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Abstract

We define a notion of correlated equilibrium for games with incomplete information in a general
setting with finite players, finite actions, and finite states, which we call Bayes correlated equilibrium.

The set of Bayes correlated equilibria of a fixed incomplete information game equals the set of
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1 Introduction

We present a notion of correlated equilibrium in games with incomplete information. Aumann (1974),
(1987) introduced the notion of correlated equilibrium in games with complete information. A number of
definitions of correlated equilibrium in games with incomplete information have been suggested, notably
in Forges (1993). Our definition is driven by a different motivation from the earlier literature; we seek
the solution concept which characterizes the set of Bayes Nash equilibria which can be sustained by some
information structure in a fixed economic setting. This leads us to suggest an equilibrium notion - Bayes
correlated equilibrium - which is weaker than the weakest definition of incomplete information correlated
equilibrium (the Bayesian solution) in Forges (1993), because it allows play to be correlated with states
that are not known by any player.

We distinguish between the "basic game" or "payoff environment" from the "information structure" or
"belief environment" in the definition of the game. By payoff environment, we refer to the set of actions,
the set of payoff states, the utility functions of the agents, and the common prior over the payoff states.
By belief environment, we refer to the type space of the game, which is generated by a mapping from the
payoff states to a probability distribution over types. The separation between payoff and belief environment
enables us to ask how changes in the belief environment affect the equilibrium set for a given and fixed
payoff environment. We introduce a natural partial order on information structures that captures when
one information structure contains more information than another. This partial order is a variation on
a many player generalization of the ordering of Blackwell (1953) introduced by Lehrer, Rosenberg, and
Shmaya (2010), (2011). We show that the set of Bayes correlated equilibria shrinks as the informativeness
of the information structure increases.

The present definition of Bayes correlated equilibrium is used prominently in the analysis of our compan-
ion paper, "Robust Predictions in Games with Incomplete Information", Bergemann and Morris (2011b).
In the companion paper, we analyze how much can be said about the joint distribution of actions and
states on the basis of the knowledge of the payoff environment alone. There we refer to “robust predic-
tions” as those predictions which can be made with the knowledge of the payoff environment alone, and
without any assumption about the belief environment. In the companion paper, the analysis was confined
to an environment with quadratic and symmetric payoff functions, a continuum of agents and normally
distributed uncertainty about the common payoff state. But this tractable class of models enabled us to
offer robust predictions in terms of restrictions on the first and second moments of the joint distribution
over actions and state. By contrast, here we present the definition of the Bayes correlated equilibrium in a
canonical game theoretic framework with a finite number of agents, a finite set of pure actions and a finite

set of payoff states. After we introduce the relevant notions, we show in Section 7 how the present results



translate into the setting with a continuum of anonymous agents that we considered in Bergemann and
Morris (2011b).

A number of papers have considered alternative definitions of correlated equilibrium in games with
incomplete information, most notably Forges (1993), (2006). In this paper, we document the relationship
between our version of correlated equilibrium and the various definitions in the literature. In the discussion
of the various definitions of correlated equilibrium, we will find it is useful to divide restrictions that
the various solution concepts impose on the joint distribution over actions, states and types into two
classes: feasibility constraints on the distributions of action-type-state profiles, which are required to hold
independently of the payoff functions, and incentive constraints which reflect the rationality of players’
choices. The only feasibility condition that we impose in defining the Bayes correlated equilibrium is a
consistency requirement that demands that the action-type-state distribution of the equilibrium implies
the distribution on the exogenous variables, namely the common prior on the payoff states and types.
In contrast, in many of the existing solution concepts, the feasibility conditions are intended to capture
the outcome of some form of communication among the agents with an uninformed mediator. It is then
natural to impose additional restriction on the action-state type distribution in equilibrium which have
to hold conditional on the agents’ types. For example, the “Bayesian solution”, the weakest of Forges’
five definitions, imposes the restriction, referred to here as join feasibility, that the distribution over states
conditional on agents’ types is not changed conditional on the mediator’s recommendations. Our notion of
Bayes correlated equilibrium is closest to the “Bayesian solution” but is strictly weaker than the Bayesian
solution, because we do not insist on join feasibility. Our notion is equivalent to the Bayesian solution if
we add a "dummy player" who observes nature’s move perfectly but does not take any actions.

A number of papers - notably Gossner (2000) and Lehrer, Rosenberg, and Shmaya (2010), (2011) -
have examined comparative statics of how changing the information structure effects the set of predictions
that can be made about players’ actions, under Bayes Nash equilibrium or alternative solution concepts.
We review these results and their relation to our new result on the comparative statics of the information
structure. We discussed above that as the agents become more informed, where information is encoded in
their type, the set of possible predictions must be reduced. As the agents have more private information,
the incentive constraints, here referred to as obedience constraints, will become tighter. The role of the
private information in refining the equilibrium prediction is important in our "Robust Prediction" agenda.
We will formalize this result here in the general framework of the current paper rather than in the specific
environment of quadratic payoff functions and normally distributed uncertainty of Bergemann and Morris
(2011Db).

We say that two information structures are informationally equivalent to each other if each is more



informed than the other. We also show that two information structures are informationally equivalent if
and only if they generate the same probability distributions over players’ beliefs and higher order beliefs.
Thus it is a corollary of our comparative result that two information structures support the same set of
Bayes correlated equilibria if and only if there are equivalent in terms of the higher order beliefs they
generate.

We also illustrate the notion of Bayes correlated equilibrium and the resulting robust predictions in a
single player two action two state game (decision problem), which is closely related to the sender receiver
problem studied by Kamenica and Gentzkow (forthcoming), where the sender is allowed to commit to a
communication strategy.

In a series of papers collected in Bergemann and Morris (2012) we have studied "robust mechanism
design" (see Bergemann and Morris (2011a) for an introductory essay). In this earlier setting, the agents
knew their own "payoff types", and while there was common knowledge of how utilities depended on the
profile of payoff types, the agents were allowed to have any beliefs and higher order beliefs about others’
payoff types. We then defined a mechanism to be robust if the social choice function or correspondence
could be truthfully implemented in the direct mechanism as a Bayes Nash equilibrium for any beliefs and
higher order beliefs about others’ payoff types. In Bergemann and Morris (2007), we discussed the game
theoretic framework underlying the analysis in the mechanism design environment. The notion of Bayes
correlated equilibrium is motivated by the same concern for robustness but it encodes a less demanding
notion of robustness. The Bayes correlated equilibrium insists that the common prior over the state
and type distribution is preserved, and in the case of the “null information structure” that the common
prior over the state alone is preserved, but all additional correlation due to unobserved communication or
information among the agents is permitted.

We proceed as follows. In Section 2, we describe a general incomplete information game and compare
Bayes Nash equilibrium with a solution concept which we call Bayes correlated equilibrium. In Section
3, we describe our robust predictions approach and explain the key role played by an "epistemic" result:
the set of Bayes correlated equilibrium probability distributions over actions, types and payoff-relevant
variables equals the set of probability distributions of actions, types and payoff-relevant variables that
might arise in a Bayes Nash equilibrium if players were able to observe additional information signals
beyond their original types.

In Section 4, we explain how the solution concept we dub "Bayes correlated equilibrium" relates to the
literature, in particular Forges (1993), (2006). In Section 5, we report results on comparing information
structures. In Section 6, we review special cases in order to illustrate the robust predictions agenda more

broadly. In Section 7, we describe analogues of our results for continuum anonymous player games, which



apply to our work in “Robust Predictions in Games with Incomplete Information”. Section 8 concludes
and contains a discussion of the relation to the signed covariance result of Chwe (2006) and the "payoff

types" environments of Bergemann and Morris (2007).

2 Bayes Nash and Bayes Correlated Equilibrium

Throughout the paper, we will fix a finite set of players and a finite set of payoff states of the world. There
are [ players, 1,2, ..., I, and we write ¢ for a typical player. We write © for the payoff states of the world
and 6 for a typical element of ©.

A "basic game" G consists of (1) for each player ¢, a finite set of actions A; and a utility function
u; : A X ©—= R; and (2) a full support prior v» € A (©), where we write A = A; x --- x A;. Thus
G = ((Ai,ui)le ,1/1). An "information structure" S consists of (1) for each player i, a finite set of types
or "signals" T;; and (2) a signal distribution 7 : © — A (T), where we write ' = 17 x --- x T7. Thus
S = ((Ti)iI:1 aﬁ)-

Together, the "payoff environment" or "basic game" G and the "belief environment" or "information
structure" S define a standard "incomplete information game". While we use different notation, this
division of an incomplete information game into the "basic game" and the "information structure" is a
standard one in the literature, see, for example, Lehrer, Rosenberg, and Shmaya (2010).

A (behavioral) strategy for player 7 in the incomplete information game game (G, S) is 8; : T; — A (4;).
Write B; for the set of strategies of player i in the game (G, S). The following is the standard definition of
Bayes Nash equilibrium in this setting.

Definition 1 A strategy profile B is a Bayes Nash equilibrium (BNE) of (G, S) if for each i = 1,2,...,1,
t; € T; and a; € A; with B; (a;|t;) > 0, we have

Yoo D> D uillanas),0)¢ ) | [18; (alty) | m((ti.t-i)10) (1)

a_;€EA_;t_;€T_; €O jF#£
> > > > ui((afa),0) ¢ (0) | [] 8 (aslty) | w ((tit—i) 16) .
a_;€A_;t_;€T_; 0O JFi

for each al; € A;.

For notational ease, we shall henceforth use the convention of describing a multiple sum through a



single summation symbol:

o> D uwillaiai), 0w 0) | [18; (aslty) | 7 (8 t-i) 10)

a_;€EA_;t_;€T_; €O e

£y wil(aan),0)90) [ 118, (aslt) | w (i) 16).

aist—i0 i
The relevant space of uncertainty in the incomplete information game (G,S) is A x T' x O, and we will
write v for a typical element of A (A x T x ©). There are two kinds of constraints imposed in defining
alternative versions of incomplete information correlated equilibrium: "feasibility" constraints and "in-
centive" constraints. Our preferred definition will impose one feasibility condition, "consistency", which
simply says that the marginal of distribution v on the exogenous variables T" and O is consistent with the

description of the game (G, S).

Definition 2 Distribution v € A (A x T x ©) is consistent for (G, S) if, for allt € T and 0 € ©, we have
S (a,t,0) = ¥ (0) 7 (10) 2)
acA

We will also impose the weakest natural incentive constraint, "obedience", that says that a player i
who knows his type ¢;, his recommended action a; and the distribution v only has an incentive to follow

that recommendation.

Definition 3 Distribution v € A (A x T x O) is obedient for (G,S) if, for each i = 1,....1, t; € T; and
a; € A;, we have

> ui((aia),0)v((ai,a), (tit-i) ,0) (3)

a—it—s,0

> Z Uu; ((a;, a_i) ,0) v((ai,a—s), (ti,t—;),0);

a—it—s,0

for all a] € A;.

Now our leading definition of correlated equilibrium for incomplete information games will be:

Definition 4 A probability distribution v € A (A x T x O) is a Bayes correlated equilibrium (BCE) of
(G, S) if it is consistent and obedient.



As we will discuss in detail below in Section 4, this is a weakening of the definition of "Bayesian solution"
in Forges (1993), with the difference that we work with a incomplete information game description that
does not integrate out payoff states and thus allows the mediator to make action recommendations that
depend on a payoff state that is observed by nobody. We will discuss in the next section why this definition
is interesting for our robust predictions agenda.

A Bayes Nash equilibrium (3 is a strategy profile in B. A Bayes correlated equilibrium v is an element
of A(AxT x ©) and thus a distribution over action-type-state profiles. To compare the two solution

concepts, we would like to discuss the distribution of action-type-state profiles generated by a BNE.

Definition 5 Distribution v € A (A X T x O) is induced by strategy profile 5 € B if, for each a € A,
teT and 0§ € O, we have

1
v(a,t,0) =4 O)m (t]0) | | 6; (ailti) - (4)
i=1

Distribution v € A (A x T x ©) is Bayes Nash equilibrium action-type-state distribution of (G, S) if there
exists a Bayesian Nash equilibrium B of (G, S) that induces it.

We also have the following important straightforward observation:

Lemma 1 Every Bayes Nash equilibrium action-type-state distribution of (G,S) is a Bayes correlated

equilibrium of (G, S).

Proof. Consistency follows immediately by summing across action profiles in equation (4) in the

definition of a Bayes Nash equilibrium action-type-state distribution. Now if v is induced by BNE (3, then

Z ui((ai7a—i)79) ((ah ) (t%t )9)

ait_i0

= ;.eui((aiaai), 7 (t]0) f[ (ajlt;), by (4)

= 5;(6;”1) > eui((%aﬂ')ﬁ)ﬂ) (0) 7 (¢10) 1;[/8]' (a;t;)
a_;t_;, VE)

>, (ailt:) gaui((a;,ai),0)w<9>w<t|0>£[ﬁj<aj|tj>,by (1)
a it i, jti

= Z w; ((aj, a—;),0) ¢ (0)m(t]0) ﬁ (ajlt;)

a_;,t_;,0 Jj=1
= ;.Gw((aéva—i) ,0) v ((ai,a), (i t-i) ,0),

which establishes the result. m



We will be interested in what can be said about actions and states if types are not observed. This

suggests the following definitions.

