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Abstract

This paper introduces a new estimation method for dynamic panel models with fixed ef-
fects and AR(p) idiosyncratic errors. The proposed estimator uses a novel form of systematic
differencing, called X-differencing, that eliminates fixed effects and retains information and
signal strength in cases where there is a root at or near unity. The resulting “panel fully aggre-
gated” estimator (PFAE) is obtained by pooled least squares on the system of X-differenced
equations. The method is simple to implement, free from bias for all parameter values, includ-
ing unit root cases, and has strong asymptotic and finite sample performance characteristics
that dominate other procedures, such as bias corrected least squares, GMM and system GMM
methods. The asymptotic theory holds as long as the cross section (n) or time series (1) sam-
ple size is large, regardless of the n /T ratio, which makes the approach appealing for practical
work. In the time series AR(1) case (n = 1), the FAE estimator has a limit distribution with
smaller bias and variance than the maximum likelihood estimator (MLE) when the autoregres-
sive coefficient is at or near unity and the same limit distribution as the MLE in the stationary
case, so the advantages of the approach continue to hold for fixed and even small n. For panel
data modeling purposes, a general-to-specific selection rule is suggested for choosing the lag
parameter p and the procedure works in a standard manner, aiding practical implementation.
The PFAE estimation method is also applicable to dynamic panel models with exogenous re-
gressors. Some simulation results are reported giving comparisons with other dynamic panel
estimation methods.
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1 Introduction

There is now a vast empirical literature on dynamic panel regressions covering a wide arena of data
sets and applications that extend beyond economics across the social sciences. Much of the appeal
of panel data stems from its potential to address general socio-economic issues involving decision
making over time, so that dynamics play an important role in model formulation and estimation.
To the extent that there is commonality in dynamic behavior across individuals, it is natural to
expect that pooling cross section data will be advantageous in regression. However, since Nickell
(1981) pointed to the incidental-parameter-induced bias effects in pooled least squares regression,
there has been an ongoing search for improved statistical procedures.

Prominent among these alternative methods is GMM estimation, which is now the most com-
mon approach in practical empirical work with dynamic panel regression. The popularity of GMM
is manifest in the extensive citation of articles such as Arellano and Bond (1991) which developed
a general GMM approach to dynamic panel estimation. GMM is convenient to implement in em-
pirical research and its widespread availability in packaged software enhances the useability of
this methodology. On the other hand, it is now well understood that the original first difference
IV (Anderson and Hsiao, 1982) and more general GMM approaches to the estimation of autore-
gressive parameters in dynamic panels often suffer from problems of inefficiency and substantial
bias, especially when there is weak instrumentation as in the commonly occuring case of persis-
tent or near unit root dynamics. Solutions to the weak instrument problem have followed several
directions. One approach focuses on the levels equation, where there is no loss of signal in the unit
root case, combined with the use of differenced lagged variables as instruments under the assump-
tion that the fixed effects are uncorrelated with the idiosyncratic errors, as developed by Arellano
and Bover (1995) and Blundell and Bond (1998). Another approach corrects for the bias of least
squares estimators based on parametric assumptions, leading to improved estimation procedures.
For example, Kiviet (1995) proposed a bias correction that is based on Nickell’s (1981) bias cal-
culations for the panel AR(1); and Hahn and Kuersteiner (2002) modified the pooled least squares
(LSDV) method to remove bias up to order O(T~!), where T is the time dimension. Other recent
work suggests alternative methods of bias-free parametric estimation. For instance, Hsiao, Pesaran
and Tahmiscioglu (2002) and Kruiniger (2008) propose the use of quasi-maximum likelihood on
differenced data under some parametric assumptions on the distribution of the idiosyncratic er-
rors, which appears to reduce bias without making an explicit bias correction. Han and Phillips

(2009) suggest a simple least squares procedure applied to a difference-transformed panel model



that effectively reduces bias in the panel AR(1) case and leads to an asymptotic theory that is
continuous as the autoregressive coefficient passes through unity. While the first approach makes
moment assumptions on the unobservable individual effects, the other approaches effectively make
parametric assumptions on the idiosyncratic error process.

The methods developed in the present paper belong to the second category above but they intro-
duce a novel technique of systematic differencing, which we call “X-differencing”, that eliminates
fixed effects while retaining information and signal strength in cases of practical importance where
there is an autoregressive root at or near unity. The resulting “panel fully aggregated” estimator
(PFAE) is obtained by applying least squares regression to the full system of X-differenced equa-
tions. The method is simple to implement, is free from bias for all parameter values and has higher
asymptotic efficiency than bias-corrected LSDV estimation, thereby retaining signal strength in
the unit root case and resolving many of the difficulties associated with weak instrumentation and
dynamic panel regression bias. The general model considered here is a linear dynamic panel model
with AR(p) idiosyncratic errors and exogenous variables, so the framework is well suited to a wide
range of models used in applied work.

Unlike the Hahn and Kuersteiner (2002) bias corrected LSDV estimator, the PFAE method does
not require large 7' for consistency. The PFAE procedure also supercedes the Han and Phillips
(2009) least squares method by generalizing it to AR(p) models and by considerably improving
its efficiency both in stationary and unit root cases. Since the PFAE is a least squares estimator,
there is no dependence on distributional assumptions and none of the computational burden and
potential singularities that exist in numerical procedures such first difference MLE (Hsiao et al,
2002; Kruiniger, 2008). Moreover, since X-differencing eliminates fixed effects, the asymptotic
distribution of the PFAE estimator does not depend on the distribution of the individual effects,
whereas GMM in levels (Arellano and Bover, 1995) and system GMM (Blundell and Bond, 1998)
are both known to suffer from this problem (Hayakawa, 2008). Finally, because the autoregressive
coefficients are consistently estimated, it is straightforward to implement parametric panel GLS
estimation in a second stage regression (e.g., Bhargava et al, 1982, for the panel AR(1) model).

The current paper relates to a companion work by the authors (Han, Phillips and Sul, 2009; HPS
hereafter), which introduced the ‘time-reversal’ technology used here to design the X-differencing
transformations that eliminate fixed effects and correct for autoregressive estimation bias. Us-
ing this methodology, the companion paper developed a new “fully aggregated” estimator (FAE)
specifically for the time series AR(1) model. That paper focused on the process of information

aggregation in X-differenced equation systems to enhance efficiency in time series regression and



to retain asymptotic normality for inference purposes, while the current paper emphasizes bias re-
moval and efficiency improvement in the panel context. The present paper also extends the HPS
technology to AR(p) panel regressions and to models with exogenous variables.

The remainder of the paper is organized as follows. Section 2 provides the key motivating
ideas and some heuristics that explain the X-differencing process and how the new estimation
method works in the simple panel AR(1) model. Section 3 extends the methodology to the panel
AR(p) model, develops the X-differenced equation system, verifies orthogonality, and discusses
implementation of the PFAE procedure. Section 4 presents the limit theory of the PFAE and pro-
vides comparisions with other methods such as bias corrected LSDV and first difference MLE
(FDMLE). This section also discusses issues of lag length selection in the context of dynamic pan-
els with unknown lag length. Section 5 reports some simulation results which compare the finite
sample performance of the new procedure with existing estimators. Section 6 concludes. Some

more general limit theory, proofs, and supporting technical material are given in the Appendices.

2 Key Ideas and X-Differencing

We start by developing some key ideas and provide intuition for the new procedure using the simple
panel AR(1) model with fixed effects

(D) Y = a; +ug, withuy = puy 1 +ey4, t=1,...,T;i=1,..,n,

where the innovations ¢;; are id (0, 0?) over 7 and ¢. The model can be written in alternative form

as
@) yi =i+ pyiu—1 +en, @ =a;(l—p),

which corresponds to the conventional dynamic panel AR(1) model y;; = «o; + pyir—1 + €;x when
|p| < 1. When p = 1, the individual effects are eliminated by differencing and both (1) and (2)
reduce to Ay;; = €;;. The AR(1) specification is used only for expository purposes and is replaced
by AR(p) dynamics in the rest of the paper, where we also relax the conditions on the innovations
;. Initial conditions are conventionally set in the infinite past in the stable case |p| < 1 and at
t = 0 with some O, (1) initialization when p = 1, although various other settings, while not our
concern here, are possible and can be treated as in Phillips and Magdalinos (2009). Observe that
there is no restriction on p in (1), whereas in (2) p is effectively restricted to the region —1 < p < 1

because for p > 1, a; = a;(1 — p) # 0 in which case the system has a deterministic explosive
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component in contrast to (1). This implicit restriction in (2) is not commonly recognised in the
literature but, as mentioned later in the paper, it is important in comparing different estimation
procedures where some may be restricted in terms of their support but not others.

No distributional assumptions are placed on the individual effects a;. So the model corre-
sponds to a fixed effects environment where the incidental parameters need to be estimated or
eliminated. Various approaches have been developed in the literature, including the within-group
(regression) transformation, first differencing, recursive mean adjustment, forward filtering, and
long-differencing. However, all of these methods lead to final estimating equations for p in which
the transformed (dynamic) regressor is correlated with the transformed error. In the simple time
series case, where the intercept is fitted in least squares regression leading to a demeaning trans-
formation, the effects of bias in the estimation of p have long been known to be exacerbated by the
demeaning (e.g., Orcutt and Winokur, 1969) and in the panel case these bias effects persist asymp-
totically as n — oo for T' fixed (Nickell, 1981). Accordingly, various estimation methods have
been proposed to address the difficulty such as instrumental variable and GMM methods, direct
bias correction methods, and the various transformation and quasi-likelihood methods discussed
in the Introduction.

The essence of the technique introduced in the present paper is a novel differencing procedure
that successfully eliminates the individual effects (like conventional differencing) while at the same
time making the regressor and the error uncorrelated after the transformation (which other methods
fail to do). A key advantage is that the new approach does not suffer from the weak identification
and instrumentation problems that bedevil [IV/GMM methods based on first differenced (or forward
filtered) equations when the dynamics are persistent. This failure of GMM in unit root and near unit
root cases produces some undesirable performance characteristics in the GMM estimator and poor
approximation by the usual asymptotic theory'. At the same time, because the o are eliminated,
the new method is unaffected by the relative variance ratio between the individual effects «; and
the idiosyncratic errors €;;, which, if large, makes the system GMM estimator (Blundell and Bond,
1998) perform poorly (see Hayakawa, 2008). Hence, we expect that the new procedure should offer
substantial gains over both GMM and system GMM methods, while still having the advantage of
easy computation.

The new procedure begins by combining (2) with the implied forward looking regression equa-

'For instance, the finite sample variance of the first difference GMM estimator in the stationary case increases
rather than decreases as p increases (see, Alvarez and Arellano, 2003; Hayakawa, 2008) in contrast to the prediction

of asymptotic theory.



tion
() is = 4 + pYiss1 + €5y, with €], = €55 — p(Yist1 — Yis—1),

and where the ‘future’ variable is on the right hand side, as opposed to the original ‘backward
looking’ equation (2). Importantly in both the backward and the forward looking equations, the
regressors are uncorrelated with the corresponding regression errors. That is, Fy;;_1€;; = 0 in (2)

and

(4)  Eyisiiel, = Eyisi18is — PE [Yist1 (Yist1 — Yis—1)] = poZ — po? =0,

in (3), under the following conditions: (i) Fa;e;; = 0 for all ¢ (a condition that is not actually
required in our subsequent development because the «; are eliminated - see equation (6) below);
(ii) € is white noise over ¢; and (iii) |p| < 1. The proof of (4) is given in Appendix A. If p = 1,
then the last equality of (4) is not true, but this restriction is removed in the final transformation (see
(7) below). The orthogonality (4) is a critical element in the development of the new estimation
procedure involving systematic differencing.

Importantly, the orthogonality (4) still holds if we replace s+ 1 withany ¢ > s, 1.e., Eyuc;, =0
for any ¢ > s. The implication is that the original backward looking regressor y;;; is uncorrelated
with the forward looking regression errors €7, as long as ¢ — 1 > s. That is, under the conditions

that Ea,e; = 0, €4 is white-noise over ¢, and |p| < 1, we have
(5)  Eyi-cl, = —pE Wir—1 (Yis+1 — Yis—1)] + Eyir—16is = 0 forany ¢ > s + 1.

Again the condition that |p| < 1 is not required in the final transformation step shown below in (7).
Results (4) and (5) can be used to eliminate the fixed effects. By simply subtracting (3) from

(2), we get the new regression equation

(0)  Yit — Yis = P Yit—1 — Yis+1) + (€it — €5)

where the regressor v;;—1 — ¥;s+1 15 uncorrelated with the error ;; — €}, as long as s < t — 1 for all
—1 < p < 1. Note that we now allow for the unit root case p = 1 and this relaxation is justified
in Lemma 1 below. Thus, for model (2), if ¢;; is white-noise over ¢, then the key orthogonality

condition
(7) 1) (yit—l — yis+l) <5it — 5;;) =0foralls<t—1land — 1< P < 1,
holds for model (6), thereby validating the use of pooled least squares regression techniques.
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We call the data transformation involved in setting up the regression equation (6) “X-differencing”.

Observe that the dependent variable y;; — v;s i1s X = t — s differenced whereas the regressor
Yit—1 — Vist1 18 X =t — s — 2 differenced. So, the regression equation is structured with variable
differencing: the differencing varies in a systematic and critical way between the dependent vari-
able and the regressor. Further, we want to allow for the differencing rate X itself to change, so X
is a variable. Hence, the terminology X-differencing.

The simple X-differencing transformation that leads to (6) eliminates the nuisance parameters
a;, just like ordinary differencing, but it has the additional advantage that the regression equation
satisifies a fundamental orthogonality condition: there is no correlation between the regressor and
the error in (6). As a result, X-differencing is very different from existing differencing methods
that have been used in the literature. In one way it is fundamentally simpler — because of the
appealing orthogonality property satisfied by (6). In another way it is more complete — because the
differencing rate X is variable, so that it is possible to think of (6) as a system of equations over
s < t — 1, each equation of which carries useful information about the autoregressive coefficient
p-

It is interesting to compare (6) with other differencing transformations that have been used in
the literature. First, it is different from long differencing (Hahn, Hausman and Kuersteiner, 2007),
which transforms equation (2) to y;; — yi2 = p(vie—1 — yi1) + (€ — €i2), whereas our method
(when s = 1) yields yi; — vi1 = p(Yir—1 — Yi2) + (€54 — €51), so the positions of y;; and y;» are
switched, the equation error is different and our approach allows s to vary. Second, X-differencing
(when s = t — 3) is also distinguished from simple first differencing, which gives the equation
Yit — Yire1 = P(Yir—1 — Yir—2) + (€it — €i4—1). In our model, we replace y;; 1 on the left hand side
with y;;_3, the equation error is different, and again we allow for higher order differences.

