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Abstract

A local limit theorem is given for the sample mean of a zero energy function of
a nonstationary time series involving twin numerical sequences that pass to infinity.
The result is applicable in certain nonparametric kernel density estimation and
regression problems where the relevant quantities are functions of both sample size
and bandwidth. An interesting outcome of the theory in nonparametric regression is
that the linear term is eliminated from the asymptotic bias. In consequence and in
contrast to the stationary case, the Nadaraya-Watson estimator has the same limit
distribution (to the second order including bias) as the local linear nonparametric
estimator.
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1 Introduction

Consider an array xj,,1 <k <n,n > 1 constructed from some underlying nonstationary
time series and assume that there is a continuous limiting Gaussian process G(t),0 <

t < 1, to which xp,y, converges weakly, where [a] denotes the integer part of a. For
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instance, in many applications we encounter quantities such as xy, = d;lxk where x; is a
nonstationary time series, such as a unit root or long memory process, for which d,, is an
appropriate standardization factor. A common functional of interest S,, of xy, is defined

by the sample quantity
Sy = Z 9(cn Tim), (1.1)
k=1

where ¢, is a certain sequence of positive constants and g is a real integrable function on R.
Such functionals arise in nonparametric estimation problems, particularly those involving
nonlinear cointegration models, where the underlying time series x; are nonstationary, g
is a kernel function, and the secondary sequence ¢, depends on the bandwidth used in
the nonparametric regression.

The limit behavior of S, in the situation where ffooo g (s)ds # 0 was studied in Wang
and Phillips (2008), where it was shown that when ¢, — oo and n/c¢, — oo,

C—"Sn —p /OO g(x)dx Le(1,0), (1.2)

n —00
where Lg(t, s) is the local time of the process G(t) at the spatial point s. When the
function g is a kernel density, the limit (1.2) is simply the local time of G at the origin.
This limit may be recentred at an arbitrary spatial point s by using g(c, (g, — $)) in
place of g(c, ) in (1.1). Jeganathan (2004) investigated the asymptotic form of similar
functionals when zy,, is the partial sum of a linear process. For the particular situation
where ¢,z , is a partial sum of iid random variables, related results were given in Borodin
and Ibragimov (1995), Akonom (1993) and Phillips and Park (1998). Results of the type
(1.2) have many statistical applications, especially in nonparametric estimation - see Wang
and Phillips (2008).

The present work is concerned with developing a limit theory for the sample func-
tion S, in the zero energy case where ffooog(s) ds = 0. Such cases are important in
nonparametric regression and appear in the analysis of bias and in derivative estima-
tion problems. In bias analysis, for example, we need to consider functions of the form
g (s) = sK (s), where K (s) is the kernel function used in nonparametric estimation, and
then [ g(s)ds =0 when K is a symmetric function. Interestingly, in this case it turns out
that for nonstationary time series, the expression for the bias in the limit theory involves
no linear term in the bandwidth, in contrast to the stationary case. One consequence of
this change in the limit theory is that the local level (Nadaraya-Watson) estimator has

the same asymptotic distribution including the bias correction as that of the local linear



estimator in nonstationary cointegrating regression. These issues are explored in Section
2 (see Remarks 2.5 and 2.6 for details). Similarly, in nonparametric derivative estimation,
we need to deal with functions like the kernel derivative g (s) = K’ (s), which again have
zero energy when K is symmetric. Theorem 2.1 shows that the limit theory for .S, in
(1.1) differs from (1.2) when g has zero energy in terms of both rate of convergence and

the limiting process.

2 Main results

Let {{;,7 > 1} be a linear process defined by

&= brejk (2.1)
k=0

where {¢;, —00 < j < oo} is a sequence of iid random variables with Eey = 0, Fel = 1
and characteristic function o (t) of € satisfying [ |¢(t)|dt < co. Throughout the paper,
the coefficients ¢, k > 0, are assumed to satisfy one of the following conditions:

Cl. ¢p ~ k * p(k), where 1/2 < pn < 1 and p(k) is a function slowly varying at co.

C2. Y|k <ooand ¢ =D"77 b #0.

Put z; = Z;Zl ¢; and let g(x) be a Borel measurable function on R. As discussed
above, the present paper is concerned with the limit behavior of sample functions of the
form Zzzlg(xk/h), when n — oo, h = h, — 0, and ¢ is an integrable zero energy
function for which [ g (x)dx = 0.

We start with the following notation. A fractional Brownian motion with 0 < § < 1

on D|0, 1] is defined by

W) = 575 | OO (=5 = s aw () + (1~ 5w (s),

A(B) = (i + /00 [(1 + )12 - sﬂ_l/2]2d5)1/27
26 Jo
W(s),0 < s < oo is a standard Brownian motion, and for —oo < s <0, W (s) is taken to
be W*(—s), where W*(s),0 < s < oo is an independent copy of W(s),0 < s < co. It is
readily seen that Wy/y(t) = W(s) and Wjy(t) has a continuous local time Ly, (¢, s) with
regard to (£,s) in [0,00) X R. See, e.g., Theorem 22.1 of Geman and Horowitz (1980).



Here and below, the process {L.(t,s),t > 0,s € R} is said to be the local time of a
measurable process {((t),t > 0} if, for any locally integrable function 7'(x),

/0 [ (s)]ds = /_ (o) Lot s)ds, alltc R,

o0

with probability one.
We now develop a limit theory for the sample function (1.1) in the zero energy case.

