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Abstract

We provide a limit theory for a general class of kernel smoothed U statistics that
may be used for specification testing in time series regression with nonstationary
data. The framework allows for linear and nonlinear models of cointegration and
regressors that have autoregressive unit roots or near unit roots. The limit theory
for the specification test depends on the self intersection local time of a Gaussian
process. A new weak convergence result is developed for certain partial sums of
functions involving nonstationary time series that converges to the intersection local
time process. This result is of independent interest and useful in other applications.
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1 Introduction

One of the advantages of nonparametric modeling is the opportunity for specification test-
ing of particular parametric models against general alternatives. The past three decades
have witnessed many developments in such specification tests involving nonparametric
and semiparametric techniques that allow for independent, short memory, and long range

dependent data. Recent research on the nonparametric modeling of nonstationary data
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opens up some new possibilities that seem relevant to applications in many fields includ-
ing nonlinear diffusion models in continuous time (Bandi and Phillips, 2003; 2007) and
cointegration models in economics and finance.

Cointegration models were originally developed in a linear parametric framework (En-
gle and Granger, 1987) in econometrics that has been widely used in applications. That
framework was extended in Park and Phillips (1999, 2001) to allow for nonlinear paramet-
ric formulations under certain restrictions on the function nonlinearity. While consider-
ably broadening the class of allowable nonstationary models, the potential for parametric
misspecification in these models is still present and is important to test in applied work.

The hypothesis of linear cointegration is of particular interest in this context given the
vast empirical literature. Recent papers by Karlsen, Mykelbust and Tjgstheim (2007),
Wang and Phillips (2009a, 2009b, 2010), and Schienle (2008) have developed asymptotic
theory for nonparametric kernel regression of nonlinear cointegrated systems. This work
facilitates the comparison of various parametric specifications against a more general
nonparametric nonlinear alternative. Such comparisons may be based on weighted sums
of squared differences between the parametric and nonparametric estimates of the system
or on a kernel-based U statistic test which uses a smoothed version of the parametric
estimator in its construction (e.g, Gao, 2007, chapter 3).

A major obstacle in the development of such specification tests is the technical dif-
ficulty of developing a limit theory for these weighted sums which typically involve ker-
nel functions with multiple nonstationary regressor arguments. Few results are currently
available and because of this shortage, attempts to develop specification tests for nonlinear
models with nonstationarity have been highly specific and do not involve nonparametric
alternatives or kernel methods. Some examples of recent work in parametric models in-
clude Choi and Saikonnen (2004, 2009), Marmer (2008), Hong and Phillips (2010) and
Kasparis and Phillips (2009). An exception is the recent work for testing linearity in
autoregression and parametric time series regression by Gao et al. (2009a, 2009 b) who
obtained a limit distribution theory for a kernel based specification test in a setting that
involves martingale difference errors and random walk regressors.

The present paper makes a similar contribution and seeks to provide a general theory
of specification tests that is applicable for a wider class of nonstationary regressors that
includes both unit root and near unit root processes. The paper contributes to this

emerging literature in two ways. First, we provide a limit theory for a general class of



kernel based specification tests of parametric nonlinear models that allows for near unit
root processes driven by short memory (linear process) errors. This limit theory should
be widely applicable to specification testing in nonlinear cointegrated systems.

Second, the limit theory of the specification test involves the self-intersection local
time of a Gaussian limit process. The result requires establishing weak convergence to
this self-intersection local time process, which is of independent interest, and a feasible
central limit theorem involving an empirical estimator of the intersection local time that
can be used to construct the test statistic. Thus, the results provide some new theory
for intersection local time, weak convergence, and specification test asymptotics that are
relevant in applications.

The paper is organized as follows. Section 2 lays out the nonparametric and parametric
models and assumptions. Section 3 gives the main results on specification test limit theory.
Section 4 provides the weak convergence theory for intersection local time. Section 5 gives
proofs of the local time limit theory, Section 6 gives proofs of the main results of the
paper, and Section 7 provides some supplemental technical results which are needed for

the development.

2 Model and Assumptions

We consider the nonlinear cointegrating regression model

Yer1 = f(@e) Fuppr, t=1,2,...n, (2.1)

where u; is a stationary error process and z; is a nonstationary regressor. We are interested

in testing the null hypothesis:
HO: f<I>:f(.T,9), 86907

for x € R, where f(z,0) is a given real function indexed by a vector 6 of unknown
parameters which lie in the parameter space 2.

To test Hy we make use of the following kernel-smoothed test statistic

Sn == Z ﬂt+1ﬂs+1 K[(.rt — l‘s)/h}, (22)
s,t=1,s#t

A

involving the parametric regression residuals 4,1 = y;11 — f(24,0), where K (x) is a non-
negative real kernel function, h is a bandwidth satisfying h = h,, — 0 as the sample size

n — oo and 6 is a parametric estimator of € that is consistent under the null.



The statistic S,, in (2.2) has commonly been applied to test parametric specifications
in stationary time series regression (see Gao, 2007) and was used by Gao et al (2009a,
2009b) to test for linearity in autoregression and a parametric conditional mean function
in time series regression involving a random walk regressor.

S, is a weighted U statistic with kernel weights that depend on standardized differ-
entials (z; — x5)/h of the regressor. The weights focus attention in the statistic on those
components in the sum where the nonstationary regressor x; nearly intersects itself. This
smoothing scheme gives prominence to product components w;y11s11 in the sum where
s and t may differ considerably but for which the corresponding regressor process takes
similar values (that is, z;, x5 ~ x for some z), thereby enabling a test of Hy.

The difficulty in the development of an asymptotic theory for .S,, stems from the pres-
ence of the kernel weights K ((z; — z5)/h) which focus on the self intersection properties
of x; in the sample. As n — oo, this translates into the corresponding self intersection
properties of the stochastic process to which a standardized version of x; converges. To
establish asymptotics for .5,,, we need to account for the limit behavior of this self inter-
section factor, which leads to a limit theory involving the self intersection local time of a
Gaussian process.

We use the following assumptions in our development.

Assumption 1. (i) {€ }iez is a sequence of independent and identically distributed (iid)

continuous random variables with Eey = 0, Ee3 = 1, and with the characteristic function

olt) of e satisfying [tlp(t)] — 0, as [t — oo. (i)
r=pri1+n, =0 p=1+r/n 1<t<n, (2.3)

where K is a constant and n, =Y oo Gp€r—k With ¢ =D 1oy b # 0 and > pe K| d,| <

oo for some 6 > 0.

Assumption 2. (i) {uy, Fi}i>1, where Fy is a sequence of increasing o-fields which is
independent of ey, k > t + 1, forms a martingale difference satisfying E(ui 1|F:) —as.
0% >0 ast — oo and sup;s; E(jugq|* | Fy) < co. (ii) @ is adapted to Fy and there exists

a correlated vector Brownian motion (W, V') such that
T [t
T2 Z wi1) =p (W,V) (2.4)
-1

j=1

on D[0,1]* as n — oc.



Assumption 3. K(x) is a nonnegative real function satisfying sup, K(x) < oo and

[ |x|metlBFLAHL K (2)de < oo, where 8> 0 and k > 0 appear below in Assumption 4.

Assumption 4. (i) Under the null hypothesis Hy, there is a sequence of positive real

numbers 9, satisfying d, — 0 as n — oo such that supg,cq, ||5— Ool| = op(0,), where

9% f(x,9)
96°

continuous in both v € R and 6 € Oy, where Oy = {0 : ||0 — || < 0,60 € Qo}. (iii)
Uniformly for 6y € €,
H@f z,0)

|| - || denotes the Euclidean norm. (ii) There exists some gy > 0 such that is

lo=0, o=, || < C(1+ |z|”),

06

for some constants 3 > 0 and C > 0. (iw) Uniformly for 0y € Qq, there exist 0 < v <1

H(?Qf(x,e)

and an integer k > 0 such that

L+ [z~ 4 Jy|*, if >0,
oo + 9260 - ste0ol <l { LT 020

Of (z,0)
o0

for any x,y € R, where g(x,0) =

Assumption 5. nh?> — oo, 02n'*Pv/h — 0 and nh*log?n — 0, where § and 62 are
defined as in Assumption 4. Also El|ey|” < 0o, where v = max{[40]+ 1, 2[F] 4+ 2} with [5]
denoting the integer part of (.

Assumption 1 allows for both a unit root (x = 0) and a near unit root (x # 0) regressor
by virtue of the localizing coefficient x and is standard in the near integrated regression
framework (Phillips, 1987, 1988; Chan and Wei, 1987). Compared to the estimation the-
ory developed in Wang and Phillips (2009a, b) and for technical convenience in the present
work we impose the stronger summability condition Y~ k'™|¢,| < oo for some § > 0
on the coefficients of the linear process 7, = Y p, ¢€— driving the regressor z;. Under
these conditions, it is well known that the standardized process g, = T/ V/ng con-
verges weakly to the Gaussian process G (t) = fot e"=9)dW (s), where W (t) is a standard
Brownian motion. See (4.2) below.

Assumption 2 (i) is a standard martingale difference condition on the equation inno-
vations ug, so that cov(uiy1,z:) = ElxiE(ui | Ft)] = 0. Wang and Phillips (2009b)
allowed for endogeneity in their nonparametric structure, so the equation error could be
serially dependent and cross-correlated with x; for |t — s| < mg for some finite mg. It is
not clear at the moment if the results of the present paper on testing extend to the more
general error structure considered in Wang and Phillips (2009b). Assumption 2 (ii) is a

standard functional law for partial sums of linear processes (e.g. Phillips and Solo, 1992).
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Assumption 3 is a standard condition on K(z) as in the stationary situation. The
integrability condition is weaker than the common alternative requirement that K (x) has
compact support.

As seen in Assumption 5, the sequence 6,, in Assumption 4(i) may be chosen as §2 =
n~0+A/2p=1/8  As h — 0, Assumption 4(i) holds under very general conditions, such
as those of Theorem 5.2 in Park and Phillips (2001). Roughly speaking, we may choose
0 under the null such that SUPg, cq, H@ — 0ol| = Op(n=(*9/2) under our Assumption
4(ii)-(iv). Assumptions 4(ii)-(iv) are quite weak and include a wide class of functions.
Typical examples include polynomial forms like f(z,0) = 0; + 0oz + ... + 0x2*~!, where
0 = (04, ...,0;), power functions like f(x,«, 3,7v) = a+ B 27, shift functions like f(x,0) =
(14 0x)I(xz > 0), and weighted exponentials such as f(z,«, 5) = (a + Fe*)/(1 + €¥).
However, Assumption 4 excludes models where f(z,6) is integrable, because parametric
rates of convergence are known to be O (nl/ 4) in this case (see Park and Phillips, 2001).
It seems that cases with integrable f(z,0) require different techniques and these are left
for future investigation.

As in estimation theory, the condition in Assumption 5 that the bandwidth h satisfy
nh?> — oo is necessary. The further condition that nh*logn — 0 restricts the choice
of h and, at least with the techniques used here, it seems difficult to relax. We also
impose a higher moment condition on the innovation €y in Assumption 5 which helps in

the development of the limit theory.

3 Main Results on Specification

Our main result shows that S, has a mixture normal distribution with a (variance) mixing
variate that depends on the intersection local time process of G (t) = f(f et=5)dW (s). This

process is defined as
t ot
Lo(tow) = tm oo [ [ 101(G(0) = Glw) - ul < eldudy
0o Jo

- /Ot Otéu[G(:c)—G(y)]dxdy, (3.1)

where ¢, is the dirac function. Lg(t, u) characterizes the amount of time over the interval
0,¢] that the process G (t) spends at a distance u from itself, and is well defined as shown
in Section 5. When u = 0, Lg(t,0) describes the self-intersection time of the process

G (t) . Using the definition of the dirac function, the extended occupation times formula



(e.g. Revuz and Yor, 1999, p.232), and integration by parts with the local time measure,

we may write

/ / 50[G (@) — G(y)dady
2/_Z/Ot£(;(s,a)dfg(s,a)da

= /_OO (e (t,a)” da, (3.2)

where (¢ (t,a) is the local time spent by the process G at a over the time interval [0, ],
viz.
t 1 t
lg(t,a) = / 3.[G(s)]ds = lim —/ 1[|G(s) — a| < €]ds.
0 e=02¢ Jo
The process (g (s, G (s)) is the local time that the process G has spent at its current
position G (s) over the time interval [0, s] . It appears in the limit theory for nonparametric
nonstationary spurious regression (Phillips, 2009). Aldous (1986) gave (3.2) for the case

of Brownian motion.

Our main result follows.

THEOREM 3.1. Under Assumptions 1-5, we have

where 72 = (8¢) ' o' n*?h [ K*(x)dx, n* = Lg(1,0) is deﬁned as in (3.2) denoting
the self intersection local time generated by the process G(t fo K= dW (s), and N is

a standard normal variate which is independent of n?.

It is readily seen that S,, may be decomposed as

n

Sn = Z[ui-H + fwi,0) — f (i, é)] (w1 + [ (2, 0) — f(an, ‘9)][([(3% - xl)/h]

it=1
ikt

= 3wt K (@ — 2 /0] 2 3w |, 0) = flae, )| K (i — ) /1]

it=1 it=1
it it

+ Z [ i, 0 xz,ﬁ)} [f(xt,e) - f(xt,@)]K[(xt — )/h]

i,t=1
i#£t

= Sln + 282n + Sgn, say. (33)



It will be proved in Section 6.2 that terms Sy, and S, are negligible in comparison
with Si,. Therefore the limit theory of Sj, plays a key role in the proof of Theorem
3.1. The following theorem gives a joint convergence result for Sy, and its conditional

variance, which is of some independent interest.

THEOREM 3.2. Under Assumptions 1-3 and when nh* — oo and nh*log*n — 0, we

<0d Z“’*HY’”’ d2z ) (1N, 7%)

n =2

where Yo, = S0” }quK[(xt — x;)/h], n* = La(1,0) is the self intersection local time

have

generated by the process G = f “t=)dW (s), N is a standard normal variate which is
independent of n?, and d% = (2¢)~'o*n?h [T K*(z)dx..

It is interesting to note that Sj, is a martingale sequence with conditional variance
Sor, Y2 suggesting that some version of the martingale central limit theorem (e.g. Hall
and Heyde, 1980, chapter 3) may be applicable. However, the problem is complicated by
the U statistic structure and the weak convergence of the conditional variance and use of
existing limit theory seems difficult. To investigate the asymtotics of Sy,, we therefore
develop our own approach.

As part of this development, the next section provides a general weak convergence
theory to intersection local time. The condition required for this development is weaker
than the Assumption 1 used in establishing Theorem 3.1 and that section may be read
separately.

The result in Theorem 3.1 involves a standardization that depends on o, which is the
limit of Eu? as t — oo. While convenient, this formulation obviously restricts direct use

2

of Theorem 3.1 in applications. However, the dependence on ¢® can be simply removed

by self-normalization. Define

Z 1y K [(a% - xs)/h]

s,t=1,s#t

We may prove, under Assumptions 1-5 and the null hypothesis, that

V2 202
d_2 = d2 ZYQ + OP(l)
n nog=2

0_4

= % > K*[(we — x4)/h] + op(1). (3.4)

t,s=1
t#s



See Section 6.3. This result, together with Theorem 3.2, leads to the following feasible

central limit theorem that is useful in practical work.