Third, when s = t — 3, the transformed equation (6) in our model can be written as
®)  Ayi + Ay + Ayir—o = pAyi—1 + (€it — €5,_3),

where Ay;; = yi — yi—1. This equation can usefully be compared with the AR(1) bias-correction

transformation model
9 2Ayi + Ayiy—1 = pAyi—1 + errory

that was used in Phillips and Han (2008) and Han and Phillips (2009). In the new X-differencing
approach, the present method replaces the term 2Ay;; in model (9) with Ay;; + Ay;;_o. This “tem-
poral balancing” around the lagged difference Ay;;_; is a subtle but important breakthrough that
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leads to the variable X-differencing generalization of (9) and, as we shall see, leads to considerable
efficiency gains and further allows for convenient generalization from AR(1) to AR(p) models.
Importantly, any s values such that s < ¢ — 1 satisfy (7) under the stated regularity, so that the
new regression equation (6) is valid across all these values. To make full use of all this information,
we propose to stack the regression equations (6) for all possible s values. But we exclude s = ¢ —2
because in this case the corresponding regressor in (6) is zeroed out. Thus, we propose to use
equation (6) for s = 1,2,...,¢ — 3. The resulting stacked and pooled least squares estimator has

the following simple form

n T -3
Zi:l Zt:4 ZZ:l(yit—l - yis—i—l)(yit - yis)
n T -3
Zi:l Zt:4 Ziﬂ(yitq - yis+1)2

and is the panel fully aggregated estimator (PFAE) of p in the panel AR(1) model (2). In the time

b=

series case where n = 1, p reduces to the FAE estimator introduced in HPS (2009).

The estimator p has virtually no bias for all p values, as might be expected in view of the
prevailing orthogonality (7), the simple no intercept form of (6) and the differenced form of the re-
gressor. In the limit, consistency holds provided the total number of observations tends to infinity—
irrespective of the n /T ratio—indicating that the estimator will be useful in short and long panels,
as well as narrow and wide panels, making it appealing in both microeconometric and macro-
econometric data sets. This result, together with the asymptotic distribution theory and associated
tools for inference, will be developed in the following sections in the context of the general AR(p)

panel model.

3 The Panel AR(p) Model with Fixed Effects

This section extends the above ideas on X-differencing and fully aggregated estimation to the
general case of a dynamic panel AR(p) model. Our primary concern is the estimation of the
common autoregressive parameters {p;: j = 1,...,p} in the following panel model with fixed

effects and autoregressive errors

(10) Yo =a; +uy, pL)uy=¢cy, t=1,....T,i=1,...,n,
(1) p(L)=1—pL— - = p,L7,

where ¢;; is, for each ¢, a martingale difference sequence (mds) under the natural filtration with

Fey = 0,and E€? = 02. As in the AR(1) case we have the equivalent specification (at least in the



stationary and unit root cases, c.f. the discussion following (2) above)

(12) yau =i+ pryau—1+ -+ ppli—p + it @ =a;(1—p1— - —pp).

We maintain the assumption that u;; has at most one unit root. When wu;; is I (1), the long run
AR coefficient is p;, = >>"_, p; = 1, and we write p (L) = (1 — L) p* (L) where the roots of
p* (L) = 0 are outside the unit circle. In this event, o; = 0 in (12) and there is no drift in the
process. Initial conditions for u;; may be set in the infinite past in the stationary case. In the unit
root case, we can write Au;; = ﬁeit := u}, and set the initial conditions for the stationary AR(p-
1) process u}, in the infinite past. Since our estimation procedure relies only on X-differenced data,
it is not necessary to be explicit about initial conditions for u;;. In fact, our results will hold for
distant and infinitely distant initializations (where ;o can be O, (\/T_I{T> for some xp which may
tend to infinity with 7") as well as O,, (1) initializations (see Phillips and Magdalinos, 2009, for
discussion of these initial conditions).

Following the same motivation as in the AR(1) case, to construct the X-differenced equation

system we rewrite (12) in forward looking format as

Yis = O + P1Yiss1 + =+ + Pplistp + €

where ¢j; = €is — Y0_; pj(Yistj — Yis—j)- Then, by subtracting this equation from the original

backward looking equation (12), we construct the X-differenced equation system
(13) yit — Yis = P1(Wit—1 — Yis41) + -+ + pp(Yit—p — Yis+p) + (it — €5),
just as in the AR(1) case. The system may also be written as

Uig — Uis = P1(Uig—1 — Uis1) + -+ Pp(Uit—p — Uisyp) + (€t — €5),

and is free of fixed effects.

Observe that the variables appearing in (13) involve X = ¢t — s — 2k differences for k = 0, .., p.
The regressors in (13) are all uncorrelated with the regression error in the equation, as shown in
Lemma 1 below. Importantly, this orthogonality condition holds for the full system of equations

given in (13)—thatis forallt — s > p + 2.
Lemma 1 E(yi—x — Yistk)(€it —€5) =0foralls <t—p—2,forallk =1,...,p.

In stacking the system (13) for estimation purposes, we use all possible s values up to s =

t — 2p — 1. This setting avoids the collinearity (or zeroing out) of the regressors that occurs when
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the system includes s values within the range ¢ — 2p < s < t — p — 1. To express the estimator

. . ~ / , o~
in a concise form, let Zit,s = (yitfla Yit—2, - - - ;yitfp) - (yis+17 Yis+2; - - - 7yis+p> s Yit,s = Yit — Yis»

*

Eits = €it — €5, and p = (p1, ..., p,)". Then, (13) can be expressed as
(14) Girs = p' Zivss + Eis

The PFAE for p is simply the least squares estimator based on the stacked (over s) and pooled

(over i and t) system (14), viz.,

t—2p—1

n T t—2p—1~ _ -1 n T —
(15) p= (Z >y Zit,szgt,s> SN Zisdis

i=1 t=2p+2 s=1 i=1 t=2p+2 s=1
Clearly, the degrees of freedom condition 7" > 2p + 2 is required for the existence of p.

It is sometimes convenient to obtain the PFAE as follows. For a given lag ¢, let p(,) be the

X-differencing estimator based on the equation

p
Yit — Yit—2p—t = Z i (Yit—j — Yit—2p—t+5) + (€t — 621_21,_5)-
j=1

Here, ¢ = 1 is the minimum lag allowed in PFA estimation (to avoid perfect collinearity), and
¢ =T —2p—11is the maximum lag. Let Z, be the regressor matrix for this lag (for all ¢ and for all
possible t) and let y, be the corresponding regressand vector. When we regress y, on ”ZQ, we get
the lag-{ estimator p(,y = (Z;ZE)*Z;&Z Then the PFAE is

T—2p—1 L o1 T—2p—1 /A |
(16) ﬁ=< > Zﬂz) > zmz( > Zﬂz) > ZyZip,
(=1 (=1 =1 =1

which is a weighted average of all lag-¢ estimators, where the weights are assigned according to
the magnitude of the /ag-¢ signal matrix Z;Z Note that all single /ag-¢ estimators are themselves
individually consistent as the sample size increases.

The weighted regression formulation (16) offers some computational advantages in practical
implementation and it is used in some of the simulations (undertaken in Stata and Gauss) that are
reported in Section 5.

The orthogonality condition in Lemma 1 holds if ¢;; is white noise for each :. However, the
development of an asymptotic theory for p requires stronger regularity conditions that validate laws
of large numbers (LLNSs), central limit theorems (CLTs) and functional CLTs as n and 7" pass to
infinity. Our theory includes both fixed 7" and fixed n cases. For these developments, we assume

the following.
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Condition A (i) ¢;; = 0,e;, with inf; 0, > 0 and sup,; 0, < oo, where c;, is 1id across i with
B[(£5)*°] < M for all t and some M < oo and § > 0; (ii) €5, is a stationary and er-
godic martingale difference sequence (mds) over t for all i such that E(e5,|e5, 1,65 o,...) = 0,

E(e5|e5 11+ €549, - - -) = 0, and with unit conditional variances

E(eitled 1,695 -+) = E(S?t2|5?t+1a €ityr- ) =1 a.s.;

(i) 'Y " o andn~' Y"1 | off converge to finite limits as n — oo.

Remarks.

1. We allow cross-section heterogeneity in (i) by considering a scaled version €;; = o;¢;, of an
mds random sequence (e;,) for each ¢. This assumption is not crucial but it simplifies the
analysis considerably. Generalization to non-identically distributed (across 7) innovations is
possible but involves further technicalities, including some explicit conditions for third and

fourth moments and the Lindeberg condition.

2. Condition (ii) is a bidirectional mds condition and corresponds to a conventional white
noise assumption. This condition is weaker than requiring independence in €5, over ¢, but is

stronger than a unidirectional mds condition.

3. Conditional heteroskedasticity or higher order serial dependence (over ¢) may be allowed as
long as Condition A(ii) is satisfied. If 7" is fixed and n is large, no conditions on the serial

dependence of ¢;; are required other than Fe;; = 0, Ec? = o? and Ee;e;, = 0 for all ¢ and

s #t.

4. Condition A(iii) seems quite weak, although it is not implied by Condition A(i). When A(iii)

holds, the average moments converge to finite positive limits in view of Condition A(i).

When T is fixed and n — oo, we require the following regularity for the standardized error se-

quence €;;/0; so we may establish standard asymptotics for the PFAE.
Condition B For any given T, (i) E(nirnsr) is nonsingular, where
° T t=2p—17 ~
ir = Zt:2p+223:1p Zil‘qs“":iz‘/,s/‘71'2

and Z-us and € 5 are defined in (14); (ii)) n™' >\ (nirnipr — Enirnliy) —» 0.
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Remark. In developing a CLT for the numerator of a centred form of (15), only Condition A is
required. Condition B (i) is relevant for establishing the standard normal limit given in Theorem 2
below. Condition B (ii) is useful for the estimation of the variance-covariance matrix of the limit
distribution. When ¢;; is independent and possibly heterogeneous across ¢, a sufficient condition
for B (i1) is given in Phillips and Solo (1992, Theorem 2.3). m

When T" — oo, the temporal dependence structure matters and affects the limit theory and rates
of convergence. In the general AR(p) model with a unit root, there is an asymptotic singularity in
the sample moment matrix because of the stronger signal in the data in the unit root direction,
just as in the time series case (Park and Phillips, 1988). Singularities are treated by rotating the

regressor space and reparameterization as detailed in Appendix A.

4 Asymptotic Theory

This section develops an asymptotic theory for the PFAE /. Technical derivations and a general
theory are given in Appendix A. To make the results of the paper more accessible, only the main
findings that are useful for empirical research are reported here. We start with the following nota-
tion
(17) Vir = %Zf—2p+221;:21p_12/it,322t78 and n;r = %Zz_2p+222:21p_12it,sat,s7
sothat p=p+ (30, Vir) ™ X0, mir

Because En;7 = 0 for all 7' by Lemma 1, we can expect the panel estimator p to be consistent
and asymptotically normal under regularity conditions that ensure suitable behavior for the sample
components (>, Vir, > 1 mir) of p. In particular, if y;; is stationary, then consistency and
asymptotic normality will hold, provided the total number of observations in the regression is
large, i.e. if N = n(T —2p — 1) — oo. So, no condition on the behavior of the ratio n/T
is required in the limit theory. If y;, is persistent (so that the long run AR coefficient p;. =
Z§=1 p; s unity) and 7' is finite, then large-n asymptotics are again standard because any special
behavior in the components (e.g. nonstandard convergence rates and limit behavior associated with
nonstationarity) occurs only when 7' — oo. Next, if y;; is persistent and 7" — oo, the estimator
p is consistent and still asymptotically normal when n — oo, again irrespective of the n /T ratio.
In this case, the corresponding estimate of the long run AR coefficient p;. (which, because of
persistence, is p;, = 1) has a faster convergence rate O,(n'/?T’) stemming from the stronger signal

in the nonstationary component of the data, thereby producing a singularity in the joint asymptotic
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normal distribution of p with one component (in the direction p;,. = Z?Zl p;) converging faster to
its normal distribution than the other components. When n is fixed and 7" — oo in the persistent
case, then the limit distribution of p is again singular normal (when p > 1) but there is a faster rate
of convergence in the direction p;,. and the limit distribution is nonstandard in that direction. The
latter result is related to the limit theory of the time series FAE estimator given in HPS (2009) for
the special case where n = 1.

Theorem 5 in Appendix A provides a complete statement for interested readers of this limit
theory, covering the general panel AR(p) case in a uniform way for large 7" and n, as well as both
fixed 7" and fixed n cases. The remainder of this section focuses on practical aspects of this limit

theory and the useability of the PFAE in applied work.

4.1 Limiting Distribution of the PFAE

For inference and practical implementation, Theorem 2 presents a feasible version of the main part
of Theorem 5 in Appendix A that holds uniformly for all p values including both stationary and
unit root cases. For convenience, we use the model (1) formulation in which y;; = a; + u;;, where

u;; is an AR(p) process as defined in (10).
Theorem 2 Suppose u;; is AR(p) as defined in (10). Under Condition A,
(18) Bur (32i21Vir) (p — p) = N(0, ),

for any By, such that B,r (> nirnip) By = 1, where Vir and n;r are defined in (17). The
convergence (18) holds as n'T' — oo if py,. == Z§:1 p; <1, and as n — oo in all cases (that is, for
any T, either finite or increasing to infinity, no matter how fast). The limit distribution of p when n
is fixed, T' — oo and p;. = 1 is partly normal and partly nonstandard. It is given in Theorem 5(d)
in Appendix A.

Remarks.

1. Note that cross section heterogeneity is permitted in Theorem 2 under Condition A. The ma-
trices > ., Virand >, m;rnj; in the theorem are designed to be heteroskedasticity robust
so that (18) provides a central limit theorem suitable for implementation upon estimation of
> i nirnir as discussed below. The asymptotic form of the standardization matrix B,,7 in
(18) is given in (53) in Appendix A and shows explicitly the convergence rates in terms of
n and 7' as well as the transformation matrix involved in arranging directions of faster and

slower convergence when there is a unit root in the system.
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2. For statistical testing, it is necessary to replace 7,7 by a feasible statistic. In view of (17) and

the consistency of p, we can use the residuals

t—2p—1
(19) nzT — Z Z it,s yzts - n SP)
t=2p+2 s=1

in place of 7;7. The asymptotic covariance matrix estimate [y, Vir] ™' > Dirflip D2, Vir] ™
may then be used in inference. Simulations show that this choice works well when n is
large. If n is not so large, inferences based on this method still show reasonable performance
and may be improved by modification of the limit distribution of the associated (scalar) test
statistics to a Student ¢ distribution with n — 1 degrees of freedom as proposed in Hansen

(2007) if the random variables are 7i¢d across :.

3. For practical work, it may be useful to provide estimates of the remaining (non dynamic)
parameters in the model (10). Consistent estimation of the autoregressive coefficients in (10)
enables estimation of the fixed effects, the variance of the fixed effects and that of the random
innovations in a standard way. For example, the transformed fixed effects «; := a;(1 — py;.)
can be estimated by the individual sample mean, &;, of the residuals é;; := y; _Z§=1 PiYit—1,
and the random idiosyncratic innovations ¢;; can be estimated by the quantity é;; — &;. The
average variances of «; and €;; can then be estimated by the sample variances of ¢&; (across 7)
and é;; —; (across ¢ and ¢ after the degrees of freedom correction), respectively. Asymptotics
for these additional estimates follow in a standard way from the usual limit theory for sample

moments and the consistency of the fitted autoregressive coefficients.

We now provide some further discussion of efficiency. At present there is no general theory of
asymptotic efficiency for panel data models that applies for multi-index asymptotics and possible
nonstationarity. The usual H4jek-Le Cam representation theory (Héjek, 1972; Le Cam, 1972) holds
for locally asymptotically normal (LAN) families and regular estimators in the context of single
index and /n asymptotics. Panel LAN asymptotics were developed for the stationary Gaussian
AR(1) case by Hahn and Kuersteiner (2002) allowing for fixed effects under certain rate conditions
on n and T passing to infinity. But their result does not apply when there is a unit root in the system.
Any such further extension of existing optimality theory would require that n — oo because for
fixed n (and in particular n = 1) the likelihood does not belong to the LAN family but is of the
locally asymptotically Brownian functional family (Phillips, 1989; Jeganathan, 1995), for which

there is no present theory of optimal estimation or asymptotic efficiency. Moreover, it is now
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known from the results of HPS (2009) that improvements in both bias and variance over the MLE
and bias corrected MLE are possible in local neighborhoods of unity in the time series case (n = 1).