Write d2 = Ez2. Tt is well-known that

3—2p 2
2 c%n p°(n), under C1, (2.2)
" o°n, under C2,
where ¢, = m J.-a#(x + 1) #dx. Setting ¢, = d,/h, we consider the standard-

ized version 12
1/2 d, n

Our main result is as follows.

THEOREM 2.1. Assume that [ |g(t)|dt < oo, []§(t)|dt < co and|§(t)] < C min{|¢],1},
where g(x) = [ e g(t)dt and C is a positive constant. Then, for any h — 0 (h*logn — 0
under CQ) and nh/d, — oo, we have

(

)2 S g fh) o 7 N0, 29

n
k=1

where 7 = [ ¢*(s)ds, N is a standard normal variate independent of ¥ (t) and for 0 <
t <1, the process ¥(t) is defined by

o(t) = Ly, ,,_,(t,0), under C1,
| Lw(t,0), under C2.

REMARK 2.1. The conditions on g(z) imply [ g(z)dz =0 and [ ¢*(z)dx < oo. Indeed
it follows by dominated convergence that

/g(x)dx = /lim e g(x)dr = Pr%g(t) = 0.

t—0

On the other hand, [ ¢*(z)dzr = [ (x)dx < (2m)7! []g(x)|dz < oco. This fact
will be used in the proof without further explanation. Integrability of g(z) is a mild
condition and [§(t)| < C'min{[¢t|, 1} is implied by [(14]z])|g(x)|dz < co. Many commonly
used functions, like the normal kernel function or functions having a compact support

with [ g(z)dx = 0, satisfy the conditions on g(z) in Theorem 2.1. These conditions are
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particularly convenient for our proofs. More direct conditions such as [ g(z)dz = 0,
J(1+ |z|)]g(z)|dz < oo and [ ¢g*(z)dx < co might be imposed on ¢ but it is not clear

whether these are sufficient for our results.

REMARK 2.2. If [ g(t)dt # 0, the limit behavior of Y7'_, g(ax/h) is quite different and
involves a different rate of convergence. It has been proved as a corollary of a more general

result in Wang and Phillips (2008) that

i o0a/) = vt [ gt

Jeganathan (2004) and Borodin and Ibragimov (1995) provide related results for such
sample functions. The latter monograph investigated the limit behavior of > _, g(xk / h)
under more general settings on g(z), but required xj to be a partial sum of iid random

variables.

REMARK 2.3. Assume that ¢p =1 and ¢; = 0. In this setting, x; = ZZ

=1 € 18 a partial
sum of iid random variables and d? = y/n. Under some conditions on g(z) that are similar

to those in Theorem 2.1, Theorem 4.3.3 of Borodin and Ibragimov (1995) proved that

d, a .
(525N g( @) —p 7 N Lif%(1,0), (2.4)
k=1

n

where 72 = o= [* [g(x)*[1 + 2,7, ¢*(2)]dx with (t) = Ee®. Note that 72 =
[ ¢*(@)de = &= [7°_|g(z)|*dz in (2.3), which is related to 7/2. But there is an essential
difference between (2.3) and (2.4). In particular, (2.4) is only a partial invariance principle
because the limit involves the characteristic function ¢(t) = Ee®® of the innovations in xy,
and so the constant 7/ in (2.4) is dependent on this distribution. The reason underlying

the difference between (2.3) and ( 2.4) is that the sample autocovariances of the summand

in (2.3) satisfy
dn

I Z g(xk/h)g(ml/h) = Op(h).

1<k<I<n

See the proof of Proposition 3.3. Hence J,, = op(1), when h — 0, and so .J,, does not
contribute to the limit behavior of ¢ Y™ g(z/h). The extension of (2.4) to linear
processes can be found in Jeganathan (2008). Our proof is different from Jeganathan

(2008) and the presence of the bandwidth sequence h seems to simplify the limit theory.

REMARK 2.4. 1f | f;(x)| and f}(z), j = 1,2, are Lebesgue integrable functions on R with



7 = [ fi(x)dz # 0 and 75 = [ fo(x)dz # 0, in addition to the result (2.3), we have

{ oy Zg /h). h Zfl /), Zf2 z/h) }
—p {TNU(D), my(), mm)}, (2:5)

where the notation —p is defined as in Section 3.2. As a direct consequence of (2.5), we
have the following corollary which provides a self-normalized result for additive functionals

of random sums.

COROLLARY 2.1. Assume that [[|g(t)] + ¢*(t)] dt < oo, [|G(t)|dt < oo and |g(t)] <
C min{|t|,1}, where g(x) = [ €"*g(t)dt and C is a positive constant. Then, for any h — 0
(h*1logn — 0 under 02) and nh/d, — oo, we have

Py 9( xk/h)
\/ZZ:1 92($k/h)

REMARK 2.5. Result (2.5) is also useful in nonparametric bias analysis related to non-

p N(0,1). (2.6)

stationary cointegration regression. To illustrate, consider the following nonlinear struc-

tural model of cointegration
yt:f(mt)_‘_ut; t= 1727"'777‘7 (27)

where u; is a zero mean stationary equilibrium error and f is an unknown function to be
estimated with the observed data {y;, z:};_,. The conventional kernel estimate of f(z) in

model (2.7) is given by

7 _ Z?:1ytKh<xt_x)
@) = S Rawm—a)

where Kj(s) = +K(s/h), K(x) is a nonnegative real function, and the bandwidth param-

(2.8)

eter h = h,, — 0 as n — oo. Under certain conditions on f(z), u; and h, it is shown in

Wang and Phillips (2008 a) that
()Y (f(z) = f(z)) —p CoNLy"*(1,0), (2.9)

where C is a constant related to the kernel K(z) and the moment Fu?. By making
use of the result (2.5), together with some additional smoothness conditions on f(x), an
explicit bias term may be incorporated into the limit theory (2.9). To do this, we use the

following assumptions in the asymptotic development.
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Assumption 1. z; = 22:1 &;, where &; is defined as in (2.1) with ¢, satisfying C2.