Definition 6 Action-state distribution p € A (A x ©) is induced byv € A (A x T x ©) if it is the marginal
of v on A x ©. Action-state distribution p € A (A x ©) is a BNE action-state distribution of (G, S) if it
is induced by a BNE action-type-state distribution of (G, S). Action-state distribution € A (A X ©) is a
BCE action-state distribution of (G,S) if it is induced by a Bayes correlated equilibrium of (G, .5).

An important special information structure is the "null" information with players knowing nothing
about the states. Formally, the null information structure Sy = <({t?})§:1 ,7r0>, where tY is the singleton
type of player i and 7° (¢°]) = 1 for each § € ©. We will abbreviate the (degenerate) incomplete
information game (G, Sp) to G. Observe that in the special case of a null information structure, the space

A x T x O reduces to A x © and the consistency condition (2) on p € A (A x ©) becomes
> pla,0) =1 (6) (5)
acA
for all § € ©; and the obedience constraint (3) reduces to
Z wi ((ai,a—;),0) p((a;,a—;),0) > Z w; ((af, a—;),0) p((ai,a—;),0); (6)
a—;,0 a_;,0

for each i =1,....I, a; € A; and a; € A;. Now the following definition is a special case of definition 4:

Definition 7 A probability distribution p € A (A x ©) is a Bayes correlated equilibrium (BCE) of a basic
game G if it is consistent (satisfying condition (5)) and obedient (satisfying condition (6)).

Another important and straightforward observation we will use is that if an action-type-state distrib-
ution v is a BCE of an incomplete information game (G, S), then the action-state distribution induced by

v is a BCE of the basic game:
Lemma 2 If pe€ A(A x 0) is induced by a BCEv € A(AxT x ©), then u is a BCE of G.

Proof. Summing consistency condition (2) across types gives consistency condition (5). Summing
obedience condition (3) across types gives obedience condition (6). ®

As we will discuss in detail below, this result is in the spirit of Proposition 4 of Forges (1993), which
shows that "any" correlated equilibrium solution concept of (G, S) generates an equilibrium of the basic

game G.



3 Robust Predictions
Consider an analyst who knows that

1. G describes actions, payoff functions depending on fundamental states, and a prior distribution on

fundamental states.
2. Players have observed at least information structure S.
3. The full, common prior, information structure is common certainty among the players.

4. The players’ actions follow a Bayes Nash equilibrium.

What can she deduce about the joint distribution of actions, types in the "information structure" S
and states? In this section, we will formalize this question and show that all she can deduce is that the
distribution will be a BCE distribution of (G, 5).

To formalize this, let S = <(Zi)z-]:1 , ¢) be a supplementary information structure, over and above S,
and suppose each agent ¢ observes a supplementary signal z; € Z;, where ¢ : © x T" — Z describes the
distribution of supplementary signals. Now (G, S, §) is an "augmented incomplete information game".
Write §; : T; x Z; — A (A;) for a behavior strategy of player i in the augmented incomplete information

game.

Definition 8 A strategy profile 5 is a Bayes Nash equilibrium of the augmented game (G,S, §) if, for
each i=1,2,....,1,t; € T;, z; € Z; and a; € A; with B; (a;| (ti,z)) > 0, we have

Z U; ((aiv a*i) 70) 1/} (9) ((tu z HB] a]|tj7 ZJ) gb ((Zl, ) | (tut 1) 79)

a_it_q,24,0 J#i

v

Z Ui ((a;’a Z)79)¢(9) tl? —t ’0 H/B aj‘tj’zj ¢((zl7 )’(tlvt 1)70>'

a_it_q,2_4,0 J#i

for each a); € A;.

Write v for the probability distribution over A x T' x © generated by strategy profile 3, so

I
v (a,1,0) = (0) 7 (110) 3 6 (=It,0) (Hm <am,zi>) .
=1

z2€Z

Definition 9 A probability distribution v € A(A X T x ©) is a BNE action-type-state distribution of
(G, S, §) if there exists a BNE 3 of (G, S, §> such that v = vg.
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Theorem 1 A probability distribution v € A (A x T x ©) is a Bayes correlated equilibrium of (G, S) if and
only if it is a BNE action-type-state distribution of (G, S, §) for some augmented information structure

S.
Proof. Suppose that v is a correlated equilibrium of (G, S). Thus
Z Uj ((aiaa—i)ae) ((az> ) (tut 1)79)

a_it_s,0

> > wi((aha),0) v ((ai,a ), (ti i), 0);

a_qt_s,0

for each i, t; € T;, a; € A; and a} € A;; and

> v(a,t,0) =1 (0) w(t]0)

acA
for all ¢ € T and # € ©. Construct an augmented information structure S = ((ZZ-){:1 ,(;5) with each
Zi = Ai and
¢ (alt,0) = v (alb,t).

Now in the augmented incomplete information game (G, S, §), consider the "truthful" strategy profile 3

with 3, (a;|ti, a;) =1 for all 4, t; and a;. Clearly, we have vz = v. Now

> uil(agam),0) 0O 7 (6 t-0)10) | [18; (st ) | & (i 2-) | (ki 8-4) )

a_it_q,24,0 J#i

= Y wi((ahan),0)v((aia), (ti,t),0),

a—jt—iz—i,0
and thus Nash equilibrium conditions are implied by the correlated equilibrium conditions on v.

Conversely, suppose that /3 is a Bayes Nash equilibrium of (G, S, 5) Now 8, (a;| (ti, z;)) > 0 implies

Z U; ((aiaa—i)ae)w(e) tht HB a]’tjyz] ¢((Zz, )|(tut ) ‘9)

a—jt—iz—i,0 J#

= Yo wil(aiam),0) v (@) ((tit=) 10) | 11685 (aslty 2)) | ¢ ((ziy =) | (B84 ,6) -

a—iyt—i,z—i,0 J#i

for each a; € A;. Thus

Do Bilail (=) Y wil(aia—),0) 0 @) ((tit-i)10) | [1 85 (asltszp) | & ((zinz—i) [ (tirt-i) ,6)

zi€Z; a—it_;i,z2—;,0 jF#i

Z ﬁz (a2| (tivzi)) Z Ui ((a;,a l) 79) ( (9) ((t% HB] a]|tjvzj) ¢((Zl> 2) | (t%t

2i€Z; a_it_g,24,0 J#i

i),0).
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But

Z ﬁz (al| (tivzi» Z U ((CL;,CL Z) 70) (0 (9> t“t H/B a]|tj7z] ¢<(zlv Z) ‘ (tl7t ) 6)

2i€Z; a—it_;i,z2—;,0 jF#i
— Z U; ((CL;,G_ ) 9) B((aza )a(tiat—i)70)
a_;,t_;,0

and thus BNE conditions imply that v is a BCE. m

An alternative formulation of this result would be to say that BCE captures the implications of common
certainty of rationality (and the common prior assumption) in the game (G, S), since requiring BNE in
some game with augmented information is equivalent to describing a belief closed subset where the game
(G, S) is being played and there is common certainty of rationality. Thus this is an incomplete information
analogue of the Aumann (1987) characterization of correlated equilibrium for complete information games
and thus - as described in more detail in the next section - corresponds to the "partial Bayesian approach"
of Forges (1993), with the difference that she works with the reduced game - integrating out the payoff
states ©.

This result characterizes the behavior consistent with common knowledge of rationality in an incomplete
information setting. Aumann and Dreze (2008) have recently given a characterization of the possible
"values" of a complete information game, i.e., the set of interim expected utilities which would be consistent
with common knowledge of rationality and payoffs of the game. They show that this set is equal to the
set of interim expected utilities that might arise in a correlated equilibrium of the "doubled" game where
each action of each player had an identical copy. We conjecture that an analogous argument will provide
an analogous result in the present incomplete information setting.

For completeness, we report the corollary that arises from applying Theorem 1 in the special case where

information structure S is null. We then have:

Corollary 1 A probability distribution u € A (A x ©) is a Bayes correlated equilibrium of basic game G

if and only if it is a BNE action-state distribution of (G, S) for some information structure S.

4 Bayes Correlated Equilibrium and the Bayesian Solution

Forges (1993) is titled and identifies "five legitimate definitions of correlated equilibrium in games with
incomplete information;" Forges (2006) describes a mistake in Forges (1993) that leads to a sixth definition,
the Bayesian solution. Bayes correlated equilibrium is a weakening of the weakest of these solutions for

an incomplete information game (G, S), the Bayesian solution. The weakening arises because we allow
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outcomes to depend on states that no player knows, while Forges’ solutions do not. In this Section, we first
(in Section 4.1) describe the Bayesian solution and explain how Bayes correlated equilibria can be seen
as Bayesian solutions if we add a dummy player who knows what the true state is but does not take any
actions. Then (in Section 4.2), for completeness, we report on the relation of Bayes correlated equilibrium
and the Bayesian solution to four stronger solution concepts surveyed in Forges (1993), (2006). Finally (in
Section 4.3), we discuss the "universal Bayesian approach" in Forges (1993), which roughly corresponds -
in our language - to Bayes correlated equilibria of the basic game (with the null information structure).
Before we start, let us highlight a few differences between our formulation of games and solution concepts
from that of Forges (1993), which may be helpful in understanding the relation. An important difference
is that we include the distribution of payoff states ©, which are not necessarily known to players, in our
solution concept, while she integrates out payoff states. Three less important differences in the formulation

that it is helpful to bear in mind are:

1. While we directly define solution concepts for (G, S) as subsets of action-type-state distributions
A (A x T x ©), she characterizes the set of equilibrium payoffs satisfying a set of restrictions which

implicitly define the solution concept in our sense.

2. While we work with a "basic game", G = ((Ai,ui)j ), describing prior and payoffs and an

i=1>
"information structure" S = ((ﬂ)le ,7r>, she distinguishes between the "decision problem with
incomplete information," (A;, uz-)f:1 and includes the prior on payoff states in her description of the

"information scheme".

3. While we and Forges (2006) allow for any finite number of players, Forges (1993) focussed on the two

player case for simplicity.

4.1 Bayesian Solution

Recall that the only feasibility condition we imposed in defining Bayes correlated equilibrium was the
consistency requirement (Definition 2) that the action-type-state distribution implied the distribution on
exogenous variables (types and states) was that of the game (G, S). If the solution concept is intended to
capture the outcome of communication among the players, perhaps by allowing for an uninformed mediator,
it is natural to impose the additional restriction that the distribution over states conditional on agents’

types is not changed conditional on the mediator’s recommendations:
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Definition 10 Distribution v € A (A x T x O) is join feasible for (G,S) if, for alla € A and t € T such
that

Zy(a,t,ﬁ) > 0,

0cO
we have
v(a,t,0) _ ¥ (0) 7 (t]9) (7)
S vlat ) > W (0)w(te)
0'co 0'co
for all 6 € ©.

This restriction is equivalent to requiring that there exists a mediator strategy f : T'— A (A) such that

v(a,t,0) =4 (0) 7 (10) [ (alt)

for all a € At € T,6 € ©. This assumption is (implicitly) maintained in all Forges’ solution concepts for
(G, S) and is made explicit in Lehrer, Rosenberg, and Shmaya (2011) and Lehrer, Rosenberg, and Shmaya
(2010) (e.g., condition 4 on page 676 in Lehrer, Rosenberg, and Shmaya (2010)).

Definition 11 A probability distribution v € A(A X T x ©) is a Bayesian solution of (G,S) if it is

consistent, join feasible and obedient.

This is the solution concept discussed in Section 4.4 of Forges (1993) and one of the two discussed in
section 2.5 of Forges (2006). Lehrer, Rosenberg, and Shmaya (2011) refer to this as a "global equilibrium."
It also corresponds to the set of jointly coherent outcomes in Nau (1992), justified from no arbitrage
conditions. Forges and Koessler (2005) provide a justification if players are able to certify their types to
the mediator.

The following is a trivial (one player) example showing that Bayes correlated equilibrium is a more
permissive solution concept than the Bayesian solution for (G, .S). Suppose there is one player, I = 1, and
two states, © = {0,9'}. Let the basic game G = (A1,u1,%) be defined by A; = {a1,a}}, ui(a1,0) = 2,
u1 (a1,0") = —1 and uy (a},0) = uy (a},0') =0, and ¢ (0) = ¢ (¢') = 3. And consider the null information
structure Sy. Consistency (5), obedience (6) and join feasibility (7) together imply that

1
p(ar,0) = ,u(al,e’) =5 and p (all,ﬁ) =i (a’l,H’) —0.

—~

This is thus the unique Bayesian solution. However, consistency (5) implies only that

p(ar,0) + p (a/ho) =

(0 ) 4 (dh.0) =

N =N =
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and obedience (6) implies only that

DO
=
—

S

=

S
~—

|
=
—
S
—
=
SN—
v
S

2,u(a'1,9)—,u(a'1,0’) < 0.

