cases of the GSADF
statistic introduced in PSY. For the DF statistic, the start point of the regression is r; = 0 and
the end point 79 is fixed at r. Therefore, the limit distribution of the DF statistic under the null



hypothesis is
ir [W (r)? — 7’} — Jo W (s)dsW (r)

P2 (o fow ()2 ds = [y W (9)ds)”}

where W is a standard Wiener process. For the BSDF statistic, the end point 79 is fixed at r

E, (W) := e (11)

and the start point r; varies from 0 to r — rg. The limit distribution of the BSDF statistic is

b [W () =W (r1)* = | = [ W (s)ds [W (1) = W (1)
F. (W,rg) :==  sup 1

: 7 . (12)
gl {7 as = [ w (9 as] )

The asymptotic critical values cv®T and scv®r are defined as the 100 (1 — B7) % quantiles of
F. (W) and F, (W, rg), respectively. Notice that the significance level 51 depends on the sample
size T and it is assumed that S — 0 as T — oo. This control ensures that cv®r and scvPr
diverge to infinity and thereby under the null hypothesis the probabilities of (falsely) detecting
a bubble using the DF and BSDF statistics, (6) - (10), tend to zero as T — oo.

We next derive the limit distributions under mildly explosive alternatives. We consider
the case of a single bubble and multiple bubbles separately as the properties of some of the
detectors differ markedly in the case of multiple bubbles. The derivations require some careful
calculations involving weak convergence arguments and mildly explosive limit theory, paying
attention to some subtleties in the orders of magnitude of the various components of the test
statistics. The details are provided in the Appendix, together with the technical supplement to
the paper (Phillips, Shi and Yu, 2013c).

Single Bubble Alternative

Theorem 1. Under the data generating process (4), the limit forms of the DF, and BSDF, (r¢)

statistics are as follows:

E. (W) if r € Ny
TV/257—Te ___ralB(re) freB

DF, ~ 4 T 2re—r1) [¢ B(s)ds ifre (13)
—7(-a)/2 (%crw)l 2 ifr e Ny



Fr(er()) ifTENO

T—Te ra/*B(re ;
BSDEF, (rg) ~ 4 TY26777¢ 5uD, c0,r—1ro] 2(re—r1)f:(f E);(s)ds} ifreB o (14)
—a 1/2 .
_7(=a)/2 SUP,, €[0,r—ro] (3crw) / } if r € Ny

where B (r) = oW (r).

Evidently, for all three cases the order magnitudes of the DF and BSDF statistics are the
same. Specifically, the test statistics diverge to positive infinity when the current observation
falls in the explosive bubble period and to negative infinity when it is in a bubble collapsing
period. Based on these limit forms of the recursive statistics, we obain the following consistency

results for the date detectors.

Theorem 2 (PWY detector). Suppose 7. and 7y are the date estimates obtained from the DF

t statistic crossing times (6). Under the alternative hypothesis of mildly explosive behavior in
model (4), if
1 cvPr
CUBT T1/25,71'_'*Te

— 0, (15)
we have T, ER Te and Ty 2, ryasT — o0.

Theorem 3 (PSY detector). Suppose 7. and 7y are the date estimates obtained from the back-
ward sup DF statistic crossing times (7). Under the alternative hypothesis of mildly explosive

behavior in model (4), if
1 scvPr

0
SC'UBT + T1/26;—Te - ’

(16)
we have 2, Te and Ty EN ryasT — oo.

These results show that both strategies consistently estimate the origination and termination
points when there is only a single bubble episode in the sample period. The regularity conditions
in Theorems 2 and 3 imply that the orders of magnitude of the critical value expansion rates
need to be smaller than T/ 25;775 to deliver consistency of 7. and 7;. In effect, for consistent
estimation of r, the critical value sequence needs to pass to infinity but not too fast — otherwise

the signal from the mildly explosive period under the alternative is not strong enough to ensure

10



that the critical value is exceeded. The first condition (cv®T, scv®T — o0) ensures that there are

Br BT
(&% Scv
T1/25;—7'e ) T1/25;—7'e - 0)

ensures that the signal from the data during the mildly explosive period dominates that from

no false positives prior to the origination date .. The second condition (

the earlier unit root period leading to identifying information that there is now exuberance in
the data.

An implicit restriction in these two results is that the minimum window size rg is smaller
than the origination date of the bubble r. (i.e. 7y < 7¢) so that the recursive regressions
provide information for some r € Ny for comparison to identify the origination point. This
requirement is also implicit in what follows, in particular in later proofs of consistency of the
first bubble origination date in the multiple bubbles scenario as discussed below. In the event
that ro € (7¢,7¢), then the results given in the second panels of (13) and (14) are relevant and
the origination date of the first bubble is determined to be 7, so r. is estimated with delay.

For consistent estimation of r¢, both conditions again come into play. The second condition

( cvfT scvPT
T—Te ) T—T
T1/25777e) T/25,7Te

for » < r; the signal from the data during the mildly explosive period continues to dominate.

— 0) ensures that there is no underestimation of r asymptotically because

When 7 > ry, the autoregressive estimate is calculated from data that involves the explosive
episode as well as post explosive (r > r¢) data, which makes the post-collapse data look mean
reverting and, as shown in the proofs of Theorems 2 and 3, the test statistics become negative.
The expansion condition (cv®7, scv®T — oo) then ensures that there is no overestimation of r ¥

asymptotically.

Multiple Bubble Alternatives

The limit behavior of the recursive DF and BSDF statistics in the presence of multiple bubbles
is much more complicated. The strengths and weaknesses of the various detectors are well
illustrated by considering a mildly explosive process with two bubble episodes. We therefore
confine much of our discussion here to the case of model (5) with K = 2. Even in this case, as
shown below, there are several possibilities depending on the respective durations of the bubbles.

We start with the case where the duration of the first bubble exceeds that of the second

11



bubble. Also, to obtain the BSDF asymptotics in Theorems 4 and 5, it is assumed that the
distance separating the termination dates of the first and second bubbles exceeds the minimum
window size (i.e. 79 — 71y > 19). This requirement seems a natural condition to achieve

identification of the second bubble. The effect of its relaxation is considered later.

Theorem 4. Under the data generating process of (5) with K = 2 and T1f — Tle > T2f — T2e,

the limit behavior of the recursive statistics DF,., BSDEF, (r9) and ;, ,DF, is given by:

P1f
Fy (W) if r € Ny
T1/26’T—7'15 7“2,/23(7‘15) f e B
DFT ~ 4 T 2(7‘18_/)"1)f:116 B(s)ds yr 1 (17)
—T0=0)/2 (Lep, )12 ifr € Ny UByUN,
Fr (W,TQ) ifT‘EN[)
TY2§T e gu ra *B(rie) if r € By withi=1,2
BSDE(0) ~ af = T pidiory BT L BGI ’ 2 ()
_T(l—Oé)/2 Sup (%Crw)l/Q ZfT‘ c N]_ U N2
\ r1€[0,r—7o]
( E.(W) ifre Ny
Tl/ZaT—Tze TZ/QB(TQE) ’Lf rcB
flfDFr ~ g T 2(7,26_”)]:1% B(s)ds 2 (19)
|10 Qe e

Evidently from the first panel (17), it is clear that when the duration of the first bubble
exceeds that of the second bubble, the DF statistic diverges to positive infinity when r € By,
whereas for r € N; U By U Na, the statistic is asymptotically equivalent to —7'(1=®)/2 (%crw)l/2
and tends to negative infinity as T' — oo. Importantly, therefore, the behavior of the DF statistic
during the second (shorter) bubble By is the same as it is for the normal martingale periods
N7 and N,. Hence, the DF statistic does not have discriminatory power for second bubble
detection when the duration of the second bubble is less than that of the first bubble.

From the second panel (18), the behavior of the BSDF statistic in both bubble periods B;
and Bs is the same and is distinct from that of the normal periods Ny, N1 and No. Unlike the
DF statistic, the BSDF statistic therefore has discriminatory power in detecting both bubbles.
From the final panel (19), it is clear that the limit behavior of the sequential DF statistic ;DF;
is the same as that of the BSDF statistic for r € By and » € N». Hence, like BSDF, the sequential

DF statistic has discriminatory power for the two bubble periods.

12



Next consider the case where the duration of the second bubble exceeds that of the first

bubble.

Theorem 5. Under the data generating process of (5) with K =2 and 715 — Tie < Taf — Toe,
the limit behavior of the recursive statistics DF,., BSDF, (r9) and ;, ,DF, is as follows:

Prf
Fr (W) Zf’l" € NO
/
1/2 §T—T1e B(r1e) :
T/ o 2(”6_”” e B if r € By
12" .
DF. ~ —70-2) (% )/ if r € N1 U N (20)
7= a/2(% )1/2 if r € By and r1f —11e > 1T — T2
1/2
1—a/2 crfj} . _ _
\ Ti-o |:2(T16—T1+T26_T1f):| if r € By and m1f —11e <7 — T2
Fr(WarU) Z'fTEJVO
TY257 e sup { rif* B(rsc) } ifr € By U By
BS.DFT (TO) ~  qa T T1€[0,T—’I‘o] 2(T1€_T1) f i B( )d (2]_)
—7A=9)/2  gup (%crw)l/2 if r € Ny UDNs
\ 7‘16[077‘2—7‘0}
( F, (W) ifr e Ny
3/2
1/2 —T2e Tw B(T'Le) -
flfDFT‘ ~ a T / 6; T2 2(7~i8—7"1)f:1i6 B(S)ds Zfr 6 B2 . (22)
L —7(1-a)/2 (%crw)l/2 if r € No

As is evident in panels (21) and (22) of this theorem, the limit behaviors of the BSDF
statistic and sequential DF statistic are identical to those that apply in the earlier case where
Tif — Tie > Ta2f — T2. Thus both procedures have the same discriminatory capability for
identifying bubble episodes in the data. Again, results are very different for the DF statistic
where the behavior of the statistic during the second bubble (r € Bs) is contingent on the
timing of latest date (r) in the recursion. In particular, when r € Bsg, the limit behavior of
the DF statistic depends on the relative length of 71 — ri. (the duration of the first bubble)
and r — rg. (the segment of the second bubble that is included in data used in the recursion).
When 71y — 71, exceeds r — 7o, the statistic diverges to negative infinity, just as for the case
where 71y — 71¢ > Ty — T2.. Thus, in this case there is insufficient data to identify the second
bubble period. However, as is clear from the final asymptotic expression in (20), behavior

changes dramatically as soon as there is more data. Specifically, when the segment of the second

13



bubble included in the recursive regression exceeds the duration of the first bubble (i.e., when
T —17T9¢ > T1f — T1e ) the sign in the limit behavior of the DF statistic changes and the statistic
now diverges to positive infinity rather than negative infinity. The order of the magnitude
in the divergence also rises (from T(1=®)/2 to T1=%/2). Tt follows that the DF statistic has
discriminatory power once there is sufficient data for this test to identify a second bubble - that
is, as soon as data from the second bubble dominates that of the first bubble.

With the limit behavior of the recursive tests in hand, results on the consistency properties
of the bubble date detectors now follow. It is convenient to separate the results according to

each of the recursive tests and contingent conditions regarding duration of the bubbles.

Theorem 6 (PWY detector). Suppose ¢, 71¢, T2e and fo5 are obtained from the DF test based
on the t statistic (8). Given the alternative hypothesis of mildly explosive behavior in model (5)
with K = 2 and durations satisfying 71y — T1e > Tof — T2e, if

1 cvPr
cvBr + T1/25;_7—1€

— 0,

. D . p R R . .
we have 1o — 11 and F1p — T as T — 00; and 79, and Tof are not consistent estimators of

r2¢ and Tof.

Theorem 7 (PWY detector). Suppose ¢, 71¢, T2e and fo5 are obtained from the DF test based
on the t statistic (8). Given the alternative hypothesis of mildly explosive behavior in model (5)
with K = 2 and durations satisfying 71y — T1e < Tof — T2e, if

1 cvPr 0
cvBr + T1/25;_7—1€ — Y

~ P ~ p .
we have F1e — 11e and T1p — rif;if

1 cvPr
coBr | Ti—ajz

. D . P
we have Foe — Toe +T1f — T1e and oy — 125 as T — oo.

Theorem 8 (PSY detector). Suppose T1e, 715, Toe and Fof are obtained from the backward sup

DF test based on the t statistic (9). Given the alternative hypothesis of mildly explosive behavior
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in model (5) with K = 2, if

1 scvPr

0 withi=1,2,
scvPr T1/267 T e

~ p ~ p N p ~ p
we have F1e — T1e, T1f = T1f, T2¢ — T2¢ and Fop — 195 as T — oo.

Theorem 9 (Sequential PWY detector). Suppose e, T1f, T2e and tof are obtained from se-
quential application of the DF test based on the t statistics (6) and (10). Given the alternative
hypothesis of mildly explosive behavior in model (5) with K = 2, if

1 cvPr
CUBT T1/25;*7'ie

— 0,

LD N . DP N
we have F1e = T1e, T1f — T1f, T2e — T2e and foy — rof5 as T — o0.

Theorems 6 - 9 characterize the consistency properties of the detectors when there are two
bubble episodes in the observed data. The results depend on the detector and certain side
conditions regarding the duration of the bubbles. Importantly, the PWY strategy consistently
estimates the origination and termination of the first bubble but not the second bubble. When
the duration of the first bubble exceeds that of the second bubble, the PWY strategy fails to
detect the second bubble. When the duration of the second bubble exceeds the first, the PWY
recursion detects the presence of a second bubble but with a delay measured by the duration of
the first bubble (11 — r1.). The PWY detector is therefore inconsistent in date stamping the
second bubble even when the conditions favor its detection. In contrast, the PSY and sequential
PWY recursions are both consistent date detectors for the origination and termination of the
two bubbles irrespective of their relative durations. These procedures are therefore robust to
bubble duration.