Assumption 2. (e;,1n;),7 > 1, is assumed to be a sequence of iid random vectors.
g = U(Ne, Me—1, oy Mi—mo1) Satisfies Fuy = 0 and Fuf < oo for t > myg, where u(yy, ..., Ym,)

is a real measurable function on R™°. We define u; = 0 for 1 <t < mg — 1.
Assumption 3. K (x) satisfies [ K(y)dy = 1, [ yK (y)dy = 0 and has a compact support.

Assumption 4. For given z, f(x) has a continuous, bounded third derivative in a small

neighborhood of .

THEOREM 2.2. Under Assumptions 1-4, we have

(k)" ()~ £ 2) = 17 2 Ia yQK(y)dy} oy NI (10), (210)

provided nh'* — 0 and nh® — oo, where o2 = |¢p| ™ Eu2, [T K?(s)ds.

An important distinction between (2.10) and the limit theory for the case of stationary
x; is that the expression for the bias involves no linear term in h. The reason is that in

the usual Taylor development for the bias, the linear term takes the form

I, =hf (2) ng (xt}:”v (2.11)

in which H; (s) = sK (s) is a zero energy function. It follows from Theorem 2.1 that

I, =0, (nl/ 4p3/ 2) when x; is unit root nonstationary and d,, = /n as in Assumption

1. On the other hand, the quadratic term in the Taylor development of the bias has the

h? = T -
]b—?f($);H2( N ;
where Hy(z) = 22K (z), which is O, (n'/?h?) from (2.5). Thus, I, is dominated by I, as
n — oo provided nh% — co. On the other hand, when nh% = O(1), both I, and I, does

form

not affect the limit theory. Details are given in the proof of Theorem 2.2 given in Section
4. By contrast, in the stationary case both I, and I, are O (nh?) and then both terms

contribute to the bias in the limit theory.

REMARK 2.6. Interestingly, the fact that the linear term in the bias is eliminated in
(2.10) means that in the nonstationary case the Nadaraya-Watson estimator f () defined
by (2.8) has the same limit distribution (to the second order including bias) as the local

linear nonparametric estimator (e.g., Fan and Gijbels, 1996), defined by
fL(x) = Zin;/ Zwi, w; = Kp(x; — x){Sh2 — (Xi —x)Sn1}, (2.12)
i=1 i=1

7



where S, ; = >0 Kp(x; — 2)(x; — z)7.

Indeed, we have the following theorem.
THEOREM 2.3. Theorem 2.2 still holds if we replace f(x) by fL(x)

The local linear nonparametric estimator is popular partly because of its bias reducing
properties in comparison with the Nadaraya-Watson estimator f (z) defined by (2.8). The

present finding shows that this particular advantage is lost when z; is nonstationary.

3 Proof of Theorem 2.1

Section 3.1 provides some preliminary lemmas. Section 3.2 outlines the proof of Theorem
2.1. In fact, we provide the proof of the more general joint convergence result (2.5). Some
useful propositions are given in Section 3.3. These propositions are interesting in their
own right. Throughout the section we denote constants by C, (Y, ... which may differ at

each appearance.
3.1 Preliminaries
Write p; = Z;:o b, Sk = Zf:o i€, \f = Zf:o ©? and fi(t) = Ee™ /M. Recalling the

properties of ¢;, together with (2.2), simple calculations show that

dz /A2 {<1 1) Jo a#(x + 1) #dx, under C1,

1, under C2. (3.1)

Next, since Eey = 0, Ee} = 1 and the characteristic function ¢(t) of e, satisfies [*°_ | (t)|dt

00, it follows that, for Ve > 0, we may choose A sufficiently large such that

/t|>A\fk(t)|dt < € (3.2)

uniformly on k. See, e.g., the proof of Corollary 3.2 of Wang and Phillips (20008). Result
(3.2) implies that

F: Si/A; has a density vg(z) and the vg(x) are uniformly bounded on k and z by a

constant C.



See, e.g., Lukécs, 1970, Theorem 3.2.2. Note that, for any s < m,

m J

Tm = Z Z €i¢j7i

j=1 i=—oo

m S m J
= Ts+ Z Z €0j—i + Z Z €iPj—i

j=s+1 i=—c0 j=s+1 i=s+1
o * /
T :Es,m + xs,mn (33)

where z7 ,, depends only on (...,€,_1,€,) and

m—s J m m—i

/

Lsm = E E €i+s¢jﬂ': E € E ¢j =4 Sm—s—1,
j=1 i=1 i=s+1  j=0

where =, denotes equivalence in distribution. By virtue of (3.3), results (3.1) and (3.2)

above also imply the following lemma.

LEMMA 3.1. z/dy has a density gi(x) in which gp(x) are uniformly bounded on k and
x by a constant C', and as k — o0,

[e.e]

suplgn(o) = (@) < [ [ault) = it 0, (3.4)

—00

where §(t) = Ee™ /% and n(z) = e /2 /\/2x.

