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Abstract

Linear cointegration is known to have the important property of invariance un-
der temporal translation. The same property is shown not to apply for nonlinear
cointegration. The requisite limit theory involves sample covariances of integrable
transformations of non-stationary sequences and time translated sequences, allowing
for the presence of a bandwidth parameter so as to accommodate kernel regression.
The theory is an extension of Wang and Phillips (2008) and is useful for the analysis
of nonparametric regression models with a misspecified lag structure and in situations
where temporal aggregation issues arise. The limit properties of the Nadaraya-Watson
(NW) estimator for cointegrating regression under misspecified lag structure are de-
rived, showing the NW estimator to be inconsistent with a “pseudo-true function”
limit that is a local average of the true regression function. In this respect nonlin-
ear cointegrating regression differs importantly from conventional linear cointegration
which is invariant to time translation. When centred on the pseudo-function and ap-
propriately scaled, the NW estimator still has a mixed Gaussian limit distribution.
The convergence rates are the same as those obtained under correct specification but
the variance of the limit distribution is larger. Some applications of the limit the-
ory to non-linear distributed lag cointegrating regression are given and the practical
import of the results for index models, functional regression models, and temporal
aggregation are discussed.
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1 Introduction

Cointegration methods have been highly popular for more than two decades in the empir-
ical time series literature, particularly in macroeconomics and international finance. The
standard cointegrating model used in these empirical studies is linear, usually a parametric
vector autoregression (VAR) with reduced rank structure intended to capture the long run
relations and with a lag structure designed to deal with transient dynamics. Recent work
has begun to consider modifications to these models that introduce a variety of nonlinear
specifications. For example, Corradi, Swanson and White (2000), Teréisvirta and Ellianson
(2001) and others have introduced nonlinear short-run dynamics into vector error correc-
tion models (VECMs) and sought to allow for nonlinear transition mechanisms. But the
possibility of nonlinear long-run dynamics has received much less attention.

Park and Phillips (1999, 2001) developed a limit theory for nonlinear transformations of
unit root processes that provides a theoretical base for modeling nonlinear long-run relations
in a parametric framework (see also Chang, Park and Phillips (2001)). Other recent work
(Guerre, 2004; Karlsen, Mykelbust and Tjgstheim, 2007; Schienle, 2008; Wang and Phillips,
2008, 2009;) has provided a limit theory for nonparametric cointegrating regression using
Markov chain and local time asymptotics. The current paper takes the Wang and Phillips
(2009; hereafter WP) framework and analyzes the effects of misspecification relating to the
lag structure of the model. This kind of misspecification is potentially relevant in a variety
of contexts and can be especially relevant in situations in which temporal aggregation issues
arise.

As shown in Park and Phillips (1999, 2001), the limit theory for nonlinear transfor-
mations of integrated processes can be quite different than that which is well known for
linear models. Park and Phillips consider two families of nonlinear functions of unit root
processes: locally integrable (LI) functions and integrable (I) functions. The linear coin-
tegrating model, for instance, is locally integrable and well studied. Correspondingly, the
limit theory for smooth locally integrable models tends to be similar to that of standard
cointegrating models. On the other hand the limit theory for integrable models is very
different. Sample averages of integrable transformations of unit root time series exhibit a
form of weak intensity — even weaker than that of an i.i.d. or stationary time series, which
typically carry a signal that is of the same order of magnitude as the sample size n. The ex-
planation for this reduction in intensity is that integrable functions attenuate the effects of
large deviations of the process from the origin. Since nonstationary time series like random
walks spend much of their time away from the origin, this attenuation leads to an overall
reduction in the sample intensity of such functions. In addition, for integrable functions,
the limit theory is determined by the local time of the limit process of the standardized
time series at some point like the origin, and not by the local time averaged over the whole
real line, as in the case of sample functions in the LI family. A typical example of the
latter is the sample variance of a unit root process whose limit behavior takes the form of
a quadratic functional of Brownian motion which can be rewritten as a spatial integral (a
spatial sample variance, in fact) over the whole real line weighted by the local time density
process, as explained in Phillips (2001).

In this paper we stress another difference between the two families. LI models are
typically invariant to finite lags, at least as far as asymptotic properties are concerned. In
other words, cointegrating relations persist across finite temporal shifts in the observations



and consistent estimation of these relations applies in the usual way. On the other hand
I transformations are not invariant to finite lags. This fact has the following important
implication. Contrary to LI models, misspecifing the lag structure in an I regression, can
lead to inconsistent estimation. For instance, suppose that the true model is the simple
linear in parameters nonlinear cointegrated system

ye = Og(xt) + uy, (1)

where 6 is an unknown parameter, Ax; is iid (0,02) and u; is some independent iid (0, 02)
error. In place of (1), suppose that the following dynamically misspecified model is esti-
mated by least squares (LS): R

Ye = 0g(ws1) + Uy
If the regression function g is continuous and locally integrable it can be shown easily (see,
for example, Kasparis 2008, Lemma A1(b)) that the LS estimator in this case

n

Zg(xt)g(xt_l) Zg(xt_1)2

é:9t11n +0p(1) ZQT— +0p(1) = 0+ 0,(1),
Zg(%—l)Q Zg(ivt—l)Q
t=1 t=1

and so 6 is consistent for 6 in spite of the lag misspecification, just as in conventional linear
cointegrating regression. On the other hand, if the regression function f is integrable then
it follows directly from the limit theory of Kasparis, Phillips and Magdalinos (2008) (see
also Theorem 1 below) that

and 6 is inconsistent. Thus, small issues of lag specification and timing do matter in
nonlinear nonstationary regression.

One of the main results of the present paper is to show that the Nadaraya-Watson (NW)
kernel estimator f(x) of f(z) = 0g(z) exhibits this kind of inconsistency due to the use of
integrable functions in the construction of the kernel regression function. In fact, it will be
shown that, under certain regularity conditions and this type of dynamic mistiming, the
NW estimator converges to a pseudo-true function of the following form

f(z) & Ef(x + Azy),

involving a functional of f (Theorem 2 and (13) below). Thus, the effect of the lag misspec-
ification is to induce a shift in the limit, based on a local average of the function around
the regression point x. In addition, the NW estimator, when centred on the pseudo-true
function and appropriately scaled, has a mixed Gaussian limit distribution. The conver-
gence rates are the same as those reported by WP. Nevertheless, the variance of the limit
distribution is larger than that obtained under correct specification.
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This kind of dynamic induced inconsistency arises in many other cases where the model
and estimation procedure involves integrable functions and timing issues are relevant in
specification. For example, the maximum likelihood estimator of discrete choice models
involves integrable functions (see Park and Phillips, 2000) and will be similarly subject
to the effects of dynamic specification error. Issues of timing in dynamic specification are
likely to be particularly important in market intervention models of the type studied in Hu
and Phillips (2004).

We start the analysis by providing a basic limit result, useful for the analysis of misspec-
ified non-parametric models. We consider sample covariances of functions of non-stationary
sequences and non-contemporaneous integrable functions of such sequences. A bandwidth
parameter is permitted in the integrable functions, thereby making the resultant limit the-
ory relevant in non parametric estimation. The limit result given here extends some of the
theory of WP and makes substantial use of that framework. WP consider sample sums of
integrable tranformations of non-stationary time series that involve a bandwidth sequence
and apply their theory to nonparametric nonstationary regression with correctly specified
lag structure. Our work is also related to Kasparis, Phillips and Magdalinos (2008), who
consider parametric IV estimation of models with integrable functions where no bandwidth
elements are involved.