Theorems 6 - 9 can be extended to scenarios with multiple bubbles (K > 2). In this case,
if the duration of bubble i 4 1 is less than that of bubble ¢ for some i € {1,2,--- , K — 1}, then
the PWY recursion may, under certain conditions such as increasing duration up to bubble 4,
detect the presence of bubble ¢, but it will not detect bubble ¢ + 1. In contrast, the PSY and
sequential PWY strategies detect each of the K bubbles, with fully consistent date detection by
the PSY recursion.
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We now consider the extreme scenario, mentioned earlier, where the minimum window length
ro exceeds the distance between the termination dates of the two bubbles. Suppose K = 2. For
the sequential PWY procedure, the first regression after re-initialization from the end point of
the first bubble now runs from period N; directly to N, so this procedure completely passes over
the second bubble and is unable to detect it. Somewhat remarkably however, the PSY strategy
still has some detective capability for the second bubble depending on the relative length of
T1f — T1e and 7o — T2.. Specifically, for observations in the second bubble episode (i.e. r € Bs),
their backward expanding regression sample sequences does not include the case of 71 € N7 and
To € By when rg > roy —r15. Hence, the limit behavior of BSDF, (rg) under the two-bubble

data generating process is

—TU=02  sup (Lery)'? ifr € Byand miy — 1o > — 7o
r1€[0,r2—70]

BSDF, (rg) ~a . (23)

Tle+T2e—T1f

1/2
Tl-a/2 (2(07“3)> ifre€ Byand 71p — 71 < T2 — T2e

Then, if 71y — T1e > T2 — T2, the limit behavior of BSDF, (r9) at r € By is the same as when
r € N1 U Na, so in that event the PSY strategy also cannot detect the second bubble. But when
Tif — Tle < T2 — T2e, the limit behavior of BSDF; (ro) at r € By is divergent with an order
magnitude of T77~%/2. Hence, even though ro > rof —T1f, the PSY strategy is still able to detect
the second bubble (with a delay of 71y — r1. in the estimated origination date) as long as the
duration of the second bubble exceeds the first bubble.

A less extreme scenario is the case where 79 — 1 < rg < rof —r1¢. That is, the minimum
window size exceeds the distance separating the two bubbles but does not exceed the distance
between the termination dates of these two bubbles. In this circumstance, the limit behaviors

of BSDF, (ro) and 7, ,DF, remain the same as in (21) and (22) for 71y + 79 < r < rof (the

1y
later segment of By). However, for observations prior to that in By, the fDFT statistic does
not exist by construction and the BSDF statistic follows the limit behavior of (23). Therefore,
there will be delay in estimates of the second bubble origination date using both the PSY and
sequential PWY strategies. However, the delay is potentially smaller using the PSY strategy

due to the last panel of (23).
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The advantage of the PSY strategy over the sequential PWY procedure is revealed in
the simulations reported below which consider some less extreme cases. For instance, when
r3e —Tof <10 < 13f — 712y (ie. 0.05 < 0.12 < 0.15) as in the first panel of Table 10, the detection

rate of the sequential PWY strategy is zero as oppose to 62% for the PSY strategy.

4 Simulation Evidence

This section reports simulations to explore the finite sample performance of the PSY, PWY,
sequential PWY, and CUSUM procedures for bubble detection. These simulations focus on
detection rates and estimation accuracy of the dating algorithms of these procedures. They
complement the findings reported in PSY and examine performance characteristics in systems
with many bubbles.

Experiments are conducted with generating models that involve up to three separate bubbles.
The generating system for single, dual and three bubbles are as in (4) and (5). The parameter
settings follow those used in PSY, so that yo = 100, ¢ = 6.79, ¢ = 1 and T = 100. In
the single bubble setting, we explore the sensitivities of the dating strategies to the parameters
determining the magnitude of the bubbles (the bubble expansion rate a and the bubble duration
dr = T¢—7e), the bubble location parameter 7. and the sample size T'. We focus our attention on
the impact of bubble durations in the two bubble and three bubble settings. For each parameter
constellation, 5,000 replications were used. Bubbles were identified using respective finite sample
95% quantiles, obtained from simulations with 5,000 replications. The minimum window size
has 12 observations.

We report the proportion of samples in which a bubble was successfully detected, along with
the empirical mean and standard deviation (in parentheses) of the estimated origination and
termination dates. Successful detection of a bubble is defined as an outcome where the estimated
origination date is greater than or equal to the true origination date and smaller than the true

termination date of that particular bubble (i.e. rie < e < 1if).
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4.1 A Single Bubble

In Tables 1 and 2, the bubble expansion rate a and bubble duration dr can each take three values:

specifically, the expansion rate a € {0.60,0.55,0.50} with corresponding autoregressive coeffi-

cient 67 € {1.04,1.05,1.07} when T = 100; and duration is dr € {|0.10T], |0.15T], [0.20T'|}.

Evidently for all algorithms the bubble detection rate increases with the value of the autore-

gressive coefficient 7 and the bubble duration dp. Moreover, a higher autoregressive coefficient

results in more timely detection of the bubble, whereas longer bubble duration is associated

with longer delay (i.e. 7. —r.). For instance, the delay in the PSY estimate reduces from 0.05

to 0.03 when Jp increases from 1.04 to 1.07 and the delay increases from 0.04 to 0.06 when the
bubble duration extends from |0.107"| to |0.207].

Table 1: Detection rate and estimation of the origination and termination dates under single
bubble DGP and different bubble expansion rates. Parameters are set to: yg = 100,c = 1,0 =

6.79,7¢ = [0.4T] , 74 — 7. = [0.157"| , T = 100. Figures in parentheses are standard deviations.
PWY PSY Seq CUSUM

a = 0.60,0r = 1.04
Detection Rate 0.78 0.86 0.80 0.86
re = 0.40 0.46 (0.04) 0.45 (0.03) 0.46 (0.03) 0.46 (0.03)
rp =055 0.55 (0.01) 0.55 (0.01) 0.55 (0.01) 0.55 (0.01)
a = 0.55 67 = 1.05
Detection Rate 0.85 0.91 0.86 0.91
re = 0.40 0.45 (0.03) 0.44 (0.03) 0.45 (0.03) 0.45 (0.03)
ry =0.55 0.55 (0.00) 0.55 (0.01) 0.55 (0.01) 0.55 (0.01)
a = 0.50, 67 = 1.07
Detection Rate 0.90 0.94 0.91 0.93
re = 0.40 0.45 (0.03) 0.43 (0.03) 0.45 (0.03) 0.44 (0.03)
ry =0.55 0.55 (0.00) 0.55 (0.00) 0.55 (0.00) 0.55 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.

In Table 3, the location parameter 7. varies from |0.27'| to |0.67].

When the bubble

originates at a later stage of the sample, the bubble detection rates of all strategies are lower.

Table 4 monitors the effects of increasing the sample size from 100 to 400. Evidently, the bubble

18



Table 2: Detection rate and estimation of the origination and termination dates under single
bubble DGP and different bubble durations. Parameters are set to: yg = 100,¢ = 1,0 =
6.79,a = 0.6, 7. = [0.4T'] , T = 100. Figures in parentheses are standard deviations.

PWY PSY Seq CUSUM

Tf—Te = |0.10T]

Detection Rate 0.57 0.71 0.57 0.69

e = 0.40 0.44 (0.02) 0.44 (0.02) 0.44 (0.02) 0.44 (0.02)
ry=0.50 0.50 (0.00) 0.50 (0.00) 0.50 (0.01) 0.50 (0.01)
Tf—Te = |0.15T]

Detection Rate 0.78 0.86 0.80 0.86

re = 0.40 0.46 (0.04) 0.45 (0.03) 0.46 (0.03) 0.46 (0.03)
ry=0.55 0.55 (0.01) 0.55 (0.01) 0.55 (0.01) 0.55 (0.01)
Tf—Te=|0.20T]

Detection Rate 0.87 0.93 0.88 0.92

re = 0.40 0.47 (0.04) 0.46 (0.04) 0.47 (0.04) 0.46 (0.04)
ry=0.60 0.60 (0.01) 0.60 (0.01) 0.60 (0.01) 0.60 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.

detection rate increases with the sample size as expected. But the time needed to detect bubbles
in all algorithms is largely unaffected by the location of the bubble and the sample size.

The most striking finding in Tables 1 - 3 is the superiority of the PSY strategy relative to
the other algorithms in the single bubble case. The PSY strategy has a higher rate of bubble
detection and provides a more accurate estimate of the origination date. All strategies deliver
a good detection rate of the termination date of the bubble, which is no doubt associated with

the sharp collapse specification in the model formulation.

4.2 Two Bubbles

Two duration scenarios feature in the dual bubble simulations. In one the first bubble has longer
duration (Table 5), while in the other the second bubble has longer duration (Table 6). The
bubbles originate 20% and 60% into the sample and the expansion rate of the two bubbles is
1.04 (i.e. @ =0.6).

In Table 5, the duration of the first bubble is 20% of the total sample. The duration of the
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Table 3: Detection rate and estimation of the origination and termination dates under single
bubble DGP and different bubble locations. Parameters are set to: yg = 100,c = 1,0 = 6.79,a =
0.6,7f — 7e = [0.15T'| , T = 100. Figures in parentheses are standard deviations.

PWY PSY Seq CUSUM

Te = [0.27|

Detection Rate 0.88 0.91 0.87 0.87

re = 0.20 0.26 (0.03) 0.25 (0.03) 0.26 (0.03) 0.26 (0.03)
ry=10.35 0.35 (0.01) 0.35 (0.01) 0.35 (0.01) 0.35 (0.01)
Te = 10.4T |

Detection Rate 0.78 0.86 0.80 0.86

re = 0.40 0.46 (0.04) 0.45 (0.03) 0.46 (0.03) 0.46 (0.03)
ry=0.55 0.55 (0.01) 0.55 (0.01) 0.55 (0.01) 0.55 (0.01)
Te = [0.67|

Detection Rate 0.72 0.83 0.74 0.82

re = 0.60 0.66 (0.03) 0.65 (0.03) 0.66 (0.03) 0.65 (0.03)
ry=0.75 0.75 (0.01) 0.75 (0.01) 0.75 (0.01) 0.75 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.

second bubble is shorter than the first one, taking values dp = 79y — 79, = [0.107°] ,[0.15T].
As anticipated from asymptotic theory, PWY fails to detect the second bubble in this dura-
tion scenario. For instance, when dp = [0.107'], the proportion of samples where the second
bubble is detected using PWY is negligible (around 0.01). Noticeably, all algorithms perform
well in identifying the first bubble. The average delay in detecting this bubble is four to five
observations.

The opposite setting is considered in the simulations reported in Table 6. Here the duration
of the first bubble is fixed at [0.107"| and the duration of the second bubble varies from [0.107 |
to [0.207"]. Several results emerge from the table. First, there is no dramatic performance
difference in identifying the first bubble among the dating algorithms. It is interesting to note
that, due to its shorter bubble duration, the detection rates for the first bubble are lower than
those in Table 5. Second, we observe a significant boost in the second bubble detection rate for
the PWY strategy. In particular, when the duration of the second bubble is twice as long as the
first, the detection rates of the PWY strategy is 76%. This outcome contrasts sharply with the
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Table 4: Detection rate and estimation of the origination and termination dates under single
bubble DGP and different sample sizes. Parameters are set to: yg = 100,¢ = 1,0 = 6.79,a =
0.60,7. = [0.4T'] , 7y —Te = |0.15T| , 75 — 7. = |0.15T'|. Figures in parentheses are standard
deviations.

PWY PSY Seq CUSUM

T =100

Detection Rate 0.78 0.86 0.80 0.86

re = 0.40 0.46 (0.04) 0.45 (0.03) 0.46 (0.03) 0.46 (0.03)
ry=0.55 0.55 (0.01) 0.55 (0.01) 0.55 (0.01) 0.55 (0.01)
T =200

Detection Rate 0.80 0.93 0.83 0.89

re = 0.40 0.46 (0.04) 0.45 (0.04) 0.46 (0.04) 0.45 (0.03)
ry=0.55 0.55 (0.01) 0.54 (0.02) 0.55 (0.02) 0.55 (0.02)
T =400

Detection Rate 0.86 0.99 0.89 0.86

re = 0.40 0.46 (0.04) 0.45 (0.04) 0.46 (0.04) 0.45 (0.03)
ry=0.55 0.55 (0.02) 0.54 (0.04) 0.54 (0.02) 0.54 (0.03)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.

PWY detection rates for the second bubble displayed in Table 5. Third, there are relatively long
delays in PWY detection of the second bubble. As a case in the point, when the duration of the
second bubble is |0.207"|, the PWY estimate of the origination date of the second bubble is 0.71
with a delay of 11 observations (nearly twice as long as the delay in detection of 6 observations
when using PSY). Those findings corroborate closely the asymptotic theory, which shows how
the PWY detector consistently estimates the first bubble but only identifies the second bubble
with some delay when 795 — 72 > 717 — T1e-

In both experiments (Tables 5 and 6), the performance of the CUSUM procedure follows
closely that of the PWY procedure. The PSY and the sequential PWY detectors are much more
reliable in all cases, as shown in their higher detection rates and more timely detection of both
bubbles. Overall, the findings indicate that the PSY strategy provides the best performance

when there are two bubbles in the time series.
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Table 5: Detection rate and estimation of the origination and termination dates under two
bubble DGP with shorter second bubble durations.
1,0 =6.79,a = 0.6,71c = |0.207'] , 72, = [0.607T"] , 715 — 71 = [0.207"] , 7" = 100. Figures in

parentheses are standard deviations.

Parameters are set to: yg

100,¢ =

PWY PSY Seq CUSUM

Tof — Toe = [0.107]

Detection Rate (1) 0.93 0.97 0.93 0.95

r1e = 0.20 0.26 (0.04) 0.26 (0.04) 0.26 (0.04) 0.27 (0.04)
riy = 0.40 0.40 (0.01) 0.40 (0.01) 0.40 (0.01) 0.40 (0.01)
Detection Rate (2) 0.01 0.73 0.67 0.03

rae = 0.60 0.67 (0.02) 0.64 (0.02) 0.64 (0.02) 0.66 (0.02)
ror = 0.70 0.70 (0.00) 0.70 (0.00) 0.70 (0.00) 0.70 (0.00)
Tof — Toe = [0.157T]

Detection Rate (1) 0.93 0.97 0.93 0.95

r1e = 0.20 0.26 (0.04) 0.26 (0.04) 0.26 (0.04) 0.27 (0.04)
riy = 0.40 0.40 (0.01) 0.40 (0.01) 0.40 (0.01) 0.40 (0.02)
Detection Rate (2) 0.05 0.89 0.83 0.13

rae = 0.60 0.70 (0.03) 0.65 (0.03) 0.65 (0.03) 0.70 (0.03)
rof = 0.75 0.75 (0.00) 0.75 (0.01) 0.75 (0.01) 0.75 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.

4.3 Three bubbles

Table 7 - 10 report findings for the three bubble case. In Tables 7 - 9, we adjust the duration
of one bubble to dp € {|0.107°|,]0.207'|} and fix the durations of the other two bubbles. The

bubbles originate 15%, 45% and 75% into the sample and the bubble expansion rate is 1.04 in

each case.

Results are similar to the two bubble case and are consistent with asymptotic theory in the

more complex scenarios of multiple bubbles. First, when the duration of bubble i (for i = 1,2)

is longer than bubble ¢ 4 1, theory indicates that the PWY strategy is not capable of detecting

the presence of bubble ¢ + 1. The simulation findings in Table 7 show that, due to the longer

duration of the second bubble where dr = [0.207'|, the PWY detection rate is zero for the third

bubble, whose duration is dp = |0.107"|. Similar results are found in Table 9 where the duration
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of the first bubble is longer than the second. An interesting feature of the PWY outcomes is
that the presence of a long duration bubble causes weak identification of all subsequent bubbles.
In particular, when the first bubble lasts longer than the second and third bubbles (the first
panel of Table 9), the PWY detection rates of these two bubbles are 0.00 and 0.01.

