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Abstract

Completeness and bounded-completeness conditions are used increasingly in econo-
metrics to obtain nonparametric identification in a variety of models from nonparametric
instrumental variable regression to non-classical measurement error models. However,
distributions that are known to be complete or boundedly complete are somewhat scarce.

In this paper, we consider an L?-completeness condition that lies between com-
pleteness and bounded completeness. We construct broad (nonparametric) classes of
distributions that are L2-complete and boundedly complete. The distributions can have
any marginal distributions and a wide range of strengths of dependence. Examples of

L2-incomplete distributions also are provided.

Keywords: Bivariate distribution, bounded completeness, canonical correlation, com-
pleteness, identification, measurement error, nonparametric instrumental variable re-

gression.
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1 Introduction

Lehmann and Scheffé (1950, 1955) introduce the concept of completeness and use
it to determine estimators with minimal risk in classes of unbiased estimators and to
characterize tests that are similar. More recently, completeness and the weaker concept
of bounded completeness have been used in the econometrics literature to obtain global
and local identification conditions for a variety of nonparametric and semiparametric
models. See the references below. In consequence, it is important to have available a
broad array of distributions that are known to satisfy or fail these conditions.

A number of papers in the literature provide sufficient conditions for completeness
and bounded completeness. Newey and Powell (2003) give a rank condition for com-
pleteness of distributions with finite support. Lehmann (1986) and Newey and Powell
(2003) give sufficient conditions for parametric families in the exponential family, with
the leading case being multivariate normal distributions. Ghosh and Singh (1966), Isen-
beck and Riischendorf (1992), and Mattner (1992) give conditions for location and scale
families. Hu and Shiu (2011) provide some additional results.

d’Haultfoeuille (2011) provides sufficient conditions for bounded completeness for
random vectors X and Z that satisfy u(X) = v(Z) + €, where Z and ¢ are indepen-
dent, v(Z) is absolutely continuous with respect to (wrt) Lebesgue measure with full
support R, and ¢ is absolutely continuous wrt Lebesgue measure with nowhere van-
ishing characteristic function. These are quite useful results but they do not allow for
unbounded regression functions in the nonparametric instrumental variables (IV) re-
gression model or non-classical measurement error in measurement error models, and
the full support condition can be restrictive. d’Haultfoeuille (2011) also provides some
sufficient conditions for completeness, but these conditions are quite restrictive.

In addition, several other papers in the literature provide examples of distributions
that are boundedly complete, but not complete. These include Hoeffding (1977), Bar-
Lev and Plachky (1989), and Mattner (1993). The boundedly complete distributions in
these papers are restrictive and are not very suitable for typical econometric applications.

In this paper, we provide additional examples of distributions that satisfy complete-
ness-type conditions and others that fail them. We consider the concept of L?-complete-
ness. This concept, or at least very closely related concepts, have been used by others,
e.g., Florens, Mouchart, and Rolin (1990, Ch. 5), Isenbeck and Riischendorf (1992),
Mattner (1992, 1996), San Martin and Mouchart (2006), and Severini and Tripathi



(2006). Completeness and bounded completeness can be viewed as L'-completeness and
L*-completeness, respectively, so L2-completeness lies between the two. It allows for
unbounded regression functions in the nonparametric IV regression model and related
semiparametric models, which are ruled out when the bounded completeness condition
is used. The joint distribution of two random vectors X and Z is L?-complete wrt X if
and only if every non-constant square-integrable function of X is correlated with some
square-integrable function of Z.

We construct distributions of (X, Z) that are L2-complete or L?-incomplete wrt X by
starting with (i) any marginal distributions F'y and Fy, respectively, (ii) two arbitrary
sets of bounded orthonormal functions in L?(Fx) and L?(Fy), and (iii) a sequence of

constants {7, : j > 1}. The constructed bivariate density is
ke(z,2) =1+ Y m29(2)20(2), (1.1)
j=1

where the density is wrt the product of the marginal distributions Fy x Fz, {29 : j =
0,...,7x} is an orthonormal basis of L?(Fx) consisting of bounded functions, z(*)(z) = 1
Vz,and {zU) : j =1,...,r;} is a set of bounded orthonormal functions in L?(Fy). Under
a condition on {7;}, k,(z, z) is a proper density—it integrates to one and is non-negative.
The resulting bivariate distribution is L?-complete wrt X if 7z = rx and 7; # 0 for all
j = 1,...,rz. Hence, one can construct easily a broad array of bivariate distributions
that are L2-complete and also a broad array that are L2-incomplete. The method of
construction employs the method used in a simple example of Lancaster (1958), which
does not consider completeness.

If X and Z are absolutely continuous wrt Lebesgue measure, then the bivariate
density k. wrt to the product of the marginals F'x and F; can be converted easily into
a standard bivariate density wrt Lebesgue measure on R4 92 where dx and d; denote
the dimensions of X and Z, respectively.

Starting with Darolles, Florens, and Renault (2000), it is common in the nonpara-
metric IV regression literature, to obtain identification as follows. Given the conditional
distribution of X and Z, one defines the conditional expectation operator, say T, one
obtains the singular value decomposition (SVD) of T" using standard operator results,
e.g., see Kress (1999, Sec. 15.4), and one assumes that the eigenvalues of T are all
non-zero. The SVD yields a density of the form in ([1.1).