The WP limit theory has also been extended by Phillips (2009) in a different direction
where the focus is spurious non-parametric regression. That work provides a limit theory
for the sample covariance of a non-stationary sequence and a kernel function of another
(and possibly unrelated) nonstationary sequence. It is indirectly related to the current
paper because some similar sample covariances arise in the limit theory.

The remainder of the paper is organized as follows. Section 2 provides the model
framework, assumptions and some preliminary theory. Section 3 gives the main results.
Section 4 provides some applications in contexts of interest for applied work, and Section
5 concludes. Technical results and proofs are given in the Appendices.

2 Theoretical framework and preliminary results

We assume that the time series {y;}}; is generated by the model:

v = f(z—r) + uy, for some integer lag r > 0. (2)

where f satisfies certain convolution integrability conditions given later (in particular, As-
sumption 2.1(c) below). The regressor x; is a nonstationary process and u, is a martingale
difference sequence, respectively, both defined on some probability space (2, F,P). For
example, in many applications it will be sufficient for {x,}}_; to be generated as a unit root
process or as a near integrated array of the commonly used form

21 = iy + v, 20 = 0, (1), (3)

with p, =1 — £ for some constant c. To avoid unnecessary triangular array complications
in the development that follows we focus on the unit root generating model for z;, although
our main results continue to hold with minor changes under (3).

We concentrate on the case where a version of (2) is fitted by nonparametric kernel
regression. However, the fitted model involves a lag misspecification resulting from incorrect

4



timing, so that the fitted model has the (lag misspecified) form

A

Yt = f(xi—s) + Uy, for some fixed integer lag s > 0, r # s, (4)
where f is the NW regression estimator defined by

: Y K (57 we
f r) = n Tt—s—T ’
( ) Zt:s K ( h )

(5)

for some kernel function K.

In order to develop a limit theory for f(z) we need to be more specific about the
model (2) and its components. The assumptions below are largely based on WP. We start
by introducing the following notation used in that work. First, ¢, and d, are sequences
of real numbers satisfying ¢,,d, — oo. The sequence d,, provides a standardization for
the nonstationary regressor z; and is commonly just d, = /n, as in the case of (3).
Then, z, =z, /d,,0 <t <n,n>1is a triangular array and the standardization ensures
that x;, has a limit distribution. We also introduce a sequence of real numbers d; ,, for
which (21, — Tkn) /digns has a limit distribution as | — k — oo. When d,, = /n, then
dign = VI —k//n, as in WP. The sequence ¢, is a secondary sequence which differs from
d,, by a bandwidth factor, so that we usually have ¢, = d,,/h,, = \/n/h,, for some bandwidth
sequence h, — 0 arising in the kernel estimation. As in WP, it is convenient also to use
the set notation.

Qo) ={Lk):m<k<(A—-nn, k+m <1<n},0<n<l1.

Assumption 2.1

For all 0 < k <l <n,n > 1, there exist a sequence of constants d;, and a sequence
of o-fields Fin (define Fo,, = o{D,Q}, the trivial o-field) such that,

(a) for some py >0 and C > 0, inf pyecq, o) dign = 17°/C as n — oo,

[nm]

1
lim lim = (dion) " =
P, 5y 2 o) =0 ©)

1
lim lim — )" (dign) " =0, (7)

n—0n—oo N

I=[(1-n) n]
1 k-+[nn)
lim lim — max dyp) "t = 0, .
n—0n—oo N 0<k<(1-n)n l:zk;rl( 1.k, ) ( )
i sup - s Z (duen) ™ < 00; (9)
n—oo N 0<k<n—1 S R, )

(b) g is adapted to F, -1 and conditional on Fyp—1, (T1n — Tkn) /dikn has density
function hy () such that
(i) sup; x sup, hypa(z) = C < o0



(ii) for some ko >0,

sup sup |hy g (z) = higen(0)] = 0p(1),
(1,k)EQy (61/(20)) |z[<d

when n — oo first and then 6 — 0.
(c) Conditional on F, (rns)—1, Tr — s has density function p,_s(v), such that

/_oo |f(z+v)|pr_s(v)dv < o0,

[e.o]

for each x € R.

Remark. Conditions (6)-(9) hold when x; is a unit root or a near unit root process. In
that case the sequence d; ., = y/l/n. Then, Euler summation gives

1 [nm] n
lim lim — Y (I/n)"Y2 = 1im2/ s%ds = 0,
n—0n—oo N, = n—0 0

and this establishes (6). Similar arguments validate (7) to (9).

Assumption 2.2.

(a) There is a sequence of real numbers d,, — oo such that the process Tjny , = x[nt]/ d,
on the Skorohod space DI[0,1], converges weakly to a Gaussian process G(t) that has a
continuous local time process Lg(t,s).

(b) On a suitable probability space supg<;<q |y — G(t)| = 0p(1).

Assumption 2.3. Set 0 <y < 1.
(a) lim, o dn/c, = 0, where d,, — oo is the sequence in Assumption 2.2 (b) and ¢,
also satisfies ¢, — 00;

(b) For n large enough, ‘f (‘Z—:z +x— v) — f(x— v)‘ < (d,/cn)" fi(z,x,v) with

[, . fi(z 2,0) |g(2)| p(v)dzdv < oo, for each w.
() [ 12|19 (2)|dz and [, |f (x —v)| pr—s(v) Jv|dv < o0 for all x.

Assumption 2.3*. Set 0 < v < 1.

(a) lim,, o0 d,, /¢, = mg > 0,

(b) for n large enough, ‘f (i—:z +x— v) — f(moz+2x —v)
with [ [ fi(z,2,0)]g(z)| p(v)dzdv < oo, for each .

() [, [ 1f (moz 4+ 2z —v) g(2)| pr—s(v) (|v] + |2]) dvdz < 00, for each x and mg > 0.

‘j— — mo‘vfl(z,x,v)

n
n

<

Assumptions 2.2 (a) and (b) are the same as Assumptions 2.2 and 2.3 in WP, and
Assumptions 2.1 (a) and (b) are similar to Assumption 2.3 of WP. Assumption 2.1 (c)
is a simple convolution integrability condition, which is clearly satisfied under suitable
majorization, for example whenever the density p,_s is bounded and f is integrable. When
d, = +/n and ¢, = y/n/h, Assumption 2.3 (a) requires that the bandwidth sequence h — 0
as n — 0o. By contrast, Assumption 2.3* (a) corresponds in this case to fixed h. When
mgo = 1, this reduces to a condition relevant to a parametric estimation problem. The

6



remaining parts of Assumptions 2.3 and 2.3* impose Lipschitz and integrability conditions
on f, which are useful technical conditions.
The following result provides a limit theory for functionals of the following form

%S g o (= 1) (10)

t=1

The result is therefore an extension of Theorem 1 of WP and relates also to Theorem 1
of Phillips (2009), although neither of the earlier results involved an additional integrable
function f in the sample function, as occurs in (10). The scale constant 7 in the limit
results (11) and (12) similarly involves the function f, whereas in WP, 7 is the energy
functional 7 = [ g (2) dz involving only g.

In what follows it will be convenient to use the notation!