Second, the simulations confirm that when the duration of bubble 7 is shorter than that of
bubble i + 1, the PWY strategy detects the existence of both bubbles but with a delay in the
identification of bubble 7 + 1. A case in point occurs in the first panel of Table 8 where the
duration of the second bubble is shorter than that of the third bubble. The detection rate of
the third bubble using the PWY strategy is 0.68 and the length of the delay in the detection of
this bubble is [0.13T'], more than twice the delay incurred by the PSY detector. Third, just as
for the two bubble case, the behaviour of the CUSUM detector resembles that of PWY.

Fourth, the performances of PSY and sequential PWY are invariant to the relative durations
among the bubbles. In other words, the frequency of detecting bubble ¢ and the time needed
to detect this bubble depend on the duration of this particular bubble, not on the duration of
bubble j (for j # 7).

Overall best performance is delivered by the PSY algorithm, followed by the sequential PWY
strategy. Notice that when the duration of bubble i is twice as long as the duration of bubble
1+ 1, the sequential PWY detection rate of bubble ¢ + 1 rises to a higher level than PSY. For
example, in the first panel of Table 7 where 795 — 79, = |0.207"] and 737 — 73, = [0.10T|, the
third bubble detection rate of sequential PWY is 0.81, exceeding that of PSY at 0.73. This is
due to the fact that the sequential procedure re-initializes after the collapse of the second bubble
and the first regression following re-initialization already covers several observations of the third
bubble episode. This situation resembles the case of bubbles occurring at the beginning of the
sample, which increases the bubble detection rate as shown in Table 3.

In extreme cases when the first regression after re-initialization covers most observations of
the particular bubble episode, the sequential PWY procedure may fail to detect this bubble.
Table 10 gives examples that forcefully illustrate this point. In the first panel of the table,
the sequential PWY procedure re-initiates at [0.657'| and the undetectable period (due to the
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minimum regression window requirement of 12 observations) following this re-initialization is
over the period [0.657"| to [0.777"] and covers most of the third bubble episode. As a result, the
detection rate of the third bubble episode using the sequential PWY procedure is zero, whereas
the detection rate of the third bubble using PSY is 62%. A further example occurs in the bottom
panel of the same table. For the same reason, the sequential procedure fails to detect the second
bubble episode in 94% of cases — the detection rate reported in the table is only 6%. Noticeably,
the unsuccessful detection of the second bubble also leads to a low detection rate for the third
bubble, which may be partly explained by the fact that the remaining sample period includes
two bubble episodes. In all of these cases the PSY detector works well with a high average
detection rate (94%, 62% and 76% for bubbles 1, 2, and 3 respectively) and an average delay of

4-7 observations in detection.

5 Conclusions

We develop limit theory for real time dating of the origination and termination of mildly explosive
periods using detectors based on the PWY, PSY, and sequential PWY algorithms. All three
strategies rely on recursive right tailed unit root tests but involve different types of recursion.
The asymptotic performance of the detectors are evaluated using the extended PWY bubble
model where mildly explosive bubble episodes are embedded within a longer period of normal
stochastic trend behavior.

The PWY date estimates are shown to depend on the number of bubble episodes within
the sample period and the relative durations of the bubbles when there are multiple bubble
episodes. Specifically, in the single bubble case, the PWY estimators are consistent under some
mild regularity conditions. When the sample period includes two bubble episodes, the PWY
approach can consistently estimate the first bubble but not the second. The dating accuracy
of the second bubble is related to the relative duration of the two bubbles. If the first bubble
lasts longer than the second, the PWY strategy cannot detect occurrence of the second bubble.
Alternatively, if the duration of the second bubble exceeds the first, the PWY detector finds

the second bubble but with some delay even asymptotically. In contrast, the PSY approach
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and a sequential implementation of the PWY strategy both provide consistent estimators of all
bubbles regardless of the number of bubble episodes occurring in the sample period and their
relative duration.

Finite sample simulation are strongly confirmative of the asymptotics, indicating that the
PSY algorithm is much more reliable as a detector than the PWY strategy. The second best
procedure is the sequential PWY strategy. The performance of the CUSUM procedure resembles
that of the PWY strategy and has similar disadvantages in multiple bubble cases.

The results obtained here require some detailed and complex calculations to obtain the limit
theory of the various recursive detection algorithms. While these results are specific to the bubble
model context under study, the methods should be useful in other recursive regression contexts.
Also, with some modifications, the results continue to hold under more general conditions on
the innovations than those used here. The main requirements are that the weak convergence
(2) applies under normal periods and the limit theory for mildly explosive periods applies as it

is known to do under general forms of weak dependence (Phillips and Magdalinos, 2007b).
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APPENDIX A. The Dating Algorithms (a single bubble)

Section A.1 provides some useful preliminary results than characterize the limit behavior of
the regression components over the various subperiods of the data. Section A.2 provides test
asymptotics and gives proofs of Theorems 1-3 which describe the consistency properties of the

PWY and PSY dating strategies.
A.1: Notation and Useful Preliminary Lemmas
We define the following notation:
e The bubble period B = [1¢, 7|, where 7. = [Tr.| and 74 = |T'rf].

e The normal market periods No = [1,7.) and Ny = [7y + 1, 77], where 7 = |T'r] is the last

observation of the sample.

e The starting point of the regression 79 = |T'r1 |, the ending point of the regression 79 =

|T'r2], the regression sample size 7, = |1'ry, | with r,, = ro —r; and observation t = |T'p] .

e B(.)=0W (.), where W is standard Brownian motion.

We use the data generating process

X1 +et for t € Ny
X; = 5TXt_tl + &¢ fort e B
X+ ka6 forte Ny

, (24)

itd

where 0p = 1+ ¢I'™® with ¢ > 0 and « € (0,1), & ~ (0,0%) and X7, = X7 + X* with

X* =0, (1). Under (24) we have the following lemmas.

Lemma A1l. Under the data generating process,
(1) Fort € No, Xi—|7p ~a TY2B (p).
(2) Fort € B, Xy—1p| = 05 *Xr, {1+ 0p (1)} ~a TY26577 B (re) .
(3) Fort € N1, X;_|7p) ~a TV?[B (p) — B (ry) + B (re)].
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Proof. (1) For t € Ny, X; is a unit root process. We know that T71/2Xt:|_ij = B(p) as
T — oo. (2) For t € B, the data generating process

t—Te

Xt =0rXi1+e = 5tT_Te+1Xref1 + Z 5%15t7j-
=0

Based on Phillips and Magdalinos (2007a, lemma 4.2), we know that for a < 1,

t—Te

T—o/2 Z 5;@_78)”&—]‘ LX.=N (0,0%/2¢),

as t — T, — oo. Furthermore, we know that T_l/zXTe,l L B(re) and dp — 1 as T — oo.

Therefore,
t—Te )
5;(t_Te)T—1/2Xt _ (STT_l/QXTEfl + T—1/2 Z (57__’(15_75)4'36157],
§=0

t—Te )
_ 5TT_1/2XT€,1 +T—(1—a)/2T—a/2 Z 5;(t_”)+35t,j L B(re).
j=0

This implies that the first term has a higher order than the second term. Hence,

t—Te—1 ¢J )
2]0 OEt—j

t—Te
STeX

Xy = 057X, {1 ! } = 85T X {1+ 0p (1)) ~a T8 B (1)

(3) For t € Ny,
t ¢
Z €k +X7)'kf = Z er + X7, + X* ~y T/ [B(p) - B(rf) +B(Te)]
k:Tf+1 k=Tf+1
due to the fact that X, ~, TV2B (r.), ZZZWH ex ~a TV?[B(p) — B(ry)] and X* = O, (1).
O
Lemma A2. Under the data generating process,
(1) For 71 € Ng and T2 € B,
Toe57'2 Te

1
— Z Xj = X {14 0, (1)} ~a T2 B (1),

]7'1
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(2) For 71 € B and 792 € Ny,

T“(STf "

— ZX L X {140y (1) o TV T LB ().

JTl

(3) For 71 € Ny and 19 € Ny,

o5 e

— Z Xj = Xr, = {140, ()} ~a T 12577 B ().

]7'1

Proof. (1) For 71 € Ny and 79 € B, we have

Te—1
— Z X; Z X+ — Z X;.
Y j=r1 W =1 W j=re
The first term is
Te—1 ’Te—l

1 e —
—ZX—TWTTw _le\ﬁ

J=T1

T1

The second term is

— Z X; Are Z 87 {140, (1)} from Lemma Al

]TP J=Te

X, 0Tt g
= T6T—1 {1+0, (1)}

Ta57'2_7'e + 657—2_7—6 _ TO(
:X're = - {1+0p (1)}

TwC

Tw

Ta 57'2 —Te

1
=X, —L {140, (1)} ~a T V257277 —B(re).
T

wC TwC
Furthermore, we have

Ta—l/25;2*75 577;2*7'5 ec(ra—re)TH—

T1/2 =71 - 1. L
This implies that 7! > ;2,. Xj has a higher order than Tt Py Ti X;. Hence,
1 &
T—ZX_ ZX{l—I—Op()}
J=T1 Y j=re

(25)



Ta57'2*7'e
_ T

TwC

1
o TOTY26727Te B (r,) .

(2) For 71 € B and 79 € N1, we have

TwC

1 T2 1 Tf 1 T2
aZXJ:EZXPLT— > X

Jj=T1 w j:Tf+].

J=T1

The first term is

Xr,
-

w

1 &
P

J=T1

—71+1
X, 67 7 —1

Tf

Xr {14 0,(1)} from equation (26)

Z 877 {1+ 0, (1)} from Lemma Al

J=T71

= 1 1
e {140, (1)}
X, T ™ peo T T
o L {1+0, (1)}
Tw c
Tos
= —L—X, {1+0,(1)}
Tw
_ Tr—T 1
~a Ta 1/26Tf ! %B (TE) .
The second term is
1 &
— 2%
w Jj=T5+1
1 T2 J
LS Y e,
Yj=rs+l | k=741
1272 —Tf 1 = 1/2 d 1272 —Tf 1/2
=7 Y o[ Y a +T/7<T_/XTC)
Tw T2 —Tf . ° - Tw
j—‘l'f-‘rl /C—Tf+1
re — 1 T2 T — T
o TV f/ [B(s) = B(rp)]ds + T2 1)
w ’r‘f w
i T2
_ 227 {/ [B(s) = B(ry)ds— B (Te)}
Tw rs
Furthermore, we have
Ta71/25;f*7'1 B 5}]”77'1 B ec(rf—m)Tl’“ o
T1/2 Tl—a Tl-«a )
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This implies that 7! -, Xj has a higher order than 7, —1 Zj S X;. Hence,

1 & T " y 1
_ T o qa—1/25Tf—T1 L
7M2&— L X {14 op ()~ T B ().
=71
(3) For 74 EN() and 79 ENl,
1 T2 Te—1
TR S P TR
Y =1 J=Te Y =Tl
The first term is
1 Te—T
— Z Xj g T2 2 ! / B (s) ds from equation (25).
Y j=m1 "w ™

The second term is

X- T
—ZX "263 “{1+0p,(1)} from Lemma Al

J=Te J=Te

X, 60T
D — {1+0p(1)}
_ X (T%Tf Tt edydT “—T“){1+op(1)}

TwC

Ta(sTf—Te
_ T

TwC

X7 {1+0p (1)} (29)
o g

TwC
The third term is
1 & To — Ty T2
— Z Xj g T2 L / [B(s) — B(ry)]ds — B(re) p from equation (28).
Tw R Tw Ty
Ty
Furthermore, we know
Ta=1/257f " Te ec(rffre)Tl_"‘
L - > 1.
T1/2 Tl-a
This implies that 7! Z;i X, dominates T 12” 1X and 7, Z] 2+ ;41X Therefore,

72)(

J7'1

L X {140y (1)} ~a T T B ().

Clruw

TaéT‘f Te
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Lemma A3. Define the centered quantity Xy = X; — 7,0 372 X;.

J=T1

(1) For 71 € Ny and 79 € B,

asT2"Te
) TE X, {140, ()} ifte N
X = 5t—’re TO‘(S;?_TG X .
T —T Te{1+0p(1)} lftEB
(2) For 71 € B and 79 € Ny,
515—7'6 Ta(;;f_‘rl X .
X T T T rec Te{1+op(]‘)} ’l/ftEB
t =
T@6;f771X .
_Tiwc Te {1+0p(1)} theNl
(3) For 71 € Ny and 19 € Ny,
T%;f’“X 1 .
e ——A—X; {1+0, (1)} if t € NoU Ny
t p— Tf_Te

{5;—% - T‘i{ﬂ] X, {14+0,(1)}  ifteB

Proof. (1) Suppose 71 € Ny and 75 € B. If t € Ny,

- T2 Tagr2Te
Xi=Xi—7," Y X, = —#XTE{H%(U},
w

Jj=T1

where the second term dominates the first term due to the fact that

T2X, ~q B(p) from Lemma Al

R 1
- E Xj ~a Ta*1/25;2_Te—B (re) from Lemma A2
Tw

J=T1 Tw
and
Ta_1/2(5;2_7—6 ec(rz—re)Tlf"‘
T1/2 = rica 7~ L.
Ifte B,
5 T2 i Toc(s’rz—’re_
Xt:Xt—T;l ZX]: 63«_7—6—# Xq-e {1+Op(1)}
. w
J=T1 L _
(2) Suppose 71 € B and 79 € N;. If t € B,
~ T2 B Ta(;T.f_Tl_
Xp=Xi—7,' Y X;= |07 — % X, {1+0,(1)}.
. w
J=T1 L i
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Ift € Ny,
1 Tos ™
=X, -7, ZX _—7XT€{1+op(1)}

J=T1

where the second term dominates the first term due to the fact that

Xt*LTpJ ~ T2 (B [B(p) — B(ry) + B (re)] from Lemma Al
1

— Z Xj ~g TO7V25 7™ B (r,) from Lemma A2
TwC
Y =1
and J25TFT T¢—T ( ) 1
Tafl 2(5 fo71 K} foT1 c(rg—r)T ¢
r T _° > 1.
T1/2 Tl-a Tl-a
(3) Suppose 71 € Ng and 79 € Ny. If t € Ny,
TaéTf Te
=X, — 71, ZX — I X, {140,(1)},

J=T71

where the second term dominates the first term due to the fact that

Xt_m,J ~a T*?B (p) from Lemma Al
1 1

— Z Xj o~ T 1/25Tf "* B (re) from Lemma A2
w = TwC
and JagTi—T
—1/257f " Te
u >1
T1/2 ’
Ifte B,
5 T2 TaéTf Te
Xp=X, =t Y Xy = [0 = —L— | X, {1+0,(1)}.
J=71 Twe
Ift € Ny,
T
=X, — 71, ZX - I X, {1+40,(1)},

J=T71

since Xy—|7p| ~a TY2 (B (p) — B(ry) + B (r.)] (from Lemma A1).
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Lemma A4. The sample variance terms involving X, behave as follows.