For the purposes of the present study, we undertake a more limited investigation of efficiency
and consider the simple panel AR(1) model (1) with Gaussian errors. Normality is not needed
for the limit theory but only for the discussion of optimality in the stationary case (c.f. Hahn
and Kuersteiner, 2002). For this model, the following result holds and sheds light on the relative
efficiency properties of the PFAE procedure, including both the stationary and unit root cases, in

relation to the MLE.

Theorem 3 Suppose that €y = uy — pug_y is iid N (0, 02) for some p € (—1,1]. Then
(20) (nT)"2(p—p) = N(0,1=p%), asT — ocoif]p| <1,

1) n*?T(p—1)= N(0,9), asn,T — occifp=1.

Remarks.

1. Asymptotics for the stationary case (20) hold as 7' — oo regardless of the cross sectional
dimension n. We further note that asymptotic normality does not require large 7. However,
the form of the asymptotic variance given in (20) does require 7' — oco. In this case, LAN
asymptotics apply as 7' — oo and the variance attains the Cramér Rao bound, which is the
same as in the stationary time series (n = 1) case. So, when |p| < 1, the PFAE is asymptot-
ically efficient as 7" — oo. This result corresponds to the finding in Hahn and Kuersteiner
(2002, theorem 3) that the bias corrected MLE attains the (semiparametric) efficiency bound
for the estimation of the common autoregressive coefficient in the presence of fixed effects
under the rate condition 0 < lim,, 7. 7 < oo. However, the efficiency bound is attained

for the PFAE without this rate condition and holds even for fixed n.

2. Hahn and Kuersteiner (2002, theorem 4) show that when p = 1 and n,T" — oo, the (bias

corrected) LSDV estimator p;,4, is asymptotically distributed as

3 51
22) 2T pregy — 1 + ——— N[0 =].
22) n <Pld +T—|—1):> (,5

Thus, the PFAE estimator has smaller asymptotic variance than the bias-corrected LSDV
estimator and the PFAE requires no bias correction. Observe that the LSDV estimator is
the Gaussian MLE corrected for its asymptotic bias. So, the improvement of the PFAE over

the bias corrected LSDV estimator at p = 1 is analogous to the improvement of the FAE
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estimator over the MLE in the time series unit root case shown in HPS (2009). In that case,
correcting for the bias by re-centering the MLE estimator about its mean does not reduce
variation, whereas HPS (2009) show that the FAE estimator reduces both the asymptotic
bias and the variance of the MLE not only at p = 1 but also in the vicinity of unity, while
having the same limit theory in the stationary case. The limit result (21) reveals that the
improvement of the FAE over the (levels) MLE at unity in the time series case carries over

to the panel case where n — oo.

. The improvement of the PFAE over the bias corrected LSDV estimator might be considered
counterintuitive because differencing is usually regarded as inferior in terms of efficiency to
levels estimation and the use of a within-group transformation to eliminate individual effects
(unless GLS or maximum likelihod is applied to the differenced data). However, the consid-
erable advantage of the PFAE technique is that it removes individual effects by systematic
X-differencing and, in addition, because long differences are included in the stacked system
estimation, any strong signal information in the data is retained by virtue of the full aggre-
gation that is built into the estimator. The result is improved estimation in terms of both bias
and efficiency over regression-based demeaning of the levels data and bias-correction in ML

estimation.

. Similarly, for the AR(p) panel model, when w;; is stationary, the PFAE is approximately
equivalent to the bias-corrected OLS estimator. In this case bias rapidly disappears as the
total sample size increases. When u;; has a unit root, the PFAE has substantially smaller bias

and no efficiency loss compared with the OLS estimator.

. When p = 1, there is a simple relationship between the PFAE and the bias corrected MLE or

LSDV estimator. In particular, as shown in Appendix D, when p = 1 and ‘/Tﬁ — 0, we have

3

(@3) VAT (h—1) = vaT (p 14 T)

T-1 T 2 T 2
3 Zz ths Yit—1) —2 Zz Zt:?, Yit—1
T -
Zi Zt:?, yiQt—l

where ;1 = Y1 — T2_1 Zstg Yis—1. According to (23), p may be interpreted as a

+Vn

+ 0p(1),

modified version of the bias corrected form of p;.4,. The modification is important be-
cause the second term of (23) contributes to the limit distribution and leads to a reduc-

tion in the limiting variance of the LSDV estimator. In particular, it is the (negative) cor-
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relation of the second term with the first term of (23) that reduces the asymptotic vari-
ance of LSDV, Avar{/nT (ps — 1+ 2)} = 51/5, to the asymptotic variance of PFAE,
Avar{\/nT (pso — 1)} = 9. In fact, this negative correlation makes it possible to lower the

asymptotic variance further, as shown in Appendix D at least for p = 1.

. For the panel AR(1) model when p = 1, using sequential limits as n — oo followed by 7" —
0o, Kruiniger (2008) showed that the first difference Gaussian quasi-MLE (called FDMLE;
see also Hsiao et al., 2002) has the asymptotic distribution n'/2T (4 — 1) = N(0,8).
The limit distribution of the FDMLE for |p| < 1is (nT)Y2 (pami — p) = N(0,1 — p?),
comparable to (20). But when p = 1 the variance of the limit distribution of the FDMLE
is smaller than that of the PFAE. This reduction in variance is explained by the fact that the
FDMLE is a restricted maximum likelihood estimator. The FDMLE is computed using a
quasi-likelihod that is defined only for p < 1 + % (see Kruiniger, 2008). So p is restricted
by the upper bound of this region at which point the quasi-likelihood becomes undefined.
We use the term “quasi-likelihood” in describing the FDMLE because it is not the true like-
lihood. In fact, no data generating mechanism is given in Kruiniger (2008) for the case
p > 1 and the quasi likelihood is constructed over that region simply by taking an analytic
extension to the region p € [1,1 + %) of the Gaussian likelihood based on the density
of the differenced data over the stationary region |p| < 1. The consequential restriction in
domain, and hence in estimation, plays a key role in the variance reduction of the FDMLE.
This reduction is borne out in simulations. For example, simulations with n = 200, T" = 50
and p = 1 show the variance of FDMLE to be approximately 87% of the variance of PFAE,
which corresponds well with the limit theory variance ratio of 8/9 ~ 88.9%. Also, in view
of the singularity in the quasi likelihood at the upper limit of the domain of definition, nu-
merical maximization of the log-likelihood frequently encounters convergence difficulties in
the computation of the FDMLE. Numerical optimization can fail if p ~ 1 and n is not large.
For example, in simulations with n = 10, 7" = 50 and p = 1, we found that a total 32 out
of 1000 iterations failed to converge to a local optimizer. These restricted domain and con-
vergence issues associated with the FDMLE procedure are discussed more fully in separate
work (Han and Phillips, 2009b).

. Asymptotics for the FDMLE procedure are developed in Kruiniger (2008) only for the panel
AR(1) model and computation is much more difficult in the case of the panel AR(p) model.

These limitations make it desirable to have a simple unrestricted estimator like PFAE with
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good finite sample and asymptotic properties that can be easily implemented in general panel
AR(p) models.

8. In the unit root case with p = 1, the limit distribution (21) holds for both n, 7" — oo, but no
condition is required on the n /7 ratio. For n = 1, we know from the results in HPS (2009)
that the (time series) MLE based on levels is not efficient and that remains true even when
we bias correct the MLE. In fact, as shown in HPS (2009), the FAE is superior to the MLE
in the whole vicinity of unity when n = 1. So, we can at least conclude that the PFAE 1is
superior to the MLE for n = 1. We expect but do not prove that this conclusion holds for all
fixed n.

The limit theory for the (restricted domain) FDMLE estimator at p = 1 indicates that there
may be scope for improving estimation efficiency at p = 1 and possibly in the immediate neigh-
borhood of unity. This issue is complex and, as indicated earlier, there is currently no general
optimal estimation theory that can be applied to study this problem. In Appendix D we prove that
a small modification to the PFAE procedure can indeed reduce variance for the case p = 1. The
modification is of some independent interest because it makes use of the relationship (23) between
PFAE and the bias-corrected LSDV estimator of Hahn and Kuersteiner (2002). In particular, in the
simple panel AR(1) model (1), the modified estimator is obtained by taking the following linear

combination for some scalar weight y

24) p*=7p+ (L =) (prsaw + ) = p = (L= 7)(P — fusav — 7);

so that the centred and scaled estimator has the form

25) n'PT(p* = 1) = 0’ T(proaw — 1+ ) +n'*Ty(p = proaw — 2)-

The PFAE corresponds to v = 1. In this case, the (negative) correlation of the second term with
the first term of (25) reduces the asymptotic variance of nt/ 2T(ﬁlsdfu — 1+ 3/T), which is 51/5,
down to the asymptotic variance of n'/2T(p — 1), which is 9. The variance can be lowered further
by choosing an optimal . According to the calculations shown in Appendix D, v = 5/8 gives
n'/?T(p* — 1) = N(0,8.325), which is the minimal variance attainable by adjusting + in the
relationship (25).

The modified estimator o can also be understood as a GMM estimator based on the two

moment conditions Fgy;(p) = 0 and Fgo;(p) — 0 at p = 1, where gy,(p) identifies p and g2;(p)
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identifies pjsqy + 7, 1.€.,

T t—
Z (Yit—1 — ys+l) [(yit - yis) — p(Yit—1 — Yis+1) |

t=4 s=1

w

glz

ﬂ|»—x

T
921 = _2 Z yzt - %) Yit— 1} )
2 4

with Gj—1 = i1 — Ty ' ZST:;J, Yis—1s Vit = Yir — 15 " EST:;), Yis, and Ty = T" — 2. Note that the
first observations are ignored in g;(p) for algebraic simplicity and their effect is asymptotically

negligible when 7" — oo. In view of the identity (see HPS, 2009)
T T
! Z (Yit—1 = Yist1)? = Z Ui

any weighted GMM estimator can be expressed in the form vp + (1 — 7)(fis + 2) for some ~,
thereby leading back to the original formulation (24).

The modified PFAE 5™ with v = 5/8 attains an efficiency level of 8/8.325 = 0.96096 (i.e.,
96% efficiency) relative to the restricted FDMLE. However, this argument cannot be used for
general p values because fysqy + = does not correct the bias if [p| < 1 unless n/T — 0. This is

evident from the fact that

vnT 3

2 & A

VT (pisav + 2 — p) = VT (pre — p) +

where py;; 1s the bias corrected estimator proposed by Hahn and Kuersteiner (2002, p. 1645) for
the stationary case, i.e., ppp = % Plsdv + % such that (nT)Y2(ppr — p) = N(0,1 — p?) when
lp| < 1landlimn/T € (0,00). Of course, when n/T" — 0 we also have vVnT (pisa0 + 2 — p) =
V1T (prsaw — p) + 0, (1), 50 in this event the bias is small because T — oo so fast.

4.2 Lag Length Selection

When T is large, lag length can be determined for each individual panel using conventional time
series model selection methods. While this method is inevitably inefficient because it fails to take
advantage of the panel structure and the pooling of information, it is still a consistent selection
method when 7" — oco. When 7' is small and n is large as in microeconometric panels, this indi-
vidual selection method is no longer available. In that case, the Sargan test combined with GMM
methods (e.g., Arellano and Bond’s GMM method) is often used instead. But the effectiveness

of this method deteriorates when panel data manifests high persistence and there is substantial
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individual heterogeneity because in such cases the AR coefficients are poorly (and possibly incon-
sistently) estimated. This section therefore proposes methods for consistent lag length selection

which take advantage of the good asymptotic properties of the PFAE procedure.

4.2.1 Panel BIC Order Selection

Consistent estimation of p by X-differencing and full aggregation allows us to construct informa-
tion criteria to estimate the lag order in a panel model such as (10). In what follows, we will
consider the panel BIC criterion and show some of its asymptotic properties.

For Gaussian autoregressive time series models, the BIC criterion takes the form

BIC (k) = log 67 + k(logm)/m,

where 67 is a error variance estimate calculated allowing for k lags and m is the sample size.

Our proposed version of panel BIC uses this same formula for some deliberately designed 67 and
particularly chosen m. To be more precise, let 5 = (5},...,pk)" denote the full aggregation

estimator based on the equation
k
(26) yir — vis = Z i (Yit—j — Yis+j) + (€t — &)
j=1

fori=1,...,n,t = 2kmax +2,...,T,and s = 1,...,t — 2kmax — 1. The exact formula of 5" is
given in (64). It is important that (26) is aggregated as if we had k.« lags for all £ values. We call
this operation ‘full-aggregation after k,.x-truncation’. Thus, a total of 7..(7} + 1)/2 equations are
aggregated (over ¢ and s) for each i, where T, = T' — 2kyax — 1, and 67 is defined as the residual
sum of squares from PFAE estimation of (26) after k,.x-truncation, divided by nT, (T, + 1)/2.
The effective ‘sample size’ is n'T, when k., lags are allowed for, so we set m = nT,. Hence, the

information criterion is defined as
(27) BIC(k) = log 67 + k(nT,) *log(nT,),

where
1 n T t—2kmax—1 k 2
Q8) 2=~ Jits — Y DiTit—jsts |
¢ nT*(T*+1)/2iZ“2§X+2 E Z ”

using the notation y;; s = v;x — yis defined earlier. The lag length (i.e., the maximal p such that

pp # 0) is then consistently estimated by minimizing BIC(k) over k = 0,1, ..., kyayx for some
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finite £p,ax, as shown in Appendix C. Note that this version of panel BIC loses the usual Gaussian
log-likelihood interpretation.

In the above formulation of (27) and (28), the k,,.-truncation is important and is a key element
in the consistency of the BIC approach especially when 7" is small. This is true even for a simple
panel AR model without fixed effects, where pooled ordinary least squares (OLS) estimates the
autoregressive coefficients consistently. The following example of a panel AR(1) explains why the

BIC method fails for small 7" if the k,..-truncation procedure is not implemented.

Example: Panel BIC Lag Selection without k.- Truncation.

Let yir = p1Yit_1 + € Where gy is iid N (0,02) and p; # 0, so that the true AR
orderis p = 1. Let (pr1,- .., rk) be the pooled OLS estimate of the coefficients in
a fitted panel AR(k) without the &, .c-truncation, i.e., p; ; is based on the pooled OLS
regression of y;; on y;:—1, (P21, P22)" is the coefficient in the pooled OLS regression
of yi on (yu_1,yi—2)', and so on, using all available observations. Let the pooled
sample error variance be 67 = [n(T — k)] "L Y0 34,1 &2 Where & = Y —
Zle Pk,;Yit—j» SO that 5,% is consistent for o2 for all k > p = 1. Consider minimizing

the information criterion
IC (k) = log &} + k[n(T — k)] log[n(T — k).