Zvi:1(3>r) XS: v, —1(r>s) ET: ;.
s i=r+1 i=s+1

Theorem 1. Suppose that Assumption 2.1 and the following conditions hold:
(a) ‘f (‘j—:z +x— v)‘ < fo(z,x,v) for n large enough, with fv fz fo(z,z,v) |g(2)| pr—s(v)dzdv <

f@ {fz |fo (z,2,0)]|g (2)] dz}2pr_5(v)dv < oo and fv fz Je(z,2,v)¢*(2)pr_s(v)dzdv < o0,
for and each x € R, and r,s € N;
(b) Assumption 2.3 holds and

r:=Ef (m—FZvi) /Zg(z)dz;

or
(c) Assumption 2.3* holds and

T = E/oo f (moz—l—:p—FZvi) g(z)dz.

o0 rs

We have the following:

1Observe that for s > r we have

S—r S—T S
Tt—pr — Tt—s = E Vt—s+j =d E Vj =d E Vj,
j=1 Jj=1

j=r+1
by stationarity and similarly for s < r

r

Tt—r — Tt—s =d — E Vj.

j=s+1



(1) If Assumption 2.2(a) holds, then, as n — oo

3% p s o (s = 2 )| £ r2000) (1)

t=1

(i) If Assumption 2.2(b) holds, then, as n — oo

[nn]
c

sup - Z f (xt—r) g |:Cn (xt—s,n - d£

n
0<n<1 —1 n

)] —7L(n,0)| & 0. (12)

When f =1, (11) reduces to

‘o [Z]g [ ( - d—)] LA ( | s dz) L(n,0).

corresponding to theorem 1 in WP. When my =1, x =0, r = s and ¢,, ~ d,, the sample
function effectively becomes %= Z[mﬂ f(xi—) g (z;—,) and we have the conventional limit

theory
[n7)]
%Zf(xtr l'tr (/ f ) (70)

t=1

for integrable fg, as given in Park and Phillips (1999).

3 Kernel regression under dynamic misspecificaion

We now proceed to develop a limit theory for the NW kernel regression estimator (5) in
the case of dynamic misspecification of the form (4). We start with the following regularity
conditions on the kernel and regression function, which are similar to those used in WP.

Assumption 3.1. The kernel K satisfies [*. K(s)ds =1 and sup,|K(s)| < oo.
Assumption 3.2. For given x, there exists a real function fi(s,x) such that, when h is
sufficently small, |Ef (hy +x+ >, ,v) —Ef(x+> )| < b fi(y,z) with 0 < v < 1,
forally e R and [7°_ K(s)fi(s,z)ds < oo. Further, Bf (x + 3, v;)* < 0.

Assumption 3.3. (u;, F, ;) is a martingale difference sequence with E(u?|F, 1) = 02 <
0 a.s.

Assumption 3.4. sup, .., E(u}|F1-1) < 0 a.s.

The following result gives the probability limit and limit distribution of f(x), showing
the effect of dynamic misspecification.

Theorem 2. Suppose that:
(a) Assumptions 3.1-8.3 hold.



(b) The bandwidth h satisfies nh/d, — co and h — 0 as n — oc.

Then, as n — 00,
fz) LESf (:c +) vi) . (13)

In addition, suppose the following hold:
(c) Assumption 3.4 holds.
(d) Set ¢, := d,/h. The component functions {f?, f*} and the power kernel func-

tions {K?%, K*} in the sample quantities ey [ yn) K2 [Cn ($t—s,n - ﬁ)] and

) fH(dpwy ) K* [cn (xt_s,n — i)] both satisfy the conditions of Theorem 1.

(e) The bandwidth parameter h satisfies nh'™ /d, — oo.
Then, as n — 00,

(S (=57)) (v (o)) 2vom

where 02 = 02 + Var {f (z + >, v)}] [* K(s)ds.

The probability limit of the NW kernel estimator f(z) is

Ef (x + Z) - / f (@ +w) pry (w) dov, (15)

where > _v; has density p,_s (w).? The limit (15) is an average of f taken around the
value at = with respect to this density. For instance, when s > r we have

Ty — Tt—s = E Vt—s+i =d § Vi =d E (%%
i=r+1

under stationarity. If r = s then there is no dynamic misspecification in the fitted equation
and the estimate is consistent so that f(z) —, f (x) with a limit distribution

(ZK (x%)) : (fa) = r@) 4 (002 [~ wePas), o

as in WP under suitable undersmoothing or choice of h in the regression. Both (16) and
(14) may be adjusted to account for a bias term of O (h?) in the limit theory, as shown in

2 As in footnote 1 we have
sz—l s>r Zvl—1r>s Zvl
i=r+1 i=s+1

Then, for s > 7, p,._s (w) is the density of Ty_, — T4_s =4 Zf:r-u v;, and if s <7, p._s (w) is the density
of Tp_p — Tp—s =q — Y i_ o1 Vi- S0 ), v; has density p,_, (w).



Wang and Phillips (2009), but in view of the inconsistency already present in (14) there is
little reason to provide that development in the case of misspecification.

The limit distributions (14) and (16) differ in terms of both centering and variance.
The centering is explained by the inconsistency (13) under mistiming (r # s) of the lagged
relationship. The additional variance in the limit distribution (14) occurs because

ai—irVar{f (:L’—FZ%)} > o2

whenever 7 # s. The extra component in the variance is Var {f (z + >, v;)}, which arises
as in (11) of Theorem 1 because the limit of the average conditional variance involves
averaging over the distribution of ) v;, just as it does in the case of the first moment.
In consequence, lag misspecification in the fitted nonparametric cointegrating relation (4)
produces both inconsistency and a reduction in precision in the limit theory for the NW
estimator.

In the special case of linear cointegration with f (x;) = 6z, we have from (13)

Ef (ZE—}-ZUZ') :9x+ZEvi:0x,

so that kernel regression is consistent under lag misspecification, corresponding to the
temporal invariance of linear cointegrating regression. In this case, (14) becomes

(tzn;z( (%))m (f@) =1 (@) % N (0,07,
- 7=t ls—rlol) [ RGsPds ot [ K(sas

since Var{>_ v;} = |s —r|c? Hence, lag shifts in a linear cointegrating regression do
impact the variance of the limit distribution in kernel regression. The same is true, of
course, for linear parametric cointegrating regression.

It is interesting to compare the limit results given in Theorem 2 with those of a stationary
time series regression. Suppose model (2) is the true model and (4) is the fitted model, as
above, but that x; is a stationary time series satisfying certain asymptotic dependence or
mixing conditions that validate nonparametric regression (see for example Li and Racine,
2007). This type of situation seems not to have been analyzed in the literature. However,
it is readily shown by conventional methods for stationary nonparametric regression that
under suitable regularity and mixing conditions

f(z) & Ef (2i-r|2-s = 1), (17)

which is the analogue for the stationary time series z; of the inconsistency shown in (13).
For when x; follows a unit root process, we have x;_, = x;_,+ Zf;f Vi_gq4 for s > r. Then,
when we condition on z;_; = x for this nonstationary data generating process, the right
side of (17) may be written in the form

Ef <$t—s + z_:vt—s—kz"wt—s = $> = E.f (l‘ + Z Ui) )

i=1 i=r+1
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which corresponds precisely to the limit in (13) because > v; = > 7 ., v; when s > 7 by
definition. Thus, the effect of dynamic misspecification on inconsistency in nonparametric
regression is the same for nonstationary time series as it is for stationary time series.

For specification testing purposes it is useful to have an error variance estimator. We
consider the following estimator

L2
S v @) Kalwes - )
2 Kz — )
Under correct speciﬁcation and a constant error variance o2, we know from Wang and
Phillips (2008) that 6* = 2 4 0,(1). Under dynamic misspecification, it turns out that &2

estimates consistently the component that determines the limit variance under misspecifi-
cation. This is demonstrated in the following result.

A2
g =

Theorem 3. Suppose that the conditions of Theorem 2 hold. Then, as n — oo,

&Qiai—l—Var{f (x—i—Zvl)}

Moreover, under linearity where f(x

) =
t(z,0) := (z;;fl [(( })ld)) <f(x)—9x)i>N(O,1),

as n — OoQ.

Remarks.