(1) For 71 € Ny and 79 € B,

T2 2(T2—Te) 14a 52(T2—7e)
~ T T
SR =X {10 (D) g B ()"
J=T1

(2) For 71 € B and 792 € Ny,

T 2(7’ —Te) Q(Tf—Te)
S 15, o5
2 2 2
§ X7, = 77’20 X2 {1+0,(1)} ~a —zTc B (re)”.
J=T1

(3) For 1 EN() a’ndTQENl,

To 2(Tf*7'e) 1 2(Tf*7'e)

~ T Totls 9
§ X7, = 7T2¢ X2 {1+ 0p(1)} ~a —2TC B (r.)”.
Jj=T1

Proof. (1) For 71 € Ny and 79 € B,

T2 _ Te N T2 N
)IEFEDIE IS b N

J=T1 J=T1 J=Te
The first term is
Te—1 ~ Te—1 T2a52('r2—'re)
Z X?fl - Z #Xfe {1+0,(1)} from Lemma A3
J=T1 J=T1 v
Te —T1 2(To—Te
= TP TN {140, (1))
w
Te = T1 1:2q ¢2(T2—7e)
~y ——T§ B (re).
“r2c T ¢
Given that
T2 2(T2—Te) -2 as2(re—7e)
2(j—1-7¢) _ o —0r T o
Yo = Ty s {1+, (1)}
J=Te
T2 iy 5’71-1277'6 _5;1 Ta(s‘lj?*Te
5 T te = = 1 1
JETST 6T_1 c { +OP()}7

the second term
T2
)
> X,
j:Te
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T2 . To§T2Te
=D léT - T] X2 {1+0,(1)}

TwC

Ta6;2—7'e N T2a5¥72—75)

] X2 {1+0,(1)}

_ 52(j—1 Te) 25] 1-7e
, T TwC 72 2
j=te

Togir2Te)  qRacigireTTe) g, g T r2a-1 §2(r27)

2c T C2 r2c?

X2 {1+0,(1)}

a 2(T2—Te
_ TesgT

2c
T1+a52(T2—Te)

T 2
~g ——B(re)”.
5 (re)

X2 {140, (1)} (since o >2a—1)

Since 1+ a > 2a, 2;2276 )2']2_1 dominates Z]T-e:ﬁ f(]?_l. Therefore,

Ta5 2(T2—Te) 5
SR = 3R o (= N2 (1o, (1)
.7 T1 .] Te
T1+a52T(T2—Te) )
~a TB (T'e) .

(2) For 71 € B and 79 € Ny,

T2 Tf _ T2
D X=X+ )

J=T1 J=T1 j=Tf+1
Given that
N e .
J—1—Te T
_ = 1 1
> or oo T {140, (1)}
J=T1
Tf Ta [6;f_76 _ 5;1—7'6—1:| Ta(;Tf_Te
1er
Y= - =L —{l+0,(1)},
J=T1

the first term is

Tf ~
> X

J=71
Tf Tf—T1 2
: 75
—1—7Te
=) [5% T —fC] X2 {140, (1)}
. w
J=T1
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Toc(s;(TffTe) B 2To<5;f_7'1 Toc(s;f_Te . TP—T1+ 1

2c TwC c 72 2 Te
- Q(Tffﬂ'e) (Tf*T1)+(TffTﬁ) 1
_ Ta(ST _25T +7'f—7’1+752(Tf7T1) X2 {1+0 (1)}
2¢ T1—2a7«wc2 T1-2ap2 -2 T Te p

2(7’f—7’e)
_ Ty
2c
2(Tf—Te)
Ta+15T

o d B (r.)?.

X2 {1+0,(1)} (sincea>2a—1and 7fp—7c > 75 —71)

The second term is

T2 _ T2 T2a52(7f TI)
Soxz= Y TT2 = XZ {140, (1)}
j:Tf—‘rl j:Tf—l-I w
T2 T 2(Ts—T1
L s X 140, (1))
w
T —T 2(r¢—7
~g > CQfTQaé*T( f 1)B (Te)2 .
w

; TF %2 : 2 2
Since 1+ a > 2a, 3.7 X7 ; dominates Zj:rfﬂ X5 1. Therefore,

ST A Ta52T(Tf_TE) 2
Z Xi = Z X {1+o, (1)} = TXTe {1+0, (1)}
J=T1 J=T1

Q(T —Te)
Ta+15T f 5
~o L B(r).
2c (re)

(3) For 71 € Ny and 79 € Ny,

T2 Te—1 ~ Tf ~ T2 ~
)IETED SRR S5 N SiE
Jj=T1 J=T1 J=Te j=Ts+1
The first term is

Te—1 _y Te—1 T2a6;(7'f*7'c) ,

Z Xj_l - Z 72 2 XTe {1+Op (1)}
j=T1 J=T1 w

Te = T1 20 2(TfTe 2
= T T T (1o, (1)
w



Te 1 20 Z(Tffﬂ'e) 2
~o gt B )
Given that
Tf Z(Tffﬂ'ﬁ) _9 2(Tf*7'e)
1, ) -0 T
> o = L= L {1+0,(1)}

62 -1 2c

J=Te

Tf Tf—Te —1 asTf—Te
S gt = D e A

= 1 1
the second term
Tf
> X
J=Te
i Tosrs e
.
=y [6% - T] X7 {140, (1)}
J=Te w
2(7¢—Te 2(7+r—Te
Ta(ST( f ) _ 5T( f ) +7'f—7’e+%62(Tf77‘5) X2 {1+0 (1)}
- 2% T1-20p, 2 T1_2"‘r12uc2 T Te P
Ta(SQ(Tf_TE)
= T2 X2 {1+o0,(1)} (since a > 20— 1)
c
2(7’ —TC)
Totlg !
~y +CB (re)?.
The third term is
T2 o T2 T2a5;(Tf_Te) N
S K= Y —h—XL{l+0,(1)
Jj=rs+1 Jj=T5+1 w
T2 - ;—f T2a5;(7ffTe)X36 {1 + 0p (1)}
TZ,C
r9 —T 2(7¢r—Te 2
a T2 c2fT2a5T( f )B (re) )
w

Since 1+ a > 2q, E;L e f(j{l dominates the other two terms. Therefore,

T2 Tf ~ Ta52(7f776) )
X =) XF {l40,(1)} = gicXTe {1+0p (1)}
J=71 J=Te
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Lemma A5. The sample covariance of X; and e behaves as follows.

(1) For 71 € Ng and 79 € B,

S Xiae= 30 Kyae {1+ 0, (1) o TOV/2577 X, ).

J=T1 J=Te

(2) For 71 € B and 79 € Ny,

Z X 16 = Z Xjaej {140, (1)} ~g T2 X B (7).

J=T1 J=T1

(3) For 1 EN() a’ndTQENl,

IPIRE ZXJ 185 {1+ 0p ()} ~a TOV260 T X B (r,)

J=T1 J=Te

Proof. (1) For 71 € Ny and 79 € B,

Te—1
Z X] 1€ = Z X] 1€5 + Z X] 1€
Jj=71 Jj=71 J=Te
The first term is
Te—1 Te—1
e ~ e Ta(STZ Te
> Xjagi=) TansJ {140, (1)}
J=T1 J=T1 we
Ta(s‘l'z Te Te—1
I e S it o, ()
TwC
J=T1
Tagr2—Te Te—1
T —1/2 —1/2
= —T <T / XTe) T / Z Ej {]. +0p (1)}
J=T1
Toz(;TQ*Te
~o —————B(re) [B(re) — B(r1)].
TwC
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The second term is

T2
E Xj_lﬁj

j:Te
T2 ) TagT2"Te
—1—7¢
- Z [5"} e — TTC Xr.€j {1"‘017(1)}
J=Te w
T2 T2
. TOZ57—2 Te
—1— e
= >0 T S | Xe {140, (1))
| J=Te J=Te
_ /2 1 —j+1) o T
= |To/2s72 SRt | - T X, {1
TQ/QJZTE i | = e IZ r AL+ 0, (1)}

T2
— TOC/Q(;;T% T—/2 Z 5;(72_7“)5)- Xr. {140,(1)} (since a/2 > —1/2)
J=Te

g TOTVR25727Te X B (r) .

Since (a+1) /2> a, 3772 X] 1€; dominates > 7 Xj_lsj. Therefore,

S K is = 30 Kyae {1+ 0p (D) o TV X, (7).

_]7'1 _]Te

(2) For 71 € B and 79 € Ny,

Z X —1&5 = Z X —1&5 + Z j—1&j-

j=71 j=T1 J=T+1
The first term 1is
Tf
D Kj-aej
J=T1
Tf _1_ Tad’Tf—’Tl
_ Z 5 n_# Xrei{l+o0,(1)}
J=T1 v
_Tf Tf—T1 TFf
, T i
—1—Te
= D0 e > e X {1+ 0, (1))
| J=T1 J=T1
B T TF—T Tf
. To+1/285777 71 1
= ey | e ) S ) | X (140, (1)
/2 j J Te p
L e J=71 Tw¢ \/Tj:ﬁ
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Tf .
_ Ta/25;f_7'ﬁ T—Oé/2 Z 5;(Tf7j+1)€j XV-;-e {1 + Op (1)}
J=T1

~o TSI X B (re) .

The second term is

T2 5 T2 TaéTf_Tl
Yo Xjagi= Y ———F—Xrei{l+0,(1)}
j=Tp+1 j=Ts+1 Twe
o5, 1/2 TR
:—T (T XTe) T ' Z Ej {1+0p (1)}
]=Tf+1
Tos
o T B (1) [B () ~ B (ry)].
w
Since (e +1) /2 > a, Z]fn X;_1¢; dominates Py " X;_1¢j. Therefore,

3 Xiae = ZXJ 165 {1+ 0p (1)} ~a TEHD260 T X B (r,)

J=T1 J=71

(3) For 71 € Ny and 79 € Ny,

T2 Te—1
> Xjgi= ) Xjagi+ ZXJ 165+ Z j-185-
J=T1 Jj=71 J=Te J=T5+1
The first term 1is
Te—1 Te—1 Tf—T
e B e Ta5f e
X165 = T X, ei{l+o,(1
_Z 513 _Z X {140, (1)}
TaéTfch Te—1
S L () (T e | 1))
w J 1
o5
~a —#B(%) (B (re) — B (r1)]-
w

The second term is

Tf
E Xj_1€j

J=Te
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Tf Tf—Te
. T8
=> [«%1 E—T] Xr.ei{l+0,(1)}

: TwC
J=Te

TO‘(STf e

i
= Z 52_;1_7"‘5]- — Z gj| Xro {140, (1)}

| J=Te J=Te
[ Tf — Tf—Te

L J=Te J=Te

T .
= To/2H1/2575 T [ paf2 Z 5;(”7]“)@ (T*1/2XTE) {1+40,(1)}
J=Te

T2 X B (r.) .

The third term is

T2 B T2 Ta(STf*Te
Yo Xigi= ) —%Xﬂﬁj {1+0p(1)}
j=Ts+1 j=T5+1 Tw
TagTiTTe T2
- 10 (T*WXTS) T2 3 g | {1 +0,(1))
TwC ,
]:Tf—l—l
TS T
~a ——LI——B(re) [B(r2) = B (ry)].
TwC
Since (a +1) /2 > a, f )~( j—1€; dominates the other two terms. Therefore,

ZX] ZX] 165 {1+ 0p (1)} ~o TOHV26 T X B (r,) .

J=71 J=Te

Lemma AG6. The sample covariance of Xj_l and X; — d7X;_1 behaves as follows.

(1) For 71 € Ny and 74 € B,

2 Te
Z Xj,1 (X] - 5TXj—1) ~a fe 71 T(‘)';ZiTeB (T‘e)/ B (S) ds.
T1

: r
j=T1 v

(2) For 71 € B and 792 € Ny,

T2
~ 2(Tp—Te
D Xj1 (Xj = 6rXj1) ~a —T5T( g (re)”

J=71

42
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(3) For 71 € Ny and 19 € Ny,

207 r—Te
Z X] 1 (5TX] 1) —T(ST( ! )B (7’@)2 .

J=T1

Proof. (1) When 71 € Ny and 74 € B,

Te—1
Zle —6rX; 1) = ZX] g+ > X1 (X — Xy + X — 00X, 1)
J=71 J=Te J=71
Te—1
—ZX] 15]+ZX] 1( X] 1)
J=Te J=71
T2 c Te—1 ~
= Z X 185 — Ta Z Xj—1Xj-1. (31)
J=71 J=T1

The first term 1is

T2
Z Xj 16j ~a T(a+1)/25;2_TGXCB (re) (from Lemma A5).

J=T1

The second term is

Te—1
IS ~
7w 2o i1 X
J=T1
Te—1 _
¢ L TespE
= Ta Z —TXTQXJA {140, (1)}
J=71
67’2776 Te—1
= Y X o, (1)
w :
J=T1
Te—T 1 A
= =TT (172X, ) | ——— 0 (172X | {1+ 0, (1)
Tw Te —T1 =1
_ Te
~o — 52T B (1) / B (s) ds.
Tw "
Since (a +1)/2 <1, 7% Z;e;i X;_1X;_1 dominates diin X;_1¢;. Therefore,
T2 c Te—1 ~
Z Xj,1 (Xj - 5TXjfl) = —ﬁ Z Xjlejfl {1 + Op (1)}
J=T71 =71
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~ ’"erlTa;z—TeB(re)/ " B(s)ds.

Tw -

(2) When 71 € B and 79 € N,

T2 T
X (X - 00X 1) =Y Xjag+ Xep (Xrpp1 — 60 Xs)) Z (X — X1+ X1 — 07X
j="1 j=T1 J=Tit2
Tf T2
~ ~ " ~ cC
= Z Xjagj+Xo, (Xpy + X 46741 — 5TXTf) + Z X1 (Sj - ﬁXjfl)
J=T1 J=Tf+2
T2 c T2
== Z Xj_léj - 5TX7-fX7-f - ﬁ Z Xj_lXj_l.
J=T1 J=T5+2

The first term is

™
Z Xj 165 ~g TV X B (r.) (from Lemma A5).

j:Tl
The second term is
asTF—T1
T O

TwC

5TXTfXTf _ 5T [57']‘ Te ] XTeXTf {1 + Op (1)}
_ 5;f_Te+1XTeXTf {1 + 0p (1)} ~a T(;;(Tfffe)B (re)Q

due to the fact that

B
=T 7% > 1.
Ta—l(;;f_Tl T
The third term is
c 2
7o 2. KXo
j:Tf—I—Q
T2 Tr—T1
c T
=ga 2 XX {l+ o)}
J=T5+2 w
5’7—f T1

Xr. Z j-1{l+0p (1)}

J=Tf+2

_ _7'2 —Tf— 1T5;f77'1 (T_1/2X7- )

Tw

Z 712X, 1 | {140, (1))

Tog—Tf—
2 f ]'rf—i-Z
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— T2
~o — 2T B (1) / B (s) ds.