There are many Bayesian correlated equilibria satisfying the above constraints. The one maximizing the
player’s utility has
1
plar,0) =p(ah,d) = 5 and i (a1,0") = p(ay,0) =0.

In Section 4.5, Forges (1993) discusses how more solution concepts are conceivable, including by dropping
join feasibility, and gives an example like the above illustrating this point.

We can link Bayes correlated equilibria to the Bayesian solution in two ways. First, say that an
information structure has no distributed uncertainty if combining the agents’ information would allow

them to deduce the state 6. Thus:

Definition 12 Information structure S satisfies no distributed uncertainty if there exists g : T — © such

that 7 (t]0) > 0= 0 = g (¢)

An important class of environments where this condition will always be satisfied is private value en-
vironments. This would be modelled in our language by setting © = ©1 x --- x O, each T; = ©; and

let

1, if t=0;
m{t16) = 0, if t#0
, i )

As an example, in Bergemann, Brooks, and Morris (2011) we study first price auctions where bidders
know their own values of a signal object. This is a private value environment and thus has no distributed
uncertainty. By the next observation, the Bayesian solutions and Bayes correlated equilibria coincide in
this setting.

Now we have:

Lemma 3 If S satisfies no distributed uncertainty then any consistent v € A (A x T x ©) is join feasible
and thus, for any basic game G, any Bayes correlated equilibrium of (G, S) is a Bayesian solution of (G, S).

Secondly, given any incomplete information game (G, S), we can add an extra "dummy player" 0 who
has only a trivial action choice but who observes the state §.! The Bayesian solutions of the game with

the dummy player added will correspond to the Bayes correlated equilibria. Formally, fix a basic game

'"We are grateful to Atsushi Kajii for suggesting that we pursue this dummy player interpretation of Bayes correlated

equilibrium.
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G = ((Ai,ul-)le ,11}) and information structure S = ((Ti)le ,7r). Consider the modified basic game

~ ~ I ~ ~
G = <(AZ, ai)i:() ,@D) with AO = {ao}, Al = Az for i = 1, ceuy I and ﬂz ((ao, (aj)§:1> ,9) = U; ((aj)Jl':l ,0)
for i =1,...,I (the form of up does not matter since the dummy player 0 does not have any action choice);

~ I - ~
and modified information structure S = ((E) o ,%’), with 7o =0, T; =T, fort =1, ..., I and
1=

7 ((to (811 16) = w(@r0), i =0

0, it to £ 6.

Say that distribution v € A (/T x T x @) corresponds to distribution v € A (A x T x ©) if

N ) if to=0;
A A ) B N

Now we have:

Lemma 4 Distribution v € A (A x T x ©) is a Bayes correlated equilibrium of (G, S) if and only if the
corresponding v € A (A x T x @) is a Bayesian solution of the game (CNJ, §> with added dummy player.

4.2 Four More Solution Concepts

We now describe four more definitions of correlated equilibrium for an incomplete information game (G, S)
from Forges (1993), (2006) which strengthen the Bayesian solution. It is useful to divide restrictions into
two classes: feasibility constraints on the distribution of action-type-state profiles, which are required to
hold independent of the payoff functions, and incentive constraints which are rationality constraints on
players’ action choices. The closest solutions to our notion of Bayes correlated equilibrium rely only on
additional feasibility constraints, maintaining obedience as the only incentive compatibility constraint.
The Bayesian solution concept allowed players to learn about other players’ types from the mediator’s

recommendation. The following condition removes this possibility:

Definition 13 Distribution v € A (A x T x ©) is belief invariant for (G, S) if, for all t; € T; and a; € A;
such that

((a‘% ) (t’ut Z) ,0) > 07
a_;€EA_;t_;€T_;,0€0

we have
> vllana), (tit),0) > (0)w ((ti,t-i)16)
a_iEA_i,QEG _ 0cO (8)
> v ((ai,a—s), (ti, ;) ,0) S wO)w ((tit,)10)
a_j€A_;t' €T _;,0€0 t' ,€T_;,0€0

for eacht_; € T_;
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This is condition 3 on page 676 in Lehrer, Rosenberg, and Shmaya (2010). As Forges (2006) puts it,
"the omniscient mediator can use his knowledge of the types to make his recommendations but the players
should not be able to infer anything on the others’ types from their recommendations." This restriction is

added to give the first strengthening of the Bayesian solution:

Definition 14 A probability distribution v € A(A X T x ©) is a belief invariant Bayesian solution of

(G, S) if it is consistent, join feasible, belief invariant and obedient.

This is the second solution concept discussed in Section 2.5 of Forges (2006); it was discussed informally
in Section 4.4 of Forges (1993) but it was then mistakenly claimed that it was equivalent to agent normal
form correlated equilibrium. This solution concept is also used in Lehrer, Rosenberg, and Shmaya (2010),
(2011). Because they do not work with the reduced game, i.e., they explicitly discuss payoff states like ©,
it follows that they must explicitly impose a join feasibility restriction.

The belief invariant Bayesian solution allows the mediator to use information about players’ types to
make a recommendation to players. Suppose that the mediator has no information about the players’ types
when deciding what strategy to recommend as a function of the players’ types. This is reflected in the next
feasibility restriction. A pure strategy in the incomplete information game is function b; : T; — A;. Write

B; for the set of pure strategies of agent i and B for the set of pure strategy profiles, B = By X --- X By.

Definition 15 Distribution v € A (A x T x ©) is agent normal form feasible for (G,S) if there exists
q € A(B) such that

via,t,0) =v @) to) > q(b) (9)

{beBb(t)=a}
for eachae A, t €T and 0 € ©.

One can show that agent normal form feasibility implies belief invariance. This restriction is added to

give the second stronger solution concept:

Definition 16 A probability distribution v € A (A X T x O) is an agent normal form correlated equilib-
rium of (G,S) if it is consistent, join feasible, agent normal form feasible (and thus belief invariant) and

obedient.

This is the solution concept discussed in Section 4.2 of Forges (1993) and Section 2.3 of Forges (2006). It
corresponds to applying the complete information definition of correlated equilibrium to the agent normal
form of the reduced incomplete information game. It was also studied by Samuelson and Zhang (1989)

and Cotter (1994). The solution concept only makes sense on the understanding that the players receive
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a recommendation for each type but do not learn what recommendation they would have received if they
had been different types. If they did learn the whole strategy that the mediator choose for them in the

strategic form game, then an extra incentive compatibility condition would be required:

Definition 17 Distribution v € A (A x T x O) is strategic form incentive compatible for (G,S) if there

exists such that

via,t.0) =y @)x (o) > qb) (10)

{bEB|b(t)=a}
for each a € A, t € T and 0 € ©; and, for each i = 1,....1, t; € T;, a; € A; and b; € B; such that

b; (t;) = a;, we have

> ¥ (0) m (t]0) > q (bi,0—i) | ui ((ai,ai),0) (11)

a_;€EA_;t_;€T_;,0€0 {b_i€B_;|b_i(t—;)=a—_;}

> > ¥ (0) 7 (]6) > q (biyb—) | wi ((a},a—;),0)

a_;€A_;t_;e€T_;,0€0 {b—ieB—i“?—i(t—i):(l—i}
for all a; € A;.

Note that this condition implies both agent normal form feasibility and obedience. This restriction

gives the third stronger solution concept:

Definition 18 A probability distribution v € A (A x T x ©) is a strategic form correlated equilibrium of
(G, S) if it is consistent, join feasible and strategic form incentive compatible (and thus agent normal form

feasible, belief invariant and obedient).

This is the solution concept discussed in Section 4.1 of Forges (1993) and Section 2.2 of Forges (2006).
This solution concept was studied by Cotter (1991).

Thus far we have simply been adding restrictions, so that the solution concept have become stronger
as we go from Bayesian solution, to belief invariant Bayesian solution, to agent normal form correlated
equilibrium, to strategic form correlated equilibrium. For the Bayesian solution, an omniscient mediator
who observes players’ types for free is assumed. For agent normal form and strategic form correlated
equilibrium, the players’ types cannot play a role in the selection of recommendations to the players. An
intermediate assumption is that the players can report their types to the mediator, but will do so truthfully
only if it is incentive compatible to do so. Write £, : T'x© — A for the mediator’s recommendation strategy

implied by v € A (A x T x O), so that, for each t € T and 0 € © with Z v(d,t,0) >0,
a' €A
v(a,t,0)

z:y(a’,t,@)7

a’€A

¢, (alt,8) = for each a € A.
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Definition 19 Distribution v € A(A X T x ©) is truth telling for (G,S) if, for each i = 1,...,1 and
t; € T;, we have
> P (0) m ((ti,t-i)10) &, (@i, a—i) [ (Lis1—i) , 0) wi ((ai, a—i) ,0) (12)
acAjt_,€T_;,0€0

> > P (0) 7 ((ti, t-i)10) &, ((aira—i) | (8, t—i) ,0) ui ((6i (as) ,a—i),0) ;

acAt_,€T_;,0€0

for allt, € T; and 6; : Aj — A;.

Note that this condition implies obedience (Definition 3). One can show that this condition is implied

by strategic form incentive compatibility. Now we have the fifth solution concept:

Definition 20 A probability distribution v € A (A x T x O) is a communication equilibrium of (G, S) if

it is consistent, join feasible and truth-telling (and thus obedient).

This is the solution concept discussed in Section 4.3 of Forges (1993) and Section 2.4 of Forges (2006),
and developed earlier in the work of Myerson (1982) and Forges (1986).

Thus we have Forges’ five solution concepts for the incomplete information game (G, S):

1. Bayesian solution (Definition 11);

2. Belief invariant Bayesian solution (Definition 14);

3. Agent normal form correlated equilibrium (Definition 16);
4. Strategic form correlated equilibrium (Definition 18); and

5. Communication equilibrium (Definition 20).

As documented by Forges (1993), (2006) and implied by the above definitions, we have that the Bayesian
solution [1] is weaker than the belief invariant Bayesian equilibrium solution [2], which is weaker than the
agent normal form correlated equilibrium [3], which is weaker than the strategic form correlated equilibrium
[4]; and also the Bayesian solution [1] is weaker than communication equilibrium [5] which is weaker
than strategic form correlated equilibrium [4]. Examples reported in Forges (1993), (2006) show that
each weak inclusion is strict and that the belief invariant Bayesian solution [2] and agent normal form
correlated equilibrium [3] cannot be ranked relative to communication equilibrium [5]. Our definition of
Bayes correlated equilibrium is weaker than the Bayesian solution, the weakest of Forges’ five, because we

do not maintain join feasibility.
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4.3 The Universal Bayesian Approach

In Section 6, Forges (1993) considers a "universal Bayesian approach" in which a prior "information scheme"
(in our language, prior on © and information structure) is not taken as given. Thus her "universal Bayesian
solution" is defined for (A4;, ui)le. Expressing her ideas in the language of action-state distributions, she

studies the following solution concept.

Definition 21 A probability distribution p € A (A x ©) is a universal Bayesian solution of (Ai,ui){zl if
it satisfies (6).

Thus a probability distribution u € A (A x ©) is Bayes correlated equilibrium of G = ((Ai, ui)le ,¢>
if and only if it is a universal Bayesian solution and satisfies (5). Recall that Corollary 1 showed that p €
A (A x ©) is a Bayes correlated equilibrium of the basic game G if and only if there exists an information
structure S and a Bayes Nash equilibrium action-type-state distribution v € A (A x T x 0) of (G, S)
which induces p € A (A x ©). This then corresponds to Forges’ Proposition 4 when applied to the solution
concept of Nash equilibrium (although she states the results in terms of equilibrium payoffs rather than
distributions). As she notes, her Proposition 4 is a natural incomplete information generalization of
Aumann (1987) and our Theorem 1 and Corollary 1 are also incomplete information generalizations of

Aumann (1987) stated in different terms.

5 Comparing Information Structures

An important result for our robust predictions agenda is that as players become more informed, the set
of possible predictions must be reduced, since obedience constraints will become tighter. Put like this, it
sounds like a tautology. The subtle part of presenting a formal version of this claim is identifying the right
notion of "more informed than" under which it is true. In this Section, we first introduce our notion of more
informed than (Section 5.1) and show that it is necessary and sufficient for reducing the set of predictions
(Section 5.2). Our notion of "more informed than" is a variant of the notion of "non-communicating
garbling" of Lehrer, Rosenberg, and Shmaya (2010), (2011). We study the relation in detail (in Section
5.3) and describe existing results of Gossner (2000), Lehrer, Rosenberg, and Shmaya (2010), (2011) (in
Section 5.4).

5.1 "More Informed Than"

Our formal definition of "more informed" works as follows. We require that there exists a joint distribution

over states and signals in both information structures such that (i) the marginals on each information
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structure are correct; and (ii) from the point of view of each individual player, information in the less
informed information structure is a garbling of information in the more informed one. Thus we have the

following formal definition:

Definition 22 Information structure S is more informed than S’ if there exist o : T x © — A (T") and,

for each i, & : T; — A(T}), such that

o (£10) = o (¢|t,60) 7 (¢]6) (13)

teT

for each t' € T' and 0 € ©, satisfying also that for eachi=1,...,1, t; € T;, t, € T},

77

S o ((Ht) [ (tinti),0) = & (ti]t:) (14)
t,eT’,
forallt_, € T_; and 0 € O.
If S is more informed than S’, we refer to o as the mapping transforming S into S’. Information structure

S is informationally equivalent to S" if S is more informed than S’ and S’ is more informed than S.