Let T' = 3 and k.« = 2 for the purpose of illustration. Direct calculation for £ = 1, 2

gives

(29) IC(2) — IC(1) = log(65/53) + (2n) *(3logn — log 2),

where
~9  ~9 ) ~9  ~9
05 — 0 0% — 0 05 — 0
log(62/63) =log (1— =2 ) =—-——"—-"2+0 L2
(2/ 1) g U% O’% 4 0% 3
with
2 =2 n
oy — 0O 1 [
1 2 122 ~2 1/~ ~2
= — =(€ € + (€ g } =A
O'% ’I?,O'% 2( 1,22 213) 2( 1,23 223) n

Now G} —, 02, Epir = it + Ele (pj — Prj) Yir—; for both k = 1,2, and €3, — &%

is #id with zero mean E {¢2, — %} = 0 and finite variance E {¢2, — ¢3}* = 40%. It
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follows that
1
nt/2A = _725 —eX)40,(1) = N(0,1).
=1

Collecting terms and scaling (29) yields

n'2[I1C(2) — IC(1)] = —n2 A, + 0,(1) + (3/2)n"Y?logn — O(n~'/?)
= —n'24, + 0p(1),

which is asymptotically negative with a nontrivial probability of 1/2 as n — oo. Thus,
minimizing /C'(k) overestimates the lag order with a positive probability asymptoti-

callyasn — oo. m

The Enax-truncation resolves this problem and estimates p consistently by minimizing BIC.
(See Appendix C for a proof.) However this approach involves considerable data loss if 7" is small
and, in consequence, the finite sample performance of the k. -truncation BIC is not impressive.
For example, when k.., = 4 and T" = 10, the effective time dimension after k,..-truncation is
T, = T — 2kpnax — 1 = 1. In that case the BIC method reduces to a cross-sectional regression
and requires large n for reasonable performance. Table 3 provides some confirmatory simulation
findings.

A possible solution to this data loss problem is to set a smaller k., when 7T is small. For
example, reducing k.., by one increases the effective time dimension by two and thus the total
number of effective observations increases by 2n. So the performance of the k., BIC selection
method can be substantially influenced by the choice of the maximal lag length unless 7" itself is
large. This sensitivity is unnatural and undesirable because k. is usually given only a purely
nominal setting in applied work. As another solution, we might consider modifying the penalty
or extending the analysis to other information criteria such as the posterior odds criterion (PIC;
Phillips and Ploberger, 1994) for panel models. These possibilities are worth considering and can
be pursued in separate work. Another option is to use general-to-specific selection methods, as we

do in the following section.

4.2.2 General-to-Specific Significance Testing

An obvious alternative approach that avoids data loss is a general-to-specific sequential modeling

procedure. This selection procedure can be implemented in the usual way. The sequence begins
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by estimating the largest model—the panel AR(ky,.x) model for some given kp,.,—and tests the
significance of py_ . . If the null hypothesis that p;, . = 0 is accepted at the chosen level, then the
panel AR(knyax — 1) model is fitted and the null hypothesis py,_. 1 = 0 is tested. This sequential
process of estimating and testing is continued until the null hypothesis is rejected, and p is defined
as the largest £ value such that the regressor y;; ;. is significant.

In this process, all available time series units are fully used. That is, for £k = 4,3,2,1, the
numbers of the time series sample used in the regression are 7' — 9,7 — 7,7 — 5,T — 3, respec-
tively. Hence, even when 7' = 10 and k., = 4, the general-to-specific approach will use more
observations than the BIC procedure above for k£ < k., and the resulting lag length estimate will
generally be more accurate when 7' is small. In implementing the sequential asymptotic tests, the
asymptotic variances are estimated by the generalized heteroskedasticity-robust formula (Arellano,
1987; Kezdi, 2002) Q' QvQ,", where Q is defined in Theorem 2 and Qy is found in (19).

The general-to-specific methodology applies conventional statistical tests. So if the signifi-
cance level for the tests is fixed, then the order estimator inevitably allows for a nonzero probability
of overestimation. Furthermore, as is typical in sequential tests, this overestimation probability is
bigger than the significance level when there are multiple steps between k... and p because the
probability of false rejection accumulates as k step downs from k., to p.

These problems can be mitigated (and overcome at least asymptotically) by letting the level
of the test be dependent on the sample size. More precisely, following Bauer, Pétscher and Hackl
(1988), we can set the critical value ¢, in such a way that (i) ¢, — oo, and (i1) T;Tlch — 0
as n,T" — oo, where r,r is again the convergence rate of the full aggregation estimator. (Here,
condition (i) prevents overestimation and condition (ii) prevents underestimation.) The critical
value corresponds to the standard normal critical value for the significance level ;7 = 1—®(c, 1),
where ®(-) is the standard normal c.d.f. Conditions (i) and (ii) are equivalent to the requirement
that the significance level o, — 0 and —7r 1 log oy, — 0 (proved in equation (22) of Pdtscher,
1983).

If the significance level is too high, then test size increases and the lag length is usually over-
estimated. On the other hand, too small a level causes the model to be underfitted. Since parameters
in a generous model are still consistently estimated while an underspecified model leads to some
inconsistent coefficient estimates, practitioners are recommended to use a significance level that is
not too small. A 1% level seems a reasonable choice in cases where the sample sizes are moderate
to large. Simulations may be used to explore the performance of various significance level choices

in relation to the cross section and time series sample sizes. Such experiments would need to be
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extensive and to cover many different models to be valuable beyond a simple procedure such as

the 1% rule. They would form a useful subsequent research project.

5 Simulations

This section reports simulations which shed light on the finite sample properties of our procedures
in relation to existing methods of dynamic panel estimation. In particular, we compare the PFAE
procedure with existing estimators such as Arellano and Bond’s (1991) difference GMM estimator
and Blundell and Bond’s (1998) system GMM estimator for a panel AR(2) model. (The FDMLE
method is not included because of computational difficulties with this procedure and the fact that it
is a restricted estimator, as discussed earlier.) We then compare the performance of two alternative

lag-length selection methods — the k., -truncated BIC procedure and general-to-specific testing.

I. Comparison of bias and efficiency: AR(1). We first compare the properties of the PFAE
with the LSDV estimator (which is inconsistent), Hahn and Kuersteiner’s bias-corrected LSDV
estimator (HK), the one-step first difference GMM (GMM1/DIF), and the two-step system GMM
(GMM2/SYS), for the panel AR(1) model. The model is y;; = a; + wy, Uy = puyg—1 + €its
where ¢;; is 7id standard normal variables and q; is also normal with F(a;) arbitrarily set to 2.
When generating the data, the processes are initialized at ¢ = —100 such that u; 190 := 0, and
then observations for ¢ < 0 are discarded. The normal variates are generated using the rnormal
function of Stata. The difference GMM and the system GMM are estimated by the ‘xtabond’ and
the ‘xtdpdsys’ commands of Stata respectively, and the PFAE is obtained by direct calculation
using formula (16).

Table 1 reports the simulated means of the estimators from 1,000 replications. The LSDV
estimator is obviously biased downward, as per Nickell (1981). The (small sample) biases of the
first difference and system GMM estimators depend on the distribution of «;. On the other hand,
PFAE shows very little bias for all parameter values and is considerably superior to HK.

Table 1 also presents simulated variances of the estimators. When 7" is small (7" = 10), PFAE
is less efficient than the bias-corrected LSDV estimator (HK), but when 7" is larger (7" = 20) and
p 1s large, PFAE is as efficient or more efficient than HK. With larger 7' values, PFAE attains
the asymptotic variance (nT)~!(1 — p?), as does the HK estimator. For 7' = 20, we notice that
PFAE appears less efficient than HK at p = 1, which looks contrary to the asymptotic finding
that n'/2T (ppx — 1) = N(0,51/5) and n*/2T(p;, — 1) = N(0,9) with py and py, respectively
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denoting the HK and PFAE estimators. This outcome occurs because 7" = 20 is not large enough
for the asymptotics to be accurate without a degrees of freedom adjustment. For p = 1, the
asymptotic variance of f, is 9/n(T — 2)2, which is approximately 0.277 x 10~ with n = 100
and T = 20. This theoretical value is close to the simulated variance 0.273 x 1073, As T increases
further, so that 72/(T — 2)? is close to 1, we expect the higher asymptotic efficiency of PFAE
relative to HK to become evident in simulations. Table 2 reveals that this expected improvement
occurs for T > 80 for all values of n.

The performance of the GMM estimators differs as sd(a;) changes. Comparing PFAE and
GMM, PFAE performs uniformly better than the GMM estimators in our simulations except for
p = 1 with 7" = 10. It is however worth noting that the GMM estimators are based on moment
conditions different from those used by PFAE and LSDV, and that the performance of the GMM

estimators also depends on the inital cross sectional variance of the idiosyncratic errors.

II. Comparison of bias and efficiency: AR(2). We next consider an AR(2) dynamic panel
model (i.e., Yy = a; + wi, Uy = p1uy—1 + pauiy—2 + €4). Except for u; being AR(2), all other set-
tings are the same as in the previous simulation. We set p; = —0.2, and p; = 0.2,0.5,0.7,0.9, 1.1
and 1.2. The panels are stationary when p; < 1.2, and are integrated when p; = 1.2.

Table 3 reports the simulated means and varinaces of the estimates of p;. Note that Hahn and
Kuersteiner’s (2002) estimator is not examined because the model is not AR(1), so one of their
assumptions is violated. The LSDV estimator is again biased downward, and the PFAE exhibits
very low finite sample bias. The GMM estimator performance depends on the variance of a;.
Again, LSDV and PFAE are free from the effects of the a;, while the two GMM estimators are
not. The PFAE performs well in all considered cases. As remarked in the discussion of the AR(1)
simulations, it is noteworthy that the accuracy of the GMM estimators depends on the variance of

the initial idiosyncratic errors as well.

III. Inference. We next investigate the properties of the estimated variance Q;@VQ; of the
PFAE, where

t—2p—1

n T n
QZ = Z Z Z Zit,sgz{t,s and @V = Z ‘//\;T/\i{f)
i=1

i=1 t=2p4+2 s=1

with Z‘t,s defined right after Lemma 1 and \A/iT found in (19).
Because all the statistics are free from individual effects, we can eliminate a, from the data

generation process. Model evaluation for AR(p) models with p > 1 will be considered later while

25



simulating lag length selection. So here we focus on the panel AR(1) model y;; = pyi—1 + €it,
where ;; ~ N(0,0%) with 02 = 1. We test (i) Hy : p = 0 and (ii) Hy : p = 1. We present
test sizes for the null hypothesis that the p parameter is the same as the true parameter used in the
data generation. Gauss was used for the simulations. We use the ¢, critical values in testing, as
recommended by Hansen’s (2007).

Table 4 reports the empirical sizes from a simulation of 5,000 replications. Except for a slight
over-rejection in small samples with high p, size performance is reasonably good. The simulated
powers for the null hypotheses Hy : p = 0 (left) and Hy : p = 1 (right) are presented in Table 5.
This part of the simulation is intended to be illustrative as its main purpose is to exhibit general
performance characteristics of inference with the PFAE procedure. Thorough comparisons with

other estimators would require a more systematic simulation study.

IV. Lag length selection. Table 6 reports the finite sample performance of the BIC and general-
to-specific (GS) approaches to model selection, based on the PFAE methodology, as explained
in Section 4. The BIC method is seen to be consistent as n, 7" — oo, while the probability of
over-estimation by the GS method does not diminish to zero for a given significance level (and this
probability is larger than the significance level because of the accumulation of the type I errors).
But as the significance level shrinks to zero as described in Section 4.2, the GS lag order estimator
is consistent. In small samples, the performance of the GS method is generally much better than
the BIC method.

6 Conclusion

The estimation method introduced in this paper for linear dynamic panel models uses a new differ-
encing procedure called X-differencing to eliminate fixed effects and a simple technique of stacked
and pooled least squares on the full system of X-differenced equations. The method is therefore
straightforward to implement in practical work. It is also free from bias for all parameter values
and avoids weak instrumentation problems in unit root and near unit root cases. The asymptotic
theory shows gains in efficiency in the unit root case over bias-corrected maximum likelihood and
equivalent efficiency in the stationary case but the new method has no need for bias correction. The
asymptotics also apply irrespective of the n/T ratio as n,T — oo. These advantages make the
new estimation procedure attractive for empirical research, especially in cases of data persistence

and dispersed individual effects where other methods can perform poorly.
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The findings of the present paper point the way to further research. First, there is a need for
a theory of optimal estimation in panel models which allows for roots in the vicinity of unity
and dual index asymptotics. While there is, as yet, no optimal estimation theory in time series
autoregression that includes the unit root case, the process of cross section averaging in panel
estimation leads to important simplifications in the limit theory that make such an optimality theory
feasible. In particular, the limit theory belongs to an asymptotically normal (as distinct from a
nonstandard distribution) family when n — oo. But the limit distribution can also be degenerate
with a singularity in the covariance structure and a change in the convergence rate when there is
an autoregressive unit root. These features of the limit theory and their impact on optimality in
estimation deserve detailed study. As indicated earlier, there is also scope for further work on
model selection in dynamic panels, including an extensive numerical study of sequential testing
rules and a further analysis of the asymptotic behavior of various information criteria.

Second, consistent estimation of panel autoregressions using X-differencing and PFAE meth-
ods is useful in the estimation of more general panel models with additional regressors. For exam-
ple, in parametric models with exogenous regressors and AR(p) errors such as y;; = a; + 'x;; +uy,
with w; = Y77 pjuir—j + €ir, We can consistently estimate p = (py, ..., p,)" using PFAE and
residuals based on a preliminary consistent estimate of 3. Then, a parametric feasible GLS esti-
mate can be conducted as a natural extension of Bhargava, Franzini and Narendranathan’s (1982)
treatment of the AR(1). Such stepwise estimation of 5 and p may be iterated until convergence,
combining moment conditions for 3 based on assumed exogeneity of x;; and the moment condi-
tions implied by Lemma 1 using y;; — 'x;; for given 5.

Finally, direct treatment of dynamic models with exogenous regressors of the form y;; = a; +
Zle piYit—;j + B'xiy + € 1s also possible using the methods of this paper. Transforming z;; —
3, (p) where x7;(p) is defined by z;; = x7,(p) — Y7, pjv},_;(p) enables the model to be rewritten
in latent form as y;; = a; + z3,(p)’' 5 + wyy, where u;, = Z;’:l pjui—j + €ir. Then, the parameters /3
and p are identified by the exogeneity of z},(p) and the moment conditions of Lemma 1 for y;; —
x,(p)' 5. The parameters may then be jointly estimated by an extended non-linear in parameters
version of the PFAE approach?. Full exploration of this extension is an important future research

topic.

More specifically, the moment conditions E{Uy;_ 1 s+ % (8, p) [Uit.s(B,0) — by Uit—jsri(Byp) ] } = Ofor

j=1
s <t—2pandforallk = 1,...,p, where Uy (8, p) := [yit — 25,(p)'B] — [yis — 2},(p)' B, identify p for given
B (using the PFAE method), and an exogeneity condition such as Ex;se;; = 0 for s < ¢ implies that E[z;s(Ay;: —

Z?:l piAYi—; — B'Axyy)] = 0 for s < ¢, which identifies 8 given p if x;;_1 and Ax;, are correlated.