Proof. By virtue of (3.1) and (3.2), it follows from (3.3) with s = —1 and the inde-

pendence of €; that

/ a)ldt < / B/ d < O max / f@Oldt <00, (35)

—00 —00 -

uniformly on k. This proves that z;/dy has a density g(z), and gy(x) are uniformly
bounded on k and x by a constant C. As for (3.4), for any € > 0, by noting that we may
choose A sufficiently large such that

/ !f/k(t)!dt+/ etz/thSC’/ |fk(t)]dt—|—/ e PRAt < e,
124 = t>A >4

uniformly on k& because of (3.2), we have

sup g () — n(z)| < / G (t) — P2t
< / 1Ge(t) — e 77 |dt + / |G(t)|dt + / e P2t < 2,
[t|<A [t|>A [t|>A



when k — oo, where we have used the fact that [, _, |fi(t) —e P2|dt — 0, for any A > 0,
as ry/dr —4 N(0,1). This proves (3.4) and also completes the proof of Lemma 3.1. O

To introduce the next two lemmas, let r(z) be real function such that [~ |r(z)|dz <
00. Define

l

15 = B[/ (/) exp {in Y- e/ vaY.

j=1
k

1P = Blr(@,/h) eXp{wZej/f}}

where 77, is defined as in (3.3) and p is a constant.

LEMMA 3.2. (a) E|r(z},/h)| < Ch/d,—s and

Br(ag/h) — by / r(2)dz = o(h/dy). (3.6)

(b) Suppose that |F(t)] < C min{|t|, 1} and [ |F(t)|dt < oo, where #(t) = [ e"*r(z)dx
Then, for alll —k > 1 and all k > s+ 1,

111
15|

IA

Chl(k—s)?+h/d;_,]. (3.7)
Chl(l—k)2+h/d,] [(k 82y h/dk_s], (3.8)

IN

where we define Z;itﬂ = ijt/z'

Proof. The first part of result (a) follows from fact F. Then, from Lemma 3.1
|Er(zi/h) — hdy ™" /T(m)dx‘ < hd,™! /|T(:p)||gk(xh/dk) —1|d=
< hd~ /|7" ‘gk ah/dy) — n(zh/dy)| + |n(zh/dy) —n(0 )})dazzo(h/dk),

which gives the second part of result (a).
We next prove result (b). We prove (3.8) with s = 0 since the proofs of (3.7) and (3.8)
with s # 0 are the same and so the details are omitted. For convenience of notation, write

zy = x(, and Iy = ]]gol) As [|7(t)]dt < oo, we have r(z) = 5= [ e '#(t)dt. This yields

l

I = E|r(ai/myr(f/h) exp{in Y e/ v} |

j=1

- / / ekt el /b g Zim VL (1) 70 db dA,

10



Define Z _y = 0if I <k, and put a,, = 377" ¢;. Without loss of generality, assume
oo # 0. Indeed, if ¢y = 0, we may use ¢; and so on. Since

l—q

! k -1
:Zeq ¢j=<z+ Z )eqahq—i-elgbo,

q=1 7=0 q=1 q=k+1

it follows from independence of the ¢;’s that

|Ik,l| < / ‘Eeiez(A%Jruh/\/ﬁ)/h‘ ‘E{eiz@)/h f()\)| A()\, ]C) d)\, (39)

where A(\, k) f|E{

(1) dt,

w
=

I
Mw

eg(Aag — targ +uh/v/n),

q=1
-1

P Z (N ag + uh/v/n).

=k+

As n can be taken sufficiently large so that u/+/n is as small as required, we assume u = 0

in the following proof for convenience. We first show that, for all A,
AN E) < C (K +h/dy). (3.10)

In order to estimate (3.10), write € (§22, respectively) for the set of 1 < ¢ < k/2 such
that [Aajq —tage > h (|Aay, — tag,| < h, respectively), and

2
g akq, By = E ajqarg and Bs= E aj 4

g€ g€ g€
By noting that
s—q
C(s—q)'p(s —q), under C1
|asg| = 1D bsl ~ { o inder C2, (3.11)
=1

as s — q sufficiently large, it is readily seen that

B> Ck372up?(k), under C1
L= Ck, under C2,
whenever #(€;) < vk and k is sufficiently large, where #(A) denotes the number of
elements in A. On the other hand, there exist constants v, > 0 and 5 > 0 such that

, i > 1
tert € 1 | -
|[Ee'!| < { e i <1 (3.12)

Y

11



since Fe; = 0, Ee? = 1 and ¢; has a density. See, e.g., Chapter 1 of Petrov (1995). Also
note that
> (Nayg —targ)® = NBy—2\tBy+1° By = Bi(t — ABy/By)’ + X*(Bs — B3/ By)

S

> Bi(t— \By/B1)?,

since B < Bj Bs, by Holder’s inequality. By virtue of these facts, it follows from the
independence of ¢, that

k/2
(D ; _
Ee'LW /h| < H‘Eelq()\al’q takyq)‘
q=1

IN

exp { — ’)/1#(an) -2 h? Z (>\ g — mk,q)z}

qeN2

< exp{ —1#(Qn) — v Bi h*(t — ABy/By)*}

where W) = Z];fl ¢, (Aay, — tay,). This, together with the fact that 2 = W® +

S jast €a(Aarg — tag), yields that, for all \,
A()\,]{?) < /’E{eiW(l)/h}

< / e M HER(1)]| dt + / e 702 B THImAB B gy
#(0)>VE #()<Vk

Ck? / |7(t)] dt + / e BT )
< C(k™2 +h/dy),

[7(¢)] dt

IN

as required.
We now turn back to the proof of (3.8) for s = 0. Recall that we may assume u = 0

for convenience as earlier. By virtue of (3.9) and (3.10), it suffices to show that
fkl p— / | Eei)x¢0€1/h ‘ ’E{ei/\zfl;%v-kl €qarq/h }