Tw T

The quantity or X, ; X7, dominates the other two terms and hence

T2
= - 2(Tf—Te
Z Xj_l (Xj — (5TX]'_1) = —(5TX7—fX7—f {1 + Op (1)} ~a —T(5T< ! )B (7‘6)2 .

J=T1

(3) When 71 € Ny and 79 € Ny,

T2
> X1 (Xj — 0rX;)

J=T1
Tf Te—1
=D Xjaei+ ) X (X = Xjoa + X1 — 07X;1)
J=Te J=T1

T2
+ X;, (X741 — 00 X7,) + Z Xj 1 (Xj— X1+ X500 —07X51)

J=T5+2
Tf 5 Te—1 5 c
= Z Xj_léj + Z Xj_l (5‘]' — ﬁXj_1>
J=Te J=T1
T2 ~ c
+ X7, (Xpp1 — 00 X7,) + Z X1 (€j - ﬁXjfl)
j:Tf+2
T2 _ c Te—1 - ~ c T2 ~
= Z Xj—lgj - ﬁ Z Xj—lXj—l - 6TXTfXTf - ﬁ Z Xj—lXj—l-
J=T1 J=T1 j:Tf+2

The first term is
T2
Z Xj16j ~vg TOHV25777 X B (r.) (from Lemma A5).
J=T1

The second term is

Te—1
ﬁ Xjlejfl
J=T1
Te—1 Tf—T
e Ta(s f e
= Ta *#Xrerfl {1+0,(1)}
J=T1 v
67'.)0—7'6 Te—1
==X Y X {140, (1))
w

J=T1
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Te—1

— — 1
_ e T1T5;f Te (T_1/2X7'8> Z T_1/2Xj_]_ {1+ 0, (1)}
Tw Te —T1 !
J=T1
_ Te
~y e 75 °B (Te)/ B (s)ds
Tw -
The third term is
B . Ta(sTf_Te
or X X7y = Or [5? T _TTC] XTeXTf{lJrop(l)}
w

— 5;f*Te+1XTEXTf {1 + op (1)} ~a T(S;(Tf_TC)B (re)2

due to the fact that

5Tf77'5
% — Tl_a > 1
To=15,
The fourth term is
C = -
7o 22 KiaXia
J=T5+2
T2 Tf—Te
c 746
=ga 2 XX {4, (1)}
J=Tp+2 w
6Tf—7'e T2
= - TT Xeo Y Xjaf{l+o,(1)}
w j=Ts42
To =Ty =1 crp—re (12 1 % —-1/2
=TSy (1712 ) e > TN {140, (1)
Tw T2 —Tf¢f -
]—Tf+2
_ T2
~o — 25T B (1) / B (s)ds.
Tw Y

The quantity 6TX'T fXT ¢ dominates the other three terms and hence

T2
~ ~ 2(7Ts—Te
D X1 (X = 0rXj1) = =00 X Xop {140, (1)} ~a —T5T( 7B ().

J=T1
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A.2: Test Asymptotics and Proofs of Theorems 1-3.

The fitted regression model for the subperiod unit root test is
X = dﬁﬂ“z + 57‘177’2Xt—1 +é&, te [LTTlJ ) LTT2J] (32)

The intercept ¢, ,, and slope coefficient 57«177“2 are obtained using data over the subperiod
[r1,72] . We calculate the asymptotic distribution of the unit root statistic under the alternative

hypothesis. Based on Lemma A4 and Lemma A6, we can obtain the limit distribution of

Ory ,r — O USING

>t Xjo1 (X — 67X;-1)

T2 2
Zj:’rl X]—l

Sp — 6 =

(1) When 71 € Ny and 79 € B,

e Te
Gy — O o T 270 Jrm Iy BL0) 5,
1,72 a T B(’I“e) ’

(2) when 71 € B and 79 € Ny,

A e
57'1,7'2 - 5T ~a =2T G

(3) when 71 € Ny and 74 € Ny,

Oy irg — O ~a —2T %,
A.2.1: Limit Behavior of the recursive unit root statistics

The asymptotic distributions of the unit root coefficient Z-statistics are as follows: (1) When

71 € Ny and 79 € B,
DF?"Zl,Tz = Tw (87“177"2 - 1) = Tw (5T - 1) + Tw (87“177“2 - 6T>
Tl—a
= Tw <5T - 1) + Op (rw(s'rQ_Te)
T

_ TwC T«
= W + Op Twm

= 1T + 0, (1) — o0;
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(2) when 71 € B and 79 € Ny,

DFf,y =7 (Srr = 1) =70 01 = 1) + 70 (811, — 07

TwC Tw
=70t (7)

Tw
= (¢ —2c¢) Ta

= —cr, T — —00;
(3) when 71 € Ny and 74 € Ny,

DF;,py = 7w (braes = 1) = 70 (01 = 1)+ 7y (S0 — 1)

This implies that when 71 € Ng and 72 € B,
37"1,7"2 —1~, T % and T¢ (37117712 — 1) L c;
and for the other two cases,
Opyrg — 1 ~g =T % and T° ((ASTIM — 1) R

To obtain the asymptotic distributions of the unit root t-statistics, we need first to estimate

the standard error of 8r1,r2~ (1)When 71 € Ny and 79 € B,
Var (37"1,1"2)

T2 B R 5 2
= T;ul Z (Xj - 57‘177“2Xj—1>

J=T1
. Te—1 A ~ 9 T2 R ~ 2
=Ty Z [Ej — (57"1,7"2 — 1) Xjfl] + Z [Z:“j — (51"1,1"2 — 5T) Xjfl]
J=T1 J=Te
—1 S 2 < 2 —1 = 2 < 2 —1 - 2
B e SR i) 3
J=T1 J=T1 J=Te
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Te—1

T2
-2 <57’1,7’2 — 1) T;l Z Xj_lz’;‘j -2 ((57«177«2 - 6T> T;l Z Xj_lé‘j

Jj=T1 J=Te

. 2 2
= <5T1,T‘2 - (5T> 7—;1 Z .X]2_1

J=Te
2¢ (re — 7’1)2 Te 2
~q ET /rl B(s)ds| .

. 2 N
The term ((57"1,7"2 — (5T) Tt Z;iTe ij_l dominates the other terms due to the fact that

Te—1
(Grira 1)2 ot Y X2 =0, (T7%) 0, (1715 ) 0, (771077,
J=T71
f 2 _ = 1 o c2(T2—Te —«
((571772 - (5T> Twl ]g;e X]2_1 = Op (7_‘26!5271(7_2_7_?)> Op (T (531( 2 )> = Op (T ) )
2 (8 — 1) T—lTilfc_lg- =0, (T™") 0 ((S?T> =0, (T16577)
71,72 w J J p p Tl_o‘ p T ’

J=T1
. A - 1 §T2 e -
2(Bnira = 0r) 7 32 Kjaes = 0 (m) o <T<T>/) =0y ().
j:Te T

(2) When 71 € B and 73 € Ny,

X‘I‘f-i-l - STl,TQXTf
5T T i
= X = Ko, - i = 1] %o,
=0, (17257 ) 0, (125 7) - 0, (T 0, (1267 )

=-X;, =67 "X, {1+0,(1)},
using the fact that

X, {14 0p (D} =677 X, {1+ 0, (1)}

57’f—7'1
X = |§TTe T
Tf T erTlfa

Therefore,

Var <8T1,r2>
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_1 iyt 2
- T1,T2 J 1

J=T1
2 . . o2 U . L 12
= 7—1;1 Z [Ej - (57’177‘2 - 1) Xjfl} + Z [Ej - (57"1,7“2 - 6T) Xjfl]
J=T+2 J=T1

~ ~ 2
+ |:XTf+1 - 67"1,1"2ng - €Tf+1 + ETf+1] }

72 X 2 T2 . 2 MER
= 7;1 Z 6? + ((5”7,12 — 1) Tw ! Z X?—l + <6r1,T2 — 5T) T;1 Z X2

J=T1 J=T5+2 J=T1
T2
-2 (5”7,,2 — 1) 7';1 Z Xj185—2 <(5r177~2 — 5T> 1 Z XJ 1€5 + Ty 1X2
J=T ;42 J=71

~ 2 —Te
=7, X7, = TglaT(Tf ’ )X?.e {140, (1)}
1 o~ —Te
o 22T B ()2

Tw

The term 7, X2 ; dominates the other terms due to the fact that

. 2 2 Tf 71)
(67“1,7“2 - 1) Tw_l Z ij—l = OP T ) (TQO& 16 Tf b >
J=T5+2
Tf ’T'f Te)
(Esrm — 5T)2T;1 Y X2 ,=0, <T12a> 0, (Ta(s T )
Jj=T
. T2 i i 57’f T1
2(brire = 1) 70t Y0 Xjmagj =0, (1) 0y (1707 1) = 0, ( - ) ,
]:Tf+2
Tf T Te
2 (57“177“2 - (5T) 7—17)1 Z Xj*lgj - Op (1}&> Op <T(a_1)/25;f_7—e = < 11& >
J=T1

1= 2(7r—Te
Tleff =0, <6T( ! )> .

(3) When 71 € Ny and 79 € Ny,

A

XTf+1 - 5T1,T2X7'f - ETf—i-l
6Tf77'5
T ~ N ~
= Xee = Koy - [5%7«2 - 1] X,

-0y (Ta—l/zégf—fe> -0, (T1/25;f_7e> — 0, (T7) 0, (Tl/gagf—%)
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=—Xr, =07 " Xr {1+0, (1)},
using the fact that

s TF—T (5Tf Te Tr—T
A :[‘W X {10y (1D} = 67X, {14 0p (1)}

f TwCTl_O‘

Var <3T1 T2>

Tw (X]_ 1,72 J 1)

Jj=71
T2 . 9 Te—1 ) ~ 9
=8> [ (G = ) K D e (b — 1) X
j:Tf-‘r? Jj=71
2
s . . 2
+ Z |:€.7 - (57'1,7'2 - 5T> Xj—l] + XTf+1 57’1,7’2X2
J=Te
T2 ) 9 T2 ~ Te—1 ~ . 9 Tf ~
— S ey (5 - 1) Tl I DD IR b ¢ (5 - 5T) Y X2
J=T1 J=T5+2 J=T1 J=Te
Te—1 Tf

-2 <8r1,r2 - 1) 7';1 Z Xj 1€5 + Z XJ 185 — 2 (5”” — 5T> T;l Z Xj71€j + 7’;17'3:

J=T5+2 J=T1 J=Te
62(7’f—7e) 52(7'f—7'e)
Tin_e {140, (1)} ~q r

Tw Tw

= 7';1)2'721: = B(re)?.

The term 7, X?2 ; dominates the other terms due to the fact that

2 1 T9 Te—1 52(7'f*7'e)
Iy 2
(Briea=1) = | > R+ Y X2, =0, [ .
w J=T+2 J=T1
1 Tf 62(77—7'9)
2
(3rrms =0r) = > X2y =05 | L |
J=Te
) 1 T2 _ Te—1 _ 57'f—7'e
2( 1,0 1) — Z Xj_1€j + Z Xj—1g5| =0y ( TT > ,
J=T5+2 J=T1
Tf 6;f_7_e
2 (5’“1 r2 5T) Tw Z Xi=185 = O | pvara |-
J=Te
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The asymptotic distributions of the t-statistic
~ 1/2
s g2 \Y?
t = J
DFT1,1"2 = ( ’ 7;2 <57‘177‘2 - 1)
can be calculated as follows:

(1) When 71 € Ny and 72 € B,

rf’U/QB (re)
2(re — 1) f:le B (s)ds

DF!  ~, 711/2(5;277e — 00.

1,72

(2) When 71 € B and 79 € Ny,

¢ (1 )1/2 (1-a)/2
DF ~e — | =cryw T — —00.

71,72 2

(3) When 71 € Ny and 79 € Ny,

¢ (1 )1/2 (1-a)/2
DF, ~a — | 5CTw T — —00.

71,72 2

Taken together with (11) and (12), these results establish the limit behavior of the unit root
statistics DF, and BSDF, (rg) in Theorem 1 (see also (33) below).

A.2.2: The PWY strategy

The origination of the bubble expansion and the termination of the bubble collapse based on
the DF test are identified as

7 — inf {7« . DF. > cvﬁT} and #/ = inf {7« . DF. < cvﬁT}.
r€(ro,1] r€[fe+Lp,1]

We know that when B — 0, cv®T — oo.

The asymptotic distributions of the DF statistic under the alternative hypothesis are

F. (W) if 7 € No
3

/2
1/2 —Te Tw B(re) .
DF, ~y s T / 6; ! 2(re—r1) [, B(s)ds —oo ifreB

_7(1-a)/2 (%crw)l/z — —00 itre Ny
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It is obvious that if r € Np,
Tlim Pr {DFT > cvﬁT} =Pr{F, (W) =00} =0.

Ifr € B, limp_, Pr {DF,, > cvﬁT} = 1 provided that #ﬁ;w — 0. If r € Ny, limp_. o Pr {DFT < cvrT} =
T

li1'nT~>oo Pr {_T(l_a)/2 (%Crw)1/2 < CU'gT} =1.

It follows that for any n,~v > 0,
Pr{fe >re+n} —0and Pr{r; <ry—~} —0

due to the fact that Pr {DFTe+an > cvﬁT} — 1lforall 0 < a, <nandPr {DFTf,aW > cvﬁT} —1
for all 0 < a, < ~. Since 1,7 > 0 is arbitrary and Pr{r. < 7.} — 0 and Pr {7y > r¢} — 0, we
deduce that Pr {|Fc — 7| > n} — 0 and Pr{|f; —r¢| >~} — 0 as T'— oo, provided that

1 cvPr
coPr  T125TTe -

Therefore, the PWY date detectors 7, and 7 are consistent estimators of r. and 7. This proves

Theorem 2.