27



Appendix A: Technical Results and Proofs

Proof of (4). Because €/, = v;s — o; — p1Yis+1, We have
Eyisi1€is = EYist1Yis — Eyist10u — P1Ey¢25+1-

Replacing the first y;5, 1 on the right hand side with o; + p1y;s + €511, We get
Eyisi1€l, = Eyisai + p1 By}, — Eyisii0; — p1By;

Because Ey;,«; is the same for all ¢t and Ey?, = EyZ, ,,, we have Ey;,16;, = 0. ®

Proof of (7). It is simpler to work with u; = y;; — a;, where u;; = piui—1 + €. We shall show

that A := E(uy_1 — uis1)(ei — €5,) = 0. For s + 1 < t, we have

A= E(uit—l - Uis+1)5it - E(uz’t—l - uis—i—l)(uis - P1Uz’s+1)
= _E(Uit—l - uis+1)(uis - pluis+1>
2
= —Fui_1uis + prEug_1uisr1 + Bugsuisrr — prBug,

2 2
= —p1Buy_ouis + prEwi_1Uis1 + PlEuis - PlEUz‘sH,

where the last equality is derived by expanding w; 1 = p1uijr—2 + €ix—1 and U511 = P1Us + Eist1-
When |p;| < 1, uy is stationary, so A is obviously zero. If p; = 1, then Eu;u;, = Eu?, for s < t,

so when s < t — 2, we have
A= _plEuzzs + plEu?s—‘rl + plEu?& - plEuzzs—i-l =0

as claimed. m

We prove Lemma 1 using u;; = y;; — a;. Note that u;; = Z§=1 p;Uit—; + ;¢ where g;; 1s white
noise (0,07). We also have e}, = w;s — >_"_ pjuisy;. We first establish the following general

lemma.

Lemma 4 Let u;; be a panel AR(p) process such that A is stationary AR(p —m) for some non-
negative integer m < p, where A := 1— L. Then for all t and s such thatt > s, Fef, . A"u; = 0.

is—m

Proof. First consider the case where u;; is covariance stationary AR(p), i.e., m = 0. Let v, =
Fujuy_j/o?. Let p(L) =1 — p1L — - -+ — p,LP. We have

Euye;, = Fuy (uis - Z?Zl pjuis+j> = Uiz (%—s - Z?ley’%—s—g) =0
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by the Yule-Walker equations when ¢ > s as claimed. Now for general m < p, we have p(L) =
(1—L)"p*(L), where p*(L) =1~ pjL —---—p;_ LP~™ and the roots of p*(L) = 0 are outside
the unit circle. First note that e, = p(L™)u,, so using (1 — L™ w5, = (—1)™(1 — L)™uyq

and A :=1 — L, we have

g:s—m = p*(L_l)(]- - L_l)muis—m = (_]-)mp*(L_l)AmUis =: &

18°

That is, p* (L™ Y, = (—1)™éL,, where @, = A™u;,. Furthermore, @, is stationary AR(p — m)

28’

by assumption, and by the result for the stationary case, we have F(—1)"é% 4, = 0 forall s < t.

*
1S—m

The result follows by writing £, = ¢ and t;; = A™uy. m

Lemma 1 is now straightforward.

Proof of Lemma 1. Because u;; — u;s = yix — Vis for all s and ¢, we shall prove that F(u;;_s —
Uis+k) (e —ef) = 0 forall s < t — p. Because E(uj— — Uisti)eie = 0 forall s < t —p
and 1 < k < p, it suffices to show that F(u;_r — u;six)el, = 0 for such s and k. If uy is
stationary AR(p), then this holds because of Lemma 4 with m = 0. If u; is I(1) and Auy is
stationary AR(p — 1), then the result follows from Lemma 4 for m = 1 because y;;_r — Yisit =

Uit—fp — Wisth = DUt + -+ + AlUjsyppy1. W

Next we prove Theorem 2.
We first introduce some useful notation and transformations that facilitate analysis of the unit
root case.

t=2p-1 7 t—2p—1 7
Let VzT - T Zt 2p+-2 Z - zt sZzt ,8 and nir = T Zt 2p+-2 Z - Zzt sgzt 83 where Zzt s
and €, ; are defined in (14). Define the p x p transformation matrix F' and its inverse F1

follows
1 -1 0 111 1
0 1 -1 011 1
30) F=1(0 0 1 , F'=100 1 1
0o 0 0 --- 1 000 --- 1

Note that 'z = (21,22 — 21,...,2p — %p1) forany z = (z1,...,2,), and F~'p = (30_, pj,
Z?:z Pjs---,pp) forany p = (p1,...,pp)". These transformation matrices are needed for the unit

root case. Also let
V2] if w;; ~ 1(0),
(3l1) Dr =
diag(T,T%2,...,TY?) ifuy ~ I(1) and Auy ~ 1(0).
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For a uniform development of the asymptotic theory, we derive the limit distribution of the

standardized and centered quantity n'/2D;F~'(p — p) in what follows. Note that
(32) n'2DrF~Y(p = p) = Arpbur,
where
(33) Aup— i D PV FD! and by — —— i D Flyir.
[ vn )
Let Cop = n Y0 DA F'yirnlp FDZY.
Theorem 5 If u; is stationary AR(p) or if uy ~ 1(1) and Au;_ is stationary AR(p — 1), then
under Conditions A and B(i), the following results hold:
(a) If n — oo and T is fixed,
n'?DpF(p — p) = N(0, A7 Cr ALY,

Anr and Crp .= lim,, o EC,,7 = plim Cur.

n—oo — N

where Ar = lim,, o, FA,r = plim,,_,
(b) If n,T — oo jointly
n?DrF~Y(p— p) = N(0,A71CA™Y),
where A = limyp_oo Ay = lim, 700 A, and C = limyp_,oo Cp = lim,, 700 EC,1.
(c) If T'— oo and n > 1 is fixed, and if u; is stationary AR(p)
2D F(p— p)=N (0, \2(FTF)™), T =0, 2E(X;u1X},_,),
where Xjp—1 = (Uit—1, ..., us—p), and N2 = >0 ot /(D00 oF)2.
(d) If T — oo andn > 1is fixed, and if uy ~ I(1) and Auy_4 is stationary AR(p — 1)

\/ﬁ(ﬂ-,p) Z?zl 0-123/171 7! /
S oiYe ]

0y = |

Y, = /01 Wi(r)2dr — [/01 Wi(r)drr,

Y —/0 Wi (r)dW;(r) _/o Wi(r)[1 — W;(r)]dr,

where W;(-) are independent standard Brownian motions, Z, ~ N(0,\2Q71), Q is the

with

variance-covariance matrix of (A1, ..., Auy_pi1), and Wi(-) and Z,, are independent.
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The proof of (a) is straightforward and is given first. Let F(0¥) := lim, ,cn™* > 1, oF.
Proof of Theorem 5 (a). We consider the numerator and denominator of (32) separately.

(i) Denominator: Note that EVy. := EVr/o? is identical for all i. Also EV is finite due to the

uniformly finite fourth moment assumption for ¢;; /o;. So
RS RS o o o
(34) - ;E%T = (ﬁ ;Uf) EVip — E(07)EViy i= A,

o? and D;'F' A3 F D' = Ar. The uniform boundedness of

i=1"14

where E(0?) := lim, oon™ ' >
Eel, implies that E[Vir(j, k)?] is bounded uniformly over all ¢ for all j and k, where V7 (j, k) is
the (j, k) element of V;7, so

var [% Z\/;T(j, k)] < % ZE[VZT(]', k)2 =0(mn").

Thus the denominator converges to the right hand side of (34) in mean and therefore in probability.

The equivalence of A7 and plim A, is also implied straightforwardly.

(i1)) Numerator: We have En;ry = 0 by Lemma 1. Condition A implies the convergence of

n~t > Engrnlp. The Lindeberg condition holds since o, 2np is iid and o?

is bounded un-
der the uniform finite fourth moment condition. Thus n=*/23"" | iz = N(0,C%), where C% :=
lim, oo™t >0 Enirnlp and Cp = D;lF 'COF D;l. The result for b, follows immediately.
That Cr = plim C,r is implied by Condition B(ii). m

n—o0

The remaining parts of Theorem 5 involve 7' — oo, and we proceed by approximating the
components of p — p by simpler terms. Let X;; 1 = (wit—1, .., uit—p)'s Xi = (Xio, .., Xir—1)',
and ¢; = (e;1,...,e) . Let My = Iy — T~ 1717, where 17 is a T-vector with unit elements. Let
F and Dy be defined by (30) and (31), respectively. Let IT = diag(1,2,...,p). Also let

t—2p—1
Jk) —_—
Z § : Uip—j — Uistj) (Uir—k — Uissk), Jk=0,1,...,p,
t 22 s=1

so.p = (Y0, W) Y0, Wiy, where

i vir”
(35) Wit = to| and U = |

1) , ,0
R vip”
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(Thus we have Vi1 = Wﬁ” and ;7 = U™ — W) Let T, = T — m for notational brevity. We

first approximate w ) as shown in the following result:

T
(36) ¢ ]’k) ?ka Z uitfjuitfk Z Ujs— -7 Z Uit—k + R1 AT

t=j+k+1 —j+k+1 t=j+k+1

T
T
= ijk Z Ugt—j Wit —k — Z Uis—j Z Uit—f; + Rl AT + R2 4T + R?f;?)
t=1

where
1 < 1 T ’
(37) R1 AT — om E (uz’t—j - uit—k>2 — E (uz’t—j - uit—k)
2T 2T 4
t=j+k+1 t=j+k-+1
2p—j—k T
1
- T § g (uz‘t—j - Uit—k+£)(uit—k - Uz’t—j+€)7
(=1 t=j+k+1+¢
j+k J+k Jj+k
j+k
(38) RQ AT — ] E Uit —jUit—k — 7 E Ujs—j E Uit—k,
Jj+k j+k

(39) R37,T = Tzuzt jzuzs k+zuzs ]Tzuzt k-

Proof of (36). Let j < k. Letr = k — j. We derive the first line of (36) for given j and r. Let

flo = (wig — ws)(Wig—pr — Uis1,) omitting the 7 subscript. We have

t—2p—1 —J t—2p+j5—1 - t—2p+25+r—1
Jgtr) E : E : 2 : § : _ § : 2 : r
Tqvb - ft ger] ft S+ T ft,sfr

t=2p+2 s=1 t=2p+2—j s=1 t=2p+2—35 s=j+r+1
T+j+r—2p—1 T—j T+j+r—2p—1 T—j

— ' _ r

- E E ft,sfr - E E ft,sfr'

s=j+r+1 t=s+2p—2j—r+1 t=j+r+1 s=t+2p—25j—r+1

The second and third identities above are obtained by letting ¢/ = ¢t — jand & = s+ j + 7,
respectively, and then removing the dashes. The first identity of the second line is obtained by
rearranging terms, and the last identity is obtained by swapping ¢ and s and then noting f{, , =

Jts_r- The right hand side on the first line and the right hand side term on the second line together

yield
- t—2p+2j+r—1 T+j+r—2p—1 T—j
(Gd+r) _ r ,
2T¢ - Z Z ftaS—T + ft,s—r
1=2p+2—j s=j+r+l t—j+7“+1 s—t+2p72j77“+1
T—j T—3 2p—2j—r
J— T
- § E ft,s—r_ E ftt r —2 § E ftt L—r*
t=j+r+1 s=j+r+1 t=j+r+1 = t=j+r+1+4+4
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Note that f/, , . = f{ ,, . Transforming by ¢' =t + j and s’ = s + j, then removing the dashes

from ¢’ and ¢, we get

2p—m
2Ty = Z thjsk thjtk 22 Z Jioji-r—o
t=mt1 s=mt1 t=m+1 (=1 t=mi1+e

where k = j +randm = 2j +r = j + k. We have

f[_j,s_k = (uz’tfj - uisfk)(uitfk - uisfj)
= Ujt—jUjt—f + Wis—jUis—f — Wit—jUis—j — Uip—kUis—k,
f,gtj,t,k = (uitfj - uitfk)(uitfk - uitfj) = _<uitfj - Uz’t—k)Q,

ff,j,t,k,g = (uz’tfj - uz’tfkfd(uitfk - uitfjfé)-

Thus

T T ? T ’
2T1/1(J * = om, Z Wit —jUit—k — ( Z “it—J') - ( Z u“"“)

t=m+1 t=m+1 t=m+1
T 2%-m T
2
+ E (Wit—j — Wip—p)” — 2 E E (Wit—j — Wir—g—e) (Wit—f — Wit—j—0)-
t=m+1 (=1 t=mt14+¢

Result (36) is obtained by subtracting and adding 2(3"/_ 1 Wit—j) Dy +1 Uit—) and then divid-
ing through by 27". The identity holds for j > k as well because 1,7’ 0k w(k’j ) Finally, the second
line of (36) is derived by means of the identity >, ikl @t = ST a— Y,

All the R terms in (36) turn out to be negligible compared with the other terms when
considering elther time series or panel asymptotics with large T". More precisely, the denominator
A, and numerator b, in (33) above may be approximated as shown in the following lemma,

where the approximation holds both for stationary and integrated w,;.
Lemma 6 Under Condition A, we have

(40) A,p =~ ZD LF'XIMy X, FD7! + €4,

=1

and

1 n
(41) bur = 7 221 DF'F'(G — EG) + &,
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where (; = X/Me; + T ' X!X,Ilp, and A, and b, are defined in (33), for some &2, and &8,
such that

(42) TlglolosupEHéfTH =0 and TlglgosupE[ﬁzT Z'T} =0,

as given in (45) and (46) below.

Proof. Let
1,1 1, 1,0
Rng) e RI(L,iIIJ’) RémT)
(43) Rim = : and Rp“7 = | ¢ |,
RlZ - R By

where R,(l] ’ikT) are defined in (36).

(i) Denominator: For (40), the second line of (36) implies
(44) Vip = W&r = XM X; — T~ (nl, + 1,7) © X[ X; + 0 Rir,

where 7 = (1,...,p)" and © stands for the Hadamard (element-wise) product. Because 71, ®
X! X; =1IX/X; and 1,7 ® X]X; = X/ X,II with IT = diag(n), we have

1 1
(45) & = — =L Dp FI(IXGX + XX PR + 3, 30 D PRy F DY

The expectation of the absolute value of the first term is O(T '), which can be obtained by writing
D' F'UX!X;FD;' as D' F'IIF' DD F' X X; F D' andnoting that n =+ Y7 | D7'F' X! X, F D!
has a uniformly bounded first moment. We can also show that E||o; >DyF' R F D' || — 0 as
T — oo for all h by Lemma 9 in Appendix B. Thus (40) and the first part of (42) follow.
(i1) Numerator: For (41) and the second part of (42), we use (35) and the second line of (36) again,
giving
3
W = X[ Myu; — T © Xju; + Y Ry,
h=1

where u; = (w;1, ..., u;7). This last expression and (44) imply that
mir = Wi — Uiy = X[ Mig; — T ' © Xju; + T~ (w 1, 4+ 1,7') © X/ X,]p

3
+ > (R — Riip).

h=1
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Since 1,7’ ® X/ X; = X/X,II, we have (;r = X/Mye; + T~ (1,7 ® X! X;)p. Using 7 © X/u; =
I1Xu; and 71, © X; X; = I1X]X,, it follows that

n 3 n
1 — 1 —_ * *
46) €&, = 7 > DF'FTX[ei + ) 7 > Di'F'(Ry . — ER; 1),
i=1 h=1 i=1

where R}, = R4 — Ri/}p. (Note that subtracting means is valid because E7;r = 0.) Lemma
10 shows that the variance-covariance matrix of the last term on the right hand side is o(1), and
the first term is =7~ - D' F'IIF YDy - n~ 423" | D' F'X!e;, where the second moment of

0; D7 F'X!e; is bounded. The result follows. m

With these results in hand, the proof of Theorem 5(c) for the stationary case with large 7" and

small n is now straightforward.