< Ch[(l—k)>+h/d], (3.13)

[7(A)] dA

for [ — k > 1. First notice that, for any o > 0, there exist constants v3 > 0, 74 > 0 and kg
sufficiently large such that, for all s > k¢ and ¢ < s/2,

) —y3 817 %p(s) if [A|>0dh
ie1 Xas,q/h e ’ : ) | | < ,
|EerrAsalt| < { e st T PR ONRT e N < G h

)

under C1, and

e, if [\ > 0 h,

i1 Nas,q/h
| et 2eealt] - < {emx"/h?, if [\ <dh,

12



under C2. These facts follow from (3.11) and (3.12) with a simple calculation. Hence,

since p(.) is a slowly varying function, whenever [ — k > ko,

‘E{ei)\ Zf;:lk+1 €qal,q/h ‘ S Ht(zl:_/f)/2 |E€i6q A az,q/h ‘

G_VS(Z—]C) lf |)\‘ Z 6h,
= { e di A2/R? g e (3.14)
Now, using |#(t)| < C min{|t|, 1}, we obtain that, whenever | — k > ko,
Ly < Ce k> ni-k / ’ EeiAvoa/h ‘ d\+C |Ale™ a7 N2/R2 g\
| [A[>0h [A|<5h

< C[h(l—k)2+h2/d2,)],

where we have used the fact that [|Ee*!|d\ < co. This gives (3.13) for | — k > ko. The

result (3.13) for [ — k < kg is obvious, since, in this case,
Iy < C / | Ee? /M| d\ < Ckyh (1L — k)2,

The proof of Lemma 3.2 is now complete. O

3.2 Proof of (2.5)

First, it is convenient to introduce the following definitions and notation. If 0“(11)’ 04512),...,

aP) (1 <n < o0) are random elements of DJ0, 1], we will understand the condition

(D @ a®y 55 (b o). al)

n ’—n o0 ) oo

to mean that for all ag)), ozg,),..., ac(f))—continuity sets Ay, As,... AL

P(Qg) € Al,ag) € Al,...,ag“) c Ak) — P(ag) c A1,Ckg>) c A27W’a(()’2) c Ak)

[see Billingsley (1968, Theorem 3.1) or Hall (1977)]. D[0,1]* will be used to denote
DJ0,1] x ... x D[0, 1], the k-times coordinate product space of D[0,1]. We still use = to
denote weak convergence on DI0, 1].

In order to prove (2.5), we use the following lemma, whose proof is the same as in

Wang and Phillips (2008 a). Also see Borodin and Ibragimov (1995).

LEMMA 3.3. Suppose that {F;}i>0 is an increasing sequence of o-fields, q(t) is a process
that is Fi-measurable for each t and continuous with probability 1, Eq*(t) < oo and
q(0) = 0. Let(t),t > 0, be a process that is nondecreasing and continuous with probability
1 and satisfies ¥(0) = 0 and Ev?*(t) < oo. Let &y, ..., &y, be random wvariables which are

13



Fi-measurable for each t > 0. If, for any v; > 0,5 =1,2,...,r, and any 0 < s <t <ty <

t < ...<t, < oo,
E<€— 56 —e 0] [g(t) — g(s)] | ]—“s> = 0, as.,
E(efﬁzlw[w(tj)fw(tjfl)}{[q(t) —q(s)* = [0(t) — ()]} | _7-“8> = 0, as.

then the finite-dimensional distributions of the process (q(t),&1, ..., &m)i>0 coincide with
those of the process (W[(t)], &1, ...y Em)is0, where W (s) is a standard Brownian motion
with EW?(s) = s independent of 1(t).

By virtue of Lemma 3.3, we now obtain the proof of (2.5). Technical details of some

subsidiary results that are used in this proof are given in the next section. Set

[nt) ) i)
1 d, d,
Cu(t,l) = %kzz[n” €k Yn(t) = o ;fl(ﬂfk/h), VYon(t) = o ;fz(ﬂfk/h),
gy 1 g,
m(t) = ()77 Y gla/h). dat) = D g (a/h),
k=1 k=1

for0<t¢t<land 0<] < 0.

We will prove in Propositions 3.1 and 3.2 that (,(t,1) = ((¢,1), for each 0 < [ < o0,
where ((t,1) = W (t) — W(=1), ¥,(t) = 72 ¢(t) and ¥, (t) = 7;9(¢), j = 1,2, on D[0, 1].
Furthermore we will prove in Proposition 3.4 that {n,(¢)},>1 is tight on D|0, 1]. These
facts imply that, for any 0 <y <1 < ... < l» < 00,

{Wn(t)a wﬂ(t)a wlTL(t)a ¢27’L(t)7 Cn(ta lO)a ceny Cn(ta lT‘/>}n21
is tight on D[0,1]" ™. Hence, for each {n'} C {n}, there exists a subsequence {n"} C {n'}
such that
{nn” (t)? wn” (t)v ¢1n”(1)a w2n”(1)> Cn” (ta lO)a ) Cn” (t, lr’)}
—d {n(t)a T2¢(t>7 Tﬂp(l)a 7'27/1(1)7 C(ta lO)a ) C(ta lT’)}' (315>

on D[0,1]"**, where 7(t) is a process continuous with probability one by noting (3.28)
below. Write Fy = o{((¢,1),0 <t < 1,0 <l < o0;n(t),0 <t < s}. It is readily seen that
Fs 1 and 7(s) is Fs-measurable for each 0 < s < 1. Also note that 1 (t) (for any fixed
t € [0,1]) is Fs-measurable for each 0 < s < 1. If we prove that for any 0 < s <t <1,