A.2.3: The PSY algorithm
The origination of the bubble expansion and the termination of the bubble collapse based on
the backward sup DF test are identified as

ne . Br af — 1 . Br
7 rel[f"lf,l] {r : BSDF, (r9) > scv } and 7 re[fiEfLT,l} {rg : BSDF, (r9) < scv } )

We know that when S, — 0, scv®T — 0.
The asymptotic distributions of the backward sup DF statistic under the alternative hypoth-
esis are

E, (W,rg) if r € No

T1/247 e ri/2B(re) if re B
BSDF; (r0) ~a T SUPri€[0,r—ro] 2(re—r1) [, B(s)ds re . (33)
—T(1=e)/2 SUPr, €[0,r—ro] {(%Crw)lm} —oo ifreN
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It is obvious that if r € Np,

lim Pr {BSDFT (ro) > scvﬁT} = Pr{F,, (W,r) = 00} = 0.

T—o0
If r € B, limp_,o Pr{BSDFT (ro) > scvﬂT} = 1 provided that #ﬁ;w — 0. If r € Ny,
T

limp_o Pr {BSDFT (ro) < SCU?T} = 1.
It follows that for any n,vy > 0,

Pr{fe >re+n} — 0and Pr{ry <ry—~} —0,

since Pr {BSDFTeM" (ro) > schT} — 1forall0 < a, < nandPr {BSDFTf_,M (ro) > scvﬂT} —
1 for all 0 < a, < 7. Since 1,y > 0 is arbitrary and Pr{f, < 7.} — 0 and Pr{7; > rf} — 0, we

deduce that Pr{|Fec — 7| > n} — 0 and Pr{|Fy —7¢| > v} — 0 as T'— oo, provided that

1 scvPr
N
chﬁT T1/25;2_7—e

Therefore, the PSY date detectors 7, and 7 are consistent estimators of r. and r¢. This proves

Theorem 3.

APPENDIX B. The Dating Algorithms (two bubbles)

Section B.1 provides preliminary results that characterize the limit behavior of the regression
components over subperiods of the data. Section B.2 provides test asymptotics and gives proofs
of Theorems 4-9 which describe the consistency properties of the PWY, PSY and sequential
PWY dating strategies.

B.1: Notation and lemmas

e The two bubble periods are By = [T1e,7T1f] and By = [T2c, T2f], where 71, = |T71c],

T1f = |Trif], T2e = [Tr2e| and 795 = [Tray].

e The normal periods are Ng = [1,71c), N1 = (T1f,72¢), No = (72, 77), where 7 = |T'r] is

the last observation of the sample.
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We use the data generating process

Xi1+e for t € Ny
X, = o X1+ &t fort € B; withi=1,2 | (34)
X7, + ZZ:T”H e forte N; withi=1,2

where 7 = 1+ ¢TI~ with ¢ > 0 and a € (0,1), & w (0,0?) and X7, = Xro + X7 with
X* =0, (1) for i = 1,2. We state the following lemmas whose proofs follow arguments closely
related to those given in the proofs of Lemmas A1-A6. They are provided in full in the technical

supplement (Phillips, Shi and Yu, 2013c; lemmas S1-S6).

Lemma A7. Under the data generating process,
(1) Fort € No, X;—|7p) ~a TY?B (p).
(2) Fort € B; withi=1,2, X;_ |7y = 65 " Xr, {1+ 0p (1)} ~a TY265 7B (rie) .
(3) Fort € N; withi=1,2, X;_|pp ~a TV?[B (p) — B (rif) + B (ric)] -

Lemma AS8. Under the data generating process,

(1) For 1 € Nz‘—l and 79 € B; with i = 1,2,

Ta5T2 Tie a1/2 sra—i 1
— Z Xj=——X; {1+0,(1)} ~a T 07 T —B (1) -

]7'1

(2) For 1 € B; and 179 € N; withi=1,2,

72)(

J=T1

TS N |
— X {1+ Op (1} ~a Ta_1/26Tlf '—B (Tie) -

TwC

(3) For 71 € N;_1 and 79 € N; with 1 = 1,2,

Ta(s’rzf Tie a_1/2 S 1
— Z Xj=Xp,— L {140y (1)} ~a T* V26777 B (ryc) .
Tw = TwC
(4) For 71 € Ng and T2 € Na, if T1f — T1e > Tof — T2e
TaéTlf Tle B L 1
- Z Xj=—L X, {1+0,(1)} ~o T° 1/25;1f 1 ﬁB (10)
w

371
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and if Tif — T1e < Tof — T2e

Ta 57—2f T2e 1

- Z Xj = =L Xop {14 0y (D} ~a T 20727 B (1)
J T1 w€ TwC
(5) For 71 € By and 72 € By, if T1f —T1 > To — T2
Ta(S“f " _1j2gmip—m1 L
— Z X XTle {1 +0p (1)} ~a T 1/26T1f 1ﬁB (7"13) )
w

.7 T1
if Tip — 71 < T2 — Toe
TOL57—2 T2e 1
fZX =X (1 0p (1)) ~a TG B ().

= TwC

(6) For 71 € By and 72 € Na, if T1f — T1 > Tof — T2e,

TO‘5T1f Tl Tip—T
*ZX X (14 0y ()~ T2 B )
w

J=T1

and if T1p — 71 < Tof — Te,

Ta($T2f T2e Tor—T 1
- Z = X (L 0y (D) e T 2077 = B (1)
w = TwC
(7) For 71 € Ny and 19 € By, ilef —Tle > T2 — T2,
Ta(sTlf Tle _ 1
— Z X XT]_e {1 +0p (1)} ~a Ta_l/Q(s;lf TleﬁB (Tle)
w

]7'1

and if T1f — T1e < T2 — T2e,

TQ(STQ e a—1/2sT2—T2 1
- Z Xj= —E—Xoy {1+ 0p (1} ~a T V26777 — B (120).
J T1 w

Lemma A9. Define the centered quantity Xy = Xy — Tt Z] X
(1) For 71 € Nj—1 and 79 € B; with i = 1,2,

Ta5T27TiE .
X X {1+ 0 (1)} ifteNiaa
t = ) a T2 Tie .
ghmie ”TTiwc X, {1+o0,(1)} ifteB,
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(2) For 1 € B; and 179 € N; withi=1,2,

slrmie T Ty 1)) ifteB

X . T - TwC Tie { + Op( )} th € b;
- es i .

—#X—,—ie {1+0p (1)} ’LftENZ

(3) For 1 € N;_1 and 70 € N; withi=1,2,

TadTiffTie '

X; = fero Tog T
[6T Tie _T] Xr. {140, (1)} ifteB;

TwC
(4) For 71 € Ng and 79 € No, if T1f — T1e > Tof — Tae

Tad;lf_Tle

L X, {1+0,(1)} ifte N,

Xt - P Ta(;"lf*"'le )
6T ZEXTie - TiXTle {1 +0p (1)} th € B, i1=1,2,

TwC
andilef—TleSTgf—Tze

Ta 5;2f —T2e

TwC XTZE {1+Op (1)} thEN'L

X = t—r; Tag e : -
5T ZeXTie - = XT25 {1 + OP (1)} th € Bi? 1= 172’

TwC

(5) For 1 € By and72€B2, Zlef—Tl > T2 — T2e,

ag1fTT1
X |:5;TiEXTie - %X”Fle:| {1 + Op (1)} th € Bi? 1= 17 27
o Tos T :
I X {140, (1)) ifte N
and ilef—Tl <To—Toe
5t77ieX T06;2_T26 X . i
X _ T Tie—T%wC Toe {1+Op(1)} theB“ 12172,
t Ta6;277'2€ .
——L X {140, (1)} ifte Ny

(6) For 71 € By and 72 € Na, if T1f —T1 > Tof — Tae,

5t—7ieX Ta(S;lf_TlX 1 1 . t B . 1 2
X _ T Tie TwC T1le { +0p( )} Zf & iy 7 = , 2,
e Tag T . _
I X7, {1+0,(1)} ifteN;, i=1,2,
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and if Tip — 71 < Tof — Tae,

(stiTiEX T05;2f7T2€X 1 ) . B i 19

o[ e - e Jnr g ren s
t — Ta&TfoTQE ‘ '

_#XT%E {1+0p(1)} ifte N;, i =1,2,

(7) For 11 € Ny and 19 € Bo, ilef_7-16>T2_7-2€

Ta&"-lf*"le ‘ '
X N ijc XTle {1+0P (1)} thEN’M 1= 1727
t — asT1f~Tle
X = X o) e b= 12
and ilef —T1e < T9g — Toe

T&&;Q_TZEX ) L

> T rwc T2 {1+Op(1)} ifteN;, i=1,2,
Xy = gtoTie x T‘l6;27T2€X ] ‘

7 Xr — o Xn [ {140, (1)} WfteBi, i=1,2,

Lemma A10. The sample variance of X; has the following limit form:

(1) For 71 € Nj—1 and 79 € B; with i = 1,2,

T2 2(T2—Tie) 14a s2(T2—Tie)

~ T T 7%
> X=X {1+ 0, (1)} v~ B (rie)”
J=T1

(2) For 71 € B; and 79 € N; with i = 1,2,

T2 Q(Tif_'rie) 1+a 2(Tif_7—ie)
~ T Titas )
> =T X2 (1o (D) e LB ().
J=T1

(3) For 71 € Nj—1 and 79 € N; with i = 1,2,

T 2(7'7; _Tie) 2(Tif_7'ie)

2 T TS 2
Z X2, = TTX%E {140, (1)} ~a :;c B (rie)” .
j=T1

(4) For 71 € Ny and T3 € Na,

2(7’1f77'1€) 2(71]‘77-19)

a§ Tot1ls .

ZTQ X2 _ %y —  ~ o X72‘1e {1 + 0p (1)} ~a —T2c B (7“16)2 Zf Tif — Tle > T2f — T2e
= it Ta52(72f7726) 9 Ta+162(7—2f7725) 9 .

= v X A1+ 0p (1)} ~a "o B (ree)” if T1f — T1e < Top — Tae

58



(5) For 71 € By and 79 € Bo,

2<Tlf—‘rle) 2(7’1f—7‘1€)

T2 TS Tatls .

Z ijq _ %qu {14+0,(1)} ~vg — L& —B (7“16)2 if Tif —Tie > T2 — T2e
. TS T2 T2e 2 —T2e .

J=T1 TTXEQE {1—|—Op (1)} ~a Ta+15T(T2 2 )%B (1"26)2 Zf’Tlf—Tle § T9 — T2e

(6) For 1 € By andTQENg,

2(Tlf_Tle) Q(Tlf_Tle)

T Totls .

ZTZ 2o _ — L X72_18 {14+0,(1)} ~g —5——DB (r16)2 if Tif — T1e > Tof — T2e
j_l - Q(Tsz‘rge 2(7—2‘]"77-26)

i T6 Totls .

7= = 2c X72'2e {1 + Op (1)} ~a T2c B (T2€)2 Zf Tif — Tle < T2f — T2e

(7) For 71 € Ny and 79 € Ba,

Ta(;;(TlfiTle) Ta+16;(7—1f77-1€)

T '
ZXQ _ — X.,Q.le{l-f—Op(l)} ~a 2—CB(7‘16)2 Zf7'1f—7'1e>7'2—7'2e
. J=1 Ta52(7'2_7'26) 9 Ta+162(7‘2—7'2e) 2 )

J=T1 TTXTQS {1 + op (1)} ~aq 2703 (7"26) if Tif —Tle S T2 — T2

Lemma A11l. The sample covariance of X; and ; has the following limit form:
(1) For 71 € Nj—1 and 79 € B; with i = 1,2,

T2
Z X]’,ISJ' ~a T(a+1)/25;2_TiEXCB (Tz'e) .

J=T1

(2) For 1 € B; and 179 € N; withi=1,2,

T2
5% Ryosey o TGN, B (1)

J=T1

(3) For 1 € Ni—l and T € Ni with 1 = 1,2,

T2
> Xjagj g TV X B (rye) .
J=T1
(4) For 71 € Ny and T3 € Na,
2 TA+)257 T X B (r1e)  if T1if — Tie > Tof — T2e
> Xjagj ~a (14+a)/2572f ~T2e :
j=r1 T 6T X.B (TQe) if Tif — Tle < T2f — T2e

(5) For 71 € By and 19 € Ba,

i 5o JretEETT N B () i ip = Tie > T2 - T
Jj—1cj ~a T(a+1)/25;2—7’2eXcB (7"2@) if Tif — Tle < To—Toe

J=T1
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(6) For 71 € By and 72 € N3,

T2 X e~ T(1+a)/25;1f_TleXcB (7’16) Zf Tlf - T1e > T2f — Toe
Z - a —T2e .

j=11 S T(1+a)/25;2f ” XB (r2e) if Tif — Tle < Tof — T2e
(7) For 71 € Ny and T4 € B,

i X £ T(a—‘rl)/zé;lfineXcB (Tle) Zf Tlf — Tle > T2 — T2
1€~ . ‘
= T TeA2§T e X B (roe)  if Tip — Tie < T2 — Tae
Lemma A12. The sample covariance of )N(j,l and X; — 07 X;_1 has the following limit form:
(1) For 1 € Ni—l and T € Bz‘ with 1 = 1,2,

Tie —T1

T2
> Xja(Xj—0rX;1) ~a

J=T1

(2) For 71 € B; and 79 € N; with i = 1,2,

T8 B (1) / " B(s)ds.
1

Tw

T2
~ 2 Tif —Tie
E Xj_l (Xj — 5TX]'_1) ~a —T5T( ! )B (Tz‘e)2 .
J=T1

(3) For 71 € Nij—1 and 19 € N; withi = 1,2,
; 2(rig—ic)
< Tif —Tie
Y X1 (X =00 Xj1) ~arva T8 B (rie)

J=T1

(4) FOTT1€N0 andTQENQ,

21 —T1e .
- X1 (X —6rX _T5T(T1f n )B (r1e)® if Tip — Tie > Tap — T2
> X (X = 07X ) ~a Hrapmra) o
j=71 _T5T B (TZG) if Tif — Tle < Tof — T2e

(5) For 71 € By and T4 € B,

2 —T1le .