Proof of Theorem 5 (c). In this case, note that n is fixed, 7" — oo, u;; 1s stationary (over t), and
Dy = T'2I,. Under Condition A, we have T~*X/M, X; = T~*X!X; + 0,(1) —,, 2T for each i,
where I' = 0, 2F(X;;_1X], ;) is independent of i in view of Condition A(i). From this result and
(40), we have

1
plim A,r = (—Z?Zlaf) F'TF
n

T—o00

(see Phillips and Solo, 1992, Theorem 3.16). Also T V2X!Me; = T~ Y2X!g; + 0,(1) =
N (0, 0}T), which together with (41) implies that

1
bor = N (0, [—Z?lof] FTF) .
n
The result follows immediately. m

In the unit root case with large 7', we use the standardization matrix Dy = diag(T,7"/?,..., T"/?)

and coordinate transformation
47) F/Xit—l = (Uit—la —AUjp_1,..., —Auz’t—p+1),~

The denominator can be handled using (40). For the numerator, we have

(48) by = %Zw ~ Br) + &, where E[|€5]] = of1),
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and Yir = (17, P2t - - - > Ppar) With

pr~! ( ) ( )
T

T
thlvit—ﬁit

1 .
(50) Soj,iT = ﬁzz‘zlAuit*j+1€it7 J = 27 - Dy

49) p1ir =

Zt lzt 1

due to Lemma 11. The large 7" asymptotics (for small n or large n) are obtained by evaluating

n~Y23" i because By — 0as T — oc.

Proof of Theorem 5 (d). Note that u;p := 0 without loss of generality because the estimator is

expressed in terms of differences. Otherwise we could simply replace wu;; with w;; — u;g..

(i) Denominator: The first diagonal element of D' F' X/ M, X, F D! is
g T % T

T 2 1 )
1 1 r 0-22 1 2 1 P
T—g{“‘fl“} st [ W)= Wi - [ Wi

where the W;(r) are independent standard Brownian motions. (See Phillips, 1987, Theorem 3.1,
or use the BN decomposition in (55) below.) The other elements of the first row (and the first
column) are —7"3/2 Zthl w1 Auy_jfor j = 1,...,p—1, which are O,(T~*/2) and thus converge

to zero as T — oc. The remaining elements of the D' F' X! M 1X ' D' matrix correspond to the

.....

the variance-covariance matrix of o; (Auit,l, ooy Auy_pi)'. We therefore have
1
(51 D;lF’XZ{MlXiFDgl = afdiag {(W,P)_QYM‘, Q}, Y = / V~Vi(7")2d7“,
0

for each i, where the coefficient (7/p) 2 appears in the limit because of Lemma 7 below.

(i1) Numerator: Due to (49) and Lemma 7, we have

VW )W (r /W dr+/W }:U(}f’)

which is also the weak limit of the first element of D' F'(;7. From (48) and (50), the vector

of the second to last elements of D.. A GiT, denoted by ds ;7 (a notation used only in this proof), is
d277;T = T_I/QAXgﬁi + Op(T_1/2) = O'Z-QZQZ‘7 ZQZ' ~ N(O, Q),

where AX . denotes the first p — 1 columns of AX;, Q) = EAX“ 1AX{t 1> and AXit_l denotes
the first p — 1 elements of AX;; 1. Thus, D' F'(ir = [02(7'p) ™ Yi, 02 25,] .
Finally, to see the relationship between the limits of ¢; ;7 and ds;r, we note that the sam-

ple random function corresponding to W;(r) is T-1/2 g’? i+ and the jth element of dy;r is
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—T-1/2 Zthl Autjei. The joint Gaussianity of (o1 7, dy ;)" is straightforward, and the covari-
ance between ¢, ;7 and ds ;1 is zero under the bi-directional martingale difference assumption. So
Y and Zs; are independent.

Combining these results with (51) and (41), and noting that £'Y,; = 0, EZ5; = 0, we get the

stated result. m

Next we prove the panel limit theory where n — co. Here the LLN and CLT are established

using variation across .

Proof of Theorem 5 (b). Let E(07?) := lim,,_oon ' Y ;' 07 asbefore and E(0}) := lim,, oo n ' Y 1, 07"

i=1"1% 7

(i) Stationary case: We have Dy = T%/21. For the denominator, we have Eu? = 020(T "), where

U; = T_l Zle Uity thus
1 - / o 1 - / —1 2
— ;XiMlXi = ;XiXi +0,(T™") =, E(c?)T.

For the numerator, by the martingale CLT we have

LN ey L N 4
Vi ;(QT ECy) = ;X@ +0p(1) = N (0, E(ch)T).

The result follows straightforwardly as n, 7" — oo.

(ii) Integrated case: We work with the rotated variables. For the denominator, let A*..(j, k) be the
(j, k) element of A%, := n~ 1> " | D;lF’X{MlXiFDgl, which is the leading term of A, in
(40). Then

* 1 n T 2 1 n T 2
Anr(1,1) = mZizlztzluit—l - mzz‘ﬂ [Zt:luit—l] —p —(
because lim,, 7o, F[A%(1,1)] = p*(1)"2E(0?)/6 and its variance is O(n~') by Lemma 8 below.
So A*,(1,1) —, p*(1)72/6. This is also the probability limit of the (1,1) element of A,r by
Lemma 6.

The remaining elements in the first row (and the first column) of the denominator matrix are

14nT(1 j nT3/2 Zzuzt lAuzt —Jj+1 j = 27 <o D,

=1 t=1

whose first moment is O(7"~'/?) by Lemma 8(iii) and second moment is O(n~'7~') by Lemma
8(vil). So A,r(1,j) —, 0 forall j = 2,...,p, which is lim, 7o F [A,r(1,7)]. Finally, for
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J=2k=>2,

n T

, 1
Apr (5, k) = nT Z Z At j1 A1 —p E(UE)WUfkh

i=1 t=1

which is lim, 7—.oc EA,7r(J, k), by evaluating the mean and the variance again. So A,r —,
lim,, 700 /A7, where the limit is taken as n, 7" — oo.

For the numerator, we use (48), (49) and (50). Lemma 12 shows that the variance of the first el-
ement of b, converges, and its limit is the same as the variance of the corresponding weak limit
obtained in Theorem 5(d). The variance of the remaining terms of b, and the covariances are
also straightforwardly shown to converge to the limit variance and covariance of the corresponding
weak limits in Theorem 5(d). Convergence of the variance and the boundedness of o7 imply the

Lindeberg condition
1
(52) S B|(Wdir (N dir)? > Tel| =0 ¥e>0, dg=Di P,

for all p x 1 vectors A, which ensures the CLT for b,,7.
These arguments justify joint limits as n,7" — oo, as discussed in Phillips and Moon

(1999) general treatment of panel asymptotics. m
Proof of Theorem 2. Theorem 5(a)—(c) imply that
nl/QDTF_l(ﬁ —p) =N (0, plim A;%CHTA,:%) ,
where
Ay = %Z%D#F’%TFD;% Cor = %Z?lD;lF’niTn;TFD;%

and the probability limits are taken as n(7" — 2p — 1) — oo when u; ~ I(0), or as n — oo (and

for any 7" sequence) when u;; ~ I(1). Thus,
nl/QAnTDTF_I(ﬁ —p) = n_l/ZD;lF'QZ(ﬁ — p) = N(0,plim C,r),
where () = Z?Zl Vir. For any G, such that G,,rC,,rG) ; = I, i.e., such that
n 'GurD7' F'Q,F D7 Gl = I, where Q, = >0 mirlr,
we have
nY2Gr D F'QL(p— p) = N(0,1).
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(Here we used the Lyapunov condition A(i) and the high level condition B(ii). See Phillips and
Solo, 1992, for the convergence of C,,.) The result follows by letting

(53) Bnr:=n""?G,rD;'F'.
|

Proof of Theorem 3. The first result is immediate from Corollary 4(i) of HPS (2009). The second
result follows from the direct evaluation of the mean of the denominator and the variance of the

expression in the numerator of Corollary 4(ii) of HPS (2009). m

Appendix B: Supplementary Lemmas

This section gathers together some technical lemmas. Since o, Le. is iid, the o; are uniformly
bounded, and the quantities n=' Y} o7 and n=' > o} are convergent,the heteroskedasticity may
be ignored in the calculations given here. Hence, instead of introducing new notation for the

-1
%

standardized quantities o; "uy, o; ' X;, 07 *Vir, we simply let

(54) o2 :=1 Vi,

so that the component random variables are 7id across . We also maintain Conditions A and B
throughout, and assume that u;, := 0 without loss of generality if u; ~ I(1); otherwise we could
simply replace all the u;; in the proofs with w; — w;o. This translation is justified by that fact that
the PFAE is expressed in terms of differences.

We frequently use the following BN decomposition (Phillips and Solo, 1992, Lemma 2.1;
Phillips and Moon, 1999, Lemma 2): Let G(L) = Y ;° g;L7. Then

G(L)=G(1) — (1 - L)G(L),

where G(L) = Y0° §; L7, §; = Y371 g In the AR(p) case, G(L) = p(L)~", where p(L) :=
1—piL—-—p,LP, 30> 7 j*|g;|F < oo forany k > 1, thus Y o° |§;]¥ < oo forany k > 1 and
|G(1)| < oo (Phillips and Solo, 1992). Therefore,

p(1) e + &y — Eu if uy ~ 1(0),

pr(1)~? Zizl €is +Eio — En  1fuy ~ I(1),

where p*(L) = p(L)/(1 — L), and

(55) wy =

(56) Zleuit_l = p*(l)_lthZZI (T — t)git + TEZQ — Zleéit—l 1fult ~ [(1)
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Note that £;; for the stationary case has a different meaning than the same notation for the /(1)
case. This duplicated usage of one notation will not cause any confusion because these terms do
not appear together.

For p*(1), the following is true.
Lemma 7 If1)p =1, p*(1) = n'p, where p*(L) = p(L)/(1 — L) and 7 = (1,...,p)".

Proof. When 17p = 1, we have p(L) = (1 — L)p*(L). So p/(L) = —p*(L) + (1 — L)p*(L),
implying that p*(1) = —p'(1) = >0, jp; = m'pbecause p(L) =1~ 30, p; /. =

Some results for the unit root case are provided next. These are useful in analyzing terms when
Uit ™~ I ( 1 ) .

Lemma 8 Under (54), if ug = 0 and g, ~ I(1), then
() T2 3 Bujy g — (1/2)p7(1) %

(ii) TE[(3 1, wi1)?] — (1/3)p"(1)7%

(iii)) BE(Y, wir1Auy;) = O(T) for all j;

(v) T Eufp — p*(1)7%

(v) Eugp = O(T?);

vi) E[(3 ui,)? = O(T");

i) B[, w1 Dus_;)? = O(T?) for all j.
Proof. (i) From (55), we have

1 p* 1 -2 _ N -
oyt iy =TS (12 o) - )

(i1) From (56), we have

%E [(Zleuit1>2:| _ p*(j{g—Q Z:ll(T_ )2 +0(T™) — gp*(l)—2_

(iii) We have us_y = 3217 Au,, so

t—1 t—1 00
E(uj—1Auy_j) = Z E(AuisAuy_;) = Zw|tfjfs| < Z |wi| < o0,
s=1 s=1 k=0
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where w;, = EAuyAugy_j. SoT—! Zthl Fuj 1Auyj < T71 Zle Yoo wkl =0 lwk| < o0
for all 7.

(iv) and (v): By (56), wir = p*(1)"1 Y1 € + £i0 — Eir- S0

= SO p | (S| o) = 0 o) - )

and
4 * —4 T 4 . . 4
up < 8p*(1) (thl&‘t) + 8(&i0 — €ir)”,

implying that T2E(u},) = O(1).
(vi) We have

T
<ZtT:1U?t71> Z Uy 1 + 2 Z

t=2 s=

t—1

2
Ujs—1 uzt 1
1

And Euj,_; < M¢* for some uniformly finite constant M. Thus the expectation of the above

displayed equation is O(T®) + O(T*). (For the second term, use the Cauchy-Schwarz inequality.)
(vii) We have
2
(Zleuit—lAuit—j) = Zf:1uzzt—1(AUit—j)2 +2 Z uit—luis—lAuit—jAuis—j~
s<t

But Efu?,_;(Au;—;)% < Mt for some finite M and the result follows. (For the second term, use
the Cauchy-Schwarz inequality.) m

Now we show that the remainder terms Rifg} in the denominator are negligible under large T’

asymptotics (whether n is large or small).

Lemma 9 Under (54), limy_., E||D;' 'R FDLY|| = 0 for h = 1,2,3, where F and Dy are
defined in (30) and (31) and Rﬁ% are defined in (43).

Proof. We will show that E\Rﬁfz% = O(1) for h = 1,2 and E]Réjl?] = O(T"/?) at most for all
j.k=1,...,p, where Ry are defined in (37)~(39).

(i) h = 1: Let the three components of R&T be denoted by RM s Rgb . and joc ’;T, SO jozp =
R T Rlb o+ Rlc o as written in (37). For joa,km j < k, we have

T T  k—j—1 k—j—1
E (uit —j — Ujt— k E E Auzt —j—r — E uzT —j—r — Ujk— T)7
t=j+k+1 t=j+k+1 r=0
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SO

k—j—1  k—j—1
E—

1 J 2
7 ; (uiT—j—r - uik—r) .

0 < RYY = o7

2
(Uir—j—r — uik—r)] <

r=0
Taking expectations and averaging across ¢ yields

—Jj—

k
0< Eleaz)T < Z [ (Wir—j—r uik—T)Q] =0(1)
at most by Lemma 8(iv). For Rlb /- and Rlc /> consider

k k
(57) dirp:= = Z 9155)7 Qz(gg) i= (Uit—j — Uit—tt) (Uit—k — Wit—jte)-
t j+k+1

(The d;7, notation is used only in this part of the proof.) Because of the inequality
1/2
TEL B < TLEXEYY 2 < | 1T B 1T |
we have
2 _lar 2] lr 2
<E|diT,€|> < TZt:lE[(uit—j — Ujt—k—r) ] : thzlE[(uit—j — Ujt—k—1) ] = O(1).

Because this bound holds for any ¢, we have £/ |R1b 7| =0(1) and £ \RIC | =O0(1).
(i1) h = 2: This case is clear because ¢ runs from 1 to j + k.
(i) h = 3: We first show that E|T~" Y1, wi_jui,| = O(T"/?) for given j and k, which is true

because

1/2
B || < FELBG VB < | 7ELEG] Ed) = o)

where we used the fact that 7! Zt  Eug_jis O(1) if ug ~ 1(0) and O(T) if ug ~ I(1) by
Lemma 8(i). The result follows because n ™ " | D' F'E[R§S3|F D' = D' F'O(TY?)F D' =
O(T~Y?), where D' = O(T~1/?). m

We derive similar results for the numerator. Here, the remainder terms disappear in Ls.

Lemma 10 limy_, E[|| D' F' (R — Rirp)||?] = 0 Vh.
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Proof. For h = 1,2, we will get E[(RY}} — ERY))? < ERY}? = O(1) because then
E[D'F/(Rp — Ri%p) (R — Ri%p) FD3'] = O(Dy?) = O(T"). For h = 3, we will
establish a sharper boundary for the rotated and rescaled remainder D' FF (R34 — R4G1p).
(i) h = 1: Again note that le b= R%’?T + Rlb o+ Rijc’fT as in the proof of Lemma 9. For
RYM we have
laiT»

—Jj—
(58) ERU!)? < Z E[ (wir—j—r uik_r>4] = 0(1),

r=0

by Lemma 8(v). For Rlb > We have
(4,k) 2 1 Z 2 2
ERlb ZT =1 ZE[<uzt _j— Wit—k) } + _QZE[<uit—j — Uit—k) (Wis—j — Uis—k) }7
4.T 4T s<t
which is O(1) for given j and k (small) because w;;—; — u;— is a finite sum of stationary terms
for given j and £ irrespective of the existence of the unit root, so its fourth moments are uniformly
(over t) bounded. jocl:)T is similarly handled.