It is easy to check that if @ is a singleton, then any information structure is informationally equivalent
to any other.

Informational equivalence has an characterization in terms of higher order belief equivalence.

I
i=1"

Definition 23 Two information structures S' = ((Tzl) 771> and S? = ((Tf)ilzl ,772> are higher order
belief equivalent if there exists a third type space S* = ((T*)f:l ,7r*> and, for each i, fi1 : Ti1 — T and

f2:T? — T7 such that (1) for all k, t* and 0,

o ({t’“\fk <tk) - t*} ye) =t (t]9) ; (15)

(2) for allk, i, t; € TF, 0, ¢’
7Tk (tlw) _ 7['* (flk (t,) ’9) 16
() w ()0 (16)

7

It is easy (but notationally burdensome) to show that two information structures are higher order
belief equivalent in this sense if and only if, for any prior over states, they generate the same probability
distribution over beliefs and higher order beliefs (i.e., Mertens-Zamir types). We present a formal

statement of this equivalence in the appendix where we also give the proof of the following lemma:

Lemma 5 Two information structures are informationally equivalent if and only if they are higher order

belief equivalent.
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We can also interpret our definition of the "more informed than" relation directly by observing that
the "augmentation" of information we discussed in Section 3 is a canonical way of making an information
structure more informed in the sense of the definition. To see this, recall that we considered an information
structure S = ((TZ){:1 ,77) and an "augmentation" of that information structure, S = ((ZZ-)iI:1 ,qﬁ), where
¢: OxT — Z. Taken together, S and S describe a new information structure SoS = <(Zz X Ti)i[:1 ,po 7r>,
where pom:0 — A ((ZZ X TZ-)iI:1> is defined by

dor ((ant)a]0) =7 (1] 0) o (0| )1 6).
Now we have:

Lemma 6 Information structure S oS is more informed that S, for any information structure S and

augmentation S.

Proof. Fix information structure <(TZ)ZI:1 ,77) and augmentation S = <(Zi)iI:1 ,¢>.
Define o : (Z; x Ti)Z.I:1 X 0O — (Ti)f:l and &, : Z; x T; — A (T;) by:

17 if (ft\;)l[:l = (tZ)ZI:17

0, if otherwise.

o ((tz’)le) (Zij")il:l ’0) -

and
- 1, if  t=t;
& (til (zi,ti)) =

0, if otherwise.

Now observe that

Z o <(ti)i1:1‘ (Zi’a)le ’9) gom ((z@,fz)le‘ 9)
teT zeZ

= Y gonr ((zi,ti){:1’ 0)

ze€Z

= 7 ((ti)z‘lzl‘ 9) 5

and

g (o2 ti’tf’i Zi ]7 y ti,t,i ’0 — o t“til 2 Ii , tl,tfl 79 _ 9 7 79
t_eT (( )| ( .7)]71 ( ) ) (( )} ( J)]fl ( ) ) 0’ ’ otherwise;

= & (il (z,13)) -
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We omit the straightforward proof of transitivity of the "more informed than" relation:

Lemma 7 If information structure S is more informed than S’ and S’ is more informed than S” then S

is more informed than S".

Now we can use the previous two results to give a tighter characterization of the relation between

augmented information structures and the "more informed than" relation:

Lemma 8 Information structure S is more informed than S’ if and only if there exists an augmentation

S such that S is informationally equivalent to Sog.

Proof. Suppose that S is more informed than S’. Consider the augmentation S = <(ZZ~)iI:1 ) ¢) where
each Z; = T; and ¢ : T' x © — T is defined by
7 (t|0) o (¢'|t,0)

Zﬂ' (ﬂ&) o (t’|%v, 9)'

teT

¢ (tlt',0) =

To see that S is more informed than So S, let 5: T x © — A ((Tz X Ti’)f:1> and EZ : Ty — A(T; x T)) be
defined by
0| #).0), i (@), = ()l

0, if otherwise.

(a0 =] 7

and
E’L (( 7»7t1)‘ tzl) = 1 ( Z‘ 7/) 1 t — ]tz

0, if otherwise.

Now observe that
$or <(ti,t;)f:1‘ 0) = (L,
o (1] )Ly .0)
)] ()i 0)

and

I . -~
<tj>j_1,e), TR
t_,€T_;t" €T’ 0, if otherwise.

& (), if  ti=ts

0, if otherwise.

S a (@) e e) = {t,ﬂl )

= & ()]
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To see that S 0§’ is more informed than S, let & : (T} X Ti')iI:1 x©O — A(T)and & : T; x T] — A(T;) be
defined by

. ~\ 1 I
~ 1, if t;). = (t; i=1
5((%‘){:1’ (ti,t;);ﬁ) — | ( )2:1 (. )iz1
0, if otherwise;
and

& (il (i,17) =

0, if otherwise.
Now observe that

S (| @), 0) oo ()] 0)

teT,t'eT!

and
Loif f =t
teT_; 0, if otherwise;

= & (4l (1)

Now suppose that S is informationally equivalent to S oS’ This in particular means that S is more
informed than S o §’. By Lemma 6, S o S’ is more informed than S’. So by transitivity (Lemma 7), S is

more informed than S’. m

5.2 Comparative Statics of Information

We present the main result of this paper showing that more information reduces the set of Bayes corre-
lated equilibria. Let us write BCFE (G, S) for the subset of A (A x ©) consisting of all BCE action-state
distributions of (G, S). We say that information structure S is "BCE-larger" than S’ if it supports more

outcomes in Bayes correlated equilibrium. Thus:

Definition 24 Information structure S’ is BCE-larger than information structure S if BCE (G,S) C
BCE (G, S) for all games G. Information structure S’ is BCE-equivalent to information structure S if S’
is BCE-larger than S and S is BCE-larger than S'.

Now we have:
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Theorem 2 S’ is BCE-larger than S if and only if S is more informed than S'.

We will prove below that if S is more informed than S’, then S” is BCE-larger than S. The method
of proof is to show that if S is more informed than S’, we can take any game G and BCE action-state
distribution of (G, S) and show by construction that it is also a BCE action-state distribution of (G, S").
We use the fact that S is more informed than S’ (and thus give rise to stronger obedience constraints) in
constructing the BCE for (G, 5").

We prove the converse in the appendix (Section ?7). The method of proof is as follows. We fix an
information structure S and consider a class of "higher order beliefs" games Gg. indexed by ¢ > 0 with
the property that players can report e-approximations of their higher order beliefs about ©. We show that
(Gs,e,S) will have a BCE where all types in S report their types truthfully, giving rise to an action-state
distribution p*. Now consider an information structure S’ which is BCE-larger than S. We must have that
for every € > 0, (Gs,,S’) has a BCE inducing action-state distribution p*. We show that this property
implies that S is more informed than S’.

Proof. We will prove here that if S is more informed than S’, then S’ is BCE-larger than S. In
particular, let v € A (A x T x O) be any BCE of (G, S). We will construct v/ € A (A x T" x ©) which is
a BCE of (G, S") which gives rise to the same action-state distribution as v.

Write V; (ai, al,t;) for the expected utility for agent ¢ under distribution v if he is type t;, receives

recommendation a; but chooses action af, so that

Vi (CLZ‘, a;,ti) é Z U; ((ag, CL_Z') ,0) 1% ((ai,a_i) s (ti,t_z‘) ,9) .

a_;€A_;t_;€T_; 0€O

Now - by Definition 3 - for each i = 1,..., I, t; € T; and a; € A;, we have
Vi (@i, a5, t;) > Vi (i, aj, ;) (17)
for each a} € A;; and, by Definition 2, for all ¢t € T' and 0 € O, we have

> v(a,t,0) =1 (0) m(]0). (18)

a€A

Now suppose that S is more informed than S’ and that o is the mapping that transforms S to S’ in that
definition. Define v/ € A (A x T" x O) by

v (a,t’, 0) = Z v(a,t,0)o (t'|t, 9) . (19)

teT
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By construction, for all ' € T" and 6 € O,

Z V(a,t',0) = Z v(a,t,0) 0 ('|t,0), by (19)

acA a€AgteT

= > v @) (to)o (¢'|t.0), by (18)

teT
= ¢ (0)7' (¢'|f), because o transforms S to 5.

Thus v/ satisfies the consistency condition (Definition 2) to be a BCE of (G,S’). Symmetrically, write
V! (ai, al, t}) for the expected utility for agent ¢ under distribution v/ if he is type ¢, receives recommendation
a; but chooses action af, so that

Vi (ai,aj, t;) = Z u; ((af, a—) ,0) V' ((ai,a—), (t;,t;) ., 0).

a_;€A_;t' €T’ 0O

Now /' satisfies the obedience condition (Definition 3) to be a correlated equilibrium of (G, S’) if for each
i=1,..,I,t, €T and a; € A;,
Vi (ai, ai ;) = V] (i, 0, 1))

for all a] € A;. But

%4 (al,az,t;) = Z ui((a;,a l) ,H)V ((al, i), (t' t ),9)

a_;€A_t" €T’ 0cO

= Z Uj ((a;,a z) 7‘9) ((aiya—g), (tit—;),0)0 (tl|t79) )
a_;€A_;t' €T’ .0cOteT
by the definition of v/, see (19)

= Z Uq ((a;, a_i) ,(9) 14 ((ai, a_i) N (ti,t_i) ,9) Z o ((t;‘,tl_i) ’ (ti,t_z') ,9)

a_;€A_;,teT,0€O t €T,

= > u; ((af, a—;) ,0) v ((ai,a—), (ti,t—),0)& (Lilti),

a_;€A_; teT,0€O

= )& (k) > u; ((ahya—s),0) v ((as,a_;), (ti,t—s),0)

t, €T} a_;€EA_;t_;€T_; 0€0
= Z é-l t/’t U,Z,CL ) . (20)
t;€T;

Now for each i = 1,...,I, t; € T/ and a; € A;,

Vi (ai,a:,t;) = Z & (tilti) Vi (ai, ais t;) , by (20)
t,€T;
> > & (tilt) Vi (ai, af, i) , by (17) for each t; € T;
t;€T;

= V/ (az,az, 1) by (20)
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for each a € A;. Thus v/ is a BCE of (G, S’). By construction v’ and v induce the same distribution in
A (A x ©). Since this argument started with an arbitrary BCE v of (G, S) and an arbitrary G, we have
BCE (G,S) C BCE(G,S') for all games G. m

An immediate corollary of our result is:

Corollary 2 Information structure S’ is BCE-equivalent to S if and only if S’ is informationally equivalent

to S'.

This result can be seen as the common prior / incomplete information correlated equilibrium analogue
of an non-common prior / incomplete rationalizability result of Dekel, Fudenberg, and Morris (2007).
Dekel, Fudenberg, and Morris (2007) suggested a weak definition of incomplete information rationalizability
("interim correlated rationalizability") that captured the implications of common certainty of rationality.
It was weaker than some alternative definitions in not imposing restrictions on how a player might believe
that opponents’ behavior was correlated with payoff states; in particular, the correlations could convey
information not known to any player. Dekel, Fudenberg, and Morris (2007) showed that two types in any
type space were equivalent in terms of interim correlated rationalizable actions in all games if and only if
they mapped to the same Mertens-Zamir hierarchy of higher order beliefs about O.

The definition of Bayes correlated equilibrium in this paper is weaker than alternative definitions of
incomplete information correlated equilibrium in allowing arbitrary correlation with payoff states. It is the
natural equilibrium / common prior analogue to the solution concept of interim correlated rationalizability.
It captures the implications of common certainty of rationality and the common prior assumption (assum-
ing no further feasibility restrictions are imposed). Corollary 2 shows that the set of BCE action-state
distributions of (G, S) are the same as the set of BCE action-state distributions of (G, S’) for all games G
if and only if S is informationally equivalent to S’; and, as we noted above, S is informationally equivalent
to S’ if and only if they generate the same probability distribution over Mertens-Zamir hierarchies.

We can add a further connection. Ely and Peski (2006) consider a finer definition of incomplete
information rationalizability that does not allow unexplained correlation between an opponent’s behavior
and the payoff state: Dekel, Fudenberg, and Morris (2007) call this solution concept "interim independent
rationalizability." Ely and Peski (2006) show that two types in any type space are equivalent in terms of
interim independent rationalizable actions in all games if and only if they mapped to the same "hierarchies
of conditional beliefs" that they describe. The Bayesian solution can be seen as an equilibrium / common
prior analogue of interim independent rationalizability. And Tang (2010) has shown that two information
structures are "Bayesian solution equivalent" to each other if and only if they give rise to the same

probability distributions over "hierarchies of conditional beliefs," i.e., the hierarchies introduced by Ely
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and Peski (2006).

5.3 Garblings

Lehrer, Rosenberg, and Shmaya (2010), (2011) introduced an elegant language for comparing information
structures. Our "more informed than" relation is a variation on one of their conditions. In this Section,
we review their language and discuss the connection with our "more informed than" relation. In Section
5.4, we discuss the results on the impact of changing information structures on the set of equilibria that

they and Gossner (2000) have derived for other solution concepts.