THEOREM 3.3. Under Assumptions 1-5 and the null hypothesis, we have

S
V2V,

It is interesting to note that the limit in Theorem 3.3 is normal and does not depend

—p N (3.5)

on either of the parameters o or ¢. As a test statistic, Z, = S, /v/2V,, therefore has a big
advantage in applications. We mention that, under very strict restrictions (namely that
x; is a random walk and z; is independent of u;), the result has been established in Gao
et al (2009a). We also mention that o can be estimated by a localized version of the

usual residual based method, in particular
n o \12
52 = D1 [yt - f(x)} K{(zy — x)/h]
" 2 iy K(w — ) /h] ’
where f(x) is a kernel estimate of f(x) defined by

S K (m — x)/A
) = S R — )]

nder certain condition on f(z) and u;, we may prove c- —p o°. For more details in
Und t dit d uy, 2 F detail

this regard, we refer to Wang and Phillips (2009b).

4 Convergence to Intersection Local Time

Consider a linear process {n;, j > 1} defined by n; = 32" ¢ €;_&, where {¢;,j € Z} is a
sequence of iid random variables with Fey = 0 and Fe2 = 1, and the coefficients ¢, k > 0,

are assumed to satisfy Y, |¢,| < 0o and ¢ = > 77 ¢, # 0. Let

Yken = PYk—1n + N, Yon = 07 pP= I+ H/?’L, (41)

where £ is a constant. The array vy ,, kK > 0, is known as a nearly unstable process or, in
the econometric literature, as a near-integrated time series. Write @, = ygn/+/n¢. The

classical invariance principle gives
t t
T = G(1) = / "= dW (s) = W(t) + & / "= (s)ds, (4.2)
0 0

on D|0, 1], where W (t) is a standard Brownian motion (e.g. Phillips, 1987; Buchmann
and Chan, 2007; Wang and Phillips, 2009b). Furthermore, {¢;,j € Z} can be redefined

9



on a richer probability space which also contains a standard Brownian motion W (¢) such

that
SUp @ — G1(t)| = op(1). (4.3)

0<t<1
where G1(t) = Wi (t) + & f (=)W, (s)ds. Indeed, by noting on the richer space that

[nt]

sup ‘\/_Zej Wi(t)| = op(1) (4.4)

0<t<1

see, e.g., UsOrgo an EeVesz , and using this result 1n place of the fact that

Csorgod and Révész (1981 d usi hi It in pl f the f h
\/Lﬁ Zg"jl e; = W (t) on D0, 1], the same technique as in the proof of Phillips (1987) [see
also Chan and Wei (1987)] yields

[nt]

1 .
sup ‘ﬁ ZPWHEJ‘ — G1(t)| = op(1)
Jj=1

0<t<1

The result (4.3) can now be obtained by the same argument, with minor modifications,
as in the proof of Proposition 7.1 in Wang and Phillips (2009b).
The aim of this section is to investigate the asymptotic behavior of a functional Sj,,

of the zy,, defined by

[nr]

S[nr} = % Z Q[Cn (xk,n - :Ej,n)}v (45>

k,j=1

where ¢ is a real function on R, and ¢, is a certain sequence of positive constants. Under
certain conditions on g(z), €y and c,, it is established that, for each fixed 0 < r < 1, Spp
converges to an intersection local time process of G(t), Explicitly, we have the following

main result.

THEOREM 4.1. Suppose that [_|g(z)|dz < 0o, w = [*_g(z)dz # 0 and [*_|Ee®|dt <

oo. Then, for any ¢, — oo, n/c, — oo and fized r € [0, 1],
S[m’} —D W LG(Ta 0)7 (46)

where Lg(t,u) is the intersection local time of G(t) defined in (3.1) Furthermore, under
the same probability probability space for which (4.3) holds, we have that, for any ¢, — oo
and n/c, — oo,

sup |Sppr] —w L, (r,0)| —p 0. (4.7)

0<r<1

10



The integrability condition on the characteristic function of ¢y can be weakened if we

place further restrictions on g(z). Indeed we have the following theorem.

THEOREM 4.2. Theorem 4.1 still holds if [~ |Ee™|dt < oo is replaced by the Cramér
condition, i.e., lmsupj,_q, |Eet| < 1, and in addition to the stated conditions already

on g(x) we have |g(z)] < M/(1+ |x|**?) for some b > 0 , where M is a constant.

It is interesting to notice that the additional condition on g(z) in Theorem 4.2 cannot
be reduced without further restriction on ¢y like that in Theorem 4.1. This claim can
be explained as in Example 4.2.2 of Borodin and Ibragimov (1995) with some minor
modifications. On the other hand, the asymptotic behavior of Sy, when ¢, = 1 is quite

different, as seen in the following theorem.

THEOREM 4.3. Suppose that g(x) is Borel measurable function satisfying

K

lim lz|*~! sup |g(z +u) — g(z)|dz = 0, (4.8)
h—0 K [u|<h

for all K > 0 and some 0 < o < 1. Then, under the same probability space for which
(4.3) holds, we have

[nr]

LS glann —w50) - /0 ' /0 "G (1) — Gy (0)dudy| = op(1).  (4.9)

n -
k,j=1

sup
0<r<1

We mention that the condition (4.8) is quite weak. Indeed, the same example as in

Berkes and Horvéth (2006) shows that (4.8) cannot be replaced by
K
] 2| g(z +u) — g(@)ldz =0,
for all K > 0 and some 0 < oo < 1.

Local time has figured in much recent work on parametric and nonparametric esti-
mation with nonstationary data. Motivated by nonlinear regression with integrated time
series (Park and Phillips, 1999, 2001) and nonparametric estimation of nonlinear coin-
tegration models, many authors (Phillips and Park, 1998; Karlsen and Tjgstheim, 2001;
Karlsen et al., 2007); Wang and Phillips, 2009a) have used or proved weak convergence to
the local time of a stochastic process, including results of the following type: under certain
conditions on the function ¢, the limiting stochastic process G(t), a sequence ¢, — 00,

and normalized data zyj,

[nr]
Cn

g Zg(cn xk,n) —D WEG(L 0)7 (41())
k=1

11



where (g(t, s) is the local time of the process G(t) at the spatial point s. We refer to
Borodin and Ibragimov (1995) (and its references for related work) for the particular
situation where ¢,z is a partial sum of iid random variables, and to Akonom (1993),
Phillips and Park (1998), Jeganathan (2004), and De Jong and Wang (2005) for the case
where ¢,z ,, is a partial sum of a linear process. Wang and Phillips (2009a, theorem 2.1)
generalized these results to include not only linear process partial sums but also cases
where ¢,y ,, is a partial sum of a Gaussian process, including fractionally integrated time
series.

Our present research on the statistic Sp,, in (4.5) has a similar motivation to this
earlier work on convergence to a local time process. However, the statistic Sp,,) has
a much more complex U statistic form and the technical difficulties of establishing weak
convergence are greater. The approach of Wang and Phillips (2009a, theorem 2.1) remains
useful, however, and is implemented in the proofs of Theorems 3.1-3.3.

Finally we mention some earlier work investigating the intersection local time process
and weak convergence for certain specialized situations. This work restricts the function
g in (4.5) to the indicator function and the discrete process vy, in (4.1) to a lattice
random walk taking integer values. See, for instance, Aldous (1986), van der Hofstad, et
al. (1997), van der Hofstad and Wolfgang (2001), and van der Hofstad, et al. (2003). The
present paper seems to the first to consider weak convergence to intersection local time

for a general linear process and a general function g.

5 Proofs of Local Time Convergence

Here and elsewhere in the paper we let C, C, Cy, ... be constants that may differ at each
appearance. In order to prove Theorems 4.1-4.3, we first claim that, for any finite ¢, z,

Lg(t, ) can be defined as an Ly limit of LY (t,2) := L5V (t,2) as N — oo, where

1 N ) t i
L (ta) = %/M 6‘““/0 /0 eMG=CEl s ds, du. (5.1)

In this regard, it suffices to show that, for any fixed ¢, z,

EILYN (¢, 2)* — 0, (5.2)

12



as M, N — oo. Indeed, the result (5.2) implies the Ly convergence of LY (¢,x). Hence, in

the framework of Lo-theory, we have

1 00 ) t t )
lim LY(t,r) = — e_”””/ / G =C61 s dsy du
N—oo0 27 J_ o o Jo

1

= 5 - etur /ooei“ng(t,y)dydu

= / LG(t,y)dy%/ ™" du

o0 o0

= LG(t> ZL’),

which implies the claim. To prove (5.2), note that

1 N N ) t t t t ] )
EngJ,N(t’ I)|2 — T2 / / o (ulu)x/ / / / Eezu[G(s)fG(sl)]fzul[G(sz)fG(53)]
2m)2 Ju Ju o Jo Jo Jo

ds ds; dss dss du duy
N N
< C Z / / iy i3 is ia (u, u) duduy, (5.3)
ije{1,2,3,4} M JM
i1 FigFizFiy

Where, with fil 112,13 ,14 (u7 ul) = Eew[G(xil )_G(IQ =i [G(Zi3)_G(wi4 ) )

Hi17i27i37i4 (u7 Ul) = / / ’ fi17i2,i3,i4 (u7 u1)| dxydry drgdry.
O<z1<xo<z3<rs<t

The result (5.2) will follow if each term in the right hand of (5.3) converges to 0, as
M, N — oo. Only consider iy = 4,13 = 3,1, = 2,14 = 1, and without loss of generality,
assume t = 1. All others are similar except more simpler. Note that, for any s; < so,

G(s2) = / e 27 AW (1) = (275 G(sy) +/ e 2= g ().
0

51

Write G*(s1, 52) = [ e~ dW (u). Simple calculations show that G* (s, s2) ~ N(0,02 )
where o7, = [ e*62"du > ~,(sy — 1) for some v, > 0. This, together with the in-

dependence between G(s;) and G*(s1, s9), yields that, for 0 <z < x9 <23 <2y <1

|fros1(w,ur)| = |Eexp {iuG(zs) — iviG(x3) — iuG(x2) + iu1 G(z1) }|
|E exp {iuG* (3, 74) + i(ue™ ™™™ — u1)G(23) — iuG(x2) + iu  G(71) }|
|E exp {iuG* (3, 1) + i(ue @) )G (y, 3) }|

exp { — you’ (x4 — 23)/2 — Yolue® =) )2 (2 — 22)/2}.

IA

IA
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Hence it is readily seen that

N N
/ / H4,273’1(U, ul) dudu1
M JM
N N 1 gl
/ / / / exp { — 1ou’z/2 — yo(ue™ — u1)’y/2} dedydudu,
M Ju Jo Jo

N 1 oo 1
/ / exp { — you’z/2} dxdu / / exp { — youiy/2} dydu,
M Jo —o0 J0

N
< C/ u2du — 0,
M

as M, N — oo, as required.

IA

IA

Proof of Theorem 4.1. We first prove the results (4.6) and (4.7) under an additional

condition:

Con:  g(z) is continuous and §(¢) has a compact support,
where g(z) = [7_e™g(t)dt.

1 oo itx

To start, noting that g(z) = 5~ | e"*g(—t)dt, we have

[nr] [nr]

- 27m2
k,j=1

= Rln( >+R2n< )7

where, for some A > 0,
[ro7]
R . _ - zs (Tg,n—j, n)d
n0) = g 3 [ ) ;

[m‘]

Ron(r) = / (—s/cy)e” (@kn=25.m) g

Furthermore, Ry,(r) can be written as

1 T T )
v /Cn> / / et @muln=moln) du do ds + Op(l).
0 0

— S
21 Jisj<a

Rln(T)

(5.5)

Recall ¢, — oo. It is readily seen that supjs <4 |g(—s/c,) — §(0)] — 0 for any fixed

A > 0. Hence, by recalling (4.2), it follows from the continuous mapping theorem that,

for any A > 0 and fixed r,

Ry, (r —>D — / / / is[GW) =GO gy dy ds,
[s|<A

14
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as n — 00. On the other hand, under the same probability space used in (4.3), we have

sup }Rln ——/ / / sl (w)=Gi(v dudvds‘
0<r<1 |s|<A

1
< — |9(=s/ca) — §(0)|ds
||<A
| / / / zs(ac [nu],n u)—l—x [no],n n—G1(v)) _ 1{dudvds
ﬂ<A
< o(1 ) SUP |Z(nu)n — Gr1(u)| = op(1). (5.7)

0<u<1
By (5.6) and (5.7), noting that §(0) = w and, as A — oo, 5- f‘ <A Jo [y esle=CWlgydy ds
converges to Lg(r,0) in Ly uniformly on r € [0, 1], the results (4.6) and (4.7) will follow

under the additional condition (5.4), if we prove

sup E|Ry,(r)* — 0, (5.8)
0<r<1
as n — oo first and then A — oo.
In order to prove (5.8), we need some preliminaries. Write 7, = > ' €,¢,_, and

A

A A—q
-3 = Y S = 3l
g=1 =0

q=1
where a(v) = >_"_, p*"$,. Simple calculations show that, whenever k > j > 1> m,

8 Wk = Yim) =t Wi = Ymm)

— Z cqalk —q) +s Z eqla(k —q) —a(j — q)]
+ Z e{slalk—q) —a(j —q)]—ta(l—q)}

+ Zeq{s k—q) —a(j — ) —tlall = q) —a(m — g)]}.
By virtue of the independence between ¢,, it follows that, whenever k > 7 > 1 > m,

[Bexp {[is (v — 03) = it W — )]} < 1) Bls,0),

where

k

Li(s) = ‘Eexp{z’s Z eqalk —q)}|,

q—j+1

Ly(s,t) = ‘Eexp(z Z eq {slalk —q) —a(j—q)]—ta(l—q)})‘.

q=m+1

15



We may claim that there exist constants ; > 0 and v, > 0 such that

S :
I g(—s/cy)|d Cle,e M k—j
[ b stealis = Clae e [

and for each s € R,

e 2 (k—j+1)52/nd3} . (5.9)

S t 2
L(——, —) |§(~t/ca)ldt < C cne‘”lvl‘m+/e‘”2”‘m“)t /" dt|(5.10
/tle Q(ﬁéf) \/ﬁqﬁ) 9(=t/c0)] [ }( )

In order to prove (5.10), write € (€, respectively) for the set of m < ¢ < (I4+m)/2 such
that

|s[a(k —q) —a(j — )] — ta(l — q)| > v/n|¢]

(Is[a(k —q) —a(j — q)] — ta(l — q)| < \/n|¢|, respectively). Also let

Bi=Y a(l—qP By=) a(l—qalk—q)—a(j-q)

qe qeN2

and By =Y. _q [a(k — q) — a(j — q)]>. By Hélder’s inequality, B3 < B3B; and hence

(S

> {slatk—q) —ali — ) — tall — )}’

qEQ

— $?By—2st By +1> By = By(t — s By/By)? + 5°(Bs — B2/ By)
> Byt —sBy/By)>.