(a) Theorem 3 shows that under linearity the ¢ statistic #(x, 0) 4N (0,1) under both
correct and incorrect dynamic specification. The statistic may therefore form the
basis of a linearity test that is robust to dynamic misspecification, as we now discuss.

(b) Let # be the least squares estimator 6 = Y7 x,/ S, 2. Since § is O (n) consistent
for € under linearity, we have

#(z,0) % N (0,1). (18)

Under the alternative specification of (smooth) non-linear asymptotically homoge-
neous f(x) we find that

. nh\? ky(v/m) [° shy(s )LG(l s)ds

{(2,0) ~ [ — E ; = . (19

e~ () o () R e o
where hy and k; are the limit homogeneous function and asymptotic order of f

respectively (see Park and Phillips, 2001, for full definitions). Under the alternative
specification of integrable f(z) (and xf(x)) we find that

S nh\"* w5 (5)d5Le(1,0)
t(z,0) ~ (E) {Ef (:v—l— sz> 3/2f SLa(Ls) ds (20)
Results (19) and (20) show that the simple linearity test statistic £(z, #) in (18) has

power against both homogeneous and integrable nonlinear functions and is robust to
dynamic specification.
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4 Some Practical Applications
Example 1. (Single index model) Suppose that y; is generated by the single index model:
Y = f()\xt —+ (1 — A)th_l) + U, 0 S A S 1,

where the regressor z; satisfies Assumptions 2.1 and 2.2 and u; is a martingale difference
sequence satisfying Assumptions 3.3 and 3.4. The fitted model takes the following form

A~

v = flxy) + g,

omitting the indexed regressor and therefore misspecifying the lagged dependence in the
relationship. When x; is an integrated process,

)\l't + (1 — )\)l'tfl = Ty_1 + )\'Ut = T — (1 — )\)’Ut,

and then R
J(@) = Bf(r = (1= Nw),
as in Theorem 2 (b). Thus, indexing effects are important in nonlinear models of cointegra-

tion, in contrast to linear models where the temporal invariance of long run linear relations
means that they can be safely ignored.

Example 2. (Temporal aggregation) When a regressor x; is sampled (two times) more
frequently than y;, Ghysels, Santa-Clara and Valkanov (2004, 2006) propose mixed data
sampling (MIDAS) regression models in which the conditional expectation of the dependent
variable y; is a distributed lag of the regressor, which may be recorded at a higher frequency.
A simple example of such a regression arises in the case of temporal aggregation where the
model takes the form

Yo = Af (@) + (1= M) f(ze1) +ug, 0 <AL, (21)

and where z; and u,; are as in Example 1. If the fitted model ignores the temporal aggre-
gation in (21) and is a simple nonparametric regression of the form

~

Y = flxy) + Uy,

then Theorem 2 shows that

f(x) B Af(@) + (1= NEf(z —v).

Thus, in the same way as indexing, temporal aggregation has important effects in nonlinear
cointegration models.

Example 3 (Nonparametric unit root autoregression) Suppose that the true model is given
by the autoregression

rp = f(@e1) + w, (22)

with f(x) = z, although the linear form of the autoregression is unknown to the econo-
metrician, and where w; is iid (0,02). The fitted model involves a longer lag and has the
form

~

xy = f(x4-9) + Uy (23)

12



[nt]—2

s Uy <, G(t), where

Under the true model (22) Assumption 2.2 holds with 2}, = \/Lﬁ >
G(t) is Brownian motion. In view of Theorem 2 we get

(il K (¥)>m (f@)—2) N (0, 20 / Z K(s)2ds) .

Note that the NW nonparametric estimator is consistent because f(x) is a linear function.
Nevertheless, there is a reduction in accuracy of f (z) due to the additional component o2
in the asymptotic variance. Similar effects occur in the case of linear unit root estimation.
In particular, if (23) is estimated by linear regression in the form

Ty = PTy_o + Uy,
then conventional weak convergence methods show that

1
o 2 fy WaW

n (p - 1) f01 W2

?

so that the limit distribution of the parametric estimator is rescaled by 2.

Example 4. (Functional coefficient regression models) Cai, Li and Park (2009, hereafter
CLP) recently considered functional coefficient regression models with possibly nonstation-
ary covariates that determine the functional regression coefficients. The model in CLP has
the form
/
Yt :ﬁ(Zt) Ty + E¢, t= ].,...777, (24)

where y; and z; are scalar, z; is an I(1) process, z; is stationary, and ; is a martingale
difference sequence with constant conditional variance o2 and finite fourth moments. The
functional coefficient 3 (+) is twice continuously differentiable and is the object of nonpara-
metric estimation interest. CLP consider the local linear nonparametric estimator 3 (2) of
B (z) . Under regularity conditions and using methods closely related to those of Wang and
Phillips (2008), CLP showed that for any fixed z

2

Vi (5 -5 - 53 ) L o (0. 28 (B ey ), o)

"

where the bias function Bg(2) = po(K)B (2), Lw, (1,0) is the local time of the limit
Brownian motion process W, (r) for which n=1/2z,, % W, (r), the constants have the
usual form py(K) = [ 82K (s)ds, vo (K) = [ K (s)*ds, and M N signifies mixed normality.
In practice, undersmoothing will typically be employed (in this case requiring that n'/1°h —
0), leading to the following useable limit result

Vi () - 8(2) S MN (o, ;’W—(f?) & <xtx;>11) | (26)

It will often be appropriate in empirical work to introduce lags into the specification
(24). For example, the functional response function in (24) may take the form 3 (z;_,)
for some suitable integer > 0 representing a delay in the impact of z; on the functional

13



regression response. In general, of course, the correct lag response will be unknown and
any specification will only be approximate. The present paper shows that such specifica-
tion issues are important in the nonstationary regression contest. For example, if (24) is
estimated when the true response function is 3 (z;_1), the methods of the present paper
may be used to show that the nonparametric estimate B (z) has the following limit theory

{02+ Var[8(z — Az} vo (K)o,
PR B (esal)] )

Misspecification of functional regression therefore leads to inconsistency and an increase in
limiting variance. These results hold for local level and local linear nonparametric regression
procedures. Similar results also apply in the case of functional coefficient cointegrating
regressions, which have recently been investigated by Xiao (2009) in the case of stationary
covariates. A detailed analysis of these models will be reported elsewhere.

Vnll2h (B (2) — BE{8 (2 — Azt)}> 4 MN <0,

Example 5. (Parametric distributed lag cointegrating regression) Suppose that f; and fo
are integrable functions and that a nonlinear cointegrating relationship between y; and an
integrated process x; takes the following distributed lag form

ye = 01f1(w) + 02 f2(1-1) + s, (27)

where z; and u, are again as in Example 1. Let f; = (fi(2), fa(x,_1))", 0 = (01,65)" and 6
be the least squares estimator of § in (27). Applying Theorem 1 gives

%Zﬁf{ % L(L,0)V,
t=1

where

V. { J55 fi(s)?ds E [ fi(s+v) fa(s)ds
' E [T fi(s+ v) fa(s)ds [ fa(s)?ds

Since V' is positive definite in general, there is no asymptotic collinearity among the
regressors in (27) at this level of intensity, which contrasts with the linear case where x;
and z;_; are, of course, trivially cointegrated. In view of the above and the martingale
central limit theorem (e.g. Kasparis, Phillips and Magdalinos, 2008) we have the following
limit theory in this case:

Vi (0-0) % 0uLo(1,0) 2V 127, (28)

where Z is standard bivariate normal. Thus, 6 is consistent and asymptotically mixed
normally distributed with the usual n'/* rate of convergence that applies for regressors that
are integrable functions of a unit root process (Park and Phillips, 1999, 2001). Unlike the
linear case where the regressors are trivially cointegrated and the limit theory is degenerate,
there is no degeneracy in the limit distribution (28).