Definition 25 Information structure S’ is a garbling of S if there exists & : T — A (T') and satisfying

o (#10) = " w(t0) € (¢]t)

teT

for each t' € T and 6 € ©. The map & is called a garbling that transforms S to S’.

This says that the join of the information in S’ is a garbling in the sense of Blackwell (1951) of the join

of the information in S. Garbling & is non-communicating if, for each i =1,....I, t; € T;, t; € T;,

Z ¢ (( | (ti, b Z ()] (ti, 1))

' ET., ' LET,
for all t,i,%:i el ;

Definition 26 Information structure S’ is a non-communicating garbling of S if there exists a non-

communicating garbling & that transforms S into S'.

This condition requires that each player’s information in S’ is a Blackwell garbling of his information in
S. If garbling £ is a non-communicating garbling, we write &; (¢/|t;) for the (¢_; independent) probability

of ¢ conditional on t;, i.e.,

() = Z ¢ (( )| (tit=i) -

Garbling ¢ is coordinated if there exist A € A ({1, ..., K}) and, for each i, &; : T; x {1, ..., K} — A (T};) such
that

foreacht €T and t' € T".

Definition 27 Information structure S’ is a coordinated garbling of S if there exists a coordinated garbling

& that transforms S into S'.
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A garbling is independent if it is coordinated with K = 1, so that there exists, for each i, &; : T; — A (T5)
such that

I
¢(t']t) = Hﬁi (tilt:)
i=1
foreacht €T and t' € T".

Definition 28 Information structure S’ is an independent garbling of S if there exists a independent

garbling & that transforms S into S’

Lehrer, Rosenberg, and Shmaya (2010), (2011) note that, by definition, an independent garbling is a
coordinated garbling, a coordinated garbling is a non-communicating garbling and a non-communicating
garbling is a garbling, and present elegant examples showing that none of the reverse implications is true.

Our Definition 22 says that an information structure S is more informed than information structure S’
if S’ is non-communicating garbling of S in the sense of Definition 25, with the twist that we allow £ to be
a function of © as well as T. Thus if S’ is a non-communicating garbling of S, then S is more informed
than S’. But a robust example in the Appendix (Section 9.4) shows that the converse is not true.

One way to further understand the connection is to introduce a 0th "dummy player" (as we did in
Section 4.1) into both information structures S and S’ who observes 6 perfectly under both information
structures. Write (as we did in Section 4.1), S and S’ for the information structures that arise if we add

the dummy player. Now we have:

Lemma 9 Information structure S is more informed than information structure S’ if and only if S is a

non-communicating garbling of information structure S.

5.4 The Existing Literature

Say that an information structure S is larger than S’ under a given equilibrium concept if, for every game
G, every action-state distribution induced by an equilibrium of (G, S’) is also induced by an equilibrium
of (G, S). Information structure S is equivalent to S’ under a given equilibrium concept if S is larger than
S’ and S’ is larger than S under that equilibrium.

Theorem 2.8 in Lehrer, Rosenberg, and Shmaya (2011) shows that

1. Two information structures are equivalent under Bayes Nash equilibrium if and only if they are

independent garblings of each other.

2. Two information structures are equivalent under Agent Normal Form correlated equilibrium (Defin-

ition 16) if and only if they are coordinated garblings of each other.
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3. Two information structures are equivalent under the Belief Invariant Bayesian Solution (Definition

14) if and only if they are non-communicating garblings of each other.

Lehrer, Rosenberg, and Shmaya (2011) note that it is a Corollary 2 - that two information structures
are equivalent under Bayes correlated equilibrium if and only if they are informationally equivalent - has
the same format as the above results in Lehrer, Rosenberg, and Shmaya (2011), and could surely be shown
elegantly and more directly using their methods.

Lehrer, Rosenberg, and Shmaya (2011) do not report results for the "larger than" relation, like our
Theorem 2. The intuitive explanation why we would not expect such results to exist is that "more
information" or "less garbling" will generally (under solution concepts stronger than Bayes correlated
equilibrium) add incentive constraints but also remove feasibility constraints. We were able to prove a
"arger than" characterization because the BCE solution concept ensures that feasibility constraints do
not change as the informativeness of the information structure increases.

To further understand the connection, we can re-interpret our result as a "larger than" result about
the Bayesian solution if we impose constraints on the information structures being compared to make sure

that feasibility constraints do not change.

Corollary 3 Consider two information structures S and S’ with the property that there is a player who
perfectly observes the state 6 under both S and S’. Then S’ is Bayesian solution larger than S if and only

if 8" is a non-communicating garbling of S.

This follows easily from Theorem 2 and our observations about adding dummy players in Sections 4.1
and 5.3.

Lehrer, Rosenberg, and Shmaya (2010) consider common interest games. Say that information structure
S is better than S’ under a given solution concept if, for every common interest game G, the maximum

(common) equilibrium payoff is higher in (G, S) than (G, S’). They show:

1. (Theorem 3.5) Information structure S is better than S’ under Bayes Nash equilibrium if and only

if S” is a coordinated garbling of S.

2. (Theorem 4.2) Information structure S is better than S’ under Agent Normal Form correlated equi-

librium (Definition 16) if and only if S’ is a coordinated garbling of S.

3. (Theorem 4.2) Information structure S is better than S’ under Strategic Form correlated equilibrium

(Definition 18) if and only if S’ is a coordinated garbling of S.

4. (Theorem 4.5) Information structure S is better than S’ under the Belief Invariant Bayesian Solution

(Definition 14) if and only if S’ is a non-communicating garbling of S.
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5. (Theorem 4.6) Information structure S is better than S” under Communication equilibrium (Defini-

tion 20) if and only if S’ is a garbling of S.

Gossner (2000) studies Bayes Nash equilibrium only as a solution concept. His focus is on complete
information games but also reports results for incomplete information games. The idea of his results is
that more correlation possibilities are better for the set of BNE that can be supported. To state Gossner’s
result, write BN E (G, S) for the set of BNE action-state distributions of (G, S) (see Definition 6), i.e., the
set of distributions on A x © that can be induced by a BNE of (G, S).

Definition 29 Information structure S is BNE-larger than information structure S’ if BNE (G, S’) C
BNE (G, S) for all basic games G.

An independent garbling ¢ is faithful if whenever for each i, t; € T; and t; € T} with &; (¢|t;) > 0, we

have

06 3 w010 | 1 (41)

v (0) 7 ((¢,t;)10) _ t_eT_; i
Z ¥ (5) ' ((tg,izi) |§> Z (0 (5) @ ((tm‘f@') |5)
i €T ,.0€0 t_;€T_;,0€0

forall t’ , € T', and 6 € ©.

Definition 30 Information structure S’ is a faithful independent garbling of S if there exists a faithful
independent garbling & that transforms S into S’.

Intuitively, this states that information structure S allows more correlation possibilities than S’ but

does not give more information about beliefs and higher order beliefs about payoff states. Now we have:

Proposition 1 Information structure S is BNE-larger than S’ if and only if S’ is a faithful independent
garbling of S.

This is Theorem 19 in Gossner (2000). [In the briefly described (Section 6) statement of Gossner’s result,
his definition of BNE-larger ("richer" in his language) refers only to distributions over action profiles, and
not over action profiles and ©; however his arguments would apply the above result.] An interesting special
case is when S’ is uninformative, i.e., contains neither information about © nor correlation opportunities,

so that there exist, for each ¢, \; € A (T}) such that

1

o (¢10) = ] X ()

=1
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for all ' € T" and 6 € O. In this case, BNE (G, S’) is just equal to the independent distributions over
actions generated by Nash equilibria in the basic game G. This S’ is a faithful independent garbling of S
for any S which is not informative about ©: simply set

I

& (1) =TT (%)

i=1
forallt’ € T"and § € ©. Now BNE (G, S) contains BNE (G, S”) because there are weakly more correlation

possibilities in S.

6 The Robust Predictions Agenda

An important motivation for the analysis of the Bayes correlated equilibria is that they represent a robust
prediction for an observer who knows that the game G is being played, but only knows that players have
at observed information structure S but does not know if they have observed more. In Bergemann and
Morris (2011b), we examine BCE in a class of continuum player, continuum action, symmetric, linear best
response games. In Section 7 below, we discuss how the (finite player, finite action) results of this paper can
be adapted to that setting. In Bergemann, Brooks, and Morris (2011), we study Bayes correlated equilibria
of a first price auction with finitely many valuations and a continuum of bids, and then characterize which
information structures increase and decrease the seller’s revenue in that setting. In this Section, we will
briefly illustrate the logic of the approach by considering Bayes correlated equilibria in the degenerate case
of single player games.

The idea of characterizing what might happen across a range of information structures naturally arises
in a variety of contexts. Kamenica and Gentzkow (forthcoming) consider a classic sender-receiver problem
where the "sender" knows the state, a "receiver" (with perhaps different preferences) will take an action
and the sender must send a message to the receiver. In a twist from the standard "cheap talk" literature,
Kamenica and Gentzkow (forthcoming) assume that the sender can commit ex ante (before observing
the state) to any communication strategy. Thus the problem reduces to a sender choosing the optimal
information structure for the receiver in a one player game (decision problem). The set of outcomes that
could be induced (ignoring the sender’s preferences) is the set of BCE of the one player game. Caplin and
Martin (2011) consider an "ideal observer" who sees a "decision maker" making many choices from action

sets.?

The ideal observer knows a true stochastic mapping from actions to outcomes (and thus utilities)
but does not know what the decision maker’s perception of each choice situation, i.e., his belief about the

true stochastic map. Even without knowing those beliefs, one can impose constraints on observable choice

2We thank Jonathan Weinstein for bringing this work, and its relation to Bayes correlated equilibrium, to our attention.
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behavior. These too will correspond to BCE of a single player game. Caplin and Martin (2011) introduce
this framework to analyze limited perception and run experiments to test rationality within the model and
the nature of information-based framing effects that are revealed. In Section 8.2, we discuss Chwe (2006)
which characterizes the observable implications of incentive constraints; here too the problem is one of
making predictions without observing the underlying signals.

In this Section, we briefly illustrate the idea of Bayes correlated equilibria, and their implications for
robust predictions, in a one player, two state, two action example. Chwe (2006), Kamenica and Gentzkow
(forthcoming) and Caplin and Martin (2011) all illustrate their results with such examples, and thus we
are replicating some of their formal analysis.

There is one player, and we will thus drop the player subscripts. There are two states, © = {6p,01}.
Consider the game G with A = {ag,a1}; u(ap,00) = Kk, u(ai,01) =1 — k and u (ag,01) = u (a1, bp) = 0;
and ¥ (6p) = € and ¢ (01) = 1 — &, with k,£ € [0,1]. Thus the payoff matrix is

0o | 01

apg |k |0

ai | O 11—k

Note that this parameterization of payoffs and beliefs is without loss of generality (if we are interested
in predictions not utilities) up to the assumption that action a; is not dominated. Consider an arbitrary
information structure S = (T, 7), where T is a finite set and write 7y (¢) for the probability of signal ¢ in
state 0.

For a motivation like that in Kamenica and Gentzkow (forthcoming), let #y and 0, represent "innocence"
and "guilt" and let ag and a; represent "acquittal" and "conviction".

We are interested in Bayes correlated equilibria of the game (G,S). Suppose that the mediator rec-
ommends action a; if the player observes signal ¢ in state 0 with probability £, () (and thus ag with
probability 1 — 3}, (¢)). Thus the mediator’s behavior is given by (5;, 55) with each 8, : T'— [0,1]. Now
if the player observes signal ¢t and is advised to take action a1, he attaches probability

§mo () Bo (1)
Emo (8) Bo (1) + (1 = &) w1 (£) By (1)

to state 0y and thus follows the recommendation if

(1=8) w1 (8) By (t) (1 — k) = &mo () By (t) &, (21)

0 (1%2) () (&) a0

or
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If the player observes signal ¢ and is advised to take action ag, he attaches probability

€mo (t) (1 = By (1))
§mo (t) (1= Bo (1)) + (1 = &) m1 (1) (1 = By (1))

to state 0y and thus follows the recommendation if

(1 =& m () (1= 51 (1) (1 = k) < &mo (¢) (1= Bo (1)) ,

or

(1= (8) By (t) (1 = k) = &mo () By () & + (1 = &) w1 (£) (1 — k) — &mo (F) &, (23)

0 (152) (150 () o (- (=) (5) () e

Now the two obedience constraints (22) and (24) can be combined in the constraint that

o= (75) (i) () o (- (75) (20 (R6))-

Now distribution v € A (A x T x ©) is a Bayes correlated equilibrium if and only if

or

(1=8m () B (), if (a,0) = (a1,61);

v (a,t,0) = (1-m @)1 -p5.@1), if (a,0)=(ao,01);
Emo (t) By (1) if (a,0) = (a1,00);

Emo (1) (1 — By (1)) if (a,0) = (ao,bo);

for some (3, By) satisfying (25).
To understand how the set of BCE vary with different information structures, we can consider some
extreme points. Consider the player’s ex ante utility:
S (Ermo (1) (1= By (8)) + (1— €) (1= 5) 71 (£) B, (1) (26)
teT

(note that for comparison of utility, the parameterization of payoffs is not longer without loss of generality).