Next, using the fact that there exist constants 7] > 0 and ~, > 0 such that

e M if |t > 1,

et if |t < 1, (5.11)

‘Eeie1t| S {

since Fe; = 0, Ee? = 1 and € satisfies the Cramér condition lim SUP|y 00 |Ee'er| < 1, it

follows from the independence of ¢; that, for all [ > m,

S t
R
< exp{ — Y #( ) =7 () Y {slalk —q) —a(j — g)] —ta(l —q)} "}
< exp{ = V#(Q) =75 Bi (n6°) 71 (t — sB2/B1)?}, (5.12)

where #(A) denotes the number of elements in A. Note that Q; + Qs = (I —m)/2 and
la(v)| > e I#l|¢| /4 for all sufficiently large v [see (7.14) in Wang and Phillips (2009b)]. It is

readily seen that, there exists a ny such that for all | —m > ng, By > C (I —m), whenever

16



#(21) < v/l —m. Using these facts in (5.12), we find that, whenever | — m > ny,

S t .
/|tzA IQ(W’ W) |9(—t/cy)|dt

< [ D gafe i+ [ s B ) 5B/ B g
#(Q1)>VI—m (Q1)<Vimm
< CepenVt /]g \dt+C’1/ 72 (- mt2/"ahf)

< Gy [cn emViEm g /e'vg(lmﬂ)t?/n dt],

for some v, > 0 and 7, > 0. This prove (5.10), since (5.10) is obvious if 0 <1 —m < ny.
Similarly, it follows from (5.11) and the fact that |a(v)| > e I#l|¢|/4 for all sufficiently
large v that, there exist € > 0 and n; such that for all k — j > ny, if |s| > ey/n, then

) < e—vﬁ(k—j)/27

s
1
(T
and if |s| < ey/n, then

2 k 2 ; 2
6707’25 > g=jt1 alk—a@)/n < e N (k—j+1)s /"7

hzm) <

for some 7y, > 0. By virtue of these facts, it is readily seen that

/>A (\/_¢) 19(—s/cn)|ds

< eI / G(—s/co)lds + / o2 (h=i+1)s /1
e v/ A<|sl<e v

< C [Cn e~ VET / o2 <k—j+1>s2/nd8]_
B s> A
which yields (5.9).

We are now ready to prove (5.8). Write n/ = ZO

g=—00

qubrfq. Note that n, = 77;, + 77;,/

Simple calculations show that
S (xk,n - xj,n) —1 (i[fl’n - Z'mm) =S (y;c,n - y;,n) —1 (yl/m, - y;n,n) + F(€07 €-1, )7

where F'(€p,€_1,...) depends only on ¢;,j < 0, which is independent of s (y;.,, — ¥j.,) —

17



t (Yn = Ymn)- It now follows from (5.9) and (5.10) that

ElRu()? < & / y /| sl ot/

'S

n
k,j,l,m=1
‘E[ 15 (Tp,n—Tj,n) —zt(xln—xmn):Hdsdt
C
< ¢ / [ tat-stenllat-t/c)
n kojlme1 /15124 |t|>A
| B exp {[is (W = 1) = it (W — Uhn,)] }| ds
Cl / S t
< G B a=sfenlds [ (=~ lo(—ten)
nt kzjgzm ls|>A (\/HQb) > A (\/ﬁﬁb \/5925)
< % Z [C e’hvkj_i_/ e*VQ(k*jJFl)Sz/nds]
1<j<k<n ls|>A
X Z [cne_”vl_er/e‘””‘mﬂ)ﬁ/ndt]
1<m<i<n
En —v1vE=j i —y (k—j+1)s%/n }
< O2[n2 Z e N + N Z e 2 ds
1<j<k<n |s|> 1<j<k<n
Cn l (I-m+1)s2/n
<% 3 e [ L3 ety
1<m<Ii<n 1<m<i<n
c 1 u
< Cg[—"—i—/ //672 dvduds]
n Isj>A Jo Jo
Cp, 1 U 2
x[——l—// / g2 (u=v)s dvduds}
n 0 Jo
— 0,

when n — oo first and then A — oo. This proves (5.8), and hence the results (4.6) and
(4.7) under the additional condition (5.4).

We next remove the additional condition (5.4). Recall [~ _|g(z)|dz < co. We first
claim that, for any € > 0, we may construct a gs,(z) satisfying (5.4), I75 1960 (2)]da < o0
and

/Oo lg(z) — gs,(z)|dx < €. (5.13)

Since Theorem 4.1 holds true for gs,(x), it remains to show that

% Z 9]0 (Thn — Tjn)] = goo [cn (Thm — zi0)] | = Op(e). (5.14)

k.j=1

18



This follows from (5.13) and the assumption that [*°_[Fe'®|dt < co. Indeed, under this
assumption, similar arguments to those in the proof of Corollary 3.2 in Wang and Phillips
(2009a) show that \/n(zg, — j,)/vVk — J, for all 1 < j < k < n, has a density hy ;(z)
which is uniformly bounded by a constant K. This fact implies that

n

3 Blglen (onn — 23] = gs0[en (o — 23]
k,j=1

3 B LG i 2

< 2K/ _950 |dﬂf 5/2 Z \/ + O<E)7

1<j<k<n

which yields (5.14).

It remains only to construct a gs,(z) satisfying (5.4), (5.13) and [~ _|gs,(2)|dz < oo.
This can be done according to the similar idea as in the proof of Theorem 4.2.1 in Borodin
and Ibragimov (1995). For the sake of completeness, we describe this process as follows.

First of all, for given € > 0, there exists a continuous function f.(z) having a compact

support such that
| @ - sl < o2 (5.15)

See Proposition 15.3.3 of Gasquet and Witomski (1999). Next, set

§ /°° sin[(z — y)/9]

) B e e OL (5.16)

gs(r) =

Since »
[ I gy {70, <

o T2 otherwise,

it is readily seen that, for any § > 0, gs(z) is continuous and

gs(t) = / eit“g(;(x)dx
o 1 > ity > SiHQ ('1.) itd T
= ; /OO ge(y)e dy /OO TG dl’,

has a compact support. That is, gs(x) satisfies the condition (5.4). Furthermore, by

sin (x dr = 7 and

noting [~

1 [ sin®
() =+ [T o+ sy)ay,

[e.9]
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simple calculations show that, as § — 0,

00 1 00 00 sin2 y
| o) —golar < 2 [ [T g ok o) - goldody — 0. 6.7
Consequently, for any € > 0, there exists a gs,(x) satisfying (5.4), ffooo g5, (x)|dz < o0
and

[ 1o —gatolde < [ lo@) - g+ [ o @) - ol

e¢] o — 00

< €/24¢€/2 =€

This completes the construction of gs(x). The proof of Theorem 4.1 is now complete. O

Proof of Theorem 4.2. By checking the proof of Theorem 4.1, the integrability con-
dition [ |Ee’®|dt < oo, which is stronger than the Cramér condition lim sup,| ., [Ee™®| <
1, is only used to remove the additional condition (5.4). So, to prove Theorem 4.2, it is
sufficient to show that this can be done by an alternative method under the additional
condition on g(z). Explicitly, we only need to prove that, for any ¢ > 0, there exist
95.(x) and g; () such that g; (z) < g(z) < g (), both gf (x) and g5, (z) satisfy (5.4),
S (105, ()] + g, () )z < oo and

| @ - g < (518)

Indeed it follows from these facts that

[nr]

[nr]
% Z Q[Cn (xk,n - xj,n)] S % Z gg:) [Cn (Ik,n - xj,n)}

kj=1 kj=1
—p / 5. (x)dz Le(r,0) < (/ g(x)dx + €) Lg(r,0),
c [n7] c [nr]
W Z g[cn (ke — xj,n)] > o Z Yso [Cn (Zhn = xﬂln)}
kj=1 kj=1
—p / 95, (x)dx Lg(r,0) > (/ g(x)dx — €) Lg(r,0).

This yields (4.6) since € is arbitrary. In a similar way we may prove (4.7).

The constructions of gf () and g, () again are similar to those in the proof of The-
orem 4.2.1 in Borodin and Ibragimov (1995). To start with, we notice that, for Ve > 0,
there exist two continuous functions ¢ (z) and ¢g- (z) such that ¢g- (z) < g(z) < g (x)
and

[ lote) - g <. (5.19)

—00
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See, e.g., part (b) and (c) in the proof of Theorem 4.2.1 in Borodin and Ibragimov (1995).
Here g*(z) can be chosen such that |¢g=(x)| < M/(1 + |z|**?) for some b > 0, under the

same conditions on |g(z)|. Using ¢/ (x) and g_ (x), as in (5.16), define

fi(x) = é/_oo i et 1) g¢ (y)dy,

T)ow (x—y)? 7°
§ [ sin?[(z —y)/d]
- = — “(y)dy.
f§ (ZE’) T /oo (ZL‘ _ y)g 9e (y> Y
Also write (defining sin(y)/y = 1 for y = 0)
00 .9
_ _1—peSinT(z —n)
f(x)—Zn -7
n=1
Simple calculation shows that
e (14 |2)7172) < f(z) < o (1+ |2 717%2), (5.20)

where ¢; > 0 and ¢y > 0 are constants. On the other hand, as in the proof of (5.17), for
any € > 0, there exists a d; such that for all 0 < ¢ < 9y,

[ -gwas<e  [Cl@-g@lese G

It can also be proved (see below) that, for any € > 0, there exists a d5 such that for all

0 <9 <0y,
|[f5 (@) = gf (@)]de < e f(x),  |f5 (2) — g7 (x)|dz < € f(2). (5.22)
Now the required g (z) and g;, () can be defined by
95,(x) = [fo(x)+ef(z) and g5 (x) = f5 (2) —efl(a),

where §p = min{d;, do}. Indeed, as in the proof of Theorem 4.1, both 93:] () and ggg (x)
satisfy the additional condition (5.4). By virtue of (5.22),

95,(#) < 9. () < g(x) < g () < g5, (2),

and by (5.19)-(5.21), we have that [ (|g; (2)] + |gs, (2)])dz < co and

/_ T g (@) — gp ()] de < / " g (@) — g7 (@)] d + / @) - g (o) de

o0 —00

—l—/ ‘f({)(x)—g;(x)|dx+2e/ f(z)dx
< Cl,
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where C' is a constant.

We next prove (5.22). We have

@) — g ()] < 1/00 S), (0 4 gy) — g:<x>}dy

SlIl
< +
- /zI<A /|r|>A /|x|>A ) y |g€ T+ 51/) 9e (x)’dy

[oy|=[=|/2 [oy|<|z|/2

= Rya+ Roa + Rsa, (5.23)

where A is chosen later. Recall that (5.20) and |g=(z)| < M/(1 + |z|'*?) for some b > 0.
For any € > 0, there exists an Ay > 0 such that, whenever A > A,

Rya < 2M (A)2)7"2 1+ (|2]/2)7 "2 (j2| > A)
e f(z)I(Jx| > A)/3. (5.24)

IN

For this Ay, routine calculations yield that there exists a d5 such that, for all 0 < § < d,,

Ria, < ef(x)I(|x] < Ay)/3, (5.25)

since g (x) is continuous, and

Mo
Rop < 50 [y [l (ot gy (el 2 )
T Jlyl=lal/2
< ef(x)I(jz] > A)/3. (5.26)

Taking A = Ap in (5.23), it follows from (5.23)-(5.26) that, for any € > 0, there exists a Jo
such that for all 0 < 6 < 0o, |f5+(:1c)—gj(m)‘ < € f(x). Similarly we have |f5_ (z)—g7 (z)| <
¢ f(x). This proves (5.22) and hence completes the proof of Theorem 4.2. O

Proof of Theorem 4.3. The idea for the proof of this theorem is similar to Berkes

and Horvath (2006). First notice that, for any € > 0, there exists Ny such that for all
ATZ_A%’

P( sup |Gi(u)—Gi(v)| > N/2) < 2P( sup |Gi(u)| > N/4) <e.

0<u,v<1 0<u<1

This, together with (4.3), also implies that, for all N > N,

P( SUP  |Thm — Tjn| > N)
1<k,j<n

IN

QP( SUP Tfnu)m — G1(u)] > N/2) ‘f‘P( sup |G (u) — Gi(v)| = N/Q)

0<u<1 0<u,v<1

IA

2e.
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Write

_ [ g(z) if|z[ <N,
gx(z) = { 0 if|z]>N.

By virtue of the above facts and noting that

[nr]

Z gN Lhn — x]n / / gn x[nu l,n — Llnv] n)dUdU+0P( )

kj=1
(4.9) will follow if we prove, for Ve > 0 and N > Ny,

P(ANy >¢) — 0, asn— oo, (5.27)

where
Ay _/ / |gN Thnulin — Tlno), ) — gn|Gi(u) — Gl(v)Hdudv.

In fact, for any € > 0 and h > 0, we have

P(Ay 2 €) <2P( sup |Zjpun — Gi(u)| > h/2)

0<u<1
+P / /0 5\151 v (G (u) = G1(v) + 1] — gn[Ga(u) — G (v)]|dudv > e).
(5.28)
By (4.3), we may choose h = h, — 0 such that
P( sup [Tl — Gi(u)| > h/2) — 0, asn — oo. (5.29)

0<u<
Recall (?7?) and note that Gi(u) — G1(v) ~ N(0,var[G1(u) — G1(v)]). For this chosen

h = h, — 0, it is readily seen that, for some a > 0,

P /1/0 sup [g[Gi () — G1(v) + 1] — gx[Ga(w) — G (v)]dudv > ¢)

It|<h

IA

/ / B sup |gn (G (u) — Ga(v) + 1] — g [Gi () — G (v)]|dudv

\t|<h
et / / / sup |gn(z +t) — gy (2)]e=C =/l da dudv
\/ ]u — | It|<h

Ch 61/ / ﬁdud’v/ %7 sup |g(z + 1) — g(z)|dx
o Jo |lu—1] N |t|<h

N
< Oyt / l2]*~ sup |g(@ + 1) — g(x)]da
-N

[tI<h

IN

IA

— 0, asn— oo, (5.30)

where we have used (4.8) and the fact that ¢'~*e~**/2 < O for all 0 < ¢t < oco. Taking
(5.29) and (5.30) into (5.28), we prove (5.27), and also complete the proof of Theorem 4.3.
O
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6 Proofs of main results

This section provides the proofs of Theorems 3.1-3.3. Some technical propositions needed
here will be postponed to the next section. Again, we let C, C1, (s, ... be constants which
may differ at each appearance. We start with Theorem 3.2.