The L?-completeness results of this paper give a converse to this procedure. Starting
with orthonormal functions {29} and {2/} and constants {7;}, one can define a func-
tion k- (z,2) as in . But, such a function is not necessarily a density because the
orthonormal functions {27} and {20)} take on positive and negative values and, hence,
k. (x,z) can be negative. The contribution of this paper is to provide a simple set of
sufficient conditions to guarantee that k,(x, z) is a proper density. The conditions given
are sufficiently weak that one can construct a broad (i.e., nonparametric) class of distri-
butions that are L?-complete. In a certain sense, the distributions that are L?-complete
wrt X are generic in the class of distributions that are constructed. (The sense consid-
ered follows the concepts of shyness and prevalence introduced in Christensen (1974),
Hunt, Sauer, and Yorke (1992), and Anderson and Zame (2001).) Nevertheless, one also
can construct many L2-incomplete distributions.

We now briefly discuss the use of completeness conditions in the econometrics lit-
erature. Completeness, L2-completeness, and bounded completeness conditions can be
used to obtain global or local identification in a variety of models. These models include:
(i) the nonparametric IV regression model, see Newey and Powell (2003), Darolles, Flo-
rens, and Renault (2000), Hall and Horowitz (2005), and references in Horowitz (2010),
(ii) semiparametric IV models, see Ai and Chen (2003), Blundell, Chen, and Kristensen
(2007), and Chen and Pouzo (2009a), (iii) nonparametric IV quantile models, see Cher-
nozhukov and Hansen (2005), Chernozhukov, Imbens, and Newey (2007), Horowitz and
Lee (2007), Chen and Pouzo (2009b), and Chen, Chernozhukov, Lee, and Newey (2010),
(iv) measurement error models, see Bissantz, Hohage, Munk, and Ruymgaart (2007),
Hu and Schennach (2008), Carroll, Chen, and Hu (2009), An and Hu (2009), Song
(2011), and Wilhelm (2011), (v) demand models, see Berry and Haile (2009a, 2010),
(vi) dynamic optimization models, see Hu and Shum (2009), (vii) generalized regression
models with group effects, see Berry and Haile (2009a), (viii) asset pricing models, see
Chen and Ludvigson (2009), and (ix) missing data models, see Sasaki (2011).

The remainder of the paper is organized as follows. Section [2| discusses the L2-
completeness condition. Section [3] gives classes of bivariate distributions of random
variables and vectors that are L2-complete and others that are L2-incomplete. Section

provides proofs.



2 L2-Completeness

In this section, we define the concept of L?-completeness, which is very closely related
to the well-known concepts of completeness and bounded completeness, see Lehmann
(1986, p. 173). In consequence, L*-completeness can be used to give conditions for
nonparametric identification in a variety of models. L2-completeness is not original to
this paperﬂ

Let X and Z be random elements that take values in complete separable metric spaces
X and Z, respectively, and are defined on the same probability space. In applications,
X and Z typically are random variables or vectors, possibly of different dimensions, but
they could be stochastic processes. We say that a bivariate distribution F'xy of random
elements X and Z is L2-complete wrt X if Vh € L?(Fx),

E(h(X)|Z) = 0 a.s.[F| implies that h(X) = 0 a.s.[Fx], (2.1)

where the expectation is taken under Fy, P[] In words, L-completeness means that
if h € L?(Fx) has conditional mean zero given Z, then h equals zero a.s. In contrast
to the well-known conditions of completeness and bounded completeness, the family
of functions h considered here is L?(Fx), rather than L!(Fy) or L>°(Fx), respectively.
Although L2-completeness imposes a second moment condition, rather than the weaker
first moment condition imposed by a completeness condition, it is still useful in most

applications for which unbounded functions h are of interest.

See the Introduction for references to its use in the literature.

2The L?-completeness of a bivariate distribution Fxz wrt X depends on Fx through the conditional
distribution of X given Z, the marginal distribution of X (because L?(Fy) enters the definition), and
the support of Z (because a.s.[Fz| enters the definition). The marginal distribution of Z only affects
L?-completeness through its support.

3An L? version of Qosterhoff and Schriever’s (1987) definition of P* completeness (which is an L!
definition) is almost the same as the definition used here.

4One can give a closely-related definition of L?-completeness that is more akin to the definition of
completeness given in Lehmann and Scheffé (1950). One can define a family of distributions F € {Fx ¢ :
0 € O} of the random vector X to be L2-complete if Vh € L*(Fx),

Eh(X)=0VFx € F implies that h(X) =0 a.s.[Fx ] V0 € O, (2.2)

where the expectation of X is taken under Fx g. Here, 0 is a fixed parameter and its parameter space
is ©, which play the role of z and the support of Fz, respectively, in , and Fx g is the distribution
of X, which plays the role of the conditional distribution of X given Z = z in .

For the purposes of identification in nonparametric models, the definition of L?-completeness of the
bivariate distribution F'xz wrt X given in is more convenient than the definition given in .