This is maximized by setting (3, (t) = 0 and 3, (t) = 1 for all ¢t € T', giving maximum ex ante utility

U(S) =&+ (1-¢(1—r).

We write this as a function of the information structure S, although it turns out to be independent of
the information structure. Now we find the BCE minimizing the player’s ex ante utility. An alternative

writing of the obedience condition (re-writing (21) and (23)), we have that

(1= (8) 61 () (1 — &) = &mo (t) Bo (1) & = max {0, (1 = &) w1 () (1 — &) — &mo () K} - (27)
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This condition immediately gives a lower bound of

" max {€rmo (£) , (L — €) w1 (t) (1 — #)}.

tel

This bound can be obtained by setting S, (t) = 3, (t) = 1 if

(5) () (5) = 2
() () (56) > 2

Thus in the utility minimizing BCE, each type will take his most preferred action if he had no additional

and f (t) = B (t) = 0 if

information beyond his type. This gives minimum ex ante utility
U(S) =) max {&mo (), (1 - &) m () (1K)}
tel

Thus we have a robust prediction that with information structure S ex ante utility will be in the interval
[U(S),U(S)]. The perfect information system S* has T' = {to,¢1}, mo (to) = 1 and m (t1) = 1, this

minimum utility will equal the maximum utility
U(S)=U(S) =8+ (1-¢§(1—r).
With null information system Sy has T' = {t*}, 7o (¢*) = 71 (t*) = 1 and thus minimum utility

U (So) = max{¢k, (1 - §) (1 —k)}.

Intuitively more information will increase the minimum ex ante utility and not change the maximum ex

ante utility. Changes in information structure that will most increase ex ante utility are those that have

mo(t) A-r)(1-¢)
w1 (t) KE .

For a more interesting question, we might be interested in bounding the probability of conviction,

signals with likelihood ratio a long way from

independently of guilt or innocence (following Caplin and Martin (2011), we can think of an aggressive

district attorney). To answer this, consider the probability that action a; is chosen,

D (Emo (1) By (1) + (1= &) mi () By (£)). (30)

teT

This is maximized for each ¢ subject to the obedience constraint by setting 5 (t) = 8, (t) = 1 if

(5) (o) (5) =
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and 5, (t) = 1 and S (t) solves

o= (5 (59 (22).
h(t) =&mo(t) + (1 =& m(t),

for the unconditional probability that signal ¢ is realized and

B (1—-&) ()
10 = e T (- m (B

for the posterior probability of guilt. Now the maximum probability that action 1 is taken is

H(S):Zh(t)min{l,gs)}.

teT

otherwise. Write

while by a symmetric argument the minimum probability will be

I (5) =Zh(t)max{o,1_ 1—9(0}

1—k
teT
Thus we have a robust prediction that with information structure S the probability of action a; will be in

the interval [II(S),II(S)]. The perfect information system S* has
I(s*) =TI(S) = 1-¢&
With null information system Sy we have

II(Sp) = max <O,1 — 1 3 > and II (Sp) = min <1, 1;) .

— K

Intuitively more information will increase the minimum probability and decrease the maximum.

7 Symmetric and Anonymous Games

In this section, we specialize our analysis to the case of symmetric games, where there is symmetry across
players in payoffs in the basic game G and symmetry across signals in the information structure S. Thus
players’ labels are assumed to not matter for the description of the game. We will be focusing attention on
"exchangeable equilibria," where players’ behavior in equilibrium does not break the underlying symmetry
in the game. In a recent MIT Ph.D., Stein (2011) introduces and analyzes "exchangeable correlated
equilibria" in a complete information setting. Our definitions are presumably incomplete information
generalizations of his definitions, although we have not examined the relation in detail. The restriction to
exchangeable equilibria will be implicit within our definitions.

Once we have an exchangeable finite player, finite action, finite state version of Bayes correlated equi-
librium, it is then possible to present analogue results for continuum player, continuum action, continuum

state games. This will then provide a foundation for our modelling in Bergemann and Morris (2011b).
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7.1 The Finite Case

As before, there are I players and finite state space ©. A "basic game" G now consists of (1) a common
action set A; (2) a common utility function u : A x A; (A) x O— R; , where u (a, h, 0) is a player’s payoff if
he chooses action a, the distribution of actions among the I players is h € Ay (A) and the state is 6. (For
any finite set X, we write A; (X)) for the set of probability distributions on X with the property that for
any random variable &, P (¢ € X) € {0, %, %, ..., 1}; and (3) a full support prior ¢ € A(©). Thus a basic
symmetric game G = (A, u,1). A symmetric "information structure" S now consists of (1) a common set
of types or "signals" T'; and (2) a signal distribution 7 : @ — A (A7 (T)). Now 7 (0) € A(A;(T)) is a
probability distribution over the realized distribution of signals in the population. Thus S = (T, 7). Now
(G, S) describes a standard (symmetric) Bayesian game.

If £ € Aj(AxT) is a distribution over action-signal pairs, write marg; & € Ay (T) for the marginal

distribution over signals, so

margf Zf a,t)

acA
for each ¢t € T'; write marg, £ € Ay (A) for the marginal distribution over actions, so

margf Zf a,t)
teT
foreacha € A. If v € A(A; (A x T) x ©) is a distribution over action-signal pair distributions and states,
write marga, (ryxe ¥ € A (Ar (1) x ©) for the marginal distribution over realized distributions of signals

and states, so

marg v (g,0) = Z v (&,0)

Ar(T)x® {€eA(AXT)marg E=g}
for each g € A; (T) and 0 € O. Finally, write 7 o4 for the probability distribution on A (7) x © induced
by ¢ € A(©) and 7: © — A (A7 (T)), so

moy(g,0) = (0) 7 (g]0)
for each g € A7 (T') and 0 € ©.

Definition 31 (Bayes Correlated Equilibrium )
A probability distribution v € A (A7 (A x T) x ©) is a Bayes correlated equilibrium (BCE) of (G, S) if

Z u(a,marga&,0) & (a,t)v(€,0) > Z U (a', margaé, 0) E(a,t)v(&,0); (31)

€EA(AXT),0€6 €EAL(AXT),0€0

foreacht €T, aec A andd € A; and

Marga,(ryxev = mo . (32)



37

In the special case of a null information structure (so there are no signals), then the obedience condition

(31) for € A (A7 (A) x ©) will be

> u(a,9,0)g(a)p(g.0) > u(d,9,0) g (a) pu(g,0);
geA1(A),0€0 geAT(A),0€0

for each a € A and o’ € A while the consistency condition (32) will be

margg it = .

7.2 The Continuum Case

There is a continuum [0, 1] of players and state space ©. A "basic game" G now consists of (1) a common
action set A C R; (2) a common utility function u : A x A (A) x ©— R; where u (a, h,0) is a player’s
payoff if he chooses action a, the distribution of actions among the continuum players is h € A (A) and
the state is 0; and (3) a full support prior ¢ € A(0). Thus G = (4, u,®). An "information structure" S
now consists of (1) a common set of types or "signals" T'; and (2) a signal distribution 7: © — A (A (7).
Now 7 () € A(A(T)) is a probability distribution over realized distributions of signals in the population.
Thus S = (T, 7). Now (G, S) describes a standard continuum (symmetric and anonymous) Bayesian game.

Now the definitions for the continuum case are as before, except that distributions are over a continuum
population and summations are replaced with integrals. We omit the measurability conditions that will be
required in general (they are not an issue for applications we are considering with well defined densities).

As before:

o if £ € A(AXT) is a distribution over action-signal pairs, write margr (t) € A(T') and margaé €

A (A) for the marginal distributions over signals and actions respectively;

o if v € A(A(AXT) x0©), write margaryxev € A(A(T) x ©) for the marginal distribution over

realized distributions of signals and states;

e write mo1 for the probability distribution on A (7") x © induced by 1p € A (©) and 7 : © — A (A(T)).

Definition 32 (Bayes Correlated Equilibrium )
A probability distribution v € A (A (A x T) x O) is a Bayes correlated equilibrium (BCE) of (G, S) if

u (a,marga&,0)& (a,t)dv > / U (a', marga&, (9) &(ayt)dy; (33)
EEA(AXT),0€0 EEA(AXT),0€0
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foreacht €T, ac A andd € A; and
marga(ryxeV = T o . (34)

In the special case of a null information structure (so there are no signals), then the obedience condition

(33) for p € A(A(A) x ©) will be

[ wGeos@diz [ u(@g.0)g@dn

geA(A),0€0 geA(A),0€0

for each a € A and o’ € A while the consistency condition (34) will be

margep = 1.

8 Discussion

8.1 Payoff Type Spaces

In a body of work collected in Bergemann and Morris (2012), we studied a robust mechanism environments
in a setting where agents knew their own "payoff types", there was common knowledge of how utilities
depended on the profile of payoff types, but agents were allowed to have any beliefs and higher order beliefs
about others’ payoff types. In Bergemann and Morris (2007), we discussed a game theoretic framework
underlying this work. Here we briefly how this environment maps into the setting of this paper.

Suppose that © is a product space with ©® = 01 x --- x ©7. Consider the special information structure
where agent i’s set of possible signals is ©;, and each agent i observes the realization 6; € ©,;, so S** =
((@i){:1 ,id), where id is the identity map id : © — © with id(0) = 0 for all 9. Now the set of Bayes
correlated equilibria of a game (G, S) describe all the distributions over payoff type profiles and actions
consistent with the common prior and common knowledge of rationality. Bergemann and Morris (2007) -
in the language of this paper - is an analysis of the structure of Bayes correlated equilibria with the special

information structure S**.

8.2 Signed Covariance

Chwe (2006) analyzes statistical implications of incentive compatibility in general, and in particular statis-
tical implications of correlated equilibrium play. We can state his main observation in the language of our
paper. Fix any basic game G. Fix any Bayes correlated equilibrium g € A (A x ©) of the basic game (i.e.,

the game with the null information structure). Fix a player ¢ and action o € A;. Consider the random
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variable I,» on A x © that as indicator function takes value 1 if af is played and 0 otherwise:

1, if a;=a%
I+ (a,0) 2 L
’ 0, if otherwise.

Fix any other action a; € A;. Let Ha;ﬂ; be the random variable on A x © equal to the payoff gain to player

*

1 of choosing action a

* rather than a}:

s o (a, 0) = u; ((a),a—;),0) —u; ((af, a—;),0) .

Then, conditional on a} or a; being played, the random variables Ior and Haj,a; have positive covariance.
This is the content of the main result in Chwe (2006). As he notes, this is not merely a re-writing of the
incentive compatibility constraints, since these are linear in probabilities while the covariance is quadratic
in probabilities. Thus his signed conditional covariance result is a necessary property of second order
statistics of a Bayes correlated equilibrium.

We sketch a formal statement and proof. The expectations of Iox, Il x o7 and their product, under p,

'} occurring, are:

S w((afas),0)

{af,al}) = ,
Z n((aj,a—i),0) + Z p((a, a—;) ,0)

a_;,0 a_;,0
> (ul(ag.ai),0) + p((af,a—),0) (u; ((af,a) ,0) = ui ((a}, a—) . 6))
(H* /HCLZ, a; ) = ot

conditional on the event {a},a;

By, (L;

Y (n((a},a=),0) + u((aj,a—i),0))

a_;,0
> nllaf,a-i),0) (ui ((af,a) ,6) = ui ((a},a—:) . 6))
By (Lo Tr o {07, a}} ) = =

> (wl(ag,ai),0) + u((af,a—),0))

a_;,0
Now the incentive compatibility condition that that player ¢ prefers af to a, when advised to play af can

be written as

By (Tag oz o {0710} ) = 0 (35)

while that incentive compatibility condition that player ¢ prefers a to a} when advised to play a} is

{af,a}) <0

By (1= Tap) Tz o

which can be re-written as

E ( *H:« l

{aZ, Z})>E (H* o | {az, Z}) (36)



Now the covariance of I+ and Il x o/, conditional on {a], a;}, is

If B, (
If B, (

al a’|{az’ i

al a'|{az’ i

)
)

B 1

<0
>0

Tl bl }) = B (Ll sl ) By (T )

, (35) and E,, (I ar|{a}, @ ) = 0 imply that this is non-negative.
, (36) and E,, (I ar|{a}, @ ) <1 imply that this is non-negative.

40
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9 Appendix

The appendix collects the remaining proofs and additional material

9.1 Higher Order Belief Equivalence

We present a formal argument that the notion of higher order belief equivalence presented earlier in
Definition 23 indeed captures all the information contained in the hierarchical belief types of Mertens
and Zamir (1985). Fix ©. Let X° = O, and define X¥ = X*1 x [A (Xk_l)]l_l. An element of
(A (Xk))zozo £ H is called a hierarchy (of beliefs).