3 Xjo1(Xj = 07rXj-1) ~a { _T(ST(TM g (r1e)? U Tif = Tie > T2 = Tae
- - - E+ - e .

j=11 Ta5;2 ToetT1f—T1 rich (roe) B (r1e) tf Tif — T1e < T2 — T2e

(6) For 71 € By and 79 € Na,

T2 2(r1p-71e) 2 .
o =Td B(r f T1f —Tie > Tof — T
Y X1 (Xj — 60Xj1) ~a T (r1e)” if Tif — Tie > Tap — Toe

2(T9r—T2e .
J=71 —T5T( v )B(T‘2e)2 Zf7'1f—7'1e§72f—72e
(7) For 71 € Ny and 19 € By,
T2 2(T1f—7’1e) 2 .
3 K1 (G = 00X50) ~a | i ey g ATy Te T e
j=T1 Ty o ‘@B(Tze)B(T‘le) if T1f — T1e < T2 — T2e
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B.2: Test asymptotics and Proofs of Theorems 4-9

The fitted regression model for the recursive unit root tests is
Xt - 647“1,7“2 + 57‘1,7‘2Xt—1 + ét’

where as in (32) above the intercept &, , and slope coefficient 3r1 ., are obtained using data over
the subperiod [ry,79]. First, we calculate the asymptotic distribution of the unit root statistic
under the alternative hypothesis. Based on Lemma A10 and Lemma A12, we can obtain the

limit distribution of 3T1,T2 — 07 using

S X (X —orX;a)

T2 2
Zj:‘rl Xjfl

(1) When 71 € N;—1 and 79 € B; with ¢t = 1,2,

op — 67 =

ne—rl f”’zeB

O = 07 g T-067 777 e 2 (i)

(2) when 71 € B; and 79 € N; with i = 1,2,

O — O ~vq 217
(3) when 71 € N;—1 and 79 € N; with i = 1,2,

o7 — O ~q =217

(4) when 71 € Ny and 74 € No,
ST — O ~g —2T7¢

(5) when 71 € By and 79 € Ba,

)

) —2T%¢ if71p—T1e > 72 — T2
or — 9 (1o _
r r T‘15T(T2 raH{ns ne)iﬁfﬁ?) if 71 —T1e < T2 — T2

(6) when 71 € By and 72 € No,
8T — O ~g —2T7¢
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(7) when 71 € Ny and 74 € Bo,

. —2T%¢ if 71p —T1e > 72 — Tae
6T - 6T ~a T_ld;(72*72e)+(71f*7—16) 23(7‘15)

ruB(ay) L TLf —Tie S T2 = Toe

The asymptotic distributions of the unit root coefficient Z-statistics are as follows: (1) When

7'1€N¢,1 andTQEBi Withizl,Q,

A

DF;,py = 7w (braes = 1) = 70 (01 = 1)+ 7y (S0 — 1)

Tlfa
= Tw ((ST — 1) + Op (Tw(m>
T
TwC T
= W -+ Op <Tw eC(TQT'ie)Tl_a>

= rycT % + 0, (1) — <.

(2) When 71 € B; and 79 € N; with ¢ = 1,2,

DF;l,Tz =Tw (87‘1,7“2 - 1) = Tw (5T - 1) + Tw (57"1,7"2 - 5T>
= cr, T + Op (erl_a)

= —cr, TV — —c0.
(3) When 71 € N;_1 and 79 € N; with ¢ =1, 2,

DF:LT'Z =Tw (87“177“2 - 1) = Tw (5T - 1) + Tw (87“1,7“2 - 5T>
— Cerl—a + op (Tle—a)

= —cry TV — —o0.
(4) When 71 € Ny and 79 € Ny,

DFfl,m =Tw (87‘177“2 - 1) =Tw (5T - 1) + Tw (57“1,7“2 - 5T)
= cr, TV + Op (Tle_o‘)

= —cr, TV — —c0.
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(5) When 71 € By and 79 € B,

DF? =1, (Sm,m _ 1) = T (67 — 1) + T (&m - 5T)

1,72
11—« -« :
cropd’ +op (TwT ) if 71 —T1e > T2 — T2e
) TV %40, T if 715 — T1e < T2 — T2
(7'277'26)*(7'1f7716)
6T
_ —ery, TV - —00 if Tif —Tle > T2 — T2e
cry T — 00 if 71— T1e < T2 — T2

(6) When 71 € By and 79 € Na,

DF:177“2 =Tw (87"1,7"2 - 1) = Tw (5T - 1) + Tw (87"1,7"2 - 5T>
= cr, TV + Op (erl_O‘)

= —cr, T — —o0.

(7) When 71 € Ny and 79 € Bo,

DFﬁl,Tz =Tw (67’177? - 1) =Tw (5T - 1) + Tw (57“1,7“2 - 5T>
cry TV + 0y (ro T'7) if T1f —T1e > T2 — Toe
= -« T .
cryT o w Hrir—T1e <79 —7T
w +op S pp— 1f le S T2 2e
6T
_ —cry TV - —o0  if Tif —Tle > T2 — T2
e T =0 i 71— T1e < T2 — T2e

To obtain the asymptotic distributions of the t-statistics, we need to estimate the standard

error of 3“77“2. (1) When 71 € N;—; and 79 € B; with i = 1,2,

A A 2 | oo 2¢ (rie —r1)% [ [T 2
Var <5T1,T2> == <6r1,7"2 - 5T> Tw Z Xj—l ~a WT / B (S) ds .
; w 1

J=Tie

(2) When 71 € B; and 79 € N; with ¢ = 1,2,
X 1 I 2(rip—mic
Var <5r1,r2> - T”legif ~a TéT(T ~ )B (Ti€)2 .
w
(3) When 71 € N;—1 and 79 € N; with i = 1,2,

~

Var <57’177’2> - qulXﬂ'f ~a —~L——B (Tie>2'
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(4) When 71 € Ny and 72 € Ny,

2(71F—T1e .
Var <3 ) = _IXTQU T Op (riy=: )B(ﬁe)g i Tif —Tie > Top — T2e
ri,r2 ) T 2(Tor—T2e .
_1X722f r;ldT( i )B(Tze)2 if 715 — T1e < Top — T2e

(5) When 71 € By and 79 € B,

2(T1¢—71 _ .
var (3 1X72_1f~ 6( yome),, 1B(7“1 )? if T1f — T1e > T2 — T2e
ar =
( Tl’”) f _ D D 1 —152(T2—72¢) T2e—T1f 2 . _ _
o ST ~o T7H0 B (rq.)” if 7 Tie <To—T
1,72 j= 7'1f+2 a T 73, 2e 1f le > 72 2e

(6) When 71 € By and 79 € NQ,

1w 2(T1f—T1e) 1 2 .
5 - Tle.,Z.lf ~g 5T( >HB (r1e)” M T1p —T1e > Top — T2e

Var (0p | = oo 3(rap—72¢) 1 5
Tw XT2f ~a O B (r2e)” i T1p — T1e < Tof — T2e

(7)When 71 € Ny and 73 € By,

71X31f ilef—Tle>T2—T23

Var <5r ) R 2
1,72 -1 T 1 ):2 T 1 .
<57"177"2 - 1) Tw |:Z] 197'1 1 + Zj2€T1f+2 -1 if Tlf — Tle S T2 — T2e

2(71r—T7T1 .
5T( ! e)lB( )2 1f7‘1f—7’18>7'2—7'28
~ a

_152(r2—T2e) Fre—T1HT2e T 2 .

op ( e =) U B (ree)” ifT1f—T1e < T2 — Toe

The asymptotic distributions of the DF t-statistic can be calculated as

- ~ 1/2
>z X2 .
Dpﬁl vy = <J;1231 (57“”,2 _ 1) )

(1) When 71 € N;—1 and 79 € B; with i = 1,2,

3/2
¢ 1/2 ¢To—Tie Tw B (i) .
DFT1 2 ~a T / 5;2 m Tze 7”1 frlezeB %0

(2) when 71 € B; and 79 € N; with i = 1,2,

71,72

1 2
DF! .~y — | Zcrw TA=0/2  _s0;

1,72

1 vz
DFE'  ~, = =cry TA-)/2 _, —00;



(4) when 71 € Ny and 72 € Ny,

1 2
DF! .~y — | Zcrw TA=)/2 _, _o0;

71,72 2

(5) when 71 € By and 79 € By,

1/2 .
) — (%crw) Ppi-a)/2 , o if T1f — Tle > T2 — T2
DF; . ~ 1/2 ;
L,re A crd, T1-0/2 . ’
[2(r20r1f)} v 00 i Tip —Tie < T2 —Toe

(6) when 71 € By and 72 € No,

1,72 2

1 vz
DF! .~y — | zcrw TA=9/2  _0;

(7) when 71 € Ny and 79 € BQ,

1/2 (11— .
- (%crw) / TA=0)/2 , g if 71— T1e > T2 — T2e
DE}, 1y ~a crd) 2 Tl-a/2 if <
— o0 ifryp—7 Tg — T
2(7‘16*7‘1+7‘2e*7‘1f) 1 le =72 2

Taken together with (11) and (12), these results establish the limit behavior of the unit root
statistics DF, and BSDF, (r9) in the two cases considered in theorems 4 and 5 (see also (36)
below).

B.2.1: The PWY Strategy

The origination of the bubble expansion rie, 72, and the termination of the bubble collapse

r1f,72f based on the DF test are identified as

e = inf {7"2 :DF,. > cvﬁT} and 715 = inf {1"2 :DF, < chT} ,
TE[To,l} TE['f‘1€+LT7l}

T9e =  Inf {7“2 :DF, > C’UBT} and rop = inf {rg :DF,. < cv’BT}.
TE(TAlf,l] TE[er+LT71]

We know that when S, — 0, cv?7 — oo.
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Case I Suppose 71y —T1e > Tof — T2¢. The asymptotic distributions of the DF statistic under

the alternative hypothesis are

Fy, (W) if r € Ny
3/2
1/2 T2—Tle Tw B(T’le) i
DE, ~g { T/2077 2rie—rn) [} 1 BG)ds ifre B
_7(1-a)/2 (%crw)l/2 if r€ N1 UByU N

It is obvious that if r € Np,

lim Pr {DFT > CU’BT} = Pr{F,, (W) =00} =0.

T—oo
If r € By, limp_ o Pr {DFT > cvﬁT} = 1 provided that #ﬁifle — 0. If r € Ny, limp_ o Pr {DFT < C’U’BT} =
T
1.

It follows that for any n,~v > 0,
Pr{fie > e +n} — 0and Pr{rfiy <71y —7} — 0,

due to the fact that Pr {DFrle+an > cvﬁT} — 1forall 0 < a, <nand Pr {DFT > cvﬁT} —

1f~ay

1 for all 0 < a < 7. Since n,v > 0 is arbitrary, Pr {71, < rie} — 0 and Pr {7y > ri} — 0, we

deduce that Pr{|71c — rie| > n} — 0 and Pr{|f1; —r1¢| > v} — 0 as T'— oo, provided that

1 cvPr
cvbr + T1/257 e -

The strategy can therefore consistently estimate both ri. and ryy.
Since lim7_, o Pr {DFT < cvaT} =1 when r € Ny U By U N3, the strategy cannot estimate

r9¢ and 7oy consistently when 715 — 71, > T2y — T2¢. This proves Theorem 6.

Case I  Suppose 715 —T1e < T2y —T2¢. The asymptotic distributions of the DF statistic under
the alternative hypothesis are

F. (W) if r € Ny

T1/25T—T1e ref*B(rie) ifre B

2(T1e—71) frlle B(s)ds
DF, ~y { —TU/2 (3er,,
e T(—a)/2 (% )1/2

1/2 if r € Ny U Ny ] (35)
ifr€ Byand 71 —T1e > 7T — Tae

1/2

T1-2/2 [ cry )] ifreByand 71f —T1e < T —Tae

2(1”15*1”1 +r2e—T1f
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It is obvious that if r € Ny,
Jim Pr {Dﬂ2 > cuBT} = Pr{F, (W) = 0o} = 0.
—00

If r € By, limp_, Pr {DFT > cvf@T} = 1 provided that #ﬁm — 0. If r € Ny, limp_ o Pr {DFT < cvﬁT} =
T
1.

It follows that for any n,~v > 0,
Pr{#1e > 11 +n} — 0 and Pr{fiy <riy —7v} — 0,

due to the fact that Pr {BDFT16+047 > cvaT} — 1forall0 < a, < nand Pr {DFrlf,aw > cvﬁT} —
1 for all 0 < ay < 7. Since 7,y > 0 is arbitrary and Pr {71, < 71} — 0 and Pr {71 > ¢} — 0,
we deduce that Pr {|71 — 71| > n} — 0 and Pr {|f1f —r1f| > v} — 0 as T — oo, provided that

1 cvPr

coBr + T1/25;_T1€ — 0.

The strategy therefore consistently estimates 71, and ryy.

If r € By and 715 — T1e > T — T2e, limp_oo Pr{DFr < chT} = 1 since v’ — oco. If

cvfT

T1-a/2 - 0 m

r € By and 715 — T1e < T — Tae, limp_o Pr {DFT > chT} = 1 provided that
view of the final panel entry of (35). If r € Ny, limp_, o Pr {DFT < cvﬁT} = 1. This implies
that the strategy cannot identify the second bubble when 7,f — 71, > 72 — 72.. However, when
T1f — Tie < T2 — T2 it can identify the second bubble provided that

1 cvPr

cobr | Tl—ajz 0.

This suggests that estimated second bubble origination date 7o will be biased, taking values of
T2e +T1f — T1e (in view of the condition T1f — T1e < T — T2, under which the final panel entry of

(35) holds). The termination point rof can be consistently estimated. This proves Theorem 7.
B.2.2: The PSY algorithm

The origination of the bubble expansion ri., 72, and the termination of the bubble collapse

r1f,72f based on the backward sup DF test are identified as follows:

F1e = inf {r : BSDF, (r9) > scvﬁT} and 71f = inf {r : BSDF, (r9) < schT} ,
r€[ro,1] r€[f1e+Lr,1]
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Foe =  inf {r : BSDEF, (r9) > schT} and o = inf {T : BSDEF, () < SCUBT} )
r€(f14,1] r€[fac+Lr,1]

We know that when 81 — 0, scvPT — oo,

The asymptotic distributions of the backward sup DF statistic under the alternative hypoth-

esis are
F. (W, o) it r e Ny
3/2
T { Lt } if r € B;
BSDFE: (o) ~a T e0rre] L L DG Z (36)
~T0-02  sup (der,)'? if r e Ny U N
r1€[0,r—7ro]

It is obvious that if r € Ny,

lim Pr {BSDFT (ro) > schT} = Pr{F. (W,r9) = o0} = 0.

T—o0
If r € By with i = 1,2, im0 Pr { BSDF, (ro) > scv’r } = 1 provided that -1 — 0. If
T
r € N; with i = 1,2, limg_,o Pr { BSDF (ro) < scvr} = 1.

It follows that for any n,vy > 0,
Pr {7 > e + 1} — 0 and Pr{r;y <rjy —v} —0,

since Pr { BSDF,,_ yq, (r0) > scvP7} — 1forall0 < a, < nand Pr{BSDF, (ro) > scvPr} —

if —ay
1 for all 0 < ay < 7. Since 7,y > 0 is arbitrary and Pr {f;. < ric} — 0 and Pr {7y > r;s} — 0,
we deduce that Pr {|7 — rie| > n} — 0 and Pr {|#;y —rif| > v} — 0 as T"— oo, provided that

1 scvPr

scvPr T1/257 e -0

Therefore, the date-stamping strategy based on the backward sup ADF test can consistently

estimate 1, r1f, r2e and ray. This proves Theorem 8.
B.2.3: The sequential PWY procedure

The origination of the bubble expansion ri., 79, and the termination of the bubble collapse

r1f,72f based on the sequential DF test are identified as

fe=_ inf {r:DF >’} andiy = inf {riDF <},
TE[To,l} TE[f1e+LT,l]
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Poe = inf {7‘ o DF, > chT} and fop = inf {’I“ oy DF,. < C’UBT}.
re(f1p+70,1] relfaetLr1]

where 7, . DF, is the DF statistic calculate over (f17,7]. We know that when 8, — 0, cv’T — oo.