For example, consider the nonparametric IV regression model with regressor X, IV
Z, and regression function h(X). The use of L?(Fx)-completeness wrt X to identify h,
rather than completeness, imposes the restriction h € L?(Fy), rather than h € L'(Fy),
but allows for a much broader class of joint distributions of X and Z. Unlike the bounded
completeness condition, L?(Fx)-completeness does not require that / is bounded, which
can be restrictive.

The definition above can be weakened to bounded completeness of the bivariate dis-
tribution Fxz wrt X by requiring the function A in the definition to be a bounded
function. Obviously, L?-completeness of Fx; wrt X implies bounded completeness of
Fxz wrt X.

We say that a random variable is non-constant if its distribution is not a point mass
distribution.

A simple and intuitive characterization of L2-completeness is the following result,

which is a slightly different statement of Lemma 2.1 of Severini and Tripathi (2006):

Proposition 1. Fxy is L2-complete wrt X if and only if every non-constant rv \(X) €
L2(Fx) is correlated with some rv ¢(Z) € L*(Fz)J]

3 Examples of L?-Complete Distributions

In this section, we construct bivariate distributions Fx ., that are L?-complete and
others that are L2-incomplete. The marginal distributions can be any distributions Fx

and Fz of interest.

3.1 Bivariate Distributions Fxz . of Random Elements
X and Z
Given any marginal distributions F'x and F, we construct a distribution Fx;, by

specifying its density k,(z, z) wrt the product of its marginal distributions Fx x F. To

do so, we use the following assumptions.

By definition, h € L?(Fy) means [ h?(z)dFx(z) < oco. For convenience, but with some abuse
of notation, we let h(X) € L?(Fx) mean that the random variable h(X) satisfies Eh?(X) < oo when
X ~ Fx.Thus, h € L?(Fx) and h(X) € L?(Fy) are equivalent. This notation also is used for functions
&(Z) of Z ~ Fy.



Assumption 1. {z) : 0 < j < rx} is an orthonormal basis of L?(Fx) with z(0(z) = 1
Vr € X and {z) : 0 < j < 74} is a set of orthonormal functions in L?(Fy) with
20(2) =1Vz € Z, where 0 < rx, 7z < 0.

Assumption 2. The functions {#()} and {29} are bounded in absolute value on the
supports of F'y and Fy, respectively, with bounds {Bx ; : 0 < j <rx} and {Bz,; : 0 <
j<rz}.

Assumption 3. {7, : j = 1,..,rz} is a sequence of constants that satisfies
Z;il |7;|Bx jBz; <1, where 0 <71y <ry.

Assumptions 1 and 2 hold for a wide variety of functions. Some examples are given
below. However, Assumption 2 does rule out some orthonormal functions, such as the
Hermite polynomials on R or R?, which appear in an orthonormal expansion of the
bivariate normal distribution, see Lancaster (1957). Note that ry is finite only if the
support of F'y is finite. When r; = oo, Assumption 3 holds for sequences that converge
to zero arbitrarily quickly, as well as those that converge as slowly as |7;|~(1*9 for any
6 > 0 when sup;>,(Bx,;Bz;) < o0.

Define the density k. (z, z) by
kr(x,z) =1+ Z 7,29 ()29 (2). (3.1)
j=1

Theorem 1 below shows that k. (z,z) is a density function wrt Fx x Fy for any choice
of functions {z(} and {2} and any constants {r;} that satisfy Assumptions 1-3. In
particular, Assumption 1 guarantees that k,(x, z) integrates to one and Assumptions 2
and 3 ensure that k,(x, z) is non-negative. Let Fxz, denote the bivariate distribution
of X and Z that corresponds to the density k,(z,z) and the marginal distributions Fx
and Fy.

Example 1. Now we illustrate functions {2} and {z()} that satisfy Assumptions 1
and 2 in the case of absolutely continuous random vectors X and Z with dimensions
dx and dz, respectively. Consider bounded functions {u") : j = 0,1,...,rx} and {v¥) :
j=0,1,....,77} on [0,1]% and [0, 1]97, respectively, that are orthonormal wrt Lebesgue
measure, have u(®(z) = v(©(2) = 1 Vo € [0,1]%x, 2z € [0,1]%#, and for which {ul) :
j=0,1,....,rx} is a basis of the set of L? functions (wrt Lebesgue measure) on [0, 1]4x.

Products of trigonometric functions (each scaled to lie in [0, 1]%", rather than [0, 27]%



for m = X, Z) provide one example. Products of shifted Legendre polynomials provide
another example. In fact, any countably dense sets of bounded functions on [0, 1]%x
and [0, 1]%% that are orthonormalized, e.g., by the Gramm-Schmidt process, yield other
examples. The type of orthonormal functions for X, e.g., trigonometric functions, can
be different from the orthonormal functions for Z, e.g., shifted Legendre polynomials.
Shuffling the orders of the functions {u)} and {v¥”} (so that different ) functions
match up with different v") functions) provides additional examples.