6.1 Proof of Theorem 3.2. We first assume |u;| < A, where A is a constant. This
restriction will be removed later. Write G,,(t) = 2}y /v/n¢ and V,(t) = Zgri]l uji1/v/no.
Under Assumptions 1-2, the same arguments as in Buchmann and Chan (2007) or Wang

and Phillips (2009b) with minor modifications show that
(Gn, Vo) =p (G, V), (6.1)

on D[0,1]?, where G(t) = W (t) + k[ e"t=W(s)ds. By virtue of (6.1), it follows from
the so-called Skorohod-Dudley-Wichura representation theorem that there is a common

probability space (€, F, P) supporting (G%, V%) and (G, V') such that

(G, Vi) =a (G2, V%) and (G2, V?) —.. (G, V) (6.2)

n’ 'n n’ 'n

in D[0,1)> with the uniform topology. Moreover, as in the proof of Lemma 2.1 in Park

and Phillips (2001), V.0 can be chosen such that, for each n > 1
VOk/n) =V (Tw/n), kE=1,2,..,n, (6.3)
where 7, 5,1 < k < n, are stopping times with respect to .7-"7?7,C in (2, F, P) with
For=0{V(r),r <7pp/n; Go(s/n), s=1,.. k+1},

satisfying 7,0 = 0,

ka—k

sup ‘ —a.s 0 (6.4)

1<k<n nd

as n — oo for any 1/2 < 6 < 1, and

n

E[(Tnk — Toho1)"™ | .7:27,{;_1] < C o im E[uﬁ‘l | .7-';{}, m>1, as. (6.5)

E[(Tngk = Tg—1) | Fapo1] =02 Eluiy, | Fi] and

for some constant C' > 0. We mention that result (6.5) does not explicitly appear in
Lemma 2.1 of Park and Phillips (2001). However it can be obtained by a construction
along the same lines as Theorem A1l of Hall and Heyde (1980).
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It follows from (6.3) that, under the extended probability space,

(ad Zu”ly”t’ d2z )

n =2

— (Z[V(Tmt/n)—vmt /) Yy, ZY*Q) (6.6)

t=2
where, with ¢, = \/n¢/h,
t—1
Yy = 22N [Vi(rni/n) = VT /)] K{ea [GOt/n) — Goi/n))}.
=1

To establish our main result, we extend Y7, [V(7ni/n) — V(Tnu-1/n)] Y7, to a con-

tinuous martingale. This can be done by defining

M(r) =3 Ya V(2 = VD] + Y5 [V - V)], (67)
for 7, ;_1/n <r <T7,;/n,j=12...,n, and
Z V) -V V) VL 68)

for r > 7,,/n. It is readily seen that M, is a continuous martingale with quadratic

variation process [M,] given by

* TTL, - * Tn,—l
ZY2< nt _ Tnt 1>+Yn§(r—Tj> (6.9)

n

for 7, ;_1/n <r <T7,;/n,j=12...,n, and

_ 1
Zy*Q (Tnt . Tnt 1) + = (7” - Tn,n) (610)
n n n

for r > 7, /n. Similarly, the covariance process [M,,, V] of M, and V is given by

j—1
Tt Tnt—1 Tnj—1
M, V], = STy (_,_ ) Yy, ( ;) 6.11
for 7, ;_1/n <r <T7,,;/n,j=12...,n, and
= Tnt Tnt—1 1 Tn,n
L A I ] e A (e § 6.12
[ ] Z nt\ ", n + NG =, (6.12)

t=2

for r > 7,,/n.
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Write p,(t) = inf{s : [M,]s > t}, a sequence of time changes. Note that [M,], = oo

for every n > 1 and
(M, V] )y —p 0, asn— oo, (6.13)

for every t € R, by (6.15) in Proposition 6.1 below. Theorem 2.3 of Revuz and Yor (1999,
page 524) yields that, if we call B" (i.e., B"(r) = M,{p,(r)}) the DDS Brownian motion
(see, for example, Revuz and Yor (1999), page 181) of the continuous martingale M,
defined by (6.7) and (6.8), then B™ converges in distribution to a Wiener process W. Since
the law of the processes B™ are all given by Wiener measure, it is plain that B"(r) = W (r)
(mixing), where the concept of mixing can be found in Hall and Heyde (1980, page
56). This, together with (6.16) in Proposition 6.2 below, yields that (B"(r),[M,]1) =
(W(r),n?), where W is independent of n*> = L(1,0), defined as in (3.1). Now, by noting
that M,(1) is equal to B"([M,],), the continuous mapping theorem implies that

(Mn(1)7 [Mn]l) —D (77 N7 7]2)7 (614>

where N is a normal variate independent of 7.

By virtue of (6.6) and (6.14), the required result of the theorem follows (6.17) and
(6.18) in Proposition 6.2 and Proposition 6.3 below.

It remains to show the following Propositions 6.1-6.3, which will be given in Section

7.2-7.4, respectively. The proof of Theorem 3.2 under |u;| < A is now complete.

PROPOSITION 6.1. In addition to Assumptions 1-3, assume that |u;| < A, nh* — oo

and hlog®n — 0. Then, as n — oo,
(M, V], — 0, in Probab. (6.15)
uniformly on r € [0,T], where T is an arbitrary given constant.

PROPOSITION 6.2. In addition to Assumptions 1-3, assume that |u;| < A, nh* — oo
and nh*log*n — 0. Under the extended probability space used in (6.2), we have

(M), —p 77, (6.16)

where n? = Lg(1,0) is defined as in (3.1), and

i _ZY*2 _op(1 (6.17)

26



PROPOSITION 6.3. In addition to Assumptions 1-3, assume that |u;| < A, nh* — oo
and nh*log’n — 0. Then,

% Tn, Tnt—1
Mo(1) = > YA [V(=5) = V(=2=)] = op(1). (6.18)
We next remove the restriction |u;| < A. To this end, let

wy = ul(ju;] < A/2) — Elu;I(ju;| < A/2) | Fi4],
uy = uil(ju;| > A/2) — Eu;I(ju;| > A/2) | 1],

and
t—1 t—1
Yie = Zul,i—i—l Kl(ve —xi)/h],  You = Z Ug i1 K[(zs — x) /h].
i=1 i=1
With these notation, we may write
1 & 1 & 1 & 1 &
a1 Z Upyr Yoy = 1 Z Up 41 Yipt + P Z UL 41 Yont + 7 Z U 41 Yt
" =2 " =2 " =2 " =2
1 n
= d_ Z ul,t+1 Yint + Aln + A2na (619>
" t=2
22 Y = d—QZKnter?ZYlnthnter—QZYzm
n =2 n =2 n =2 n =2
1 n

no¢=2

Recall that |u;] < A and uy; is a martingale difference satisfying
B} | Fia) = B@il(lw| < A) | Fia) = [B(ud(ju] < A) | F)] =0, as,

as j, A — oo. It follows from the previous proof that, when n — oo first and then A — oo,

1 < 1 <
(Ud > et Ying, d—zZYfm) —p (NN, 7°). (6.21)
" =2 n =2
Now it is readily seen that the required result will follow if we prove
N, —p 0, 1=1,2,3,4, (6.22)

as n — oo first and then A — oo. In fact, by virtue of (7.26) in Lemma 7.6 below,



and sup, K(x) < oo, we have, for 1 <t <n,

t—2
BEYY < 2suwpK(z) Bu} +2B( Y w1 K[( — ;)/h)’
r i=1
< C sup Bu}(1+ h*Vtlogt+hvt) < Cihv/n,

1<i<n

since hlogn — 0 and nh? — oo. Similarly

EY2, < C sup Bull(|u] < A)(1+ h*Vilogt + hv/t) < Cihv/n,

1<i<n

EY2, < C sup Bu?I(lu| > A)(1+h*Vilogt + h/1) < CL A 2hy/n.

1<i<n
These results, together with the fact that w;; and uy; both are martingale difference
satisfying

sup B(uf ;0 | Fj) < suplB(uj | F)]V? < C,
J J

sup E(uz oy | F5) < sup E(uil,»a | Fj) < A7 sup B(uj | Fj) < CA™,
J J J

yield that, as n — oo first and then A — oo,

C Z"
2 2 -2
EAln S m £ Ei/?nt S CA — O7
CA2 <
2 § 2 —2
EAQn S m £ EYnt S CA — 0,
EAy, < ijEW <CA? =0
4n - n3/2h — 2nt — ’
C < _
Bldul < oy BV B < CAt =0

This proves (6.22) and hence the proof of Theorem 3.2 is complete. O

6.2 Proof of Theorem 3.1. By virtue of (3.3) and Theorem 3.2, it suffices to show
that

Son = 0op(n®*Vh) and  Ss, = op(n**Vh). (6.23)

To prove (6.23), we require the following propositions. Their proofs will be given in

Sections 7.5 and 7.6 respectively.
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PROPOSITION 6.4. Suppose that Assumptions 1-2 hold, E|eo|™>2 < oo and p(x)
satisfies [(|p(x)] + p*(x))dx < co. Then, for any o >0, h >0 and1 <s<n-1,

E{Jusia (1 + |, pl@sss = 2) /Bl } < CRY2(1L45@70/2); (6.24)
foranya >0, h>0andt> s+ 2,
B{(1+ uga (1 + Jos|* ) Ipl(we = 2) /Bl } < CR(1+ s D/2)1VE= 5. (6.25)

If in addition [ |z|medleldleDHp(r)|de < oo and Ele|le 22 < oo, then for any

ar, a0 >0, h>0and0<s<t<i,

Ch2 a1/2ta2/2

L+ faal™) (L el ol — ) A ol = ) I} < =i (6.20)
for any ay, a0 >0, h >0 and t # s,s+ 1,
B{g(as)g1 (w2 (1 -+ o] (Ut || ") K Gy — ) /]|
Ch s®1/2t02/2
< — = (6.27)

where g(x) and g1(x) are positive real functions such that

supE{ g(usi1) + g1(usy)] |]-"} < 00.
s>1

PROPOSITION 6.5. Write Zs; = w1 g(x;) Yoy iy K[(@ — 2:)/h], where |g(z)] <
C(1+|x|?) for some 8 > 0. Then, under Assumptions 1-3 and E|eo|™>140+1, 2181+2} < o0

we have

n 2
E(ZZQZ») < On¥HER3(RY2 logn + 1). (6.28)

We now turn back to the proof of (6.23). To this end, for 6 > 0, let ,, = {5 ; H@—HH <
d6n, 0 € Qo}, where §,, is given in Assumption 4 (i). Recall Assumption 4 and note that
Q, C O for all n sufficiently large. It follows by Taylor expansion that, whenever n is
sufficiently large and 6 cQ,,

Of (w4,
Sop = Z Ujt1 Z %t) K[(xt - xz)/h} + A+ Doy

t=1+1

= A, + Agn + A, + Aoy, (6.29)
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where,

Ay, = Z Uit Z MK[(xt — 2:)/h],

t=1

Ny < ClO—0P Z i [(1+ |24l?) K [(2 — 2:)/h],
z;;g:tl

A, = Zulﬂ 21 x“ f(wi,6) Z K [(z — ;) /h],

t=141

1+ |z, if B> 0,

and with Ky(z) = |z|°K(z) and v(z) = { L4 jzp-l i B=0:

n

Ngw < ChIO—01  fuia|v(xil) D (Ki[(w = 2:)/h] + K [(w0 — 1) /1]).

i=1 t=i+1

Recall 62n'*Py/h — 0 by Assumption 5. It follows from (6.28) in Proposition 6.5 with
g(x) = % that, whenever 0 € ,,

EA? < 08 2 nP2H0R32 (R logn + 1) = o(n®?h). (6.30)

Similarly, using (6.24)-(6.25) and (6.27) in Proposition 6.4, simple calculations show that

E(|Az| +Az]) < 06252<h1/2256/2+hzn: B/ )

s,t=1 \/ t—S

s#t

n n 1
+Co RO, (W23 (14 507002) +hz yo + 5% ))
s=1 s=1 t=s5+2

< 9 (h(sin(3+ﬂ)/2 + h26nnmax{3/2,1+ﬁ/2})
o(n*"V/h), (6.31)

since 02n'*Pvh — 0 and nh*log’n — 0. As for Ay, by recalling z1,...,z; are Fi-
measurable by Assumption 2, it follows from Assumptions 2-5 and (6.26)-(6.27) with

30



p(z) = K(—x) that

n

EA2, < 05253;ZE{(Z%K[(@—xi)/h})QE(u;l\ft)}

i=1 t=1

< Gy S B{+ a1+ [l K [ — ) 0] K[, — @) /0]
i=1 1<s<t<i—1
n i—1
4Oy 6282 ZZE{ | 29) KQ[(xt—xl)/h]]}
=1 t=1
n B/Qtﬁ/Q n i—1

< 0y 6252 I i Cy 8282 h
B i ! izll<s;ilvi_tvt_ e ;tl

< 036762 (BP0 + hn®H0) = o(n®h). (6.32)

Combining (6.29)—(6.32), we obtain, for any ¢ > 0,

P(|Sa,| > 60**Vh)

< P(|Son| > 60%/*Vh,0 € Q) + P(||0 — 0] > 56,

1 1
< 52n3/2hE(A,Z+A§n) AT E(|Agn| + |A3,]) + P(||0 — 0] > 56,)
— 0, asn — oo.

This proves the first part of (6.23). Similarly, by noting

ElSl < CB{(0-0y Z|af$“ 8f(xt’ | K [(w—w)/n] |

17£t
n

Co%02 3 B{ (4 |uil?) (L + [wl?) K [(00 — /0] |

Z;;:tl
n B
< 085 Z hi < C62 h 620328 = o(n**Vh), (6.33)

4,t=1
i#t

IN

whenever 6 € Q,, and n is sufficiently large, we obtain, for any o > 0,

P(|Ssn] > 6 n**Vh)

< (\sgn\ > 0n**Vh,0 € Q) + P(||0 — 6| > 55,)
< 3/4\FE\S3n\+P(H9 0]| > 66n)
— 0, asn— 0.