Now a prior ¢ € A(0O) and an information system S = ((TZ-)L1 ,7r> together define a finite common
prior type space (1, .5). We can associate such a common prior type space with a probability distribution
over H' as follows. For each i and t; € T}, write 7 [t;] € A (©) = A (X?) for his posterior under a uniform

prior on O, so

> w((tit-i)|0) v (0)

t_,e€T_;

ST w () 10) v (0)

0'cOt_;eT_;

Write 72 (&;) € A (@ x (A (@))1_1> = A (X1) for his belief over © and the first order beliefs of other

players, so

> m ((ti,t-3) [0) 1) (0)

{t,iET,irﬂ\']l-(tj):ﬂJl- for each j;éi}

> 7 ((tint i) 10) 0 (0)

9'6@,{t_i€T_1;\%J1.(tj):7rjl. for each j#z}

Proceeding inductively for k > 2, write 7} (¢;) € A (X*~1) for his belief over © and the (k — 1)th order

beliefs of other players, so

2 ™ ((ti,t-1)10) w (0)
~k [tz] ((9’ 7_‘_kfl) _ {t*ieTfi‘%?fl(t]‘)ZTr?*l for each ]7&1}

Z Z T ((ti, t_;) |‘9/) Y (0)

616@’{t—i€T—i|%§_l(tj):7T?_1 for each j;éz‘}

Now each ﬁf T, — A (kal), we can define 7; : T; — H by
Rt = (R[], 72 (4]0

% Q

and 7 : T — H! by



42

Now we can identify (1, 5) with a probability distribution x,, g € A (H I ) defined by
I
vos ()= X w@0)w).
0,{t:7[t]=(ms)/_, }

Lemma 10 The following statements are equivalent:

1. Information structures S* and S? are higher order belief equivalent;
2. Xy,s1 = Xy, 52 for all p € A(O);
8. Xys1 = Xy 52 for some P € Ay (O).
Proof. We argue that (1) implies (2) by induction. By (16),
) = fF) =70 ] =70 1]
Now suppose that
FE@) = fF ) =70 ) =70 1]
By (15), we have

fE) = fF@) =70 ) =70 ]

(2

But since the premise of the inductive step holds for [ = 1, we have that for all [

fE) = fE () = 70 ) =70 [t

(2

and thus

fF@) = fF () = 78 1) =71 [¢] -
Clearly (2) implies (3). Now suppose that (3) holds. Let T} = range (@1) = range (%f) Let fF(t;) =
%f (t;). By construction, properties (15) and (16) hold with respect to type space S* = ((Tz*)f:l ,7'('*). [

9.2 Proof of Lemma 5

For a pair of mappings ¢! : 7' x © — A (T2) and 02 : T2 x © — A (Tl), we write 02 ool : T x O —
A (T1 X @) for the induced Markov process obtained by starting with (t1,0), picking t? according to
o? (-]tl, 9), picking ¢! according to o' ('|t2, 9), and setting 0 =0. Thus
. SO0l (218,0) o (P12,0) i G =0,
o?oot (F,G\tl,e) = 2
0 if otherwise.
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A Markov process £ : Z — A (Z) is idempotent if applying it twice gives the same Markov matrix, i.e.,
defining £ o0& : Z — A(Z) by

o (z'|z) = Z§ (z’]z") £ (z"]z) )

£ o0& is idempotent if E0& =& or
£ (z’]z) = Zﬁ (z'\z”) £ (z”\z) )

Lemma 11 If information structure S* is informationally equivalent to S?, then there exist mappings &
and 7 such that ' 05 is idempotent and that preserve the more informed than conditions, (13) and (14)

i each direction.

Proof. Suppose that S! is informationally equivalent to S2. Then there exist mappings o' and o2
showing that S! is more informed than S? and S? is more informed than S* respectively. Consider the

1

finite Markov process £ £ g2oc!. By the theory of Markov chains, there exists a limit if we keep applying

this Markov process, £ £ (02 o 01)00. By construction, £ is idempotent. Now let

ot 2ot (37)

and

7o L X 00’ (38)
By hypothesis and construction, &' satisfies satisfies (13) and (14). Now, we show that
52,1 L 500_2

also satisfies (13) and (14), and the repeated application of the £ composition, then establishes that the
limit 52> satisfies (13) and (14). First we show that (13) holds for &>, or:

o (#0) = Y ' (H¢%,0) 7 (£]0)

t2eT?
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now
SN o)) = D | Do | D (P ([R0) ! (P1E,0)) | o (£1]£%,0) | «* (£]0)
t2€T?2 t2€T? \#leT! \f2eT?

A ((02 (#17.0) 0! @F0)) 3 o* @1t 0) <t2e>))

tleTt \#2¢T

:ZQZ

et \2eT?2

= Z o? (t1|Z2,0) (Z ol (Pﬁlﬁ) l (FO)))
12€72 tteT!

= ) o (t'[%,0) x* (£0) by (13)
t2€7?2

= 7l (t1|9) ,

which is precisely the claim that we wanted to establish.

Second, we show that (14) holds for 5>', i.e. for:

7 (2,0) = 3 (Z (02 (t1]2,0) o (%251,9))) o2 (P1]22,6) ,

tleTt \#2e7?
we have that
SO ()2,0) = 3 (Z ( S (02 (11]i2,0) o (%251,0))) o (ilt?,e))
i, th, \#leT! \P2e7T?

is independent of tQ_i and 6. Now, we can rewrite

> (Z (Z (o2 (t'1£%,0) o (PF,G))) o? (Elt2,9))

tt, \#ter! \i2eT?

= > o (t"%9) (Z GG (tl?,e)) :

et 2eT?

and by hypothesis
tHe),

z‘z

S0 (12, 60) £ & (
tt,
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is independent of 2 ; and 0, and thus

S o2 (1112,0) (Z (o @,0)) 3 o? (tl?,e)> = Y AER | Y @) %?))

tler? t2eT?

and, again by hypothesis,

>, (o (P10) 2 (

2,eT?,

is independent of t1 ; and 0, and thus

Y. @) | Yo gwlE) Yo (@ ([P1E.0)

tler! t2eT? 2 ,eT?,

= >R e) | D &) e %?%3))
tlert eT2

= >R 0) | Y ) e %?%3))
el eT2

Z 51 z gz E‘

2eT?

and hence

is independent of 0, and thus

PR GN) (252 & (1t

tler? t2eT?

and again by hypothesis,
Z o2 (F|t2,9) ,
i ,eT?,
is independent of t2 =, and 0, thus establishing the second claim. Now, we can repeat the operation by
recursion to obtain the same result for 57> £ (® o2, m

We restate Lemma 3.4 of Lehrer, Rosenberg, and Shmaya (2011) in the pointwise version, i.e. condi-

tional on #, needed for our result.
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Lemma 12 (Lemma 3.4, Lehrer, Rosenberg, and Shmaya (2011)) Let T and T? be two finite sets,
leto! : OxT = A (T2) ando?: OxT? = A (Tl) be a pair of stochastic maps, and let ! (t1|0) eA (Tl),
72 (t%10) € A (T?), be such that:
w2 (210) = > ot (Pl o) 7t (H10), 7 (£16) = > o (¢'[¢%,0) 7 (£2]6) .
tleT? t2eT?

If € = 02 ool is idempotent, then:
L (£10) th\tl &,0) | == (£10) ZU (#1¢%,0) € (¢ )

Definition 33 Two information structures S* = ((Til)f:l,wl> and S? = ((Tf)f:l,ﬂ) are simply
informationally equivalent if they are informationally equivalent and there exists a probability distribution
r:0—A (T1 X T2) such that, for each k = 1,2, 7" is the marginal of v on T* :
" (tkw) = Zl/ (tk,tl\e) ; (39)
#

and for each k=1,2 andi=1,..,1,

> v ((thth) . (2,155 10)
> vtk t9)

—1
tl

1s independent of t’ii and 6.
Lemma 13 S is informationally equivalent to S? if and only if they are simply informationally equivalent.

Proof. Suppose S = <(T.1)Z,I:1 ,7r1) and S? = <(Ti2)i1:1 ,7r2) are simply informationally equivalent,

7

then by Definition 33, they are informationally equivalent.
Suppose S = ((Tl)Z 1 ,7rl> and S? = <(Tf)i[:1 ,7r2) are informationally equivalent, then we identify
a distribution v : © — A (T ( X T2) with the properties required by Definition 33. Let

v (', ¢%)0) 2 7' (£110) Zg GREAGEIIE (40)
and we can also define

7 (t,£%)0) 2 % (£210) Zo— (tHe2,0) € (11| ] - (41)
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Now by the asserting of Lemma 3.4 of Lehrer, Rosenberg, and Shmaya (2011), it follows that for all 6, ¢y, to
v (t',¢%10) =7 (£, £2]0) .

We first establish the marginal property of . We first integrate out ¢2, using (40):

dov(th o) = ' (t'6) Z(Zg “,0))

2
= 7t (t'9) (Zg (2 |¢1) Za )
= 7' (¢'10) Zf
al
= 7' (¢'0).

Next we integrate out ¢!, using (41):

v (the) = > x*(£]0) (Zaz (t1¢2,0) € (t* %1))
= 72 (t*10) (Za (£'1¢%,0) <Z§(tlil)>)

= 72 (t*10) (Za (t'¢2,0) )

= 7 (*19).
Now, we establish the independence property, namely that:

lzu((tf,t’i) (8, 2,)10)

- ; (42)

> vtk H]0)

#

is independent of t* ; and 0. We start with [ =2 :

() - () (e ) 07
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and hence

> v (tt19) S wE (t10) (Sa & (7 [17) o* (2, 1,) [i*,0))

Sow@kdley Y wk(t010) (Sa € (F [8F) o (£, 1L,) [,0))
¢l

(So€ @ |tF) S, o (8 £) 17+,6) )
(o & (P [tF) o o (8 t2,) [2%,0))
(szf(mtk)ztga ((t L) 12, 9))
S & (20 [tF)
- Y (%7“ ’tk> zl:ak ((tﬁ,tl_i) 1%7‘?,9) . (43)

But by the hypothesis of informational equivalence, each interior sum

Soot () 1#,0)

b,

is independent of 6§ and ?ﬁi, and hence so is any weighted sum over these individual sums.

Similarly, for [ = 1, using (41):

(1) < () (S () ()

#

and so
Do (tF10) (Za o (F1F,0) € (¢ [i))
t,

Sov@hdley Y wk(t10) (Sa ok (B1tk,0) € (¢ |F))
Y (Caoh (eh0) € (¢ [))

th.

Sou v (¢, t*16)

> (Saok (@1k,0) € (1 [F))

¢l

- R, ¢ ( (et , (44)
= [ 0 Se( )
Now, we would like to show that the interior sum
Zg ((t‘ th ) ) (45)
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is independent of P_i, once we sum up over - j» OF

e () f

) §Z ( 7 Z) :
Now suppose that ¢ is indeed the direct composition of 02 o o'. Then we can write for [ =1 :

=D o (tH[%0) 0" (2 [F,0)
+2

and picking up the sum of (45):

Zg ((tHtY) = ZZO‘ (t'[¢2,0) o' (]£4,0)

= tZQ( Zo ‘t2 )

Now, by the hypothesis of informational equivalence, we can write the interior sum:
2 (41 (42 142
S (R,0) 2 ¢ (),
tt,
and hence

Z(al(ﬂﬁl,e)zl:a?(tlt?,a)) = > (o' (]F0) & (¢ |£]))

Now, again by the hypothesis of informational equivalence:

2 (@ ]E0) 2 & (i),

t2

and hence
. (& (8 87) D (o (£ El79))> = (&) & R))
t2 2, t2
and hence it is independent of ¢ ‘,and 0. m
With the equivalence result of Lemma 13, we can now restate Lemma 5 and then establish the corre-

sponding result as follows.
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Lemma 14 Two information structures are simply informationally equivalent if and only if they are higher

order belief equivalent.
Proof. "if" Define v: 0 — A (T1 X T2) by setting

T (EH0)T(£210) o1 (1Y _ g2 (42) _ gx
v (£, 12]6) = — ey () =2 () =t
0, otherwise

Now by (15), 7" is the marginal of v on T* for each k. Now

’ PIRLCERD

* (t%16)

< £ (1) = r2 (12
Zy (L1, (82,4%,) 10) = > > wi(@4 ) if f (m) G
v, {FA (#)=s1 ()}

0,if fi (t7) # f7 (t7)

and so A

S v ((th ), (82,42,)10) ( t]ij(tf,tjiH)
t, L -
7k ’,C’ EYie = o Z o Z“”(ti»tiilﬂ)
((¢,2%,) 19) T
L0, £ () # f2 (82)

> wi (tf,tj_i\e)

J
t;

> > i (t{,t{iw)

TR} 7,

LS (6) = f2(8)

But (16) implies that

is independent of t ; and 0.
"only if" for each i and k, there exists ff : Tf — A (Tzl) such that

> v ((ththy) (6,12,) 16)
.