Then, the functions
{29 =uD o Fx:j=0,1,..} and {2V =v@D o Fy:j=0,1,...7z}  (3.2)

satisfy Assumptions 1 and 2 with ry = cof| O

Example 2. Suppose Fx and Fy are uniform on [0,1]%X and [0,1]%#, respectively.
Then, the density k,(z, z) of Fxz., is a copula density on [0, 1] ™92 which we denote
by c,(z,2). Using the functions {u®} and {v(} defined in Example 1, the following

function is a copula density provided Assumption 3 holds:
cr(x,z) =1+ Z 7u9 (2)09)(2). (3.3)
j=1

0

Example 3. As above, suppose F'x and F; are absolutely continuous with densities fx
and f, wrt Lebesgue measure on [0, 1]9 and [0, 1]9%, respectively. Then, the following
functions, k, and f,, are proper densities wrt Fy x F; and wrt Lebesgue measure on

Rix+dz respectively, of a bivariate distribution Fy

kr(x,z) = ¢ (Fx(z),Fz(z)) and
fr(@,2) = c(Fx(x), Fz(2)) fx(2) f2(2) (3.4)
provided Assumption 3 holds. Given any copula density ¢, as in (3.3) one obtains

bivariate distributions Flyz . with any absolutely continuous marginal distributions F'x
and F'» that are desired. OJ

6By definition, (u) o Fx)(z) = u\9) (Fx(z)) for £ € R?* and likewise for v\) o F.



3.2 L2-Completeness of Fxz ,

The L2-completeness of Fyz, wrt X depends on whether the following Assumption

holds or not.
Assumption 4. (i) 7; #0Vj=1,...,rz and (ii) rz = rx.

If Assumption 4 holds, then every basis function ) for j = 0,...,ry enters the
density k,(z,z) with a non-zero coefficient. Given this, one can show that every non-
constant function \(X) € L?(Fy) is correlated with some function ¢(Z) € L*(Fy), see
Theorem 1 below.

If the support of X is finite, then Assumption 4(ii) requires that the number of points
in the support of Z is greater than or equal to the number in the support of X. If the
support of X is infinite, then Assumption 4 requires r; = oo and 7; # 0 Vj > 1. But,
Assumption 4 does not require that {z9) : 0 < j < rz} is an orthonormal basis of
L?(Fy). For example, {z) : 0 < j < r;} could consist of the odd-numbered terms of
some orthonormal basis of L*(Fy).

The following Theorem is the main result of the paper.

Theorem 1. Suppose Assumptions 1-3 hold. Then,

(a) k- (z,2) is a proper bivariate density function wrt Fx X Fyz and

(b) the bivariate distribution Fxgz, defined by the density k, is L*-complete wrt X
if and only if Assumption 4 holds.

Comments. 1. Given any marginal distributions F'x and F, consider the class of bi-
variate distributions with densities k, (wrt Fx X F7) of the form in that is generated
by a fixed choice of orthonormal functions {#)} and {2} that satisfy Assumptions 1
and 2 and all sequences of constants {7; : j = 1,...,rz} that satisfy Assumptions 3 and
4. This is a nonparametric (i.e., infinite-dimensional) class of L?-complete distributions
wrt X when r; = co. Re-ordering the orthonormal functions {z¥)} and {z()} leads
to additional nonparametric classes of L?-complete distributions. Different orthonor-
mal functions {z)} and {2} lead to additional nonparametric classes of L?-complete
distributions. Taking unions of the preceding classes of L2-complete distributions over
different marginal distributions leads to larger nonparametric classes of L2-complete
distributions.

2. The question naturally arises: How many bivariate distributions F'x can be written
in the form of Fxz .7 Results of Lancaster (1958, 1963) for bivariate distributions and



results of Darolles, Florens, and Renault (2000) based on the singular value decompo-
sition of the conditional expectation operator (see Kress (1998, Sec. 15.4)) show that
the answer is that many are of this form. Let Fx; << Fx x Fy denote that Fxy is

absolutely continuous wrt F'x x F. Consider the following assumption:

Assumption A. (i) Fxy << Fx x Fz and (ii) k¥ € L*(Fx x Fy), where k is the
Radon-Nykodym derivative of Fxy wrt Fx x Fy.

Assumption A(i) rules out joint distributions of (X, Z7) for which X is a determinis-
tic function of Z and vice versa. In econometric applications of completeness or L?-
completeness, this usually is not restrictive. Note that F'xz . and k, satisfy Assumption
A under Assumptions 1-3[7] The references immediately above show that any bivariate
distribution Fyz that satisfies Assumption A has a density k wrt Fx x F of the form
in and Assumption 1 holds.

Theorem 1(a) is a partial converse to these results. Theorem 1(a) says that given
suitable orthonormal functions and some conditions on the constants {7,} one obtains
a proper bivariate distribution.

3. Assumptions 2 and 3 in Theorem 1 can be replaced by the more general, but less

easily verified, condition:
Assumption 2*. (i) k,(z,2) > 0 a.s.[Fx x Fy] and (ii) k, € L*(Fx x Fz).

Several bivariate distributions in the literature have been shown to satisfy Assumptions
1 and 2%, but not 2 and 3, including the bivariate normal, gamma, Poisson, binomial,
hypergeometric, and negative binomial, see Campbell (1934), Aitken and Gonin (1935),
Kibble (1941), Eagleson (1964), and Hamdan and Al-Bayyani (1971)f] In all cases,
Assumption 4 holds with ry = r; = 0o, so the distributions are L?-complete wrt both
X and Z by Theorem 1[]

4. Using the canoncial correlation representation of Lancaster (1958, 1963), it can
be shown that when (X, Z) has density k., as in , then V(X)) and 2" (Z) are the

mean-zero variance-one functions of X and Z, respectively, that maximize the correlation

"This holds because k2(x, z) = (1—&—2;11 720 200)2 < (1—&—2;11 |74|Bx,jBz.j)* < 4 by Assumption
3.