This proves the second part of (6.23), and hence the proof of Theorem 3.1 is complete. O
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6.3 Proof of Theorem 3.3. It suffices to show (3.4). This is similar to the proof of

Theorem 3.1. So we only give a outline. We may write

= (0N Y it K2 (n - n)/h] = Vi + Vi

s,t=1 s,t=1
s#t,|s—t|<1 |s—t|>2

where we further have

Von = Z “s+1ut+1 (xt — s /h + Z s+1 s+1 Ut+1 K2[($t - xs)/h]
|s9 tt|>12 \sg—tt\212
+ Z wyry (g — ugyr) K2 (2 — @) /7]
s,t=1
|s—t]>2

As in the proof of Theorem 3.1, the result (3.4) will follow if we prove

Vay = o Z K?[(z, — x5)/h] + op(n*?h), (6.34)
s;;:tl
and
E|Vin| = op(n®?h), k=1,4,5, (6.35)

whenever 6 € Q,, where Q,, = {/9\ H@— 0] <30,,0 € Q}.
The result (6.35) is simple for & = 1. Indeed, by recalling |f(zs,0) — f(a:s,é)| <
C66,(1+ |zs]) when 6 € Q,,, Uy <2(uy +|f(zs,0) — f(as, 0)?) and sup, K (z) < oo,

simple calculations show that

BVl € €Y (Bal,)2 (Eal,,)

s,t=1
s#t,\sft\gl

< O (Bt 406 B+ [n )] [Buby, + 008 BOL+ o) 2

s,t=1
s#t,|s—t|<1

< COn(l+662n*) = o(n*?h),

since nh? — oo and 62n'*t%v/h — 0, where we have used (7.11) in Lemma 7.2 below.
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Similarly, it follows from (6.27) in Proposition 6.4 that

BV + E|Vs,| < C6, Z E{’us+1|ut2+1<1+|x8‘ﬂ>K[(xt_xS)/h}}

s,t=1
ls—t|>2

n

+Cop > E{uyy (14 |2*) K [(2 — ) /h] }

s,t=1
ls—t]>2

+08, Y Bflugi] (1 [2,]%) (1 + [ *?) K [(2, — @) /0] }

s,t=1
ls—t[>2

n

+C0y > B{(L+ [ao?) (1 + |2*) K [(20 — 20)/h] }

s,t=1
ls—t|>2

~ Ch
< 5,72 4 8208 4 530302 4 5in?P
2 7= )
st >2
— oln?h),

since nh? — oo and 62n'*%/h — 0. This proves (6.35) for k = 4 and 5.
In order to prove (6.34), let K*(z) = 3[K(z) + K(—x)]. It is readily seen that K*(z)

is symmetric and K*(x) still satisfies Assumption 3. Simple calculations show that

V3, = Z us+1ut+1 [(xt—xsvh}

s,t=1

ls—t]>2
= S Rf— )] 42 S (i +o?) [ — B | F]K (0 — )]
| s | 312 z;tsjlz
+2 Z (ufpy +0°) [E(ulyy | F) — 0| K2 [(2 — x5)/h]
S
= ‘/Snl + V:”)nQ + VESnS- (636)

Note that 3 0, 4« K2[(z; — x5)/h] < 2n sup, K*(z) = o(n*?h), since nh* — oco. It
follows that

Vi = o Z K*[(x, — x5)/h] + op(n®?h). (6.37)
s,t=1
s#t
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The conditional arguments, together with (7.27) in lemma 7.6 below, implies that

t—

ElVaal < 23" B{E[(uk +0%) | A] | Y (2, — By, | FOJK (20— ) /0] ||

1

[\

S

1/2

IA

c Z {E‘ i [“iﬂ - E(“iﬂ | fs)]K*z[(xt o xs)/h] |2}

< C ) (K*Vtlogt + hv/t)'/?
t=3
< Cn®*"Vh(hlogn +1)"? = o(n®?h), (6.38)

since nh?> — 0 and nh* 1og2 n — 0. To estimate V3,3, we rewrite V3,3 as

n—3 n
Ving = Y [B(uly | F) =] Y (i +0%) K [(; — ) /h].
s=1 t=s+2

Recall that, by (6.27) in Proposition 6.4,
Ch

t—s

E{(uiyy + 0*) K (2 — o) /h] } <

Y

whenever t > s+ 1. It is readily seen that

n

n—3
Z Z E(ujy + 0*) K*[(x, — x)/h] < Cn®?h,
s=1t1

=542

and for any ¢,/n — 0,

Z" > E(ufy, +0%) K [(x, — x,)/h] < Cep/nh=o(n®h).

s=1 t=s+2

By virtue of these facts and E(uZ,, | Fs) — 02, a.s., it follows from Lemma 7.3 below

that
E|Vas|'? = o(n®*Vh). (6.39)
The results (6.38) and (6.39) imply that Vi, + Va3 = op(n/2h). This, together with

(6.36)-(6.37), yields (6.34). The proof of Theorem 3.3 is now complete. O

7 Proofs of propositions

Except where mentioned explicitly, the notation in this section is the same as in previous
sections. In Section 7.1, we introduce some previous lemmas. The proofs of Propositions

4.1-4.5 will be given in Sections 7.2-7.6.
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7.1 Preliminaries. First note that

. .
Z pt ] Z pt J Z Eigbjfi
j=1

t J
= Pt Z P Z vt Y AT D o
j=s+1 i=—00 j=s+1 1=s+1
= P re+ A+l (7.1)

where '
J

t—s t t—i
r_ § : t—j—s E : ) _ § ’ ) § t—j—1
Tt = P €z+s¢j—i - € P ¢j'
j=1

i=1 i=s+1  j=0

Write d2, = >, pQ(t_i)(Zz;io p¢;)? = E(z,,)?. Without loss of generality, assume
ds; # 0 for all 0 < s <t < n. Otherwise, xg,t = 0, a.s. This occurs only in the situation
such as ¢g = ¢ = ... = ¢, = 0 with a finite k. Hence ¢ — s must be small and the
main results can be obtained by a routine modification. By virtue of this fact, for all

0 < s <t <n,we have that C,(t — s) < dit < Cy(t — s) and
m x,, has a density h, (), (7.2)

which is uniformly bounded by a constant Cy. See (7.14) and Proposition 7.2 (page 1934
there) of Wang and Phillips (2009b) with a minor modification. Furthermore we may
prove that,

conditional on F,, x;/v/t has a density h,(z — 2%/t — s), (7.3)
where 2% = p'™* z; + Ay, and under Assumption 1,

sUp |hst(x +y) — hse(z)] < Clyl, (7.4)

[Aas| < e Z €] Z |04l <CZ (k+ 1) fessl. (7.5)

i=—co  j=s+l
Indeed (7.3) follows from (7.2) because of the independence between Fy and e, k > s+ 1
and (7.5) is obvious by recalling > "7~ | k'™|¢, | < oo. If we write ¢, ,(u) = Belwwei/Vi=s,
arguments similar to those in the proof of Corollary 2.2 in Wang and Phillips (2009a) yield
that, uniformly for 0 < s <t <n, [~ (1+ |u|)|¢,(u)|du < co. It follows by inversion of

the characteristic function ¢, ,(u) that

sup |hs,t(x + y) - hs,t(x)’ - —zu (o) _mx)gos,t<u>du‘

ol
< Clyl / s o) du < 1 [y,
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which implies (7.4).
By making use of (7.2)-(7.5), we may establish the following lemmas which play a key

part in the proofs of our main results.

LEMMA 7.1. Assume that p(z) satisfies [ |p(z)|dz < oco. Let Assumptions 1-2 hold.
Then,

(i) for any 0 < s <t <mn and h >0,

E{p(z,/h) |F} = \/th_—s/Oop(pt‘sxs/h+x)hs,t(\/%)dfﬂ+5n (7.6)

where
£, < t(i—hs (1+§:(l€+ 1)‘1‘5\es_k|> /OO p(x)|da;
k=0 %
(i) for any 2 < s+2<t<n and h > 0,
E{owapem |z} | < 2 [ polds &

where g(z) satisfies that E[g(us+1) | Fs] = 0,5 > 1 and sup,s, E[g(us1)? | Fs] < C;
(#i) for any 0 < s <t <mn,

Ch >
Vi—5 J_s

E(|p(z/h)| | Fs) < p(x)|dx ; (7.8)

(iv) for any2 < s+2<t<mn and h >0,

IN

Ip(x)|dx ; (7.9)

E{\us+1\ /) ‘}_S} ChE(lus| | F) /_oo

Vi—s

(v) for any s+ 1 <ky,...kp, <tand2<s+m+2<t<nandh >0,

o0

m

Bl e iz} < s [ )

Proof. By virtue of the independence between F; and €, k > s + 1, it follows from
(7.1)—(7.2) that

dz.  (7.10)

E{p(ai/h) | 7. |

h &9
= \/m / p(pt_sxs/h+As,t/h—l—x)hs,t(
h *° h

p(p ™ zs/h+ x)hy|

=7
=1

t—

8
T‘
w

®
8

hx

p(p P xs/h+ )y (

8
T‘
®

»
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where, by (7.4)—(7.5),

h
< — t
*Cn = \/t—Slwlp‘hst( t— st }/ xs/h+x)|dx

< —|A5t| / 2)|da
Ch e =
t_s(1+2 (k+1)7es- k!) /_OO [p(w)lda

This proves (7.6). Similarly, it follows from (7.1) and (7.2) that

IN

B{g(ucs)plai/h) | 7.}

_ h OO Pt A ('T’Jst - x;-l-l,t)
— —h_s_l/_ooE{g(usH)p( S S Tl ) |7
hy
hs—l—lﬂf(ﬁ)dy

st
+

\/t—hs— / b p ljthy)
E{g(us+1) s+1t[\/7{y st SH’t)/h}”]:s}dy

This, together with E(g(usy1) | Fs) = 0 and (7.4), yields

‘E{us+1p(xt/h) ‘fs}

Ch 0 ptfsl,s A&
(5 St )y B ot — ) 7.

T ot—=5 J_
Ch [~

d

= [ by

where we have used the fact:

B{lg(usn)l el = @ | | Fo} < C (B{g () | ) (B " < C.

This proves (7.7). The proofs of (7.8) and (7.9) are simple. Note that, whenever 2 <
s+m+2 <t <n,similar to (7.2) we find that

ku, i .
T (T = ol ek oo PRI 9;) has a density, say B (x),

which is uniformly bounded by a constant Cy. It follows from (7.2) and independence
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between ¢; that, for ky,...,k,, <tand 2 <s+m+2 <t <mn,

B{( + lueal) [T lew.] Ip(ae/m)] |7}

u=1

h m
= 7= Pl el [Tlel

00 t—s—1 A m e ’ t:ku ,Ot_ku_j(b' h
/ ‘p<,0 hws+1+ sgl,t+2u_1 K Z]h_o ; +y>‘|h;,t( f— s)|dy IFS}

Ch [e.@] m
< o= | )iy B[+ fusa) [Tl 7]
Ch o0

N Ip(y)|dy,

which yields (7.10). The proof of Lemma 7.1 is now complete. O

LEMMA 7.2. Suppose Assumption 1 holds. For any 1 < s <t and o > 0, we have
E(jz|*™) < Ol (7.11)

provided E|eo|™>2 < oo;

Bllal® | £} < Ol =)+ [nl*+ (S + 1) ei)],  (712)

provided E|eg|m{lel+1.2} < o0,

Proof. If a — 1 is an integer greater than 2, (7.11) is well-known. If a > 1, it follows
from |z,|*t < @ D/2(1 4 |z, //t|med2) that

E(|$t|o¢—1) < t(a—l)/Q(l+E|xt/ﬁ|max{[a],2}) < Ot(a_l)/z,
If 1 >« > 0, by recalling (7.3), we have

Bl VI | F) = / e ol — a3V )da

—00

< C’o/ |z|* da +/ poy(x — x5 /V/t)dx < C,
|z[<1 |z]>1

and hence E(|z;|*7!) < C't(*~1/2. Combining all these fact, we obtain (7.11).
Recall |p| < C and 77, |¢;] < oo. It is readily seen that F|zf,|* < C(t — )22,
where z7 ; is defined as in (7.1). Now the result (7.12) follows from (7.1), (7.2) and the

fact that, whenever @ > 0,
(lz] + |yl + [2)* < Callz|® + |y|* + |2]%),
where C, is a constant depending only on . O
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LEMMA 7.3. Let Ay and By, be two sequence of random variables satisfying Ar — 0, a.s.
and |Ay] < C, Y 7_ E|By| < A2 and for any c,/n — 0, Y3, E|B,| = 0(A2). Then,

BN A4.B.|"? = o(A). (7.13)
k=1
Proof. Note that (|z| + |y|)¥/? < |z[*/? 4 |y|'/? and

n \/ﬁ n
1> AuB <C D B+ max |Ay] ) Bl
k=1 k=1 vnsksn k=1

It follows that

EIB.)Y +(E max |Ad)"* (3 E|B.)”
- = k=1

M

BN A.B,|"* < Cf
k=1

=
—_

= O(An

as, by the dominated convergence theorem,

lim £ max |Ag] =F lim max |Ag| =0.
n—oo  /n<k<n n—o0 ,/n<k<n

This proves Lemma 7.3. O

LEMMA 7.4. Let pj(x),j = 1,2,3, be positive functions satisfying ffooo p;(z)dx < oo

and supyp;(z) < co. Then, under Assumption 1, we have

Epi[(zy — x;)/h] < \/f% _OO pi(z)de, (7.14)
Epi[(ze — x;) /h] pa[(z: — )/ h]
< # _oopl(x)dx /_oopg(y)dy, fori < 7, (7.15)
Epi[(w — @) /h] p2[(wy — x7)/h] ps[(z: — i)/ B]
Ch? o o o
< == |y [ mdy [ty (76

fori < j < k. Forthe K(x) defined in Assumption 3, write

Xos(is g biy1) = E{K[(ms — 2,)/h] K [(z0 — ;) /0] K [( — ) /h] K [(20 — 21)/B] }
Similar to (7.14)-(7.16), we also have
(i) ift>s,s—2>4,5,i#j,k=iandl=jorl=s—1orl=s then

(i gk l) < Ch? 1
1
Xs,t ’j) I — mma
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where iy, = max{i,j};
(ii) ift>s,s—2>d,j,k,i#jF#kandl=1iorl=s—1orl=s, then
Ch* 1 1
L7,k 1) <
Xsa(iy 1 k1) < VE—55 —i1\is — i3

where iy = max{i, j, k}, i3 = min{i, j, k} and iy is the median value of i, j, k.

(7.18)

Proof. We only prove (7.16) and (7.18) for i < j < k and [ = s — 1. The other
results are similar but simpler. In order to prove (7.16), let p*(x) = p1(z — x;/h)p2(z —
xj/h)ps(x — x1/h). Note that p*(x) is Fy-measurable and
| s = [ oot (om0 Alpalo + (o1~ ) Blpn(e)de

o0 [e.9]

< C /00 ps3(z)dr < oo. (7.19)

o0

It follows from (7.8) with p(x) = p*(x) that
Ep*(z) = E{E[p*(z)|F]}
ch /_ E{pile + (2 — 2i/B)pslie + (@ — 2;)/H]} ps(e)da

Vi—s
= \/t—k\/ckh—j\/j—i/oopl(y)dy /oom(y)dy /Oops(y)d%

where, in the last inequality, we have used the result (7.15). This proves (7.16).