5 Concluding Discussion

The results presented here show that the temporal invariance of linear cointegrating rela-
tions fails in the nonlinear case and mistiming of the regression function results in incon-
sistency in kernel regresion. In consequence, correct dynamic specification takes on new

14



significance in nonlinear cointegrating systems. Specification tests for nonlinear cointegra-
ton therefore need to take lag distribution and timing effects specifically into account.

The nonlinear setting clearly opens up many new possibilities for specification testing,
including testing functional form in a particular locality corresponding to the kernel re-
gression, allowance for short memory in the regression equation errors and endogeneity
in the regressors. The differing effect on nonstationarity of various nonlinear functional
forms in regression also means that simple residual based tests for stationarity, such as
KPSS (1971) tests, may be misleading in the nonlinear context. Indeed, the long run and
memory properties of the regressor may be substantially altered through nonlinear filter-
ing. Since nonlinear functionals can change the integration order, the dependent variable
in a nonlinear model may well have less memory than the regressor, meaning that mis-
specification may be harder to detect than it is in linear models. Specification tests for
cointegration models where there is nonlinearity of unknown form are therefore likely to
present far greater challenges than in the case of parametric linear cointegration.

6 Appendix A: Supporting Results

The following lemmas are largely based on WP, extending that framework as needed to
accommodate sample covariances of convolution integrable functions ( f) and integrable ker-

nels (g) involving z,. It will be convenient to use notation ¢_(z) = (2re?) ™% exp (—a2/2¢?)
and ¢(x) = ¢, (z). We also often write the density p; (v) as p (v).

Lemma 1. Suppose that
(a) Assumption 2.1 holds.

(b) ‘f (i—:z +x— v)‘ < fo(z,z,v), for n large enough and
() [, [, fo(z,2,0) |9(2)] pr—s(v)dzdv < o0,

() [ { [ 1fo(z,2,0)|]g(2)| dz}2pr,s(v)dv < o0 and
(i) [ [, f3(z, 2, 0)g*(2)pr—s(v)dzdv < o0,
for r.s € N and x© € R.

Let

[nn] oo .
Lye(n) == gn Z/_ f(dn (24— + 2€)) g (cn <xt_s,n -t Z€)> ¢ (z)dz

Then

[nn] 0o

Ln,e(n) = % Z Etf(r\/s)fl / f (dn (xt—’r,n + Zﬁ)) g <Cn (ﬂft—sm - ﬁ + ZG)) d) (Z) dZ‘I‘Op(l),
t=1

oo dy,

uniformly in n.

Proof of Lemma 1: Without loss of generality, we shall assume that r = 1 and s = 0. The

15



proof for the general case is identical but requires more complicated notation. Consider

nn] oo -
Lne(n) = % Z/_ f(dn (2410 + 2€)) g (cn (xm N + ze)) ¢ (z)dz

~\~
=zt

[nn]

= ZEt 22t + — Z 2t — Et 2Zt (29)

We show that the second term in (29) is o, (1). Notice that {(z; — E;—22),F—1} is a
martingale difference sequence. Hence,

2

[nn) [nn]
Cn Cn, 2
EE; g ; (Zt - Et72zt) = (g) EE,; ; (Zt - EthZt)2
[nn] [nn]
- ( ) ZEt 02 — Et722t)2
t=1
Consider
ooN2 [nn]
(&) S e
t=1
c 9 [nn] o) T 2
= (gn) ; EE; , { » fdn (Tt-10+ 26)) g (Cn (xt,n T, + ze)) ¢ (2) dz}
o [n1] 2
= (C_”) / /fdl—i—x—v)g(cl)(b l—x — D) p(v)dv
n £ n t—1,n dn dn

(VAN
-
a7

/{/f (dul ¥ =v)g <Cnl>dl} p(v)dv
/u{/m ! (i_:m+x _“) |g(m)!dm}2p(v)dv
< o0 z/{/ [fo (m, 2, ) lg (m >|dm}2p<v>dvﬁo,

:l“

VAN
-
Ao
=
s |8
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where the last inequality holds for n large enough. Next consider

(%)
) <%)2E o] {EH /: Fld (St 20)] g (Cn <xt,n - d% + ze)) 6 (2) dz}2
(%)

- (= 2iij{ / £l @+ 2] g{cn (xtln—i- = —d—n—i—ze)] ¢(z)p(v)dzdv}2
< ¢f(0)%{/v/lf(c—:lﬂ—v)g(l)‘p(v)dvdlr
< ¢ [ [peropopoma) ~o

as required.

Lemma 2. Suppose that Assumption 2.3 or Assumption 2.3* holds. Set

[nn]

Cn o x
Ln,e(n) = g Z Et—(r\/s)—l/ f [dn (xtfr,n =+ 62)] 9 |:Cn (xts,n - d_ + €Z>:| ¢(Z)d2
t=1 > "
Then
[nn]
lim sup |L,.(n)—7 Z (- (rvs)m)| = 0,

n—oo
0<n<1 =

\ [ Ef(z+Y, v) [ g(2)dz, if Assumption 2.3 holds
where T = E [T f(mez+a+>,,u)g(2)dz, if Assumption 2.8% holds.

Proof of Lemma 2: Without loss of generality, assume that » = 1 and s = 0.
(a) We first show the result under Assumption 2.3. Consider

[nn]

%L Z EtZ/ fldo{zi—1n+e€2})g <cn {l’tm + Z;—t — d£ + ez}) o(2)dz
t=1 o0 " "

[nr]

= %" tZI/U/Zf (dp {7110 +e2}) g (cn {aﬁtl,n + d% - dﬁn + 62}) ¢c(2)p(v)dzdv

[nn]
1 z T ) z T )
o N R G T ) L e e AL
. =Tu(n)
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Notice that by Assumption 2.3(b) and the Lipschitz continuity of ¢, we get

‘f (Loto-0) o (2 —nsat 7 2) = F = 1), (rsa)
< |¢6(0)]‘f(%z+az—v> — f(z—v)

+1f (z =)

< lolo) (%

z v x
O, (a — Tyt E - d_n> — ¢ (Te—1)

z v T
__|____’

7
) o)l = olC| 24 4 2

n

where C' is a Lipschitz constant. Therefore,
1 [n7)]
1) = > [ [ 1= 06 i) sz
t=1 v z
d,\"
< (%) 0ol [ [ fala@ls

w0 [ [1£@=o)lse)
as required.

(b) Suppose that Assumption 2.3* holds. Consider,

z (% T
_+___
C

St a lg (2)| dzdv — 0

d, z v T
’f (az +x— U> [0} (a — Tt—1pn t a d_n) — f(moz + 2 — v) @ (T-1,n)
dn

__mo
n

z (% T

'
fo(z,0,2) + | (moz + 2 —v)| C o T4 T

< |¢.(0)]

— 0,

as n — oo. In view of the above, the result can be shown using the same arguments as
those in part (a). W

Lemma 3. Suppose that
(a) Assumption 2.2 holds.

(b) ’f (i—:z +x— v)) < fo(z,x,v) for nlarge enough with [, [ fo(z,x,v)[g(2)|pr—s(v)dzdv <
00, for each v € R, and r > s € N.

(c) sup, [g(s)[ < o0
Let g € N with ¢ > 1. We have

M, (n) == %” % F (dni—rn) {Etrlg [cn (xtw - dﬁnﬂ }q = 0,(1)

t=1

uniformly in 7.