81 thank Daniel Wilhelm for references.

90ne cannot use the bivariate density expansions just listed to obtain nonparametric classes of
L%-complete distributions just by perturbing the coefficients {rj + j > 1} in these expansions. The
reason is that the resulting functions are not necessarily non-negative. Note that the basis functions
{2 ;5 > 1} and {219 : j > 1} necessarily take negative values because they integrate to zero wrt Fx
and Fz, respectively.



between X and Z. In addition, by direct calculation, 71 = Corr(z™M(X), 2 (2)). Fur-
thermore, for j = 2, ...,rz, 29 (X) and 2)(Z) are the mean-zero variance-one functions
of X and Z that maximize the correlation between X and Z subject to being uncor-
related with {29)(X):m =1,...,j — 1} and {(™(Z) : m = 1,...,j — 1}, respectively.
Also, 7; = Corr(z9(X), 20)(Z)).
5. It is sometimes of interest to view X as a function of Z and some unobservable
V. Suppose (X, Z) have a joint df Fixz, as in Theorem 1, X is a scalar random variable,
and Z is a random vector (or a random element). Then, one can generate X via the
equation
X =h(Z,V), (3.5)

where Z and V' are independent random variables, Z ~ F, V ~ Fy, for any distribution
Fy that is absolutely continuous wrt Lebesgue measure on R, and h(z,v) is a suitably
chosen functionm Hence, if F'yz, satisfies Assumption 4, then (X, Z) generated as in
are L?-complete wrt X but otherwise are not.

6. Suppose rx = rz = 0o. Consider the space of /7 sequences for some 1 < p < o0

that satisfy Assumption 3:

CB:{{TjZjZ1}€€p12|7j|Bx,jBZ’j§1}. (36)

j=1

One can ask: for sequences in Cp, how generic is the property 7; # 0 Vj > 17 That
is, how generic is the completeness property specified by Assumption 47 For finite-
dimensional spaces, a property often is said to be generic if the set of points for which
the property fails has Lebesgue measure zero. In infinite-dimensional spaces, such as
Cp, the concept of genericity is more complicated. Topological notions of genericity
often are too weak, see Anderson and Zame (2001) and Stinchcombe (2002). Measure-
theoretic notions are more useful. Christensen (1974) and Hunt, Sauer, and Yorke

(1992) (independently) develop a measure-theoretic notion of “genericity” for vector

"Let Fx|z.(x|z) denote the conditional distribution of X given Z = z under Fxz,. Let
h*(z,u) = F);llZT(u|z) for u € [0,1], where F);‘lZT(u\z) is the u-th quantile of Fyx|z.(:|z). Let

h(z,v) = h*(z, Fy(v)). Let X = h(Z,V). We claim that (X,Z) ~ Fxz.. Under the assumptions,
U= Fy(V)~U[0,1]. We have X = h*(Z,U) = F)ZIIZT(U|Z). The conditional distribution of X given

7 = z is the distribution of F);llz ~(Ulz). But, this is the conditional distribution Fx|z - (-|) as desired,

because for any distribution F, X = F~1(U) ~ F. This holds whether or not Fx|z,+(:|z) is a continuous
conditional distribution.

10



spaces that the latter authors call prevalence. A set is prevalent if its complement is
shy. The shyness of a set is a natural extension to an infinite-dimensional vector space
of a set having Lebesgue measure zero in a finite-dimensional space.

The set C'g is not a vector space. In fact, it is a shy set in the vector space ¢P. Thus,
the definition of shyness and prevalence in Christensen (1974) and Hunt, Sauer, and
Yorke (1992) cannot be applied here. However, the same issue that the space of interest
is not a vector space also arises in various areas of economic theory where it is natural
to ask whether a property is generic. In consequence, Anderson and Zame (2001) have
extended the concept of shyness and prevalence to convex subsets of vector spaces. The
set Cp is convex and hence their definition is applicable here.

Their definition is as follows. Let X be a topological vector space and let C' C X
be a subset that is completely metrizable in the relative topology induced from X. Let
c e C. A set E C C which is universally measurable in X is said to be shy in C at c if
for each 0 > 0 and each neighborhood W of 0 in X, there is a regular Borel probability
measure ;4 on X with compact support such that supp(u) C [6(C' —c¢)+c]N (W +¢) and
u(E + x) = 0 Vx € X. By definition, E is shy in C' if it is shy in C at ¢ for all ¢ € C.
An arbitrary subset F' C C'is shy in C if it is contained in a shy universally measurable
set. A subset S C C'is prevalent in C' if its complement C\S is shy in C. Anderson and
Zame (2001, p. 12) show that if £ is shy at some ¢ € C then it is shy at every ¢ € C
and hence is shy at C.

See Hunt, Sauer, and Yorke (1992) and Anderson and Zame (2001) for discussions
of why the concept of shyness is a suitable extension to infinite-dimensional spaces of a
set (in a finite-dimensional space) having Lebesgue measure zero. The key is that a set
E in R* is shy if and only if it has Lebesgue measure zero. See Hunt, Sauer, and Yorke
(1992, p. 219).