The asymptotic distributions of the DF statistic under the alternative hypothesis are

F; (W) if r € Ny
3/2
1/25T—T1e rw  B(rie) .
DE, ~, { TY255 z(nefn)ffllleB(s)ds ifre By
—7(-a)/2 (%crw)l/2 if re Ny
and
F’I‘ (W) ifre N1
3/2
1/2 ¢T—T2e rw  B(r2e) .
1 DF g 8T /2672 s fffi Sas 7€ B
—T(1-a)/2 (%crw)l/2 if r € No

It is obvious that if r € Ny,
Jim Pr {DFT > cvﬁT} = Pr{F,, (W) =00} = 0.

If r € By, limp_ o Pr {DFT > cvﬁT} = 1 provided that _efr 0. If r € Ny, limp_ o Pr {DFT < C’U’BT} =

T1/25;_T18
1Land limp_.o0 Pr {s,DF, > cv’7} = Pr{F, (W) = oo} = 0.If 7 € By, limp_, Pr {3, DF, > cv’7} =
DF, > cv/BT} =

P1f

1 provided that T, (), This implies that provided that ‘;’STQ — 0, limy_, Pr {

T1/25] T2
1 for any 7 € By. If r € No, limp_ Pr{ DF, < cvaT} =1.

1y
iy
It follows that for any n,~v > 0,

Pr{fie > e +n} — 0and Pr{rp <riy—v} =0,

since Pr {DFrleJ'_an > chT} — 1 for all 0 < a, < n and Pr {DFrlf_aW > chT} — 1 for all
0 < ay < 7. Since 1,7 > 0 is arbitrary and Pr{ri. <ri.} — 0 and Pr{#if >ris} — 0, we

deduce that Pr{|f1c — rie| > n} — 0 and Pr {|71f — r1¢| > v} — 0 as T — oo, provided that

1 cvBr
C’UBT + T1/25;_7_16 -

Thus, this date-stamping strategy consistently estimates 7. and ryy.

For any ¢,k > 0,
Pr{79e > roe + ¢} — 0 and Pr{ryy <roy —k} — 0,
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since Pr {fﬁlfDFr2e+a¢ > cvﬁT} — 1forall 0 < ag < ¢ and Pr{ DF,?f_aK > cvﬁT} — 1 for all

1y
0 < ax < K. Since ¢,k > 0 is arbitrary and Pr{ri; < fo. < re.} — 0 and Pr{ror > ror} — 0,
we deduce that Pr {|fge — 72| > n} — 0 and Pr {|fof — raf| > v} — 0 as T — oo, provided that

1 cvPr
N
coPr  TV25T T

Therefore, the alternative sequential implementation of the PWY procedure consistently esti-

mates rg. and rof. This proves Theorem 9.
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Table 6: Detection rate and estimation of the origination and termination dates under two bubble
DGP with longer second bubble durations. Parameters are set to: yo = 100,c=1,0 =6.79, =
0.6,71c = [0.207'] ,72. = [0.60T"| ,71f — T1e = |0.107"],T = 100. Figures in parentheses are

standard deviations.

PWY PSY Seq CUSUM

Tgf — T2 = LOlOTJ

Detection Rate (1) 0.70 0.76 0.68 0.65

r1e = 0.20 0.24 (0.02) 0.24 (0.02) 0.24 (0.02) 0.24 (0.02)
rip = 0.30 0.30 (0.00) 0.30 (0.00) 0.30 (0.01) 0.30 (0.01)
Detection Rate (2) 0.21 0.71 0.59 0.45

rae = 0.60 0.66 (0.02) 0.64 (0.02) 0.64 (0.02) 0.66 (0.02)
rop = 0.70 0.70 (0.00) 0.70 (0.01) 0.70 (0.01) 0.71 (0.00)
Tof — Toe = [0.157]

Detection Rate (1) 0.70 0.76 0.68 0.65

r1e = 0.20 0.24 (0.02) 0.24 (0.02) 0.24 (0.02) 0.24 (0.02)
ri = 0.30 0.30 (0.00) 0.30 (0.00) 0.30 (0.02) 0.30 (0.01)
Detection Rate (2) 0.53 0.87 0.78 0.77

rae = 0.60 0.69 (0.03) 0.65 (0.03) 0.66 (0.03) 0.68 (0.03)
ray = 0.75 0.75 (0.00) 0.75 (0.01) 0.75 (0.01) 0.75 (0.00)
Top — T2e = [0.20T

Detection Rate (1) 0.70 0.76 0.68 0.65

rie = 0.20 0.24 (0.02) 0.24 (0.02) 0.24 (0.02) 0.24 (0.02)
riy = 0.30 0.30 (0.00) 0.30 (0.00) 0.30 (0.01) 0.30 (0.01)
Detection Rate (2) 0.76 0.93 0.87 0.90

rae = 0.60 0.71 (0.04) 0.66 (0.04) 0.67 (0.04) 0.69 (0.04)
rop = 0.80 0.80 (0.00) 0.80 (0.02) 0.80 (0.01) 0.80 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.
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Table 7: Detection rate and estimates of the origination and termination dates under three
bubble DGP with different first bubble durations. Parameters are set to: yo = 100,c¢ = 1,0 =
6.79,a« = 0.6, 7 = 100,71, = |0.15T"| , 79 = [0.45T'| , 73 = |0.75T'|]. Figures in parentheses are

standard deviations.

PWY PSY Seq CUSUM

Tif — Tle = |_().1TJ, Tof — T2e = LO.QTJ, T3f — T3e = I_O.lTJ

Detection Rate (1) 0.71 0.73 0.68 0.68

re = 0.15 0.19 (0.02) 0.19 (0.02) 0.19 (0.02) 0.19 (0.02)
rip=0.25 0.25 (0.00) 0.25 (0.00) 0.25 (0.00) 0.25 (0.02)
Detection Rate (2) 0.79 0.96 0.92 0.92

roe = 0.45 0.57 (0.04) 0.51 (0.04) 0.52 (0.04) 0.55 (0.04)
rop = 0.65 0.65 (0.00) 0.65 (0.01) 0.65 (0.01) 0.65 (0.01)
Detection Rate (3) 0.00 0.73 0.81 0.01

r3e = 0.75 - 0.79 (0.02) 0.79 (0.02) 0.80 (0.03)
r3p = 0.85 . 0.85 (0.00) 0.85 (0.00) 0.85 (0.01)
Tif — Tie = [0.2T], 7oy — T2e = [0.2T'], 735 — T3 = [0.1T'|

Detection Rate (1) 0.92 0.94 0.88 0.93

rie = 0.15 0.21 (0.04) 0.21 (0.04) 0.21 (0.04) 0.21 (0.04)
riy = 0.35 0.35 (0.01) 0.35 (0.01) 0.35 (0.01) 0.35 (0.02)
Detection Rate (2) 0.13 1.00 0.95 0.27

rae = 0.45 0.60 (0.03) 0.51 (0.04) 0.50 (0.04) 0.60 (0.03)
rof = 0.65 0.65 (0.00) 0.65 (0.01) 0.65 (0.01) 0.65 (0.00)
Detection Rate (3) 0.00 0.75 0.83 0.00

rae = 0.75 ; 0.79 (0.02) 0.78 (0.02) 0.81 (0.02)
r3r = 0.85 - 0.85 (0.00) 0.85 (0.00) 0.85 (0.00)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.
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Table 8: Detection rate and estimates of the origination and termination dates under three
bubble DGP with different second bubble durations. Parameters are set to: yo = 100,c = 1,0 =
6.79,a« = 0.6, 7 = 100,71, = |0.15T"| , 79 = [0.45T'| , 73 = |0.75T'|]. Figures in parentheses are

standard deviations.

PWY PSY Seq CUSUM

Tif — Tle = |0.1T], Tof — T2e = |0.1T|, T3f — T3e = 10.27 |

Detection Rate (1) 0.71 0.73 0.68 0.68

re = 0.15 0.19 (0.02) 0.19 (0.02) 0.19 (0.02) 0.19 (0.02)
rip=0.25 0.25 (0.00) 0.25 (0.00) 0.25 (0.00) 0.25 (0.01)
Detection Rate (2) 0.17 0.74 0.64 0.37

roe = 0.45 0.51 (0.02) 0.49 (0.02) 0.49 (0.02) 0.51 (0.02)
rop = 0.55 0.55 (0.00) 0.55 (0.00) 0.55 (0.01) 0.55 (0.01)
Detection Rate (3) 0.68 0.94 0.86 0.87

r3e = 0.75 0.88 (0.03) 0.81 (0.04) 0.81 (0.05) 0.86 (0.04)
rzr = 0.95 0.95 (0.00) 0.95 (0.01) 0.95 (0.01) 0.95 (0.01)
Tif — Tie = [0.1T], Tof — T2 = [0.2T°], 735 — T3, = [0.27]

Detection Rate (1) 0.71 0.73 0.68 0.68

rie = 0.15 0.19 (0.02) 0.19 (0.02) 0.19 (0.02) 0.19 (0.02)
rip =0.25 0.25 (0.00) 0.25 (0.00) 0.25 (0.00) 0.25 (0.02)
Detection Rate (2) 0.79 0.96 0.90 0.92

rae = 0.45 0.57 (0.04) 0.51 (0.04) 0.52 (0.04) 0.54 (0.04)
rof = 0.65 0.65 (0.00) 0.65 (0.01) 0.65 (0.01) 0.65 (0.01)
Detection Rate (3) 0.13 0.96 0.92 0.22

rae = 0.75 0.91 (0.02) 0.81 (0.04) 0.80 (0.04) 0.90 (0.03)
r3r = 0.95 0.95 (0.00) 0.95 (0.02) 0.95 (0.01) 0.95 (0.01)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.
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Table 9: Detection rate and estimation of the origination and termination dates under three
bubble DGP with different third bubble durations. Parameters are set to: yo = 100,c = 1,0 =
6.79,a« = 0.6, 7 = 100,71, = |0.15T"| , 79 = [0.45T'| , 73 = |0.75T'|]. Figures in parentheses are

standard deviations.

PWY PSY Seq CUSUM

Tif — Tle = |0.2T°], Tof — T2e = |0.1T|, T3f — T3e = 10.17 |

Detection Rate (1) 0.92 0.94 0.88 0.93

rie = 0.15 0.21 (0.04) 0.21 (0.04) 0.21 (0.04) 0.21 (0.04)
rip = 0.35 0.35 (0.00) 0.35 (0.01) 0.35 (0.01) 0.35 (0.01)
Detection Rate (2) 0.00 0.75 0.84 0.01

roe = 0.45 ; 0.49 (0.02) 0.49 (0.02) 0.51 (0.02)
rop = 0.55 ; 0.55 (0.00) 0.55 (0.01) 0.55 (0.01)
Detection Rate (3) 0.01 0.76 0.68 0.05

r3e = 0.75 0.82 (0.02) 0.79 (0.02) 0.79 (0.02) 0.81 (0.02)
r3p = 0.85 0.85 (0.00) 0.85 (0.00) 0.85 (0.00) 0.85 (0.00)
Tif — Tie = [0.2T], 7oy — T2e = [0.1T'], 735 — 73, = [0.27|

Detection Rate (1) 0.92 0.94 0.88 0.93

rie = 0.15 0.21 (0.04) 0.21 (0.04) 0.21 (0.04) 0.21 (0.04)
rip =0.35 0.35 (0.00) 0.35 (0.01) 0.35 (0.01) 0.35 (0.01)
Detection Rate (2) 0.00 0.62 0.06 0.01

rae = 0.40 . 0.47 (0.00) 0.47 (0.01) 0.45 (0.03)
rof = 0.50 ; 0.50 (0.00) 0.50 (0.01) 0.50 (0.01)
Detection Rate (3) 0.01 0.76 0.17 0.06

rae = 0.75 0.82 (0.02) 0.79 (0.02) 0.81 (0.02) 0.81 (0.02)
r3r = 0.85 0.85 (0.00) 0.85 (0.00) 0.55 (0.00) 0.85 (0.00)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.
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Table 10: Detection rate and estimates of the origination and termination dates under three

bubble DGP and special examples.

0.6,7 = 100, 71, = |0.157'|]. Figures in parentheses are standard deviations.

Parameters are set to: yg = 100,¢ = 1,0 = 6.79,a =

Tif — Tie = [0.1T'] , 795 — T2e = |0.2T| , 737 — T3¢ = [0.10T"| , 79, = [0.45T| , T3¢
Detection Rate (1)

T1le = 0.15
Tlf =0.25

Detection Rate (2)

T2e = 0.45
Tgf = 0.65

Detection Rate (3)

r3e = 0.70
rap = 0.80

PWY

0.72
0.19 (0.02)
0.25 (0.00)

0.79
0.57 (0.04)
0.65 (0.00)

0.00

Tif — Tie = [0.2T) ,79f — T2e = [0.1T] , 735 — T3c = [0.10T°] , 79. = [0.40T°] , 73, = |0.75T|

Detection Rate (1)

T1le = 0.15
r1f = 0.35

Detection Rate (2)

T9e — 0.40
rof = 0.50

Detection Rate (3)

r3e = 0.75
ra; = 0.85

0.72
0.21 (0.04)
0.35 (0.00)

0.00

0.01
0.82 (0.02)
0.85 (0.00)

PSY Seq CUSUM
10.707 |

0.74 0.68 0.69

0.19 (0.02) 0.19 (0.02) 0.19 (0.02)
0.25 (0.00) 0.25 (0.00) 0.25 (0.02)
0.95 0.90 0.91

0.51 (0.04) 0.51 (0.04) 0.55 (0.04)
0.65 (0.01) 0.65 (0.01) 0.65 (0.01)
0.62 0.00 0.01

0.77 (0.00) - 0.75 (0.03)
0.80 (0.00) - 0.80 (0.01)
0.94 0.88 0.93

0.21 (0.04) 0.21 (0.04) 0.21 (0.04)
0.35 (0.01) 0.35 (0.01) 0.35 (0.01)
0.62 0.06 0.01

0.47 (0.00) 0.47 (0.01) 0.45 (0.03)
0.50 (0.00) 0.50 (0.01) 0.50 (0.01)
0.76 0.17 0.06

0.79 (0.02) 0.81 (0.02) 0.81 (0.02)
0.85 (0.00) 0.85 (0.00) 0.85 (0.00)

Note: Calculations are based on 5,000 replications. The minimum window has 12 observations.
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