—1 _ ¢k L,k
g o ()

Describe a equivalence class on TZ-1 U Ti2 by setting tf ~j té if either §f (ti\tf) >0 or d (tﬂti) > 0 and let
~7be the transitive closure of ~;. Let T} be the set of equivalence classes of ~;and define fzk : le — T
by letting fik (tf) be the equivalence class containing tf. Observe that v (tl, t2|9) > 0 implies that for each
i, t- ~* t2. Thus we can define

T (t*|‘9) = Z v ((til’tlfi) ) (t?vt%i) |0) = Z v ((tz‘lﬁtlfi) ) (t?vt%i) |0) '

{et )=t} {e2l 2 ()=t}
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Now fix tf. Observe that for each ¢t} € T} with f} (tzl) =15,
Tt (e) = Y & (1) 72 (19),
{#17200=t;}
and for each t? € T? with f? (tf) =t7,
w2 (0) = > & (1) 7 (t10).
{etltan=t7}

This requires that (16) holds. =

9.3 Proof of Theorem 2

Proof of Theorem 2. For a fixed finite information structure S = <(Ti)f:1 ,7r> and assuming a uniform
prior on ©, we define for each player 7 the set of possible higher order beliefs II}. For a type t; € T;, write
%Zl [t;] € A (©) for his posterior under a uniform prior on O, so

> 7w ((ti,t-)0)

t_;€T_;

> (it 0

0'cOt_;eT_;

Write I} € A (©) for the range of @} and 7} for a typical element of I}
Write 77 (t;) € A <@ X < X H;)) for his belief over © and the first order beliefs of other players, so
JF#i

> ™ ((ti,t-i) |0)

{tﬂ-ET,iﬁ}(t]‘):ﬂ; for each ];éz}

> w((tita)|0)

0'cOt_;eT_;

Write 12 C A (@ X < X Hj1>> for the range of %ZQ and 7?2 for a typical element of TI2.

J#i

Proceeding inductively for k > 2, write 7 (t;) € A <@ X < X H;?_l)) for his belief over © and the

i
(k — 1)th order beliefs of other players, so
> T ((ti;t-:)0)
t_ €T ;|75 (t;)=n""1 for each j#i
) o J J J

> w(tita)o)

0'cOt_;cT_;

Write ITF C A (@ X < X H§_1>> for the range of %f and 7¥ for a typical element of TI¥.
J#i
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Each %f generates a partition 7T; which becomes more refined as k increases. Since each T; is finite, the
information structure has a depth K, so that the depth of the information structure S is smallest integer
K such that

wi () =77 (6) & 7 (0) = 7 (1)

for all ¢ and k > K. Let 7} [t;] be a list of the first Kth level beliefs of player 4, so

Let II € X Hf be the range of 7.
k=1,..,K

For the fixed information structure S = ((TZ)ZI:1 ,7'(') and € > 0, we will construct a finite "higher order
beliefs game" Gs.. This is a variation and simplification of such a game used in Dekel, Fudenberg, and

Morris (2006). For any finite set X, the Euclidean distance between two points ¢, (" € A (X) is defined as

lc=<ll= /> (¢ (2))”

rzeX

A set of probability distributions Z C A (X) is said to be an e-grid of A (X) if every point in A (X) is
within € of a point in Z. Now let A} be any e-grid of A (0) includes I1}, i.e., all possible first order beliefs of
agent i in information structure S. Let A? be any e-grid of A <@ x [ x A1>) including I17. Inductively,

JFi
for each k= 2,..., K, let Af be any e-grid of A <® X < X A;?l)) including Hf. Let
J#i
A= x AN
k=1,...K

We want to give players an incentive to truthfully announces their higher order beliefs. We write a; =

(a1 N ) for a typical element of A;. Let

77

wi (@i i), 0) = ul (a},0) + > uf (ak,a"")
k=2
Now let
(al.0) =241 () - 3 (a} ()
0'cO
and, for k > 2,

(o) =2l () - X (k)"

/ ~k—1 k—1
0'coa";teAk;

Write ¢y be the uniform prior on ©. This completes the description of the game Gg. = ((Ai, ui)i[:l ,@ZJO).
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In the special case of information structure S, the game (G, S) has a BC'E where each type truthfully
reports his true first K levels of higher order beliefs. Observe that for every € > 0, the game (G, S) has
a BCE satisfying

I RCIGLICORE L f
0, if otherwise.
This is a BCE because if all other players truthfully announce their types, a player’s best response is to
truthfully announce his type, as he is advised to do. Note that in this BCE, each players’ actions are
restricted to the set II¥ C A;. This BCE induces the action-state distribution p* € A (A x ©) satisfying
Yo () Y w(HO), if a=m"[t;
pw(a,0) = {t:a=n"[t]} (46)
0, if otherwise.

Now fix any information structure S’ which is BCE-larger than S. Then it must be true that, for every
e > 0, the incomplete information game (Gg,S’) has a BCE inducing the action-state distribution p*,
defined in equation (46). We will show that this implies that S is more informed than S’.

For any v/ € A (A x T x ©), write v/ (-|a;, t;) for the induced distribution over A_; x © of a type ¢, of

player i advised to take action a; € A;, so that

>V ((aiam), (t:15) .6)

V' (a—;,0la;, t;) =

t/_iza—iue
Now for each € > 0 and let v be any BCE of (G, S’) inducing the action-state distribution p*. Note that
this is an element of A (IT* x 7”7 x ©), since by assumption only action profiles in IT* are chosen under p*.

Note that a hierarchy of beliefs 7} = (772‘1, e W;‘K ) can be identified in the usual way with a probability
distribution over II*, x ©. Now it is a property of best responses in the game Gg. that for each type ¢

following a recommendation to play action 7} in v, we must have

Ve (x5, t)) — 7| <e. (47)

()

To see why, note that a first necessary condition is that player ¢ with type t; and recommendation 7} =
(7r;-*1, - WZ‘K ) has an incentive to set az-1 equal to 77%*1. A necessary condition for this is that his beliefs on
© are within ¢ of 7} 1. Now we can argue inductively that, for each k = 2, .., K, a necessary condition is
that player ¢ with type ¢; has an incentive to set af = w;‘k. A necessary condition for this is that his beliefs
on AF71 % © are within ¢ of 7#*. But this last condition when k = K is (47).

For each ¢ > 0, v, satisfies consistency and is an element of the compact set A (IT* x 7" x ©). Thus

we can find a subsequence of the v, converging to a limit v/ which induces p*, is a BCE of (Gg., S’) for
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every ¢ > 0 and has the property that for each type ¢, following a recommendation to play action 7} in v/,

we have
V() = (48)
Now

) = Y () () 0)

t,eT_;
= V' (@}, )V (7, 0|7, t))
— (w5, 8) V(275,07 , by (48) (49)

But now define 0 : T'x © — A (T") by

Now

o (] (tit—i),0) =

But now if we define &; : T; — A (17, by

& (tilts) = V' (tilm7 () ,

we have established that S is more informed than S’. =

9.4 Example of More Informed Than Information Structure

The following is a robust example of non-redundant information structures where S’ is not a non-communicating
garbling of S in the sense of Lehrer, Rosenberg, and Shmaya (2010), (2011), but S is more informed than
S’ in the sense of Definition 22 and thus - by Theorem 2 - S’ is BCE-richer than S.

Suppose that there is uniform prior on © = {61,62}. Information structure S has T} = {t11,%12},

T2 = {tgl,tgz} and m: © — A (T) given by

™ (t|91) t21 t22 ™ (t|92) t21 t22
b s |5 | tu 5 |9
bio 5 s Lt 5 1o
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This information structure simply has each agent observing a conditionally independent signal with "ac-

curacy" 3 2,

Information structure S’ has 77 = {t}1, 15}, Ty = {t5;,t5} and 7’ : © — A (T") given by

' (t']61) t'21 t/22 ™ (t'|02) t’21 t/22

t 13 1 2 t 1 |11
11 27 27 11 27 27
t 2 |10 t 11 | 4
12 27 27 12 27 27

First, we identify the garblings relating S and S’ from each agent’s point of view. Observe that

m(tl6) = > w((tu,t2)61) = g 42 ;
&2
m(tinlb2) = Y m((tin,ta) |02) = % + g = é
s
7 (tlr) = Z,”’ ((th1,15) 101) = ; b= )
' (t02) = ZW (t11,t5) |01) = 2; ;% = g

Thus there is a unique &; : 71 — A (T7) satisfying
' (1) Zfl t1]t1) 7 (t1]0)

for all ¢} and 6, and it is given by

1 (thlta) | #hy | thy
fn 5 1 (50)
v |b |3
Symmetrically, we have
4 2 2
T (tal0r) = > w((tr,t1)161) = sts=3
t1
1 2 1
7 (t21]02) = Z ((t1,t1)]02) = =+ = = =
9 9 3
2 15 5
7 (tl21|91) = ZT‘— t17t21 |01) 74‘277 ?7 5
11 12 4
i) = T () ) = R L ELT

t

Thus there is a unique &, : To — A (T3) satisfying

7 (t5]6) Zfz tlta) m (t2]6)



for all t§ and 6, and it is given by

o (thlta) | thy | the
2 1
to1 3 3
1 2
t22 3 |3

o6

(51)

Thus from each individual’s point of view, under S’, he is simply observing a noisy version (with accuracy

2) of the original signal (with accuracy 2).

Now consider the mapping o : T'x © — A (T").

o (¢']t,0) (th1,thy) | (B11,t59) | (tha thy) | (thastho)
(01, t11,t21) | 3 0 0 L
(01,t11,t22) % % 0 %
(01,t12,t21) | 3 0 1 L
(01, t12,t22) | 3 0 0 2
(02,111, t21) % % % 0
(02,t11,t22) | O 2 L 0
(02,t12,t21) | O L 2 0
(02,t12,t22) | O 1 1 1

Now if ¢ is drawn according to S and ¢’ is drawn according to o, we get the following joint distribution

v:0 AT xT):

v (t',t|0) (t11:%51) | (B11:t5) | (Fiost51) | (Fi2:tho)
(61,t11,t21) | 2% 0 0 =
(01,t11,t22) | % Z 0 Z
2 2 2
(01,t12,t21) | 57 0 > >
(01, t12,t22) | 5= 0 0 Z
(02, t11,t21) | 5= > > 0
(02,t11,t22) | O = = 0
(02,t12,t21) | O Z o 0
4 4 4
(02,t12,t22) | O > > >
Observe that the marginal of v on T is:
marg, (t'|01) | thy | thy || marg, (t'|02) | thy | thy
t 13 1 2 t 1 111
11 27 | 27 || 27 | 27
t 2 |10 t 1 1 4
12 27 | 27 || Y12 7 | 27

(52)



o7

This is simply 7’
Also observe that o satisfies the property that

Za ((¢],t5) | (t1,t2) ,0) = &, (t)]t1) for each to and 6,

th

and

Za ((t1,t5) | (t1,t2) ,0) = &, (tht2) for each t; and 6.

t
We have now established that S is more informed than S’ and thus that, for every game G, the set of
Bayes correlated equilibria of (G, S’) contains the Bayes correlated equilibria of (G, S).
However, S’ is not a "non-communicating garbling" of S. We will show this by contradiction. For S’

to be a non-communicating garbling of S, there would have to exist £ : T'— A (T”) satisfying

' (¢']0) Zg t'|t) 7 (t]0)

with

Zf ((¢1,t5) | (t1,t2)) independent of ¢ (53)
and

Zf ((¢1,t5) | (t1,t2)) independent of ¢4 (54)
But

> 7 ((th,t5) 16)

th

ZZﬁ(tﬁ,t'gltl,tQ)w(t‘g)
tot
- ZZf . t5lt1) 7 (16) . by (53)

— ZZS (th,th]t1) Y ((t1,t2) |0)

ta

But we observed earlier that (50) is the unique expression &; : 71 x A (77) satisfying this equation, so we

have

Zg th,th) | (t1,t2)) = & (ti|t1) for each to (55)
and, by a symmetric argument,

D E((Hhoth) | (t1,t2)) = &, (thltz) for each ty (56)



where &, is given by (51).

o8

Let us focus on the probability of a fixed profile of S’ signals (t},,t5;) and write a;j, for the probability

of (t}1,t5;) conditional on (t1;,t2;) under &, i.e.,

Now

But

requires we must have

a1l

12

Q21

Q22

aje = & ((th1,t91) | (1), tar))

min (&, (t)1]t11) ,

< (
< min (&
< min (&
< (
7 ((t11, 1)

13
27

Combined with (58), this requires a7 =

requires we must have

which is a contradiction.

7 ((t11, 1)

1

27

4
9

1
9

(
(
(¢
(

t
t11[t12

2 2
—a11 + a2 + —ao1 +

|02)

)
1ilt1)
)
)

min (& (t]1]t12) ,
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2 (tor]t21)
2 21“22)
2 (to1]t21)

)

(
(¢
(t
(

o (t31[t22

Zg tlllvt
t

9

2
3y 12 =

1

30

9

a1 = % and 99 =

= ¢ ((thth)

2
9

t

2
9

) =
)
) =
)=

= co11 + coig + g+

& (thaltn

(
& (t
& (

(

th

b1|t22
1 2

~
=

&1 (t11]t12

9

9

m (£[61)

—(99.

m ([62)

)
)
)
)

WP Wk, W R, W N

% . However,

(57)
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