18



Proof of Lemma 3: Without loss of generality, assume that » = 1 and s = 0. We have

Elﬂf( )

— tl' u/ u/ F (dudir0nl) [ql(dtlgnl+-d )}.”g{ql(@_LQM-+§i)}

t=1
X p(v1)p(vg)dvy...dvg| hi—10., (1) dl

S L L) senfs o )
xp(v1)...p(vg)dvy...dvgdm
S_Z@WJA | dotmwn) g o)
(Tn-+-§%(vi——lq)> p(v1)...p(vy)dvy...dvgdm (for n large enough)
< // /qfomvl g (m f! ( ._vl)> p(01).p(vg)dvr....dvgdm — 0,

as n — 00, by dominated convergence since g (m—i— 2 (41 — v1)> — 0 everywhere,

fvl [, fo (m,v1) g (m)| p(vy)dvidm < oo, and sup, |g(s)| < co. B

Lemma 4. Suppose that
(a) Assumption 2.2 holds.

b) )f (%z +r— v) ’ < fo(z,x,v) for nlarge enough with [ [ fo(z x,v)|g(2)| pr—s(v)dzdv <

00, for each v € R and r > s € N.
Set

[nn]
Cn,

X
Mn(n) = E f (dnxtfr,n) Etfrflg |icn (xts,n - d_):|
t=1 n

Then

sup sup E|M,(n)| < cc.
n 0<n<1

Proof of Lemma 4: Without loss of generality, assume that » = 1 and s = 0. We have

Bl = (2)S [ |rmarofon (s - )] o
c [ n)] y -
= (= f (dndi-1,0n5)) 9 |:Cn (dtLo,nS + . a)} 'p(v)htl,om (s) dvds
[rn]
< _Zdt o ( m—l—x—v))g(m))p(v)dvdm
<

Aﬂbmmwmmmmmwwm<w
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as required.

Lemma 5. Suppose that Assumptions 2.1-2.3 and the conditions of Theomem 1 hold. Let
q,7,s € N with ¢g>1 and r < s. Then

[nr]

s |23 [ Beaf (s [en (50— )] - rLOL0| 20

n

where 7 :={Ef (x+ >, v)}* |7 g(z)dz.
Proof of Lemma 5: Set

[nn]

Ln,e(n) — % Z /_OO {Etfsflf [dn (wtfv’,n + €Z>]}qg |:Cn <xts,n - ﬁ

and
[nn]

L) = 5 3 (Barsf G} [ (o= )|

It can be shown along the lines of Lemma 2 that

[nn]
lim sup |L,((n,x)—7 Z G(Tt—sn)| = 0.
t=1

In addition, using arguments similar to those used in the proof of Theorem 1 we get
lim lim sup E|L,(n) — L,.(n)| = 0.
e—0 n—oo 0<n<1

7 Appendix B: Proofs of the Main Results
Proof of Theorem 1. Set,

[nr] 0o
Ln(n) = % Z/ fdnzi-10) g |:Cn <5Ut7n - %)} o(2)dz.

[nr]

C

L) = ; / Z Fldn (Te-10 + €2)] g {cn (xm - dﬁn + ez)} é(2)dz.

Then

lim lim sup E|L,(n) — Ln(n)]
e—0n—oo 0<r<1

0, (30)

and the stated results follow as in WP. We proceed to prove (30). In what follows, we use
A as a generic constant whose value may change in each location.
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Set

Vo) = £ (i) g en (10 = 5 ) | = £ Vi Grs+ 0] g fon (500 45

Notice that

oo ]
sup E|Ln(n) — Lo |<—/ > Bl (o) ot

Next, we have
nE|Yin(2)]
T T
= ¢,E ‘f (dpTr-14)9 [cn <:L’;m — d—)} — fIVn(zi-in+€2)] g [cn (xkn - + 62)} '

/ |f (dndy—1005 — v + ) g (Cndr—10n8) —
f(\/_ (dy_ 10ns+ez)—v—|—x) [en (dk—1,0nS + €2) ‘p ) dvds

(5ot

. 10n//f0 s,v,z) |g(s)] p(v)dvds,

for n large enough. In view of this condition (a) of Theorem 1 and (9) we get

IN

IN

p (v) dvds

dk 1,0,n

IN

[nn)] n
C

n 1 _
— sup E ZY’“” z)| < AlﬁZ(dk_Lo,n) '« .

v o<n<1 k=1

Set )
[nr]

A, (e) = (C—”>2 sup E ZY’“”

n/ 0<r<1
In view of the above and dominated convergence, it would suffice to show that for each z

lim lim A,(e) =0,

e—0n—oo

which is what we now set out to do. Notice that

e\ 2 1 202 &
MO < (D) BV + 22 S BV )+ 22 S B (Vi)
k=1 k=1 k=1 l=k+2
= A1 (€) + Agp(€) + Aszp(e).

Under condition (b) of Theorem 1 and using similar arguments as before it can be shown
that

n

An(e) < —= Cn //f() s,v,2)° g (s)? plv)dvds < A%n — 0.

712 dk 1,0,n
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Similarly, it can be shown that Ay, (¢) — 0. Next, we consider As,(e). Recall that zy,, is
adapted to Fj_1, and conditional on Fy_1,, (%1—15 — Tkn) /di—1kn has density hj_q k. (s)
which is uniformly bounded. Write 2, = €2, ((51/ (2k°)>. We have

Cndl—l,k,n |Ek—1Y2,n(z)|
ST NES) IR A AESSE)

‘Ek—l / {f (dnZi-1n) 9 |:Cn (ﬂfl—l,n + di — di)}

— fldn (1210 +€2)] g {cn (mll,n + dﬂ — d£ + 62>:| }p(v)dv

- \E {710t @ = 01l [0 (10 11 = 1) 4 7= 1)

— fldn (@ + (T1m10 — Thm) +€2)] g {cn <xkn + (Tj—1m — Thm) + vz + €Z>:| }p(v)dv

T
// {f [dn («'Ek,n + dl,k—l,ns>] g [Cn (xk,n + dl,k—l,ns - d_):|

— fldn (g + dig—1.05 +€2)] g [cn (xkn +di 105 — dﬁ + ez)} }p(U)hl_17k7n(S)d8

dn
< [ (%0 0) sV o utin 0l )y
yJu n
A, for (I —1,k) ¢ Q,,
S Af\y|2\/afv fo (y,U,[E) |g(y)|p(v)dvdy
e o 0 0. ) gV (0 o )] o)y, for (1= 1.8) € 9,
where

y—r+c, 5= y—1r+c, 52— cpze
V(y,m,v) = hi1kn <—d”) —hi—1km ( o ) '

Cndl—l,k,n cndl—l,k,n
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Consider
E |Yk77’b(2)| |V (yv Cnxk,na ?})|

(dn (2410 + 2€)] g [Cn (“’k—l’” * d% - d% " 26)1 '

= AE

( , CnTh—1n + w,v) ‘p(w)dw

= 4f ) Jr

1% ( Cnli—10.n5 + —”w) ‘p(w)hk_l,om(s)dwds

n (dp—10n5 + 2€)) g [Cn (dk—l,o,ns + dﬂ — dﬁ + 26)] ‘

X

d

(b

Cndk 1,0,n
V (y,l—i— d—n:L‘— cnze,v> + ’V (y,l—i— 2—”3:,11)

X{

A
/ / folbw,2)lg Ol plw)dwdl +  sup Jhicsin (F) — hissn (0)]]
1>/ Jw

Cnd—1,0n r|<2C[14|2|+|v[]€L/2

s

where the last inequality holds for n large enough, and can be established using similar
arguments to those in WP.
In view of the above, for (I — 1,k) ¢ Q,