E([n(t)—n(s)] ].7-"3) = 0, a.s., (3.16)
E({n(t) = n(s)? = [6(t) — e} | F) = 0, aus. (3.17)
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then it follows from Lemma 3.3 that the finite-dimensional distributions of {n(t), 71 ¥(1), 2 ¢ (1) }
coincide with those of {7 N ¢'2(t), 71 ¢(1),724(1)} , where N is a normal variate inde-
pendent of 1'/2(t). The result ( 2.5) therefore follows, since 7(t) does not depend on the
choice of the subsequence.

Let 0=ty <t; <..<t,=1land 0=1y <ly,...,l,» < oo, where r and " are arbitrary
integers and G(...) be an arbitrary bounded measurable function. In order to prove (3.16)

and (3.17), it suffices to show that

Eln(t;) —n(t;-1)] G(...) = 0, (3.18)
E{[n(t;) = n(t;-0)]* = [0(t;) = (-]} G(..) = 0

where G(...) = G[n(to), ..., n(tj-1); C(to, lo), -, C(to, b)) s C(Er, bo), ooy C (6, 1))

Recall (3.15). Without loss of generality, we assume the sequence {n”} is just {n}
itself. Since 7, (t),n2(t) and ¥,(t) for each 0 < ¢ < 1 are uniformly integrable (see
Proposition 3.3), the statements (3.18) and (3.19) will follow if we prove

Enn(t;) = mn(tj-1)] Gul-.] =0, (3.20)
E{[ma(t;) = ma(tj-0)]* = [¥n(ts) = ¥alt-1)]} Gal..] — 0, (3.21)

where Gn[] = G[nn<t0); ey ’I’]n<tj_1); Cn(to, lo), <iey Cn(to, lr/); <iey Cn(t'm lo), . Cn(t'ru lr/)] (SGG,
e.g., Theorem 5.4 of Billingsley, 1968). Furthermore, by using similar arguments to those

in the proofs of Lemma 5.4 and 5.5 in Borodin and Ibragimov (1995), we may choose

7—1
G(...)=exp{i Z ARk + Z Z,Ukszks
0

k= k=0 s=0
Therefore, by independence of €, we only need to show that

[nt;] |
E{ z]: g(l‘k/h) Gi#; % Z;]:tj,lJﬂ erp+ix(tj—1) }
k=[nt; 1]+1

— 0[(2_]1)1/2], (3.22)

[nt;] [nt;] 1 '
B{[ X alw/m] = 3 /b fet TV O
k=[nt;_1]+1 k=[ntj_1]+1

= o(g—h), (3.23)

n

where x(s) = x(..., €51, €), a functional of ..., €, 1, €, and p} = Z};:j ZZ;O s Now, by

15



independence of €, again and conditioning arguments, it suffices to show that, for any pu,

sp  B{ D gly+ al/h) e ST

y,0<s<m<n

k=s+1
nh
= ol(55)2) (3.24)
" 2 . i mie/Vn
sw  B({ Y gly+alu/mY = 3 ly+aly/m) e
y,0<s<m<n k=s+1 k=s+1
h
= o(=), (3.25)

n

where x{ ; is defined as in (3.3). This follows from Proposition 3.5. The proof of Theorem

2.1 is now complete.

3.3 Some useful Propositions

In this section we will prove the following propositions required in the proof of theorem
2.1. Our notation will be the same as in the previous sections except when explicitly

mentioned.

PROPOSITION 3.1. We have, for each 0 <1 < oo,

]
zr = W(t) on D[0,1], (3.26)
" k=1

where W(t) = Ws/o—u(t) under C1 and W(t) = W(t) under C2.

Proof. The first result of (3.26) is well-known. The second result in (3.26) can be
found in Wang, Lin and Gulatti (2003), for instance.

PROPOSITION 3.2. For any h — 0 and nh/d, — oo, we have
Va(t) = 7T29(t), on D[0,1]. (3.27)
Similarly, we also have
U1n(t) = T (t), on(t) = () on DJO,1].

Proof. We only prove (3.27). It suffices to show that:
(i) the finite dimensional distributions of 1, (t) converge to those of 72 (t);

(ii) {wn(t)}n>1 is tight on D[0, 1].
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Statement (i) has been established in Jeganathan (2004) [also see Wang and Phillips
(2008)]. We will use Theorem 4 of Billingsley (1974) to establish statement (ii). According

to this theorem, we only need to show that

max g*(zy/h) = op(nh/dy),

1<k<n

(3.28)

and there exists a sequence of a, (€, ) satisfying lims_ limsup,, ., o (€,0) = 0 for each