<

The idea to prove (7.18) for i < j < k and [ = s — 1 is similar. Indeed, by using (7.8),
we have
M, = B{K[( — ) /h] K[~ 2.0)/0] | £}
Ch >
Vi—5 J_x
N, = B{K[(e, — )] K[(e, —2)/h] | Foor}

E{K[z+ (xs-1 — z/h)]} K (z)dz,

IN

C’h/oo E{K[z + (z; — x;)/h]} K (z)dx,

—00

Similarly, uniformly on z,y € R, it follows from (7.8) that
E{Kz+ (x; — ;) /K[y + (x5-1 — x1)/h] }
= E{K[z+ (z; — 2;)/WE(K[y + (xs_1 — zx)/R] | Fi) }

C o

< \/Sﬁ_kE{K[:zr—i—(xj—xi)/h]/_ooK(y+z—xk/h)dx}
Cih

< mEK[x—l—(xj—xi)/h]

< Ch? 1

T Vs—kji—1
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These facts, together with conditional arguments, yield that

Naalingi o5 = 1) = BLK (g = 20) /0] K [, — 2)/0] M.}

< D [ B{K () K [Gr, — )R] Ko+ (2ecs =/ )} K)o
Ch >

= =/ E{K[z + (zs-1 — x/h)]| N;} K (z)dz

< o= [ B - a0 WKy s 00 WK @)K ) dody

< Ch* 1 1

S Visvs— ki

This proves (7.16) for i < j < k and | = s — 1. The proof of Lemma 7.4 is now complete.
O

LEMMA 7.5. Write
I(i,5,k,1,s,t) = E{ui+1uj+1uk+1ul+1K[(xs —z;)/h] K[(x; — x;)/h]
K [(2 — 2i) /] K [(2, — 21) /] }

In addition to Assumptions 1-3, assume |u;| < A. Then,

(i) fort > s,s —2>14,j,k,l andi < j <k <lI,

1 1 1 1 1 1
16,k 1,5,0)] < Oh4( + ) S . (720
1G5k, L, )] < t—svs—1 i-ss—1) k-3 (7.20)
(i) fort >1+21<i<j<s—2,1>s+1andk <l
Ch* 1 1 1 .
T T T ZICZS,
11(i,5,k,1,s,t)] < L Visk Vi Vi fk (7.21)
Vs k<s
11) fort=s and s —2 > 1,7, k,l and1 <) <k <,
ds—2>ijklandi<j<k<l
C.ht 1 1 1
(i, 5,k L6 < = (7.22)

t— I —kvE—ji—i
Proof. First for (7.20). It follows (7.6) of Lemma 7.1 with p(z) = K(x — xx/h) K (z —
x1/h) that

T, = E{K[(xt—xk)/h}K[(a:t—:cz)/h] !Fs}
h

B & s hx
— m/_wp(p :L*S/h—l—x)h&t(m)d:z: + L,
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where

Ch - i >
L < (1w ) ) [ bt
s u=0 o0
Now conditional arguments, together with |hy(y)| < Cy and some simple calculations,
yield that
\I(i,7,k,1,s,t)|
= ‘E{Ui+1Uj+1Uk+1ul+1K[(Is - Iz)/h] K[(l‘s — I])/h} TS}
Coh o
=~ \/to——s . ’E{Ui+1Uj+1uk+1ul+1K|:([ES — xz)/h} K[(ZL’S — ZL&)/h}
p(o' " 2o/ + @) f|do + AV E{ K [(w, — 2:)/R] K (2, — ;)/R] | £,] |
< \/(;(’TZ | IBL()| K)o+ t(i—hs (/oo E|L(2)| K (z) dz
£3 (s 1) / E{le||Ia()} K () dm), (7.23)
u=0 e
where

L(z) = ui+1uj+1uk+1ul+1K[(xS - xl)/h} K[(xs - xj)/h} K[m + (2 — xk)/h},
L(z) = K|(zs—x:)/h] K[(zs — z;)/h] K[z + (x; — z3)/h].

It follows from (7.7) with p(y) = K(y — z;/h)K(y — z;/h) that

T = |B w K[(e, — 2 /0] K[, —2;)/h] | 7}

= K

Ch

= = | K@Kl + = )/

Hence, using conditional arguments and (7.8) repeatedly, we have

\EL(z)] < A3E<K[a: + (1) — 24) /B \T15|)

Bl om0 Kl + (- )/} K )y

s—1 J_

Cih h h
s=1\l=k+Vj—1
Coh? 1 1
s=UI—=k~j—1

IN

IN

[ Koo K

IN

(7.24)
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The same idea as in the proof of (7.24), but with (7.10) instead of (7.8), yields that
< Ch? 1 1

T Vs—IVI—-kVj—1
for all 0 < u < oo. Note that > o (u+1)"17% < co. Taking (7.24) and (7.25) into (7.23),

(7.25)

E|Iy(z)| + E{lesul| ()| }

we obtain

11 11 1 |
13,5,k 1,5,8)] < Ch4( )

- —
t—sys—1 it—ss=U/\JI—kj—1
which yields (7.20).

Next for (7.22). It follows from (7.7) with p(y) = K(y — z;/h)K(y — z;/h)K(y —
xr/h)K(y — x;/h) that

’E{ Ui41 K[(ms - 901)/]1] K[(Is - Ij)/h] K[(xs - xk)/h} K[(xs - xl)/h} | ]:l}‘

= Sc_hl /_Oo K(y — i/ WK (y — z;/h) K (y — xp/h) K (y — 21/ h)dy
= So_hl /_Oo Kly + (w2 — @) /DKy + (21 — 23) /W] K[y + (w1 — x,) /B K (y)dy.

This, together with (7.16) in Lemma 7.4, yields that
\1(i,7,k,1,s,5)]

< oA /OO E{Kly + (1 — z:) [N K[y + (21 — ;) /MK [y + (20 — 2x) /W] } K (y)dy

s—1

—00

Cl 4 o]
= s—hl\/ll_k\/kl—j\/jl—i</ooK(y)dy>4

Ciht 1 1 1
s—INVI—kvVk—jvi—i
which implies (7.22).

Finally for(7.21). The same idea as above, together with (7.16) in Lemma 7.4, yields
that

<

|1(i,7,k,1,s,1)]
< A B(K (s — 2)/) K (2, — 25)/1]
| E{urs K [(20 — ) /0] K (2, — 2) /] | ]—"l}|>

Ch [~ E{K[(ms — 1) /h] K[ (2, — 2;) /1] K[z + (2, — xk)/h]}K(x)dx

—ot—1 )

< %hl?ﬁE K[(xs_xi)/h} K[(ifs—iﬂj)/h] , ifk>s,
N %},,12 llfsE K[(xs - xz)/h] K[(xs — xj)/h] , itk < s,
< { G A ik >,

= Ch* 1 1 1

if k< s.
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The proof of Lemma 7.5 is complete. O

LEMMA 7.6. Write Zy, = Z’;Z ui+1K[(xt - xl)/h] Under Assumptions 1-3, for
1<k<t—randr > 2, we have,

EZ;,. < C max E[ju](1+ |u;])](hlogt+1)hvt —r — k. (7.26)

1<i,j<n

Similarly, we have

t—2

B{Y [y — By, | F)) K (2 — ) /1] }2 < C(hVilogt + hVE). (7.27)

i=1

If in addition |u;| < A, where A is a constant, then
EZ}, < O *logt 4 CH3Y2, (7.28)

and for any 1 <m < t/2,

Ch?*t? N Ch*tlog(t —m) N Ch*t
m3/2 vm m
where Zf, = S0 u B(K [(2 — %) /B] | Fiem).-

EZ2 < (7.29)

Proof. First consider (7.26). For i = j — 1 or j, it follows from (7.8) with p(z) =
K(z —x;/h)K(x — x;/h) that
’E{UMUJHK[(% — ;) /h] K|[(x; — %’)/h]}‘

< B{luiallugal B(K (@ — ) /B K@ — 2)/h) | Fin) }
Ch

< E(lu; ; . .
= m <|ul+1||uj+1|) (7 30)
Similarly, for ¢ < j — 2, we have
Ch
< E(|u; 31
>~ \/m (|ul+1|)7 (73 )

uniformly for x € R. The result (7.31), together with the usage of (7.7) with p(z) =
K(z —x;/h)K(x — z;/h), yields that

By K (= w0) /W] K — )01}

< Bl Juinl | B(ujs K (@ — 2:) /B Kl(xe = ;) /0] | 73) ||
< tOTh _oo E{Jusi| K [z + (2 — ) /h] } K (2)de
on? 1
< t—jﬁEMHL (7.32)

44



Combining (7.30) and (7.32), we obtain that, for 1 <k <t —r and r > 2,

Bz, = 2(ti - ) B{wisugia K (0 — i) /0] K[ (= 5)/h]

i,j=k i,j=k
j—i22 0<j—i<1

t—r t—r
h? 1 h
< A , - -
< olgggnEnuzulﬂumJ(;t_j =t X =
j—i>2 0<j—i<1
< C max Ef|u|(1+ |uj])](hlogt+ 1) vVt —1 —k,

1<i,j<n

which yields (7.26).
The proof of (7.27) is similar. We omit the details.
We next prove (7.28). Recalling sup, K (z) < 0o, |u;| < A and the notation defined in

Lemma 7.5, we have

EZy, < Z [1(i, 4, k1,8, t)] + C Z E{K[(mt—xi)/h} K[(xt—mj)/h}f([(a;t—xk)/h]}
+C Z_: E{K[(mt — ) /h] K [(z, — 2;)/h] } + cz_: EK[(z, — 2:)/h]

< Vi + Vo + Vo 4 Vi (7.33)

Using (7.22), we have
e e ] ] ]

< 4
Vie < Ch Z t—I1—kVE—j\j—i

=4 k=3 j=2 i=1

< Ch*3?logt. (7.34)

Vor + V5 +Vy <
ot + Vg + Vg < .lx/t—k\/k—j\/j—i

< Ch332 + Ch’t + Ch/t < Ch3t3/?, (7.35)

since t < n and nh? — oo. By virtue of (7.33)-(7.35), we obtain (7.28).
Finally for (7.29). For i < j, write

11y = Bluusn B(K (e = 20) /8] | Foon) B(K (@ = 2;)/h] | Fom) }-
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Using (7.6), (7.8) and |u;| < A, simple calculations show that

In,; = % /_ :E{uiHquE(K[(:ﬁt—xi)/h} | Frm)

K[(p"x1—m — x;)/h + 2] } ht_m,t(%) dx + Vs,

- %2 /_o; /—Z E{Uz’+1uj+1K[(Pm$t—m —xi)/h+ ?/} K[(pmxt_m N xj)/h + x] }

hx h
il =) el ) ddy =+ Vi + Vi, (7.36)

where hg(z) is the density given in (7.2),

Vil < ChE{ (14 Dk + 1) el ) 1B (20 = 2)/B] | Fiom) |}

m
k=0
Ch?

m3/2’

Vil < C—h/w EL14 34 1) i) K (0" 51 — )/ 2]} do

m3/2
k=0

IN

Ch?
< eyoL
On the other hand, using (7.7) with p(z) = K[(p™z — z;/h + y| K [(p™z — z;/h + z],

’E{ujHK[(pmxt,m — ;) /h+y| K [(p" @1 — ;) /0 + 2] | ]—"JH

m/ K[(p"z —xi/h+y|K[(p"z — xj/h + z] dz

t—j/ K(p"2)K[p"z + (zj — x;) /h +y — 2] d=.

Taking these estimates into (7.36) and recalling h,(z) < Co and [7_hg,(2)dz = 1, we

obtain
Ch3
1y < sl [ [ KGR+ =y —a]
ha Ch?
ht,m,t(ﬁ) dedydz} + —

Csh? n Ch?
Jr(e=3) " m
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This, together with (7.8), yields that

t—m—1
E‘ Z UZ—HE l‘t—ﬂfl)/h] ‘ th—m>|2
= t—m—1 )
<2 > IL;+A" Y E|E(K[(x—:)/h] | Fiem)|
1<i<j<t—m—1 i=1

IN

Csh? Ch? " 2

2 ~ +c Y =
1<i<j<zt—m—1 (\/ﬁ (t=J) mg/Q) Z
Ch*t? N Ch*tlog(t —m) N Ch*t
m3/2 NZD m

This proves (7.29) and also completes the proof of Lemma 7.6. O

7.2 Proof of Proposition 6.1. Write 7, = 7,y — T»s—1 and recall E(7}, ;| fg,H) =
o 2Eui,, | F] by (6.5). We have, for 0 <r < T,

[nr]/\n [nr]An

(M, V] = — Z Z Tt | Frir)]
n02 Z E(u;,, | F) — 0] + Ru(r)
= Zn(r) + Zop(r) + an( )+ Ry(r), (7.37)

where, by recalling 7, j_1 < nr <7, ; and (6.4),

sup |Ru(r)| < sup [Ru(r)|+ sup |R,(r)]
0<r<T 0<r<1 1<r<T
< o Iax [nr] = (G = DIVl 7] + (T4 1= T0n/nl) /v
< COnt Jnax [| el Trok] + C/vn, (7.38)

for any § > 1/2. Since |ug| < C, it follows from (6.5), (7.28) in Lemma 7.6 and

. n
Y = \g—_zﬂl (7.39)

(where Zy, = ZZ;Z ui+1K[(a:t — azz)/h} is defined as in Lemma 7.6) that
E max [Vl il < { ZE“ PE( | FO )]}1/4
1<k< nkl ' nk — nk ,k n,t—1
C (nh?)~V/4 (EZf‘ll)l/ <o) (C+ EZL,)Y!
n n 1/4
< O (nh2)VA (1 RS 8 logt + b Zt3/2>

t=2 t=1

< Cn¥8pt4, (7.40)

IN
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whenever nh?> — oo and hlog’n — 0. Taking this estimate into (7.38), we obtain
SUPg<,<7 |Rn(r)| = 0p(1) by choosing § < 1/8. Note that {Y, [T;7t—E(T:‘l’t | .7-"272&_1)}, Jfg,t}lggn
forms a martingale difference. It follows from the maximal inequality for martingales, (6.5)

and (7.26) in Lemma 7.6 that

E sup |Zy(r)]? < —E:E{Y*2 ,7:0 )}
0<r<T
C1 < 2 Oy ¢
< n_d%;E(Zﬂl) Sm;(l-l-h\/g)g(j/n,
which yields that supy<,<z [Z2n(7)| = op(1). To estimate Zs,(r), recall
. C
Elal < — \/—( | Zoa )2 < Ci(t/m) V.
It is readily seen that 32", E|Y;;| < Cnand for any ¢, /n — 0, 5 E|Yz5| < Cc)/*n=1/4 =

o(n). By virtue of these facts and Efu},, | F;] —4. 02, it follows from Lemma 7.3 that
C 1/2
E sup |Zs,(r)|'? < < E(u? .7-"—02> =o(1),
s Ve = (Sl B £ = o)) o)
which yields that supy<,<z [Z3.(7)| = 0p(1).

Hence, it suffices to show that

sup |Zin(r)| = — ;) /h]| = op(1). (7.41)

0<r<T \/_d 1<k<n

Note that, with 1, = €¢,n and m = 7, /2 where ¢, is chosen such that ¢, — 0 and

651/2h10g2 n — 0,

t=1 =1

k t-1 k
e | 2 2 v Kllen—a)/H] < Ot max | ) Zunl

Nn t—2
t=1

7,+1<t<n i=t—m+1

k. t—m
F el 3 Skl sl
t=n,+1 i=1
= Cn + 2 Rln + Rgn + Rgn. (742)
By (7.26) in Lemma 7.6, it follows that
77”1, T]n
ERy, < Y (E|Zno)'? <CR? Y V4 < Creyn®*n'?, (7.43)
t=1 t=1
ERy <Y (B Zim-1|)"?
7,+1<t<n
< Cnm'*Vh < Cy e/t n®p1/2, (7.44)
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By virtue of (7.43) and (7.44), we have
Cn+2 Ry, + Rop < O™ B2 [1/(nh*)Y* + Op(el/*)] = op(n®*h'/?).

Taking this fact into (7.42), the result (7.41) will follow if we prove

k
_ _ 5/4
Fou= ms | 32 Zuan| = oplo™ Vi) (745)
t:nn+1
It is readily seen that
k n
Ry < max | 3 AZuwm — E(Zuw | Fen) | + Y | E(Zum | Frm)]
Mt Isksn t=n,,+1 t=n,,+1
= Rzn1 + R3pe.