’EYk,n(Z)Yz,n(z)l = ’EYk,n(Z)EkfIYE,n(Z)’ S A (Cndlfl,k,n)il Ekfl D/z,n(z)‘ S Al (cidlfl,k,ndkfl,o,n)_l .
On the other hand, for (I — 1,k) € Q,
EYen(2)Yin(2)] = [EYia(2)Er1Yin(2)]

< Alendiorpn) " B [Yin(2) /| . / fo (4, 0,2) |9(3)| p(v)dvdy

+A (Cndl—l,k,n)_l/ /fo (0, 2) |9 EYen(2)| |V (¥, caZin, v)| p(v)dvdy
lyl<v/en
< A (Cidlfl,k,ndkfl,ﬂ,n)_l {/ /fo (y,v,2) |9(y)| p(v)dvdy
ly|>ven Jv

" / / sup IhzLk,n(?”)—hz1,k,n(0)||g(y)\fo(y,v,x)p(v)dvdy}-

|r|<2C[1+ 2| +[v]]e!/2

Notice that the last term above converges to zero as n — oo, due to dominated convergence.
In view of the above and (6)-(9) we have for n = €'/2/C
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n

Asn(e) < 26n > + > | EYia(2)Yia(2)]

n2
I=1>k,(I-1,k)¢Q,  (I-1,k)EQn

A Z
1 1 1
5 > (dion) ™ max > (dr)

IN

+— (diom)” max n Z (di-1km)”

n? 0<k<(1—n
k=nn l=k+2

nn n
Az

T (dr,0,n) oJpax > (di-ikm)
k=1 I=k+2

Ay & _ - _
+= (di0n) ' max Z (di-1,k.n) '

n2 0<k<n-—2
k=1 I=k-+2

x { / / fo (g0, 2) |9(y)| p(v)dvdy
ly|>v/en J v

+ / / sup it e (1) = P n (0)] 9 (9)] fo (yw,x)p(v)dvdy}
v o ri<2c]
0,

14|z[+[v[]et/2

H
as required. W

Proof of Theorem 2. We prove the result for one lag differential (i.e., |s —r| = 1) and
the result for the general case follows in the same way.
First, we consider the case r > s. Set 7 := Ef(x — v;). We have

=R,
7\

~

g 1/2
<E> Z E;, o {[f(zi-1) — Ef(z —v)] Kp(z, — x)}

(&) 5 Ky (2, — )

=t

e N

+Z S 1) Kn(ze — ) — Et—Qf(l't—l)Kh(fEt — )
> Kz — )

::ft =t
Z;’Et_gKh(SEt — ) — 17Kp(z — :L'; n > Kp(ry — x)uy
> Knp(ze — ) > Kn(xe — )

R, + M,
- dn\1/2 —n )
(ﬁ) Zt:1 Kh(xt - 13)
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Notice that

E|Ry|

- 2|(5) " Erals - wx )

t=1

- B (%" > / £ o) = B = o K (5224 - 2 (o)

1/2 n
() %

X Ty 10n( )
_ (T mhi(d /|thz+x—v) Ef(z — )] K (2)| h hetozul .,
- nh dn t— 10n t t t—1,0,n dndt—1707n

t=1

1/2 Bty
< <hd) - Zl(dt 1.0.n) /flzx (z)dz — 0.

t=

dndi—1.0n v
f(dpdicr00y) —Ef(x —v)] K (M + - - —) p1(v)dv

IN

Next, {M,, F,_1} is a martingale sequence. We shall establish a martingale CLT for this
term. Consider

dn
oh Z Eis (o + 8, +7,)°
t=1

= S B ([ ) K~ 2) — B (e ) Ko — o)
+7 [Et oK ( — ) — Kp(ay — 2)] + Kp(a, — 2)ug )
d n

= hZEt o [P (1) Kj (2 — )] — s 2 [Eiof (ze—1) Kn(z, — )]

n

n dn &
+E72 Z E, oK} (2, — ) — —h7'2 Z (B, oKy (2, — )]
t=1 t=1
—l—d—n i E; oK} (v, — z)u}
nh < ¢

d, = dy, =
_%27' ; f<$t—1>Et—2Kf2L<xt — l‘) — %27'; f(xt—l) [Et_QKh(Z't - ZE)]Q

dy 5o
= nhZEt 2 .CCt 1 K}zl(l't —SU):| +%T22Et,2[{}%(l’t—x)

dy,
nhZKh r)o? — —ZTZf z:1)Ei oK (z; — ) + 0,(1) (by Lemma 3)

=T, + op(l).
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In addition, by Lemma 1 and Theorem 1, we get
T, 2 (Ef*(z —v) + 72 4 02 — 27%) La(1, 0)/ K?*(s)ds
= (Varf(z —v) +0?2) La(1, 0)/ K?*(s)ds.

Fix 6 > 0 and consider

dp — dy
EZEF? (r + By +7,)° {(n_) |y + B, + il >5}

< hZEtZ O‘t+ﬁt+7t 1{ nh |at+5t+7t|>5}
d n 1/2 1/2
n 2 n
< 3& {Et Q(Oét +Bt +7t } { |at+6t+7t|>5]}
t=1
dn - 2 2 1/2 n 4 1/2
< 3% {Et—2 (af + 87+~ — Et 2 (o + B +7,)]
t—
n 1/2
< VAN B (0t 4 5L () B [+ 8, + 0]
= nh - t—2 t t (,).4 nh t—2 t t t

1d, [d, &

We shall show that (Z—;;)Q S Eioa; = 0,(1). We have

(%)2 tzn; E, »al <9 <Z—2)2 zn: [Eiof* (2 1) K (2 — 2) + fH(201) {Eio K (2, — 2)}'] .

t=1

By Lemma 1 and Theorem 1

(Zh) ZEt o f ) KN — 2) = O, (%)

and by Lemma 3

(8) 3 o) Beakistn ' =, ().

Using similar arguments to those used above we have (—’;L) Yo Eis (ﬁt + %) = 0,(1).
Therefore, by Hall and Heyde (1980, Theorem 3.2)

0 1/2
M, % {(Varf(w +v) + 02) LG(l,O)/ KQ(s)ds} W = M,
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where W is a standard normal variate. Next, the quadratic variation of M, is [M,] =

G S (ow+ B+ ~,)%. The following condition (see Jacod and Shiryaev, 1986)

d 1/2
sup (%) Qax B | + By + 74| < o0

n

is sufficient for
(M), M) 5 ([M], M)

For some v > 2 we have

nh 0<t<n

d 1/2
() max E oy + 8, + 7,

d.\"? 1 dn \ "2 3
< ( ) max {E|a;+ 8, + 7]} < A (_h) max {E (|ou|” +[8,]" + |7}

nh 0<t<n n 0<t<n

4\ Y2 . 1 2\ V2 n . . ) 5
— _n ¥ ~ An
= (%) B ol 15+ ) <4 () B3 ol + 57 + bl

Consider the first summand. We have

dn 7/2E2n:| |’y dn ’Y/QEETL: . o . )’y
(E> Py o (ﬁ) o [f(ze1) Kn(2r = 2) = Bra f (210) Kn(2: — 7))
4\ < X . NGl
< A(5) BX @B -or=o( (F) ).

where the last equality is due to Lemma 4. Dealing with the other terms in a similar way,

we get
d, 1/2 d, (v—2)/2
<E) ()Iili}%E‘at+6t+7t| =0 (%) =o(1).

Next consider the predictable quadratic variation of M, (M,) := 95" | E, 5 (a; + 3, + 7,)2.