€ > 0 such that, for

0<t; <t <. <, <t<1, t—t, <4,
we have
To prove (3.28), by noting that, for Ve > 0,
P(lrgix g*(x/h) > €nh/d,) (Zg (@e/h)1g2(2p > e2nhjd, > € *nh/d, ),
it suffices to show that, for Ve > 0,
J=-= Z Eg?(xr/M) g2 (e myseznnjany = 0(1). (3.30)
In fact, by recalling that z/dy has a uniformly bounded density gx(x), we have
dy — 9
Jo= = Z 9™ (xdy/P) (g2 (wdy my>e2nn/dn) 9r(T)dx
< C’ 2nh/d. 1),
< Z = [ @) persnmads = of)
where we have used the fact that d;" >y i = 0(1) and [ ¢*(z)Ig2(z)>e2nn/a, dz = o(1)*.
We next prove (3.29). It follows from the independence of e and (3.3) that
fnt)
sup P(| Z g*(xx/h)| > enh/d, | €lns]> €[ns]—1> ) < ap(€,9), (3.31)

[t=s|<d k=[ns]+1

! Assuming that Y has a density |g(z)|/ [ |g(x)|dz, we have

E|9(Y)\Ig2(Y)ze2nh/dn :/92(33)1572(1)262nh/dnd$//|9(37)|d97-

The fact that [ ¢%(2)Ig2(s)>e2nn/a, dz = o(1) follows from Elg(Y)| = [ g*(z)dz/ [ |g(z)|dz < oo and

P(g*(Y) > enh/dy,) < € 'dn(np) " Elg(Y)| = o(1).
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where

an(€,6) = € [d,/(nh)] sup EZg Yy + 204/ h).

y,0<t<6

The result (3.29) will follow if we prove lims_olimsup,,_, . a,(€,d) = 0 for each € > 0.
In fact, by letting r(z) = ¢*(y/h + x), we have [r(x)dz = [ ¢*(z)dx < oo uniformly on
y € R and h. Hence it follows from part (a) of Lemma 3.2 that, for Ve > 0,

[nd]

an(e,8) < cetdn Zd —0, (3.32)

first n — oo and then 6 — 0, as required. The proof of Proposition 3.2 is complete.

O

PROPOSITION 3.3. For any fited 0 < t < 1, n,(t), n2(t) and ¥,(t), n > 1, are

uniformly integrable.

Proof. We first claim that, for each fixed t,
Ev,(t) — 72 E(t), asn — oo. (3.33)

In fact it follows from (3.6) that, for each fixed t,

[nt]

[t
E,(t) = —22 Yap/h) ~ T —Zd—l

k=
— 1/2 t“=1/2 under Cl
~ 141/2
3l
Enp(

under C2

Y

= 7'2

Wb(t).

By virtue of (3.33), together with Proposition 3.2 and the fact that ¢ (t) is positive, it
follows from Theorem 5.4 of Billingsley (1968) that v (¢) are uniformly integrable for each
fixed t.

In order to prove the uniform integrability of % (t) for each fixed ¢, we first show that

sup Bln(t) = 2(8)] = o(1). (3:34)
0<t<1
In order to prove (3.34), let r(z) = g(y/h + x) and 7(t) = [e"™r(z)dr. It is readily
seen that 7#(t) = [e™g(y/h + x)dx = e ™/"§(t) and f| Ndz = [g(z)|dx < oc.

Furthermore, f [F(N)]dX < [|g(N)|dX < oo and
17(t)| )] = |/ e _ z)dz| < C'min{|t|, 1}.
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That is, the conditions on r(t) in part (ii) of Lemma 3.2 hold true uniformly for all y € R
and h. It now follows from (3.8) with v = 0 and s = 0 that, for all [ — k > 1,

sgp |E{g[(y + ng)/h} 9[(9 + xé,l)/h} }|

< Chl(l—=k)?+h/d ) (K24 h/dy). (3.35)
Hence, by noting that
2d,,
Elnn(t) = n(] < — > [B[g(an/h) g(a1/D)]],
1<k<I<[nt]

and recalling (3.3), we obtain that

sup E|v,(t) = ni(t)] < % > sup|E{g[(y+x4,)/h] g[(y + ) /h] }]

Ostsl 1<k<i<n Y

< g" (C+h Zd C+h2d,;1)

h, under Cl
= ¢ { h+h210gn under C2,

which yields (3.34), since h — 0 (h*logn — 0 under C2).
By virtue of (3.34), for any A > 0 and fixed ¢, we have

By () Lz 24 — E¥n() Lz 2] < sup Elia(t) - ()] = o(1).
This, together with the fact that

Eyn(D)pwza < Evu()y, sya+ VAPnLL) > A)
< By, zya + AT Ega(t) +o(1),

implies that

hm SUPE%( Mizy>a < l1m sup [E¢n( ) ()>\F+A 12 E,(t )] =0,

A—oo n A—co n

where we have used the uniform integrability of 1, (¢). That is, n?(¢) is uniformly inte-
grable. The integrability of 7, () follows from that of n?(t). The proof of Proposition 3.3

is now complete. O

PROPOSITION 3.4. {n,(t)},>1 is tight on D|0, 1].
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Proof. As in Proposition 3.2, we will use Theorem 4 of Billingsley (1974) to establish
the tightness of 1, () on D[0,1]. According to the theorem, we only need to show that

max |g(ze/h)| = op[(dy/nh)"?], (3.36)

1<k<n

and there exists a sequence of o, (e, d) satisfying lims_o limsup,,_, . o/, (¢,0) = 0 for each

€ > 0 such that, for

we have

Pl[nn(t) = ()| = € | natr), nu(ta), oo mu(tm)] < (€, 0),  a.s. (3.37)

The result (3.36) has been proved in (3.28). In order to prove (3.37), we choose

[nt]

o (e,6) =2 sup BLY glly + w0/}

n
y0<t<s 1T

It follows from (3.32) and (3.35) that

a(€,0) < € lay(e0) + 277 % sup Y |[E{gl(y+x4,)/hlgl(y + ) /h] }

Y 1<k<I<[nd]
d [né] [nd]
= ¢ lan(e,0) +277 2 (C+h Y d?) (C+nh ) dt)
k=1 k=1

h, under C1,
h + h*logn, under C2,

IA

€ tan(6,6) +Ce?§ {

— 0,

first n — oo and then § — 0, as h — 0 (h?logn — 0 under C2). Now, by noting that

[nt]

sup P(’ > glar/h)] = e (da/nh)"? | €y, €1, ---;mns],---,m> < ai(e, ),

lt—s|<d k=[ns]+1

by using Markov’s inequality and the independence of €, we obtain the required (3.37).