Note that, for fixed m, {Znm — E(Zam | Fim, Fi—m}i>1 forms a martingale difference.
It follows that

ER;, < C ZEthlm <Ch Zt1/2 < Cy P, (7.46)

t=1 t=1

which yields that Rs,; = op(n®*v/h).
As for Rsy,o, by noting that u;,, is F;_,,, measurable when ¢ < ¢t —m — 1, it follows

from (7.29) in Lemma 7.6 that

n t—m—1
ERspy < Cn+ Y E| Y wnB(K[(x; —2:)/h] | Ficw)]
t=m+1 =1
n t—m—1
< Ot Y (Bl Y. winB(K[(x —a)/n] | Fiow)|)*
t=m+1 =1
" R*?2 hPtlog(t—m) Rt 12
< Cn+Ct:;1(m3/2+ NG +—)
n?  n¥2logn  n¥?
< C’7“L0h(m3/4+ ml/A m1/2)
< Cn+ Ce;Y*n¥*hlogn

0p(ﬂ5/4\/ﬁ),

since e,/ *Vhlogn = o(1). This proves (7.45), and hence the proof of Proposition 6.1 is

complete. O
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7.3 Proof of Proposition 6.2. As in the proof of Proposition 6.1, write 7;,, =
Tnt — Tng—1- Recall E(7), | FY, ;) = 0’2E[ut+1 | Fi] by (6.5). We have,

[Mn]1 = ZY*2 +— ZY*Q n,t | fg,tfl)]
02 ZY*2 Ut+1|ft)_02]+RZ

1 n
= ﬁ Z Y*2 + Zln + ZQn + Rn]a <747)

t=1

where, for some 1 < j < n satisfying 7, ;-1 <n < 7,5,

1 Ton 2
|R”J| < _<1_ 7 )+nZYnt2 nt

n n

Note that j is a random variable satisfying

n—j< max 17w — 4| +1/n=o(n’), a.s. (7.48)

for any 6 > 0, due to (6.4). It is readily seen that

1 - * *
[Bons| < 0p(1) + ~ > YT, =op(1), (7.49)

t=n—n’

where we have used the fact that, for any ¢ > 0,

Z By m) < - Z (Y*2|E Tog = Toact)? | Fooa])

t n—no t n—nd
C , O &
t=n—n? t=n—n?
o [ = (= )] = o(1) (7.50
7 [n n—n = o(1), :
due to (6.4), (7.39), (7.26) in Lemma 7.6 and hlog®n — 0.
By noting that {Y;2[75, — E(mh, | FL,_1)]. F2,_1}i=1 forms a martingale difference,

it follows from (6.5) and (7.28) in Lemma 7.6 that

C n
Elen < = E{Y;t4E(TZ?t fﬂt—l)}

2 n7
n
t=1

IN

”tl i=1

—52 - > (C+ h* P logt + hPtP?)
n
t=1

Ch*(1 + hlogn) = o(1),

nd2

IN

IN
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since hlog?n — 0, which implies that Zy,, = op(1). To estimate Z,,, recall that, by (7.26)

in Lemma 7.6,

EY;E < %E|ZUZ+1K(.T1£;JJ1)|2 < C(t/n>1/2
n i=1

It is readily seen that 3" | EY;2 < Cn and for any ¢, /n — 0, 35", BY;2 < Cc)/*n=1/2 =

o(n). By virtue of these facts and E[u,, | Fi] —4. 02, it follows from Lemma 7.3 that

C n 1/2
BIZol"? < —B( Y VRl 1 F) - ?l) " = o)
Vi NS
which yields that Z,, = op(1).
By virtue of all these facts, namely Zy,, + Z2, + R,,; = op(1), and (7.47), we obtain
(6.17). We next prove (6.16), which will follow if we prove that, under the extended

probability space,
1 - *2 2
- PR A (7.51)
t=1

Recall (6.2)-(6.3). Simple calculations show that

1 9 [nr] t-1 .
SR = 5 YN KGNt/ — G/} 4 Rt Ry (752)
t=1 not=1 =1
where
1 n t—1
R, =a - YO Wiy — o) K [(w — w:)/h] },
not=1 =1

. 2 n t—1
RQn =4 d_2 Z Z Ui+1Uj+1K|:(.ZUt — I’Z)/h} K[(I‘t — .f])/h} .
i
By virtue of (6.2)-(6.3) and Theorem 4.1, under the extended probability space,

Z_z ) i K*{c [Gy(t/n) — Gy(i/n)]} — 772‘ —p 0. (7.53)

not=1 =1

So, it remains to show that
Ryl =op(1l), i=1,2 (7.54)

The proof of (7.54) for i = 1 follows from the same arguments as in the establishment

of Ving + Vang = 0p(n®/2h), given in the proof of Theorem 3.3. To prove (7.54) with i = 2,
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we write

) A n t—1 1—1
Rs, =a q2 Z Uz+1uy+1K Tt _xz)/h] [(xt_xj)/h}
no=2 =2 j=1
B4R, (7.55)

where, by using the convention that Zﬁzs =0ift < s,

n t—2
R; = —ZZWMK ¢ — xe1)/h] K[(x; — x;)/h]
n t=1 j=1
RZn = _ZZt>
” t=1

where

-2 i1

Z Ui+1Uj+1K|:(xt — LCz)/h:| K[(Q?t — l'j)/h] .

i=1 j=1

Recall |u;] < A. It follows easily from (7.15) with pi(x) = pa(x) = K(z) in Lemma 7.4

that

n t—2
E|R;,| < n3/2h E{K[(x: = we1)/B) K [(2 — z;)/h] |
t=1 j=1
n t—2 1
< — < Cih—0. (7.56)
n3/2 t=1 j=1 —J
As for Rj,,, we have
C n
*2
O T Y E(ZZ
t,s=1
n t—1 C n
_ 2
= n3h2 ZZE (Z02:) + =2 Y EZ. (7.57)
t=2 s=1 t=1
In the following, we will show that
EZ? < Ct*%h?, (7.58)

and for s < t,

4 5/2
E(Z,Z;) < — 8{32[1og(t —s) + log s] + \/iTS + s(t — s) log(t — s)}
3
L s (7.59)
t—s

52



Taking (7.58) and (7.59) into (7.57), we obtain

n t—2 n
C
*2 2
Bhi < n3h2 DD EGZ)+ 5 ) B
t=1 s=1 t=1

< Ch*/nlogn+ Cn~'?h — 0,
since nh*log?n — 0. This, together with (7.55) and (7.56), yields that
E|Ry,| < EIR;,|+ (ER;)Y? =0, asn— oo,

which implies (7.54) with ¢ = 2.
We next prove (7.58) and (7.59). The result (7.58) is simple. Indeed, by letting
Zg = ZZ;? w1 K [(x; — x;)/h] as before, it is readily seen that

t—2

27, = Zjy — Y ui K[ (w — x3) /h).

i=1
This, together with (7.28) and (7.14)-(7.15) in Lemma 7.4, implies that
—2

1
BZ} < ;BZhy+ E(Z xt—xz/hD
=1

< CHPR + O n? +Ch
1<z<jz<t2vt_ JVi—i 121”5_2

< Ci(t2h + W2t + h/t) < Cot¥?h3,

since t < n and nh? — oo. This proves (7.58).

To prove (7.59), by noting that, for s < ¢,

s—2 t—2 s—2 s—2 s -1 t—2 -1
IIDIEDIOIEDIDIEDID D)
1,j=1 k,l=1 i,j=1 k,1=1 l=s—1 k=1 l=s5+1 k=1
1<g k<l 1<j <
and

s—2 52 s—2 52 s—2

YY -YS-T ar ey,

1 kil=1 1 kil=1 k£l i#£j#£k i3]

17‘]<] k<l ZZJ#] k#1l Z#‘]# 7& ‘ J:z k:li,l]:j

we may write, with the notation I(...) as in Lemma 7.5,

s—2 t—2

Z.Zy = Y Y I(ij k1 s,t)

ij=1 k,l=1
i<j k<l

= [1st + [2st + IBst + [4575 + [5st7 (76())
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where, by symmetry and (7.20),

|ELy| = | ) EI(...)]

4
< Ch Z 1 1 .1 |
t—s Vs —1VI—kj—1

1<i<j<k<I<s—2

n Ch* Z 1 1 1
Vt_$1§i<j<k<l§s—28_lVl_kvj_i
< Ch4<85/2 32logs>'
- t—s t—s/’

by |u;| < A and (7.18) with | =4 in Lemma 7.4,

(7.61)

|Elsy| = 4| Z EI(......)|
< 4A% i E{K[(ms —z;)/h] K[(2¢ — 2;)/h] K [(xs — 2;)/h] K [(z; — :tk)/h}}
1#j#k
Ch? 1 1
SV DR e v
< Ch*s? .
< g=

by |u;| < A and (7.17) with £ =4 and | = j in Lemma 7.4,

IA
ﬁq
| <
(V)
|
]

IN
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(7.62)

(7.63)



by (7.21) in Lemma 7.5,

|Elsg| = O+ > ) |EIC...)|

IA
I
t
o
ﬂ‘
~
|
S
oy
<.
VA
|
<
S
|

=2 sl 1 =2 1 1
4
S OS2 it X i)
l=s+1 k=1 l=s+1 k=s
< C’h4s[ t—slog(t—s)+ slogt(t _° ] (7.64)
-5
As for I, by noting
s—2 s -1 1 s—2 s s—2 s -1
IDIPWL PN OIPILD NP DY
=1 [=s—1 k=1 ,j=1 l=s—1 k=1 l=5—1k=s5-1
i< i#]
1 s—2 s s—2 s 1 s—2 s -1
DI D IO D DD IE
i,,k=1 [|=5—1 S hI l=s—1 4,j=1 |=s—1k=s—1
i#£j#k i#j k=i i#£]
it follows from |u;| < A, (7.17)-(7.18) in Lemma 7.4,
s—2 s -1
ELal <Y Y Y |EI(....)|
ij=1 |=s—1 k=1
1<J
< (3 DI D O Z > Z)Xstwv’fl
lgﬁj’;llsl ‘;J,lsl wllslksl
Ch* Z 1 1
VE=S | hesa Vs —k Vj—1i
Ch? 1
t—s 1<icj<s—2 V5 —J
4.2
< Chs (7.65)

Vi—s’
since s < n and nh? — oco.
By virtue of (7.60)-(7.65), the result (7.59) follows from a simple calculation. The

proof of Proposition 6.2 is now complete. O

55



7.4 Proof of Proposition 6.3. As in (7.47), we have

n

Mo(1) = > [V(ras/n) = V(Tns-1/n)] Y, + Ruj,

t=2

where, for some 1 < j < n satisfying 7,, ;-1 <n <7, ,
1 *
| Rnj| - < WIV(l) = V(Tna/m) + Y5 IV(A) = V(Tni-1/n)]

_|_‘ Z Tn t/n (Tn,t—l/n>] Y:,t

= ZSn + Z4n + ZEm'

Write Q; = {j : n — j < n® where 7,,;,_1 <n < 7,;}. It follows from (6.4) that

This yields that, for any ¢ > 0,

P(Zsn>€) < P(j¢Q;)+P(j €y, Zsy > ¢
< o(l) +e? E(f(jeﬂj)Zgn)~

Note that ; is F?,_;-measurable for ¢ > j and

n,

E{ [V (Tne/n) = V(Fni-1/m)] | fn,t,l} —0.

It follows from the conditional arguments and (7.50) that

n

E(lgeayZ2,) < E(Ipeay 3 [Vrai/n) = Virae /)]’ ¥:3)

t=j
< Z B([V(ras/n) = V(rae /)] V,2)
t=n—nf
< Y B(YVZE[Vrai/n) Vi) | F))
t=n—nd
< %t_;né E(Yn*f [Tnyt — Tn7t_1]> — 0.

(7.66)

(7.67)

(7.68)

This yields that Zs,, = o(1). By virtue of (6.4), Z3,, = 0,(1) is obvious. As for Z,,, similar
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to the proof of (7.68), we have

P(Z4n Z 6)

IN

P(] g Q])+P(.7 EQj,Z4n Z E)
o(1) + €2 E(Ijje)Zi,)

oW+ 3 B(YE  sw V)= V(rwe/n)])

s 7—n,t71<'nf§7—n,t

IN

IN

t=n—n
n

< o)+ > B{VEE( sw V)= Virea/n)]' | Fo)

s T'n,t71<ng7—n,t
t=n—n

< o(1)+ % 3 E(Y;j [T — Tn,t_1]> —0. (7.69)
t=n—nd

Taking all these estimates into (7.67), we obtain the required (6.18). O

7.5 Proof of Proposition 6.4. We only prove (6.26). By using conditional argu-

ments and Lemmas 7.1-7.2, the other results are similar but simpler. Note that

Lt foe] < #9221+ (V)]
< Cat™ [+ (o = il VDI + (o, =l VB 4 (] (VBI].