We shall show that [M,,] = (M,,) + 0,(1). This will be sufficient for the joint convergence
d
((My) , My,) = ([M], M).
We have
d. no_ = -
< %E Z [(Ozt + 3, + ’yt)2 — By o (o + 8, + %ﬁ)ﬂ

t=1

d 2 n 2 1/2 d 2 n 1/2
< —~\) E = |=) E 2
- (nh) (;%) {(nh) tzlzt}

N\ . , 1/2
— {(E) EY  [(an+ B +7)" = Eia (00 + By +7)°] }

t=1
P 1/2
< {A <E) E;Et_z (az*mfﬂf)} = o(1),
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where the last equality can be established using similar arguments as those above (Lemma
4).
Hence, the NW estimator has the following form

n 1/2
(Z Kp(z — x)) [f(:c) —Ef(z+ vt)]

_ M, _ (M,)"? M, g

(85 30y K — )" (% 0 Kl — ) (M)

Now by Theorem 1, it can be easily seen that

(02 + Varf(z —w)) La(1,0) [, K2(s)ds) v

An = 1/2
(La(1,0) [, K(s)ds)

- ((ai + Varf(z — v)) / Z K?(s)ds> "

In addition, B, KR W, and the result for r > s follows.
Next, suppose that r < s. Set 7 := Ef(z + v;). We have

=R,

N

dn 1/2 n
(%) Y Baf ()~ Bf o+ 0] KaGoros o

nh
) — B N = t=1
f(x) f(x—f'v) (%)1/22?:1Kh<mt_1—$)
2, TG~ Baf G Kle s —2)
>ty Kz — 2)
8,
Z?:1 rKh(xt—l - l’)uz
Z?:l Ky(z11 — 1)
- R, + M,

()" S0, Kile: — 2)

+
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Notice that

E|R,|

() St ()

t=1

_ E (Zz)l/zi/[f(xt 1+v)—Ef(w+vt)]K(d"th’"—%> p1(v)do

1/2 n
() %

Xhy_ 10n( )

A\ h & )
- () er:“ﬁWﬂ>3/
" i=1 z

zh+x
Xht—1,0,n (m) dy
t— n

IN

dpndi_10n z
f(dpdizq 00y +0) —Ef(x 4 v)] K (M — —) p1(v)dv

/ Bf(hz + 2 +v) — Bf(z +v)] K (2) pr(v)do

v

n

1/2 z T
= <%> ; Z(dt 1 On /’ Ef hZ +x + 'Ut) Ef(l’ -+ Ut)] K (y)| htfl,O,n (h—+> dz

=1 dndt—l,O,n

1/2 114+
S (hd) hn Z(dt 10n /flzx ()dZHO

t=1

Next, notice that {M,,, F,,_1} is a martingale sequence and satisfies a martingale CLT. The
proof is similar to that provided in the previous part. Consider

dy — 2
o ; E; 5 (o +5,)
— % - Kf2L<CUt_1 — 2)Ey_of*(z;) — % Y Kp(zy—1 — ) [Et—2f<$t)]2
nh nh t=1
+_ZKh Ti—1 — Et 2u1?
ﬁ) (EfQ(x+Ut)_72+gi) LG(].,O)/ K2(S)ds

= (Varf(z +uv)+07,) La(1,0) /OO K?(s)ds,

where the last limit is due to Lemma 1, Lemma 5 and Theorem 1. The remaining proof
follows from similar arguments to those used in the previous part. B

Proof of Theorem 3.

Write
dy K <2
{”h; h(xt‘s_x)}g )
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>3
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iy
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|
hs

2 dpn o=
(m)] Kp(vp s —x) + — ; up Kp(ri—s — )

2d,,

i [ Flae,) — f(:c)} KT — @) = an + B, + 7.

It follows directly from Theorem 1 and Theorem 2 that

an & Var {f (x + Zv,-) } /Z K (s)ds.

In addition, manipulations similar to those used in the proof of Theorem 2 give

o0 1/2
Bt =t [ K()is+0, ((%) ) .

This shows the first part of Thorem 3.
In view of the above and Theorem 2, it can be easily seen that i(x, ) <, N(0,1). H

8 References

Cai, Z., Q. Li, and J. Y. Park (2009). “Functional coefficient models for nonstationary
time series data”, Journal of Econometrics, 149, 101-113.

Chang, Y., Park J.Y. and P.C.B. Phillips (2001) Nonlinear econometric models with
cointegrated and deterministically trending regressors. Econometrics Journal 4, 1-
36.

Ghysels, E., P. Santa-Clara and R Valkanov (2004). The Midas touch: mixed data sam-
pling regression models, Scientific Series, Cirano, Montreal.

Ghysels, E., P. Santa-Clara and R Valkanov (2006). Predicting volatility: getting the
most out of return data sampled at different frequencies, Journal of Econometrics,
131, 59-95.

Guerre, E. (2004) Design-adaptive pointwise non-parametric regression estimation for re-
current Markov time series. CREST Working Paper No. 2004-22

Hall, P. and C.C. Heyde (1980) Martingale limit theory and its application. Academic
Press.

Hu, L. and P. C. B. Phillips (2004): “Dynamics of the Federal Funds Target Rate: A
Nonstationary Discrete Choice Approach,” Journal of Applied Econometrics, 19, 851-
867

Jacod, J. and A.N. Shiryaev (1986) Limit theorems for stochastic processes, Springer-
Verlag.

30



Karlsen, H. A., Mykelbust, T. and D. Tjgstheim (2007). Nonparametric estimation in a
nonlinear cointegration type model. Annals of Statistics, 35, 252-299.

Kasparis, 1. (2008) Detection of functional form misspecification in cointegrating relations.
Econometric Theory, 24, 1373-1403.

Kasparis, 1., Phillips P.C.B. and T. Magdalinos (2008) Instrumental variables estimation
of integrable nonstationary models. unpublished manuscript.

Li, Q. and J. S. Racine (2007). Nonparametric Econometrics: Theory and Practice.
Princeton University Press.

Park, J.Y. and P.C.B. Phillips (1999) Asymptotics for nonlinear transformations of inte-
grated time series. Fconometric Theory 15, 269-298.

Park, J.Y. and P. C. B. Phillips (2000). Nonstationary binary choice, Econometrica. 68,
1249-1280.

Park, J.Y. and P. C. B. Phillips (2001) Nonlinear regressions with integrated time series.
Econometrica 69, 117-161.

Phillips, P. C. B. (2001): Descriptive Econometrics for Nonstationary Time Series with
Empirical Illustrations. Journal of Applied Econometrics, 16, 389-413.

Phillips, P.C.B. (2009) Local limit theory for spurious nonparametric regression. FEcono-
metric Theory, forthcoming.

Schienle, M. (2008) Nonparametric nonstationary regression, PhD thesis, University of
Mannheim.

Terdsvirta, T. and A. Eliasson (2001) Nonlinear error correction model and the UK de-
mand for broad money. Journal of Applied Econometrics 16, 277-288.

Wang, Q. and P.C.B. Phillips (2009) Asymptotic theory for local time density estimation
and nonparametric cointegrating regression. Econometric Theory, forthcoming.

Wang, Q. and P.C.B. Phillips (2008) Structural nonparametric cointegrating regression.
Econometrica (in press).

Xiao, Z. (2009). “Functional coefficient cointegrating regression”. Journal of Economet-
rics (in press)

Notation

e E,()=E(|F)
e P.()=P(|F)
o Ku()=K(3)

e oV b=max(a,b)
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e a Ab=min(a,b)

b er Vi = 1 (T > S) z;‘:s—l—l Vi — 1 (S > T) Zf:r—o—l Ui
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