The proof of Proposition 3.4 is complete. a
PROPOSITION 3.5. Results (3.24) and (3.25) hold true for any constant u € R.

Proof. Let r(t) = g(y/h +t). It has been proved in Proposition 3.3 that r(x) satisfies

the conditions required in part (b) of Lemma 3.2, uniformly on y and h. Hence it follows
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from (3.8) that, uniformly on y,

ol <o > 24 12/ ](k‘2+h/dk>

1<k<i<n 1<k<i<n

2
< C(1+nh/dn){h+h’ under C1,

h + h?logn, under C2.

This implies (3.25) since h — 0 (h?*logn — 0 under C2) and nh/d, — oo. The proof of
(3.24) is similar and the details are omitted. O

4  Proof of Theorem 2.2

We may write

f@) - fa) = Z=l <x;>—f(g>if<(u)+zt 1%}((56 -

Y K D K
= A+ Ay, say (4.1)

It is readily seen that Assumptions 1-4 match with those used in Theorem 3.1 of Wang
and Phillips (2008 a) except Assumption 2. The current Assumption 2 seems to be more
natural and clearly does not affect the result and the proof of Theorem 3.1 in Wang and

Phillips (2008 a). It now follows from (3.7) of Wang and Phillips (2008 a) that
(nh®)Y*Ay, —p oy N Ly"? (1,0). (4.2)

We next handle with Ay,,. The numerator of Ay, involves

Z{f ) )}K( - m) =1, +1,+ 1, (4.3)

where

L= 3 {0~ ) = @) =) = ) = (P

Write H(z) = 2K (x) and Hy(z) = 22K (). Recall that K (x) has a compact support (€2,
say), [ K(z)de =1 and [ 2K (z)dx = 0. It is readily seen from (2.5) that
=t (nh?)V/41,

%, o NL,*(1,0), (4.4)
S K (55) "
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where of = [//(2)]2]6| " [ H(a)dz, and

h=21,
Sy K (g

On the other hand, by noting limy, o sup,q | " (yh + )| < C by Assumption 4, Taylor’s

;o %f”(x) / Hy(2)da (4.5)

expansion yields that

L < cz\xt_mw(%;x),
t=1

and hence

UL T ()
2 K (tT) Zt=1K< 0 )
where Hj(z) = |z[*K ().
Combining (4.3)-(4.6), simple calculation show that
2
(nh2)1/4 |:A1n . % f// (ZL‘) /

— 00

—p C/Hg(x)dx, (4.6)

YK (y)dy| = op(1),
whenever nh? — oo and nh'* — 0. This, together with (4.1) and (4.2), yields (2.10). The

proof of Theorem 2.2 is now complete.

5 Proof of Theorem 2.3

We may write

Sn2 iy Kn(zi — 2)Yi — Spi D00 Kn(w — z)(2; — 2)Y;
Sn,2 Z;'Izl Kh(xz - ZE) - S?L,l
> iy Kl(wi — x)/h] ; (hSn1/Snz2) Doy Hil(wi — ) /W] Y;

= ST Kl — o)/ = 02, f5ma ) T ST Kl —a) /]~ hS2, [Sns

where Hy(z) = 2K (z). As in the proof of Theorem 2.2, it follows easily from (2.5) that

fra) =

SQ
h S’” —p CoN,  h(y/nh)'/? g’“ —p C1N Ly *(1,0),

n,2 n,2

where Cy and C are constants. Also recall that
1 <« .
W;K[(%—ﬂf)/h] —p [¥]7 Lw(1,0).

By virtue of these facts, together with (2.10), to prove

2 00
h—f”(:z:)/ y%((y)dy} —p JUNL;/Q(LO)7

() 7440 - £ 0) -
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it suffices to show that

A o T Hillwi = 0)/H] Y,
S K (@ — ) /R

provided nh'* — 0 and nh? — oco. This follows from some similar arguments to those in

= op(1), (5.1)

the proof of Theorem 2.2. To see this, we may split the numerator of Ag, as

ZHl i —x)/h] —I—ZHl i —x)/h)[f( +ZH1 i —x)/h|u;

= A4n + ASn + AGn-

As in (4.2),
Afm

iz Kl(wi — ) /h]
As in (4.4) (also see Theorem 2.1),

= Op|(nh?)™"] = op(1).

A4n
2o Kl(zi — x)/h]

— Op[(nh?)™") = op(1).

By noting that

As,| < cZyyl i —x)/h]||z — x| = ChZH2 . —x)/hl,
=1

where Hy(z) = 2?K(x), as in (4.6),

Asy,
2 i Kl(zi = z)/h]

Combining all these estimates, we obtain (5.1), and the proof of Theorem 2.3 is complete.

= Op(h) = Op(l).
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