We have the following genericity result for Assumption 4.

Lemma 1. Suppose rx = rz. The set of sequences S = {{7,} € Cp:7; #0Vj > 1} is

a prevalent subset of Cp.

7. Because the definition of prevalence is somewhat complicated, we give an alterna-
tive genericity result here. Consider the space of sequences S, = {{7; : j > 1} : |1;] <
DBy B, j " Vj > 1} for some § > 0 and D = (>252,7717%)~". Such sequences all
satisfy Assumption 3. How generic is the property 7; # 0 Vj > 17 If one considers a
property to be generic if the pu-measure of the set for which the property fails is zero

for some measure y, then the property 7; # 0 Vj > 1 is generic for any measure p on

11



S; (coupled with some o-field Fg_) for which the induced measure on any set of finite
subsequences is absolutely continuous wrt Lebesgue measure[]

8. Given any marginal distributions Fy and Fy, consider the class of bivariate
distributions with densities k, (wrt F'y x F) of the form in that is generated by a
fixed choice of orthonormal functions {z)} and {z()} that satisfy Assumptions 1 and
2 and all sequences of constants {7; : j = 1,...,rz} that satisfy Assumption 3 for some
fixed constants {Bx; : 1 < j <rx} and {Bz; : 1 < j < rz}. The set of incomplete
distributions in this class (i.e., those that fail Assumption 4) is a dense subset (under
the L*(Fx x Fz) metric).

See Santos (2009, Lemma 2.1) for a related L>°-denseness result for incomplete dis-
tributions (roughly speaking) in the class of distributions with compact support and

smooth density functions wrt Lebesgue measure.

4 Proofs

4.1 Proof of Propositon 1

The proof of Proposition 1 uses the following Lemma.

Lemma 2. For any non-constant A\(X) € L?(Fx) with EA(X) = 0,

E(NX)|Z) = 0 as.[Fy] iff Corr(A(X), $(Z)) = 0 for all non-constant ¢(Z) € L*(Fy).

Proof of Lemma 2. Let 03 = Var(A(X)) > 0 and 02 = Var(s(Z)) > 0. We have
Corr(A(X), 9(2)) = EX(X)d(2)/(0x04) = EIENX)|2)0(2)]/(0r04), (4.1)

where the first equality uses EA(X) = 0 and the second holds by iterated expectations.
If E(ANX)|Z) = 0 a.s.[Fz], then the right-hand side of (4.1)) equals zero, which

establishes the “only if” statement of the Lemma.

" That is, the condition on f is that Ui } is absolutely continuous wrt to Lebesgue measure on

,,,,,, JK
RX for any non-redundant finite positive integers {j1, ..., jx }, where Kiji,....jx} 18 the measure defined

by pg ey (H{Te i b =10 K} o7, ] < C’B;(}jkBiljkjkflf‘s for k=1,..,K}) = p({{r; : 4 >1}:
7.l < CBXY Bzh gt P for k=1,..,K}).)

12



To prove the “if” statement, take ¢(Z) = E(A(X)|Z) in to obtain
Corr(MX),¢(2)) = E[E(\N(X)|Z))/(0r04). (4.2)

Then, Corr(A(X), ¢(Z)) = 0 implies E(\(X)|Z) = 0 a.s.[F| and the proof is complete.
U

Proof of Proposition 1. The following are equivalent:

1. Every non-constant rv A\(X) € L?(Fy) is correlated with some rv ¢(Z) € L?(Fy).

2. Every mean zero, non-constant rv A\(X) € L?(Fy) is correlated with some rv
$(Z) € L*(Fy).

3. For every mean zero, non-constant rv A\(X) € L*(Fx), E(A(X)|Z) = 0 a.s.[Fy]
fails to hold.

4. For every mean zero rv A(X) € L?(Fx), if A\(X) = 0 a.s.[F] fails to hold, then
E(NX)|Z) =0 a.s.[F] fails to hold.

5. If h(X) € L*(Fx) and E(h(X)|Z) = 0 a.s.[Fz], then h(X) = 0 a.s.[Fx].

6. Fxy is L?-complete wrt X.

The equivalences of 1 and 2, 3 and 4, and 4 and 5 are straightforward. The equiva-
lence of 2 and 3 holds by Lemma 2. The equivalence of 5 and 6 holds by the definition

of L?-completeness. [J

4.2 Proof of Theorem 1

First, we provide some useful expressions for h € L?*(Fy) and E(h(X)|Z = z) when
(X,Z) ~ Fxz,. These results are used in the proof of Theorem 1. Define the inner

products (-, ), and (-, ), by
(hi,ho)py = /hl(x)hz(a:)dFX(x) and (mq, ma)p, = /ml(z)mg(z)dFZ(z) (4.3)

for hy, hy € L?(Fx) and my, mg € L?(Fy). Note that (hy, 29))r,. = Cov(hi(X), 29 (X))
and (my, 20 g, = Cov(my(Z), 29 (Z)) for any functions () and 2\9) as in Assumption

1 and for j =1, ...,rZ.lT_TI

2This holds because (¥ (z) = 2(0(2) = 1 V2 € X, Vz € Z implies that Fp, 2 (X) = 0 and
Ep,29(Z)=0Vj > 1.