(i) h = 2: This case is straightforward because j + £ is fixed and small.
(ii1) A = 3: We have

Rgi%w = lell,, ® Gz + (XZI; ® G,)/ and Rg%zl = Xl ® UZ + 'i}iﬂi,

where G is the p x p matrix whose (j, k) element is Zij Ujs_k, U; 18 the p X 1 vector whose jth
element is Z{Zl Ug, U; 18 the p x 1 vector whose jth element is Zi 1 u;—j, and © is the Hadamard
product. Because v;(j) + 9 (k) = wi1—g + wio—p, + - - - +usj = Zt 1 Wi = Gi(J, k), where 9;(j)
is the jth element of ¥;, ¥;(k) is the kth element of ¥; and G;(j, k) is the (j, k) element of G;, we
have G, = Ulll + 1’02 So
Rg};;n — Rg:egwp == XZ O) ’Uz — (X11; ® Gz)p + 'Ul'L_Ll — (1le/ ® G;)p

- (1sz{ © 11)@;)/) - (1sz{ © ﬁil;)p

= (Xi 0 o) (1 = Up) = Xyvijp + i(@ — X]p) — 1,(Xi © 0:)'p,
where we use the relation ab’ © ¢d’ = (a ® ¢)(b ® d)’ for column vectors a, b, ¢ and d. Because

— Xlp =25, = F"VX,0and F'1 = e;, where e, is the first column of I,,, we have

(59) Dp'F'(Riy — Rfpp) = Dy F'(X; © 0)(1 — V'p) — D' F'X,ip
+ D;lXiogi - D;1€1 (Xz ® UZ)/,O
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If uy ~ I(0), then all the terms in (59) are easy to handle: the variances disappear as 7" — oo
because the variance of X; and &; disappear at an O(T 1) rate. Now let u;; ~ I(1). The first term

of (59) is null because 1’p = 1. For the second term of (59), we have
D7 F' X;ilp = D7 F' X, X[ F~'p,

where Dj_wlFle = (T_l Zt Uit—1, —T_1/2 Zt Auit_l, cee —T_1/2 Zt Auit_p+1)/. So the (1, k?)

element of D' F' X, Xy is T2, ui—1us 1, and satisfies

1 S| 2
(60) E ﬁz;(uit—luil—k - Euit—luil—k>:| < TT4E |:<Zz:1uit—luil—k> } = O(T_l),

where the last order can be obtained using (56). The (j, k) elements of D 'F'X X, for j > 1
are easily handled because they involve only differences (which are stationary) and initial values.
The variance of the third term on the right hand side of (59) is O(T2). The last term of (59)
contains only one nonzero element, which is the first element equal to 71 (X; © ©;)’p. Its variance
is O(T~'), as shown in (60). m

Next we approximate D' F'(; when u;; ~ I(1). The first element of D' F'(; is T~ Zle Ui 1Eit—
T’2(21T uit_l)(le git) + 20 T2 Zthl wir—1uir—jjp;. Of these terms, the u;;_; terms in the
last term can be replaced by u;;_ in the sense that
1 , 1 ,
leﬁthluit—luit—j]Pj = ﬁZt:lU?tAZ?:ﬂPj + 0p(1),
where the last 0, (1) term is negligible in the L, sense, and all the u;;_; terms can be replaced with
the leading term of (55), i.e., with p*(1)~* Zi;ll €;s. Also, the vector of the second to last elements
of D' F'(; is approximated by —T~Y2[Auy_1, ..., Auy_,11) because the remaining terms are

negligible in the L, sense as shown later. Thus, we have the following result:

Lemma 11 Let u; ~ I1(1). Then D;lF’Q = pir + Oir With v = (P17, V5 47)', Where

1 I r 1 T T 1 T
P17 = p*(l) {thzlvit—lgit - 772 (thlvit—l> <Zt:15it> + ﬁztzlvz?t—l )

1 /
PoiT = —ﬁZ?zl [Auit_l, . ,Auit_p+1i| Eits
vy = S €45, and limy_ o, ESipdy = 0.

Proof. Let

- L 7 1 T T L 7 .
Prir = thzluit—lgit R (thluit—1> (thlgit> + Z?:lﬁZt:lu?t—ljpjﬁ
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and @7 = (Prr, py,7)’. We first show that D7 F'¢ = Gur + 04, where Edipdly, = o(1). Let
Sl,iT be the first element of 5zT and 5 ;7 the remaining elements, so that SiT = (51,”, 5§,¢T)/ . Then
S N -
14T = ijl CZTQthluitfl@Litfj - Uit—l)]ﬂj-

i1
Because w;;—; — uj—1 = — » _7_, Ak, we have

. 71 '
O = ?leizll {ﬁzz;luitlAuitk} JpP; = Z dir (K )]PJ
(This d;7(k) notation is used only in this proof.) But

1
E [diT(k)Z] = ﬁZfﬂE[Uiq(Auit—k) ] T4 Zt QZt 1E uitfluisflAuitfk‘Auisfk]-

Using the BN decomposition (55), we can approximate u;_; by p*(1)~? Zz;ll g;s and Auy by
p*(1)e;;. Then the first term on the right hand side of the last expression is O(7~2) and the second
term is also O(T'~2). Because &, ;7 is a finite sum of d;7(k), we have shown that E62 . = o(1).

Next, we have

241 = T3/2 |:Zt 1Ath 1] Zt 18it T Tg/th 1Ath 1 XG4T,

where AX;,_; is the first p — 1 elements of AX;;_;. Because AX;,_; is stationary, the variance
of the first term of 5,7 is O(T~!') and the second term also has an O(7~!) variance-covariance
matrix, which can be shown using (55). The covariance also disappears due to Holder’s inequality.

So far, we have approximated D' F'(;r with @;7 (in the Ly sense). Now we show that @, —
@ir — 01n Ly. This part can be done using (55) and Lemma 7. More precisely, because Y ) jp; =

p*(1) by Lemma 7, we have
N I . . I 7 . . T
diar = PriT — P1LiT = _Zt—l(gz‘t—2 — Eir-1)€it — ﬁ2t=1(5i0 —Ei—1) D1 Eit
T2 Zt 1 [ ( )uzt 1+ Zs 1&3} (520 - é‘it—l)-

The second moments of the first and second terms are O(7!), and for the last term, we again

apply (55) and show that its second moment is O(7!). =
Lemma 12 Ifu; ~ I(1), under (54), Ep1 0 — 0 and Ep? ;7 — (1/4)p*(1)72

_ 1T _ 1T
Proof. Letv; = jeis, 0; =T 1> viy_1,and &, = T~ 1 >7] ;. Then

1 1 T _ 1 T
©1,iT = P*—<1) TZt:lvit—lgit — V& + ﬁztzﬂiq
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(a notation used only in this proof). Using ZtT:l Vip—1 = 3:11 (T — t)eyu, we have

2 2

For the second moment, we have

E[P (1)290%,@] = ﬁZthlEUz?tflg?t + EU 5 + T |:(Zt 1%& 1> 1

2 N T 2 T T 2 _ T
- fE [Uigithlvit—lgit} + ﬁE [Zt:lvit—lgitthlvizt—l] - ﬁE [UiEithlvzzt—l

:H1+H2+H3—|—H4—|—H5+H6.

1 1 1
E T~ —— - = =5 — Y.
PR () {O i } !

First, H; — 1/2 because EvZ | =t — 1. For H,, we have o; = Z ( — t)€it, SO
<Zthlvit—1> Zt (T ) 5zt + QZtT:zZZ;ll(T — (T — s)eucs,
T
(Zt:lgit) Zt 15uf + 2Zt 223 1€itEis-

Thus,

H2—>// 1—7~ 1—5)}dsdr—l—ll/ol/or(l—r)(l—s)dsdr:g

For the rest, note that

(61) Zthlvit—lgzt Zt 22 15155@75,

(62) i yvi1 - oy = 2oy (T = )l + 30,030 (2T — t = 8)eisca,

(63) ZtT:IUiZt—l = Zthl( t)es + QZt 22 ( — t)eisEit,

where (61) is obvious, (62) uses Zf L Vit—1 = Zt ((T'—t)eit, and (63) is obtained by rearranging
the terms after expanding v ; to S'_1 €2 + 23170 S ¢y 6. Now, for Hs, from (63), we

have

L b 11
H3—>2/ /(1—r)(1—3)dsdr+4/ /(1—r)2dsdr:—+—:l.
o Jo o Jo 3 12

Using (61) and (62), we have

Hy = — Tth 2Zt 1(2T—t—8—> 2// (2—1r—s)dsdr =—1.
From (61) and (63), we have

4 - 4 1 9
Hy = ST = 1) = oS- (T — 1) — 4/ (1= rydr =2
0
Finally, from (62) and (63), we have

H6—>—4/1/r(1—r)(l—s)dsdr—4/01/or(2—r—s)(1—r)dsdr:—%.

So Elp*(1)%¢} ;7] = 3 + 2+ 15 — 1 + 2 — 3 = 1, which implies the result. m

W
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Appendix C: Panel BIC

This Appendix proves consistency of lag length selection by minimizing the k., BIC criterion
proposed in Section 4.2 above. The analysis is based on the simple panel AR(p) model y;; =
o; + uy and uy = Z§=1 pjUit—j + €, where € 18 19d with zero mean and finite variance. Let p
denote the true lag length, i.e., the maximal p such that p, # 0. We calculate the sum of squared
residuals (SSR).

SSR from k,,,.-Truncated Data Let k., be given and exceed p. Let p* be a (modified) full

aggregation estimator obtained allowing for £ lags after k,,..-truncation, i.e.,

t—2kmax— -1 N t—2kmax—
(64) (Z Z Z ~z]f‘, ,8 ~zkt/s> Z Z Z Zt Sylt 59

=1 t=2kmax+2 s=1 =1 t=2kmax+2 s=1

k

where 2, | = (Yit—1 — Yist1y - - > Yit—k — Yistk)- For k < kpax, this estimator is not exactly

the full-aggregation estimator because terms are summed over ¢t = 2k + 2,...,7 and s =

1,...,t —2kpa — linstead of t =2k +2,... , T'ands =1,...,t — 2k — 1. Let

t—2kmax—

N T
SSR(kY=>"Y % ym—i,sﬁ*)?

1=1 t=2kmax+2 s=1

LetT, =T — 2k — 1. Let
67 = qurSSR(k),  qur = nT (T, +1)/2.

We want to determine the behavior of 67/ 6—2 as nT, — oo.

Matrix Notation It is simpler to use matrix algebra and we introduce the following notation. Let
Y be the row vector of §;; s fors = 1,...,t — 2kpax — 1, ¢ = 2kpax +2,...,Tandi =1,...,n
let Z, be the matrix of Z zlt s With ¢, rows and k columns arranged in the same order; and similarly

let € denote the long row vector of €;; ;. Then
SSR(k) =Y'MyY,

where My = [ — Py = I — A(A’A)~' A’ for any matrix A such that A’A is nonsingular. Let
Z = Z,. Let V(k) = SSR(k) — SSR(p).
Let C,,r and R,,7 be such that C;; 7, Zy, converges to a nonsingular (almost surely) matrix and

Rn_%Z 1€ converges weakly to a nondegenerate distribution. Then C),7 and R, r are the stochastic

47



orders of the denominator and the numerator, respectively, of the centered full-aggregation estima-
tor pF —p. Letrpr = Chr / Ryr, so that 7 is the convergence rate of the full aggregation estimator.
If the panel is stationary, then we have Cpr = nT2, R,y = n*/2T¢ 2 and r,p = nV2TY?; if the

anel is integrated over t, then C,,; = nT3, R, = n'/?>T?, and r,,; = n'/?T,.
p g * *

Case1: k < p LetZ = (Z,:Wy). Then My, = My + Pur, wis 80 SSR(k) = SSR(p) +
YIPMZkaY, Where PMZka = MZka(W,éMZka)”WéMZk = MZka; . lel . MZka Wlth
Qr = WMz Wy. (Note that C’;%Qk converges to a nonsingular matrix.) Also

MzY =My (Zp+ &) = Mz Wipe + Mz &, pe= (Prs1,---10p)s
and thus Wy Mz Y = Qpp. + Wi Mz.é. So

V(k) =Y Py, w,Y =Y Mz Wy - Q' - WiMgzY
= PLQupe + 20 WMz & + & My, WiQr WMy,
= Cur [PL(CAQ)p. + Oyl + Oy
= Corlhur +0,(1)],  hur = pl(CrrQr)ps —p h > 0.

(To show that b > 0, remember that p, # 0 and the limit of C. Q) is strictly positive definite.)

Now C,;V (k) = 63 — 62,50 67 = 62 4 har + 0p(1), ie,,
(65) 67/62 =14 huyr/0; +0,(1) =14 h/o> +0,(1), Kk <p.

where ¢ := plim 62 > 0 and h/o® > 0.

Case 2: k£ > p Now let £ > p. This time, let Z;, = (Z:W};) where W, has k — p columns.
Because Mz, Y = My £ for k > p, we have SSR(k) = &My E, SSR(p) = &' MzEé and My, =

MZ — PMZWM SO
V(k) = SSR(k) — SSR(p) = —&' Paryw,é = —& MgWi(W] MzW3,) "W, Mzé.

We note that (C, 2 W/ Mz W,)~" is the second diagonal block of the inverse of C' 1 Z; 7., which is
asymptotically nonsingular. Noting that W}, is the matrix (with n7, (7 + 1)/2 rows) of (yit—p—1 —
Yistptls - - > Yit—k — Yis+k), We observe that R;%W,QM 7€ converges to a nondegenerate random

vector. So C,r R, 2V (k) converges to a nondegenerate distribution. For notational brevity, let
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éor = —Cor R 2V (k). Then &,r = O,(1) if k > p, where ¢ is an almost surely positive nondegen-

: —2 .2 ~2 ~2\ ~2 A2 —2
erate random variable. Because Cy,r R, 7V (k) = 17.1(63—6,) = —&ur, we have 63 = 6 —7, 760,

where 1,7 = C,r/R,r (the convergence rate of the full aggregation estimator) as before. That is,
(66) 67/62=1—r7&r/67, where &r = Oy(1), k> p.

Note that r,,7 — oo.

Consistency of BIC Let N = nT}, the number of available observations after truncation. Let
BIC(k) =log 67 + kép, &n = N~ 'log(N).

Then
BIC(k) — BIC(p) = log(63/62) + (k — p)u.

If £ < p, then by (65),
BIC(k) — BIC(p) =1log (14 h/o” + 0,(1)) — (p — k)pn — log(1 + h/c?) > 0,

because ¢, — 0 and h > 0. So if k < p, then when N is large enough (so ¢,, is small enough), we
have BIC(k) > BIC(p). Next, if k > p, then by (66),

BIC(k) — BIC(p) = log (1 — r26,7) + (k — D)o

= _r;%fnT + Op(r;%> + (k - p)¢na
implying that
2
r2. | BIC(k) — BIC(p)] = —&ur +0,(1) + (K — p)log N x (T"?T) ,

where &, = O,(1). Thus, BIC(k) > BIC(p) asymptotically for k& > p under the sufficient

condition that lim inf 72 /n > 0. This condition holds whether the panel is stationary or integrated

because 72 is at least O(nT}).