We have that

B{(1++ [wg|™) (14 |2 pl(x: — 2 /A pl(2: — 2)/h]| |
Cat®2B{ (1 + |, |) [1+ (2l / VD) pl(os = ) /B (s — ) /]|
+Cat™ 2B (14 || ™ piaay (@ — ) /R ol — @) /]| }

+Cat™ 2B (14 |, ™) pl(wi = 20) /B]] oy (i — w5) /2] }
= Iln + _[2n + ]371- (770)

IA

It follows from (7.8) with p(z) = |p(x — x¢/h)| |p(x — x5/h)| that

= = E(pla — x) /Al pl(xi — ) /H] | F)

< = [ pte = a0l = ] o
~ Ch * wld
= = [ @ ket (o= ) ) e
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Similarly, uniformly for = € R, it follows from (7.8) first and then (7.11) that

B{(L+ [zsl) [+ (2 VO] p(w + (2 — 2,)/B)| |
< Ch o
S Vs )
- C1hs*/?
< =

By virtue of these facts, it is readily seen that

p(a + y)ldy E{ (1 + fo[) [1+ (VD] |

I = Cat®E{(1+]a,|™) [+ (ol VD] 2, }

az/2 oo
T [ @ B{a ) [+ (el VD oo + = 2 /)] o

Cl h2 8a1/2t052/2
Vi—t Jt—s

Similarly, we have

IN

Ch2 8051/2to¢2/2
Vi—t VJt—s '

Taking these estimates into (7.70), we obtain the required (6.26). The proof of Proposition

[2n + ]3n S

6.4 is now complete. O

7.6 Proof of Proposition 6.5. We will repeatedly use the following fact:

Ejussal | 72) < [E(usia? | 7)) < [Bllusn|* | 7)) < €
Let Z3; = wir1 g(x:) opivo K[(x¢ — 2;)/h]. We may write
Zi = w1 9(x) K [(zip1 — 1) /] + Z3;. (7.71)
The result (6.28) will follow if we prove
EZ3} < Cnh*", (7.72)
E(Z3 Z3;) < C/nb*? (1+ h'?logn)i®? j°/2, (7.73)
for i < j, and
B( 3w gle)K (it — /) < Cntt? VA, (774)
=1

Indeed, by (7.71)-(7.74), it is readily seen that

n 9 n
E ( > Z%) < Cn*PVh4 Cnk?) i + Cynk*? (14 b P logn) Y P20
=1 i=1 1<i<j<n—1

< CnPPHBR3E (B2 Jogn + 1),
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since nh? — oo, which yields (6.28).
We next prove (7.72)-(7.74). To this end, write

g s,) = Bluiugag(@)g(es) K (o, — o) /0K (2 = 25)/h] .
If i = jand s =t > i+ 2, by recalling sup;>; E(u},, | ;) < oo and sup, K(z) < oo, it
follows from (6.27) in Proposition 6.4 that
JGitt) < sup K (@) B{u, (14 o) K (@ - 2:) /h] }
éhzﬂ

t—1

Similarly, if ¢« = j and i + 2 < s < t, then by (7.8) and (6.27)

J(ii,s,t) = E{ufﬂg(xi)QK[(xs — 2;) /W E (K [(z, — x:)/h] |fs)}

Ch
< mE{u?H(l + |2 *) K [(zs — 2) /] }
< Ch%f 1

Vi—sys—i

By virtue of these estimates, it is readily seen that

EZ? = 2 Y J(ist)+ Y J(i0tt)

i+2<s<t<n t=i+2
< o> R e i L
i+2<s<t<n t—svs—1 t=i+2 t—1

< C(nh*+ /nh)i® < Cnh*P°,

since nh? — oo, which yields (7.72).
To prove (7.73), fori < jand mo =1+ [f], write Q = {s:s=j+1ori+1<s<
i+mp+ 1} and assume Y, = 0if s < k. We have

n 7 n n n
Bzpzy) = (XX + X X+ X )Jiisy
seEQ t=j+2 s=itmo+2t=5+2 s=j+2t=542

= Ay + Ay + As. (7.75)

First calculate Ag;. Fori < j,i+mp+2<s<jandt>j+2, it follows from (7.7) with
p(x) = K(x — xj/h) that

J(i,J,8,1) < E{Iui+1|Ig(ﬂfi)llg(%)lK[(ﬂfs — @) /] | E(ujp1 K[(ze — ;) /1] | 7'3)|}
Ch

< B Junllg@llgle) K [ — 2)/8] | (7.76)
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Furthermore, by recalling |g(x)| < C(1 + |z|?) for some 3 > 0, the result (7.12) implies
that

B{ uallg(@)llg(a;) 1K (@, —2:)/n] }

CE[Jucnal (1 + 1wl K [(w, — ) /] E{(1+ |2 °) | 7.}
Cu(j — 8P Juial (U + |l ) K (2 — ) /1] }

+C B s (1 -+ i) ool K [ — ) /8] }

IN

IN

+C1 B Juia| (L4 i) (D2 + 1) s 4l)” K [(, — i) /1] }

= Bz‘l + Big + Big. (777)

It follows from (6.27) in Proposition 6.4 that

Ch
Biy + By < iP/2jB/2, (7.78)
s—1
To calculate B3, first notice that
(Y k+ 1) lel)” < 14 (Y (k+ 1) e )
k=0 k=0
[e'¢] mo mo
= 1+ > JIEA+D7 ] le-rdl:
k1,..kmy=0 u=1 u=1

mo mo
< B{a+1el’) I leord B(ual  TT sl K (G —2)/n] | 7) |
sfukj,‘lgi sZsfuk:ulZiﬁ»l
Ch ik
< —E{l—l— P o }
S T (1 + [2i]”]) H1 |€s—ku |
s—kqy <t
Ch 1/2 o 1/2
< E(1 + |z;]°)? (E €5 2)
_m[( i ?1)?] Hlku\
s—ky<i
Ch
< P2
ToWs—1
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These facts imply that
By < CEJul(1+ Jzil) {1+ ( (S 0h+ 1) e )Y K (e - i) /0] |
k=0
< CE{’UiH’(l L)) K (@ — ) /0] }
+ Z Hk +1)71- ‘5E{|uz+1| 1+ |zil?]) H|es w [ K [( —mi)/h}}

< =i (7.79)

Combining (7.76)-(7.79), we get

n

Ay < Z Z C_hj /—Clh B/QJW2

s=i+m+2t=5+2

< Cv/nh*logni??;52, (7.80)

Next calculate Aq;. For i < j, s € Q and t > j + 2, similar arguments to those above
show that

| J(i, 4, 5,t)|
< E[\Uml lujial lg(@a)llg ()| K (s — 2:) /] | E(K[(x; — ;) /7] |fj+1)ﬂ
Ch
< =Bl furallotellgtas) 1K [(ey = 20)/4] |
Ch 1/2 1/2
< M{E(lumf g P2 (e, —2)/0]) } T { Bl g @) }
Ch /2
< E(1 i2ﬁ1/2E1 126\11/2
< \/tfj(s_z.)m[ (14 2 TPIE(L + |y )]
1/2
Ch : h : Z’ﬁ/Qjﬂ/Q'
VE—j(s—i)\/
This yields
3/2.8/2 :8/2 - R 1
Aa = ORTHT Zt——j 2 (5— i)/
t=j+2 s=i+1
< Cmg/nh3?iP2502, (7.81)
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Finally, we calculate Ag;. It follows from (7.6) that, for i < j, j+2 <s <t <n,

J(1,7,8,t)
- [umuﬁlg( 9@ K (v — 2i) /1] B{K (2 — ;)/n] | 7.}
= m {Uz+1uj+19 ;) (xj)K[(Is - Ii)/h}K[(Pt_s xs — ;) [h + $]}
hst(\/tT)da: + 4,
= Oy +Chy, (7.82)
where
Cual < 5= B{lllunlo(egte K e, = )/a] (1432 + D leul) }

Note that, by (7.10) in Lemma 7.1 and Proposition 6.4,

I (i, 7,8,1)
E4 it |[ujelg(ai) g () | K [ (2 — 2;)/h] (1 + \esfk!)}

= B{lunllg(@)g (@) Ellusa K [z, — 23) /] (0 + lessl) | 5]}
Ch

S \/S—E{|ul+1||g xl C(”J |}
Ch 1/2 28\11/2
< [ E{ufy, (1+ |2:*) E(1 + |z;[*%)
L [B{ua o+ PN (B + )
Ch
< 882 for s —k>j+1;
VS—)

and similarly,

Jilidgist) = BllulloCe)gt)] U+ el Bl K (2~ /8] | 7]}
Bl usnllg(e)ae)] (1 + lessl) }

N
[E{u2 (1 + ) [EQ A+ 251 LB+ e i)'}

Ch
—

Ch_s 45
s—J

IN

<

]

< fors —k<j

By virtue of these estimates, it is readily seen that

h Ch? 1
Cin| < ﬁ—s (k+ 1) Ji(i, j,s,t) < —i’j. (7.83)
k=0

t—s+s—7
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On the other hand, by noting that (7.7) with p(y) = K(y — z;/h)K(p'*y — z;/h + x)
yields that

‘E{UJHK[(% —x) /W] K[(p ws = 2i) /b + ] | }_H

[ K-y =

T os—7 s—J

the conditional argument implies that

Ch? 1
S ms E{‘ul—i-l“g 'T”L x] |}

chr 1
< = B 0 ) (B )

Ch? 1
= Vit—s5s—j R (7.84)

It follows from (7.82)-(7.84) that, for i < jand j+2 < s <t <mn,

|Chl

Z‘ﬁ/Qjﬁ/?‘

(i, 5,s,8)] < ch2< 1 1 1 1 )

-+ .
Vi—ss8—37 t—58+5s—7

Similarly, for ¢ < j and j 4+ 2 < s =1t < n, we have

|J(i,4,t,1)] = E{|Ui+1| 19(2:)g(x;)| | E(ujpr K [(2r — 25) /R K[ (¢ — 25) /R] | fa)‘}
Ch

< t—E{luH-ng xl :l?j |}

< Gl e,
< I

It is now readily seen that

Azi| < > [Ggtt+2 Y I3 4s.t)]

t=j+2 j+2<s<t<n

" A h? 1 1 1
< iy oy ( -+ )]
St T St WWETSS T =S5

< Cynh?logni®?j°2, (7.85)

since nh? — oo. The result (7.73) follows from (7.75), (7.80), (7.81) and (7.85).

Finally, we prove (7.74). Using similar arguments to those above, we have

Jiii+1i+1) = B(ud, g0 K (@i — 20)/h])

{E[(l ) B, | F)] }1/2 {EK4[(;UZ~+1 — z;)/h] }
< CcVhi®,

1/2

IN
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and Holder’s inequality implies that

J(i, i+ 1,5+1) < JYV2(06,0+ 1,04+ 1) JY2(G, 5,5+ 1,5 +1)
< CVhiP?82,

It follows that

B( > s o) K (rins = /0]

< > JGadi+Lit)+2 > Jigi+1j+1)

i=1 1<i<j<n-—1

< Cn?tP \/ﬁ,

which yields (7.74). The proof of Proposition 6.5 is now complete. O

REFERENCES

Akonom, J. (1993). Comportement asymptotique du temps d’occupation du processus
des sommes partielles. Ann. Inst. H. Poincaré Probab. Statist. 29, 57-81.

Aldous, D. J. (1986). Self-intersections of 1-dimensional random walks. Probab. Theory
Relat. Fields72, 559-587.

Bandi, F.; Phillips, P. C. B.(2003). Fully Nonparametric Estimation of Scalar Diffusion
Models. Econometrica, 71, 241-283.
Bandi, F.; Phillips, P. C. B.(2007). A Simple Approach to the Parametric Estimation of
Potentially Nonstationary Diffusions. Journal of Econometrics, 137(2), 354-395.
Berkes, I.; Horvéth, L. (2006). Convergence of integral functionals of stochastic processes.
Econometric Theory, 22, no. 2, 304-322.

Billingsley, P. (1968). Convergence of probability measures. John Wiley & Sons, Inc.,
New York.

Borodin, A. N.; Ibragimov, I. A. (1995). Limit theorems for functionals of random walks.
Proc. Steklov Inst. Math., no. 2.

Buchmann, B. and Chan, N. H. (2007). Asymptotic theory of least squares estimators
for nearly unstable processes under strong dependence. Ann. Statist. 35, 2001-2017.

Chan, N. H. and Wei, C. Z. (1987). Asymptotic inference for nearly nonstationary AR(1)
process. Annals of Statistics, 15, 1050-1063.

Choi, I. and Saikkonen, P. (2004). Testing linearity in cointegrating smooth transition
regressions. Econom. J. 7, 341-365.

64



Choi, I. and Pentti, S. (2009). Tests for nonlinear cointegration. Forthcoming in Econo-
metric Theory

Csorgd, M.; Révész, P. (1981).  Strong approximations in probability and statistics.
Probability and Mathematical Statistics. Academic Press, Inc. New York-London.

Gao, J. (2007). Nonlinear Time Series: semiparametric methods. Chapman & Hall/CRC.

Gao, J., K., Maxwell, Lu, Z., Tjgstheim, D. (2009). Nonparametric specification testing
for nonlinear time series with nonstationarity. Econometric Theory, 25, 1869-1892.

Gao, J., K., Maxwell, Lu, Z., Tjgstheim, D. (2009). Specification testing in nonlinear
and nonstationary time series autoregression. Ann. Statist. 37, 3893-3928.

Hall, P.; Heyde, C. C. (1980). Martingale limit theory and its application, Probability
and Mathematical Statistics. Academic Press, Inc.

de Jong, R.; Wang, Chien-Ho (2005). Further results on the asymptotics for nonlinear
transformations of integrated time series. Econometric Theory, 21, 413-430.

Gaquet, C. and Witomski, P. (1999). Fourier Analysis and Applications. Springer, New
York.

van der Hofstad, R. and Wolfgang, K. (2001). A survey of one dimensional random
polymers. J. Statist. Phys. 103, 915-944.

van der Hofstad, R., den Hollander, F. and Wolfgang, K. (1997). Central limit theorems
for the Edwards model. Ann. Probab. 25, 573-597.

van der Hofstad, R., den Hollander, F. and Wolfgang, K. (2003). Weak interaction limits
for one-dimersional random polymers. Probab. Theory Related Fields 125, 483-521.

Hong, S. H. and Phillips, P. C. B. (2010) Testing Linearity in Cointegrating Relations
with an Application to Purchasing Power Parity. Journal of Business and Economic
Statistics, forthcoming.

Jeganathan, P. (2004). Convergence of functionals of sums of r.v.s to local times of
fractional stable motions. Ann. Probab. 32 , 1771-1795.

Karlsen, H. A.; Tjostheim, D. (2001). Nonparametric estimation in null recurrent time
series. Ann. Statist. 29, 372-416.

Karlsen, H. A., Myklebust, T. and Tjgstheim, D. (2007). Nonparametric estimation in a
nonlinear cointegration model, Ann. Statist., 35, 252-299.

Kasparis, I. and Phillips, P. C. B. (2009). Dynamic Misspecification in Nonparametric
Cointegrating Regression. Yale University Working Paper.

Lobato, I. and P. M. Robinson (1998). A nonparametric test for 1(0), Review of Economic

65



Studies, 65, 475-495.

Lukacs, E. (1970). Characteristic functions. Hafner Publishing Co., New York.

Marmer, V. (2008). Nonlinearity, nonstationarity, and spurious forecasts. J. Economet-
rics 142, 1-27.

Park, J. Y. and P. C. B. Phillips (1999). Asymptitocs for nonlinear transformation of
integrated time series, Fconometric Theory, 15, 269-298.

Park, J. Y. and P. C. B. Phillips (2001). Nonlinear regressions with integrated time
series, Fconometrica, 69, 117-161.

Phillips, P. C. B. (1987). Towards a unified asymptotic theory for autoregression.
Biometrika, 74, 535-547.

Phillips, P. C. B. (1988), Regression Theory for Near-Integrated Time Series, Economet-
rica, 56, 1021-1044.

Phillips, P.C.B. (2009) Local limit theory for spurious nonparametric regression. Econo-
metric Theory, 25, 1466-1497.

Phillips, P. C. B. and J. Y. Park (1998). Nonstationary Density Estimation and Kernel
Autoregression. Cowles Foundation discuss paper No. 1181.

Phillips, P. C. B.; Solo, V. (1992). Asymptotics for Linear Processes. Ann. Statist., 20,
971-1001.

Revuz, D.; Yor, M. (1999). Continuous martingales and Brownian motion. 293. Springer-
Verlag, Berlin.

Schienle, M. (2008). Nonparametric Nonstationary Regression. Doctoral Thesis, Mannheim
University.

Wang, Q. and P. C. B. Phillips (2009a). Asymptotic Theory for Local Time Density
Estimation and Nonparametric Cointegrating Regression, Econometric Theory, 25,
710-738.

Wang, Q. and P. C. B. Phillips (2009b). Structural Nonparametric Cointegrating Re-
gression, Fconometrica, 77, 1901-1948.

Wang, Q. and P. C. B. Phillips (2010). Asymptotic Theory for Zero Energy Functionals

with Nonparametric Regression Applications. Econometric Theory, forthcoming.

66