13



For h € L*(Fx), let
hz(z) = E(h(X)|Z = z). (4.4)

Define 79 = 1. Let Sy, denote the linear subspace of L?(Fx) that is generated by
the functions {zW1(r; #0) : j = 0,...,rz}. Let Sk, denote the orthogonal complement
of SX;,- in LZ(F)()

Lemma 3. Suppose Fxy . satisfies Assumptions 1-3. Then,
(a) for h € L*(Fx),

Tz
2) =) mi(h,aP)p 2V (2) as. [Fy],
=0

(b) for h € L*(Fx) and j =0, ...,rz with 7; # 0,
(e =770z, 20) .

(c) if Fxz. satisfies Assumption 4, then for h € L*(Fy),
ZT (hz, 2N p 29)(z) as.[Fx], and

(d) for h € Sk, hz(z) =0 a.s.[Fy].

Comment. Lemma 3(a) provides an expression for the conditional mean of a function
in terms of the function itself and the orthogonal functions and constants {7;} of Fixz ..
Lemma 3(b) provides an expression for certain weighted averages of a function h in terms
of its conditional mean hy and the orthogonal functions and constants {7;} of Fxz ..
Lemma 3(c) provides an expression for a function A in terms of its conditional mean hy
and the orthogonal functions and constants {7;} of Fx, that holds when Assumption
4 holds. Lemma 3(d) shows that the conditional mean given Z of a function in S)l(,f is

Zero.

Proof of Theorem 1. We have k, € L?(Fx x Fz) because kZ(z, z) = (14372, 7jx ) ()
2(2))? < (L+>272, |71 Bx jBz;)* < 4Vr € X,z € Z by Assumption 3. Let () pyxr,
denote the inner product on L?(Fy x Fy).

Now we apply the Parseval-Bessel equality, e.g., see Dudley (1989, Thm. 5.4.4), to
show that the density k, integrates to one: (kr,1)pyxr, = [ [ kr(z, 2)dFx(2)dEFz(2) =
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1. The Parseval-Bessel equality says: If {e,} is an orthonormal set in a Hilbert space
H over the real numbers, v € H, y € H, x = ), %ae, for scalars {z,}, and y =
Y acr Yata for scalars {y.}, then (z,y) = > ., Tala, Where (-,-) is the inner product
on H.

We apply this result with (i) H = L*(Fx X Fy), (ii) {e} equal to the functions
{#U)20) . j = 0,...,r4}, which are orthonormal in L?(Fy x Fy), (iii) v = k, =
Sz Z0) (= 14377 700 20)), and (iv) y = 1 = Y77 7529)20), where 75 = 1
and 77 = 0 for j = 1,...,7z. This yields

//kf(:v,z)dFX(m)dFZ() (kr, V) g xp, = ZTJ = 1. (4.5)

Next, we have

(x,z —1+Z7‘333) >1—ZTJBX]BZ]20 (4.6)

j=1

for all x and z in the supports of F'x and F, respectively, using Assumption 3. Because
k. (z,z) integrates to one and is non-negative on the support Fx X Fy, it is a proper
density function wrt F'y x F, which proves part (a).

Now, we prove one direction of the if and only if result of Theorem 1(b). Suppose
Assumption 4 holds. If hz(z) = 0 a.s.[Fy], then (hz, 29, =0 for j = 0,...,75. This
and Lemma 3(c) (which applies because Assumption 4 holds) yield h(z) = O a.s.[F ],
which establishes that Fxz ; is L?-complete.

Next, we prove the other direction of the if and only if result of Theorem 1(b).
Suppose Assumption 4 does not hold. Then, 7; = 0 for some j = 1,...,rz or 7z < rx.
This implies that dim(S%,) > 0 and the orthonormal basis {z) : j = r; +1,..,ry if
rz <rxorj <rg&1; =0} of Sg, has at least one element. Let 2" denote any
element in this basis. We show that the function 2" € Sx, C L*(Fx) satisfies (i)
E( ( )|Z = z) =0 a.s.[Fy] and (i) #\" (z) = 0 a.s.[Fx] does not hold, which implies
that F'yz., is not L2- complete wrt X. Property (i) holds by Lemma 3(d). Property (ii)
holds because ||z"||2 = [[z{)]2dFyx = 1 by orthonormality. [J

Proof of Lemma 3. First, we establish Lemma 3(a) and 3(b). Let Sz denote the
linear subspace of L?(Fy) generated by the orthonormal functions {z) : 0 < j < rz}.
Let Sz denote the orthogonal complement to Sz in L?(Fy). Let {zg) cj =11z}
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be an orthonormal basis for Sé, where 0 < 1z, < oco. If {z(j) 1 j < 1z} is a basis of
L*(Fx), then rz, = 0 and {Z,Ej)} is the empty set. By construction, {29} U {zij)} is an
orthonormal basis of L?(Fy).