Appendix D: Unit Root Asymptotics for a Modified PFAE

Proof of (23). Theorem 3 of HPS (2009) gives a representation of the FAE estimator in terms of

the pooled OLS estimator. This relationship in the panel context gives the following relationship

49



between the PFAE estimator p and the LSDV estimator p;sg,:

o nr e, Se{mae =T 0t ) S e
P = Plsdv T _v + T o )
Zi Zt:?) yizt—l Zz Zt:?) yizt—l
where Vi1 = yir1 — Tt T: Yis—1, 1o =T — 2, and where
2 s=3
Z Zz 3 gt 171it
Z Zt 3 yzt 1

with i 1= u; — T;l 2323 u;s. It follows that when p = 1 and \/Tﬁ —0

ﬁlsdv —pP=

Y

VT (p—1)
A NI DI DT VT3, {%’1%‘2 — T My + Yi2) s yit—l}
= \/ET (plsdv - 1) + Z ZT ) + A

i 2t=3 Yit—1 D 2=z Ui

T . T T o
1 3 Zz Zt:?) yi2t71 + (Z Zt—?) yi2t 1—3 Zz Zt:?) yz?tfl)

= VT | proay — 1+ = + 0, (1)
T Z Zt 3yzt 1 8

3 ;

_\/_T(Plsdv_1+ )+\/—Z ZtByltl ZZt‘r’)’y“f_l—i—op(l)
Z Zt 3yzt 1
3y Tyt <Z, Yi _1> —2 3 S
R 3 it2 =3 Yit i 2ut=3 Yit—1

= VAT (s =1 7 ) V7 S i oot

[ t= 1it—

giving the stated relationship between the two estimators p and pjsg,. ®

We now proceed to derive asymptotics for the modified PFAE given by (24) as n, 7" — oo
when p = 1. Note that we can set u;p := 0 without loss of generality when p = 1. Let @ =
ntT2y Zthg w2, where i1 == uy_1— T, ' Zthg uis—1. The first identity of (25) implies
that

(67) n2T(p" — 1) = 02T (praay — 1+ 2) + 0Ty (p — proaw — 2) = G+ ~H,

where
1 & 3
o~ Al y 5 y
G=Q - 2T Zl ;uitl {Eit + Tuitl] )
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v —2 T
Eit 1= € — 1y Zszg Eis, and

L 3] S DL ¥

(For the expression for H , see HPS, 2009, Theorem 3.)
It is straightforward to show that @ —, 02/6. Next, Hahn and Kuersteiner (2002) show that
EG = 0 and the asymptotic variance of @CA? is 510 /180. So the asymptotic variance of Gis 51 /5.

For the variance of H , we note that

I 1 4 3 — .,
QH = I/QTZ BZ%& 1_Tz:uztfl

3

n"l_jQZ(g E&;) + 0,(1) :—2/W dr+3[/W }

i=1

T71/2)

where W;(r) are iid standard Wiener processes. Note that £¢; = 0 and we need to calculate the

([ o)’

variance of &;, E€?. First,

(68) E& =4F {/IVVZ'(T)%T} — 12E
0

+9E Uol EWi(r)dr }

For the first term of (68), we have

E[ /0 IWi(r)2dr} / / EWi(r)2Wi(s)2dsdr,  Wi(r) = Wi(s) + [Wi(r) — Wi(s)),

2 /0 /0 (EWi(s)* + BIWi(r) — Wils)PWi(s)? ) dsdr

1 r 7
:2/0/0 [332+(T—3)3}dsd7°:ﬁ,

by direct calculation, where the second identity holds because E[W;(r) — W;(s)]W;(r)® = 0. For

the second term of (68), after long and tedious algebra, we have

o [fworar ([ o) | - 2

For the third term of (68) we note that fo i(r)dr ~ N(0,1/3), so that

E UOI Wi(r)drr - éE[N(O, 1)4] Ll %

51
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Thus, the asymptotic variance of @}AI is o4 times

7 13 1
Ax £ 9% =2 =
“ 12 X390 T9% 37 1507

implying that the asymptotic variance of H is 24/5.

To recapitulate, what we have obtained so far is Avar(G) = 51/5, and Avar(H) = 24/5. We
also have Avar(n'/*T (s, — 1)) = 9 by Theorem 3, and

n'?T(psa —1) = G+ H.
Thus,
Avar(n1/2T(,6fa —-1)) = Avar(G) + Avar(H) + 2 Acov(G, H),

or 9 = 51/5+ 24/5 + 2 Acov(G, H), implying that Acov(G, H) = —3.
It therefore follows from (67) that

Avar <n1/2T(,5Jr - 1)) = Avar(G) — 2y Acov(G, H) + ~* Avar(H)
51 24

== —6y+ —~2
5 VT E

This asymptotic variance is minimized at v = 5/8, where the minimum variance attained is 51/5—
6 x 5/8 + (24/5) x (5/8)* = 333/40 = 8.325.
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Table 1: Mean of p from AR(1), 1000 replications, n = 100
Vit = ai(1 — p) + pyir—1 + €it, a; ~ N (2, 02), it ~ iid N(0,1)

Mean
0, =1 O, =3
p 1T | LSDV HK GMM1 GMM2 | GMM1 GMM?2 | PFAE
DIF SYS DIF SYS
0.0 10| -0.1105 -0.0215] -0.0128 0.0022 | -0.0152 0.0487 | 0.0008
0.0 20 |-0.0533 -0.0060 | -0.0121 0.0012 | -0.0127 0.0577 | -0.0007
03 10| 0.1496 0.2646 | 0.2790 0.2994 | 0.2727 0.3407 | 0.2996
03 20| 0.2291 0.2906 | 0.2821 0.2936 | 0.2805 0.3402 | 0.2989
05 10| 0.3182 0.4501 | 0.4721 0.4963 | 0.4588 0.5309 | 0.4988
05 20| 04160 0.4868 | 0.4770 0.4878 | 0.4733 0.5230 | 0.4987
0.7 10| 04794 0.6273 | 0.6626 0.6901 | 0.6323 0.7145 | 0.6981
0.7 20| 05997 0.6797 | 0.6704 0.6798 | 0.6601 0.7007 | 0.6988
09 10| 0.6285 0.7914 | 0.8309 0.8785 | 0.7735 0.8830 | 0.8974
09 20| 07729 0.8615| 0.8556 0.8677 | 0.8293 0.8679 | 0.8991
1.0 10| 0.6973 0.8859 | 0.5717 0.9877 | 0.5727 09878 | 0.9972
1.0 20| 0.8493 0.9467 | 0.7801 0.9673 | 0.7798 0.9682 | 0.9986
Variance x 103
0, =1 04 =
p T | LSDV HK GMM1 GMM2 | GMM1 GMM?2 | PFAE
DIF SYS DIF SYS
0.0 10 1.159 1.403 2.278 2.103 2.500 3.430 1.503
0.0 20 0.497 0.548 0.722 0.827 0.768 1.494 0.557
03 10 1.213 1.468 2.825 2.364 3.401 3.267 1.593
03 20 0.492 0.542 0.769 0.867 0.857 1.242 0.551
05 10 1.174 1.421 3.124 2.485 4.300 3.250 1.545
0.5 20 0.460 0.507 0.752 0.885 0.900 1.123 0.512
0.7 10 1.084 1.311 3.410 2414 5.934 3.270 1.442
0.7 20 0.401 0.442 0.705 0.763 0977 0.984 0.439
09 10 0.973 1.177 4.940 2.261 10.11 2.712 1.367
09 20 0.315 0.348 0.797 0.691 1.345 0.882 0.345
1.0 10 0.921 1.138 30.54 0.769 30.37 0.760 1.369
1.0 20 0.252 0.279 4.177 0.681 4214 0.682 0.273

*HK = LSDV x T/(T — 1) + 1/(T — 1)
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Table 2: 10*x Variance of LSDV and PFAE for AR(1) with p = 1, 10,000 replications
Yit = Yir—1 + €it» € ~ 19d N(0, 1)
n = 50 n = 100 n = 200
T | LSDV PFAE | LSDV PFAE | LSDV PFAE
20 | 49100 5.5262 | 2.4475 2.7687 | 1.2312 1.3915
40 | 1.2455 1.2515 | 0.6375 0.6432 | 0.3096 0.3185

80 | 0.3275 0.3053 | 0.1591 0.1533 | 0.0784 0.0733
160 | 0.0802 0.0741 | 0.0402 0.0359 | 0.0196 0.0175

Note: The LSDV estimator is unbiased for 1 — 3/(7" — 1).
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Table 3: Mean of p; from AR(2), 1000 replications, n = 100

Yit = az(l — pP1— PQ) + P1Yit—1 —+ P2Yit—2 + Eits P2 = —0.2
a; ~ N(2,02), £ ~ iid N(0,1), pp = —0.2

Mean

o, =1 Og = 3

p1 1| LSDV | GMM1 GMM2 | GMM1 GMM?2 | PFAE
DIF SYS DIF SYS

0.2 10| 0.0865 | 0.1801 0.2033 | 0.1759 0.2976 | 0.2006
02 20 |0.1524 | 0.1874 0.1998 | 0.1867 0.2825 | 0.1993
0.5 1003748 | 04762 0.4980 | 0.4684 0.5601 | 0.4996
0.5 2004500 | 04853 0.4919 | 0.4839 0.5428 | 0.4991
0.7 10| 0.5596 | 0.6725 0.6943 | 0.6587 0.7380 | 0.6990
0.7 20| 0.6469 | 0.6829 0.6875 | 0.6801 0.7193 | 0.6990
09 10| 0.7296 | 0.8652 0.8895 | 0.8374 0.9136 | 0.8986
09 20| 0.8401 | 0.8789 0.8828 | 0.8720 0.8980 | 0.8990
1.1 10| 0.8638 | 1.0324 1.0812 | 0.9834 1.0838 | 1.0978
1.1 20| 1.0147 | 1.0645 1.0750 | 1.0467 1.0729 | 1.0989
1.2 10| 09010 | 0.7500 1.1925 | 0.7506 1.1925 | 1.1972
1.2 20| 1.0659 | 09785 1.1767 | 0.9783 1.1774 | 1.1984

Variance x 103

o, =1 Oq =3
p1 1| LSDV | GMM1 GMM2 | GMM1 GMM?2 | PFAE

DIF SYS DIF SYS

02 10| 1.481 2.537 2.095 2.897 4.858 1.711
0.2 20| 0.546 0.707 0.751 0.738 1.504 0.530
0.5 10| 1.576 2.675 2.149 3.314 3.319 1.694
05 20| 0.562 0.712 0.758 0.762 1.024 0.531
0.7 10| 1.648 2.854 2.195 3.980 2.909 1.685
0.7 20| 0.576 0.716 0.712 0.793 0.863 0.535
09 10| 1.729 3.223 2.208 5.551 2.751 1.712
09 20| 0.600 0.735 0.711 0.879 0.818 0.544
1.1 10| 1.777 5.189 2.260 9.172 2.583 1.824
1.1 20| 0.650 0.922 0.779 1.256 0.880 0.570
1.2 10| 1.713 32.59 1.818 32.43 1.827 1.837
1.2 20| 0.672 4.488 0914 4.530 0.906 0.589
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Table 4: Simulated sizes for AR(1), 5000 replications

n T

P> HO

: p = truth vs Hy : p # truth

0.0

0.3

0.5

0.7

0.9

1.0

25 10
25 20
25 40

0.0658
0.0592
0.0534

0.0652
0.0628
0.0534

0.0656
0.0640
0.0552

0.0672
0.0650
0.0572

0.0754
0.0666
0.0606

0.0770
0.0726
0.0710

50 10
50 20
50 40

0.0582
0.0454
0.0530

0.0590
0.0468
0.0504

0.0642
0.0496
0.0522

0.0638
0.0530
0.0540

0.0652
0.0566
0.0576

0.0630
0.0628
0.0618

100 10
100 20
100 40

0.0538
0.0506
0.0486

0.0520
0.0532
0.0510

0.0534
0.0546
0.0502

0.0512
0.0534
0.0558

0.0540
0.0514
0.0562

0.0522
0.0614
0.0610

200 10
200 20
200 40

0.0480
0.0482
0.0470

0.0498
0.0502
0.0498

0.0550
0.0464
0.0508

0.0558
0.0504
0.0466

0.0530
0.0518
0.0512

0.0556
0.0522
0.0514

Table 5: Simulated power for Hy : p = 0, 1 for AR(1) model, 5000 replications

P,

Hy:p=0vsHy:p#0

2

Hy:p=1vsH;:p#1

0.000

0.025

0.050

0.075

0.925

0.950

0.975

1.000

25
25
25

10
20
40

0.0658
0.0592
0.0534

0.0742
0.0874
0.1214

0.1126
0.1814
0.3308

0.1768
0.3380
0.6156

0.2234
0.6018
0.9898

0.1440
0.3340
0.8466

0.0968
0.1456
0.3726

0.0770
0.0726
0.0710

50
50
50

10
20
40

0.0582
0.0454
0.0530

0.0790
0.1134
0.1796

0.1560
0.3046
0.5562

0.2748
0.5822
0.8888

0.3274
0.8866
1.0000

0.1794
0.5760
0.9916

0.0892
0.2076
0.5972

0.0630
0.0628
0.0618

100
100
100

10
20
40

0.0538
0.0506
0.0486

0.1006
0.1838
0.3320

0.2490
0.5400
0.8642

0.4826
0.8734
0.9932

0.5594
0.9948
1.0000

0.2964
0.8598
1.0000

0.1204
0.3478
0.8886

0.0522
0.0614
0.0610

200
200
200

10
20
40

0.0480
0.0482
0.0470

0.1478
0.3108
0.5724

0.4510
0.8306
0.9866

0.7910
0.9916
1.0000

0.8384
1.0000
1.0000

0.4952
0.9936
1.0000

0.1688
0.5866
0.9964

0.0556
0.0522
0.0514
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Table 6: Lag Length Selection
Yit = O + Uit Uig = P1Uis—1 + Pallip—2 + i, €t ~ N (0, 1)
kmin = 0, knax = 4, 1000 replications

pr=ps=0.15
BIC General to Specific Method
level=5% level=2.5% level=1%

n T |k<2 k=2 k>2|k<2 k=2 k>2| k<2 k=2 k>2| k<2 k=2 k>2
25 10| 89 7 3 47 34 18 59 29 12 72 21 7
50 10| 89 9 2 28 58 14 39 52 8 52 43 4

100 10| 82 17 1 6 81 12 12 81 7 20 77 3

200 10| 62 36 2 0 89 11 1 94 6 1 96 2

25 20| 53 47 0 14 71 15 22 69 9 33 62 5

50 20| 14 85 1 2 87 12 3 91 7 5 92 3

100 20 1 99 0 0 88 12 0 94 6 0 97 3

200 20| O 100 0 0 90 10 0 95 5 0 98 2
pr=p2=05

n T k<2 k=2 k>2|k<2 k=2 Ek>2 k<2 k=2 E>2|k<2 k=2 Ek>2

25 10| 27 62 10 0 81 19 0 &7 12 1 92 7

50 10| 10 &4 7 0 85 15 0 91 9 0 96 4
100 10| 1 95 5 0 87 13 0 92 8 0 96 4
200 10 O 98 2 0 89 11 0 94 6 0 98 2

25 20 O 99 1 0 85 15 0 91 9 0 96 5

50 20 O 100 O 0 88 12 0 93 7 0 97 3
100 20| O 100 O 0 89 11 0 94 6 0 98 2
200 20| O 100 O 0 &9 11 0 95 5 0 98 2
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