By definition, k,(z, z) is the density of Fixz, wrt Fx x Fy. The density of Fy wrt
Fx is the constant function 1. Hence, k,(x,z) also is the conditional density of Fxy,
wrt F'x X Fz. This yields

hz(z) = /h(x)kT(x,z)dFX(x) a.s.[Fz]. (4.7)

The second equality of the following equation holds by (4.7): for m =0, ...,7z

(2,2, = [ hale)e™(:)aFA()

/ / (2, 2)dFx (2)2 (2)dFy(2)

= (h2") k) p i, (4.8)

where (-, -) r, x , denotes the L?(Fy x Fz) inner product. Equation (4.8) also holds with
2™ in place of 2™ for m = 1,..., 7.

Now we apply the Parseval-Bessel equality, see the proof of Theorem 1 above, to the
right-hand side of . For each m = 0, ...,rz, we apply the Parseval-Bessel equality

with (i) H = L2(FX x Iy), (i) {ea} equal to the functions {z()2®) : 0 < j < ry,0 <

(<rz}u{zWz ©. 0 <j<rx,1 <{l<rg}, which are orthonormal in L*(Fy x Fy),
TX . .
(iii) 2 = h2™ =Y "(h, D) p 2020, (4.9)
=0

where the second equality holds a.s.[F] because {z) : 0 < j < rx} is an orthonormal
basis of L?(Fx), and
rz
(iv) y =k, =14 7020, (4.10)
j=1
where the second equality holds by definition, see (3.1). We have k, € L?(Fx x Fy)
because k2(x,z) = (1 + 302 a2 < (143777, || Bx jBz,;)? < 4 by Assumption
3. In addition, hz(™ € L*(Fx x Fy) because h € L*(Fx) and 2™ € L?(F,). By the
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Parseval-Bessel equality, we have
(hz(m), ki) pyxr, = Tm<h,37(m)>FX form=0,...,rz, (4.11)

because (™2™ is the only orthonormal basis function of L?(Fx x Fy) that {2()2(™)
0<j<rx}and {29z0):0 < j <rx} have in common.
By the same argument as in -— but with z{™ in place of 2™, we obtain

(hz0™ kN poxp, =0form=1,..,72 (4.12)

because {a:(j)zﬁm) 00 < j <ry}and {229 : 0 < j < rx} have no functions in

COominon.

Equations (4.8]), (4.11)), and (4.12)) combine to give

(hg, 2™V g, = T (b, ™), for m =0,...,7; and

(hz, 2l™Vp, = 0 for m =1,...,7z,. (4.13)

Because {z(™ :0 < m <rz}U {zim) : 1 <m < rg,} is an orthonormal basis of L?(Fy),
this yields the result of Lemma 3(a). It also gives the result of Lemma 3(b).
To prove Lemma 3(c), suppose Assumption 4 holds. Then, rz = rx and {z() : 0 <

j <rz} is an orthonormal basis of L?(Fx). In consequence,

4

h(zx) = Z(h e p 2V (z ZT (hz, 2N p, 29 (2), (4.14)

=0

where both equalities hold a.s.[Fx]|, the first equality holds by the definition of an or-
thonormal basis, and the second equality holds by Lemma 3(b) and Assumption 4(i).

Lemma 3(d) follows from Lemma 3(a ) because h € Sy . implies that (h, 20V p. =0
for those x(/) for which 7; # 0 for j = 0,. O

4.3 Proof of Lemma 1

Proof of Lemma 1. The set Cp is a closed convex subset of /7. Hence, it is completely

metrizable in the relative topology induced from X. We show that the (universally
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measurable) set F, defined by
E={{r;} € Cp:71; =0 for some j > 1}, (4.15)

is a shy subset of C'z. By Facts 0 and 3 in Anderson and Zame (2001, p. 12), it suffices
to show that the set F(1) is shy in C' at ¢ = 0, where

E(l)={{r;} € Cp:71 =0} (4.16)

(because E is a countable union of sets of the form E(k) = {{r;} € Cp : 7, = 0} and
a set being shy at some ¢ € C' implies that it is shy at all ¢ € C). Given § > 0 and a
neighborhood W of 0, define y; y, by

s w(A) = Arev(A1)/Aren(Cpa) for A C Cp, where
A1 = {7’1 : {Tj} c AN [503] N W},
CBJ = {7’1 : {Tj} e CgnN [503] N W}, (417)
and Are, denotes Lebesgue measure on R. The support of jisy, is in [6Cp] N W. Be-
cause 0Cp is compact, the support of iy, is in a compact set, as required. Note that

ALeb(Cp1) > 0, 50 pus 3y is well defined.

Given the definition of y; 1y, we have
ps.w (E(1)) = ALen(E1(1))/ALen(C1) = 0, (4.18)
where Ey(1) = {71 : {r;} € E(1)} = {0}. Similarly, for all z € ¢,
psw (E(1) +2) = A ((E(1) +2)1)/Ares(Cp 1) = 0. (4.19)

This holds because E(1) + x = {{7;} € Cp+z : 71 = x1}, where z; is the first
element in the sequence z, (E(1) + z); = {71 : {7;} € (E(1) +2) N [6C] N W}, and
the latter set equals {x1} or ¢. (The set (E(1) + x); could be the null set ¢ because
(E(1) +z)N[6Cs] N could be empty. In contrast, F(1) N [6Cg] N W contains 0 and
hence is not empty.) By (4.19), E(1) is a shy set at ¢ = 0 and the proof is complete. [J
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